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Abstract

The model for penetration of a wire braid is rigorously formulated. Integral formulas are developed
from energy principles and reciprocity for both self and transfer immittances in terms of potentials for the
fields. The detailed boundary value problem for the wire braid is also set up in a very efficient manner;
the braid wires act as sources for the potentials in the form of a sequence of line multipoles with unknown
coeflicients that are determined by means of conditions arising from the wire surface boundary conditions.
Approximations are then introduced to relate the local properties of the braid wires to a simplified infinite
periodic planar geometry. This is used in the preceding integral formulas to be able to treat nonuniform
coaxial geometries including eccentric interior coaxial arrangements and an exterior ground plane.
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Figure 1. Braid structure on cylinder (figure is from [1]).

Cable Braid Electromagnetic Penetration Model

Larry K. Warne, William L. Langston, Lorena I. Basilio,
Electromagnetic Theory Dept. 1352,

and William A. Johnson, Retired

Sandia National Laboratories
P. O. Box 5800
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1 SUMMARY

This report discusses the formulation of the cable braid penetration model. Figure 1 shows a typical
cylindrical cable braid. We begin with the electric problem by defining the self and transfer admittances
of the braid. Next the perfectly conducting self and transfer impedances of the braid are defined for
the magnetic problem. Finally, the finitely conducting transfer impedances are setup. As an asymptotic
simplification we examine the planar approximation to the cylindrical braid and extract the electric
potential and magnetic flux penetration properties which can then be applied to generalized coaxial
problems through integral formulas (many of which are derived from reciprocity). Examples of both
uniform cylindrical and asymmetric coaxial geometries (exterior ground planes and eccentric interiors) are
examined.

1.1 Transfer Admittance

The braid transfer admittance (or capacitance) arises from the electric field penetration of the braid
as shown in Figure 2. This penetration can play a role, particularly with low optical coverage cable braids,
an example of which is shown in Figure 3. The electric scalar potential is used to formulate the self and
transfer admittances of the braid.

The planar braid approximation involves two key quantities. First, is the potential at a large distance
from the braid on the shadow side when the opposite side is driven by a normal uniform electric field; this
potential enters the transfer admittance problem. Second, is the spatial shift in potential reference on the
illuminated side of the braid relative to the braid center; this potential shift enters the self admittance
problem.

A line charge multipole basis is introduced to facilitate the detailed electric solution of the periodic

11



Figure 2.  Electric field penetration of a planar approximation to the braid, which is connected to the
transfer admittance or transfer capacitance Cr (original braid figure from [7]).

planar braid problem. Different dielectric materials adjacent to the braid are also treated by means of
images.

1.2 Transfer Impedance

The braid transfer impedance (or inductance for perfectly conducting braid wires) arises from the
magnetic field penetration of the braid as shown in Figures 4 (the braid holes can be seen in Figure 5) and
6. The magnetic penetration of the braid holes shown in Figure 4 can be significant for medium levels of
optical coverage, an example of which is shown in Figure 5. The intra-braid coupling known as porpoising
shown in Figure 6 is important for both medium levels of optical coverage (where it opposes the magnetic
hole penetration) and for high values of optical coverage, an example of which is shown in Figure 7. Both
magnetic vector and scalar potentials are examined for the formulation of the perfectly conducting magnetic
braid problem.

The planar braid approximation again involves two key quantities. First, is the magnetic flux
penetrating the braid on the shadow side when the opposite side is driven by a tangential uniform magnetic
field; the vector potential representing this flux enters the transfer impedance problem. Second, is the
magnetic potential shift in spatial reference on the illuminated side of the braid relative to the braid center;
this potential shift enters the self impedance problem.

A line multipole basis is introduced to facilitate the detailed magnetic solution of the periodic planar
magnetic braid problem with the net currents represented by the vector potential part.

1.2.1 Finite Conductivity Braid

The finite conductivity of the braid wires requires us to treat the internal problem of the braid wires.
We use a complex power approach in addition to a reciprocity approach based on the preceding perfectly
conducting treatment to formulate the contribution from the inside of the wires to the impedance per unit
length of the transmission line and the transfer impedance per unit length, which include losses within the
wires and perturbations of the magnetic field both inside and outside the wires. We represent the internal
problem by means of the axial components of the two Hertz potentials. The internal normal component of
the electric current density is taken to approximately vanish at the braid wire surface. We also match the
internal magnetic field to the magnetic potentials of the outer problem at the braid wire surfaces.

12
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Figure 3. Relatively low (=60%) optical coverage braid illustrating the inherent braid apertures (figure for
Remee 1400 cable from [1]).

Figure 4. Magnetic penetration of braid apertures illustrated with approximate planar braid model (original
braid figure from [7]). This is connected with the transfer impedance. The inductance M, is part of the
transfer inductance L.

Figure 5. Medium (/78%) optical coverage braid (figure for Belden 9201 cable from [1]).

Figure 6. Intrabraid magnetic porpoising penetration (original braid figure from [7]). This is also connected
with the transfer impedance of the braid. The inductance L¢ is part of the transfer inductance L.
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Figure 7. High (=95%) optical coverage braid where the intrabraid porpoising contribution is the dominant
transfer impedance contribution (figure for Belden 8240 cable from [1]).
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Figure 8. Illustration of a coaxial cable with braided shield (figure from [4]).

2 INTRODUCTION

In this paragraph we give a very brief list of some of the references on cable braid penetration.
Electromagnetic penetration of shielded cables is an important and interesting subject with a long history.
Early work on solid shields can be found in Schelkunoft’s paper [2]. Eddy current penetration of cable
shields is discussed in Kaden’s book [3] along with some models for apertures in thick screens. Measurements
of braid coupling are given in [4]. A classic text on cable braids is Vance’s book [5]. Lee’s book [6] also
has valuable information on cables and shielding. The porpoising contribution to the transfer inductance
of a cable braid was introduced by Tyni [7]. Various improvements in the geometrical description were
made by Sali [8] and a discussion of the low frequency diffusion is given by Guofu [9]. Kley [10] improved
and assembled all these contributions into a complete semi-empirical model where some parameters were
based on measurements of typical commercial cables. The book by Tesche [11] also has a nice summary
of these models. These models are quite useful and identify the fundamental penetration mechanisms.
Nevertheless, a first principles model directly based on the braid geometry would be desirable, particularly
when a selected cable deviates at all from typical geometries employed in commercial cables.

This report rigorously formulates the cable braid penetration problem. We start with a coaxial topology
and use the electric energy to define the self capacitance and the transfer capacitance. We then discuss
simplified scalar reciprocity approach following a similar procedure to that of Latham [12]; this method
has advantages in that breaks in symmetry of the coaxial region or in the exterior drives (as noted at the
end of this paragraph) can be straightforwardly included; approximations to the energy arguments are also
used to arrive at the same results. The integral quantities for the transfer immittances that describe the
coupling are identified. These depend on the external (outside the metallic conductors) scalar potentials
representing the fields. A line multipole representation for the wire charges and currents is used to simplify
the description; in the past we have found line multipoles to be particularly efficient in modeling wire
currents, such as arrays [13]. Images of these charges are used to treat adjacent dielectric material surfaces.
The coaxial problem is next approximately cast into a planar geometry with periodic symmetries to simplify
the analysis of the penetrations. The electric coupling is treated first. Magnetic coupling is then treated;
both hole and porpoising contributions are included in a self-consistent way. Magnetic energy is used to
define the self and transfer inductances. Next, the magnetic diffusion into the conductor is introduced in
the magnetic problem. The formulation begins with a symmetric coaxial geometry, but nonsymmetric
geometries, including an exterior ground plane and an eccentric interior, are also examined. Figure 8 shows
an example of a braided shield. Figure 9 shows a more typical braid rolled out on a flat surface. Figure 10
shows a simplified cylindrical topology of the center conductor - braided shield - chassis system. Figure 11
shows the transfer immittance sources associated with the braid penetration.

3 ELECTROSTATIC COUPLING FORMULATION

The goal of this section is to formulate the transfer admittance per unit length, or transfer capacitance
per unit length Cp, of the braid penetration, where

15



Figure 9. Expanded view of a braided shield (figure from [5])

Chassis

Figure 10. Cylindrical topology of center conductor - braided shield - chassis system.

Figure 11. Transfer admittance and transfer impedance transmission line source model for braided cable.
The upper conductor in the depicted model represents, for example, the center conductor of the inner coaxial
transmission line, and the direction of propagation is taken to the right, in positive z.

16



YT = —iwC’T (1)
and time dependence e™*¥" is suppressed, as well as the inner coaxial admittance per unit length Y7, or
capacitance per unit length C7, where

wwt

Yl = —iwC’l (2)

Even though the braid has a large but finite conductivity, the asymptotic form of these local quantities
for large conductivities can be arrived at by treating the braid wires as perfect electric conductors.

We will assume that there is enough incidental contact for the braid wires to locally be at an equal
potential, which we usually take to vanish.

3.1 Capacitance Per Unit Length

First we use the electrostatic energy to define the self capacitance. The electric displacement is

D=¢E (3)
where ¢ is the electric permittivity (for example, it could be assumed to be piecewise constant throughout
the volume with values ¢; in subregions j = 1, ..., J). The capacitance in a system is determined by equating
the electrostatic energies

lCVQ:E/D-Edvzi/DEdV:l/gEQdV (4)
2 2 2 /v 2 )y

%
Using the potential ¢ where the electric field is

E=-Vo (5)
we find
Loy 1 .
§CV =3 /VEqu VedV (6)
Noting that
V- (¢eVg) =eVg-Vo+ ¢V - (eV9) (7)
and by virtue of Gauss’s law
=V (eV§)=V-(eE) =V -D=p, (8)

where p,, is the volumetric electric charge density, gives

cV? = f 6D - ndS + /V GpudV (9)
S

where the unit outward normal to the volume is n. If we stay outside the conductors the final term vanishes
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CV? =~ 74 ¢D,dS (10)
s
Suppose we break up the surface into the several parts, the center conductor (S, is a cylindrical surface just
outside the center conductor), the braid wires (S,, consists of meandering cylindrical surfaces just outside
each of the braid wires), and the return (chassis) (Scpassis 1S @ surface just inside the outer chassis return
if the chassis is a simple cylinder, otherwise it could be any conforming surface, such as a plane above a
planar chassis return)

ov? = — /S éDpdS — /S ¢D,dS — /S ¢D,dS (11)
c w chassis

where we have dropped the end surfaces because we apply this over a short axial period ¢ and we assume
the field and potential are periodic (with the normal direction n reversing on the two end surfaces). The
potential is a constant on the various conductors. Hence the integral of the normal displacement produces
the negative of the electric charge on the particular conductor (negative because the unit normal is pointing
into the conductor)

CV2 - ‘/CQC + Vwa + ‘/chassichhassis (12)
Taking the braid wires to be at zero potential V,, = 0 gives

CV2 = V;Qc + V::hassisQChaSSiS (13)

Now for the interior coaxial mode we take V45565 = 0 and set V., = Vi =V with Q. = ¢1¢, and £ is an
axial braid period. Then with C' = C}

CiVi=q (14)
we obtain the usual definition of the self capacitance per unit length C;. It is frequently convenient to
take the chassis sufficiently far away to ignore the charge Qcpqassis — 0 (although this could be included to
obtain coupling to the outer line from excitation of the inner line).

3.1.1 Transfer Capacitance Per Unit Length

The capacitance matrix for a two conductor system (with a reference, the braid) can be written as
Q1 =CnVi + Ci2Va (15)

Q2 = CuVi + CnVs (16)
We intend to take conductor 1 as the center conductor and conductor 2 as the chassis. In a reciprocal
media (which we are assuming throughout), the cross terms are equal Ci2 = Co; = C,y,, where Cy, is called
the mutual capacitance. The continuity equation is

0

or in integral form

18



0
fi-@dS——E/vadV (18)

This yields

ol 0Oq
% 5 (19)

0z
where I is the net current on a conductor and ¢ is the charge per unit length on a conductor. Hence, from
the continuity equation we can determine the current changes over a short periodic section along the line as

d d av dV:
L(z4+0)— L (2) :—% :—%(éql) :_Cud—tl _012d—t2 (20)
d d A% A%
b(z40)—I(z) = —% = ) = ~Cn - 2 (21)
The power removed from a periodic section of line is minus the derivative of the stored electric energy
d 1 2 1 2
Villh (z+0) =1 (2)] + Va2 (z 4+ 4) — I (2)] = 7 5011‘/1 +C’mV1V2+§C’22V2 (22)

If we take two sources, denoting the resulting field due to these by subscripts 1 and 2, then by superposition
we can write the total field as

E=FE, +E, (23)
Equating electric energies in a region gives

1 1 1 1
—CVE + CpViVa + =CooVid = —/ D-EdV = —/ DEdV
2 2 2 )y 2 )y

1 1 1 1
:—/DlEldVJr—/Ql~ﬁzdv+—/ﬁl~g2dv+—/DgEng
2 )v 2 )y 2 )y 2 )y

1 1
=5 eE2dV + /v eE, - EydV + 5 / cE3dV (24)
Here we can identify the self capacitance terms Cy; = £Cy and Coy = €Csp, as well as the mutual
capacitance term C,,, with the field integrals. Taking C,, = —¢Cr and Q2 = —Q,, and Vo = =V,
Q1= C11V1 — Cp Vs, = LC1 VL +LCT Vi, (25)
Qsn = —Cp Vi + CooVip = LCT V1 + LC 1 Vi (26)
Now setting the center conductor voltage to zero (the same as the braid) V; = V. =0, V5 = —Vj;,, and

taking Qo ~ —{qs, with Q1 = lq; = lqr gives

q = CrVin = qr (27)
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qsh = CsnVsn (28)
where Cjy, is the outer line capacitance per unit length and g, is the outer line charge per unit length on
the braid (again these are defined with a potential difference Vyj, on the outer line, potential —Vy, = Vepassis
on the chassis, with the center conductor at zero potential, the same as the braid wires). Then we find the
current source as

. dQ d d
I S e 2 S -2 2
1(z+0) — I (2) =il p 5 ) = —— (tar) (29)
or
. dgr .o B
Is = —— - = iwgr = wCT Ve, = =YV (30)
If we place a negative voltage Vipassis = —Vsp on the ground return with the braid at zero potential, we

expect the center conductor charge when held at zero potential (the same as the braid) to be positive. This
means that C), is negative, and with our preceding definition, transfer capacitance is a positive quantity.

The transfer capacitance £C7r is

1 1

1
Cp = — /Q~EdV:— /Q~EdV:——/6E - EydV 31
ALY ViVe Jy =2 ! ViVs Jy =2 (31)
Taking the fields to be given by the gradient of a scalar potential and using Gauss’s law we can write

E, =-V¢, (32)
—V - (eVey) =V (eky) =V Dy =py, (33)
E, = -V, (34)
—V(eVgy) =V (ely) =V Dy = pyy (35)

Noting that
D, Ey=-Dy Vo, ==V ($D1) + ¢V - Dy = =V - (¢3D1) + $3p,1 (36)
E,-Dy=Dy-V¢ ==V (¢1D3) + V- Dy ==V ($1D5) + ¢1042 (37)

and using the divergence theorem gives

1 1
= — D . P —
Cr Wivs 7{%_1 ndS wivs /V a1 dV
s

1 1
= — D, -ndS — —— av 38
gvl‘/?%%_Q ny €V1V2/V¢1Pv2 ( )
S

Applying this outside the metallic surfaces the volume integral vanishes
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1 1
Cr= AT 74¢2Q1 ‘ndS = AT % ¢1D; - ndS (39)
s s

Using the second equality and setting Vo = —Vy;, and Dy = D, (we do not reverse the sign of the potential
Py = ¢4, in the shield circuit even though we have reversed the sign of the chassis voltage and charge per
unit length relative to the 2 problem; note that we construct the potential ¢, with ¢, = 0 on the braid
wires and on the center conductor) and noting that V4 = V. with ¢; = 0 on the braid wires and on the
chassis, we have

1
Cr == [ gD ndS/e = ax/Vir = Contr . (40)
Se Vsh

where the surface integral on the braid wires and on the chassis vanishes because ¢; = 0 on these surfaces.
The preceding integral produces the charge Q1 = Q1 = fqr on the center conductor over a length ¢, given
a voltage drive —Vg; on the outer line. The current source per unit length ¢ is the right hand side of the
interior transmission line equation

dl )
E —|—Y1Vv1 = 1s (41)

Note that for an open circuited inner line we can set the center conductor charge to vanish from the
original charge equation

Q1 =0=CnVi +Cy, Vo =LV, +LCT Vs, (42)
which gives the required center conductor potential to create an open circuit condition

Ve=—¢.=—CrVa/C1 = —qr/Cy (43)
In terms of this potential we can write the transfer capacitance as

Cr = qr/Veh = ¢.C1Cs/qsn (44)

3.2 Integral Forms For Perturbation Of Planar Braid Transfer And Self
Capacitances Per Unit Length

We now derive integral expressions using a simplified scalar reciprocity for the transfer capacitance per
unit length and for the braid correction to the inner coaxial capacitance per unit length. These are useful
in that they allow us to apply the properties of a planar approximation to the braid, not only to uniform
coaxial geometries, but also to nonuniform geometries such as an interior eccentric coax and an exterior
ground plane.

Following the derivation in [12] we consider an auxiliary electrostatic potential of the coaxial structure

¢o without shield penetrations, satisfying

V- (eVgy) =0 (45)
with linear charge density gy on the center conductor and —ggp on the inside surface of the auxiliary shield.
The meaning of “without shield penetrations” requires some further elaboration in this case where the

21



braid is a set of interweaving wires. The shield in the auxiliary problem is taken as a perfectly conducting
shell. The geometry of the shell should conform to the braid geometry in the following sense: it should (at
least initially) be inside the original braid geometry and stood off by a small fixed distance (large compared
to the order of the braid spacing but small compared the global cross section geometry), but should follow
the original braid contour.

We take the electric field to be the negative gradient of the potential

Ey= -V, (46)
and the electric displacement to be
D, =¢cE, (47)
where in the source free region
V-D,=0 (48)
and hence this potential satisfies
V- (eVey) =0 (49)

The boundary conditions are set to

¢o = 0 on auxiliary shield

= Vb = qo/Cy on center conductor (50)
where Cj is the capacitance per unit length of the auxiliary coax. For a cylindrical coax with inner and
outer radii, a and b, respectively, and for a constant dielectric, we have the capacitance per unit length

2me

C ()= 51
&) = /a) (51)
The auxiliary shield has capacitance per unit length (by is the radius of the solid auxiliary shield)
27e
Co = C (b)) = —2= 52
0= 0= ) o

The second problem has shield penetrations. The electrostatic potential in this problem outside the
braid wires also satisfies

V- (eVe)=0 (53)
and the boundary conditions

¢ = 0 on shield metallic surfaces (braid wires) (54)
and
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¢ =V = ¢q1/C1 on center conductor (55)
Here C1 is the capacitance per unit length of the actual coaxial system and ¢; is the charge per unit length
created by the potential difference V' between center conductor and braid (not including any induced charge
from exterior fields penetrating the braid). We set the potentials in the two problems to be the same value

V=" (56)
To have ¢1 — qo would also require C; = Cp; this equality does not hold when C7 is taken to be the actual
braided coaxial capacitance per unit length since C7 # Cp. In this case the charge per unit length ¢; and
capacitance per unit length C; will include not only a term for the correction of the braid structure, but
also a term to correct for the arbitrary choice of the auxiliary shield position (in the cylindrical case radius
bp), in addition to the auxiliary capacitance Cj.

The difference electrostatic potential between this actual problem and the auxiliary closed shield
problem

Pa=¢— ¢ (57)

also satisfies

V- (V) =0 (58)

but the boundary conditions in this case can be taken as
¢4 = 0 on center conductor (59)

¢4 = ¢ on auxiliary shield (60)
This difference potential does not satisfy Laplace’s equation at the surface of the wire conductors of the
actual shield because of the electric charge density on these surfaces but does satisfy it throughout the free
volume. Hence, we can write

ooV - (eVPg) — gV - (V) =V - ($peVdy — paeVdy) =0
Integration over the volume V; of the auxiliary problem (not to be confused with the auxiliary voltage)
yields

0 3]
ji (%5% - ¢d5%) dS =0 (61)

where the closed surface Sy bounds theoauxiliary volume V{; and consists of the center conductor surface
Se, the outer auxiliary surface Sy (the open cylindrical-type surface) and the closing periodic surfaces at
the ends of the segment in z. The first term vanishes on the outer auxiliary shield surface Sy since ¢, = 0
there. The second term vanishes on the center conductor surface S, since ¢; = 0. We assume that the
two end disc surfaces of S are placed one braid period ¢ apart, so that these two integrals cancel with the
reversal of sign of n. Thus we can write

d 6¢d 6¢0
994 Vi —d ) 2
/SC PoE " s 0 /SC S ds o D4e ™ s (62)
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The difference charge on the center conductor over the short length ¢ is

dezqdz/g 245 = (g —a) = @~ Q (63)

where n points into the center conductor, Q) is the actual total charge, Qg is the total charge in the auxiliary
problem, and gq is the difference charge per unit length. Thus we can write the difference charge as

Qa = (1/Vp) / qusa%dS— ig’ ) bye %ffds (64)

The quantity of interest is the distributed current source resulting from this difference charge. The current
source per unit length of the inner transmission line resulting from braid coupling from the current
continuity equation is 44 (note that ¢; = ¢ on Sy since ¢y = 0)

_dQa _ 1 _9¢
Iy=Vig = p = iw@q = 1wCy gZ) 5 o dsS (65)

For a uniform cylindrical coaxial structure by Gauss’s law (where n pomts outward on the surface Sp)

1 8¢0 _ 1
8’/1 B 27Tb0 B PO (66)
with perimeter
Po = 27Tb0 (67)
Thus
. iwC’o
= - dS 68
o= [0 (68)
Now this term is taken to be
ig=1s — AY'Vy (69)

where the source term is proportional to the exterior mode charge or voltage and the second admittance
term corrects the capacitance per unit length of the actual cable from the auxiliary value Cy (the minus
sign results from the fact that the correction is a passive element). By superposition we can think of the
total potential ¢ as consisting of two parts

¢=0¢,+ ¢ (70)
where ¢, is caused by the exterior potential difference Vs, and ¢, is caused by the interior potential
difference Vp, and the voltage Vj is the voltage of the center conductor. We can write

AY = —iwAC (71)
and the capacitance per unit length of the cable as

Cy, = Cy+ AC (72)
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Yl = —iwC’l (73)
with the charge per unit length due to the interior voltage

o =CW (74)
The exterior mode has voltage —Vj;, (here we take the voltage V5 to have positive reference on the chassis
so that the shield can remain at zero potential). Thus we can write the current source as

is = Y7 Vi, = iwCr Vs, = iwgs (75)
where Cr is the transfer capacitance per unit length of the braid and ¢, is the source charge per unit
length. The transmission line equation for the interior current can then be written as

I
==YV +i (76)

z
The capacitance per unit length correction is found from that part of ¢ resulting from taking the voltage
Ve = 0 and then

Co
AC =72 /S (@1/Vi)dS (77)

The transfer capacitance per unit length is that part of ¢ found by setting V) = 0 and then

Co

C’T:—m .

The more general formulas, which do not assume a circular cross section for the coaxial cable, are

Gy 1 09
or == [ @V (—q—osa—;) as (79)
C 1 0
ac == [ (v (o5 ) as (50)

In the next subsections we discuss the self and transfer capacitances per unit length for a simple circular
coaxial geometry (but we will incorporate the simplification of a local planar approximation to the braid,
which can be done when the local braid structure is small compared to the global cross section geometry)
using (77) and (78), and then return to the more general nonuniform coaxial geometry with the examples
of an exterior ground plane and an interior eccentric coaxial structure using (79) and (80).

3.2.1 Self Capacitance Correction

The preceding expressions are convenient to use when the potentials are known in the coaxial geometry
of interest. But to make use of the potential solutions from an approximate planar rendition of the braid
geometry, where the excitation will take the form of a uniform field Ej rather than a voltage, we have
to choose the radial position in the coaxial geometry to define the field strength at the braid in order to
normalize the field drive in the planar geometry. To introduce the field strength into this expression for a
uniform cylindrical problem we set
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Ci1Vo = PeE, = Peky (81)
where we use the capacitance per unit length of the actual braid transmission line along with the mean
perimeter

P =27b (82)
to determine the extrapolation of the field to the braid center line, since this extrapolated field should have
the best correspondence to the uniform drive field in the planar problem. Note that in a later section we
will set up the local planar problem with dielectric materials and a uniform driving field; this drive field will
be the electric displacement Dy = eFEy. The capacitance per unit length of the braid interior transmission
line for a uniform dielectric material is approximately that of the capacitance to the mean radius b of the
braid center line

2me

Ci~(C= 83
! In (b/a) (83)
or more accurately, as we will see below in (94), C; = 2we/In[(b+ ¢/ Eo) /al.
First Derivation The correction to the self capacitance per unit length is (here we will approximate
the actual capacitance per unit length Cy by the center line value C' in the first order term AC)
CoCy 1 CoC 1 /
AC = — — Ey)dS ~ ———— Ey)dS 84
b . @B as ~ ~Foap | ok (34)

The potential at a large interior distance from the braided shield wall compared to the local braid wire
mesh structure (but near the shield compared to the distance b — a) for the Vs, = 0 part becomes

¢, ~ Eox + ¢y (85)
and then
CC CC
AC ~ —P—on - P—EO (¢0/Eo) (86)
Note that x changes positively when moving into the inner coaxial region from the braid; hence the effective
braid surface corresponds to a shift in the solid shield geometry to © = —¢,/Ey, where the = = 0 position is

at the braid center. The planar problem with a negative = directed field Ey oriented normal to the shield
wall of braid wires at zero potential (with center line at = 0) having the potential ¢; ~ Egz + ¢, , © > 0
implies an effective position of an equivalent ground plane at © = —¢; /Ep; hence the constant ¢, /Ep is only
dependent on the braid geometry and is positive for very thin wires and negative for very fat wires. Let us
also write the capacitance Cy in terms of the center line capacitance C' using (83)

oC C
C’ONC+%(bO—b):C[l—P—s(bO—b)] (87)
Combining these gives
C Cy Co
Co+AC~C [1E(bob)ﬁ( bO)E(¢b/EO)]
B C - Cy Cy
C1—00+ACNC|:1 e (bob)ﬁ(¢b/E0):|
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2me 1 2me 2me
~ 1-— Ey)| ~ 88
In (b/a) 27be In (b/a) (Gu/Eo)| ~ 7 [(b+ ¢,/Eo) /a] (88)
where b is the mean or center line radius of the braid. We have set x = g = b — by in AC and we dropped
the C' — Cp term in comparison to the final term.

Second Derivation An alternative derivation uses (approximating C; by Cj, where we assume that
the auxiliary shield is within the braid radius by < b but that it is nearly the same as the braid radius
bo =~ b)

CoCy 1 N c: 1
Pe i, J, /B0 S~ —pLons | (0/Eo)dS (89)
Again the potential at a large interior distance from the shield wall (but near the shield compared to the
distance b — a) for the Vi, = 0 part becomes ¢; ~ Eox + ¢, (note that x again changes positively when
moving into the inner coaxial region from the braid; hence the effective braid surface corresponds to a shift
in the solid shield geometry to = —¢;,/Ey, where the z = 0 position is at the braid center). Using this

form of the potential, and noting that the integration cancels the factor Py, gives

AC =

c; . Cs
AC ~ Bt T Poe (¢p/Eo) (90)

The first term in this case makes up for the original choice of boundary. Thus the Taylor expansion is (note
that going beyond this first-order Taylor expansion may not be justified if we plan to use a planar solution
for ¢y, since the cylindrical divergence of the coaxial fields are likely to come in at anything beyond the
first-order correction)

C1=Co+AC ~ Cy [1—%(5_50‘*‘%/1?0)} (91)
27e 1 2me
“ (bo/a) [1 ~ 2mboe In (bo/a) (b=bo+ ¢b/EO)] (92)

where b is the mean radius of the braid and we have set x = 2o = b — bg. This result can be rewritten as

C (b-+ 64/ Bo) = C (b) + b+ 94/ By — bo) S (bo) (99)

and hence

2me

Ci=C(b+¢,/Ep) = 94
OF 0/ E0) = T 6, B Ja o
where the functional form of C for a cylindrical coax is given by (51).
3.2.2 Transfer Capacitance
On the exterior, for simplicity we take the return conductor to be a cylinder of radius by, and set
CsnVsh = PeE, = PeE" (95)

where we use the capacitance per unit length of the exterior of the braid transmission line Cy; and
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Figure 12. Illustration of the braid transfer potential ¢, with drive field Ey.

mean braid perimeter P to achieve the best correspondence of the planar uniform field excitation to the
cylindrical coaxial geometry (the field Egh is the exterior normal field at the braid, usually with the braid
approximated by a solid shield at the mean braid location). The capacitance per unit length of a uniform
cylindrical exterior braid transmission line is approximately the capacitance to the braid center line

2me
O ™ 3 (6, /1) 96)
For a symmetrical shield (where the shift in position ¢,/Ey is the same in both directions) we would expect
that a more accurate description of this capacitance is Cyp = 2me/In [b1/ (b — ¢,/Eg")]. Then for the
transfer capacitance defined in (78) we have

CoCsn 1 sh
B . (0B ds (97)
Note that at a large distance from the braid shield wall compared to the braid wire mesh structure (but
near the shield compared to the distance b — a) the potential on the interior (which satisfies Laplace’s
equation) for the V = 0 part, referring back to (88) or (94), is

Cr =

by = —6, + o1 (22 (98)
27e p

where ¢, — 0 for p — a. A physical meaning of the potential —¢, is the potential penetrating the planar
braid problem (it could also be defined in the cylindrical problem for an open circuit center conductor as
will be done in a later section), a large distance behind the shield wall compared to the braid wire structure,
with normal field E(}h directed away from the shield wall on the driven side and no field on the shadow side,
with the braid wires held at zero potential; in the case where a plane field Ej is directed toward the shield
wall the potential +¢, appears on the opposite side as shown in Figure 12 and hence the ratio ¢,/ Ey, or
#./E§", is a constant dependent only on the geometry of the braid wires.

