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Abstract

In this report we derive frequency-domain methods for inverse characterization
of the constitutive parameters of viscoelastic materials. The inverse problem is cast
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in a PDE-constrained optimization framework with efficient computation of gradients
and Hessian vector products through matrix free operations. The abstract optimiza-
tion operators for first and second derivatives are derived from first principles. Various
methods from the Rapid Optimization Library (ROL) are tested on the viscoelastic
inversion problem. The methods described herein are applied to compute the vis-
coelastic bulk and shear moduli of a foam block model, which was recently used in
experimental testing for viscoelastic property characterization.
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1 Introduction

Predicting material properties from experimental measurements is a pervasive need in en-
gineering systems, and spans multiple physics such as elasticity and viscoelasticity [1, 2,
3,4, 5, 6, 7] as well as thermal analysis, and electromagnetics [8]. In all cases the inverse
methodologies can be used to reconstruct the missing material parameters from direct ex-
perimental measurements. In contrast to previous approaches that have been based on time
domain formulations, in this report we derive a frequency-domain formulation for the ma-
terial inversion.

Modeling damping in structural systems is a long-standing research problem in struc-
tural dynamics. For Sandia-specific applications, the damping occurs in mechanical joints
and interfaces due to friction effects, as well as in viscoelastic foams that are used to en-
capsulate certain structural components. These foams are viscoelastic materials, and thus
provide both stiffness and damping in the overall structural response. However, their consi-
tutive parameters often show significant variation from sample to sample, which introduces
uncertainty into the finite element model. In this report we present a method for computing
the parameters of these viscoelastic foams in situ, using measured accelerometer data from
experiments. This has the advantage of computing the parameters of a given foam mate-
rial as it is embedded in the structural system, rather than relying on test samples and the
corresponding sample-to-sample variability.

We will adopt a PDE-constrained optimization approach to the problem. We break the
optimization formulation into a set of abstract operators involving first and second Gdateaux
derivatives of the Lagrangian with respect to the state (i.e. displacements) and unknown
viscoelastic material parameters. Though fragments of these viscoelasticity operators have
been derived in previous works [1, 2, 3, 4, 5, 6, 7], in this report we present a derivation of
the complete set of operators from first principles.

Once the optimization operators are defined, we derive the objective function, gradi-
ent and Hessian operations that are used to interface with the optimization solver. These
methods have been implemented in the Sierra-SD framework [9, 10], leveraging much of
the same infrastructure that was recently developed for force identification [11], as well
as recent Helmholtz solver development to solve the frequency-domain equations resulting
from the forward and adjoint problems. The objective function, gradient, and Hessian op-
erations provide a natural interface to the Rapid Optimization Library (ROL), which is part
of Trilinos [12]. Several methods from ROL have been tested for solving the viscoelastic
inverse problem, and we present those results later in this report.

This report is organized as follows. First, we provide formulations for the forward
problems of interest. Then, the inverse problem is cast in a PDE-constrained optimization
framework. We derive the abstract optimization operators for viscoelasticity and provide
precise details for the efficient computation of gradients and Hessians using an adjoint-
based approach. We then then present results of a comparison of numerical results for the
viscoelastic bulk and shear moduli of a foam block model, which was recently used in
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experimental testing for foam property characterization.



2 Linear Viscoelasticity Formulation for Steady-State
Dynamics

The equations of motion of a solid body in three dimensions are given by

—’pu—V:06=f(x,0) Q
ux,0)=0 xelp ey
c(x,w)-n=tx,0) xcly

where u = (u1,u;,u3) is the complex vector of displacements, Q is the domain of interest, &
is the stress tensor, #(x, ®) is a surface traction, and f(x,¢) is the body force. The boundary
of Q is divided into Dirchlet I'p and Neumann I'y subregions.

