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Abstract

Minimum detectable velocity (MDV) is a fundamental consideration for the design, implemen-
tation, and exploitation of ground moving-target indication (GMTI) radar imaging modes. All
single-phase-center air-to-ground radars are characterized by an MDV, or a minimum radial
velocity below which motion of a discrete nonstationary target is indistinguishable from the rel-
ative motion between the platform and the ground. Targets with radial velocities less than MDV
are typically overwhelmed by endoclutter ground returns, and are thus not generally detectable.
Targets with radial velocities greater than MDV typically produce distinct returns falling out-
side of the endoclutter ground returns, and are thus generally discernible using straightforward
detection algorithms. This document provides a straightforward derivation of MDV for an
air-to-ground single-phase-center GMTI radar operating in an arbitrary geometry.
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1 GMTI Overview

Ground moving-target indication (GMTI) radar imaging modes enable the remote detection and
characterization of nonstationary objects [3, 2, 1]. GMTI data is derived from range-Doppler maps
of the imaged scene, in which reflectivity is measured as a function of range r and range rate
dr/dt (i.e., the radial velocity of an imaged object with respect to the radar platform). All single-
phase-center radar air-to-ground GMTI modes are characterized by a minimum detectable velocity
(MDV)—more precisely, a minimum detectable radial velocity, or a minimum detectable range
rate—below which motion of a discrete nonstationary target is indistinguishable from the relative
motion between the platform and the ground. Targets with radial velocities less than MDV are
typically overwhelmed by endoclutter ground returns, and are thus not generally detectable. The
MDV for a particular radar imaging scenario is a function of numerous parameters, including:

• Platform velocity v, relative to the ground;

• Platform altitude h, relative to the ground at scene center;

• Antenna elevation two-sided beamwidth βe;

• Antenna azimuth two-sided beamwidth βa;

• Imaging depression angle θ to scene center;

• Imaging squint angle ψ (where ψ = 0◦ indicates a directly forward-looking geometry);

• Slant-plane range-bin spacing δr;

• Number of range bins in the image Nr.

These parameters impact MDV because they dictate the extent of the imaged scene on the ground
and the relative motion of different ground points across that extent, as described shortly. The
collective set of all imaged ground points comprises the endoclutter.

Figure 1 depicts an arbitrary imaging geometry involving level platform motion over level
ground. This imaging geometry is completely characterized by the angles θ and ψ, the platform
height h, and the platform velocity v. The scene center is taken to be the ground location pointed
at by the sensor boresight. The scene center has a slant range of

r0 =
h

sin θ
(1)

a ground range of

r̃0 =
h

tan θ
. (2)

The scene extent is determined by the projection of the antenna mainlobe on the ground. The
projection of the antenna mainlobe on the ground in any geometry is a teardrop-shaped region
with major and minor axes dictated by βe, βa, and r0. Not every point in the projected beam
yields a return in a range-Doppler or GMTI image: the reflected energy is subjected to a range
gate, indicated by the shaded region in Figure 1, that is typically taken to be symmetric about the
scene center. The range gate has slant-plane extent of

Δr = Nrδr (3)
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Figure 1. Arbitrary geometry. The shaded region is the range-gated, illuminated ground region
that is used to form the range-Doppler image and the GMTI returns.

and ground-plane extent of

Δr̃ =
Nrδr

cos θ
. (4)

The range-gated portion of the ground projection of the antenna mainlobe is thus approximately
an annular sector. Objects outside of this range gate will yield no range-Doppler or GMTI returns
in the image products.1

Target velocity in GMTI radar imaging modes is usually measured with respect to the scene
center. The scene center has a range rate that is dictated by the platform velocity and imaging
geometry:

dr0

dt
= v cos θ cos ψ. (5)

Rather than measuring the absolute range rate dr/dt between the platform and imaged objects,
GMTI modes measure a relative range rate dr′/dt with respect to the scene center:

dr′

dt
=

dr

dt
− dr0

dt
. (6)

Hence, a “zero-velocity” target is a target whose absolute radial velocity is identical to that of the
stationary scene center. Note that a zero-velocity target may actually be nonstationary: it will
have a radial range rate that is equal to that of the scene center, but it may have a large tangential
velocity component. In general, a target moving at velocity vt with respect to the scene center will
have an apparent relative range rate of

dr′t
dt

= vt cos θt cos φt, (7)

where θt is the depression angle from the platform to the target, and φt is the angular deviation
between the ground-projected platform-to-scene-center look vector and the target velocity vector.