Note that to obtain a constant asymptotic form ¢, ~ —¢, in the coaxial region requires that the center
conductor is also maintained at —¢, instead of vanishing. If we wish to consider only the exterior drive
with zero potential Vjy on the center conductor, then we need to include the potential variation due to
charge on the center conductor as we just did with ¢;. Notice that for p = a, and using the preceding braid
capacitance per unit length Cy, we find
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¢s (a’0> = —¢c+qs/Cl =0

(99)

as required. Proceeding with this potential (appropriate for V5 = 0), but evaluating it near the braid

p=0b—x, gives

et e (P

27e p

In <b+¢b/E0>
b—=x

(x + ¢/ Eo)

qs
. . 2mweb
Noting that V;,Cr = ¢s gives

CoCs VsnC
Or ==t [ ([Foet B /)| 158 ) as
= o [@b/ - W B)Cr 4y 4 g,

where again the integration cancels the factor /Py (x =b— by on Sp). Collecting terms

CoCsn, (Van/E5")
Pe 2meb

C’O sh

Cr |1+ = (6c/E")

(b—bo+ &/Eo)| =

or using Cyp, Vi, = PeEZh

e Coc
Cr 1+ 52 6= o+ 00/ )| = S 0,/ E5)

and

COCsh h
Cr = ES
T Pe[1+ S (b—bo+ 0/ Eo)] (6:/E8")
But using the fact that
C C
C1 ~ Cy {1 - = (b= b + ¢b/EO)} ~ O {1 -0 = (b—bo+ qbb/Eo)}

(again the replacement of P by Po in the first order term does not change the result) gives

CT _ C(1 sh

(6/E5")

We note that Cgj, is the actual outer capacitance per unit length, which for a symmetrical shield is

(100)

(101)

(102)

(103)

(104)

(105)

(106)

Csp = 2me/In [b1/ (b— ¢,/Eg")]. This agrees with the more physical derivation of the next section,
although the present reciprocity approach can be generalized to noncircular geometries, which is particularly

useful on the exterior (for example, a cable near a ground plane).
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Note from the symmetry of Babinet’s principle (for zero thickness shields) that the two constants
¢./Eo (where ¢, is the potential due to transmission of the field through the braid) and ¢,/E, have the
same numerical value for geometrically thin shields. This symmetry does not necessarily hold for thick
braids. This value can in general be arrived at by choosing the position to obtain the proper capacitance of
a solid plate. But a better way to find it is to look at the asymptotic value of the potential on the drive
side, with the uniform field potential Eyz subtracted out from the potential. This potential ¢, from the
drive side, becomes identical to the transfer potential ¢,., on the shadow side, when the braid becomes
geometrically thin, but is in general different for geometrically thick braids. Note that ¢, can be either
positive or negative, depending on braid geometry and thickness, whereas ¢, is always positive. (Also for
reciprocal braids we expect ¢, to have the same value from either side.)

3.2.3 Alternative Physical Derivation of Electric Parameters

It is instructive to give a more physically motivated derivation of the electric parameters for the
cylindrical coax using the potential behavior developed from the planar braid approximation.

Self Capacitance The alternative physical derivation is to first adjust an equivalent coax to have the
same capacitance per unit length as the original braid structure using the planar excitation-side potential
variation near the braid compared to the 2 << b— a distance (but distant from the braid surface compared
to the braid mesh size) ¢, ~ Eox + ¢, where x = b — p and ¢,/ Fy is the excitation-side constant distance,
determined from the planar problem. The field in the coax however is cylindrical

q1
E = 107
() = 5o (107)

where the charge per unit length on the center conductor is
=0V (108)

and C) is the coax capacitance per unit length (with a braided shield). Noting from E, = —d¢,/dp, and
the fact that we want the asymptotic potential to vanish at * = b — p = —¢, /Ey (this is the braid location
in the equivalent coax which has the same capacitance per unit length as the original braid structure), that

b+¢b/E0 b
q1 + ¢b/ Ey
= E dp=—In| ————— 1
o= () dp = Fn (2 (109)
Now the voltage is the potential on the center conductor
¢ b+ ¢,/Ep
V= =—In|———— 110
(@) = g (2 (110
and hence the capacitance per unit length is
2me
Ci=q/V = 111
Y (RN .
and is shown in Figure 13.
Transfer Capacitance The next step is to excite the braid from the outside with a field £, = Egh at

p = b giving rise to an interior potential receding from the braid toward the interior, which asymptotically
is ¢, ~ —¢,, where ¢,/E§" is the shadow-side constant determined from the planar problem. The planar
problem has no conductors in the unexcited half space, and thus the penetrant field originates (this term is

30



S
) |
i —>
q
&L’ o+0,/E,

Figure 13. Replacement of the braid by an equivalent coax having the same capacitance.
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used instead of terminates, since the exterior field is taken to be radially outward) on the braid wires.

If the unexcited half-space were terminated by a planar grounded conductor some distance from the
braid wire shield, then some of the electric field lines would originate on its surface rather than on the
braid. In the cylindrical problem, with a center conductor on the interior, some electric field lines do
originate on the center conductor if it is also held at zero potential (grounded). The net electric flux
per unit length from these field lines (originating on the center conductor) is the source charge per unit
length g5 in the transmission line model. We can find this source charge per unit length by means of a
compensation argument. If we place a potential —¢,. on the center conductor, then all field lines will again
originate (or terminate if the exterior field is reversed) on the braid wires (at least in the limit of small
braid wire spacing compared to the distance b — a), as in the case when there is no center conductor present
(and consistent with the planar calculation, where no conductors were present in the unexcited half space).
The center conductor charge per unit length —g, associated with this potential exactly compensates for the
source charge per unit length from the exterior field, and therefore gives minus the source charge per unit
length. However it is simple to find this charge through the braid cable self capacitance

—(qs = _¢001 (112)
where the capacitance is the preceding cable capacitance. The source current is then

dgs .
iy = — Cgf = iwg, (113)
and thus the transmission line equation is
dI
Y YiVo+is 114
e 1Vo+1 (114)

We can also define a transfer capacitance by relating the exterior field Egh to an exterior ground voltage
—Vish, supporting the exterior mode. In the case where the field on the shield is axisymmetric, we write

21be B3t = qon = VanCan (115)
Denoting the source charge as

gs = qr = CrVsp (116)
and inserting the preceding formulas for ¢, and Vi, Cgp, gives

Cl Cs h

(¢e/E5") 55— =Cr (117)

where the constant length ¢./E3" from the planar solution is present and it is now clear that the other
multiplier is Cq, the capacitance of the braid coax, as we assumed in the preceding section. The transmission
line equation is then

dl

- ViV, —

P Vo = YrVi (118)
with

YT = —iwC’T (119)
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In situations where the exterior region is not strictly a transmission line, it is often convenient to avoid
using an exterior transmission line voltage as the drive. The preceding current transmission line equation
can thus also be written as

dl .
E =-Y1Vy+iw (CT/Csh) Qsh (120)

where we can use the continuity equation to connect the derivative of the exterior current to the exterior
charge per unit length

dls .
Vg, = iwpgy — —dzh = iwqsp, (121)

3.2.4 Other Cable Cross Sections

The preceding integral forms (79) and (80) can be applied to nonuniform geometries. Here we consider
two applications of the preceding transfer capacitance (79). First we explore the case where a circular coax
is above a ground plane and second we consider the same situation when the coax itself is eccentric. The
first case is the most common type of exterior arrangement. The second case represents a starting point for
considering interior multiconductor arrangements.

Exterior Ground Plane Case When the exterior transmission line problem consists of a circular
cable of radius b, with center height h above a ground plane, we write the exterior potential as (here we
take the shield potential to vanish and the chassis ground plane y = 0 to be at potential —V;3)

b, = Qsh 1 22 + (y + he)’

sh Ame 22 4 (y _ hE)Q

where g is the exterior charge per unit length of the cylinder and the effective line source is placed at
height h above the ground plane where the charge centroid of the cylinder is located

— Von (122)

he = Vh2 — 12 (123)

Letting
T = pcosy (124)

y=nh+psing (125)

_ Ush p? = b2+ 2h (h+ he)+2(h+ he) psing
Oan = ome p? — b2+ 2h(h —he)+2(h — he) psing
Note that the potential at the mean braid radius p = b is constant and taken to vanish (this image
representation is the well known exact image solution of a charged perfectly conducting cylinder above the
chassis ground plane)

Ven (126)

_ Y4sh In h+he
T one h — he

b (D)
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and thus the exterior capacitance per unit length is

h+ he

Csh = qsn/Ven, = 2me/ In —— = 2me/Arccosh (h/b) (127)

e
We use the capacitance per unit length of the exterior of the braid transmission line with the mean radius b
as an approximation to the exterior transmission line capacitance per unit length. The radial field is

_ _ 9%
P 8p
_ Gsh p+ (h—he)sinp _ p+ (h+he)sing (128)
S 2me | p?2 = b2+ 2h(h—he) +2(h—he)psing  p2 — b2 +2h (h+ he) + 2 (h + he) psing
and taking p = b the radial field is
ganb [ 1 1 1
E,(b,p) = -
o (00) = e <hh€ h+he) h+ bsin g
qsh he sh
= — ¢ _—F 129
2meb h + bsing 0 (129)
Note that the integration of the displacement e E3" around the perimeter is the charge which follows from
1 [" he
— ——dp=1 130
Qﬂ/_ﬂh—l—bsincp v (130)
which can be shown by means of the identity [15]
1 [ cos (my) u™ 9
- = 1 131
2 J_ 14+ u?—2ucosp T— s (131)
where we take
1 —2uh/b+u® =0 (132)
or
u=(hth)/b (133)
and thus (choosing the minus sign)
1 (™ he 1 (™2 he/b 1 (" he/b
—/ — dsoz—/ _hefb d<P=—/ Lo/ dep
27 J_. h+bsing 21 ) _35/2 h/b+singp 21 J_. h/b+sin (¢ —7/2)
1 [ he/b 2(h — he) he
21 J_. h/b—cos 7 b2 — (h — he)? 134
where we have used
he = Vh2 — b2 — b> — (h— he)? =2 (h — he) he (135)

It is useful in what follows to represent the radial field
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dsh h’e _ Esh
2meb h — beos (¢ + 7/2) 0

E, (b,¢) = (136)

in a Fourier series

Gsh -
E, (b,p) = 27sz Z A, cosm (o +m/2) (137)
m=0

where the coefficients are (e, is the Neumann number which is unity for m = 0 and equal to 2 otherwise)

Em g do 2(h—he)™ ! he /™
A, =— 3 — "  do=
= g heft) [ cos(me) iy = o 2 o=

=em (h—he)™ /b™ (138)

Now Laplace’s equation

9 10 0¢ 1 0%
= —_-—— _— -_— 0 = 1
V<o >0 p@p +p28<p2 0 (139)
has solutions

¢ = AppT™ cosm (¢ +7/2) (140)

and hence the potential which vanishes at p = a and matches the value — (¢C/E5h) E, at p=1bg~b, can
be written as

b= — (¢C/E3h) Ish A, {((P/a) — (a/p)™

2meb “= bo/a)™ — (a/by)™ ] cosm (i +7/2)

o sy 4sh | In(p/a) "1 (p/a)" = (a/p)" (ot
- (¢C/E°)zwsb{1n (bo/) 22( ) oo —tagmye| =+ /2)} )

With this representation for the interior potential we can simply insert it into

C
Cr = —55 / (6/Van) dS (142)
Py Js
to find the source iy = iwqs = —Y7 Vs = iwCr Vs, in the transmission line equation. The integration

eliminates all modes but m = 0 and we end up with

sh/ Vs CoCs s
Cr =Cy (¢C/E§h) qéigbh = ZP b (¢C/th) (143)

Again the exterior mode has voltage —Vj, (this voltage is on the ground plane so that the shield wires can
remain at zero potential).

Simpler Approach In a similar way to our preceding handling of the planar approximation we
introduce the integrand decomposition in (78)
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g;; / (6,/ES") (Eg" /Vin) dS (144)

where the ratio ¢,/E5" is only dependent on the local braid geometry (not on the driving field strength)
and we have shown that in the ground plane case that the exterior driving field on the braid surface is

Cr=-

Vin h Csh, h
Esh V qéh/ S e _ s e 145
0/ 2meb h+bsing  2mebh+ bsingp (145)

Then inserting the potential from (100) we obtain

Cr =-4%Z§; (—=¢e/E5") (EG"/Von) dS
s/ Vs
e [ [ ) s

1 Csh he CT
=- Esh — E,
Co ( 0c/E ) P, /50 27rebh+bsing0ds COEP() / [ 2meb (@ +0p/Eo) | dS

— COCSh( o./Es ) / de—c Cr (b —bo + &3/ Eo)

eP h + bsin g 2meb
CoCip s CoCr

=-—=" (—¢./E") — N (b—bo + ¢,/ Eo) (146)

where we set © = x¢g = b — by, and

C ~ Gl
Cr [1+ 55 (0= bo-+ 6n/E0)| = =5 (=0./B) (147
then as before
CoCy o

Or = s (6./E5") (148)

Pe [1+ S (b— by + b,/ Ep)]
Note that in this simplified approach we have taken only the symmetric (m = 0) part of the interior
potential of the coax ¢, resulting from the source charge ¢, in the preceding expression. Although other
azimuthal modes will exist, due to the asymmetric exterior excitation, the net source charge g5 should be
determined by this symmetric component. Now using the fact that (again the replacement of P by Py in
the first order term does not change the result) the capacitance per unit length of the inner coax with braid
has essentially not changed when the exterior ground plane is present we can again write

Ci~Cy |:1 — @ (b bo + ¢b/E0):| ~ C) |:1 — & (b bo + (bb/EO) (149)

which then gives the same result as the more rigorous approach of the preceding section

Cl Csh

Cp = (60/Eg") (150)

An analog of this simplified approach is also applied in the next section.
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Interior Eccentric Coax In addition to the ground plane exterior let us consider the situation when
the interior is an eccentric coax [14]. Consider a complex potential being the superposition of two line
charges +qq

= I 2 arceot (2/ye) (151)

W_Uw_&ln(w>
2me

2me z+ 1Y,
where z = z 4+ 1y and y. > 0. The scalar potential is taken as

Z_iyc

qSO:Re(W):U:—Qq—;Eln p— (152)
Inverting the transformation gives
, U+iV
z =12+ iy = y.cot <@> (153)
or
yesin (V/ (52)
= = 154
o (U7 () — con (V] () .
yesinh (U/ (52))
— e 1
ot (07 () —on (V/ () 1
or
9 9 \\ _ : o
cosh (U/ (5z)) = eos (V/ (55)) = ermsin (v/ (52 (156)

cosh (U/ (2(1—7?8)) — (y¢/y) sinh (U/ (;—;)) = cos (V/ (q_())) (157)

) . 2me
Subtracting these two gives

zsinh (U/ (2%)) — ysin (V/ (Qq—;’g)) (158)
and eliminating V'

@) - e (@) e (@)
2% = y?csch? (U/ (%)) - [y coth (U/ (;Tl)) - ycr (160)
z? = —y? + 2yy. coth (U/ (2(1_7;36)> — 2 (161)
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z? + 9% — 2yy. coth (U/( )) + 32 coth? (U/ (27T€)) =y {coth2 (U/ (2 6)) - 1] (162)

or
z? + [y Ye coth (U/ ( )]2 = y%csch? (U/ (2775)> (163)
Thus the equipotential contours are circles centered at z = 0 and
Y = ye coth (U/ (2775)) (164)
with radius
r = yocsch (U/ (m;)) (165)

If we pick two potentials Uy > Uy, then the associated radii satisfy ro < r1 (the smaller is contained within
the bigger), and the associated centers satisfy yo < 31 (the center of the smaller is below the center of the
larger). Now if we take the two centers and radii to be denoted by

= o (v (£2)) o
1= o (12 (12)) o
a = yeesch (U/ (52=) ) (168)
b= yeesch (U1/ (5= )) (169)

we see that the difference of center positions is

d:y1fy2

. sinh E_Ul
= g coth (U1/ (Qq—ﬁe» 1 coth (Uz/ (2 e)) = ‘ i ((%s) )_U]—

(170)
sinh <(—2€{§—)> sinh ((2&))
We can show from the preceding three formulas that
UQ*Ul 02+b2*d2
h = 171
cos ( ( Ty ) ) 2ab (171)
Hence with the potential difference defined as

Vo=Us—-U; (172)

we have
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2 12 2
qo = Vo2me/Arccosh (m>

2ab

From the preceding formula we can write

Yed = absinh <U2 ; Ul)
(372)

and then

242 232 2 (U2 —Us . _l 2 2 2\2 232
yod” =a“b lcosh ( (=) ) 1] =1 {(a + b — d?) 4ab}
or

2yed = /(@ + 7 — d2)? — 4022 = \/[(b —a) — | [(b+a)* - ]
Using the identity coth? z = 1+csch?z we find that

y1 = yc\/l + csch? (Ul/ (%)) —VET

or

2dy; = \/(a2 + 02— d2) — 4a2b? + 4d%% = \/(—@2 024+ d2)? = —a? + b2+ d?
Also from above

y1/b =1/ (ye/b)* + 1 = cosh (Ul/ (Qq_;g)>

and

%Arccosh (ye/b)> +1 =T,

(173)

(174)

(175)

(176)

(177)

(178)

(179)

(180)

Now we want to shift the coordinate system from y = y; to y = h as the location of center of the b
radius cylinder. We also want to shift the potential on the outer cylinder from Uy to 0 (the potential at the

inner cylinder of radius a is then V4). Thus in summary

2 —h—u)?
by = —20 1 2+ (y+un yc)2_U1
2me -\ 2+ (y +y1 — b+ ye)
2 b2 _ d2
qo = Vo2me/Arccosh <CL+T)

2ed = \/[(b —a)? - d2] [(b ta)?— dﬂ

(181)

(182)

(183)
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Y1 = Y2+ 02 (184)

Q(J—OAI"CCOSh (y1/b) = U1 (185)
The radial electric field at the outer shield boundary is then
1 9¢ 1 0 2 cos2 ¢ + (psing +y1 — ye)
Eop (p.9) g0 = —— 2 = ———Iny |2 Al —r o0 )2
g Op  2medp | p2cos? o+ (psing + y1 + ye)
1 P+ (y1 —yc)singp p+ (y1 +ye)sinp (16)

21 | p2eos?p+ (psing +yn —ye)’  p2eos?o+ (psing +y1 +ye)’
Note that in the vicinity of the shield (near the reference conductor) we can write the potential due to the

exterior drive as

G5~ =0+ Ep(b—0,0) (x+¢y/Eo) , b—a=p (187)
The transfer capacitance from (79) is thus
€ 1 0¢,
Cr =-C Vsn) ———dS
r =300 [ @V
€ 1 99,
=-C / o ESM) (B Vi) —2dS 188
goSD(QS/o)(o/h)qup (188)
Therefore we finally obtain (note here that we use £, — (¢s/q0) Eop)
" sh sh 1 0¢0
Cr = eCy (0s/ES™) (ES" | Vin) — (p = b) bdp
—n 4o Op
& 1
~ —eCo (—0./ES") / (BS" /Ven) o For (b, ) b
4 1 1
—ECO/ [(qs/Vsh) q_OEop (b, ) (z + ¢b/E0)} q_OEOp (b, ) bdep
. T . 1
~—cCo (<0o/Ei") [ (ES" Vir) - Enp 0.0) b
1 [™[1 2
~ePCoCr (b bo + 64/ Fo) 5= / —Bup (b.0)| dy (189)
The interior field can be simplified as "
1 1 0¢ 1 b+ (y1 — ye)sinp b+ (y1 + y.)sing
_EOp(bv@):___O(p:):_ (1. ) 3 (1. ) 2
qo q0 9p 2me | b2 cos? o + (bsing + 1 — ye) b2 cos? o + (bsinp + y1 + ye)
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_ 2ycb y1 + bsinp
e {b2 + 20 (yl - yc> Sin‘p + (yl - yc)Q} {b2 + 20 (yl + yc) SiHLp + (yl + yc)Q}

_ 1 Ye
"~ 2meby; +bsing

(190)

where we used

y1 =2+ 02 = (—a®+b*+d*) /(2d) (191)

and we note that

2ed = \/[(b —a)? - d2] [(b +a)? - dﬂ (192)

(yl - yc) (yl + yc) = (y% - y?) = b2 (193)
Note that we can rotate the angle ¢ in this formula (versus in the outer short circuit field) to rotate the
displacement d in the eccentric coax versus the outer short circuit field; such a rotation by 7/2 is done as
an extra example below. The outer short circuit field for the ground plane case is (129)

, Csh h
E.sh Vi = s € 194
6"/ Von 2meb h + bsing (194)
he = Vh% =12 (195)
Using the approximate approach of the preceding section the transfer capacitance becomes
CoCsh py 1 /7r he Ye
Cr= E") — d
T eP (0c/ s )27r —x h+bsinpy; +bsine v
e b—b +¢/E)i/7r 7 (196)
ep? 0 /0 o _x \y1 +bsing v
Noting that y. = \/y? — b? is the same form as h, = vh2 — b? from (130) we can write
1 (7 he 1 (7 Ye
il — " do=— —Z¢ do=1 197
27r/,7rh—bcosg0 L _xY1—bcosy 4 (197)

and thus we see that the "average" is unity if either of the factors in the integrand of the first term of the
transfer capacitance is unity (as in an inner or outer cylindrical coaxial arrangement). However if both
factors are present, due to the eccentric inner and outer (the ground plane is a form of eccentric coax)
arrangements, then the transfer capacitance is an average of the product of the two factors. Using partial
fractions we can write

y—h) 1 [T he Ye 1 /” he 1 /” Ye
| = de = (1/he) — —dp — (1/y.) — —d
( heye > 2m /_Wh—i—bsingoyl—i—bsincp p=(1/ )27r _x h+bsingp vl /y)277 _x Y1 +bsing v
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=1/he — 1/y.
Taking the limit h — y; gives the identity

im — -
yi—h 2 [ h+Dbsinpy; + bsing h—y1 y1—h

2m y1 + bsinp
The final result for the transfer capacitance is thus

1 (™ U 2
=— (7) dp = y1/ye

C(() sh - he

COr =~ y1 —h

(60/E5") &

C
7_Tco (b —bo + ¢4/ Eo) y1/ye

or

CO sh - he

Cr 14 =5Co (b~ bo -+ 60/ Bo)yr /| ~ (60/Eg") 2

or

Csh C’0 Ye — he

—Zsh ) de = Te
eP [14 25Co (b—bo + ¢/ Eo) y1/yc) (0/E5") y1—h
Noting that in the case of the eccentric coax we have

Cr =

oC

Cy = C(b+ ¢,/ Eo) = C (bo) + (b+ ¢,/ Eo — bo) 8b(

bo)

1 0C
~Co [14 04 60/ - t0) - 5 )
where
212 g2
C (b) = 2me/Arccosh <%)
Co = C (by)

and

Arccosh (x (x + vV )

diAI"CCObh =1/va?—

we find that
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L / e Je dp = lim \/yl b2~ vh

y1 —h

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)



1
Co |1 =50 (b~ b+ 0,/ ) yl/yc} ~ Cy (208)

1 0C C
50%( 0) = —ﬁ (—a® + b5+ d?) /\/(a2 + 0% — d?)? — 4a20?

Co 2, 72 2 2
~-p (—a®>+b°+d )/\/(a2+b2 — d?)” — 4a2b?
Co
__ >0 2
P Y1/Ye (209)
Hence
Co
Cl ~ C() 1-— (b—b0+¢b/E0) E_Pyl/yc (210)
and therefore we obtain the transfer capacitance
Cl Csh m\ Ye — he
~ E; 211
Cr =~ At (0, 57) Bt (211)
versus our previous result from the last section
C1Cs s
Cr = =57 (./E3") (212)
Note that the extra factor associated with the cable eccentricity can be written as
_ 2_2][ 2_2}_ Ny )
Yo — he B Yo — m B \/|:(b a) d (b+a) d 2d h b (213)

yl—h_ yl—h —a2+b2+d2—2dh
This ratio is unity if d = 0 (which makes the field of the interior problem uniform in azimuth) or if h — oo
(which makes the field of the exterior problem uniform in azimuth).

Note that if we rotate the azimuth of the eccentric coax by 7/2 relative to the outer ground plane
arrangement we have (as in the preceding example we combine the two terms to form C; in the coefficient
of the integral)

Csh 1 T he Ye

~ Esh _
Cr = Ci (¢./E") 2meb2m J_ . h+bsinpy +bcosy

dp (214)
Using

b i/“ he Ye d
heye ) 2m J_. h+bsinp y; + bcosy v

1 [T hecosyp 1 [T yesing
=(1/he) — ——F—d 1/y.) — ——d
1/ )277/_,rh+bs1n<p ('0%_(/y>27T/_7ry1—|-bcos<pS(J
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_L/“ y1cos  + hsing (215)
2 J_. (h+bsing) (y1 + bcosy) v
and
1 (™ Y1 cos i + hsin @ 1 /7T he 1 /Tr Ye
b— dp = he) — —Fd h/ye ————d
27 /_,r (h+bsinp) (y1 + beos ) o=/ )271' _,rh—l—bsmga + /y)2 _x Y1 +bcosy 7
PR\ 1 [T he .
(it _/ . Y. dop (216)
heye 2 J_. h+bsinpy; +bcosyp

we can write

,l y1+h2 i/ﬂ he Ye d
heye b heye 2r J_ h+bsinpy; +bcosp 14
1 _hecosgp 1 [T yesing
(1/he) — 1/ye) — ———d
/ 27r/ h+bsm<p +( /y) /_,r y1 +bcosgp v

1 1 1 (7 Ye
—— he) — c —d
yl/ 27r/,rh—|—bsmcp v ( /y)27r/ Y1+ bcosyp v

/2 _hecosp /2 Ye SIN 0
(1/he) c —=—Tr 4
W/ (/ / / /7r/2> h+b51n90 (/) / //2 / /7r/2 i+ beosg ¥

— 5 wi/he) — 5 (/) (217)

In the first and second sequences of integrals we let (in the second integral ¢ = m — ¢, in the third integral
¢ =—m+ ¢, and in the fourth integral ¢ = —¢’). This shows that these all cancel out and thus

L (" he Ye Y1y + hhe y2 + b2y, + hv/h2 — b2
L . = N - (218)
_x h+bsinpy; +bcosyp Yy + h? Y2 + h?
or
s Cs e+ hhe
Cr ~ Cy (¢o)E5r) —=h Y18 T 2le (219)

2meb  y? + h?
3.2.5 Evaluation Of Energy Formulas Using Approximate Planar Form Of Potentials

It is instructive to show how the preceding perturbation results can be directly derived from
approximations of the energy formulas for capacitance rather than using reciprocity. This is done by
applying the preceding energy formulas stood off from the surface of the braid using an approximate planar
evaluation of the potential near the braid to evaluate the self and transfer capacitances. It turns out to be
convenient to initially use the elastances defined by

Vi = 811Q1 + 512Q2 (220)
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Vo = 521Q1 + S22Q2 (221)
These are convenient because, unlike the capacitance matrix where a particular diagonal element is
determined with other conductors short circuited (because it will then typically have a small induced
charge contributing to the potential variations), a particular diagonal element of the elastance matrix is
determined with other conductors open circuited (no net charge). The relation between the elastances and
capacitances (with the braid as a reference)

Q1 =C11Vi + CiaVs (222)
Q2 =0 V1 + Ca2Vs (223)
can be written as
C11 = S22/D
Ca2 = S11/D
Ci2 = —S12/D
Cyy = —S91/D (224)
where
D = 511522 — S12591 (225)

In the case where S11599 >> 512521 we find

011 ~ 1/511 (226)
022 ~ 1/322 (227)

and in a reciprocal media
Cr2 = Ca1 = Cyy & =S/ (S11522) = —C11C225m (228)

where

Sm = 512 = 521 (229)

The continuity equation is

0
== 2

Ved=—p, (230)

or in integral form
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0
fl-ﬂds = —E/vad\/ (231)

This yields

ol 0Oq
== (232)

0z
where I is the net current on a conductor and ¢ is the charge per unit length on a conductor. Hence, from
the continuity equation we can determine the current changes over a short periodic section along the line as

Lt -n) =22 2y, (233)
B+ -h() =2 = L () (234)

The power removed from a periodic section of line is minus the derivative of the stored electric energy

‘/1[11<Z+£)_Il<2’)]+V2[IQ(Z+f)—IQ(z)]:_‘/1%_‘/2%
= —(S11Q1 + S12Q2) % — (821Q1 + S22Q5) %
_ A (g 024 8,.0100 + 185002 (235)
- dt \ 2 11%¢1 mix 1«2 D) 229

If we take two sources and denote the resulting field due to these by subscripts 1 and 2 then by
superposition we can write the total field as

Equating electric energies in a region gives

1 1 1 1
—SllQ?+SmQ1Q2+—SmQ§:—/ Q-EdV:—/ DEdV
2 2 2 \% 2 1%
1 1 1 1
:—/DlEldVJr—/21~E2dV+—/E1~Q2dV+—/DgEng
2 Jv 2 )y 2 )y 2 )y

1 1
:/ —gEde+/ €E1~E2dv+/ —eE3dV (237)
14 2 14 14 2

The 1 problem using the elastances has a charge on conductor 1 (the center conductor) with an equal and
opposite charge on the braid shield and no charge on the 2 conductor (the chassis) (see Figure 10). The 2
problem has a charge Q2 on the chassis with equal and opposite charge on the braid shield and no charge
on the 1 conductor (the center conductor). We can identify the self elastances as
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S11Q2 = / eB2dV = — / Vo, - D,dV (238)
\% \4

where we can use

Vo (1Dy) =Vey - Dy + &V -Dy =V - Dy + ¢1py (239)
to obtain
51Q2 = - Jaf n- (6.D,)dS = i@y (240)
S
or
511 = ‘/1/@1 With Q2 =0 (241)
and
SoQ3 = / eE2dV = — / V¢, - DydV (242)
1% \%
where we can use
V  (¢aDy) = Vg - Dy + ¢V - Dy = Vg - Dy + dop,0 (243)
to obtain
5223 = 74 1 (6sD,) dS = VaQ@s (244)
s
or
Sao = Va/Q2 with Q1 =0 (245)

In the first case the closed surface integral is focused on the region 1 because the field D, is generated by
charge on the center conductor. In the second case the closed surface integral is focused on the region 2
because the field D, is generated by charge on the chassis.

The mutual elastance is identified as

1 1
Q1Q25 = = / D, Eydv 4+ / B, DydV (246)
2 Jv 2 Jv
and voltage charge relations
Vi = 511Q1 + SnQ2 (247)
Vo = 55Q1 + S22Q2 (248)

Figure 14 shows the field £, generated by a positive charge @)1 on the center conductor with no net charge
on the chassis, as well as the field E; = E, generated by a positive charge Qsn, = —Q2 on the braided
shield with no net charge on the chassis. In this case the voltage charge relations with Vo = —Vj;, are
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Figure 14. Field E; generated by charge Q1 and field F,j, generated by charge Q.