The Dirichlet conditions lead to the space of admissible functions

V=[veH(Q),v(x) =0,xIp] 2)

The equation of motion, along with boundary conditions, is cast into the weak form in
the standard way. Find u € V

/[—wzpu-l‘H—O‘:VﬂdQ:/f(x,a))-de+/ g(x,0)-vdly WweV (3)
Q Q I'n

where an integration by parts has been carried out on the middle term, and the bar super-
script denotes the complex conjugation.

We note that the term involving the gradient of the test function can be replaced by its

symmetric counterpart, and thus equation 3 can be understood with ¢ : Vv replaced by o :
Vb =0:€(7), where Vi =1 [(V9) + (V9)T], and €(u) = Viu = Bu= % [(Vu) + (Vu)T].

We now discuss some relations that will be useful for later derivations.
1 1
&ij= Z€wbij+ | &ij — S €ubij

3 3 (4)

1 v d
- §£ZJ+81]

Where €} = €«0;j is the volumetric strain tensor and eidj =€ — %skk&- j is the devia-
toric strain tensor. That is, we can decompose the strain into volumetric and deviatoric
components. Similarly, given the shear (G) and bulk (b) moduli, we can write the stress as

0,; = be};+2Ge}; Q)

In defining the constitutive model, it is often more convenient to work in terms of Voigt
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notation where the stress and strain are defined in terms of vectors

Q
I

(6)

and

(7

With the Voigt notation, the constitutive equation for an elastic material can be written
in terms of the shear and bulk moduli

6 = De = (bD}, + GDg)€ (8)

where 0 and € are understood in the Voigt (vector) format, and

111000
111000
111000
Di=10000 0 0 ©)
0000O0O
(00000 O]
and -4 2 _2 .
g—g—gooo
-2 3 -3000
_2_24_‘0()()
D, — 3 33 1
G 0 0 0 100 (10)
0 0 0 010
0 0 0 00 1|

We note the difference between the bulk modulus notation » used here, and the strain-
displacement relationship &€(#) = Bu. In the latter case we use bold-face notation for B,
and for the bulk modulus we use lower case b.

In terms of Voigt notation, a similar decomposition of stress into its volumetric and
deviatoric components can be written as follows.

6 = De = (bD;, +GDg)€

(1D
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These expressions coincide with the ones given earlier in terms of tensor notation in equa-
tion 5. That is, the first term of equation 8 extracts the volumetric stress, whereas the second
extracts the deviatoric stress. For the remainder of this report, we will use Voigt notation
for convenience.

2.0.1 Linear Viscoelastic Materials

In the case of a linear viscoelastic material, this constitutive relation can be generalized as
follows
o(w)=D(w)e = (b(0)Dy+G(w)D¢)€e(w) (12)

where the bulk and shear moduli b(®) and G(®) are complex-valued scalar functions of
. Typically, these functions are broken into their real and imaginary parts

b(w) = br(w) + ibj(w)
G(0) = Gr() +iG(0) (13)

where bg(®) and Gr(w) are referred to as the storage moduli, and b;(®) and G;(®) are
referred to as the loss moduli. Thus far, the moduli given here are independent of x. Later
in this report we address the case where the moduli are spatially variable. The storage
and loss moduli can be general functions of @. A particular case would be a Prony series
representation, but here we leave the expressions in the general form.
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3 Inverse Problem Formulation

We will work with discretized PDEs and Euclidian spaces in these derivations. Our opti-
mization problem will be abstractly defined as

minimize J(u,p)
up
subjectto g(u,p) =0

where u € R" is the state vector, p € R is the parameter vector, J : R" x R™ — R is the
cost function and g : R” x R — R”" represents the discretized constraint equations.

To derive the optimality conditions, we define a Lagrangian functional as

ZL(u,p,w):=J+wlg (14)
The first-order optimality conditions are given as
% Ju+glw
Ly o =1Jp+glwr ={0} (15)
Ly g

where J, is the derivative of the objective function with respect to the state variables, J), is
the derivative with respect to the design parameters, etc. A Newton iteration involves the
following system

aguu gup 8 5 Su Ju

Lo ZLop 85| 0pp=—2Jp (16)

&, & 0] |w g

where w* = w+ Sw represents the updated quantity in a Newton iteration. The latter stems
from the linearity of the system with respect to w.

