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Thermal Contact Algorithms in SIERRA Mechanics

MATHEMATICAL BACKGROUND, NUMERICAL VERIFICATION,
AND EVALUATION OF PERFORMANCE

Brian R. Carnes and Kevin D. Copps

Abstract

We examine algorithms for the finite element approximation of thermal contact
models. We focus on the implementation of thermal contact algorithms in SIERRA
Mechanics. Following the mathematical formulation of models for tied contact and
resistance contact, we present three numerical algorithms: 1) the multi-point con-
straint (MPC) algorithm, 2) a resistance algorithm, and 3) a new generalized algo-
rithm. We compare and contrast both the correctness and performance of the algo-
rithms in three test problems. We tabulate the convergence rates of global norms of
the temperature solution on sequentially refined meshes. We present the results of a
parameter study of the effect of contact search tolerances. We outline best practices
in using the software for predictive simulations, and suggest future improvements
to the implementation.
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1 Executive Summary

THERE ARE TWO REASONS TO USE THERMAL CONTACT in a heat transfer simulation:
as a convenient tool when separately meshed parts are tied together, or as a math-
ematical model of the physical effect of thermal resistance between parts. In this
report, we examine numerical algorithms intended for both purposes in Sandia’s
SIERRA Mechanics (a suite of software modules for engineering modeling and sim-
ulation). We provide relevant background on the mathematical models of thermal
contact, and document the numerical algorithms for approximating them. We inves-
tigate the accuracy and reliability of the algorithms using verification test problems,
and provide practical conclusions for analysts who use the software. In addition, we
suggest improvements to the algorithms and their software implementation.

In the SIERRA Mechanics finite element applications, three algorithms are used
for thermal contact: 1) a multi-point constraint (MPC) algorithm for the purpose of
making tied contact convenient, 2) a resistance algorithm for the purpose of mod-
eling finite values of resistance, and 3) a generalized algorithm intended to unify,
improve upon, and replace the previous two. We compared the algorithms in the
context of three verification problems: a three-dimensional transient problem, a sim-
ple one-dimensional stationary problem, and a problem with curved surfaces. We
computed convergence rates of global norms of the temperature, or other quantities
derived from the temperature, with respect to both number of nodes and polyno-
mial degree.

The three-dimensional transient problem demonstrated the difficulty of using a
complex problem for verification studies. This problem did not have an analytical
solution, but we used the Encore product [5] to compute errors in the average tem-
perature on subdomains and contact surfaces by comparing coarser grid results to a
fine grid solution. Nevertheless, this problem had multiple sources of error, includ-
ing sharp corners, a series of contact interfaces, and time integration, and we were
unable to make a conclusive comparison of the three algorithms. In order to make
a decisive comparison between the algorithms, we conclude that a large scale user
problem should be studied using the verification tools in Encore.

Because the one-dimensional problem has a simple analytic solution, we could
compute convergence rates in different global norms, thereby revealing that the
three algorithms have significant differences in accuracy on sequences of succes-
sively refined meshes. The MPC algorithm only exhibited optimal convergence rates
when the meshes were aligned tetrahedra or hexahedra elements; for the more prac-
tical case when the meshes were unaligned, the MPC algorithm exhibited less than
optimal convergence, or simply failed to converge. By optimal convergence rate, we
mean the rate at which the error is reduced with respect to element size, on a se-
quence of finer meshes of a specific type of element, without any contact. As for the
resistance and generalized algorithms, at first they achieved optimal rates only for
aligned hexahedral meshes. But when we modified the quadrature rules for these
cases, the resistance and generalized algorithms achieved optimal rates for all other
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cases, including with either hexahedral or tetrahedral elements, and both linear and
quadratic degree elements.

In our final problem—one with curved contact interfaces and a three-dimen-
sional analytic solution—we investigated the relationship of the error with respect
to the two contact search parameters: normal and tangential search tolerances. Be-
cause the search parameters are given in physical length units, the resulting accu-
racy is mesh-dependent. Our results showed that the contact search parameters are
a strong factor in the accuracy of both the MPC and generalized algorithms. Only
within certain ranges of the tolerances on a given mesh, will a contact search be
successful and result in an accurate temperature field. The useful range of both tol-
erances is relatively limited when using the MPC algorithm, while only the normal
search tolerance is important for the generalized algorithm (within a mesh depen-
dent threshold, while holding the tangential tolerance to zero).

