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Abstract 
 
A microscopic theory for investigating quantum-dot optical properties was developed.  
The theory incorporated advances on various aspects of quantum-dot physics developed 
at Sandia and elsewhere.  Important components are a non-Markovian treatment of 
polarization dephasing due to carrier-carrier scattering (developed at Sandia) and a 
nonperturbative treatment within a polaron picture of the scattering of carriers by 
longitudinal-optical phonons (developed at Bremen University).  A computer code was 
also developed that provides a detailed accounting of electronic structure influences and a 
consistent treatment of many-body effects, the latter via the incorporation of results from 
the microscopic theory.  This code was used to explore quantum coherence physics in a 
quantum-dot system.  The investigation furthers the understanding of the underlying 
differences between atomic quantum coherence and semiconductor quantum coherence, 
and helps improve the potential of using quantum coherences in quantum computing, 
coherent control and high-resolution spectroscopy. 
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I. Introduction 
 
     Quantum dots (QDs) are considered key elements for the next generation of 
optoelectronic devices.  Sandia has many QD device development projects, and the 
number will definitely grow in the future, as new applications emerge.  To fully tap the 
advantages of QD technology, it is crucial to understand the underlying physics and be 
able to accurately predict physical behaviors over a broad range of experimental 
conditions. 
     Until recently, theoretical investigations were hindered by the lack of a comprehensive 
microscopic theory, because of serious complexities in QD physics.  As a result, no 
single group could perform a complete calculation.  On the other hand, several groups 
have made theoretical advances that contributed to solutions of various aspects of the 
problem.  At Sandia, we developed a non-Markovian treatment of polarization dephasing 
due to carrier-carrier scattering within a coupled quantum-dot-quantum-well (QD-QW) 
system. [1] At Bremen University, a nonperturbative treatment within a polaron picture 
of the scattering of carriers by longitudinal-optical phonons (carrier-LO-phonon 
scattering) was recently completed. [2] A theory group at the Walter-Schottky Institute 
has developed a computer code for calculating QD electronic structures and has made it 
available to the public. [3] These pieces of solutions made possible the development of a 
comprehensive microscopic theory for QD optical response. 
     This LDRD project was for performing such a task at Sandia.  Also proposed was the 
application of the theory and resulting computer code to investigate QD quantum-optical 
phenomena, with the goal of potential applications in quantum computing, coherent 
control and high-resolution spectroscopy.  A by-product of this exercise was the 
demonstration of the analytical capability developed in this LDRD project to explore 
high-risk, high-payoff ideas, and put them on firm scientific foundations before 
undertaking the greater commitment of doing experiments. 
     This report highlights the results of this LDRD project and explains the physics and 
calculations at a level understandable to the non specialist.  Details of results are 
published and a copy of each paper may be found at the end to this report. 
 

II. Theory 
 

 Central to Sandia’s contribution to QD theory is the realization that under high-
excitation conditions (such as found in a laser) the coupling between QD and QW 
(wetting layer) states plays an important role in determining optical response. [4] It is 
therefore necessary to treat QD and QW contributions on equal footing.  This is 
accomplished by starting with a many-body Hamiltonian of the combined QD-QW 
system, and working in the Hiesenberg Picture, derive the coupled equations of motion 
for the QD and QW polarizations. The equations have the common form:  
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where α and β (discrete for QD and continuous for QW) label the states involved in the 
optical transition. On the right-hand side, the first term describes oscillation at the 
renormalized transition frequency ωαβ and the second term is from absorption and 
stimulated emission involving the populations nα,, nβ and the laser field in the form of the 
renormalized Rabi frequency Ωαβ.  Also on the right-hand side, the 3rd and 4th terms 
account for dephasing from carrier-phonon and carrier-carrier scattering, respectively. 
Details of the various contributions appearing in the above equation may be found in 
several publications. [1,2,4-7]. 

From semiclassical laser theory, the optical gain (or negative absorption) is given by 
[8] 

 
where �0 and c are the permittivity and speed of light in vacuum, μαβ is the dipole matrix 
element, n is the background refractive index, E(ω) is the laser electric field amplitude 
and ω is its frequency.  The active region contains the QDs, wetting layer and QW 
embedding the QDs, and has volume, V. 

A gain or absorption calculation involves solving for the steady-state solutions to the 
polarization equations for given carrier density (which then defines nα, nβ assuming 
quasiequilibrium condition) and weak laser probe field, E. The solution is then 
substituted into to the 2nd equation to obtain the gain or absorption. 
 