3.1 Complex-Valued Functions

In the case of complex valued functions, we take special care in defining some of the op-
erations defined above. The state variables are split into real and imaginary parts of u.
The same interpretation holds for p. That is, in the complex-valued case, u = [ug uy,
P = [Pr P;]- The minimization is carried out with respect to real and imaginary parts inde-
pendently. The general operations defined in the previous section for real-valued functions
then carry forward naturally. We now highlight some points to be considered in the case of
complex-valued functions. The real and imaginary components of the constraint equations
are enforced separately. That is, the Lagrangian is given as

L(u,p,w):=J +Wrgr+ W[ & (17)
= J+R(w'g) (short-hand representation) (18)
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where R(a) denotes the real part of @, and w!! is the hermitian transpose. Also, the
subindexes R and [ denote the real and imaginary parts of a quantity. Now, since we
are treating real and imaginary parts as independent variables in the optimization problem,
derivatives of real-valued functions with respect to complex-valued functions are inter-
preted as ., = [ L, L )s Ju = [Jug Ju, ), ete. The derivatives of complex-valued functions
will be interpreted as,

T T T T
8y = gl;”’* g’%’ﬁ 8y = gl?”’* g’%”* , etc.
gRu, g[uI ng glm

3.2 Reduced-space Newton

This approach is equivalent to solving an unconstrained optimizatiop problem in the space
of parameters only. To this end, we will use the objective function J(p) = J(u(p), p). The
steps involved in the reduced-space Newton approach are
1. Computing the state vector # from the forward problem
g=0, (19)
which corresponds to the elimination of the third equation in (15).
2. Computing the adjoint vector w by solving
guw=—Ju, (20)
which corresponds to eliminating the first equation in (15).

3. Evaluating the (reduced) gradient of the objective function with respect to the design

vector as
J=Jp+gtw @21)
4. Evaluating the objective function
J(p) (22)
5. Solving the Newton step problem
WAp =7, (23)

where the reduced Hessian W can be obtained as the Schur complement of .Z),, from
(16) and is given as

W:g;T;g;T<$uug;lgp_$u )_glmg;lgp‘i‘gpp (24)

The evaluation of the action of the reduced-hessian on a vector s, e.g. Ws, is obtained
as follows
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1. Compute (forward problem)

hi=g,'g,s (25)
2. Compute
h2 = guuhl — ful,s (26)
3. Compute (adjoint problem)
hy=g,"h (27)
4. Finally, compute
Ws = g;h3 — ZLpuhi + ZLpps (28)

3.3 Derivation of Abstract Optimization Operators

Given a finite dimensional subspace V;, C V, we represent the approximate solution in the

standard way
n

up(x,0) =Y ui(0)9;(x) (29)

i=1
where V), = span(¢;), and u;(®) represent the unknown frequency-dependent coefficients.
We also denote ®(x) = [¢;(x)] as the matrix having ¢; as the i column. Inserting this into
the weak form 3, and rearranging, we obtain

Ku— o’Mu=f (30)

where
K-— / B'DBdAO
Q

- /Q B (bDy, + GDG)BdQ
~ [ BT(R(5)D, + R(G)Dg)BaC G1)

+i /Q B”(3(b)Dy, +3(G)Dg)BAQ
= Kr +iKj,

and
M= / p®®” 4Q 32)
Q

Next, we wish to compute the action of the derivatives g on the adjoint solution w, as
required in equation 21.

ng:| — |:JPR:| +

2 pr J, pr

14
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St g’”R] {WR} (33)

T
8r,, 81, | LWI



We can write the real and imaginary parts of the g operator in terms of the stiffness and
mass matrices as follows. First, we note that the stiffness matrix K = Kg 4 iK; and solution
vector u = ug + iuy can be split into real and imaginary parts. Then, we have the following
decomposition

T
gk = (Krur — Kju; — COZM”R —fr)

=uhKp—u] K;— o*ulM — f{ (34)
T
g; = (KRu1+K1uR—a) Mul—fl)
=u] Kp+upK;— o*ul M — f]

Here we restrict ourselves to symmetric stiffness and mass matrices.