We propose small changes to the quadrature rules for the generalized algorithm
that result in improved accuracy for any type of unaligned meshes, for all element
types, and for linear and quadratic degree elements. However, some uncertainty re-
mains in the case of small resistance values. The present resistance contact algorithm
has numerical instabilities as resistance tends to zero, and is thus poorly suited for
this limiting case. Whereas the generalized algorithm is stable for any value of con-
tact resistance, but as resistance goes to zero for any fixed mesh the temperature solu-
tion eventually becomes independent of any value of resistance. This behavior of the
generalized algorithm could cause problems when modeling contact resistance in a
validation study using, for example, sensitivity analysis in a mean value approach.

We recommend improving the generalized contact algorithm and implementa-
tion, including better integration rules, the possibility of a symmetric formulation,
and a parameter free formulation (or user adjustable parameters). We recommend
that our one-dimensional verification problem be included into the suite of verifica-
tion problems for the thermal modules [2, 3] in SIERRA Mechanics. In addition, we
would like to see efforts to perform large scale tests of thermal contact algorithms
on engineering problems of interest, including both code and solution verification.
The latter would be achieved using a posteriori error estimation and adaptivity tech-
niques implemented in the Encore product [5].



2 Introduction

RELIABLE MODELING AND SIMULATION of thermal contact is important because any
non-trivial engineering system contains two or more solid materials, or manufac-
tured parts, that physically touch. When heat flows across parts, through the inter-
faces of surfaces in contact, a temperature drop occurs. A widely used model of this
effect is resistance contact, which utilizes a parameter called the contact resistance:
the ratio of the temperature drop across the interface to the heat flux. In the Calore
and Aria modules of SIERRA Mechanics, the parameter is specified in terms of con-
tact conductance, which is the inverse of the contact resistance.

Within computer based simulation, thermal contact is not only critical for mak-
ing an accurate prediction, but can be indispensable for reducing the cost of grid
generation. Multiple unaligned grids, each covering a part of a larger system, are
often easier to generate than a singly connected grid on the whole system. This may
be because the grids for each part are generated by either different people or differ-
ent techniques and tools. Often, the parts of a large scale system may have already
been meshed one at a time during a smaller scale component analysis. Whatever
the reason, multiple grids (even for subdomains of a single material) can be coupled
together via thermal contact—implicitly the contact resistance is assumed to be zero.
When the resistance is thus ignored for convenience of meshing, or is simply negli-
gible, the model is called tied contact.

We examine the numerical approximation of resistance contact and tied con-
tact in Sandia’s SIERRA Mechanics, a suite of software applications for engineering
modeling and simulation. We consider three algorithms: one specialized for tied
contact, a second for non-zero contact resistance, and a third meant to be suitable
for any value of resistance. For these software algorithms we provide relevant theo-
retical background, investigate their accuracy and reliability under practical circum-
stances, and catalog best practices for analysts who use the software. In addition, we
suggest improvements to the algorithms and the software implementation.

Until recently, capabilities for heat transfer in SIERRA Mechanics were encom-
passed by the Calore module. As we write this report, the latest release of Calore
is version 4.6 and most of Calore’s capabilities are now being replicated into the
SIERRA Mechanics module called Aria. Nonetheless, our conclusions in this report
are applicable to any finite element code containing similar algorithms. However,
our notes concerning software defects and our recommendations for improvements
to the implementation apply only to current or past versions of Calore and Aria.

2.1 RELATIONSHIP TO MECHANICAL CONTACT
An analogy may be drawn from thermal contact to mechanical contact. Mechan-

ical contact is the study of the deformation of solids that touch each other at one
or more points. While the primary physical variable in thermal contact is the scalar
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temperature, in mechanical contact it is a vector displacement or velocity. In thermal
contact the temperature has a jump across the interface, while in mechanical contact
the tangential component of displacements and velocity that are discontinuous. Fi-
nally, in thermal models a thermal resistance coefficient defines the conservation of
heat flux, whereas in mechanical models a friction coefficient defines the coupling
force tangential to the interface and the normal force is equal and opposite. In the
SIERRA Mechanics suite, the Adagio [1] and Presto [6] applications depend on me-
chanical contact algorithms. In a more significant commonality, at least in terms of
software implementation, both the thermal Calore and mechanical Presto modules
share the software implementation—through the ACME library [9]—for the geo-
metric search of mesh nodes and faces assumed to be in contact, which is also called
collision detection. Some analogous conclusions, although limited, could thus at
least be guessed at for mechanical contact algorithms from our conclusions about
thermal numerical algorithms. If nothing else, this report may suggest avenues for
turther investigation.