Vl = SllQl - Sszh

Ve = =Sm@1 + S22Qsn

(249)

(250)

We see from Figure 14 that the potential on the center conductor (Vi in the preceding equation) will be
negative with respect to the braided shield (taken to have zero potential) when the center conductor is
uncharged (@ = 0) and the braided shield is positively charged (Qs, > 0) with respect to the chassis;

hence we expect S, > 0. The inverse equations become
Q1= C1Vi — Cp Vs, = CuVi +LCr Vi,

Qs = —C Vi + CooViy, = LCT V) + CoaVip,

Using potentials we can rewrite the mutual elastance as

Q1Q25, = / E, - DydV = — / Vé, - DydV
1% \%

where using the identity

V- (¢1Dy) = V1 - Dy + 1V - Dy = V1 - Dy + ¢1p,9
we find

/ E, -DydV =— % 01 D5 - ndS
A4
S
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/ ¢1Dy - ndS — / $,D, - ndS — /
ChaSSIS

or (Vo1 is actually V5 excited by a charge on conductor 1)

1Dy - ndS = —/ D1 Dy - ndS = Va1Q2 (255)
S

chassis

Sm = VQ/Ql with QQ =0 (256)
Alternatively
1% 1%
where using the identity
V- (¢2D1) =V¢y- Dy + ¢V - Dy =V¢y - Dy + ¢ypyy (258)

we find

/ Ey-D,dV =— % 05D, - ndS
A4
S

- / 6D, - ndS — / 6,0, - ndS — / 6,0, - ndS — — / 6,0, -ndS = VisQ1 (259
SC Sw Sz,hassis SC

or (V12 is actually V; excited by a charge on conductor 2)

Sy =V1/Q2 with @1 =0 (260)
Depending on which field we choose to represent with the potential we will end up with a different surface
integral in the end. In the first case the closed surface integral is focused on the 2 region outside the braid
because the field D, is generated by charge on the chassis. In the second case the closed surface integral is
focused on the 1 region inside the braid because the field D, is generated by charge on the center conductor.

Self Capacitance Approximate Evaluation The self capacitance for nonuniform geometries is
now estimated. Hence from the preceding expression the self terms S7; and Soo are

511Q% = / D, E\dV (261)
1%

S90Q3 = / Dy EydV (262)

%
We will focus on the elastance for the 1 problem and select the auxiliary volume Vj to extend from the
center conductor to a distance out near the braid. Now we break up the volume into two parts

S11Q7 = / D1EqdV +
AV

where we approximate the electric field in the Vb region by Eo the field for a solid shield at the boundaries
of Vo, and AV =V — V4. The auxiliary problem has charge Qo = @1 but the center conductor potential

Dy E1dV ~ /DlEOdV+ Dy EydV (263)
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with a solid shield at the boundary Sy (of volume Vp) is slightly different than with the braid Vy # V4.
Using the scalar potentials

Ly=-Vg, (264)
we can write
D1 EydV =~ / D, EydV = — D, -V¢,dV (265)
Vo Vo Vo
with
V- (¢oD1) = Dy - Voo + ¢V - Dy (266)
and by virtue of Gauss’s law
V-Dy = py, (267)

we obtain (dropping the volume charge density outside the conductors)

D1EydV ~ — %qf)ODl ndS = — / PoD; - ndS — / PoD; - ndS (268)
Vo

If we note that ¢, should be conbtructed to vanish on the solid auxiliary shield Sy then the final term
vanishes. Also using

E,=-V¢, (269)
we have
D1EdV = —/ D, -V¢,dV (270)
) AV AV
Using
V- (¢1Dy) =D, Vo, + ¢,V - Dy (271)

and dropping the volume charge density outside the conductors, gives

AV

Schassis

DyEdV = — 7{ ¢.Dy ndS=— | ¢,.D, -@dS—/ ¢.D, -ﬂds—/ ¢,.D, -ndS  (272)
So Sw
AS

where we have used periodicity of the fields and potential to drop the surface integrals on the ends of the
periodic region in z. Noting that ¢; should be constructed to vanish on the braid wire surface and hence
the integral on S, vanishes. Furthermore, in this section the chassis is open circuited in the 1 problem and
hence fs D, -ndS = 0; with ¢, equal to a constant on Scpassis the final integral also vanishes. Hence

chassis

we finally have

S1Q2 ~ — / 60D, - ndS — / 6,D, - ndS
S(‘. SU
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~ Vo1 — / 61D, - ndS (273)
So

where ¢, = Vo (not to be confused with the auxiliary volume Vj on the integral limit) on S, and the integral
yields minus the center conductor charge.

Now near the braid but still far from the individual braid wires we have the local behavior

¢ ~FEox+¢p, c=b—p—0 (274)
and thus
$11Q% ~ VoQ: — / (Eox + &) D, - ndS (275)
So

For a circular shield, like in the eccentric coax, we can take x = zg = b — by

S1.Q2 ~ VoQ: — /5 [Eo (b— bo) + &) D, - ndS (276)

0]
Note that the electric field Ey and the potential ¢, are in general varying around the circumference. We
factor the potential term by writing (here we take Ey = E,)

¢, = (95/Eo0) Eo (277)
where ¢, /Ey is a constant dependent only on the braid wire geometry in the planar approximation to the
braid. Then (noting that n = —e, on Sy from the AV region)

S11Q7 ~ VoQ1 — [(b—bo) + ¢b/E0]/ EyD, - ndS

0

~ VoQo (Q1/Qo) + [(b—bo) + 64/ Eo) (Q1/Qo) / eE2dS (278)

S
Noting that the charge in the auxiliary problem is taken to be the same QOO = @1 and taking Qo = Cpo Vo
we find

1
COO/Cll ~ COOSll ~1 + [(b — bo) + (Zsb/Eo} W/ €Egd5 (279)
0 JSo

where we have used the approximation S1; = 1/C7;. Now changing to the capacitances per unit length

Coo = (Co (280)
Oy = Oyt (281)

we have
Cy ~ Co — [(b— bo) + 6/ Fol /S e (Eo/Vo)? dS/t (282)

We can write a similar expression for the exterior capacitance per unit length Cy = Cas /Y.
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Transfer Capacitance Approximate Evaluation The mutual or transfer capacitance is now
estimated for nonuniform geometries from the cross terms

1 1
SmQ1Q2 = —/ D, - Ey)dV + _/ Ly - DydV = / ek, - EydV
2 \4 2 \4 \4

=/Ql~ﬂzdv=/ﬂl-ggdv (283)
\4

v
Now we break up the volume into two parts

S 1@z = / cE, - BydV — / B, BV + | By cEdv
\% Vo AV

Vo AV

Vo AV
where the auxiliary volume is Vj, we have approximated F1 =~ FEj in Vj, and the remaining volume is

AV =V — V. Now noting that we can write

V() V(J
with
V- (¢oDy) = Dy - Vg + ¢V - D, (286)
and by virtue of Gauss’s law
VD, = p,, (287)
we obtain
D, - EydV = j{qboDz ndS = / PoDs - ndS — / PoDy - ndS (288)
Vo

where here n points out of V4. If we note that ¢, should be constructed to vanish on the auxiliary shield Sy
then the final term vanishes. Also

/ E, D,V = - / 6, - nds — / 6D, - nds — / $,D, - ndS (289)
AV S

chassis

where here n points out of AV. Nowizl as well as ¢, are constructed to vanish on the braid wire surface
and hence the integral over S,, of the preceding equation vanishes. In addition in this section, ¢, is
constructed with an open circuited chassis surface in the 1 problem, so there is no net charge on Scpgssis
giving fS . D, -ndS = 0 (where ¢, is constant on Sepassis), and ¢, is constructed with an open circuited
center conductor surface in the 2 problem, so there is no net charge on S, giving |, s, D, -ndS =0 (where
¢, and ¢, are constant on S.). Hence the Vj integration vanishes; in the final line of the preceding AV
integration the final term also vanishes. Therefore we can write the mutual elastance as
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5 1Qn = / cE, - EydV~ | E, DdvV—-— / 6,D, - ndS (200)
Vv AV So

Now we note that near Sy we can write the potential in the 2 problem as (since there is no net charge
on the center conductor in the 2 problem)

¢2 ~ _d)c ~ (_¢C/EO) Egh (291)
where (we usually evaluate the outward exterior field E5" at the mean braid wire location of S, for a solid
shield rather than on Sp since this field exists exterior to the braided shield) the ratio —¢,/Ey is a constant
for a given braid geometry and the normal field Egh in general varies around the braided shield (which can
be determined from the exterior potential ¢, for a solid shield at the braid center line)

0o,
—Egh = ——géh (292)
n
where n here is taken to point inward from the exterior region (is also consistent with the sign from the AV

region). Then the mutual elastance is

Sm ~ —(=0./Eo) ﬁ/s E{"D, - ndS (293)

where the center conductor charge ()1 normalizes the integration of the normal component of the interior
displacement in the 1 problem and the chassis charge Q2 normalizes the normal component of the exterior
field level at the braided shield location. Now we approximate the field D; ~ D, on Sy and replace Q1 = Qo
and Q2 = —Qgp, where Q4 = C’SgVSh, CS{{ = (Cs, and Vyy, is the exterior voltage from the approximate
solid shield to the chassis

So

QoQsh
1
~ (—¢./Fo) —Sh/ (E3"/Vir) Dy - ndS (294)
QoCio Jso
Now setting
Qo = {qo (295)
and
Dy=-Dy-n (296)
and using
Cm ~ =Sy /[ (S11522) ~ —C11C228m (297)
gives
C1:1C:
Con > (=0, E0) B [ (055 /Vaa) (Do) a5t
00 0
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~ (—6o/ o) Cui /S (E"/Vin) (Do/qo) dS/ (298)

where we have approximated Cay ~ C3f. Finally setting

Ci1 =10Cy (299)
Cn =—Cr (300)

we arrive at
Cr ~ (6./Eo) C1 [ (B (Vin) (Dofan) dS/¢ (301)

0

We include a brief repeat of the application of these results to the uniform and nonuniform coaxial
geometries below in order to illustrate a slightly different set of integral identities in the evaluation.

Uniform Cylindrical Geometry Applying these to the simple case where the geometry is a uniform
cylinder both inside and outside

eEo/ (CoVa) = Do/qo = 1/ (2mp) = €E"/ (CsnVan) (302)
2me
= T (303)

and

Ci~ Co — [(b—bo) + qu/EO]/S = (Bo V)2 dS)¢

~ Cy [1 —{(b=bo) + ¢/ Eo} % (leoﬂ

~ Cy [1 —{(b—"bo) + ¢p/Eo} C’OM]

dbo
9C,
~ Co+{(b—bo) + 64/ Eo} 5

2me

~Cy(bg— b+ ¢p/Ep) = (b + &/ Bo) /a] (304)
Cr = Cy (6,/Fy) /S (3" /Vin) (Do/ao) dS/¢
~ (¢./E") CrCan (305)

27be
where the preceding arrow means "replaced by".
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Exterior Ground Plane Case When the exterior transmission line problem consists of a circular
cable of radius b, with center height h above a ground plane, we write the exterior potential as (here we
take the shield potential to vanish and the ground plane y = 0 to be at potential —Vjy)

¢ _ qsh In $2 + (y + he)2

sh 2775 $2 + (y _ he)2

where g, is the exterior charge per unit length and the effective line source is placed at height h. above
the ground plane where the charge centroid of the cylinder is

— Vsn, (306)

he = VIE B (307)

Letting
T =pcosy (308)

y=h-+psing (309)

Qe p2 =024+ 2h(h+he)+2(h+ he)psing

Osh = g I P2 — 024 2h(h—he) +2(h — he) psing
Note that the potential at the mean braid radius p = b is constant and taken to vanish (this image
representation is the well known exact image solution of a charged perfectly conducting cylinder above the
chassis ground plane). The exterior capacitance per unit length is

Vsn (310)

h+h

Csn, = qsn/Vsn = 2me/ In - he = 2me/Arccosh (h/b) (311)
and we use the capacitance per unit length of the exterior of the braid transmission line with the mean
radius b as an approximation to the exterior transmission line capacitance per unit length. The exterior
radial field is

a¢ ) dsh he h
FE =32 = —_— =FE] 12
o (0,0 Op (0. ¢) 2meb h + bsin 0 (312)
qsh = CsnVsn (313)

where we note that
1 (7 he

il — " do=1 14
277/,7rh+bsin<pd<p (314)

The transfer capacitance when the interior is a uniform cylinder is then

Cr = C1Cu, (6, Eo) / (E3* /ger) (Do/ o) dS/¢ (315)

So
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C1Csn 1 [ he
~ By)— [ — e
2meb (9c/ Eo) 2m /_7T h + bsin (pdgo

~ Cl Csh

2meb
The only difference is that Cyj, has a different form.

(¢./Eo) (316)

Interior Eccentric Coax In addition to an exterior ground plane let us consider the situation when
the interior is an eccentric coax [14]. The outer cylinder again has radius by and the inner cylinder has
radius a. We place the center of the outer cylinder at x = 0 and y = h. The potential of the outer cylinder
is taken to vanish and the potential of the inner cylinder is V5. Thus in summary

2 —h—u)?
%:_ﬂln\/x +@y+un Ye) 1,

2me x2+(y+y1—h+yc)2

q0 = CoWy

2 b2 _ d2
Co = 2me/Arccosh <HT(;)Q)

2ed = \/ [(bO —a)? - d2] [(b0 +a)? - dQ]

1 =1\/y2 + 65 = (=a® + 05 +d*) / (2d)

;—OeArccosh (y1/b0) = Un (317)
T
with interior electric field
1 1 8¢0 1 Ye
2B (o) =290 () _py = —F 318
% P ( 0> <10) % ap (p 0) 27T€b0 U ¥ bO singp O/qO ( )

Note that we can rotate the angle ¢ in this formula (versus in the outer short circuit field) to rotate the
displacement d in the eccentric coax versus the outer short circuit field; such a rotation by 7/2 is done as
an extra example below.

The interior self capacitance per unit length is then

C1~Cy—C2{(b—by) + qsb/Eo}/s e (Eo/q0)* dS/¢ (319)

~Co [1 (o) + 00/ ) (yl/w}

~ Cy [1 —{(b—bo) + ¢,/ Eo} Coa%iéoco)]
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oC,
~ Co+{(b=bo) + &/ Eo} 5

~ Co (bo — b+ ¢,/ Eo)
where we used

9(1/Co) 1 0Cy _ (y1/ye)

8()0 B Cg 8b0 n 27T8b0
and the identity
1 [ v 2
— —2 ) dp= C 320
2m ) & (yl+bosin(p> v=uy/y (320)

Taking the outer short circuit field for the chassis ground plane case (312) the transfer capacitance is

Cr ~ C: (6,/ Eo) /S (B3 /Va) (Do/ao) dS) ¢

Csh01 1 T he Ye
~ Ey) —
2med (9c/Eo) 27 /_7T <h+bsin<p> (yl—l-bosingo d

CsnCh byc — bohe
R — Ey) ———
omeb (Pel o) byr — boh
where we used the identity (the individual integrals divided by 27 are each unity)

by — boh i/ﬂ he Ye d
heye 2m J_ h+bsinpy; + bgsingp v

1 " h’e 1 i Ye
~ 05 | e (i 5 | s

(321)

=b/he — bo/ye (322)
To avoid having a somewhat arbitrary by ~ b it is better to simplify the final expression by letting by — b
in y. and in y; with

CT%

C;hcl (¢C/EO) Ye he

web y1 —h

We see that the "average" in (321) is unity if one or the other of the factors in the integrand is unity (as in
an inner or outer cylindrical coaxial arrangement) and we return to the expression (305). The extra factor
in the final result from this integral average is (y. — he) / (y1 — h) which is unity if d = 0 (which makes the
field of the interior problem uniform in azimuth) or if h — oo (which makes the field of the exterior problem
uniform in azimuth). However if both factors are present, due to the eccentric inner and outer (the ground
plane is a form of eccentric coax) arrangements, then the transfer capacitance is an average of the product
of the two factors.
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Note that if we rotate the azimuth of the eccentric coax by /2 relative to the outer ground plane
arrangement we have

Con 1 [T he
Cr ~ C1 (¢./E5") -2

Ye
— d
2meb 2w
Using

323
_x h+bsinpy; +bgcosy v (323)

bbo \ 1 /” he Ye d
heye = h+bsinpy; + bgcosp v
1 (™ hecosyp 1 [T  yesing
b/h — " dp+ (bo/ye) — ——d
=/ ) / h+ bsiny +(0/y)2ﬂ'/_ﬂy1+bocosg0<p
_i/’r by cos ¢ + byh sin @
27 J_ (h+bsiny) (y1 + bo cos @) v
and

(324)

i/’r by cos p + bohsin
27 J_ (h+bsiny) (y1 + bo cos ) v
b

1 [7 he bo 1 /" Ye
b_o(yl/he)%/_ﬂ md%’ (h‘/yc) /

—d
y1 + bp cos ¥

_(yib? R 1 / T he Ve 4o (325)
heycbbg 21 J_. h+bsinpy; + bgcosyp
we can write

bbo 1 (g3 +R%\ L /“ he e
eyc bO eyc 2 J_

d
< h+bsinpy; + bycosp v
~ (b/hy) i/ _hecosp

1 (™  yesing
h—&—bslngo (bo/yC)Q / yl—‘erCObgOd

1 bO 1 4 yc
- yl/h 27r/7r h+b51ng0 b (h/ye) /

—d
_x Y1+ Dbocosyp v

comg ([T [ L)

h+ bsinp 14

—7/2
+ (bo/ye) 5= (/ s 4] / ) _tedng g,
/2 —x/2) Y1

bo
- — he) ——(h 326
Lol o /)~ () (320
In the first and second sequences of integrals we let (in the second integral ¢ = m — ¢/, in the third integral
¢ =—m+ ¢, and in the fourth integral ¢ = —¢’). This shows that these all cancel out and thus
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Figure 15. A sequence of line multipole charges to represent the transverse variations of the electric field.

1 [ he Ye b2 y1ye + b3hhe
il do = 327
2m /_ﬂh+bsin90y1+bocos<p v y3b? + h2b? (327)
or
gy Csn b2y1ye + bEhh,
Cr ~ Cy (¢./E5r) —=o 2P T 20 (328)

2meb  y3b? + h2b}
Again to avoid having a somewhat arbitrary by ~ b it is better to simplify the final expression by letting
bg — b in y. and in y; with

sh ylyc + hh
(¢ /G ) 2meb  y? + h2

3.3 Electric Multipole Representation

In the preceding sections, we have assumed that the values of ¢./Ey and of ¢,/ Ey have been determined.
The way we will actually determine these quantities is by solving for the potential surrounding a periodic
cell of the braid. This could be done in the actual cylindrical braid, but as an approximation, and because
the planar shield is of interest in its own right, we will concentrate at present on the planar problem as
depicted in Figure 12. The drive potential in the planar problem will be taken as

where y = 0 is at the braid center. The representation of the potential resulting from the surface charges
on the perfectly conducting wires is now discussed.

It is efficient to represent the electric scalar potential by an electric multipole summation as shown in
Figure 15 to capture the transverse field behavior. The potential for an axially varying line charge ¢ (z) is

1 N dZ
¢scatt - 4—776 /q (Z ) |T‘ _f/‘ (330)

If the charge is discretized as pulses of strength g¢,,, length An_, centered at z,,, we can write

s n /z L P (=snran/2)le gy
scatt — dre N p + Z*Z 2 4775 (z—z,—0n/2)/p V14 u?
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_ n [Amsmh (M) _ Aresinh (M)}
4dre p p

(2 — 2+ D /D) + /0% + (2 — 2+ A2

e a2 = A/ 2 (2 - Af2)

(331)

Now to put this into a framework for general orientations we take the end positions of the N segments
to be denoted by

r=rr,n=1,...,N (332)
The vector along the axis of a segment is

s, =r"—r- (333)

=n —n —n

The unit vector along the axis of a segment is

an = §n/sn (334)
The center point of a segment is

—-n

£ =2 (5 +r7) (335)

The projected distance along a segment is denoted by

§=€e - (£ —17) (336)
The vector distance perpendicular to the segment is

P = —Espn X [an X (f - EZ)] (337)
The potential is then

e dn o (5 - Sn/z) + \/ P+ (3 - Sn/2)2
‘ M (54 50/2) + 1[92 + (5 + 50/2)°

(s = sn/2) + lr — 1|
(s+50/2) + |z —ra |
The lattice parameters are now used to image this potential contribution over the periodic cells of the
planar braid model. The two periodic lattice vectors (associated with the two cross braid directions) are
taken as u and v. The components of the lattice vectors along and perpendicular to the direction of a
particular braid segment n are taken as

__ I
4re

(338)

(339)

S
|

Usn€yp, + Uy,
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U = Usn€qp T Upp, (340)
Thus we have the total potential

. . 2 .
— 8n/2 — jusy — kvsn) + \/’B = Jpy — k:ypn’ 4+ (8= $0/2 — jtign — kvgn)®

tot
scatt — 471'8 § : § In
n=1

. ) 2 )
j=—00 k=—00 (s 4 8n/2 — jusn — kvsp) + \/’B = Jpy — k:ypn’ + (s +8p/2 — jusy — k“sn)Q

(341)

(s — 8n/2 — Jusy — kvgp) + |r — b — ju — kv
iodme = (5 02— usn — kven) + |r — 1 — ju — k|
The constant potential condition on each n segment ¢,,, + ¢;,. = Vi around the braid wires uses the
evaluation

2
n’ — Sn/2 _jusn - kvsn) + \/)p ’ _jupn - kypn + (Sn’ - Sn/2 _jusn -

kvsn)2

tot .
scatt — § : § In

2
=—0c0 k=—o00 :
j (Sn + Sn/2 ]usn - kvan \/)p ;T Iy — kypn + (Sn’ + Sn/2 — JUsn —

(Sn/ — $n/2 = Jusp — kvsn) + |1, — b — ju — Ky
E E E In D 7 342
47r5 i kven) + ‘fn’ - _ (342)

j=—00 k=—00 (sn +8n/2 = jusn — —In —w—ky|

where the observatlon or match points are (a is the braid wire radius)

Spr = Cgp (T —17) (343)
Bn’ = —Egp X Esp X (E’IC'L/ - Efz) =+ agpn’ (344)
Ty =Ty +aE,, (345)

To construct the unit vector perpendicular to the n’ wire e
5,,s- Then we can take

on We need a vector r, linearly independent of

— c C
Eon' = TEsns X Egpr X (f(] - fn’) / ‘an’ X Egpr X (EO - fn’)‘ (346)
The choice is obviously not unique. The unit vectors used in the code are

Eoin' = Esps X (10 - zfz’) / |§sn/ X (10 - f;’” (347)

Epon’ = Esp X Espr X (£0 - f%’) / |§sn’ X Egpr X (EO - f%')‘ (348)
We can rotate the vector to obtain other observation points around the wire (see the Appendix)

en —cos(mﬂ/M) ot Tsin(m'n/M) e, xe

!
er ,m/ =0,1,..,2M — 1 (349)

=pn’
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where BT(:,W ) and g(:,ﬂ ) go with these. So far we only have the line monopole moment of each segment.
Hence to match the wire boundary condition we can at present only match the average of the potential
condition around the wire (we would also need the average of the incident potential (¢;,,.))

(m)

n'

(m) _

n’

M1 | (8 — Sn /2 — Jusy — kvgn) + —rf —ju— ky)

(Fstare) = sz Z Z 2M Z n

- (350)

Sn’ + Sn/2 - jusn - kvsn) + r r'r: - Jﬂ - ky‘

The monopole moments are not sufficient to match the potential condition at many points around the
wire. To improve the calculation we include a series of line multipole moments. Thus the combination of
multipoles in the potential, for a given position n, is written as (where ¢, = B(O))

— 2 _ 2
o= Z oy = Z pOpM_pm) gy (s = sn/2) +1/p* + (s — 5,/2) (351)
€ m=o (5+5n/2) + p*+ (5+5n/2)2

where V; is the “del” operator transverse to the particular wire segment and the meaning of the "dot"
product notation will be made clear on the following pages. Hence the total potential is

Pt = Z Z Z Dicatt = Z Z Z ZQS“C““ 24775 Z Z

n=1j=—o0 k=—o0 n=1j=—o00 k=—oo0 m=0 j=—o0 k=—0c0

(8= 8n/2 = jusn — kven) + \/’B — Jlpn — kypn’2 + (s = 80/2 = jusn — kvsn)2

M
Z 2(0)...2(7”) -V In

m=0 (5 +80/2 = jusn — kvsn) + \/’B - jupn - kypn’2 + (s +50/2 = jusn — kvsn)2

N 1 oo 0o
M . .
Z p(o) p(m) V™ I (5 —85/2 — jusj — kvsj) + |£7£j_ —Ju- ky|
= T P (54 85/2 = jusy — kvg) + [r—1; — ju— ku|
Now the final matching equation to determine the 2 multipole moments on each of N segments imposes
the constant

(352)

Vn’ = d) = d)z(gztt + d)inc (353)
with s = s,,» and r = L(Z,n ) with n’ =1,..., N and m' = 0,1,...,2M — 1. Note from above, (343), (344) and
(349), that the matching positions (Bn” sn/) depend on the the source point n, m as well as the observation
point n/, m/.

Once the potential ¢ is found, with the potential on the braid taken, say, to vanish V,,» = 0, we can

then proceed to find the potential constant behaviors of interest. For y < 0 (the shadow side of the shield)
we evaluate the total potential far from the braid to find

o — ¢, , y— —00 (354)
For y > 0 (the illuminated side of the shield) we evaluate the potential to find
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¢ — Eoy+ ¢y , y — +00 (355)
Normalizing by the drive field Ey we find the desired constants ¢./Fo and ¢/ Ep.

3.3.1 Multipole Evaluation

The transverse derivatives of

50 — A [(S—Sn/2)+ \/m]
(5 +80/2) + /92 + (5 + 50/2)°

_ P9 s/ + ‘E—f@ 556)

dme (s+sn/2) + ‘Z —In }

needed to obtain the line dipole moments can be taken as
1) . 2 _ 2
oD = p1) . 7,60 /50 — _E Vip p/\ P? + (s — 5n/2)
L dme (5= $0/2) +1/p? + (s — sn/2)?
2
p/\ P? + (54 5,/2

_ / (54 50/2) .

(54 5n/2) +\/ P> + (s + 50/2)°

and the quadrupole moment contribution

6@ = ) . 7,760 /p© =

M- o P/ P? + (s = 50/2)° (Vi) 1/4/p% + (s — 50/2)
dme (s = 50/2) + /02 + (s — /2)° (s = 50/2) + /02 + (s — /2)°
3 2
2 fﬂ w+@swﬁ} 2 pw{puw%mﬂ
— (Vip) — (Vip)
(5 — 50/2) + /92 + (5 — 50/2)° {@_%m+¢ﬁ+@_%mﬂ2
3 2
fﬁ &+wwm#} pw{puﬁ+%mﬂ
+(Vip)® + (Vip)?

(s +5n/2) + 1/ P> + (s + 50/2)° {(s +50/2) + /% + (s + sn/2)2}2
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p/\ P2+ (s + 50/2)° o 1P (5482

5 (Vip) 5
(s+s8/2) + \/ p? + (s +5,/2) (s+s8/2) + \/ p? + (s + 5,/2)

In general we can write this as

—ViVip

(358)

M M 2 2

1 S—58n/2)+ 1/ p*+ (s — 8n/2
=3 o = I > pOpM . pm™ v n ( /2 ( /2 (359)
= pp p
m=0 m=0

(54 50/2) + /P2 + (s + 5,/2)

where the transverse “del” operator is

V;,=¢e€ 3+e g—e 2+6 13

FT e Yoy POp | P pdp
=e, (cos cpc% — smg01%) +e, (smgpaa + cos gpl%) (360)

The dipole term is
0 0 0 10 0 10
1 1 1 . 1
Q( ).V, pg)a +p?(”)8y plb) (cosapa—p—smw;a—(p)—&-pé) (smgpa—p—i-cos ;8_@> (361)
Now if % = 0 (as in the monopole term) then

(1) V= ( )cosgoer( ) sin gp) 9 (362)

dp

There are two independent terms here. sin ¢ and cos ; there is only a single independent function of p.

Next the quadrupole term is

8?
0 w9
] aroy | Pv Py gy

d 10 )2
— 50, ( cos ,-
=p, Py’ | cCOSpm— —sinp——
( dp p Op

82
pVp® ViV, = ppP o+ [P + p(p

+ [p0p@ 4y )} cosp2 —sinpt DY (sinpd 4 cospt 2
e v dp p Oy dp p Oy

2
+p£,) (2) <smgpa2 + cos apl%> (363)
or
0 10 0 10
1),(2) . (1)(2) 2 dino-— “
pp ViV =p,py (cosgpap smgap&p) (c sgpa mn(pp&p)
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0 10 0 10
+ p(l) (2) +p(1) (2) (cos —— —sin ——) (sin — + cos ——)
} Y op rr Y op rr

10

0 10 0
+p{Hp(2) (sin — + cos ——) (sin — + cos ——) 364
Dy Dy &y vy “a, o (364)
Now if ai =
p(l)p ViV = 1)p(2) cos? gog + sin? @1 2
dp p) Op
. 1\ 0
+ [pg)pg) +p( ) (2)] cos @ sin ¢ (8_ — —) —
p p) Op
0 1\ 0
+p (1 )p@) (sm — + cos? )
Yap ) op
1 o 1\ 0
— = pMp2) 4 (1), (2) il
3 [px Py’ + Dy Dy } <8p+ )8p
1 o 1\ 0
(D)p(2) _ (1) ,(2) Z_ 2\ =2
ts5 [ » Dy — Dy Dy ]008(290) (ap p) a9
o 1\ 0
(365)

1
2 M@ 4 @) (1)} o) (L _2
+3 [pm Py + i py | sin (20) (ap ) o
There are only three independent terms here: a constant 1, sin2¢, and cos2¢p; there are only two

independent functions of p. This follows from having 8%/0x2, 9%/0y?, and 0% /0x0y derivatives taken.