III. Gain and Absorption spectra 

 
Fig. 1. Spectra showing intrinsic gain and absorption for InGaAs quantum-dot structure for 
increasing carrier density from 1011 to 3x1012cm-2. 
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Figure 1 shows gain spectra computed using the procedure outlined in Sec. II.  The 

curves are for T=300K and different carrier densities.  The active region is a 4nm thick 
GaAs QW containing a density of 5x1010cm-2 In0.3Ga0.7As QDs.  For the electronic 
structure calculations, the QD shape is approximated by a 2nm thick disk with an 18nm 
diameter.  Each spectrum shows a QD resonance and a broad QW contribution.  These 
spectra reveal interesting intrinsic QD properties.  One is a carrier-density dependent 
energy shift in the QD resonances.  (Note that such a shift is absent in the QW exciton 
resonance.)  There is also appreciable spectral broadening of QD resonances with 
increasing carrier density, suggesting strong excitation dependence in the dephasing. [1, 
6, 7] Both behaviors were observed in low excitation single-dot experiments. [9] In 
measurements involving an ensemble of QDs, they are likely masked by inhomogeneous 
broadening due to QD size and composition variations. 
 

IV. Peak Gain Properties 
 

 Many useful laser properties are determined by the excitation dependence of peak 
gain.  The solid curve in Fig. 2 shows the intrinsic behavior of peak gain for changing 
carrier density.  The curve is extracted from In0.3Ga0.7As QD gain spectra.  With 
increasing carrier density, there is a strong initial rise in peak gain that is followed by 
significant gain saturation, where surprisingly, we find the QD peak gain to actually 
decrease with increasing carrier density.  Eventually, the QW gain takes over and a 
positive dGpk/dN is restored. 

The intrinsic dGpk/dN<0 behavior is counterintuitive and is caused by the detrimental 
(to having a good laser) effect of dephasing overtaking the desired effect of state-filling. 
[6] Fortunately, this anomaly appears to be unique to the QD-QW system and has yet to 
be encountered in other laser systems, whether atomic or semiconductor 

 

.  
Fig. 2.  Peak gain versus carrier density for intrinsic In0.3Ga0.7As QD 
structure (solid curve) and with 20meV inhomogeneous broadening (dashed 
curve). 
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A good question is why dGpk/dN<0 has to date not been observed in experiment.  A 

reason is that with present QD samples, peak gain is reduced by inhomogeneous 
broadening.  Because the amount of reduction is inversely proportional to the width of 
the QD resonance, and therefore, also inversely proportion to carrier density, one ends up 
with only a flattening of Gpk vs. N, as illustrated by the dashed curve in Fig. 2, when a 
sufficiently large inhomogeneous broadening is added to the intrinsic result.  The 
�inh=20meV needed to produce the dashed curve is typical of the best presently grown 
QD samples and it produces a result that resembles what is typically observed in 
experiment.  Until now, peak gain saturation in a QD system is only attributed to Pauli 
blocking.  The microscopic theory shows that there is a second contribution from the 
abrupt increase in dephasing because of additional scattering channels arising from the 
population of QW. 

Information on Gpk versus N is useful for many semiconductor laser simulations.  To 
facilitate the use of our results in laser models, we introduce the following fitting function 
for QD peak gain:  

 
where the first term is similar to the widely used QW gain fit function and a second term 
is added to account for the stronger saturation and possible gain reduction.  Table 1 lists 
the coefficients obtained from a least-squares fit of Gpk versus N curves computed with 
the microscopic theory.  These coefficients take into account the complicated 
dependences of scattering effects on carrier density and transition, as determined by the 
rigorous calculations.  A more extensive discussion including information on fitting 
coefficients for other QD structures, in addition to fitting functions and coefficients for 
the carrier-induced refractive index may be found in the literature. [7] 

 
Table I. Coefficients for In0.3Ga0.7As QD gain fitting functions 

 
 

 

V. Polarization Dephasing 
 

QD gain properties are strongly governed by polarization dephasing.  Polarization 
decay in semiconductor (bulk, QW and QD) is nonexponential because of nondiagonal 
contributions to the scattering terms in the polarization equations of motion. [8] 
Consequently, it is only possible to speak of an effective dephasing rate that is obtained 
from fitting gain or absorption spectra. In the case of the QD, the dephasing rate is 
obtained by fitting the computed intrinsic QD resonance with a Lorentzian function, 
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using the Lorentzian full width at half height (FWHH) as a fitting parameter.  In most 
cases, we are able to achieve reasonably good fits, except for the asymmetry in the actual 
resonance and deviations at the spectral tails. [1] Figure 3 summarizes the results by 
plotting the FWHH obtained from the spectral fits as a function of carrier density. 