2.2 MATHEMATICAL MODEL

We consider classic mathematical models of thermal contact, different only by whe-
ther a loss of conductance is accounted for between solid surfaces. Here, by mathe-
matical model we mean equations derived from a continuum assumption, and that
the equations are in no way approximated numerically by polynomial interpolation,
the finite difference method, or finite element method, etc. Alternative formula-
tions could include microscale physics, through a multiscale modeling approach. In
this mathematical model, the fundamental assumption is conservation of heat flux
across the interface,

Conservation of Heat Flux Anlaq, + qn|aﬂj =0 1)

where q,| 20, for example, denotes the flux in the outward normal direction of sub-
domain ;. In addition to energy conservation, we need a constitutive equation to
close the model.

2.2.1 Resistance Contact

The resistance contact model accounts for imperfect contact between two solid sur-
faces due to some amount of surface roughness, as illustrated in Figure 1.

Inefficient transfer through the contact surface is treated by an averaged param-
eter measuring the lower conductance we call the contact resistance R. It has units
m*KW ™!, which are the units of length divided by thermal conductivity. The value
of contact resistance is dependent upon the following:

o temperatures of the two materials at the contact surface;
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position, y
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Figure 1. Imperfect heat transfer through two solid parts (in highly exaggerated vertical
scale). The total heat transferred is the sum of different paths, including effective conduc-
tion through solid-to-solid contact, poor conduction through gas-filled interstices, and in-
efficient thermal radiation across gaps. This imperfect transfer of heat flux is represented
using a resistance model.

« the materials in contact;

surface finish and cleanliness;

o pressure at which the surfaces are forced together;
o the substance, or lack of it, in the interstitial spaces.

The resistance can be thought of as a defining a “gap” flux across the interface pro-
portional to the temperature drop,

Resistance Contact qn!aQi =R (u ‘aﬂi - ”‘aoj) (2)

where the notation u |5 indicates that the temperature is to be evaluated on the
surface 0Q);, which is associated with the subdomain ;. Hence, another name for
the contact resistance is gap resistance. The parameter R™! may be thought of as the
contact conductance, similar to a heat transfer coefficient. In general, the contact
conductance may be a function of position, time, surface temperatures, and other
interface conditions. The contact conductance parameter is required input to the
Aria and Calore modules for any analysis that models contact resistance.

2.2.2 Tied Contact

The tied contact model is one obtained by assuming there is no loss of conductance at
the interface of two solid materials, i.e., conductance is large. It is a limiting case, or a

temperature

e
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simpler assumption for a reduced model. In tied contact, continuity of temperature
is maintained at the interface,

Tied Contact u ‘agi - ”‘ag. =0 (3)
J

2.3 DISCRETE APPROXIMATION ALGORITHMS IN SIERRA MECHANICS

In SIERRA Mechanics, specifically in the Calore and Aria modules, the finite ele-
ment method is used to discretize and approximate the mathematical model of heat
transfer. The discrete mesh of elements on either side of a contact interface may take
on a few possibilities, which we discuss briefly below. Following that, we outline the
three separate algorithms in SIERRA Mechanics that are used for approximating
thermal contact. The three algorithms consist of one for approximating resistance
contact, a second for approximating tied contact, and a third, generalized algorithm,
intended to be used for approximating both resistance and tied contact.

2.3.1 Contiguous, aligned, and unaligned meshes

We distinguish between three kinds of meshes across an interface. A contiguous
mesh is one with actually no separation at the interface, wherein all faces and nodes
are shared, and is thus equivalent to the mathematical model of tied contact, al-
though no contact algorithm is used. An aligned mesh is one with the faces and
nodes on one side of each interface lining up exactly in one-to-one correspondence
with faces and nodes on the other side. Such a mesh might be used when one wants
to add a resistance contact to a contiguous mesh by splitting the nodes and faces
along an internal surface. Finally, an unaligned mesh is one where the faces and
nodes on one side of each interface do not necessarily line up with those on the
other side. This case may occur in the approximation of both resistance and tied
contact. An example of an unaligned mesh is shown in Figure 2.

2.3.2  Resistance Algorithm

The resistance algorithm provides an approximation of the case of non-zero resis-
tance. The approximation is implemented by adding terms to the finite element
problem that are analogous to a heat transfer boundary condition at each side of
the contact interface. Instead of an ambient temperature, the temperature across
the interface is used in the boundary condition. For very small resistances (i.e., infi-
nite or very large conductances as input to Aria or Calore), depending on the prob-
lem scale, the resistance algorithm leads to ill-conditioned matrices since the matrix
contributions are scaled by the inverse of the contact resistance.