1Note that for extremely coarse range-bin spacing δr or for extremely close imaging ranges, the apparent range
extent may exceed the projected range beam extent. In such cases, the beam range extent, and not the range gate,
will limit the imaged scene size.
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Consideration of the GMTI imaging geometry of Figure 1 reveals that different points within the
imaged scene have different, and nonzero, relative range rates dr′/dt. The collective radar energy
reflected from the set of all imaged ground points, each with a particular range rate, produces
the endoclutter response characteristic of single-phase-center radar air-to-ground range-Doppler
images. The particular imaging geometry (that is, the precise choices of ψ, θ, h, and v) dictate
the distribution of range rates within the imaged scene for that geometry, and thus determine the
characteristics of the endoclutter response—including MDV—for that geometry. In Section 4 we
derive an expression for MDV in an arbitrary imaging geometry, as depicted in Figure 1. First,
however, we consider MDV for two common and illustrative image geometries: broadside-looking
(presented in Section 2) and forward-looking (presented in Section 3).

9



2 Broadside-Looking Geometry

A pure broadside-looking imaging geometry, as depicted in Figure 2, is defined as any geometry
in which squint angle ψ is 90◦ or 270◦. It follows from (5) that the scene center in any broadside
geometry has an absolute radial velocity of 0. However, any point in the leading direction of the
projected beam—such as point A in Figure 2—has a negative instantaneous radial velocity, because
the range between the platform and the point is decreasing. Similarly, any point in the trailing
direction of the projected beam—such as point B in Figure 2—has a positive radial velocity. It
can be shown that the relative range rate of a stationary object at point A is

dr′A
dt

= −v sin
(

βa

2

)
(8)

and, likewise, the relative range rate of a stationary object at point B is

dr′B
dt

= v sin
(

βa

2

)
. (9)

Points A and B respectively attain approximately the minimum and maximum range rates of any
illuminated, range-gated ground points in a broadside-looking geometry.2 All imaged ground points
(i.e., the entirety of the endoclutter) will thus have relative range rates between that specified in
(8) and that specified in (9), depending on their relative position between points A and B. The
implication is thus that the MDV in a broadside imaging mode is

MDVbrd = v sin
(

βa

2

)
. (10)

It is important to stress that this MDV is a minimum detectable radial velocity. A vehicle moving
at a much greater absolute velocity, but with a radial velocity component—as in (7)—below the
MDV specified in (10), will not be detectable.

Note that the broadside MDV of (10) is a function of only two parameters, the platform velocity
and the azimuth beamwidth. It is independent of imaging range, platform altitude, elevation
beamwidth, range gate extent, and all other parameters. Azimuth beamwidth, like other antenna
parameters, is usually fixed by physical antenna characteristics. As such, any attempt to reduce
broadside MDV of a single phase-center system will usually require a reduction in platform velocity.