The octupole term in the series is

B( )p@p ( B VA VA v

63
=ppp o

83

<3>} 52755

+ [P + ppPp + pfp P

}8_3

(D p2)p3) 4 p)y, (2)p503) 0

+ [PV + pPp P + pf
83

(1)@ 3 9
I 5

B 10\
(1), (2),(3) 9 _ 10
=Dy Py Py (Coswap Sn(pp&p)
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n {pu)p@)p@) +pWp@p3) 4 2 >p<3>} cospl _sinpl 2 ’ sin 2 +Cowlﬂ

d 10 d 10\
1 3 1 3 1).(2)..(3 :
+ {pg )pg )p;) ;)pg )p;) ;)pg(! )p; )} (coscpa— — sinp— 29 ) (smg&a—p—i-cosap;a—@)
o 10\°
1), (2),.(3
+p?(l )pé )p?(l) (Sln@a +COS(‘D;£)

0 10 0 1 0
— p(1)(2))(3) ; 2 . 9
=py’'py Dy | cos —sinY——-— cos” p— —+ sin _) <_)
( Soap L'Opagp) < ('08,0 <,0p p

+ [PV + p M pPp + ppPp|

cos 9 sin 1o cos ¢ sin 9 sin ¢ cos L 0
&r 0 psingg veose ) 5,
+ (PP + p M pp + ppPp |
<COb§0 0 sin<p13> (sin2 cpg + cos? g01> <2>
dp pOp dp p) \Op
0 10 0 1 0
—|—p(1)p(2)p(3) <sin p—= + cos <p——> <sin2 p=—+ cos? cp—) <—>

vy dp p Oy dp p) \9p

0? . 3 <8 1)] <8>

OMOMON P Ja 2 SO 2\ (Z
Py py’ |cos + sin” ¢ cos

{ Yo7 e \op T b dp

n [pé Ip@p® 4 pMp@pE) 4+ plhp2) (3 )}

cos” psin 8—2 13+i — sin ¢ (cos® — sin® )1 o 1 9
IR\ T pop T v v v dp p dp

n [pé Ip@p® 4 pIp@p®) 4+ plhp2) (3 )}

{cos sin? (82 1a+1>+cos (cos? ¢ — sin? )l<£l)] (2>
P\ T pp v v 7 o\op dp

. o 3/0 1 0
+p‘7(! )pl(f)pz(j) [Sln?’goa 3 + cos? psin o= (8_/) — ;)] <8_p)



2
= ipg)pf)pf) [(3 cos ¢ + cos 3p) 88—p2 + (cos ¢ — cos 3p) % (% - %)] (%)

1 f [ (
+7 [PPPRE) + pIpPp) + pp@ |

[(sin +sin3 )<6—2—13+i)—2(—sm +sin3 )1<2—1>} <£)
v PNo2 " pap ' P2 4 Zo\op b dp

1
5 [P + PP 4+ pp e |

92 10 1) 1 <a 1)] ( >
cos p — cos 3 — — —— 4+ —= | +2(cospp+cos3p) — | — — — —
{( 7 ®) <802 pOp  p? (cos e S0)p dp  p)] \0p

2

1 0 3/0 1 0
Zp(Mp(2)(3) ino — si = i i S el
+4py Dy Dy {(3 sin ¢ — sin 3y) a2 + (sin ¢ + sin 3p) P (3p p)] <3p>

[P 4+ pOpPp + i@ p® + pVpPp |

o[ 3 (0 1\ (2
U0 o \op b dp

1
—= [pél)pf)pf) + PP PP + p(VpPpld) — pél)pf)pf’)}

4
w252 3
o> p\dp p dp

(2)

1
7 [3ppE + pOp P+ pMp el + pp( |
02 n 1/0 1 0
cosp|l=—+-(=——~ —
182 o \ap b dp
1 : , ( ,
+5 [P0 + o P + p e + 3 p (|

wo[501 (5] (2)

There are four independent terms here: sin ¢, cos g, sin3p, and cos 3p; there are also two independent
functions of p. This follows from from having 93/923, 92 /0y?, 03 /0x0y?, and 02 /02?0y derivatives taken.
Note that the functions sin (me) and cos (me) have the same functional form of p for each value of m.

g

For long segments compared to their radius we could also introduce a two-dimensional redundancy
between double z and double y derivatives by virtue of the two-dimensional Laplace equation. This
would imply only two independent quantities for each value of m because 9?/9x? = —9%/9y?! One can
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see from the preceding results that the constant Fourier term in the quadrupole cancels out because

P + pipi? = 25 = 0 (and we can select (pil)pg) - pél)pz(f)) j2=p" = (pil)pz(f) +p§c2)p§1)) /2=

1). In addition the first Fourier modes in the octupole term cancel out because 3p§51) pg)pg}) + pgcl) p?(f) pg(,g) +

Py 05" + 0y pi pt =46 = 0 and ppP ) + o pP e + 0V e + 39 p ) = 45 = 0.

We are then left with only the cos (me) and sin (m¢) terms for each m.

Radial Derivatives Because the logarithm is only a function of p our starting point for these terms
is the radial derivative of the monopole; for example, the dipole term is

1 . 0 (5 - Sn/Q) + \/ p*+ (5 - 5n/2)2
P Vo p0 = ~i (p;U cos ¢ + p{ sin gp) £ In - (367)
P l(s450/2) + 1/ + (s + 50/2)

In general we could collect all the cos (m¢p) and sin (myp) terms and write

1 M 9 (s—sn/2)+\/p2+(8—5n/2)2
6 =———_ |p{™ cos (mep) + p{™ sin (me) | Ly  p, 5~ | In (368)
| e (v.35) (5 -+ 50/2) + /72 + (54 5n/2)

m=0
where the operator L, includes all the preceding differential forms in p (in general this operator also
involves arbitrary constants). For M = 3

=[5 +5 (5 3)] (3)
P lopr T p\dp p dp

where the constants p(?) / 7 and p® / P can be chosen arbitrarily (for a selected segment with p = a these
extra behaviors can be absorbed in the arbitrary coeflicients pﬁ"‘) and pgm) and hence do not change the
variation around the selected segment, which should form a complete set of Fourier modes, but they would
effect the levels produced by the selected segment at other segment locations). We take them to vanish
based on the two dimensional Laplacian relation between transverse derivatives (other choices could be also
made but this is a simple one). Note that there are 2M unknown amplitudes for the multipole coefficients;
note that there are M + 1 of the p{™ unknowns but M — 1 of the p"™ unknowns (the sin (mp,, ) term with
@ = m/m/M does not contribute for m’ = 0 and m’ = M) which must be determined from point matching
at m’=0,...,2M — 1 or 2M points around the circumference of each of the NV braid wire segments.

Derivatives of the logarithm are: to first order
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de“%@+dﬁ+@%m1
(5+50/2) + /0% + (s + 50/2)°

dp
p/\P*+ (5 — 5n/2)? B p/\/P* + (5 + 5/2)

_ (369)
(s —50/2) /P2 + (s — 50/2)° (54 50/2) + /2 + (5 + 50/2)°
to second order
8—2111 [(s —5n/2)+1\/p?+ (s — sn/2)2]
0% | (5 4+ 50/2) + 1[92 + (5 + 50/2)°
_ 1\ 0%+ (s — 50/2)"
(s —sn/2) + \/ P>+ (s — Sn/2)2
3 2
71 {4 /27 7 {4 /27
(s = sn/2) + /P> + (s — 5n/2)? {(8 —5n/2) + /P2 + (s — 5n/2)2}2
- 1/7/p% + (s + $,/2)°
(s+50/2) + /P2 + (5 +50/2)°
3 2
g1 {o o2 1o+ o2
N n . (370)

(54 50/2) + /P2 + (5 + 5,/2)° {(s+sn/2)+ /p2+($+5n/2)2}

and to third order

2, [(s —5n/2) + /PP + (s - sn/2)2]
00> 1 (54 80/2) + 1/ 02 + (5 + 50)2)°

p/{ p2+(s—sn/2)2}3 ) p/{ p2+(8—sn/2)2}2

(sfsn/Q)Jr\/m {(ssn/2)+\/m}2
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2p/{ p2+(5—5n/2)2}3 ; p3/{ PP+ (s—s /2)2}5 PS/{ p2+(s—sn/2)2}4
_ + +

B e [ A
20/ { p2+<ssn/2>2}2 2 1 p2+<ssn/2>2}4 2 o+ /2)2}3
+ +

_{<s—sn/2>+\/p2+<s—sn/2>2}2 {<s—sn/2>+\/p2+<s—sn/z>2}2 {6=sme\rre=s) }

p/{ P2+(S+sn/2)2}3 p/{ p2+(8+sn/2)2}2
AEER [ossu e s tsr P}

+

2p/{ p2+(5+5n/2)2}3 . p3/{ p2+(s+sn/2)2}5 ) 03/{ p2+(s+sn/2)2}4

(5+50/2) 4 /P2 + (s +52/2)°  (s+50/2) + /P + (54 50/2)° {(s+sn/2)+ p2+(s—|—8n/2)2}2

+

20/{ P2+(8+8n/2)2}2 B p3/{ p2+(5+5n/2)2}4 . p3/{ p2+(8+sn/2)2}3

+{(s+sn/2) +1/p + (S+sn/2)2}2 {(3+sn/2) +1/p2+ (3+sn/2)2}2 {(s+sn/2) +1/p2 + (8+3n/2)2}3

s 2 {6 /2)2}5 (s =5/ /{ p2+<s—sn/2>2}4

(a2 otk (5 su/2) {(S_sn/z>+\/p2+<s_sn/z>2}2

2p°/ { P2+ (s — Sn/2)2}3
(6-su e o)

3p(s+sn/2)2/{ p2+(8+5n/2)2}5+3p(s+5“/2)2/{ p2+(s+sn/2)2}4

(s+s80/2) +1/p* + (s+50/2) {(s+sn/2) +4/p*+ (s+sn/2)2}2

+

+
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) 20 {2+ +sn/2>2}3 .

{(s+sn/2) +1/p% + (s+sn/2)2}3

3.4 Electric Multipoles With Dielectric Materials

Now we consider the electric problem when dielectric materials are present. With the approximate
local planar model we take two dielectric half spaces (the exterior 2 half space could also be truncated into
a finite thickness layer to model the outer jacket) about the braid as shown in Figure 16. Because we are
representing the braid wires by line multipole moment segments, these charge multipoles can be imaged in
the dielectric interfaces. We first decompose the total field into a uniform electric displacement in the y
direction (where € is equal to €; with j = 0, 1,2 depending on which region the observation is made)

D(] = SE() (372)
in addition to a field generated by the multipolar charges. These charges can be imaged in the dielectric
interfaces to represent the potential in the various regions. Let us consider a charge ¢ in the center region
at y = 0 and the interfaces are at y = hy and y = —h; with respect to this charge position. The incident
uniform field potential can be written as

qj)inc:yDO/EOu _hl <y<h2

= (y — he2) Do/ea + haDy/co , y > ho

= (y+hi1) Do/e1 —h1Do/eo , y < —m1 (373)
If driven from above (transfer capacitance problem) we would have Dy = e2 Ey whereas when driven from
below (self capacitance of inner coax problem) we would have Dy = &1 Ep.

When viewed from the central braid region the potential due to this charge can be written as

<47T60>¢_ 1
q Va2 +y? + 22
o — &2 1 Eo— €1 1

ote \/xQ +(y—2m)? 422 0FE \/x2 + (y +2h)? + 22

Eo —&2&0— &1 1 Eo —E1E&0 — €2 1

ot e280 + e \/x2+(y+2h2+2h1)2+z2 S0t E1cot e \/x2+(y—2h1—2h2)2+z2

<Eo—€2) o — €1 1 +<€0—61> Eo — &2 1
go+tea) eoter \/x2+(y—4h2—2h1)2+z2 €oter) €o+e2 \/x2+(y+4h1+2h2)2+z2
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Figure 16. Dielectric materials surround the planar braid layer.

<€0€2) <€0€1) 1 +<€061> <€o€2) 1
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<60—52) <€0—61) 1 +<50—€1> <60—52) 1
fote2) Neote) fur g (y—6ho —dm)? 22 NOFE NOF DT a4 6hy 4 4hy)? 4 22

4. (374)
Notice if there is no outer dielectric jacket material €3 = 9 we end up with only two terms (the source and
one image in €1).

This same structure of images applies to the multipolar charges of the braid wires (the image placement
is the same but the rate of decay increases with the order of the multipole). Hence we can modify the
preceding potential distributions to include the image charges in order to construct the potential near the
braid wires with the dielectric interfaces present. We can further approximate the sum of images generated
by the multipole dielectric interfaces since the higher-order multipole moments have increasing rates of
fall-off with distance. Such an image potential construction then allows us to match the equipotential
boundary condition on the braid wires to determine the appropriate multipole moments in the presence of
adjacent locally planar dielectric regions.
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Figure 17. A planar rendition of a braid (in this case a numerical mesh representation is shown) highlighting
the individual wires making up the strip carriers.

4 MAGNETOSTATIC COUPLING FORMULATION

The goal of this section is to formulate the transfer impedance per unit length Zp of the braid
penetration as well as the inner coaxial impedance per unit length Z;. In this section we begin with the
simplification of a perfectly conducting braid where these impedances are inductive reactances. The self
impedance is then

Zl = —ile (375)
and the transfer impedance is

ZT = —iwLT (376)
We carry out the formulation first using an energy argument and Faraday’s law. We then use reciprocity to
approximately treat arbitrary coaxial geometries, first with the magnetic scalar potential and then with the
magnetic vector potential to examine advantages and disadvantages associated with the two representations.
A typical example of a planar approximation of a braid is shown in Figure 17. We expect some form of
symmetry with the electric problem but there may be new effects due to the known contributions of the
braid interweave (and in the next section the diffusion resulting from the finite conductivity of the wires).

4.1 Magnetic Flux Boundary Conditions & Braid Wire Currents

We discussed issues with the electric potential boundary conditions associated with the collection of
braid wires in a preceding section. Now we want to examine these issues in the magnetic problem. The
currents on the braid wires within a strip carrier could be taken to be fixed along the wires if they are
insulated from each other, or they could be allowed to vary due to contact between wires if the contact
impedance were known. In the perfectly conducting case, contact between wires in a carrier strip would
mean that the electric field or magnetic flux between wires vanishes and thus the net magnetic flux between
wires in a carrier strip vanishes. (In the finitely conducting case the wire internal impedance also plays
a role in selecting the current distribution of the wires in a carrier strip to prevent the combination of
inductive and resistive voltage drops between wires in the carrier strip.) The magnetic flux is defined by

<I>:/§~ndS:%A'd_€ (377)
S
C
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where the magnetic induction is found from the vector potential as

B=VxA (378)

In addition, we could ask about the total current on a carrier strip. Incidental contact between carrier
strips could allow this total current to vary. However, this contact may involve a substantial impedance, and
periodicity between strips in a cylindrically symmetric geometry might indicate that there is no preferred
carrier. If the current is confined to the carriers, then the total wire current in a strip carrier is fixed, and
for the cylindrically symmetric case would be taken to be the total braid current divided by the number of
carriers; the individual wire currents could then be taken to conform with an arrangement that is dictated
by no potential difference between wires in a carrier (at least over a braid period). Alternatively, if there is
no contact between wires in a carrier, we could use the same current division between wires to assure no
net magnetic flux over a period to prevent accumulation of voltage differences between individual wires
along the cable, assuming they are connected together at the drive point. If we take the contour (377) to
be along the surface of two of the braid wires over an axial period £ we can use periodicity to eliminate the
ends of the contour and equate the integral of the vector potential along the braid wires

/ A - df = constant for the braid wires (379)
Copj

where the contour C); extends over an axial period on the surface of the jth braid wire. Because the
currents are assumed to be periodic over a short axial distance ¢ we construct the vector potential A to be
periodic also.

4.2 Inductance Per Unit Length Of Perfectly Conducting Braid

The self inductance can found from the stored magnetic energy by means of

2
Taking the constitutive relation to be that of free space

1 1
“LI? = / SHoH*dV (380)

B =pH (381)
where (i, is the magnetic permeability of free space, we find

1 1
—LI? == / (VxA)-HdV (382)
2 2 Jy
Now using the identity
Vo (Ax H)=(Vx A)-H—A-(V x H) (383)
then by means of Ampere’s law
VxH=J (384)

we have

74



(VxA)-H=A -J+V (AxH) (385)
Using the divergence theorem

LIQZ/A-ldV—&—jI{(Axﬂ)-QdS (386)
v S
or
LIQ:/A~idV—7{A-(nxﬂ)dS (387)
1%

s
If we take the volume V to consist of the region surrounding the center conductor, excluding the braid

wires, and including the outer space to the return chassis, then the volume integral vanishes since no current
is present in the volume. The surface integral can be broken into the various parts

LI2:—/ (nx H)dS — / (nx H)dS — / (nx H)dS (388)
Cha.sszs

where we again drop the end surfaces when this is applied over a short axial period ¢; because the currents
and fields are periodic over a short axial distance ¢ we assume that the vector potential A is constructed to
be periodic also. If we assume that n x H is predominantly z directed on the perfect center conductor and
that A, is approximately independent of position around the perimeter over a short axial distance, then

LI? =1A,(S,) - / (n x H)dS — / (n x H)dS (389)
Sw Schassis
The electric field is "
E=-Vé+ivA (390)
with axial component
op . . )
E, = 5 +iwA, = —il'¢ +iwA, (391)

z
where the propagation constant of the interior cable transmission line

T :valcl (392)
is assumed to have a small value such that I'b << 1. Note that on the center conductor, taking ¢ = V7,
over a short axial distance we have

0=F,=—il'V] +iwA. (S.) (393)
4.2.1 Self Inductance Per Unit Length

For the moment let us take the outer loop to be open circuited, and assume the magnetic field near the
chassis is negligible, so that we can drop the final integral (the current I in this case is identified as the
current on the center conductor I7)
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(L2 = (1A, (S,) — / A-(wx H)dS (394)
S

On the surface of the braid wires we note that the surface current density K satisfies (note here that the
unit normal n points into the conductor)

K=-nxH (395)
and then

Sw
Now in the cylindrical case by symmetry we assume that the contribution from each of the Ny strip carriers
is the same (only true on cylindrical conductor geometry, not on asymmetric geometries)

LiIf = LA, (Se) + N, / A-KdS/t (397)
Ss

or

L= A, (S.) + / A (Kjlv—l) s/ (398)

s

These results, (396) and (398), define the inductance per unit length L; in terms of the vector potential
solution of the coax. The surface integral is over the wire conductors in the braid carrier strips for an axial
braid period. In the perfectly conducting case the normal component of the magnetic induction vanishes on
the surface of the braid wires

n-B=0=n-H (399)
and hence the normal magnetic flux on any wire surface S, vanishes

v, - |
s

This means that contour integrals on the conductor surfacg are independent of the integration path and
only depend on the end points because we can always add the vanishing contour integral to change to
another path. Furthermore, on the braid wire surfaces we take the scalar potential to vanish, and the
tangential components of the electric field to vanish also

’
w

B@dS:]{A-d_é:o (400)
C/

O=nxE=iwnx A (401)
Hence the tangential components of the vector potential vanish and (396) becomes

Ly = A, (S.) (402)
Thus the self inductance is determined from the magnetic flux passing between the center conductor and
the braid wires. If the scalar potential is selected not to vanish on the braid then neither does the tangential
vector potential and the inductance reverts back to (396).
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4.2.2 Transfer Inductance Per Unit Length

The magnetic flux current relations in a two port can be written as

by =L + Moo (403)
®y = Mo1I1 + Loo 1o (404)

From Faraday’s law
VxE= ng (405)

or in integral form

]{Ed_é:f/gﬁds (406)
g Ot
c
we can write
ov 0P
iy vy (407)
z
The voltage current relations in a two port inductive circuit can thus be written as
09, dl dly
_— = —— = — _— _ 4
% (Z + 6) % (Z) It Ly i Mo 0 ( 08)
8@2 dIl dI2
_ - _ = — Mo —— — Log—= 409
Vo(z4+1€) = Va(z) 5 21 27 (409)

In a reciprocal media the cross terms are equal Mo = Myy; = M. The power removed from a periodic
section is minus the derivative of the magnetic energy

d (1 1
Vi(z4+4) = Vi(2)] 11+ [Va(z+40) = Va(2)] I = - <§L11]12 + MI I, + §L22122) (410)

Taking two sources we write the total magnetic field as

H=0,+H, (411)
The 1 problem is defined to have a current I; on the center conductor and z directed with return on the
braid and the chassis open circuited (no current); the 2 problem is defined to have a current Iy on the
chassis and z directed with return on the braid and the center conductor open circuited (no current).
Equating the energies from the circuit and field gives

1 1 1
—L I+ My + = Loo I3 = / —poH?dV
2 2 v 2
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1 1
= [ gmtav+ [ oty gdv + [ Sumzav (412)
\% \%4

\%
The self inductances L1y = ¢L; and Log = €Ly, (where Lgy, is the inductance per unit length in the outer
transmission line) are the first and final terms

1
Ll =001} = / §MOH12dV (413)
v
1
Lool2 = (L ,13 = / §MOH22dV (414)
\%4

The mutual inductance M is the cross term

1
M =1 [ ol v (415)
Ii1y Jy

We intend to take conductor 1 as the center conductor and conductor 2 as the chassis. The sign of the
mutual inductance in the preceding expressions depends on whether the magnetic flux generated in circuit
1 by the current I has the same sign as the flux generated by current [; in circuit 1; referring to Figure
18 we see that with Iy = —I;, positive the field H, = H_;, will reinforce H; and the sign of M is positive.
However, setting the interior to be open circuited and taking the current Is = I n4ssis = —Isn t0 be negative
(where I, is the positive z directed braid current) with @3 = —®;, defining the transfer inductance by

means of M = Lp/{, and setting L1 = L1 and Loy = £Lg,, we find
Oy =Ly [ — MIg, =f0L117 — Lyl (416)

Dy, = —MIy + Log Iy, = —Lplly + {Lgp 1 (417)
The voltage along the inner transmission line from Faraday’s law applied over a period is found by taking
I, =0 in (416)

Vi(l+2)—Vi(z) =vl = —%@1 = iwd, (418)
Vs = 7iwLTIs;l = ZTIsh (419)

and the transfer inductance per unit length, replacing Iy by —Is, and H, by H,, (also in the magnetic
problem we do not reverse the sign of the field even though we have reversed the sign of the current relative
to the 2 problem) is

1
Elllsh

Ly = / poH,y - HopdV (420)
5

Now as shown in Figure 18 if we suppose the braid has a large aperture we see that the penetrant
magnetic field H ,, for positive shield current I, produces a magnetic flux around the center conductor
of the inner line with the opposite sign as that produced by the center conductor current /; and thus the
minus sign in (416) introduced in the mutual magnetic flux to make Ly positive for low optical coverage
cables (the negative porpoising contribution will result in negative values of Ly for high optical coverage
cables); the sign of the voltage source in (418) and (419) is positive for increasing current Igp,. The positive
reference of this source voltage is on the positive z side of the elements since the inner transmission line
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Figure 18.
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equation is written as

dV;
—L 2L =,
dz

Taking the constitutive relation to be that of free space

B = pgH
and using the vector potential
B=VxA
gives
Ly = L /(VXA) H,dV
= 12500 v =12
or

1
Lr=—— | H;- Ay)dV
T 411]2 /V—l (V X—Q)
Now using the identity

V(4 xHy) = (VxA) Hy— A - (Vx Hy)

or

V(A xHy)=H, (VxAy)—A4,-(VxH,)
and by means of Ampere’s law

we can write

V(A xHy)=(VxA) Hy— A -Jy
or
Ve(Ayx Hy)=H, - (VxAy)—Ay-J;
and
Ly = ! %(A x H,) dS+L/A JodV
T_glllg L1 % o) I {1115 V_l =2
S
——L?{A ( xH)dS+L/A JodV
T UL PR (Lo ), 50 <2
S
or
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1 1
Ly = A, x Hy)- — | A, 431
v = i f e x ) ndS + g [ Ay v (131)
S

1 1
—_mfAQ'@Xﬂﬂds‘f‘m/véz'lﬂlV (432)

5
In the perfectly conducting case let us take the volume outside the conductors and then the volume integral

vanishes

1
Lr=——— A, - H,)dS 433
= A i) (133)
S
or
L ! 7{A (nx Hy)dS (434)
= — —— . n
T {115 =2 \=nasl
S
Let us use the second expression and set Iy = —I, and Hy, = H; with A, = A, to give

1 1
r (11, ~/V Hodta _5th o %—.sh (ﬂ X _1) ds
S

1 1
=— A - KdS — A, - K,dS 435
é-[l]sh /S’C iZsh T =1 éIl-[sh /Sw iZsh " =1 ( )
where periodicity again eliminates the end surfaces and the surface integral on the chassis is not present

with the choice (434) because A, ~ Agsp.€,, with Agp, asymptotically constant on this perfect conductor
(since there is no normal magnetic field), and there is no net current on the chassis in the 1 problem (the
chassis integral would be present if we had selected the first integral form (433), in which case the center
conductor integral would be absent). On the center conductor S. we can approximate the integral and find

1 1

LT ~ —EAS]ZZ (SC) - Illsh /S Ash . KldS/é (436)

The current K, is negative z directed on the braid wires. Hence the final term is the appropriate subtraction
(relative to the first term) of the potential A, on the braid wires weighted by the current density on the
braid wires with a distribution appropriate to the interior coaxial mode.

Again on the braid wire surfaces we take the scalar potential to vanish, and the tangential components
of the electric field to vanish also

O=nxE=1diwnxA (437)
Hence the tangential components of the vector potential vanish and (436) becomes

LTIsh ~ _Ashz (Sc) (438)
Thus the transfer inductance is determined from the magnetic flux passing between the center conductor
and the braid wires due to the drive from the current on the outer transmission line; the negative sign
results from the fact that this flux has the opposite orientation from the flux associated with the inner
transmission line with positive current I;.
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4.2.3 Braid Wire Current Distribution

The above argument of zero net flux between braid wires, for determining the braid wire current
distribution can be replaced by an energy argument based on (388). We determine the braid wire current
distribution by minimizing the preceding magnetic energy

0 0
=— (L) =——¢A- H j = 2,..., NsN,y 4
0= 57 (L) =5 f4-wxmas j=2... (139)
s
with the total braid wire current given
Ny Ny
I =1 (440)
j=1

and N,, is the number of wires in a carrier strip and Ny is the number of carrier strips. This constraint
would have to be applied to determine the braid wire current distribution both for the problem where the
inner coax is driven I = I, with I, = 0 and for the problem where the outer coax is driven I = I, with
I. = 0. This approach results in a system of equations where the coefficients only involve integration on the
conductor surfaces S. This is more useful in the mixed potential approach to follow.

4.3 Integral Forms For Perfectly Conducting Braid Transfer And Coaxial
Inductances Per Unit Length Using Magnetic Scalar Potential

For completeness we also illustrate the approach taken in [12] for cable shields with apertures using
a scalar magnetic potential. Following the scalar reciprocity derivation in [12] we consider an auxiliary
magnetostatic potential of the coaxial structure ¢,,, without shield penetrations, satisfying Laplace’s
equation

V20 =0 (441)
where the field is
Hy ==V, (442)
and since there are no magnetic charges
V-By=V-(uH) =0 (443)

This potential is associated with a current Iy on the center conductor and a current —Iy on the surface of
the auxiliary shield Sy. The boundary conditions on the two conductors are

Oémo _ 0, p=a,b (444)

n
There is a branch surface associated with the scalar magnetic potential from the inner conductor out to the
outer conductor on which the potential jumps by Iy [12].

The actual problem has potential ¢,,, satisfying Laplace’s equation
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V%6, =0 (445)
with net current I, in the shield and I in the center conductor. The boundary conditions for this potential
are

0
m _ 0, p = a and on shield wires (446)

mn
The difference potential can be defined as

(bmd = ¢m - ¢m0 (447)
satisfying Laplace’s equation

v2¢rﬂd = (448)
with no jump surface in the interior coaxial region since the difference current vanishes on the center
conductor. Then from these equations we can write

¢m0v2¢md - ¢mdv2¢m0 =V (¢m0v¢md - ¢mdv¢m0) =0 (449)

Integrating over the auxiliary volume of the coaxial region and using the divergence theorem we can write

ad)md 0¢m0 _

where the unit normal n points out of the region. Now breaking up the surface integral into several
components

[ oo gtas v [ o,"gutas == [ g, Gntas

:/ (Ao — Pmo) agmdds (451)
Jy n

where the jump surface consists of the two faces J1 (where the plus sign corresponds, say, to an azimuth
value ¢ which is 27 plus the azimuth value of the J_ surface, n on J, points in the +¢ direction and on J_
points in the —¢ direction), which extends from the center conductor to the auxiliary shield Sy surface, the
normal derivative of ¢,,, vanishes on Sy, and n points into Sy. Note that (where the contour C' is directed
in ¢ around the line current)

¢mO ¢)7_n() = 7/ EO ~dl = —Iyon Jy (452)

The magnetic difference flux directed around the center conductor in the ¢ direction is

0
by = _No/ MdS + Wo H,dS (453)
Ji 871 Jo
where the magnetic induction in the region is B = py,H, surface Jy extends from the edge of the jump

surface J, at auxiliary surface Sy down to the braid wires, and again n points in the ¢ direction. From the
preceding expression (451) we can write this difference flux as
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(bmd

Py = Dm0 dsS + g H,dS (454)
IO So Jo
Letting
OPma _ 09
me — ™M — _[H 4
o o n ON S (455)
the difference voltage source is thus
Vi = iw®g = iwpg / (%) H,dS +iwp, | H,dS (456)
S[) 0 JO

Again there are two sources for the penetrant field H,,. The first is the current Iy on the center conductor,
the second is an exterior current on a return conductor —Ig,. We can write these as the per unit length
voltage

Vd = Vd/é = ZTIO — AZISh (457)
in the transmission line equation
dav
— + Zyl = 458
dz + 20 vd (458)

where in this perfectly conducting case the impedance correction is also inductive

AZ = —iwAL (459)
Z() = —iwLo (460)
ZT = 77:(.4JLT (461)

The inductance per unit length of the coaxial region is then

Li=Lo+AL (462)
where the inductance of the auxiliary shield is

Lo = % In (b /a) (463)
Thus
_ 1 Pmo | Hn 1 H
Ly = ‘UJO£~/SO( T >Is ds — Hog dS (464)
_ L (9mo Hn /_
AL_MOK/SYO(IO>IdS+u0£ [ as (465)
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4.3.1 Planar Braid Approximation

To simplify the braid calculation we can treat the planar braid as we did in the electric case. This can
be accomplished by noting that the behavior of the magnetic potential in the coaxial auxiliary problem
near the braid is

-5
Pmo/ Lo ~ N (466)
where s = by =~ by and Py = 27by ~ P is again the perimeter. We can then use a plane incident or drive

potential

¢ = —xH, (467)
where
Hy=1I,/P (468)

to excite the planar braid.

We defer further consideration of the detailed setup of the planar braid problem until after we discuss
the vector potential approach. The vector potential integral formulation exhibits analogs with the preceding
electric braid problem and is therefore instructive to examine.