6



INTRODUCTION

hexahedral elements

— |

\wedge elements

1
g

e
K

KU/

'

N/
v

tetrahedral elements

[/
X

Figure 2. Thermal contact between unaligned meshes allows a domain to be meshed
into separate blocks of the same or different element types. Here unaligned subdomains
of tetrahedral, wedge, and hexahedral elements are in contact with a single subdomain
of hexahedral elements. On unaligned meshes, numerical algorithms for approximating
either resistance or tied contact may be appropriate.

2.3.3  Multi-point Constraint (MPC) Algorithm

In Calore, the multi-point constraint (MPC) contact algorithm can be used to model
tied contact. The MPC algorithm constrains the temperature nodes on the depen-
dent, or constrained, side of the contact interface to be linear combinations of the
temperature nodes on the independent side of the contact interface. This enables the
approximation of tied contact of separately meshed parts, assuming a perfect con-
tact interface in the sense that the resistance is assumed to be zero. An illustration is
given in Figure 3. For aligned meshes, the MPC tied contact solution is typically the
same as the solution obtained by solving the finite element problem on a contiguous
mesh. In the case of unaligned meshes, the solution is only approximately continu-
ous at the contact surface. Using the MPC algorithm, the ratio of the relative sizes of
elements on the dependent to independent sides should not vary greatly; a ratio of
no more than 2-to-1 was recommended in the Calore Theory Manual [2]. For best
results, the dependent side should have the same size or smaller elements than the
independent side, which maintains continuity of temperatures across the interfaces.

2.3.4 Generalized Algorithm

In Calore version 4.0, a third algorithm for approximating thermal contact, the gen-
eralized contact algorithm, was first made available [7, 8]. It was intended to span
the usage of both the MPC and resistance contact algorithms, while avoiding some
of the limitations of each of these algorithms. The generalized algorithm is closely
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independent side

‘ element ‘

(

dependent side

Figure 3. The independent and dependent sides of a contact interface in the multi-point
constraint (MPC) algorithm. The purpose of MPC is to approximate tied contact of sep-
arately meshed parts—it assumes a zero resistance, R = 0, or a perfect thermal contact
condition.

related to the Discontinuous Galerkin schemes devised to approximate advection-
diffusion problems with discontinuous finite elements. This is particularly the case
when approximating the tied contact model, where the temperature is continuous,
but is also relevant for the resistance contact model, where temperature discontinu-
ities are natural. For a fixed large contact resistance R, if the computational mesh is
refined, the temperature solution of the generalized and resistance algorithms will
eventually coincide—on the coarser meshes the temperatures of the resistance al-
gorithm may be slightly more accurate. However, holding the mesh fixed, if the
contact resistance is reduced, the temperature solution of the generalized and resis-
tance algorithms will never be the same—and again, the resistance algorithm may
prevent the solver from converging because of the ill-conditioned matrix resulting
from small resistances. The MPC algorithm will always differ from the other two
contact algorithms.

In the case of a non-zero contact resistance (R > 0), which corresponds to a
finite contact conductance, the generalized contact algorithm is dependent on the
dimensionless ratio

_hlk
=R’

Here C is a fixed constant (1/2 in the current SIERRA Mechanics implementation), k
is the local thermal conductivity, & is the local mesh size, and R is the local thermal
contact resistance at the contact surface. When H < 1, the generalized algorithm
reduces to exactly the same as the resistance algorithm. Thus, as the mesh size h
goes to zero, for example by uniformly refining the mesh, the generalized algorithm
will have the same asymptotic convergence properties as the resistance algorithm.
In the approximation of tied contact (R = 0), the mathematical model that is
implied when separately meshed parts are simply tied together, the generalized algo-
rithm is equivalent to a variant of the Discontinuous Galerkin method for diffusion
problems. The generalized algorithm includes a penalty term analogous to a ficti-
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tious contact resistance of order O(h) which tends to zero as the mesh size h tends
to zero. In contrast, the MPC algorithm approximates the tied contact model based
on node constraints.

2.4  VERIFICATION TEST PROBLEMS

We studied and verified the implementation of the thermal contact using three test
problems. The first problem is a three-dimensional transient problem with contact
between four blocks of different materials. This test exhibits strong gradients, and
singular points at the corners of the offset blocks, resulting in suboptimal conver-
gence rates. The second problem is a one-dimensional analytic exact solution well
suited for rigorous verification, whose results can easily be understood, also easily
making apparent any defects or inconsistencies in implementation of the three algo-
rithms. The third problem exemplifies contact on curved interfaces, and we use it to
examine the effect on accuracy of the user supplied contact search parameters.