In deriving the derivatives with respect to parameters, we consider a single frequency
®, since the solutions at each frequency are independent of one another. For the parameters
Gr = R(G), G; = 3(G), bg = R(b), by = 3(b), the derivatives are straightforward. We
consider two subcases, first where the parameters are constant over the domain €, and
second where they vary element-by-element. In the case where they are constant, and
taking the bulk modulus as an example, we have

8Rix = /Q utB'D,BIQ =Y /Q uhB” D,BdQ, (35)
e e

where we break the above integral into element-wise contributions, and Q =), Q., where
Q. corresponds to the volume of an individual finite element. In the second case, we
consider the scenario where the parameters are piecewise constant over the elements. Here
the derivatives with respect to one of the element parameters reduce to the integral over
the modulus parameter for that given element, since the other element contributions have
no contribution from the given parameter. Thus, again considering the bulk modulus as an
example we have

kg = /Q upB' D,BdQ, (36)

where in this case the entire integral collapses to an integral over the element that con-
tains the parameter of interest. From now on, to simplify notation, we will consider the
derivatives over a single element, since that is the building block for all cases.

Taking derivatives over each element separately, we have

gRbRwR_/ uRB DbBWRdQe
= / (ug)T &, (Wg)dQe (37)

:/ ev(uR) €,(Wgr)dQ,
Q.
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Similarly, for the real part of the shear modulus we have
8 GWR =2 / uk BT DGBwrdQ,
) Qg

=2 , e(ug) €4(wg)dQ, (38)

= 2/Q Ed(uR)TSd(WR)dQe
The remaining expressions are as follows

ghiwn=— [ &) e (we)dQ.

e

g};,GIWR = —2/9 Sd(uI)TGd(WR)dQe

ghywi = [ evlun)Te,(wp)ag.
- (39)
ghowi= [ &un)e,(w)ag.

gIT,GRWI = 2/Q ey(ur)" €4(wy)dQ,

gIT,G,WI = 2/9 £4(ug)" £4(wr)dQ,

Finally, if we consider the case of only a single element and a single unknown material,
we would have four unknown parameters, br, Gr, by, G;. In that case we can combine the
above expressions

er SV(MR)TEV(WR) + GV(MI)TEV(WI)d.Qe
g}TipR gIT,,R Wr| 2er Ed(uR)TEd(WR> + Ed(ll])TSd(W])dQ.e
r wy N er £v(uR)T£V(w1) — 8V(u1)T8v(WR)d.Qe

(40)
Bkyy &l T T
Zer Sd(uR) Gd(W[) — Ed(u1> €d(WR)d.Q.e

In summary, equation 40 defines the gradient contribution to the parameters over a single
element. If the parameters are constant over the domain, then there would be an additional
element-level summation over the domain € to complete the calculation of the gradient.

We see from equation 24 that the remaining operators that need to be evaluated for
viscoelastic materials are .2, .%,,, and .Z,,,. It is easy to see that .%},, = 0, since the
right hand side of equation 40 does not depend on the parameters. Also, we note that the
mixed derivatives of the objective function J,,, = Jp, = 0 are zero, since the state and design
variables are involved in separate terms in the objective function. We need to evaluate the
action of .Z},, on a vector hp, as given in equation 25. This proceeds as follows

Z u Z u th:|
K% h1 = DPRUR PRUJ 41
Pl |:$P1MR $P1M1:| {hll “h
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Since Jp, = 0, each component of the proceeding matrix can be computed as