2In fact, the points at the corners of the annular region depicted in Figure 2, located radially outward from A and
B, actually achieve slightly more extreme range rates than do A and B. However, because the difference is negligible
for most imaging geometries, and because the use of the alternate points complicates the derivation of MDV, most
approaches follow from consideration of points A and B.
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Figure 2. Broadside-looking geometry. The shaded region is the range-gated, illuminated ground
region that is used to form the range-Doppler image and the GMTI returns. Point A represents the
leading edge of the beam, which attains the greatest negative range rate; point B represents the
trailing edge of the beam, which attains the greatest positive range rate.
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3 Forward-Looking Geometry

A pure forward-looking imaging geometry, as depicted in Figure 3, is defined as a geometry in which
squint angle ψ is 0◦. This leads to a different MDV than that obtained in a broadside imaging
geometry. It follows from (5) that the scene center in a forward-looking geometry has a nonzero
range rate of

dr0

dt
= v cos θ. (11)

The trailing and leading edges of the range gate—represented in Figure 3 by points C and D,
respectively—will have slightly different range rates than the scene center. Points C and D attain
approximately the minimum and maximum range rates of any illuminated, range-gated ground
points in a forward-looking geometry.3 The ground range from the platform to point C is

r̃C = r̃0 − Δr̃

2
. (12)

Similarly, the ground range from the platform to point D is

r̃D = r̃0 +
Δr̃

2
. (13)

These ground ranges can be used to calculate the depression angle to point C,

θC = tan−1

(
h

r̃C

)
, (14)

and the depression angle to point D,

θD = tan−1

(
h

r̃D

)
. (15)

It can be shown that the relative range rate of a stationary object at point C is

dr′C
dt

= v(cos θC − cos θ) (16)

and, likewise, the relative range rate of a stationary object at point D is

dr′D
dt

= v(cos θD − cos θ). (17)

For any reasonable imaging scenario, we will have

0◦ < θD < θ < θC < 90◦, (18)

and thus the relative range rate of (16) will be negative and the relative range rate of (17) will
be positive. Furthermore, the magnitude of (17) will be greater than that of (16). Hence, in a
forward-looking geometry, the MDV may be taken as

MDVfwd = v(cos θD − cos θ). (19)
3In fact, the points at the corners of the trailing edge, located circumferentially leftward and rightward from

C, actually achieve slightly smaller range rates than does C. As in the previous section, however, the difference is
negligible for most imaging geometries, and use of point C simplifies the ensuing derivation.
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Figure 3. Forward-looking geometry. The shaded region is the range-gated, illuminated ground
region that is used to form the range-Doppler image and the GMTI returns. Point C represents
the trailing edge of the range gate, which attains the greatest negative relative range rate (with
respect to the scene center); point D represents the leading edge of the range gate, which attains
the greatest positive relative range rate (with respect to the scene center).

This can be re-expressed in terms of other parameters as

MDVfwd = v

⎛
⎜⎜⎜⎝

r̃0 + Δr̃
2(

h2 +
(
r̃0 + Δr̃

2

)2
)1/2

− cos θ

⎞
⎟⎟⎟⎠ . (20)

As previously, it is important to stress that this MDV is a minimum detectable radial velocity. A
vehicle moving at a much greater absolute velocity, but with a radial velocity component—as in
(7)—below this MDV, will not be detectable.

Comparing (10) and (19), it is clear that the forward-looking MDV is fundamentally differ-
ent from the broadside MDV. In a broadside imaging geometry, MDV depends only on azimuth
beamwidth and platform velocity. In a forward-looking geometry, MDV depends on platform ve-
locity and range gate extent. As in the broadside-looking case, there are limited options available
for reducing MDV in the forward-looking geometry. Platform altitude, ground range, and imaging
depression are usually constrained by operational requirements; range gate extent (i.e., range-bin
spacing and number of range bins in the image) is usually dictated by the application at hand. As
such, the most practical way to reduce MDV in a forward-looking geometry is usually to reduce
platform velocity v. This is exactly analogous to the broadside-looking situation.
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Figure 4. Imaged ground region in arbitrary geometry. The shaded region is the range-gated,
illuminated ground region that is used to form the range-Doppler image and the GMTI returns. For
most geometries with 0◦ ≤ ψ ≤ 90◦, point G will achieve the maximum relative range rate with
respect to point O, and point H will achieve the minimum relative range rate with respect to point O.
The depicted coordinate axes are located at the ground-projected location of the imaging platform,
with y-axis oriented along the direction of platform motion and x-axis oriented orthogonally within
the ground plane.