4.3.2 Scalar Potential Construction For Single Braid Wire

To illustrate the discontinuous form of the magnetic scalar potential with a single current filament I
at the origin of a two-dimensional coordinate system we write the complex potential W as

Iy Iy N [ T3,
W= 5 In(z) = 27T1n(x—|—zy)— o [ln\/x +y +z<p] (469)
and then
Iy Iy
Do = Im (W) = ~3. arctan (y/z) = —5.¢ (470)
Therefore
Q%o = D10 = Do (p = 27) — o (0 =0) = I (471)

The treatment of the braid wires with the scalar potential ¢,, alone would introduce branch surfaces
from each wire. The detailed treatment by means of this approach may not be convenient. We will later
consider the detailed solution of the boundary value problem using a combination of vector and scalar
potentials and a magnetic line charge multipole description of the braid wires, which seems to constitute an
efficient approach to the solution of the wire braid.

4.4 Integral Forms For Perfectly Conducting Braid Transfer And Coaxial
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Inductances Per Unit Length Using Magnetic Vector Potential Approach

The simplified reciprocity approach for the magnetic coupling problem using the magnetic vector
potential is now formulated for perfect conductors. In the end we are interested in only using the axial
component of the vector potential, assuming the other components exist only near the braid wires. The
resulting formulas are again convenient for application to nonuniform coaxial geometries which we will
illustrate on the exterior ground plane and interior eccentric coaxial problems.

We use the Coulomb gauge

V-A=0 (472)
and for nonmagnetic regions take
B =puH (473)
with
VxH=J (474)
so that
VXVxA=-V24=p,] (475)

In general all three components of the vector potential will be present. The largest components will be
associated with current flow along the braid wires. At a large distance from the braid (on the interior side)
we expect that

A~ Ae, (476)
where here z is the direction of net current flow along the cable (the resultant of the two braid lattice
directions). If we open circuit the cable interior, then the asymptotic axial vector potential will approach a
constant level at a large distance from the braid in an analogous manner to the electric case.

Let us introduce an auxiliary potential (this has only an axial component since the current is purely
axially directed in the auxiliary problem, having a cylindrical shield surface Sy and a center conductor
surface S..)

A(] - AOZQZ (477)
representing a coaxial mode between the center conductor and the auxiliary shield. Then let us take the
difference potential

A, =A— A, (478)

We then write

Vo [Ag x (VX Ay) = Ay x (VX Ag)] = (VX Ag) - (V X Ay) = Ay - (V XV X 4y)
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— (Vx4 (VxA)+A, (VXVx4) (479)
which obviously vanishes in the source free region, so that (the volume Vj is the auxiliary volume and the
closed surface Sy is the closed auxiliary volume surface)

0= [ V-1 (V% Ag) = 4y % (7 x o)) aV
:
= Ly % (V % Ag) = Ay % (V % Ap)] - ndS (430)
Now noting that ”
[Ag x (VxAy) —A;x (VXA -n=mn-(4yx B, — A, x By)
=B, (nxAy) —By- (nxA;) =Ay (Byxn)—A,; (Byxn) (481)
or
Fay wxB)as = § 4, (wx By ds (482)

So SO
where the unit vector n points out of the region. Since the potential in the auxiliary problem is z directed
we obtain

fAne. - (wxB)dS = § Ay (ax By)as (183)
S[) SD
Now we set (since the auxiliary surface and center conductor surfaces are perfect electric conductors in the
auxiliary problem)

AOZZOOII So

= L()Io on SC (484)
and the ¢ directed flux over a short axial period ¢ in the auxiliary problem (between center conductor and
auxiliary shield) is taken to be

®g = (Lol (485)
(where Ly is the inductance per unit length in the auxiliary problem) to obtain

LOIO/ Qz(ﬂxﬁd)ds’:/ Ad(ﬂxﬁo)ds+/ Ad(ﬂxﬁo)ds (486)
S, Se So

c

or with difference current

Ii=1-1, (487)
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we can write this as

—CLolopgls = / Agze, - (nx By)dS +/ A, (nx By)dS (488)
S. So

On the center conductor we take the vector potential to be asymptotic to the z component where we
denote the ¢ directed flux over a short axial period ¢ to be

A-d_fz/ﬁ-ndb’:@ (489)
S

where the contour C' is shown in Figures 19, 20, and 21 and is taken to have a —z directed component along
a braid wire and to close along the center conductor in the z direction. The difference flux is defined as

by =0 — P (490)
Note that the ¢ directed flux ® is the flux over a short period ¢ between the center conductor and the braid
wires. Now for perfectly conducting braid wires, the vanishing of the normal component of the magnetic
field on the surface of a braid wire, means that the closed contour integral on the surface of a wire over any
contour on the wire C}, vanishes

74 Adl=0 (491)
CL
Hence, the line integral of the vector potential on the surface of a braid wire depends only on the two end
points. Taking the end points to be separated by the short period ¢, we can write this as

A-dl= Al (492)

Cuw
where the contour C,, follows a particular braid wire as shown by the blue "leg" following the braid wire
of the closed contour in Figures 19, 20, and 21. If the contour C, is taken along another wire of the same
carrier, and we have adjusted the currents on the wires of the carrier to have zero net magnetic flux between
them (in the perfectly conducting case) over the braid period, then we will find the same constant value
A,,. Furthermore, because of symmetry between carriers we expect to find the same constant for any wire
on another carrier. For the choice of zero scalar potential on the braid wires we expect that the tangential
components of the low frequency vector potential to vanish on the braid wires and hence to have A,, = 0.
With this choice, as well as noting that the end contour contributions cancel due to periodicity, we can
associate the integral of the vector potential along a contour of the auxiliary shield with the magnetic flux
between the shield and the braid wires. Noting with this choice that the flux per unit length on the interior
is

o= [ adte [ Aot (193)
C C

where the contour C. is along the center conductor and is 2 directed, using the vanishing of the auxiliary
potential on the shield Sy we can write (488) as

—0LoIopgly = —Bapely + / A (nx By)dS (494)

So
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If we fix the current so that I = Iy and I = 0 then the difference flux is given by

1
Pg=—+ | A-(nxBy)dS (495)
tolo Js,
and from Faraday’s law the difference voltage is

}{E-ﬂ:V(ﬁ—&—z)—V(z):—%/Q-QdSziwb (496)
s
c
and for the auxiliary problem
0 .
Vo(l+2)—Vy(2) = —afﬁo = jwPg (497)
The difference voltage
Vo=V -1, (498)
is then found from
Va (6 + Z) 7 (Z) = wdy (499)
or from (494)
. W
Vi =tlvg = iwdyg = / A-(nxBy)dS (500)
tolo Js,
Noting that n x B, is —z directed we can write this as
. iw
Vi =tlvg = iwdg = / Ase, - (nx By)dS (501)
MOIO So

If we take the surface Sy to be sufficiently far from the braid wires the preceding asymptotic form
(where the vector potential is z directed) indicates that this expression picks out the dominant component
of the vector potential.

The vector potential can be split into two parts

A=A +A, (502)
where the first term results from interior sources creating an interior current on the transmission line and
the second term results from flux penetration through the braid from an exterior current. Then splitting
the sources into the exterior for the transfer impedance, or the interior for the correction to the impedance
per unit length, we find

Vg = ZTIsh = —iwLTISh = iw/ Ashzgz . (Lﬂ X EO) dS/g (503)
S0 tolo
vg = —AZI = iwALI = iw/ Asze, - (L@ X §0> ds/e (504)
So MOIO
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Figure 19. Magnetic flux contour following a single braid wire in the planar braid approximation (original
braid figure from [7]).

This gives a transfer inductance

: / Ashze, - (nx Hy) dS/L (505)
I[)Ish So

where n on Sy in this case points outward. The preceding energy argument gave a transfer inductance

Ly =-—

1
éIljsh

1

Ly= [ ol HodV = 7 § A (wx ) as
v g

1 1 1
= A H A H = A H
e L Aa @) as + g [ a5 = e [ Ay as (s06)

which is essentially the same because n in this preceding case on S, points inward; we can deform S,
outward to Sy because the field from the outer shield source decays to zero in the interior region (with the
center conductor open circuited) and the potential Agp, is essentially constant. Note that the total self
inductance is

Li=Lo+ AL (507)
The minus sign in (504) is introduced because this is a passive element but the definition of the plus sign in
Figure 11 is for a source.

The results (503) and (504) are analogous to the results (79) and (80) in the electric case. We will see
in the next subsection that constants can be defined for the magnetic vector potential which capture the
magnetic flux per unit length between the braid wires and the auxiliary shield in the same way as we found
in the electric case for the electric scalar potential.

4.4.1 Local Planar Approximation

Near the auxiliary shield we can write (here we take B, to be a locally constant value directed
tangentially to the auxiliary shield)

By ~ By (0, yo) (508)
We define a two-dimensional position vector
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Figure 20. Cross section of flux contour following a single braid wire (original figure from [7]).

Figure 21. Magnetic flux contour in the coaxial geometry (original figure from [7]).

Figure 22. Photograph of high optical coverage braid (figure for Belden 8240 cable from [1]).

Figure 23. Closeup of high optical coverage braid (figure for Belden 8240 cable from [1]).



p = e, +ye, (509)

and a vector to the auxiliary shield

Py = Togs + Yog, (510)

with the smallest distance ‘ p— Bo‘ and n X (£ — Bo) = (0. Then we can write the auxiliary potential locally
as

Ay~ = (o= p,) % Bo (w0, 0) (511)
where we note that V x A, = B, and V - 4, = 0, and this potential vanishes on the auxiliary shield at
position g, 9. The potential from the braid we take locally as

A~ - (B _£0> X El (.To,yo) + (Ac + Ab)ﬁz

~ = (2= p, — AW/ B1) % By (w0,50) — (Ae/ Ban) . X By, (30,90) (512)
where the constant A,/ B is the effective position of the braid in the normal direction (the normal in this
term points out of the interior) due to the interior field B; excited by the current I;, and where — A, is the
¢ directed magnetic flux per unit length leaking through the braid from the exterior field B, excited by
the current Ig, (note that this field is on the exterior side of the braid but to be consistent with the first
term and the interior nature of the asymptotic form of the potential we take the unit normal n to point out
of the interior region). Taking the axial components and approximating B, ~ (I1/Iy) B, we find

Agz ~ — (E (g — g0)> e, - [n x By (w0, y0)] (513)
Ashz ~ = (Ae/Bo) e, - [0 X Bgy, (w0, 0)] (514)
A~ = (n- (= 2) — Ab/Bo) e I x By (wo,0)] (1/ 1) (515)

where we have denoted the generic normalization of the flux per unit length constants A, and A. by
the generic planar field excitation By to represent the constants derived from solution of a planar braid
approximation driven by the field B,,. Plugging these into the integral expressions for the field will require

us to set p — p, and hence n - (B — /_)0> = 0 on the auxiliary shield. However, it will be convenient to

redefine these expansions to use the origin at the braid center point in thickness x.,, y,, rather than the
arbitrary auxiliary shield position; we are, in effect, expanding the solid shield to exist at the original braid
mean position rather than at the arbitrary auxiliary position Sy to better approximate the dominant fields
near the braid. Thus

Bm = Tme, + Ymey (516)

By~ B, (xmv ym) (517)
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Ay~ = (B - eo) X By (%m; Ym) (518)
A~ - (B - £m> x B, (xma ym) + (_Ac + Ab)Qz

~ (E - Bm - ﬂAb/Bl> X El (.’Em, ym) - (A(‘/Bsh)ﬂ X Esh (ZU"“ ym) (519)
and again the axial components, letting B, ~ (I1/Iy) B,

Ao ~ = (- (= p,) ) € - [ X By (€, ) (520)
Ashz ~ —(Ac/Bo) e, - [ X Byp (Tm, Ym)] (521)
Ay~ — (ﬂ : (B - Bm) - Ab/BO) €, [ﬂ X By (:Em, ym)] (II/IO) (522)

The main effect of this selection is to redefine the constant position Ay/By (the value of this constant then
changes to reflect the new reference position) to be relative to the braid center line (a secondary effect is to
define the fields B, and B, to be those that would exist on the braid center line if the braid were replace
by a solid conductor at this position). Plugging into the preceding expressions (note that the field B, is
on the exterior side of the braid but the unit normal throughout the expression points out of the interior
region of the coax)

1 1
Zp = —twLp ~ —iw / A./B QZ~( ﬂxﬁs)gz-(—ﬂxﬁ)dSé
T T Ko (A¢/Bo) tiolsn h 1010 0 /

So
. 1 ) 1
~ —iwpy (Ae/Bo) | —577—Bp, - BodS/t = —iwpg (Ac/Bo) | =—H,), - HydS/t (523)
So /L()I()Ish So I()Ish

AZ = —iwAL

~ Wik /S [ﬂ - (20 - Bm) - Ab/Bo] [gz : <ﬁn x ﬁoﬂ 2 s/t

) 1 )
~ *Zwﬂo/ (do + Ap/By) 720 - BodS/t = *Wﬂo/
So lu‘ 0

1
; (do + As/Bo) I—gﬂo - HydS/t (524)

2
0
where

- Bo) (525)
is the distance from the auxiliary shield to the braid center line. Hence we find

doZﬂ'(P

—m

_ 1
Il

Ly /S (Ae/Bo)e, - [n.% By (s ym)] s - (m x Hy) dS/E (526)
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AL =2 [ (do-+ A/ Bo) H, - 1y (521)
0 JSo

These results (523) and (524) are analogous to the electrical results (79) and (80). We will now apply
them to the same nonuniform coaxial problems as we did in the electric problem. We first illustrate their
application on the simple uniform cylindrical coaxial geometry.

4.4.2 Simple Uniform Coaxial Geometry

In the case of the simple uniform coaxial geometry with radii a, b and by, where

1 1 1
—Hy=—H, (b — 528
I(] 0 I[) go( Oa(p> - 27Tb() ( )
Ly (b, ) L (529)
_ oy
IO P 0@ 27h
1 1 1
—~H., =—H, (b, — 530
Ish 4 Ish Lp( (P) - 27h ( )

where b is the braid center line (these approximate fields are those that would exist with the braid replaced
by a solid shield) and we denote the inductance function of the coax per unit length by

L) = ‘;—7‘; In (b/a) (531)

the inductance per unit length of the auxiliary shield is

Lo = L (bo) (532)
the spacing between the braid center line and the auxiliary shield is

do =b—bo (533)
Then the preceding expressions give
1
Ly ~ A./B —H, - H = A./By) — 4
o (Ae/B) [ o HdS)0 = o (Ao Bo) 5 (534)
1
AL ~ o (Ao + As/Bo) | 38y~ HadS|¢
So 10
(b—bo + Ay/Bo) —— (535)
Ko 0 IR0 9nh
The transfer inductance per unit length is
L (Ao/Bo) — (536)
T ™ Ho{#e/ B0 27h

The auxiliary problem self inductance per unit length can be written in terms of the preceding inductance
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function (531)

Lo~ L(b) + (b — b) aa—é (b) (537)

The self inductance per unit length correction can be written as

1 oL
Then the total self inductance per unit length is then
oL
Ly ~Lo+AL~L (b) + (Ab/BO) % (b) (539)
or
Ay /B
Ly~ L(b+ Ay/By) = 5—0 In % (540)
T

The constant Ap/By associated with the braid shifts the effective center line of the braid to this new
location.

4.4.3 Eccentric Coax

Consider the situation when the interior is an eccentric coax [14]. A complex potential resulting from
the superposition of two line currents 41 is

21 z+ 1Y, 27
where z = = + iy and y. > 0. The axial component of the perfectly conducting vector potential is taken as

I — iy, I
W=U+iV = 200 ln<z Y > = L0709 arceot (z/ye) (541)

Ags =Re(W) =U = —“g—f In :LEZ (542)
Inverting the transformation gives
z =2+ iy = y.cot (g;%}}_y) (543)
or
(V)
" o (07 (B2)) —eos (17 (52) o)
- Ye sinh (U/ (%%)) 555

cosh (U/ (44¢) ) —eos (V/ (%52))
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cosh (U/ (“5—7{())) — cos (V/ ( 07{0)) = (y./x)sin (V/ (“g—f» (546)
cosh (U/ (“;—:’D (ye/y) sinh (U/ (“‘f)) = cos (V/ (“5—:)» (547)

Eliminating V gives
. tolo Bolo
3 — | = 4
xsmh(U/( o )) ysm(V/( o )) (548)

o (0 (42) o (32) im0 ()] v
o () ol ()]

i o2 2ypecorh (07 (122 ) - 42 (551)
et (1 () o 0 (42) - o o (42) ]

z? + [y Ye coth (U/( 07{0))] = y2csch? (U/( 07{0)) (553)

Thus the equipotential contours are circles centered at x = 0 and

1
Yy = Y coth (U/ (,uo 0)) (554)
27
with radius
r =yecsch ( U/ Folo (555)
2m

If we pick two potentials Uy > Uy, then the associated radii satisfy ro < r1 (the smaller is contained within
the bigger), and the associated centers satisfy ya < y1 (the center of the smaller is below the center of the
larger). Now if we take

Y1 = ye coth <U1/ (“ 207{0» (556)
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Using

we have

oo (01 (122)) o (0 (152 - h(ycsmh(@;s)lj )
sin —1)

with inductance per unit length

where

or

tolo = ®o2m/Arccosh <

Us

(42

Py =U; - U;
Lo = ®o/1

a’>+b>—d?
2ab

)

a5

2ed = \/(@2 + 02— d2)? — 4a2b2 = \/[(b A d2} {(b +a)? - dZ]

I
Y1 = yc\/l + csch? (Ul/ (%)) =/y2 + b?

rolg
27

2dy, = \/(a2 + b2 — d2)° — 4a2b? + 4d2b? = \/(—@2 + 024+ d2)? = —a® + b2+ d?

(ye/b)* +1 = cosh (U1/ (/g)_:)>)

oo

- Arccoshy/ (ye/b)* +1 = Uy

(557)

(558)

(559)

(560)

(561)

(562)

(563)

(564)

(565)

(566)

(567)

(568)

(569)
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We want to shift from y; to h as the location of center of the b radius cylinder. We also want to shift the

potential on the outer cylinder from U; to 0

2 _ _ 2
AOz:*'uOIO ln\/x +(y+y1 h yC) 7U1

2m 22+ (y+y—h+ye)
2 2 _ 2
tolo = ®o2m/Arccosh <G+T)
a

2ed = \/[(b —a)? - d2] [(b ta)? - dﬂ
Y1 =\yz +b?

1
%Arccoah (y1/b) = Uy
™
The tangential magnetic field at the outer shield boundary is

1 1 1 04 190 p2 cos? o+ (psing + y1 — ye)?
_HOZ_HSO(p7<p):7_ 0—2:_8_111 . > : (2
Iy polo Op 2w 0p p?cos? o+ (psing +y1 + y.)

1 P+ (y1 —yc)singp p+ (Y1 +ye)sinp

27 | pReos?o + (psing +yn —ye)”  p2eos? o+ (psing + 1 +ye)
where p is a radial coordinate centered at the center of the outer cylinder.

This can be simplified for p = b as

1 1 1 b+ (y1 — ye)sing b+ (y1 +ye)sing

—Hy=—H,(b,p) =+ : 7 . 2

Io Iy 21 | b2 cos? ¢ + (bsinp + y1 — ye) b2 cos? o + (bsiny + y1 + ye)
_ 2ycb y1 + bsinp

g {62 +2b(y1 — ye)sing + (y1 — yc)Q} {b2 +2b(y1 + ye) sing + (y1 + yc)Q}

1 Ye
"~ 27wby; + bsing
where

2ed = \/[(b —a)? - d2] [(b ta)?— dﬂ

Y1 =Vy2+ b= (—a®+b*+d%) /(2d)
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(1 —ye) (1 +e) = (yi —y2) =07 (579)
Then using this field along with the uniform circumferential exterior field

1 1 1
—Hg, = —H, (b, —
Ish h Ish ® ( 80) - 2mh (580)
we obtain (noting again that the field H, is the field exterior to the coax if the braid were replaced by a

solid shield at the mean braid radius)

1
Zp = —iwLyp ~ —iwpy (AC/BO)/ ﬁﬂsh - HydS/t

So 104sh
. AC/BO 1 T Ye
~— — — | d 1
MﬂO( 2mb ) 2m /_7r <y1—|—bsin<p 7 (581)
1
AZ = —iwAL ~ —iwpg (do + Ab/Bo)/ ﬁﬂo -HydS/t
So 10
o (dot Au/Bo\ 1 (7 ve Y
~ Tl < 2mb 2m /_,r y1 + bsingp de (582)
dp=b—1bo (583)

Noting from (130) and (199) that

L[ Ye

— —  dp=1 584

27r/,,, y1 + bsinyp v (584)
1 (7 v 2
— — 2 ) do= . 585
2r J_. <y1+bsin<p) p=y/y (585)

\ui — b2 =y (586)

we find
. . A./B
Zp = —iwLp ~ —iwpy, ( 27/Tb0) (587)
d, A,/ B
AZ = —iwAL ~ i (“Tg/o) (1 /ve) (588)
The total self inductance is
Ly = Lo+ AL (589)
do + Ay /B,
AL~ iy (2B (1) (500)

where the inductance per unit length of the eccentric coaxial problem is

99



2 52 _ 72
= _to a”+b" = d7N Py einn (Yl
L) =dq/1y = 27TArccosh ( 5 ) = 27TArcsmh ( (591)

2a ab

Lo = L (by) (592)

oL py b —a? + d? _ Mo
" 2h S - o7h (y1/9e) (593)

[(b +a)? - dQ} {(b —a)? - d2]
We can write the auxiliary inductance per unit length as
oL

Lo~ L(B) + (b0 — b) = (8 (594)

and the correction to the inductance per unit length as

oL
AL ~ (do + Ay/Bo) 55 (1 /ye) = (b= bo + A/ Bo) 57 (b) (595)
Then the total self inductance per unit length is
oL
Ly~ Lo+ AL~ L(b)+ (As/Bo) - b (b) (596)

or

Ly~ L(b+ Ay/By) = %Arccosh (597)

a2 + (b+ Ay/By)? — d2
2a (b+ Ay/By)

4.4.4 Ground Plane Case
When there is an exterior ground plane we write the exterior potential as

I he) s h+ he
Ash — Mg oy +y+ ,“o hy /h + e (598)
m + (Y — he)

where I, is the exterior shield current and the effective hne source is placed at height

he = VT (5%9)

Letting
T =pcosy (600)
y=nh+psing (601)
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2 _p2 -
Ash — tolsh P b2+ 2h (h+ he) + 2 (h+ he) psing tolsh I h+ he (602)
2 P2 =02+ 2h(h—he) +2(h—he)psing 27 h — he

The tangential magnetic field is

1 Ash
H, = __8 =
Ko Op
_ L p+ (h—he)sing B p+ (h+he)sing (603)
2 [p2 = b2+ 2h(h—he)+2(h—he)psing  p2 — b2+ 2h (h+ he) 4+ 2 (h+ he) psing
and taking p = b the tangential field is
Ib 1 1 1
H,(b,p) = —
b0 =0 <hhe h+he)h+bsin<p
L;h, he
L N 4
27b h + bsin g (604)
and the potential is
I h+he  polsh h+ he
Ash b) = Holsh 1 _ o 1 =
SO = T T T M, (605)
with exterior inductance per unit length
p’() h + he ILLO
Lgp =—1 = —A h
sh =g Iny/3— " o rccosh (h/b) (606)

and we use the inductance per unit length of the exterior of the braid transmission line with the mean
radius b as an approximation.

Using this exterior field

1 1 1 he
—Hyy = —H, (bp) — =———
L " I, o (b)) = 2mb h + bsin (607)
along with the field of the eccentric coax we find
1
I = —iwly ~ —iwpy (Au)By) / L m, . HydS)e
So IOIsh
. AC/BO 1 T Ye he
~ Ttk ( 2mh ) 2 /_,r (yl + bsing h+bsingp dp (608)
or
AC/BO 1 " Ye he
Lp = — d
T = Ho ( 2mb ) 2m /,7r (yl +bsing / \ h+bsingp ? (609)

Noting from the preceding electric field case (198) that
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1 i he c c he
— / _ Y —dp = Y (610)
2r J_ h+bsinpy; + bsing y1 —h
and hence
AC/BO Ye — he
L = —_ 611
r= o (St ) L= (61)
If we rotate the azimuth of the eccentric coax with respect to the ground plane by 7/2 then the transfer
inductance becomes
A /BO 1 T Ye he
Ly = . — d 612
r HO( 2mb )271/7r <y1+bcos<p h+bsinp 4 (612)
Using the identity from the electric case (218)
1 /ﬂ he Ve g _ YwWethhe _ Y+ Pyt hy/hZ D2 (613)
27 J_ . h+bsinpy; +bcosp v y?+h2 Y2 + h2
gives
AC/BO Y1Ye + hhe
L = 614
! ”0(%17) RN (614
This source enters the interior transmission line equation as
av
— =Zplg — 241 615
i vl — 21 (615)

4.4.5 Evaluation Of Energy Formulas Using Approximate Planar Form Of Potentials

It is instructive to show how the preceding perturbation results can be directly derived from
approximations of the energy formulas for inductance rather than using the reciprocity route. This is done
by applying the preceding energy formulas stood off from the surface of the braid using an approximate
planar evaluation of the potential near the braid to evaluate the self and transfer inductances.

Self Inductance Approximate Evaluation The self inductance is given by

LI =001} = / poHZEAV (616)
14
Let us decompose the volume into two regions, the auxiliary part Vg and the part AV where V =V + AV

L11]12:€L1[12:/ MOHde+/ poHZEAV
Vo AV

z/ ,uOHng—i-/ poHEdV
\% AV

0
where we have approximated the magnetic field in the volume Vj (which has a surface spaced off from the
braid wires) by the auxiliary field Hy. Using the representations
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oty =V x Ay

pol; =V x Ay (617)
we have
(L IE = / (V x Ay) - HydV +/ (VxA)- -HdV (618)
Vo AV

Now using the identities

V- (4y x Hy) = (VxAy) - Hy— Ay - (V < Hy)

V(A xH)=(VxA) H —A - (VxH,) (619)
Then by means of Ampere’s law

V xHy=J,
VxH, =J (620)
we have
(VxAy) - Hy=A4 Lo+ V- (4o x Hy) (621)
(VxA)-Hy=A4,-J,+V- (4, x Hy) (622)

Using the divergence theorem
(LA T2 z/ A, ~iodV+/ (A x H,) -ﬂds+/ (A % H,) - ndS
Vo S. So

+ / Ay Jydv + 75 (A, x H,)-ndS (623)
AV

AS
or

(L, T? %/ A, -JOdV—/ Ay-(nx Hy)dS — | Ay (nx Hy)dS
Vo Se So

+/ A - JydV + %Ay(ﬂxﬁﬂds (624)
AV
AS

We now drop the volume current term assuming this is applied outside the perfect conductors

Lllfm_/ Ao'(ﬂxﬂo)ds/é_/ Ay (nx Hy)dS/t
Se So
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~ f A ) dsye
AS

o [ Ay Hyds/— [ Ay (wx Hy)dS/e
S. So

—/ A1~(nxﬂo>d5/£—/ A1~(nxﬂ1>d5/£—/ A, - (nx H,)dS)t
So Sw

Schassis

~ / Ay - KydS/l + / Ay - KodS)t

S. So

- / Ay KydSje+ [ A K,dS)e
So

where we take the auxiliary potential to be z directed AOSL Aoze,, Sc is the center conductor surface and
So (with a standard integral symbol) represents the outer surface stood off from the braid wires, the surface
Sw is the braid wire surfaces, and we have approximated the magnetic field H; by the auxiliary magnetic
field H, on the auxiliary surface Sy, and we have dropped the chassis integral because this conductor is
taken to be open circuited and we assume the leakage through the braid is small out at this conductor. We
take the auxiliary potential to vanish on Sy and to have a constant value on the perfect center conductor

L1I12 ~ A[)z (SC) Il

- / A, KodS/0+ / A, K,dS)t
S S.

The first term is the auxiliary problem (;nagnetic flux per unit length Lol times the current I;. The third
term would vanish if the vector potential is set consistently with the dynamic electric field of the problem;
in general it may not vanish if a static representation is used (as discussed previously). In the second term
the local approximations of the vector potential at a distance from the braid wires can be used

A~ — (g - £0> X By (x0,0) + Ase,

~T (B Py ﬁAb/Bl) x By (2o, Yo0) (625)
where the constant A,/Bj is the effective position of the braid in the normal direction due to the interior
field B;. Taking the axial component and letting B; ~ (I1/1y) B, we find

Ay, ~— (ﬂ (g - £0> - Ab/BO) e, [nx By (zo,y0)] (11/1o) (626)
Plugging this into the integral expressions for the field will require us to set p — Py and hence

n- (B — Bo) = 0 on the auxiliary shield. However, it is convenient to redefine these expansions to use the
origin at the braid center point in thickness x,,, y,, rather than the arbitrary auxiliary shield position. Thus

p,, = Tm€ T Yme, (627)
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EO ~ BO (:Em, ym) (628)
) X El (xma ym) + AbQZ

~ (B - P, ﬂ‘Ab/Bl) X El (-Tma ym) (629)
and again the axial component, letting B, ~ (I1/Iy) B,

A~ = (- (p=p,,) = As/Bo) . - [ By (@ y)) (11/10) (630)
The main effect of this selection is to redefine the constant position A,/By (it changes value) to be relative
to the braid center line (a secondary effect is to define the fields B, to be that which would exist on the
braid center line if the braid were replace by a solid conductor at this position). Plugging into the preceding
expression

(Ly — L) I? = ALI? ~ _/ A, .KOdS/H/ A, -K,dS/t

0 w

~oo [ A xBds/er [ A Kas)
Ho J S Suw

oo, o (o) -] g o ()] a5

0]

+/ A, - K, dS/t
Sw

1 1
~ uo/ (do + Ab/Bo) WEO BOdS/€ = ,uo/ (do + Ab/Bo) _QEO ﬂ0d5/£
So rolo So I
—I—/ A, - K,dS/¢ (631)
S'IU
where
do=mn- (gm - go) (632)

is the distance from the auxiliary shield to the braid center line.