— ol T
"%pRuR - gR,pRuRwR +g17pRuRwI

_ ol T
"?PRW - gR,pRM]wR + gl,pRM]wI

(42)
T T
Lpug = 8R,prugWR T 81,pjugWI
T T
"gpl’” = 8R.pju;WR + 81.ppyWI
Recalling equation 34, we see that several of the terms are zero
T T T T
8R.pru; — 8R.pjug = 81.prug = 81.pju; = 0 (43)
which implies that
T
nguR = gR,pRuRwR
T
ZPRMI = gl,pRu]wI (44)

_ T
gpluR - gl,pluRWI
T
"%PIMI = 8R,pju;WR

Next we evaluate the remaining derivatives in a similar way as was done for the gradi-
ent. We note that terms like g£ prugWR Will actually be acting on a perterbation vector h,

as per equation 28, and thus we have for the real part of the g’ operator

(8 brugWR)PIR = MR8k b WR = /Q &v(hir)" €,(Wr)dQ,

(4

(8k.GrugWR) 1R = 2/9 £,(hir)" €4(wg)dQ,

(45)
(&Fuwhin = [ &u(hin)" e, (wr)d0
(ng,G,uRWI)th = Z/Q £4(hir)" €4(wr)dQ,
and the following expressions for the imaginary part of h;
(¢ho Wi == [ &.(h1) €. (we)d2,
(gg,G,u,wR)hll = —2/ e4(hy) T €4(wg)dQ,
r (46)

(&7 Wi)h1s = /Q £, (b)) &, (w)dQ,

(4

(ng,GRu,WI)hH = 2/9 £,(hi)" €4(wr)dQ,

Finally, we have

fgeev(th)Tev(WR)d-Qe+£v(hll)T£v(WI)dQe
Lorug fpm} [hm} | Jo,2€4(hir)" €4(Wr) +2€4(h11)T €4(w1)dQ,
gPl”R gplul hiu| ngev(th)TGV(WI)_GV(hll)Te\/(WR)dQe
Jo,2€q(hir)" €4(wr) — 284 (h11)" €4(WR)dQ,
“47)

gpuhl = |:
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Next, we study the action of g, on a perturbation vector s, as required from equation 25.
We see that we will need the derivatives of both g and g; with respect to both real and
imaginary parts of the parameters. First, we write the PDE operators as

8r = KRuR—KIuI—a)zMuR—fR

2 (48)
8 = Kru;+Kjugp — 0"Mu; — f;
Thus, we have
8rpr 8rp | [SR| _ |Kr(sr)ur — Ki(s)u;
= (49)
81px 81p | LS Kr(sp)ur+K(sr)ug

Where the notation Kg(sg) indicates the real part of the stiffness matrix evaluated using
the real part of the perturbation vector sg as the parameter in the stiffness matrix evalua-
tion. Similar interpretations hold for the other operators. Thus, action of g, acting on a
perturbation vector s = (sg,s;) is precisely given by equations 49, but where the stiffness
matrices Kz and K are reassembled using the parameter vector s = (sg, 87).

Following a similar reasoning as for .Z,,, for .Z;,, we have

< < s
Los = URPR usz] [ R] (50)
b |:$HIPR g’/’ll’l S1

where we note that now the 2 x 2 matrix operates directly on the perterbation vector s,
as given in equation 24. Since J,, = 0, each component of the proceeding matrix can be
computed as

_ T T

guRpR - gRauRprR + gI7MRpr1
_ T T

Zurpr = 8RugpWR T 8Lurp Wi
_ T T

Liupr = 8RuprWR + 81uprWI

_ T T
Lupr = 8RurpWRt 8LupWI

61y

When considering equation 34, we have the following observations

T _ T _ T _ ol —
8Rurpr = 8Ruipr = 81Lugpr = 81Lurpr = 0 (52)

Thus, we have the following simplification

_ T
"%URPR - gR,uRprR
_ T
"E’p”RPI = 8lurpWI
_ T
Lupr = 8lupxW1

T
Lupr = 8RuypWR

(53)
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T

gITe = (KRuR —Kju; — o’ Mug — fR)
—ubKp—ul K;— o*ubM — 1t
T

g1 = (Kru; + Kug — 0°Mu; — f)
—ul Kp+ukK;— o’ul M — fT

(54)