4 Arbitrary Geometry

The geometries considered in the previous two sections—broadside-looking and forward-looking—
represent two particular choices of squint angle ψ (namely, 90◦ and 0◦). In this section we turn
our attention to MDV for the arbitrary geometry depicted in Figure 1, in which ψ may take on
any value between 0◦ and 90◦.4 Figure 4 presents a more detailed illustration of the range-gated,
illuminated ground region in an arbitrary imaging geometry. This region has scene center O, and
is delineated by boundary points E, F , G, H, I, and J . Points F , O, and I are all at ground
range r̃0 from the sensor. Points E and H are located at the near end of the range gate, at ground
range r̃0 − Δr̃/2; points G and J are located at the far end of the range gate, at ground range
r̃0 + Δr̃/2. Points E, F , and G lie along a line defined by the left edge of the azimuthal mainlobe,
with azimuthal separation βa from scene center point O; similarly, points H, I, and J lie along a
line defined by the right edge of the azimuthal mainlobe, also with azimuthal separation βa from
scene center point O. For almost any 0◦ ≤ ψ ≤ 90◦, point G will achieve the maximum relative
range rate with respect to point O, and point H will achieve the minimum relative range rate
with respect to point O.5 We can thus derive expressions for the MDV in the arbitrary imaging
geometry by determining the range rates at points G and H.

4This will ultimately yield a result for MDV that can be trivially extended to values of ψ between 90◦ and 360◦.
5For some ψ near 90◦, point J may actually attain a relative range rate slightly more negative than that of point

G, but the difference will be negligible for any reasonable θ and βa. As such, the ensuing derivation concentrates on
point G as the basis for MDV in an arbitrary imaging geometry.
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Consider a right-handed coordinate system centered at the ground-projected location of the
platform, as depicted in Figure 4. This coordinate system has z-axis oriented in the upward ground-
normal direction, and y-axis oriented in the direction of platform velocity. In this coordinate system,
the platform position is given by

P =

⎡
⎣ 0

0
h

⎤
⎦ (21)

and the scene center O has a position of

O =

⎡
⎣ r̃0 sinψ

r̃0 cos ψ
0

⎤
⎦ . (22)

It can be shown that point F is located at position

F =

⎡
⎢⎢⎣

−r0 cos ψ tan
(

βa

2

)
+ r̃0 sinψ

r0 sinψ tan
(

βa

2

)
+ r̃0 cos ψ

0

⎤
⎥⎥⎦ (23)

and point I is located at position

I =

⎡
⎢⎢⎣

r0 cos ψ tan
(

βa

2

)
+ r̃0 sinψ

−r0 sinψ tan
(

βa

2

)
+ r̃0 cos ψ

0

⎤
⎥⎥⎦ . (24)

It then follows that point G has a position of

G = F
(

1 +
Δr̃

2r̃0

)
(25)

and point H has a position of

H = I
(

1 − Δr̃

2r̃0

)
. (26)

The absolute range rate of point G can then be shown to be

drG

dt
= v

(
1

cos θ sinψ sin βa

2 + cos ψ cos βa

2

) (
r̃0 + Δr̃

2

)
((

r̃0 + Δr̃
2

)2
+

(
h cos βa

2

)2
)1/2

. (27)

Similarly, the absolute range rate of point H can be shown to be

drH

dt
= v

(
1

cos θ sinψ sin βa

2 + cos ψ cos βa

2

) (
r̃0 − Δr̃

2

)
((

r̃0 − Δr̃
2

)2
+

(
h cos βa

2

)2
)1/2

. (28)

The absolute range rate of the scene center is given by (5). For reasonable imaging geometries, the
absolute difference between (27) and (5) will exceed the absolute difference between (28) and (5),
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and thus the MDV for an arbitrary imaging geometry is