The curves illustrate the complicated nature of dephasing.  First of all, the dephasing 
can be quite sensitive to carrier density.  In addition, dephasing also depends on QD 
structure, and in the case of structures with multiple QD transitions, varies with 
resonances.  To illustrate both points, we use in addition to the In0.3Ga0.7As QD structure, 
an InAs QD structure. Henceforth, we refer to the InAs QD as deep QD, because its 
confinement potential is noticeably deeper relative to that of an In0.3Ga0.7As QD.  The 
deep QD emission wavelength is around 1.5μm, which makes it interesting for 
telecommunication applications.  With the InAs deep QD, there are two resonances (s-
shell and p-shell) and the effective dephasing rate for the two resonances are distinctly 
different in magnitude and in carrier-density dependence, as shown in Fig. 3.  There is 
also little overlap between InAs and In0.3Ga0.7As QD curves.  The complex dephasing 
behaviors are obtainable only with a rigorous treatment of scattering effects.  Predictions 
of dephasing widths or times (right axis) are consistent with experiment. [10]  

  
FIG. 3. Intrinsic (homogeneous) width of QD resonance (left axis) and effective dephasing 
lifetime (right axis) vs. carrier density.  The dotted line indicates the carrier density where the 
InAs QD gain peak moves from the s- to p-shell resonance. 

 

VI. Alpha Factor 
 

   The microscopic theory also gives the linewidth enhancement [11] or antiguiding 
[12] factor 

 
where K is the laser field wave number and 
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is the carrier-induced refractive index change.  The magnitude of α provides indication of 
the contribution of the active medium to laser linewidth, frequency chirp and output beam 
quality. 

Figure 4 shows the dependence of � at the gain peak (where a laser typically operates) 
as a function of peak gain for In0.3Ga0.7As and InAs QDs.  In the range of small peak gain 
the curves indicate small values for the magnitude of � as expected for atomic-like 
systems. In contrast to the bulk and QW cases, α at the gain peak can be negative. 

A negative α is very desirable for high-power single-mode operation.  With α>0, 
filamentation (or self-focusing) limits output intensity in single-mode lasers. With α<0, 
antiguiding occurs instead, and single-mode intensity is only limited by extrinsic factors 
such as thermal lensing.  

 

Fig. 4. α at gain peak vs. peak gain for shallow (left) and deep (right) QDs, showing both 
intrinsic (solid curves) and inhomogeneously-broadened behaviors (dashed curves). Only the 
ground state (s-shell) resonance is considered.  Note that for the deep QD, α(ωp) remains 
negative for low excitations and with inhomogeneous broadening.  

 
However, we note that negative α with s-shell lasing is only achievable with 

sufficiently small inhomogeneous broadening in the sample. The widening of δn 
spectrum with inhomogeneous broadening leads to a changing of the sign of α as 
depicted in Fig. 4. However, it was shown, theoretically and experimentally, that 
antiguiding at high excitation is still possible with experimentally realizable QD samples 
with the proper choice of QD confinement and lasing transition. [13,14] 
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VII. Quantum Coherences 
 

Research on quantum coherence effects in atomic systems has stirred interest in 
possible optoelectronic applications.  To realize this goal, we investigated in this LDRD 
project the physics and device engineering issues in the context of a condense-matter 
system.  The advantages of using quantum dots (QDs) in quantum coherences include the 
possibility of long dephasing times and the preservation of atomic-like properties (e.g., 
discrete energy levels) at high temperatures. [15] 

Our investigation uncovered an important difference between many-body theory 
(such as ours) and free-carrier treatments (adapted from atomic physics).  To illustrate 
this difference, we present results for the slow-down factor 

 
where nb is the background refractive index, ωp is the probe frequency and χr is the real 
part of the quantum-dot susceptibility.  The slow-down factor, which is a measure of the 
refractive index changes resulting in optical group-velocity reduction, is of interest for 
applications such as optical storage. 