As seen from equation 24, the operator .Z;,, will act on a perturbation vector in the design
variables, s = (sg,s7). Thus, we have

T T b
|:$”RPR "gMRPI:| {SR} _ {gRTuRpRWR g]IJuRpIWI:| {SR
Lupr  Lupr] |51 81.uprW!l  8Rup/WR] |51 ]

(55)

_ [KR(SR)WR + K (s)wy |
Kr(sr)wr — Kj(s;)wr|
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4 Numerical Results on a Foam Block Model

In this section we describe results obtained on a foamblock model, as shown in Figure 1.
Recent experiments have been conducted on this model involving hammer impact on one
end, and corresponding accelerometer measurements as shown in Figure 1. Steel blocks
on either end are joined by a foamblock consisting of a viscoelastic material. It is desired
to compute the frequency-dependent real and imaginary components of bulk and shear
modulus directly from the accelerometer measurements.

Before addressing the inverse problem, we performed a sensitivity analysis on the
model. These results are shown in Figure 2, and show the percent change in accelera-
tion as a function of frequency that results from a 20 percent change in the corresponding
(real or imaginary) modulus. As expected, these curves show peaks that correspond to res-
onance modes of the structure. As the modes change differently with each parameter, the
locations of the peaks are different for each change in the moduli. The locations of these
peaks give an indication of the ideal frequencies for the inverse problem, as they correspond
to maximum sensitivity.

The locations of the peaks do not coincide for the different material parameter changes,
as shown in Figure 2, since the modes change differently with each parameter. Nonetheless,
we selected a frequency of S00Hz for the inverse problem. Results at other frequencies that
were near the sensitivity peaks showed similar results. Synthetic data was generated by
running a forward problem with inputs at the location of the hammer impact, node 357 (see
Figure 1), and recording the response at node 212. This data was then given as input to the
inverse problem.

Table 1 shows the exact material properties at S00Hz, the initial guess, and the pa-
rameters predicted by the inverse problem. As shown, despite a very poor initial guess of
assuming zero damping and a 50 percent drop in real moduli, the inverse problem recovers
both the real and imaginary moduli remarkably well.

Figure 3 shows the convergence behaviour of Newton-trustregion and BFGS algorithms
from ROL on this problem. The gradient and objective function both drop appreciably in 50
iterations. The Newton method converges more rapidly per iteration, though each iteration
is more expensive than BFGS.

In this report we only present inverse results using synthetic data, that is, data that is
generated by running a forward problem on the finite element mesh of the model. Experi-
mental data is available for this model, and thus a study of the inverse problem with actual
accelerometer data is underway and will be documented in a future report.
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Foam block (block 1 in 5D input deck)
¢

& Steel blocks
(blocks 2 &3 im
5D input deck) #8 . Response locations

Wi - Input locations

Picture of foamblock structure Finite element mesh of foamblock structure

Figure 1. The foam block model for viscoelastic material inver-
sion studies.

Table 1. Results of foam block material inversion

Parameter | Exact | Initial Guess | Computed
Real part of K | 40000 20000 40000.0013
Imag part of K 0 0 —0.00617
Real part of G | 16000 8000 15999.99937
Imag part of G | 5000 0 5000.000945
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Figure 2. Sensitivity analysis of foam block model.
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5 Conclusions

In this report, material inversion algorithms have been presented for viscoelastic materials
in the frequency domain. A complete set of first and second order abstract optimization op-
erators for frequency-domain viscoelastic material inversion have been derived from first
principles. These operators have been used to compute gradients and Hessians of the La-
grangian which provides a natural interface to an optimization solver. The methods have
been implemented in Sierra/SD with an interface to the Rapid Optimization Library (ROL).
A foam block model has been used as a demonstration problem for the methods.
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