MDV = v

⎡
⎢⎢⎢⎣

(
1

cos θ sinψ sin βa

2 + cos ψ cos βa

2

) (
r̃0 + Δr̃

2

)
((

r̃0 + Δr̃
2

)2
+

(
h cos βa

2

)2
)1/2

− cos θ cos ψ

⎤
⎥⎥⎥⎦ . (29)

Note that this equation reduces approximately to (10) when ψ = 90◦, and approximately to (19)
when ψ = 0◦.6 Note also that while (29) holds only for 0◦ ≤ ψ ≤ 90◦, it can be trivially extended
to hold for all other ψ. In particular, extension to 90◦ < ψ ≤ 180◦ simply requires replacing ψ with
(180◦ − ψ); extension to 180◦ < ψ ≤ 270◦ simply requires replacing ψ with (ψ − 180◦); extension
to 270◦ < ψ < 360◦ simply requires changing the sign of ψ.

6The small discrepancies between (29) and the special-case equations of (10) and (19) for the appropriate values
of ψ are attributable to the annular character of the range-gated projected mainlobe, which was taken into account
in the current section but was neglected in Sections 2 and 3.
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5 Summary and Caveats

This document has demonstrated the dependence of MDV on imaging geometry, antenna charac-
teristics, and platform velocity. A general expression for MDV in an arbitrary imaging geometry is
provided by (29). In the special case of broadside imaging, this expression reduces approximately
to (10); in the special case of forward-looking imaging, this expression reduces approximately to
(19). Although comparison of these three equations reveals significant differences in the detailed
dependence of MDV on other parameters, they share an important fundamental similarity: regard-
less of imaging geometry, MDV is directly proportional to platform velocity. As such, the most
practical path to a smaller MDV in any operational scenario is usually a reduction in platform
velocity. This is especially true considering the various operational and physical limitations that
underlie the other terms in the MDV equations.

One important consideration not explicitly apparent from the MDV equations is the difference in
the direction of radial velocity inherent in each imaging geometry. In particular, because the radial
velocity direction is defined by the look direction, different absolute directions of target motion will
be inherently more or less detectable depending on the particular imaging geometry. Any selection
of imaging geometry for an operational scenario must thus include not only a consideration of the
MDV as in (29), but also a consideration of the prevalence or importance of different orientations
of target motion. For example, consider a scenario in which it is known in advance that all target
motion of interest will be oriented in a broadside direction relative to the platform velocity.7 Even
though a broadside imaging geometry will generally result in a much larger MDV than a forward-
looking geometry, use of a broadside imaging mode in this scenario might be inherently desirable
because a forward-looking scenario would result in a near-zero radial velocity for almost all object
trajectories of interest.

The analysis presented in this document, although relatively realistic and representative, is
subject to numerous caveats. First of all, it assumes that the range-gated ground projection of the
antenna mainlobe is a clearly defined annular sector; in actuality, a radar beam is not defined by
crisp boundaries but instead by rolloff in all directions. In addition, this analysis assumes that the
range gate is symmetric about the scene center, which may or may not be the case for a particular
sensor in a particular imaging mode. Furthermore, the analysis presented here neglects the impact
of sidelobes or backlobes on the radar returns and the formed image. Finally, this analysis ignores
the effect of target reflectivity on detectability: a bright target may in fact be easily detectable
even with a radial velocity below MDV, depending on the intensity of the endoclutter and the
chosen target detection algorithm.8 In any particular scenario, one or all of the assumptions made
here may not be strictly valid. For most applications, however, the analysis presented here is likely
applicable.

7This might be the case in a border-patrol application, in which the platform might travel parallel to a linear
border while surveilling the border for objects moving orthogonally across it.

8More generally, the basic concept of antenna beamwidth used here could be expanded to represent the beam
positions at which the endoclutter exceeds particular fixed amplitudes, and thus the beam positions at which specific
fixed-amplitude targets are equal in intensity to the endoclutter.
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