Transfer Inductance Approximate Evaluation The mutual inductance (and transfer inductance
per unit length L) is given by

MIllg = LTglllg = / MOﬂl EQdV (633)

1%
The original volume consists of both regions about the braid wires (inward toward the center conductor as
well as outward toward the chassis). Decomposing the volume into the auxiliary volume V4 from the center
conductor outward toward the braid wires plus AV =V — 1}
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MIIy = LylhIy = / oty - HydV Jr/ ot - HydV
\Z AV
Approximating the field H; in region V; by H 00

1 1
M =Ll ~ —— Moﬂo “HydV + _/ oty - HydV
Ioly LI Jav

In the first Vj integral we use
Ve (Ag x Hy) =Hy - (V x Ay) = Ay - (VX Hy) = Hy - (V X Ag) — 4y - Ly

VxHy,=4J,
to find

/ Moﬂo'ﬂzdvzjé(éo Xﬁz)ﬂdS:*on-mXEz)dS
Vo
So SO

:—/ Ao-(ﬂXﬂa)dS—/ Ay (nx Hy)dS
So Se

~—/ AOZQZ-(@xﬂQ)dS—/ Aoee, - (n x Hy)dS
S S

(634)

(635)

(636)

(637)

(638)

where we have dropped the currer(it term since the integrati(;n is taken outside the conductors and the final
expression results because the auxiliary field is z directed. We can take the auxiliary potential Ay, to
vanish on the auxiliary surface Sy and the first term is zero. The auxiliary potential is constant on the
center conductor, but because we again take the center conductor to be open circuited in the 2 problem the

net current is zero and the second term vanishes.

In the second AV integral we use
Ve(lyxHy)=H; - (VXxA)—Ay (VxHy)=H - (VxA)— Ay Jy

VxH, =J;
to find

/ uoHl-HQdV:%(A xH).ndsz—]{A (nx H,)dS
AV

:—/ (nx Hy)dS — / (nx Hy)dS — / ‘(nx Hy)dS

Schassis

Nf/ (nx Hy)dS — / (nx Hy)dS — / Agze, - (nx Hy)dS

rhass'i,s
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where we have dropped the current term by taking the volume to be outside the conductors, and the final
result follows because the potential approaches a scalar z-directed quantity far from the local braid region
on the chassis. Because the vector potential As, is a constant on the perfect chassis, and because we take
the chassis to be open circuited in the 1 problem, the final integral vanishes

LTUﬂz:—/ Az'(ﬁxﬂﬂds_/ Ay (nx Hy)dS
s s

Replacing the magnetic field H; ~ H, 0on So gives (note here that n points inward on Sy toward

the center conductor since it arose from AV and thus the current density on the auxiliary shield is

K, =nx H,, however on S, the unit vector n points into the wires and the current density on these wires
is Ky = —nx H,)

1 1

om—rr [ Aty dsit- T [ 4 m)asye
IOIQ So IIIQ Sw
2 A, - K,dS/t + ! A, - K,dS)t (642)
T Dol Js, 7P T LIy Js, = 7

Setting Iy = —I,, and Ay = A,

1 1
A (nx H dS€+—/ A - (nx Hy)dS/e
I()Ish /5:0 h ( 0) / Iljsh s, h ( 1) /

LT%

1 1
~ A, - K,dS)t — / A, - K,dS)t 643
Iolsp ~/So_’ 0 / Ly, Sw " 145/ ( )

1 1
~ /S A KoudS/¢ ~ /S Ay Ky
where in the first term we have used the fact that the auxiliary problem has z directed current density on
the surface of the perfect conductors K, = Ky.e,. The vector potential from the exterior drive A,;, can
be selected so that on the perfect conductors of S,, we have n x A,;, = 0 because of the vanishing of the
tangential electric field on the braid perfect conductors, and then the final term vanishes (n points inward
in this expression)

1 1
Ly~ / A, - (nx Hy)dS/t ~ / A KoudS)t (644)
IpIsp So IpIsp So

In this case we then insert the form of the potential in the vicinity of the auxiliary shield (this asymptotic
potential is on the interior side of the shield and has n pointing outward from the interior region as in
(514), but the field By, is on the exterior side of the shield when the shield is replaced by a solid conductor
at the auxiliary shield position)

Ashz ~ = (AC/B(])Qz : [ﬂ X Esh (x(), yO)] (645)
to find

1

L~ —
" oL,

/S (Ae/Bo)e, - [n.x Byy (20, 0)] KowdS/¢
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1 1
~ / (11oAe/Bo) c. - [ nx B, (o, y@] ‘.. {—n x By (20, y@} ds,/¢ (646)
So tolsh tolo

which is the same as the previously derived form from reciprocity (526) (for better accuracy and less
ambiguity the fields can now be replaced by those evaluated at the braid mean position instead of at the
auxiliary shield position, n points outward in this expression)

1
Ly~ / (1oAc/Bo)e, - [—Iﬂ x Bgp (fﬂm,ym)] €,
So ,LLO sh

1
X By (@ ym) | dS/0 647
e x By (on)| dS/E (64)

4.5 Magnetic Vector Potential Multipole Representation

The exterior magnetic field must be represented with unknown basis functions to set up the detailed
braid solution. One approach is to choose electric currents along the N wire segments of the braid. The
vector potential from these is then

N
A Ae., (648)
n=1

where the unit vectors e, ~are along the various N' wire segments making up the braid. Multipole moments
can then be introduced to match the boundary condition around the circumference of the wires. If we
include only the axial multipole currents, the multipole representation can be written as

M
m=0
where AgT) represents the mth line multipole moment of segment n along vector direction e, . This is
illustrated in Figure 24. We can write (m(®) = I,,)

=2l 4+ DN /2) + /P2 + (2 — 2, + An/2)?
o ok, [ /2)+ 5+ ( /2) 60

T e A H R (-2 A2

A = O (D) __p(m) Ly ( A/ In) (651)

Zn

Collecting terms and using (333) this can be written as

A, Ho ﬁ/[: {mg") cos (m) +m{™ sin (mgo)} Lo (p, aﬂ) In (5 —5n/2) + m
P77 (54 5uf2) + /07 + (s + 0/2)°

(652)
which has 2M unknowns.

When the wires are perfectly conducting the normal component of the magnetic field vanishes on the
surface
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Represent cylinders with multipoles at centers

0

line source line dipole line quadrupole

Figure 24. Illustration of line current multipole moments.
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H,=0 (653)
or using

VxA=DB=puH (654)
we can enforce
ey VxA=0 (655)
at 2M discrete angles
Oy =mm' /M, m' =0,..,2M — 1 (656)
Noting that
10 0
. A)==-—A4, - —A 657
Ap=¢e, A= —Aysinp+ Aycosyp (658)
we find that (the first expression follows because 7{ A - dl = ® but there is no magnetic flux within the
c
perfectly conducting wire, the second expression follows because A, is single valued)
2m
/ Azadp =0 (659)
0
2w b
/ - Adp = A. (2m) ~ 4. (0) =0 (660)
0 P

on wire n/, where A,,, are amplitudes adjusted to match the wire boundary conditions. Hence in the
perfectly conducting case there is no m = 0 term present in this condition. The m = 0 term of each A, is
tied to the net current being carried by the nth wire segment. However, the preceding azimuthal derivative
eliminates this term from the H, (p = a) condition. Hence the enforcement of the condition can be done at
2M — 1 points (for example, leaving out the m’ = 0 position). This makes physical sense because the net
wire current cannot be determined by the fact that the surface of the wire is a perfect electric conductor.
The net wire currents must be determined by the combination of a zero flux condition between wires over
a period (so that there is no accumulation of potential difference over many periods) in addition to the
imposed injected total current of the braid.

A problem with the preceding approach is that there will in general be transverse components of the
electric current density on the wire surface. Hence, so far this setup represents an approximation and
extra basis functions must be included for a more rigorous representation of the field. In fact we might
have restricted the treatment to forcing A, to be constant around the azimuth of the wire (the first term
of the normal magnetic field expression (657)) instead of nulling the normal magnetic field from both
terms. Rather than proceeding to develop such transverse basis functions we switch to a mixed potential
representation in the next subsection.
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4.6 Scalar Potential And Magnetic Vector Potential Construction

To set up the magnetic braid problem in a manner similar to the electric problem, we use a combination
of the magnetic vector potential and magnetic scalar potential. The magnetic vector potential is used
to represent the net current carried by each braid wire, while the magnetic scalar potential matches the
boundary conditions on the wire surface. Because the magnetic scalar potential represents the difference
problem where the braid wire carries no net current, the branch surfaces from the braid wires are avoided,
while retaining the simplicity of the scalar description. We take the vector potential to be generated by
current filaments at the centers of the wires and denote this potential as Ay. This formulation includes
both axial and transverse components of the current on the wire surfaces. The magnetic induction and
magnetic field are then given by

In the perfectly conducting case the magnetic scalar potential is used to restore the boundary condition of
zero normal magnetic field on the metallic surfaces

=
=
l

(662)

o Vo, = -V x A (663)
on each of the braid wire segments. The magnetic flux ® through a surface S from this representation is
the sum

®=§ Apedt-p [ Vo, nis (664)

c
The ¢ directed magnetic flux of interest is that between a single wire of a single strip of the braid and the
center conductor of the coax.

We assume that there is electrical contact between the wires of a carrier strip at the drive point but no
contact between strips and little additional contact between braid wires so that the wire currents remain
fixed along their length. In the cylindrical coax the current I/Nj is thus injected into each strip, and by
symmetry this is the same on all the Ny strips. The current injected into each wire segment I,, (this will
not change over the period of segments) of the carrier strip is then determined by enforcing no net magnetic
flux between wires in the carrier over a braid period /.

4.6.1 Flux Constants

From the preceding vector potential formulation, and in particular the local planar approximation, we
see that our objective in that section was to evaluate the magnetic flux per unit length constants A. and
Ap. These magnetic flux constants entered the preceding vector potential formulation to find the transfer
impedance and self-impedance corrections. To find these constants using the present mixed potential
approach we can drive a planar periodic representation of the braid with a uniform field that is tangential
to the braid surface as illustrated in Figure 25

By = ol (665)
When driven from the exterior side of the braid we evaluate
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Figure 25. Illustration of planar braid driven by uniform magnetic field to determine magnetic flux per
unit length constants.
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*EAc:fA.f'd_ef.Udo/vqﬁm'ﬂdS

(666)

c
where the surface S corresponds to that of Figure 19 and the contour surrounds S. In addition, when the

planar braid is driven by the field from the interior side, then using the same contour

CaBo+ ) = § Ay-dt—po [ o, as
C S

(667)

where dj is the normal distance from the center plane of the braid to the return leg of the contour (the edge

of the surface S).
4.6.2 Inductance Per Unit Length

We now show that we can evaluate the self impedance from the energy argument directly using the
mixed potentials on the surfaces of the wires. The inductance can be found from the stored magnetic

energy by means of

Qe _ 1 2
LI = /V SHoH?dV
Taking
:u(]ﬁ =V x Af - :U“OV(bm
we find
1 1
LI = o [(VxAp) - (VxAp) =20V, -V x Ap + iV, - Vo, ] dV
0JV

Now using the identities
V(A x VxAp) = (Vx Ap) - (Vx Ap) = Ap - (VX V x Af)
V- (60 Vm) = Vo, - Vo, + 6,V 0y,

Then by means of

VXxVxA;=0
V29, =0
and using the divergence theorem
1
LI? = - (Af x VX Ap = 21109,,V X A + 1136,,V,,) - ndS
0
s

or

(668)

(669)

(670)

(671)

(672)

(673)

(674)

(675)

(676)
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1
0
S
where we combined one of the middle terms with the final term to obtain the total magnetic induction (we
could also have twice the final term with the middle terms, leaving minus the final term)

1
LI = = § (Ay X By = 200 B = 156,76, - ndS (678)
0

Noting that on the perfect conductors that the final term vanishes and it also vanishes from periodicity on
the end surfaces (with the sign of n reversing) we have

1

LI = — (Af X By — No¢m§f) -ndS (679)
Ho s
or
1
LI == § (A x By = 456, V,,) - ndS (680)
0
and then
1
LI* =~ ¢ [4; - (nx By) + podmn - By] dS (681)
0
or
1
LI? = - [Ay - (0% By) = pipn - Vé,,] dS (682)
0

If we take the volume V' to consist of the region surrounding the perfect center conductor, excluding
the braid wires, and including the outer space to the return chassis, then the surface integral can be broken
into the various parts

LI = 1A (50— o [ [Ag (0 By) + nodn By dS
0 JSw

= [Af - (X By) + po$pn - By] dS (683)
or ’uo Schassis

LI = 1A (S0~ o [ (A (wx By) = sionn: Vo,] dS
0 JSw
- / [Af - (0% By) = pigdn- V6,,] dS (684)
‘LLO Schassis ’ '

where we again drop the end surfaces when this is applied over a short axial period ¢; because the currents
and fields are periodic over a short axial distance ¢ (including the filament current) we assume that the
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filament vector potential Ay is constructed to be periodic also; because the magnetic flux is periodic over
a short axial period ¢ we assume that the magnetic scalar part ¢,, is also. In the preceding expression we
have taken n x B to be predominantly 2 directed on the perfect center conductor, Ay, to be a constant
around the center conductor over a short axial distance, and n - B to be small on the center conductor.

Self Inductance Per Unit Length For the moment let us take the outer loop to be open circuited,
and assume the magnetic field near the chassis is negligible, so that we can drop the final integral (the
current I in this case is identified as the current on the center conductor I)

1
AT} = (1A (5 == [ [Ag- (wx By) + b By] S (685)
0 JSw
or

1
£L1112 = Ag. (Se) — N_ / [Af : (E X Ef) - N%‘bmﬂ : V¢m] ds (686)
0 w

On the surface of the braid wires we define the surface current density & ; (note here that the unit normal
n points into the conductor) by

Kf =-nX ﬁf (687)
and then
Ll]12 = IlAfz (SC) +/ (Af 'Kf - (bmﬂ'ﬁf) dS/€
1A S+ [ Ay Ky o (o)) 4S8 (655)
or Sw
Lii2 = LA, (S.) + / (4, K, + pobpn- Vo] dS/0 (689)
S,

Now in the cylindrical case by symmetry we assume that the contribution from each strip carrier is the
same (only true on cylindrical conductor geometry, not on asymmetric geometries)

or 5
L1[12 =1As, (Sc)+ Ns/ [Af ~Kf + toPrn - ngm] ds/e (691)
Ss
which can be written as
Ny N
LiI; = Ag, (Se) +/ {Af ~ <Kf1—) — HoPrm, (I—ﬂﬂf)] as/e (692)
; 1 1

or
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il = Aj. (Sc)+/s [Af-< Ne ) + tobrn, ln Vo, |ds/e (693)

These results define the inductance per unit length L; in terms of the potential solution of the coax. The
surface integral is over the wire conductors in the braid carrier strips for an axial braid period.

4.6.3 Transfer Inductance Per Unit Length

The magnetic flux current relations in a two port can be written as

by = L1111 + Myols (694)
by = Moy Iy + Logls (695)

From Faraday’s law
VxE= —QB (696)

or in integral form

|&
B

= /S gt BdS (697)

fe

we can write

o _ 02
8z

T (698)
The voltage current relations in a two port inductive circuit can thus be written as

0P, dl dl,

‘/1(,2—&—6)—\/1(,2):—?:_1311%_1\412 = (699)
0P dr dI
V2(Z+€)_V2(Z):_G_t2:_M21d_tl_L22d_t2 (700)

In a reciprocal media the cross terms are equal Mo = My, = M. The power removed from a periodic
section is minus the derivative of the magnetic energy

Viz+0-Vi L+ [Va(z4+0) = Va(2)] 2 = jt ( Lulf+ ML + L2212> (701)

Taking two sources we write the total magnetic field as

H=H, +H, (702)
The 1 problem is defined to have a current I; on the center conductor and z directed with return on the
braid and the chassis open circuited (no current); the 2 problem is defined to have a current I on the
chassis and z directed with return on the braid and the center conductor open circuited (no current).
Equating the energies from the circuit and field gives
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1 1 1
—Ly I+ My + = Lo I3 = / —poH?dV
2 2 v 2

1 1
:/ —MoledV+/ Moﬂ1'ﬂ2dv+/ StoH3dV (703)
v 2 v v 2

The self inductances L1y = ¢L; and Loy = €L, (where Lgy, is the inductance per unit length in the outer
transmission line) are the first and final terms

1
Lyl? =017 = / ShoHTdV (704)
\4

1
L22-’22 = gLShIQQ :/ §#OH22dV (705)
1%

The mutual inductance M is the cross term

M =1 [ ol v (706)
L Jy
We intend to take conductor 1 as the center conductor and conductor 2 as the chassis. The sign of the
mutual inductance in the preceding expressions depends on whether the magnetic flux generated in circuit 1
by the current I has the same sign as the flux generated by current 1 in circuit 1. Now setting the interior
to be open circuited and Iy = I.pgassis = —Isn (Ish is the z directed braid current) with @5 = —®g, and

defining the transfer inductance by means of M = Lp/¢, we find
&, =Ly [y — M1y, = L141; — Lplly, (707)

by, = —MIy + Loglgp, = —Lplly + 0L 1, (708)
The voltage along the inner transmission line from Faraday’s law applied over a period is

Vi(l+2)—Vi(z) =vl = —%@1 = iwd, (709)

where the voltage source per unit length (setting I; = 0 when the center conductor is open circuited) is

Vg = —’iwLTISh = ZTIsh (710)
and the transfer inductance per unit length, replacing I by —I, and H, by H,;, is

Ly = —;/ poH, - H,dV (711)
gjljsh 1%

Now if we suppose the braid has a large aperture we see that the penetrant magnetic field H ;,, for positive
shield current I, produces a magnetic flux around the center conductor of the inner line with the opposite
sign as that produced by the center conductor current I; and thus the minus sign in (707) introduced in
the mutual impedance, or in the transfer impedance to make it positive for low optical coverage cables (the
negative porpoising contribution will result in negative values of Ly for high optical coverage cables). The
positive reference of the source voltage is on the positive z side of the elements since the inner transmission
line equation is written as
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dVv;
2L =,
) dz
Taking

B=pgH =V xA; - p1oVo,
gives

1 1/ g

Lt = m /Vﬂoﬂ1 cHoydV = L1, /V (V X Aﬂ - #0V¢m1) : (V X AfQ - ﬂov¢m2) av

Now we have the identities (and their permutation in indices)
Vo (Apx VxAy)=(VxAp) (VxAp)—Ap- (VxVxA4p)
= (VxAp) - (VxAp) = ol - Iy
V- (61m2V 1) = Vo - Vs + 0ma V7O
=Vo,1 - Vo

Vo (¢aV X Ap) =04 V0V X Apy
where we have used Ampere’s law

or

VXV XxA=pyd
and Gauss’s law

V-B=0

1/p
Lr =0, /v (Vodn) - (Vxdp) &V

1
(L,

/V (VxAf) VoadV

1
(I, /v Vom (Vx Ap)dv
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Ho
. 21
+611]2 /V vgbrnl v¢7712dv (7 )

or

1 1
L= — A x H -nde—‘r—/A - J o dV /I
T Ilbf(_ﬂ —fl) = / 1,1, V—f2 < f1 /

1
L %@ng (V x Ayy) -ndS/e
S

1
A 7{¢m1 (V X Apy — ﬂov¢m2) -ndS/l (722)
112
s

The final term vanishes on all perfectly conducting surfaces since there is no normal magnetic field present
H,-n =0. Hence we find

1

Lp=——
T I, 1,

1
% [AfQ : (E x ﬂﬂ) + HoPmaH ﬂ} ds/t+ A /VAfQ L pdVye (723)

S
If we apply this to a volume outside the conductors then the volume integral vanishes

1
Lt = A [Aﬂ - (n x ﬂﬁ) + Ho Pt -n] dS/t
S
1
= _E 7{ [Afl ’ (ﬂ X ﬂf2) + #o¢m1ﬂf2 ﬂ] ds/t (724)
s
where we have also introduced the final reciprocal expression in the second equality. Now using the first
expression and changing from Iy = —Isp, H o = Hygp, and @0 = @y, gives
1
Lr= Il—j-h% [Afsh “(n x ﬂﬂ) + oPmsnH 11 -n] dS/t (725)
S

Noting that there is no net current on the chassis in the 1 problem, it is likely that we can eliminate the
chassis from the surface integral by taking the filament contribution in the chassis to have a magnetic field
aligned with the surface.

We can alternatively follow the steps

1/p
r = g [ Ay 1oV6,) - (7 Aps = 10T 0a) aV

_ 1/
{1115

/VV' [Aﬂ X (V X Aﬂ - M0V¢m1) = o Pm2 (V X Af1 - M0V¢m1)] v

1/p
+€‘[1[Z/V[Af2'(vxvxéfl)] av
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1
= g]/f;(; ]{ﬂ [AfQ X (V X Afl - Nov¢m1) = [0 Pm2 (V X Aﬂ - #0V¢m1)] ds

S

1
R 9
Ufllg/v—fz LpdV (726)

Now because the total magnetic field satisfies n- H; = 0 on the perfect electric conductor surfaces we can
drop the second term in brackets

1
L A H A, -
T = fIIIQ_f f2>< )dS+£IIIQ/ f2 lfldV
L S A, (axH,)dS/e+ = / Ay JpdV)e (727)
= n — .
-71[2 s =f2 =1 11 V_f2 mk

If we choose the volume V to be outside of the conductors we can drop the final term

1
Lr=—77 $ A (0 x H,)dS/! (728)

s
In the perfect electric conductor case we can write this as

1
Lr= IIIQfAfZ K,dS/t = —

1

T P An- KqdS)t (729)

s
where we have included the result with permuted indices as the ﬁnal equality. Now using the first expression
and changing from I, = —I, AfQ = Afsh, gives

Ly=-— 7( Ao - K dS)t (730)
s

If we take the filament in such a place that the potential on the chassis is asymptotic to A Fsh ™ Afsnze,

with Ay, asymptotically constant on the chassis, then with no net current on the chassis in the 1 problem

the surface integral will vanish and we find

Illsh

1 1
Ly = A K,dS/t— Ay, - K1dS/E 731
r= g L A £0aS/ - g [ Ap - Kads) (731)
Notice that this form of the transfer inductance only requires us to have knowledge of the filament potential
as well as the current density on the conductors.

The transfer inductance in this perfectly conducting case should also be connected to the magnetic flux
between the center conductor and braid wires $; = &7 with [; =0

(Ll = ®p = / B, - ndS (732)
S

when driven by an electric shield current I.pqssis = —ILsh-
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Figure 26. Line charge multipole moments. We do not use the monopole moment but instead use a current
filament.

4.6.4 Braid Wire Current Distribution

The above argument of zero net flux between braid wires, for determining the braid wire current
distribution can be replaced by an energy argument based on (681) or (682). We determine the braid wire
current distribution by minimizing the preceding magnetic energy

0 1 0 .
0= a1, (LI%) = u_oa_fj% [A; - (nx Bf) + po@mn-Bs|dS , j=2,..., NoN,, (733)
or S
Ozfluﬁ)z—ifi [A; - (nx By) — pdon-Ve,]dS, j=2,.., NN (734)
ajj Lo an £f =N =f 0¥ miL m ) 5 eeey VgLV
S

with the total braid wire current given

NN
and N,, is the number of wires in a carrier strip and N, is the number of carrier strips. This would have to
be applied to determine the braid wire current distribution both for the problem where the inner coax is
driven I = I, with I, = 0 and for the problem where the outer coax is driven I = I, with I, = 0. This
approach results in a system of equations where the coefficients only involve integration on the conductor

surfaces S. This is useful in this mixed potential approach to avoid having to integrate the magnetic flux
off the conductor surfaces.

L=1 (735)

4.6.5 Magnetic Multipole Representation

With the preceding mixed potential representation we need the magnetic scalar potential representation
for a sequence of magnetic line charge multipoles as illustrated in Figure 26.

The magnetic scalar potential will be represented by a magnetic multipole summation similar to the
electric problem and by an electric current filament (and the field given by the magnetic vector potential).
The solution for a varying magnetic line charge g,, (2) is

1 o d2
Om = drpy ) T (=) r— 1|
If the charge is discretized as pulses of strength g, length A,,, centered at z/,, we can write

(736)
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¢ _ qmn /Z;+A7L/2 dZ/ _ gmn /(Z_Z:L+A"l/2)/p du
oA Jaane ([ (a2 ATHO Sz —an2 VI W

— dmn [Arcsinh (—Z Zn An/2> — Arcsinh <—Z “n An/Q)}
p p

N [ e A R e e,
Who | (2= 2ty = An/2) 4 [0 + (2 — 2y — Ay/2)°

(737)

or

(z =z, + An/2) + \/p2 + (2= 2 + An/2)°
(z =z, — A,/2) + \/p2 + (2= 2, — Ay /2)°

The magnetic multipole moments are defined in a similar way to the electric problem. Note that we expect
Gmn = p(O) to vanish in the case of perfectly conducting braid wires, but we retain it since it may be
requlred in the finitely conducting case, where magnetic flux could enter from a neighboring segment.

(0)
(b(()) pm ln
4 g

(738)

o0 o0

S 3D SDIRWED 3P 3D SP W 3D IS

n=1j=—o0 k=—o0 =—00 k=—o0 m=0 j=—o0 k=—o00

. . 2 . 2
M (0) (m) m (S_Sn/2_]usn _kvsn>+ \/|£_]Qpn _kypn| +(3_3n/2_]u5n _kvsn)
E p, -p, - Vi In = -
m=0 (s+sn/2—ju5n—kvsn)+\/|£—jgpn—kypn| + (84 8n/2 — jusy — kvugy)

oo

DRI

J—fOO k=—o0

M
Z 252)%25:7) -V n (739)
m=0

(5 = 5j/2 = jusj — kvgj) + |r — 1f _M_m]

(s455/2 = jus; — kvgj) + [ — 15

j —Jju— kﬂ}

In general we could alternatively collect all the cos (mg) and sin (myp) terms and write

l _ \/ﬁ
b =~ 3 [ o ) 880 009 L (3 2 1| ANl
471':”“0 m=0 1Y (S+Sn/2)+ \/[m

(740)
where the operator L, includes all the appropriate differential forms in p (in general it also includes
arbitrary constants which we will take to be selected on the basis of the two-dimensional Laplacian relations
as discussed in the preceding electric section). There are 2M multipole coefficients for each of the N wire
segments which must be determined from matching around the wire segments (note that p(o) =0= p%)
are not unknowns).
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The electric current filament contribution is

o ZN ds’
I "o / v — |

. ) 2 )
HOXN: oo i ; | (sfsn/ijusnfkvsn)Jr\/’ijgpnfkypn’ + (5= 80/2 — jugn — kvgy)®
- n€s, M
T =00 ke —oo (s+ 8n/2 — jusn — kvsp) + \/’B — JU,, — kypnf +(s+8p/2 — jusy — k“sn)Q
(741)
The boundary condition to be enforced on the perfectly conducting braid wires is
1
ﬂ-ﬂ=ﬂ-<—V><Af—V¢m>=0 (742)
Ho
or
09,,
p o™ =V x A (743)

We sample this equation at 2M azimuthal points around each segment (we know that there is no net
magnetic flux emanating from a segment in the perfect electric conductor case and therefore we expect
the m = 0 coefficient to vanish) which generates N x (2M) equations for the N x (2M) unknowns (2M
multipole unknowns on each of the N segments) associated with the scalar potential ¢,,. We also impose
no net magnetic flux between wires in a carrier strip over a braid period. Furthermore, we want each carrier
strip in the uniform coax to carrier net current /Ny and for insulated wires the wire currents remain the
same over the course of a period. These final conditions generate a further N conditions imposed on the
coefficients I, in the filament vector potential A.

In the circular uniform current case, suppose there are N, wires per carrier strip and N carrier strips.
In this case the current on each carrier strip is the same and equal to Iy = I/Ns. The wire currents must
add to this I, = Zg‘:"l Iyn. There are N,, — 1 zero flux conditions between the wires on a carrier strip.
These conditions are sufficient to fix all the net currents on the wire segments.

5 FINITE CONDUCTIVITY OF BRAID WIRES

We now consider modifications to the preceding magnetic problem when the braid wires have large but
finite conductivity. We begin with a complex power approach but also include reciprocity approaches to the
formulation. Finally we introduce the detailed boundary value problems for the wire braid based on line
multipole representations.

5.1 Poynting Theorem (Self Impedance) And Faraday’s Law (Transfer
Impedance) Approach

Faraday’s law is
V x E =iwuH (744)
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Inside the conductor let us ignore the displacement current term in Maxwell’s equation

VxH=J=0cF (745)
Then the time harmonic Poynting vector

1
S=3ExH’ (746)

has divergence (again we are ignoring the displacement current term)

1 1 1 1
V-ﬁzaﬂ*-Vxﬁ—iﬂ-Vxﬂ*:iwiuﬂ-ﬂ*—iﬂ-[‘ (747)
Integration over the braid wire volume and use of the divergence theorem then yields

1 1
]{ﬁ-ﬂdS = iw/ —uH - H*dV —/ —oL - E*dV (748)
Vi 2 Vi 2

where the unit normal points out of the braid wire conductor. Minus this quantity corresponds to the peak
stored magnetic energy (times —iw) associated with the internal inductance of the braid and the average
losses associated with the braid conduction. We can set this equal to the internal impedance per unit length
times a braid period

1, 1 1
nguﬁ:ffﬁﬂw:fw/ Wﬂjﬂw+/-wﬂﬁwv (749)
V Va
S w

()

The external contribution to the impedance per unit length is found from (ignoring the electric energy
term in this impedance per unit length section of the report)

1 1
2P =~ [ Sl Hav (750)

Ve
where the volume V, is external to the conductors. If the external magnetic field is represented by the
vector potential

pod =V x A
and external to the conductors (ignoring displacement currents since these were included in the electric
problem)

VxH= (751)

we can write

1 1
Lgerto g2 = —iw—/ (V x A)- H*dV
2 2 Jy,
:—iw%/ IV (AxH)+A-(Vx H)|dV
VE
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= iw

N =

74 A-(nx H*)dS (752)

Se
where here n points out of the volume, the surface integral S, is on the surface of the wire braid of the
shield as well as on the center conductor (we are ignoring the outer return for the self impedance of the
coax), and the volume V, is external to the braid wires. Alternatively, if we have the external mixed
potential representation

B=pH=VxA;—pVo,, (753)
we can write

1

1 2
— 7|7 = —4 —_
271 14| " v, 2Ho

[(V x Af) (V% A}) — 1oV y, - (V % A}) — 1oV, - (V % Af) + 1oV, - V] dv (754)
Again using the identities

V(A x VxAG) = (VxAp) (VxA}) —A; - (VxVxA}) (755)
V- (¢,V x A}) =0+ V¢, -V x A} (757)
with
VXxVxA;=0 (758)
V¢, =0 (759)
gives
1 1
ZZE L) = —i —
541 |11 ww v, 21
Vo [(Ay X VX A7)~ 1o (6, Y X A3) — g (65,V % Ag) + 413 (6,,V65,)] dV (760)
or
%Zf“é L|* = —iw 2—;0
[(Ay X V X A7) = o (60.Y X A7) — o (65,7 x Ap) + 43 (6,V63,)] - ndS (761)
or
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1 ex 2 o1
521 t£|[1‘ = *ZUJ§%
Se

[(Ay x HF) = po (0 HL}) — b0 (0L s) + t1o (60, V ;)] - ndS (762)
These results require integration on the conductor surfaces but not out in the free space volume.