Figure 5 shows predictions of the maximum value for S as a function of pump 
intensity for lattice temperatures, TL=75K.  Comparison of solid and dashed curves 
shows an appreciable difference between many-body and free-carrier predictions. Most 
important of these differences is the over two orders of magnitude overestimation of the 
necessary pump-pulse intensity when many-body effects are neglected. Also, while both 
treatments predict basically the same maximum achievable S, the drive intensities for 
reaching saturation are drastically different. Detailed analysis reveals that the Coulomb 
enhancement is the primary cause for these differences. [16] 
 

 
Fig. 5. Maximum slow-down factor vs. pump-pulse peak intensity for T=75K.  
Comparison of solid and dashed curves shows over 2 orders of magnitude 
difference in many-body and free-carrier predictions for the pump intensity 
necessary for the onset of group-velocity slowdown. 
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VIII. Conclusion 
 

This 2-year LDRD project led to the development of a theory and accompanying 
computer codes for investigating optical properties in quantum-dot systems.  In 
developing the theory, we used a first-principles approach that included a detailed 
account of the electronic structure of the coupled quantum-dot and quantum-well system; 
a description of light-matter interaction that allowed treatment of optical nonlinearities, 
ultrafast excitation and quantum coherences; and a rigorous treatment of scattering 
effects at the level of quantum kinetic theory.  The detailed treatment of many-body 
effects allows the elimination of almost all free (fitting) input parameters, resulting in 
significant improvement in predictive capability.  The code is presently providing the 
most advance theoretical support for in-house experiments and idea developments.  For 
example, during the final year of the project, the theory and code were used to explore 
quantum-optical phenomena in quantum-dot systems.  The motivation is potential 
applications in quantum computing, coherent control and high-resolution spectroscopy.  
The exercise demonstrated our capability to explore a high-risk, high-payoff idea and put 
it on a firm scientific foundation before undertaking the greater commitment of doing 
experiment. 

In addition to providing state-of-the-art analytical support to Sandia's many quantum-
dot research projects, the investigations also motivated new ideas relevant to Sandia 
initiatives in solid-state lighting, solar photovoltaic conversion and negative refraction.  
These ideas contributed to three LDRD new-start projects.  The results of our LDRD 
project also provided technical supporting material in three recent BES proposals.  Lastly, 
external recognition is evident from the 5 invited talks and 4 refereed papers.  
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Appendix I: Equations for quantum-dot microscopic theory 
 

In this appendix, the equations derived for the quantum-dot/quantum-well system are 
listed.  These equations are used in the code development. 
 
Material gain 

  (1) 
Quantum dot polarization 
Equation of motion 

 (2) 
Renormalized transition energy 

 (3) 
Renormalized Rabi energy 

 (4) 
Coefficients for carrier-carrier scattering 

  (5) 

 (6) 
where 

 (7) 
 

 (8)
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Coefficients for carrier-phonon scattering 

  (9) 

 (10) 
where the equation of motion for the polaron Green’s function is 

  (11) 
with α = s or k and σ = e or h. 
 
Quantum well 
Equation of motion 

  (12) 
Renormalized transition energy 

 (13) 
Renormalized Rabi energy 

 (14) 
Coefficients for carrier-carrier scattering 

 (15) 
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 (16) 

 (17) 
Coefficients for carrier-phonon scattering 

 (18) 

 (19) 

 (20) 
where Gkσ is determined by solving (11). 
 

Equations as programmed in code 
 
For the numerical computer code, the above equations are converted by allowing the 
quantum well index, k, to be continuous.  The corresponding equations are given below. 
 

 (1a) 

 (2a) 
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 (3a) 

 (4a) 
where  

  
  
and Nk is defined in (8). 

(5a)  
 

 (6a) 

(7a) 

(8a) 
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where Gkσ is determined by solving (11). 

 (10a) 
where 

 
 

 (13a) 

(14a) 
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 (15a) 

where 

 

Equations (16) to (18) are exactly the same for continuous and discrete k, and the matrix 
elements appearing in those equations are 

 

Input parameters (MKS): 

NQD is the quantum dot density in L-2 

β and q are in L-1, A is in L² 

Edot (electron) = 0.037eV below QW conduction bandedge 

Edot (hole) = 0.031eV above QW valence bandedge 

QW subband effective masses = 0.067m0 (electrons), 0.180m0 (holes) 

h �LO = 0.036eV 
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� = 0.06 

� = 1.571 × 108m-1 

ar = 1.404 × 10-8m 

�r = 0.00396eV 
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