This approach partitions the self impedance per unit length into a part inside the wires and a part
outside the wires, where

Zy = 77" + 7 (763)

If we apply a z directed current to the return Is = I pqssis = —Isp With the center conductor open
circuited, then the application of Faraday’s law (C is the contour in the z direction along the center
conductor with return along a braid wire including the periodic legs spaced by a periodic distance £)

0 0
fﬁ-ﬂzwﬂ) ~V(2) —/ E-di= ——/ﬁ-ndsz ——fé-ﬂzw% (764)
c c
not only includes the magnetic flux induced between the center conductor and the braid wires &7 but also
the integration of the surface electric field along the braid wires (we still take the center conductor to be
perfect and define the integration contour to be along a braid wire in the positive z direction). These now

create a voltage

vl = iwdp + / E-dl (765)
Cw
from which we define the transfer impedance Zr as
Vg = ZTIsh (766)

The contour C here is a magnetic flux contour along the center conductor with a return along a braid wire
of a particular carrier strip over a braid period. Because we will adjust the individual wire currents in a
carrier strip to make the difference voltage between wires vanish over a period this will give the same result
for different choices of wires.

5.2 Impedance Matrix & Complex Power Approach

The previous approach used to formulate the capacitance and inductance matrices can also be used in
this case. Applying Faraday’s law

74 E-dl=iwd (767)

c
to a section of line with the magnetic fluxes connected to the electric currents by

7Z‘w(I>1 = 211[1 + 212[2 (768)
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—’iw‘bg = 221]2 + 22212 (769)
gives

‘/1 (Z + f) - ‘/1 (Z) = _ZIIII - Z12]2 (770)

Vo(z440) — Vo (2) = —Zor ]y — Zaa 1y (771)
In a reciprocal media the cross terms are equal Z15 = Zo;. The complex power removed from a periodic
section is

1 1 1 1 1 1
5 [Vl (Z + 6) - Vi (Z)] Iik + 5 [Vg (Z —+ 6) — V2 (Z)] I; = —5211_[1[; — 5212.[2[? - §Z21.[1[; - §Z22.[2[; (772)

Faraday’s law is

V x B =iwpH (773)
Inside the conductor we ignore the displacement current term in Maxwell’s equation

VxH=J=0cE (774)
and outside we also ignore displacement currents (since these were included in the electric problem)

VxH=0 (775)
since these were included in the electric problem. Then the time harmonic Poynting vector

1
§:§Exﬂ* (776)
has divergence
1, 1 . .1 L 1 .
VeS=sH VXE-ZE VxH =iwjul-H' —sE-J (777)

where we have ignored the external electric energy term in this series impedance treatment. Integration
over the transmission line volume and use of the divergence theorem then yields

fﬁ-@dS:iw/ luﬂ~ﬂ*dv—/ laﬂ-ﬂ*d\/
v 2 Vi, 2

1 1 1
:iw/ —uoﬂ-ﬁ*dV+iw/ —,uﬂ-ﬂ*de/ —oE - E*dV
v, 2 Vi 2 Vi 2
) 1 N
zzw/ §u0ﬁ-ﬂ dV—I—]{ﬁ-QdS (778)
Ve

where the unit normal points out of each region (including the V,, region in the final surface integral). This
quantity corresponds to the power leaving a region of the line which is minus the average stored magnetic
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energy (times —iw) and minus the average losses associated with the braid conduction. Setting the Pointing
vector integral (778) equal to (772) and multiplying by two gives

[‘/1 (Z + 6) — ‘/1 (Z)} If + [‘/2 (Z + E) — ‘/2 (Z)] I; = —lellff — Zlglglik — Zglllfg — ZQQIQI;
:2%§-ﬂdS=iw/ ,uﬂ-ﬂ*dV—/ ocE - E*dV
1% Vi

:iw/ uoﬂ-ﬂ*dV-&-Q?{ﬁ-ﬂds (779)
Ve 3
Note that we have left out the center conductor and chassis from the surface integrals since they are
assumed to be perfect conductors with a vanishing normal Poynting vector component. We may want to
leave the Poynting vector surface integral on the braid wires instead of using a volume integral inside the
braid wires (this alternative would allow us to include the interior as an added surface integral as in the
final expression where V. is the volume external to the braid wires).

Taking two sources we write the total fields as

H=H,+H, (780)
gives
Zi L IT + Zho oIS + Zor 1 15 + Zoolo 13
B _iw/ w(H, +Hy) - (H, + Hy)" dV +/ 0 (Ey +E,) - (E; + Ey)" dV (782)
or \% Ve
. o1 « 1 .
Z11 = Rll — ZX11 = —ww 3 / ,U,ﬂl ﬁldV"‘ —2/ UEl EldV (783)
|\L|" Jv |11 #
, o1 X 1 .
ZQQ = R22 — ’LXQQ = *ZW—Q/ ,UEQ . EQdV + —2/ GEQ . E2dV (784)
|Io]” Jv 12" Jva,

VAD (1115 =+ IQIT) = Zon (IQIT =+ 11];) = Z122Re (1115) = Z512Re (11];)

:—iw/ u(ﬂ1~ﬂ;+ﬁ2-ﬂt>dV+/ o (B, - B+ By E})dV
5

w

:*Zw/ 12 Re (H, -ﬁ;)dVJr/ o2Re (E, - E3)dV (785)
|4 Vw
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or
Zi2 = Rig —iX12 = Zo1 = Ro1 —iX0

1 1
= —iW—— Re(H, - H} dV+—/ ocRe(E, - E3)dV 786
Ry R B 0V + e | oRe (B E) (756)

Alternatively, using the surface integral form on the braid wires, we can write (the unit normal n on the
following braid wire surface integrals, which are denoted as unclosed, is taken to point inward)

ZulI; + Zio oIt + Zog LT} + Zos oI

_— / o (B + Hy) - (H,y + Hy)* dV + / nx (B, + Ey)] - (H, + Hy)" dS (787)
Ve Sw
InhLl :—iw/ joH, -ﬂ’{dV—i-/ (nx B,)- HIdS (788)
Ve S'IU
ool = i / joH, - HdV + / (nx By) - H3dS (789)
e S’U)

ZioloIf + Zo1 1 I3

— i | gy 3+ Hy H) AV + [ [(wx B1)- 3+ (nx Ba) - 1] dS (790)
OI‘ Ve S'(U
- yexrt int . 1 * 1 *
Zn = —i X[+ 21 = —iw—s pol, - HidV + — (nx Eq)-HijdS (791)
[11]” Jv. I11|" /s,
-y ext int . 1 * 1 %
Zag = —1 X5 + Zyy' = —lw—s toH o - H5dV + — (nx E,)-H3dS (792)
|IQ‘ Ve |IQ| Sw

where the volume V, is external to the conductors and because we expect Z15 = Z51 for reciprocal media

AT (IQIT + Il,[;) =7y (IQIT + Il,[;)

— i [ g WLy T+ Hy HD AV + [ [(wx i) I3+ (nx By) - 1) dS (793)
or ¢ S
zZ ——iw¥Re/ (H H*)dV—l—#/ (nx E,) -H5+ (nx E,)-Hi|dS
2T TR (I R Re(I[Tp) Jg, 0~ =V #2 i) a
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1
=7y = —iw—— R H,-H})dV + ————
# T T Re (1) e/veﬂo(_1 = " Re(1L3)

Note that for a symmetric braid (mirror symmetry from inside to outside), the calculation of each term in
the integral for the planar approximation will be identical, and hence there is no extra work associated with
the addition of the two terms.

/ l(nx By)- Hy+ (0 x By) - H3]dS  (794)

w

5.2.1 Vector Potential Representation

If the external magnetic field is represented by the vector potential o H,; =V X A;, satisfying

VxH; =0 (795)
external to the conductors, we can write

1
28 = 787 = i / (V x A,)- HIdV
[I1]" Jv.

1
= o [ (90 ) + A (7 ) v
1 e
o1 . 1 *
:*’LUJW ﬂ(él Xﬁl)dS:ZwW Al(ﬂXﬂl)ds (796)
1 1
S S,

where the surface integral is on the surface of the wire braid of the shield as well as on the center conductor
(we are ignoring the outer chassis return for the self impedance of the coax). Combining this with the
internal term gives (the unit vector n points into the braid wires in the second term and out of S, in the
first term)

1 1
ZIn =21l = —in 7{ (nx Ay) - HydS + I—|2/ (nx Ey)-HjdS (797)
1 1 w

Now if we construct the vector potential such that on the braid wire surfaces

iw(nxA)=nxE (798)
then the surface integral terms on S, cancel out. Our philosophy in the electric section was to treat only
the current as varying along the line length and the voltage as fixed over a periodic section; our philosophy
in the magnetic section was to treat only the voltage as varying along the line length and the current as
fixed over a periodic section; this assumption will be continued in the lossy treatment of the line impedance
here. Thus we are left with (the unit vector n points into the center conductor)

T = Zal = —iwu—z/ (nx A,) - HdS (799)
1 c
Also using the vector potential to represent the second field ugH, =V x A,, again satisfying

VxHy=0 (800)
external to the conductors, we can write
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/Moﬂrﬁ;dvz/ (VxAl)~ﬂ§dV

Ve Ve

=/ V- (A, x H3) + A, - (V x H3)]dV
Ve

— fu Ay < H S =~ f A4, (wx s
Se

Sé?

= fuxa)-mas (01)

Se
Then

ZioloIT + Zo1 115
_ _m}{[(ﬂ X Ay) - Hj+ (n x Ay) - H3)dS
Se

+/ (nx Ey)- Hi+ (nx Ey) - Hi]dS (302)

Sw
where the unit vector n points into the braid wires in the final integral. Again if on the braid wire surface
S, we have

w(nxA)=nxE, (803)

iw(nxA,) =nxE, (804)
then the braid wire surface integrals cancel and we find (where n points into the conductors)

ZioloIf + Zo1 1 I3

zw(/ /) (nx A,)- H}+ (nx Ay) - HT]dS (805)

5.2.2 Mixed Potential Representation

Alternatively, if we have the external mixed potential representation

B=poH =Y xA; —1gVé,, (806)

we can write
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lejljik:Zlfu'ﬂQ:*ZW/ ﬂoﬂlﬂid‘/‘i’/ (ﬂxﬂl)ﬂTdS
Ve S.

w

= —ilui v (V X Aﬂ - M0V¢m1) ) (V X Ah - M0V¢m1)* av
0 €

+/ (nx Ey)- HidS
Sw

= _ii [(V X Aﬂ) : (V X A}kq) = oV P - (V X qu) — oV - (V X Afl) + N%V¢m1 'V(b:ﬂ] av

Ko Jv,
[ wx ) mias (s07)
Sw
Again using the identities
V(A x VX AG) = (VxA) - (VxA}) —A; - (VX V x A} (808)
V- (¢, V) =V, - Vér, + 6, V9, (809)
V- (¢,V x A}) =0+ V¢, -V x A} (810)
with
VXxVxA;=0 (811)
V3¢, =0 (812)
gives
2L = —i
Ko Jv,
V- [(Afl XV x Aj‘q) ) (¢m1v X qu) — Mo (Qf’*wuv X Aﬂ) +H3 (¢m1v¢:n1)] av
[ wx ) s (813)
Sw
or

2L = —ii]{
Ho

Sfi

[(Afl XV x A}l) — Mo (¢m1v X A;l) — o ((Zsjnlv X Af1) + pg (¢m1v¢:nl)] ndS
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+ [ wx g mids (14)

w

or

Zy L) = —iw]{

Se

[(Afl X ﬂ%) — o (¢)mlﬁ;1) — o (¢:n1ﬁf1) + o (¢m1v¢:nl)] -ndS

+/ (nx E,)-HydS (815)

Sw
These results require integration on the conductor surfaces but not out in the free space volume which is an
advantage since we must solve the problem on these surfaces.

For the transfer impedance we begin with

Zar (L5 + 1{1) = Zua (W5 + 1) = i | ol - B3V — i [ il - HodV

e e

+ / (nx Ey)- H + (n x Ey) - H}]dS (16)
Sw

Using the identities (and their conjugates)

V- (Ap xVxAL) =(VxAp) (VXA}) —Ap - (VX V xA}) (817)
Vo (811 VOra) = Vo - Vra + 61 Vb, (818)
V- (¢m1V X A;ZQ) =0+Vo,,; VX A}Q (819)
Vo (hraV xAp) =0+Vr -V x Ay (820)
with
VXV xAp=0 (821)
V26, = 0 (822)
gives

Z21 Re (11];> = Z12 Re (If[g)
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‘ 1 « .
= —jw Re/v N_o (V X Afl — Mov¢m1) . (V X Afz - uOVgﬁmz) av

1
+5 [ lwx B M+ (wx By Hilds
S'(U

1
:—ine/ ‘LL—(VXAfl)‘(VXA;Q)dV—Fine/ V X Agy - VhdV
Ve KO Ve

+iwRe / Vi - V X A5pdV —iwRe / 1V by - VL dV
Ve

e

1
+5 [ lwx B B+ (wx By Hi)ds
S'(U

= —ine/ iV~ (Afl x V x A;Q) dV+ine/ V- (¢ % Afl) av
V. Mo Ve

+iw Re/ \ (¢m1V X A}Q) dV —iw Re/ oV (1 Vdia) AV
VE VE

1
45 [l B Hi+ (ax By Hi)ds
S

w

1
= —ine%u—ﬂ- (Afl X V X 4}2) dS+inefﬂ~ (f1aV X Afl) ds
0
Se Se

+iw Re?(@- (1 V X A}y) dS —iw Rey{,uoﬂ- (D1 Vbira) AV
Se Se

| =

T / (% Ey) - Hy + (0 x Ey) - H;]dS

S

= —w Re]{3~ (Afl X ﬂ}Q) ds +iwpyg Re][gbfwﬂ-ﬂflds
Se Se

Hiwtig Re § 6+ HjsdS ~ iwpy Re 6,11+ 96],55
Se Se

N —

+ / (0% Ey) Hj+ (nx Ey) - ) dS
S'(U

= —iney{ (nx Apy) - H}odS + iwpg Rey{qban@.ﬂfldS
Se Se

e
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+iwpy Re ]{ Gt HyodS — iwpg Re % Gt - V,0dS
Se Se

1
45 [ lwx B H+ (ax By Hi)ds
Sw

= —iw Re% (ﬂ XAp — Mo¢m1ﬂ) “HydS + iwp Re }{ Dol HpdS —iwpy Re?{qﬁmlﬂ - Vr,pdS
Se Se Se

1
+§/ (0% Ey) Hj+ (nx Ey) - HjdS
Sw

= —w Ref (nx Ap) - HfpdS +iw Re]{ﬂ~ (HoPmaH f1) dS + iw Re?{¢mlﬂ~ (V x A%y — 119V ¢p,0) dS
Se Se Se

1 1
+—/ mxﬂnﬂ;dm—/ (nx Ey) - Hids
2 S"U 2 Sur

= —jw Re% (nx Apy) - H}ydS + iwpg Re?{qﬁfmﬂ - H 1 dS + dwp Re%d)mlﬂ - H3dS
Se Se Se

1
45 [l B Hi+ (ax By Hi)ds
S

w

= —iw Rej{ (nx A — podpn) - H3dS — iw Rej{ (X Apy) - VadS +iwpg Re]{gb*mzﬂ -HdS
s, s, s,

+3 [ lwx By B+ (x B) - HildS (52

w

5.2.3 Perturbation Approximation With Vector Potential

We now want to approximate the integrals in the expressions for the impedance when the impedance
length scale Zs/ (wpy) is small compared to the global transverse geometry of the cable. The surface
impedance of the wires Zs is Zs = (1 —4) / (06) when the skin depth 6 = /2/ (wuo) is small compared
to the wire radius a. However, for large skin depths we take the surface impedance to be approximately
Zs =~ 1/ (0A) where the effective thickness of the braid is taken approximately as A = O (2a). When
the impedance length scale is small the global current distribution is not significantly perturbed from the
perfectly conducting case (in the circular cylindrical geometry it remains uniform even when this length
scale become large). In this limit we can thus make use of the current distribution from the perfectly
conducting solid shield cable of the same global geometry to determine the impedance per unit length of
the braid using the approximate planar form of the vector potential near the braid.

Suppose we take the external volume in the self impedance to be written as V, =V + AV and
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1 1 1
Zi1 = —W—Q/ o 'ﬂTdV - iw—Q/ po -ﬁ*{dV + —2/ (n x E1) 'ﬂ*fds (824)
L™ Jvo L™ Jav L™ s,

In the region Vj we approximate the field as H

1 1 1
AT _iwu—g/ poHy - HodV — W—|2/ poH, - HidV + —/ (nx E,)-HjdS (825)
0 VO w

Ii|" Jav |I1\2

Using the vector potential representation we can rewrite the second volume integral as

1
1

1
L[

_ wﬁ (/S+/S) (wx A,) - HidS (526)

Assuming that the vector potential is set up to satisfy

= —w

/ V(A % HD) + Ay - (V x 1) dV
AV

iw(nxA)=nxE (827)
we see that the S, integrals cancel out and we are left with

1 1
Zy =~ fiw—z/ woHy - HydV — iw—Q/ (nx Ay)-HidS (828)
o™ /v [I1]" Jso

Using the same identities on the first term yields

1 1
I~ i ( [+ )(EXAO)'ESCZS—W—Q | w4y mas (829)
‘IO| Se So ‘Il| So

The first term represents the perfectly conducting inductance contribution of the auxiliary problem Lgf.
The second term represents the contribution from the braid wire geometry (versus the continuous shield)
as well as the finite conductivity of the braid wires. We approximate the final term by taking the field as
the field in the auxiliary problem H} — Hj with IT — I}

1
Z11 = Z1£ ~ —iwL0€ — iw—* (ﬂ X Al) . QSdS
L5 /s,

1
~ —itwLol + iw—— / A, - (nx H2)dS (830)
1, I So

where we note that the unit normal points inward since it came from the AV integration. The entire
contribution of the loss is contained in how the constant offset in the vector potential is changed to a
complex value relative to the perfect electric conductor case. Now using the asymptotic form of the
potential

A~ = (n- (2= p,) = A/Bo) . - [n.x By (w0, 30)] (11/1) (831)
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or referenced to the mean braid radius

A~ = (- (p—p,) = Av/Bo) . [ % By (v, )] (12 o) (832)
we find

7y = Zo+ AZ ~ —iwLy — zw;—oﬁ/ (do + Ay/Bo) [e. - (n x Hy)] [e, - (n x H3)dS/¢
0 So

1

~ —iwlLg — iwuoW / (do + Ap/Bo) Hy - HidS/¢ (833)
0 So

where we have reversed the sign of the unit normal to point outward in the n x Hj factor and where

do=1n" (gm - go) (834)
This is the same result as found previously except that the offset constant A,/By will now be complex to
account for diffusion into the braid wires.

For the transfer impedance we start with

VAD) (11]; + Ig]f) = Zo (Ilfg + Ig]f)
— i [ oty HiaV + [ (wx Ey) - Hias
Ve Sw

—ior [ ol 13V + [ (wx By)- 1348 (835)

Breaking the external volume into two parts V., = Vp + AV (in this case the auxiliary volume will itself
consist of two parts Vy = Vi1 + Vo where V1 extends from the center conductor outward toward the braid
wires and Vj extends from the chassis inward toward the braid wires, and AV is adjacent to the braid
wires, excluding the braid wire volume, with a part inside the center region and a part outside in the chassis
region) we write

Zio (W5 + IIT) = Zoy (115 + L IY)

_ - yext int K\ - yext int *
= (—iX{3" + Z15") 2Re (I115) = (—iX5T" + Z31") 2Re (I217)
= —iw/ poty - HydV — Z'W/ oty - HydV

Vo AV
i [ oty HdV i [ oy - H3dv
Vo AV

+/ (0% Ey) Hi+ (nx Ey) H3dS (836)
S

w
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Due to the open circuit conditions on the chassis in the 1 problem, and the open circuit center conductor
conditions in the 2 problem we now neglect the Vj volume integrals. In the AV integrals we use
o, =V x A, and pyH, =V x A, along with

(VXA -Hy =V- (4 xHy) = A - (VX Hy) =V - (4 x Hy) — 4, - J, (837)

(VxAy) Hi=V-(AyxHy)—Ay- (VX H])=V- (4 xHy) - Ay - J} (838)
to find

Zio (LI} + I I}) = Zoy (LI + I I7)
= (—iX{' + Z15") 2Re (I113) = (—iX57" + Z51") 2Re (I217)

~ w;ﬁ(AQ < HY) -udsfz‘wjé@l x H) - ndS
AS AS

+/ (0% Ey) - Hi+ (nx Ey) - Hy)dS
S'(U

z—iw(/ +/>(42xﬂf)-ﬂd5—iw</ —&—/)(Alxﬂ;)-ﬂdé'
So1 Sw So2 Sw

+/Sw (0% By) - H; + (n x Ey) - H3) dS

z—iw(/ +/>(@><AQ)-ﬂde—iw</ —&—/)(QXAI)-ﬂ;dS
So1 Sw So2 Sw

+ / (nx Ey) - Hi +(nx Ey) - H3) dS (839)
S

where n points inward on Sp1, outward on So2, and into the conductors on S,,. Now assuming that the
problem has been solved with

i (nx A) =nx E, (840)

iw(nxAy)) =nx E, (841)
the integrals on S,, cancel and we have (we drop the first integral on Spe since H7 is small there and the
second integral on Sp; because Hj is small there)

2122 Re (11];) = Z212 Re (IQIT)
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~ i [ (wx A) HidS —iw [ (wx A)- HidS (342)
So1

Soz2
Now we set Z1o = Zoy = Zpl, Hy = Hp,, A, = Ay, and I, = —I;, and we modify the unit normals to
point out of the center conductor region 1 on Sp; and out of the chassis region 2 on Spo (this is done to be

consistent with the following asymptotic forms)

Zr2Re (I113,) ~ —iw/

(nx Ayp) - HidS/l — iw / (nx Ay) HodS/t
So1

Soz

~ iw / (nx HY) - A,,dS/l + iw / (nx H,o) - A,dS/e (843)
S S

01 02
where the introduction of the 0 in the magnetic fields of the final expression is done as an approximation,
using the perfectly conducting solid shield replacement of the braid.

We see then that the entire effect of the loss addition is accounted for by a complex addition to the
potentials A ;, and A; on Sy = Sp1 + Spe. Using our previous asymptotic form (here n points out of the
center conductor region lon Sp)

Ashz ~ — (AC/BO) €, [ﬂ X Esho (.’Em, ym)] (844)
in addition to the dual (here n points out of the chassis region 2 on Sp)

we find

Zr2Re (InI})

~ —iw (AC/BO)/S le. - (nx Hg)le, - X Bgpo (Tm, Ym)] dS/L

—iw (Ac/Bo)/ le. - (X Hgpo)l e, - [ X Bo (m; ym)] dS/¢ (846)

Soz
where we have modified the unit normals in this expression to point outward. Taking the currents in the

0 problems to be real, and the resulting magnetic fields to be real (because these are now the perfectly
conducting solid shields in the 0 problem), this becomes

, 1
277 ~ —iw (Ac/Bo) T /S le. - (mx Hy)le, - [nx Bypo (€m,ym)] dS/L
s 01

—iw (Ac/By) T Ilsho /S 5 le, - (nx Hyp)le, - [0 X By (Tm, ym)] dS/L (847)

or because the two terms are the same as the surfaces are taken to coalesce at the mean braid position (n
points outward in this expression)
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ZT R —iw (AC/B())

/ le. - (% Hy)l &, - [ X Bopo (s ym)] dS/ 0
IoIsho Js,

This expression is the same as found previously for the perfect conductor case except that the constant
A,/ By is modified to a complex value accounting for the diffusion into the wires of the braid.

5.3 Examples Of Impedance Parameters With Finitely Conducting Braid

In the case of lossy braid wires we expect the arguments for the perfectly conducting case to be modified
in the sense that the planar braid constants A,/Bg and A./By will become complex. Hence in the uniform
coaxial case from (534) and (535) we expect to find

| 1 | 1
Z ~ —iwty (Ae/ Bo) / ., HydS/t = ~itoio (Ac/ Bo) 5= (345)
So 104sh ™

1
AZ ~ —ipy (do-+ A/ Bo) [y HodS)t
So *0

) 1
~ —iwpiy (b — by + Ay /By) G (849)
In the eccentric coax case from (587) and (588) we expect

, A./B
Zp ~ —iwpg ( 27/T b“) (850)
. do + Ay/B
AZ ~ —iwp, (OTZ/O) (y1/yec) (851)

If an outer ground plane is also added to the eccentric coax from (611) we expect the transfer impedance
to become

AC/B0> Ye — he

If we rotate the azimuth of the eccentric coax with respect to the ground plane by /2 then from (614) we
expect

T — . AC/BO Y1Ye + hhe
r=—ono | 50T ) T

5.4 Reciprocity With Perfectly Conducting Solution

(853)

An alternative convenient decomposition, which allows us to use the preceding perfectly conducting self
impedance per unit length for the "external" piece of the impedance (this decomposition is different than
that of the preceding section in that the "internal" piece includes contributions to the losses and stored
energy within the wires in addition to changes in the stored energy outside the wires due to the finite
conductivity), is based on the perfectly conducting case plus corrections for finite conductivity discussed in
this section on reciprocity.
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Consider the two problems of the perfectly conducting braid wires, labeled with a subscript p, and the
finitely conducting braid wires. Maxwell’s equations for the two problems are

VxE, =iwu, (854)
VxH,=J,—iwek, (855)
V x E =iwuH (856)
VxH=.J—iweE (857)

Then we can write

Vo (E,xH-ExH)=H (VxE)~E, (VxH) ~H, (VxE)+E-(VxH,

=iwpH - H,+ E-J,~ B, J +iweE,  E—iwpH, - H — iweE-E,=E-J,~ B, J (858)

or using the divergence theorem

§ (8, <~ ExH,) nas = § [H- (2x E,) - I, (wx B)] S
S S

~ § (B wx1,) ~E, wx D) dS = [ (B-1,-E, ) (859)
1%
s
Let us take the volume to include the braid wires. The surface integral is on the center conductor and the
outer chassis (which are both taken to be perfect conductors for which n x L, =0=nx L and hence
the surface integrals on these two surfaces vanish. The surface integrals also exist on the input and output
ports. Internal to the braid wires

1, =K,6(n) (860)

E =0 (861)
and

/ t(ﬁpxﬂﬂxﬁp)'ﬂds—/s (0 ) ~E, wx D) S = [ B-K,av (502

ports
We expect the dominant contribution to the integral on the left hand side of (862) to arise outside and
slightly away from the detailed braid wires. The dominant fields in this integral for a forward propagating
wave will be transverse to z and will have transverse distributions (this is an E-wave and v is the axial
electric Hertz potential)
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Ep/Vp:iV:VtszE/V

ﬂp/lp :i] = (VP/IP)/(WMO/F)QZ X Ep/vp ~ (ZO/U)QZ X iv NE/I
where the Hertz potential satisfies

(Vi+k -T? ¢~ V=0
Inserting this into the preceding expression gives

/ [E'(ﬂxﬂp)_Ep'(ﬂxﬂ)]dSN(VIP_VPI)(ZO/n)/ Vi (nxe, xVi)dS
Sport

Sport

~ = (VI, = V1) (Zo/n) / Vi VipdS = — (VI — V,I)

Sport
For the circular symmetric case with inner port radius p; and outer port radius p, we have

¢ =Inp/In(py/p1)

1

Ep/VZfVZQP'Vw:m

dezﬂzt%mwv:§%

Zo = =L 1n (py/py)

21
5.4.1 Self Impedance Per Unit Length

For the self impedance of the inner coax we open circuit the outer port by putting

Ish =0
taking the outer port boundaries to be perfect magnetic conductors with

nxH=0=nxH,
Then for the inner coaxial ports (with nonzero current) we have

/ [E-(nxH,)—E, (nxH)|dS =
Sports

f[V(z+€)fV(z)]Ier[Vp(erﬁ)pr(z)]I:/S E K, dV

Setting the currents to be the same I, = I gives

142

(863)

(864)

(865)
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(867)

(868)

(869)

(870)

(871)
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V(z+€)V(Z)—Vp(z+€)%(z)%p/s E K,V (874)

Setting this to the impedance per unit length (the self impedance acts as a passive term and hence the sign
change on the left side)

2L, =V (24 0) V(=) (875)
L, =V, (2 0) — V, (2) (876)
we find
1
Z=Zut g | E- K, dv (877)
or
1
2= 2+ [ B/ (15,1) av (578)
S.

where both fields are normalized by the same current which was injected to generate them (in one case the
braid is perfectly conducting and in the other it is finitely conducting). The perfectly conducting term is
purely inductive

Zyp = 75" = —jwL{" (879)
The additional term is evaluated by an integration on the surface of the braid wires (note here that the
surface electric field £ = E, is generated by the return current on the braid wires from a drive to the center
conductor I = I,)

mnt __ 1
h 2" = l /Sw (El/lp) ) (Kp/lp) av (880)
wit

7y = 7"zt (881)
5.4.2 Transfer Impedance Per Unit Length

Now we take the center conductor to be open circuited I = 0 with a current —I,;, on the chassis return
(the braid is carrying z directed current Ig;,). However in the perfectly conducting problem we take the
current I, to be nonzero on the center conductor with zero current on the chassis return —Isp, = 0. Then
we can write

[ e xm)-E, wxm)ds-
Sports

—V(z4+0) =V ()] Iy + [Vinp (2 +£) = Venp (2)] Lsn = / E-K,dV (882)

We see from this expression that if we take the braid wires to be perfectly c%nducting in both problems
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the right hand side vanishes (with V' — V,, and Is, — Iy, but remember that each problem is driven
by a current on the alternate transmission line) and by dividing by I, and I, we find that the transfer
inductances are reciprocal

— Vo (z+0) = Vi () p + [Vanp (2 +€) = Vinp (2)] Lsnp = 0 (883)
Using this in the preceding expression gives

V(e 0=V )] = Vi o+ O = Vo () Ea/ Loy~ 7 | B KV (84)
Setting Ton = Iy P
1
[v<z+e>—v<z>1=[vp<z+e>—mzn—3/3 B K,V (885)

Now writing this for the transfer as (the transfer impedance results in an active source for the interior)

Zpllsy, =V (z+40) =V (2) (886)
Zppllshy =Vy(2+4) =V, (2) (887)
we find
I =7 —#/ E-K vV (888)
T Hshp[p Sw o
or
1
Zp =Zpp — Z/ (E/Ishp) - (Kp/fp) dV (889)
S'w

where the fields are normalized by the currents injected to generate them (in the perfectly conducting case
the current is injected on the center conductor and in the finitely conducting case it is injected on the shield
with a return on chassis). The perfectly conducting term is a pure reactance

Zry = Z5" = —iwL§" (890)
The additional term is evaluated by an integration on the braid wires (note here that the surface electric
field £ = E;, is generated by the shield current on the braid wires from a drive to the braid wires
Is, = Ispp, whereas the current K » is generated by a drive to the center conductor I,,, the field and current
will be in opposite directions here)

. 1
2§ =7 [ B Tag) - (5,/1,) 4V (s91)
where h
Zp = 2+ 25 (892)

The voltage source in the transmission line equation
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dVi
. - E + ZlIl = Vs (893)
is given by

vs = Zplgp (894)
The next sections consider the detailed solution of the braid using internal field solutions in the wires in
addition to matching across the braid surface boundaries.

5.5 Vector Potential Approach For Lossy Wires

As in the perfectly conducting case we first consider an approximate approach of using only the axial
components of the electric current density in the braid wires. If the wires are lossy the preceding boundary
condition of no normal magnetic field at the surface is replaced by matching of the tangential electric and
magnetic fields on the surface of the wire segments; because we have included only the axial components of
the current (along each of the wire directions) we cannot match all components of the field on the surface,
but say, only the local axial component and its normal derivative (azimuthal magnetic field). The local
electric field is thus matched at the wire surface

iwAs =iwA, = E. , (895)
The tangential magnetic field is also matched on each wire

1 0A, 1 0A, 1 0E, ,

to On  pg On dwp On
A point matching scheme in the azimuth about the wire ¢ = ¢,,,..,, = 7am//M , m’ =0,1,...,2M — 1 can be
used to set up the system of equations for the unknown multipole coefficients A,,,,, and B,,,, on the outside,
and C,,,,, and D,,,, on the inside.

5.5.1 Symmetric Mode And Wire Currents

(896)

As in the perfectly conducting case we do not expect the wire currents to be determined from the
preceding matching even though we have two conditions on the surface (instead of the single for the
perfectly conducting case) since we now have unknowns inside the wire. Instead these net currents must
be found from the total injected current of the braid and a condition of no net voltage difference between
wires over a braid period. From Faraday’s law on a contour including the surfaces of two wires over a braid
period

]{E-d_ﬁziw/ﬁ-ﬂdS (897)
CF SF

we can write

> (BEL —E2) Az, + AV = iwdy, (898)

where the two electric fields are thosen on the surface of the two wires summed over the segments making up
a braid period, and the magnetic flux enclosed is ®15. This can be applied with AV = 0 to all the braid
wires in a carrier strip to give IV,, — 1 conditions on the currents I,,. In the symmetrical case the total strip
current is constrained by the total braid current divided by the number of carrier strips
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N’w
> I, =1I/N, (899)
n=1

5.5.2 Approximate Solution Inside Wires

The solution inside the wire to be used in the preceding boundary equations is found as follows.
Inside each wire we take the axial electric field to solve the Helmholtz equation (time dependence e~ is
suppressed and z here is aligned with a local segment axis)

(Vi+~*)E.=0 (900)
72 = iwpo (901)
y=01+1)/0 (902)
6 =/2/ (wpo) (903)
with solutions
o i% (Cr €05 (1) + Dy sin (m)] (904)

Because the net current on each segment of a particular braid wire will be taken to be the same, the
filament term constants C),¢ are identical in each segment along a particular wire. We also take the wires to
be at the same scalar potential, which can be selected to vanish for this common mode case (if the currents
have odd symmetry for a differential mode we cannot always take the scalar potential to vanish)

p(p=a)=0 (905)
Hence on each of the wire surfaces
M
E, = Z [Crm €08 (M) + Dy, sin (mep)] = iwA, (906)
m=0

where F, is inside the nth wire segment but A, is made up of contributions from all the wires. Note that
the m = 0 equation is enforcing the monopole moment continuity of the electric field across the interface.

Also we have the normal derivative

1 0 1 0
iwu% n iwua_p ? (907)
M5
g I (70) . 1 0A. 1 0A,
=-— = Chim cos (mp,,) + Dy sin (me,,)] = — ~ 908
" ZO T | (me,) (men)] = =~ (908)

Using the orthogonality relations
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27
2
| costmpn)cos ', gy = 2,
0

m

27
/ sin (mip,,) cos (m'p,) digy, = 0
0

27
. . ,
/ S (TTL(,O") s (m <Pn) d@n = 7r6mm’
0
we can solve for the unknown constants
Em 27

Cnm = w— As (TLth Wire) Cos (m(Pn) d(Pn
2w 0

™

1 2m
0

In terms of discrete values

Yn; =mi/M, j=0,1,..,2M 1

2M—1

4M
E cos (mjm/N) cos (m'jm /N) = ———— 0
=0 EmEM—m

2M—
Z sin (mjm /M) sin (m’jm /M) = M , m # 0, M

2M—1
Z sin (mgjm/M) cos (m/jm /M) =0
j=1

we find
c 2M—1
§=0
9 2M—1
Dnm = sz As’ (<p7zj) sin (mgpnj)
=1
and ’
ny(a) _iff_sz_laA
Wk T (70) " g M ; n, (Pri) cos (meng)

(909)

(910)

(911)

(912)

(913)

(914)

(915)

(916)

(917)

(918)

(919)

(920)
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1 Im (7@ ) = i— Mg sin (me,, ;) (921)
iwp Ty, (va) P = oM () i
Substituting from the preceding gives
2M—1
Em aAs N’O J/ (’Y(L)
_¢&m ) (B ) 2 4, . ), m=0,1,...,. M 22
0=% > 5 (o)~ (229) 2B A (o) o mpny) =0 (922)
2M—1 y
Ko\ Jm (va) . _
M { o n] ( m 7) T (1) A, (gonj)] sin (mgonj) ,m=1,.. M (923)

where ¢, = 2 unless m = 0 where it is unity, v = /iwpo = (1 +4) /§ and these are enforced for n = 1,..., N
wire segments (N = N,,Ny). They thus constitute (2M) x N equations.

Again a problem with the preceding approach is that there will in general be transverse components
of the electric current density inside the wires. Hence, so far this setup represents an approximation and
extra basis functions must be included for a more rigorous representation of the internal field. Instead of
proceeding to develop such basis functions we again switch to a mixed potential representation in the next
subsection using Hertz potentials internal to the wires and the scalar and filament vector potentials outside.

5.6 General Internal Field Representation

The internal field must also be represented in the finitely conducting case. The most convenient
characterization may be to use Hertz potentials or the axial components of the two vector potentials within
the braid wires. In this section z is a local coordinate along the axis of a braid wire segment. We assume
that conduction currents dominate over displacement currents within the wires. The magnetic potential is
taken as

I = e, (924)
which is connected to the magnetic vector potential by

A= poll (925)
The electric potential is taken as

O, =v.e. (926)
which is connected to the electric vector potential by

A, = polL, (927)
The fields are given by

1 1
Q:E(VV-A6+72A6)+;V><A:VV-E6+72EE+UVXE (928)
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. .
E:E(VV-AJr'yQA)+%V><Ae:VV~ﬂ+72ﬂ+iwquﬂe (929)

where the scalar axial components satisfy the Helmholtz equation

(V2 +7°) (¢,9) =0 (930)

with propagation constant

7? = iwpo (931)

The solutions of the Helmholtz equation can be used to find the fields in the nth cylindrical waveguide
segment for a given cylindrical mode m as

W = €I (Cp) [Anm €08 (1) + B sin (me)] & "% T (10) [Apm €08 (mp) + B sin (mg)] - (932)

Yo = €% Jpn (Cp) [Crim sin (mp) + Dry cos (mep)] & €% Ty (vp) [Crum sin (M) + Dy s (mep)]— (933)

where
292 a? (934)

72 = iwpo (935)
and in the final expressions we have approximated the solution for the axial propagation constant o small
compared to the internal propagation constant v or @ << . This approximation assumes that the axial
variation of the current density in the wire is slow compared to the skin depth. We will simplify the analysis
at present by assuming this is valid, but it could conceivably be violated near the wire crossover point in the
braid. Because the braid wires carry a net current in the same z direction (or e, ~directions), this common
mode current density should not concentrate near the region of crossover near-contact as oppositely
directed currents would tend to do, and hence we might expect this approach to be approximately valid.
The potential component 1) represents the axial component of the current density, whereas the potential
component 1, represents the transverse components of the current. The magnetic field components for a
given cylindrical mode m are then

02 )
H. - (a— + 72) By 2 72 Ty (1) [Co 5i1 (10) + Dy 05 (mp)] (936)
o o2
He==09,F <p0s052> ve

~ —a’yeiazjfn (vp) [Anm cos (M) + By, sin (me)] + ia%emz Im (7p) [Crm cos (M) — Dy sin (m)]
(937)

149



~ —Umeszm (7p) [Apm sin (m@) — By, cos (me)] + iaye’=J! (7p) [Crum sin (m@) + Dy cos (mp)]
p
(938)
Let us take the z variation to be slow enough that we can approximate it as a linear function for each

nth segment and a particular mth Fourier azimuthal mode (here the arrow indicates an inverse transform
replacement of the Fourier coefficients and kernel by the spatial function)

€' A, — FC (2) = F, 00 (2) (939)
€' By — F° (2) = F°, p, (2) (940)
e Chp — G, (2) = GS, D (2) (941)
€' Dy — G2, (2) = G°,.pn (2) (942)

The linear interpolation functions associated with v are

2= Zn—1

Pn(2) = ————, 2 > 2> 2,1
Zn — Zn—1
Znd+l — %
=t ® > 2>,
Zn41 — Zn
=0, otherwise (943)

and the grid values, where the H field values are well defined and continuous, are taken to be z,. The other
linear interpolation functions associated with ¢, are

~ zZ— gn—l ~
Pn(2) = =——=—, Zn > 2> 21
Zn — Zn—1
Zn+l — R ~ ~
= — , Zptl > 2> Zn
Zn+1 — 2n

=0, otherwise (944)
where, for example, we can take the staggered grid, where the E field values are continuous and well
defined, to be

Zn = (i1 +2) /2 (945)
The potentials are then given by
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¥ & I (7P) [ (2) cos (mep) + F, (2) sin (mep)] (946)

Ve ~ Jm (70) G (2) sin (mg) + G, (2) cos (mgp)] (947)
and the magnetic field is

H. =72 T (9) (G (2) sin (mp) + Gy, (2) cos (mep)] (948)

Hy = =07y, (v0) [Fy, (2) cos (m) + Fy,, (2) sin (mep))]

+%Jm (v0) [GE,, (2) cos (mep) — G, () sin (mp)] (949)
Hy = =0T (19) [Fi (2) sin (m9) = F, (2) cos (mp)]
vl (1) Gy () sin () + G2, (2) cos (mep)) (950)
The electric field is

2

B = (522 72 6% 7% (20) [ (2) 008 () + Ffp ()5 () (951)
L 92
v T TR dp + (p&p@z) ¥

~ —iwpyJy, (70) (G, (2) sin (me) + Gy, (2) cos (mep)] — %Jm (vp) [Frm, (2) sin (mp) — Fyp,, (2) cos (mg)]
(952)

.10y, 0?
E, =iwp— v +<8p62>w

~ iwu%Jm (19) [Gm (2) cos (mep) — G, (2) sin (me)] + v, (v0) [Fy, (2) cos (mep) + Fi7y, (2) sin (mp)]

(953)
For m = 0 the total current on a wire segment from 2waH, (p = a) is

I, = —ovy2ral (va) ESy = oy2maJy (ya) FSy (954)
Because we will take this to not vary on a segment we must have F, be a constant in z. In fact we will
take the wires to be insulated from one another and this will be a constant along each wire.

Because of the high level of wire conductivity we need to set the normal component of the current at
the surface equal to zero
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J,(p=0)=0E,(p=a)~0 (955)

or

A%wuﬂuﬂn(va)K?%n(@CDSOHW)AfG%m(Z)ﬁnOn¢ﬂ::vaJ&(va)Uﬁ;(Z)aﬂ(ﬂwﬂ*%Fﬁ%(2)$n0?§g%)
and thus

—iwpmdm (va) Gy, (2) = vady, (va) Fi, (2) (957)

iwpmdy, (va) Gy, (2) = vady, (va) Fyy, (2) (958)

The preceding two equations connect the axial derivatives of the axial coeflicients with the value of the
transverse coefficients. This makes sense because to have axial variations we would expect transverse
currents to exist.

If it were desirable to include the perturbing effects of the slow meander of the braid wires on the
interior fields we may be able to use some previous treatments of bent waveguides [16]. At present (in the
next sections) we assume local cylindrical coordinate systems are aligned with each of the n segments.

5.7 Combination Of External Scalar And Filament Vector Potentials With
Internal Hertz Potentials

As discussed in the perfectly conducting case, it may be more straightforward externally to the braid
wires to use the field representation involving a filament vector potential from each wire carrying the net
current plus a scalar magnetic potential to match the boundary conditions

B = poH = —p1gVe,, +V x Ay (959)
The boundary continuity relations for the magnetic field at p = a are then

H. % T (30) (G (2) 0 (19) + G (2) cO5 ()]

_ a¢m 1
= [_W + m (V x Ay) -gz} ) (960)

Hy = =07y, (va) [F, (2) cos (me) + F,, (2) sin (me)] + %Jm (va) [Gn, cos (me) — G, (2) sin (mg)]

19¢,, 1
- [_;W o (VxAp) -24 (961)

m

By~ —po % Tm (va) [Fry, (2) sin (me) — F,, (2) cos (mep)|+p.Jy, (va) (G, (2) sin (me) + G, (2) cos (mo)]
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_ {_ﬂ O

0 ap .
where the subscript m on the brackets means that only the sin (me) and cos (m) variations of the quantity
is retained. Solving for the coefficients from continuity of H, gives

+ (V X Af) 'Qp] (962)

e 1 am 8¢)m 1 .

Gnm (Z) = 7r’y2J—m('ya)/0 |:—W + /L_O (V X Af) . Qz] s (mcp) d(p (963)
0 Em mrogg,, 1

Gy, (2) = S (7] /0 { 2% T ™ (VxAy) 'Qz] cos (me) dy (964)

and continuity of H, gives

" (va Ema/m 2
G (z) = oy (a/m) T (1 )Fe (z) + 7/)/0 [—1% + * (V X Af) e } cos (mep) dyp  (965)

I (ya) "™ 21 (va a dp I
J!. (ya) a/m 109 1 .
G  (z) = —ovy(a/m) =2 Fﬁmz—i/ ———=+ — (VxA,) - e,|sin(me)de (966
(2) = o (a/m) 210 E, () - s [ S5 (9 4y) e sin(m) dp (966
Using the preceding E, (p = a) = 0 expressions
—iwpumdm (48) Gy (2) = yaTl, (va) Foh, (2) (967)
iwpmdm (va) G7,, (2) = yady, (ya) Fy, (2) (968)
or to use these in (965) and (966)
1 ~alJ!, (ya)
Qe o m e 969
(2) =~ Lo e g (o (969)
1 ~aJ], (ya)
GO/ - m FO// 970
o (2) = o Lo I Rt (o (970)
we can write the magnetic field continuity conditions as
na 2 7/ el : o/
H, =~ —F 3 F 3
N T T (10) [Pt (2)sin () + P (2) cos (m)]
d¢ 1
= |-Zm A,) - 1
|: 0z * Ho (v 8 _f) QZ:| m (97 )

ell FO// (Z)
~— ! e —nm_ 0 Znm 37
Hy = =y (10) [{ Fi ()% 22 L oos )+ { P () + 228 b sin )
1 92

~ 0171y (10) (1 5575 ) [P ) cos m) + 2, (2)sin (m)
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- [_——m +— (VxA4y) -gw}m (972)

Bp%—uU%Jm (va) [F5,, (2) sin (me) — F,, (2) cos (me)]|+py Ty, (va) (G, (2) sin (mep) + GT, (2) cos (mep)]

[From (2) sin (me) — F7,, (2) cos (mp)]

/ 2 2
N_W%Jm (va) H{M} 715_

mdpy, (va) 2022
9%,
_ { o (VA e ] (973)
The expressions resulting from continuity of H, can be written in terms of F¢, (z) and F?,, (z) alone
1 2m 8¢
Fe ::——JE@———/Q —(VxA i d 974
nm (Z) O—ijr/n (’ya) T Jo 82’ + Lo (V X f) S (m@) ® ( )
27 a(b
FO/ — m/a E_m/ _ A -
o (2) —U'YJr/n o) 2/, P + e (V X f) cos (my) dp (975)

and the expressions resulting from continuity of H, can be written in terms of Fy, (z) and F?, (z) alone

1 0%] . 1 em [T 109,
|:1+ 28 Q]F ()——Wg/ |: p 84,0 +/L_O(VXAf) }cos(mgo)dgo (976)
1+ L0 po ()——;l/2w 100w L (Gsa) e, sin(mp)d (977)
R A CTO R A I R T e K R

The preceding B, continuity condition can be grouped as
1 82 e : (o]
7.“’(7 Jm (")/CL) 1+ — 2 8212 [an ( ) Sin (mgp) - an (Z) COS (’ITLQD)]
m ~vaJ,, (va) 2 1 02
—po—Jm (7a) {m} -1 292 [Frim (2)sin (mg) — F,, (2) cos (myp)]

- [nlgm e (Vx4 e (975)

or
m 1 02 o
ua;Jm (va) (1 + 2022 2) Foo (%)

m vy, (ya)\* | 1 9%,
e 1, (0 [{ 1m0 1] S )
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em [T 9,
» [—Moa—p +(V xA4;) -gp} cos (my) dp (979)
and

m 1 02 .
po—Jm (ya) (1 + ?@) Fom (2)

0™ T (ya) [{M}21] L pe ()

mdpm, (va) 42 922" "
1 T 8¢77l ]
:_;[W {_MOB_p_F(VXAf) ~gp] sin (me) dp (980)

These final expressions provide the connection between the Fourier coefficients associated with the
tangential derivatives of the external potential and the Fourier coefficients associated with the radial
derivative of the external potential.

5.7.1 Symmetric Mode Currents

As in the vector potential treatment above we do not expect the net wire currents to be determined
from the preceding matching. Instead these net currents must be found from the total injected current
of the braid and a condition of no net voltage difference between wires over a braid period. Again from
Faraday’s law on a contour including the surfaces of two wires over a braid period

fﬂ-ﬂ:iw B -ndS (981)
CF SF
or
> (EL - E2) Az, + AV = iwdy, (982)

where the two electric fields are thosg on the surface of the two wires summed over the segments making up
a braid period, and the magnetic flux enclosed is ®15. This can be applied with AV = 0 to all the braid
wires in a carrier strip to give IV,, — 1 conditions on the currents I,,. In the symmetrical case the total strip
current is constrained by the total braid current divided by the number of carrier strips

Ny
> I, =1I/N, (983)
n=1

In this case where we have an accurate treatment of the internal electric field inside the wires, we can
alternatively apply the condition inside the wires over an axial period. Hence we can apply continuity of
the internal voltage over a period

/Ej.d_g:/ E'-dl,j=2,.., Ny (984)
ij ¢

pl
where the contour C),; extends over an axial period inside of the jth wire.
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5.7.2 Limiting Cases Of Conductivity
If the braid wires are electrically thin, with ya << 1, then

JI
vaJy, (va) ~1 (985)
mdy, (va)
and the bracketed factor of the second terms of the preceding expressions tend to zero. We can then write

1 ([ 19¢,, 1 .
sl [T (a0 < mimad
em 7 O,
~ 5 ) [—Moa—p + (V x 4y) -gp} cos (my) dy (986)

and

—Sm oy~ (VX Ay) -94 cos (mip) dip

1 [ 0 .
~ o [W {—,uoa—;)" + (V x 4y) ~gp] sin (mey) dy (987)
This implies that on the external surface of the wire

—puH, (odd in @) = poH, (even in ¢) (988)

wH, (even in @) = pgH, (odd in ¢) (989)
Noting that the static fields about a wire driven by a plane field with permeability p having odd parity for
H, are

2
H, = ———MHysi 990
ST Tl (90
H,=——Hjcosy , internal
P 1+ /g
I 2
= ————Hycosyp , external 991
fo 1+ 1/ 1o (#81)
and that the fields for even parity for H, are
_* g (992)
= 0 COS
T 14/
= ———Hysinyp , internal
P 1+ p/pg
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I 2

o L+ /g
we see that (988) and (989) are satisfied. For p = p, these become

Hpsinp , external (993)

1 [ [ 10¢ 1

l _2%Pm o, AL - i,

- /0 [ 2 00 + o (V X _f) g@] sin (my) dp
E_m/% “%m (g a,) e, cos (mg)d (994)
-2 Jo op o 1) e

and

m 21 1 1
Em {__%+_(vx4f).e }cos(mcp)dgo
0

2 a 0p o =
1/% “%m Ly a) e sin(mg)d (995)
o Ip g G PRI

or at p = a but for the m # 0 part of the field (the filament generated field from the net current in the self
wire is not included)

—H, (odd in ¢) = H, (even in ¢) (996)
H, (even in ¢) = H, (odd in ¢) (997)
Noting that
e, =¢€,cosp+e, sinp (998)
e, = —¢g,sinp+e, cosp (999)

and with

H= Hzggy + Hygy

= (Hycosp + Hysing)e, + (—Hysing + Hy cos ) e, (1000)
we can see that this limit corresponds to a uniform field inside the wire, which makes sense for slowly
varying external drives because for p = p it is nonmagnetic and will not distort the locally plane field in
this limit.

If the wire is electrically thick, with ya >> 1, or a/d — oo with v = (1 +4) /¢ and skin depth
§ =2/ (wuo) (1001)

we have
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gl (ya)  —sin(ya —mn/2 — 1 /4)
Im, (ya) cos (ya —mn /2 — 7w /4)
and again from the B, continuity equation

~ (1002)
7 (00) 2 (14 275 ) [P (2) i 1) — P (2) cos ()

a 2
0T (1)1 (L) 2 [y (2) s () — F5 (2) cos (i)

Oprm,
= {Moa—p +(VxA4y) 'Qp]m (1003)
with
1+i82 Fe ()__;E_m/% 190 —|——(V><A) e, | cos (my)d (1004)
¥2 022 " ol (va) 27 a dp ' pg =i e 7y
1+i8_2 Fo (2) —_;l/% —lai—&—— (VxAf)-e,|sin(me)d (1005)
57 T oty [Tadp gl A s SRme)

The left side of (1003) using (1004) and (1005) appears to be O ( a) of the right side of (1003) and thus

this becomes, for m # 0

¢y, B .
[ o —l—N—O(Vfo) L_[Hn}m 0 (1006)

5.7.3 Axisymmetric Term

For m = 0 the current on the nth wire is connected to the coefficient F5, by means of

I, = —ovy2ral (va) ESy = oy2maJy (ya) FSy (1007)
The m = 0 magnetic fields at the surface are

=~ 7% o (7p) Gip (2)

99y, ]
B 1o 1008
[ 0z * Ho ( . f) 0 ( |
In / e
H, = Ima —oJy (va) Fry (2)
1 0
[ 1%y L(vxa) e (1009
0
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B, = vy Jy (va) Gog (2)

0
= [—Mo%;n + (V X Af) 'Qp}

(1010)

Ordinarily we would expect that [H,], = 0 due to the absence of magnetic charge. However this net flux

can arise as a result of net flux entering or leaving neighboring segments.

5.7.4 Redundancy Of Continuity Of The Axial Magnetic Field

If we match the axial magnetic field rather than the radial component (retaining the second derivative

in z)

H. ~ T, () (63— n 72) (G (2) sin (1mep) + G5 (2) cos (m)]

a¢77l 1
- | e

using the preceding continuity of H, expressions

1 92 1 Em [ 10¢ 1
1+ ——|F° = —_— T A -
[ +,y2 622} o (2) oI (va) 27r/O [ o O Jr,uo (VX_f) gw] cos (my) dp
i <);1/2W %y L (T x 4p) e, | sin(mp) d
72 922 nm \#) = U’YJT/n (7(1)7r | a 090 o Af) - €, | sSIn(my) dp

Using the expressions from E, (p =a) =0
—iwpmJm (va) Gy, (2) = 0Ty, (ya) Fi, (2)

wpmdy, (va) Gy, (2) = vady, (va) Fry, (2)
we can write the H, expression as

NL ! 6_2 2\ 1 pet : of
= 251 ) (5 +97) i ()i () + i (2) o )

0¢ 1
[ 0z +H0 (Vx_f) Qz}m
Then we obtain

3 2
v’a 10 Y
Iy (va) (@@ + 1) Eo (2)

(1011)

(1012)

(1013)

(1014)

(1015)

(1016)
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3 2
a4 10 el
J ———+1)|F
iwpm™ ™" (va) <'y2 0722 + ) wm (2)

1L [™[ 8¢, 1 ,
—f—/o [WJFM_O(VXAf).gZ]mSID(m(’O)dW

or using (1013) and (1017)

These enforce

% [H, (even)] = % [H (odd)],,

or in terms of the potential (if it were entirely represented in terms of ¢,,)

o110 m

P [aa—¢¢m (Odd)]m = |:8_¢m (eVen)LT
o110 m | 0

% {a%% Wen)} =% [ad’m <°dd)} -

or removing the extra z derivative
0
G (0dd)| = =[5, (even),,

[ (even)| = mla,, (oa),

m

(1017)

(1018)

(1019)

(1020)

(1021)

(1022)

(1023)

(1024)

(1025)

(1026)

These are simply the behaviors of sin (mep) and cos (mp), and thus we have not gained anything new from

this enforcement of continuity of the second tangential field component.
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6 CONCLUSIONS

This report discusses the formulation of the electromagnetic cable braid penetration and propagation
problem. Basic energy and reciprocity formulas are used to define the immittances. Integral forms for the
transfer immittances are also derived by use of a simplified form of reciprocity and applied to nonuniform
geometries such as an exterior ground plane and an interior eccentric coax.

The detailed solution of the boundary value problems involved in the wire braid shield are set up using
a basis of line multipoles along the braid wires. This approach leads to an efficient formulation of the
periodic cell of the braid. In the electric problem images are used to treat adjacent dielectric boundaries.
In the magnetic field problem we investigate an approximate approach using only the vector potential
components in the direction along the braid wires, and a more accurate approach using a combination
of Hertz potentials inside the wires and a combination of a magnetic scalar potential and filament vector
potential (to carry the net wire current) on the outside of the wires. In this way the porpoising and hole
penetration characteristics of the braid penetration arise in a self consistent way. We further simplify the
braid geometry by mapping it to a planar surface so that the penetration, as well as the self immittance
characteristics are reduced to certain intrinsic constants linked to the basic geometry of the braid wires.
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Appendix A. Orthogonality Relations

Implementation of the orthogonality relations

2m 2
/ cos (m) cos (m'¢) dp = E—ﬂ-&nm (A-1)
0 m
2T

/ sin (me) cos (m'¢) dp = 0 (A-2)

0

2
sin (me) sin (m/ ) dp = T8 mm (A-3)

for the preceding multipole moments may be more conveniently done in terms of a summation of discrete
values

p;=mj/M , j=0,1,..,2M — 1 (A-4)
Using the results of the geometric series

2M—1 )
S = Z rJ (A-5)
7=0
2M )
rS = ZT] (A-6)
j=1
(1-r)S=1-7M (A-7)
1—p2M
S = A-8
T (A-8)
We find for m,m' =0,1,.... M
oM —1 1 2M-1 _ o o o
Z cos (mjm /M) cos (m/jm /M) = 1 Z ( imjm /M +e*”’”“/M> (e”” gm/M y e=im ”/M)
Jj=0 7=0
13 , N 4 N , o
Z Z |: i(m—m' TI']/M +ez(m+m )‘n’j/M +e—z(m—m )T(j/M +e—z(m+m )TI']/M:|
7=0
1] 1= ez’(m—m')Qﬂ' 1_ ei(m+m’)27r 1_ e—i(m—m')Qﬂ' 1_ e—i(m+m’)27r
= Z 1 — ei(m—m/)7w/M + 1 — ei(m+m/)m/M + 1 — e—#(m—m/)n/M + 1 — e—t(m+m/)m/M
4AM
= Omm/ (A-9)
EmEM—m
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where &, is the Neumann number (equal to unity for m = 0 and equal to 2 otherwise) and for
m,m' =1,2,.. M —1

2M—1
Z sin (mgjm /M) sin (m’jm /M) =
j=1

2M—1 1 2M—1 .
Z sin (mjﬂ'/M) sin (mljﬂ'/M) — _Z Z (ezmwj/M _ e—l"l‘n’]/M) (ezm /M _ e—im TI']/M)
j=0 j=0

1 2M—1
-7 Z { i(m—m’ ﬂ]/M_’_ei(erm’)ﬂ—j/M_efi(mfm’)ﬂ—j/M+e*i(m+m’)ﬂ—j/M:|
7=0

1 l 1— ei(mfm'>27r 1— ei(m+m/)2ﬂ' 1— efi(mfm/)%r 1— efi(erm/)Qﬂ' ‘|

Z o 1 — et(m—m/)n/M + 1 — et(m+m/)n/M o 1 — e~ i(m—m/)m/M + 1 — e~ i(m+m/)n/M
= My m 0, M (A-10)
as well as
2M—1
Z sin (mgn /M) cos (m/jm /M) =
j=1
oM —1 | 2M _ o o o
Z bln(m]ﬂ'/M) cos (m jﬂ'/M 4_ Z ( immj /M _eflmﬂ"j/M> (ezm mj /M 4 emim 7rJ/M>
i=0 =0
1 M N , . . . . N
— E Jgo |:ez(m7m )Tl'j/M + ez(erm )WJ/M _ efz(mfm )WJ/M _ efz(erm )w]/M:|

1 1— ei(m—m')27r 1— ei(m+m/)27r 1— e—i(m—m')27r 1— e—i(m+m/)27r
1 — ei(m—m/)w/M + 1 — ei(m+m/)m/M - 1 — e—#(m—m/)n/M - 1 — e—i(m+m/)m/M

=0 (A-11)

Note that in the exponential representation with m,m’ =0, 1,...,2M — 1 the orthogonality relation is

2M—1 ;
L2 iy _ 1
- 1 — ei(m—m/)m/M
j=0
We see from this that the part of the exponential isin (mjm /M) vanishes for j = 0, M or ¢; = jn/M = 0,7
and hence we do not really sample this part of the function at these points analogous to the preceding sine
series.

—m/)27r
= 2M S (A-12)
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