Based on the results of our testing and analysis of the formulations, we provide
a high level summary of the pros and cons of the three algorithms in Table 2.4.

Table 1. Summary of conclusions on the three thermal contact algorithms used in
SIERRA Mechanics. These follow from examining three test problems. By optimal con-
vergence rate, we mean the rate at which the error is reduced with respect to element size,
on a sequence of finer meshes of a specific type of element, without any contact.

Algorithm  Strengths Weaknesses

Multi-point  optimal convergence rates tied contact only;
Constraint  for aligned meshes; inferior convergence rates
(MPC) simple implementation on unaligned meshes;

poor accuracy when dependent side
coarser than independent side;
two contact search parameters

Resistance optimal convergence rates finite resistances only;
on all meshes; possibly ill-conditioned matrix
symmetric matrix; and inaccurate solution for

parameterless implementation  very small contact resistance

Generalized  optimal convergence rates nonsymmetric matrix;
on all meshes larger pointwise errors on coarse meshes;
one contact search parameter;
invariant for small resistances;
one penalty parameter

Our focus on simpler problems, using exact analytical solutions when possible,
removes the influence from other complex inputs that typically occur in thermal heat
transfer. These other inputs include such items as complicated domain geometry,

9
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volumetric heat sources, radiative and convective boundary conditions, non-linear
effects, etc. We intended to minimize these other multiple sources of numerical
errors, errors that can either add up or cancel out.

In order to get optimal rates from the generalized contact algorithm, we made
improvements in Calore to the integration rules on the contact surface. The first
affected only the linear tetrahedral element, and involved switching the three point
edge-based surface integration rule with a three point interior rule. This prevented
false matches in the contact search algorithm, which were resulting in poor error
rates for aligned linear tetrahedral element meshes. The second was to switch off
the least squares integration rule that was implemented to handle integration on
unaligned meshes [7]. Instead, using only the default integration points and weights
on a local face, we produced the rates for generalized contact in the tables shown in
the Appendices. In lieu of performing direct integrals on the intersections of contact
faces, we recommend these changes, which will likely be implemented in the next
available version of Calore, and in future versions of Aria.

2.4.1 Transient, Three-dimensional Test Problem

For our transient 3D problem, detailed in Section 6, we computed the error in sev-
eral global outputs at several points at fixed times, as the spatial mesh is uniformly
refined using successively smaller time step and trapezoidal rule time integration.
The exact solution was taken using a fine grid contiguous mesh of 196,608 quadratic
tetrahedral elements, with zero contact resistance (see Figure 7 for plots of the tem-
perature field). We plot in Figure 4 the various solution outputs—volume and surface
averaged temperature-versus time, computed using our fine grid mesh and a time
step of Yes on the interval [0,25]s. New features in the Encore product [5] will
soon allow direct comparison of fields versus the fine grid by transferring solution
data fields. Overall, the 3D transient problem demonstrated the difficulty of compar-
ing algorithms when more complex effects are present, which in this case are time
integration, jumps in material properties and re-entrant corners.

2.4.2 One-dimensional Test Problem

In Figure 5 we summarize convergence rates of temperature for a very simple one-
dimensional test problem with a single contact interface. Details of the problem
and its exact solution are given in Section 7. We report convergence to the exact
solution in three different global norms of the temperature, using different contact
algorithms, and for various mesh alignments and element types. For a plot of the
family of exact solutions, see Figure 10. The H' and L% norm measure the global error
in the values and gradients, respectively, using the global square integral norm. The
L norm is the global maximum pointwise error in absolute value. All of the norms
are evaluated numerically using a high order quadrature rule on each element in the
mesh. For now, we note that the suboptimal L* error rates for linear Tet4 elements

10



INTRODUCTION

block Q, ’— surface I,

surface T
block Q;—— 2

surface I,

Average Temperature, u (K)

Time, t (s)

Figure 4. Transient behavior of volume and surface averaged temperature for Problem 1.
Problem 1 exhibits multiple contact interfaces and more complicated geometrical features
common in a practical heat transfer simulation. Not evident in these plots are the strong
gradients of temperature near sharp corners in the geometry, which also coincide with the
contact interfaces between subvolumes.

have been noted in other verification studies at Sandia. When the global L* norm
or L* norm do not converge well, the temperatures on or near the contact surfaces
typically suffer a loss of convergence.

2.4.3 Curved Surface Test Problem

In our third and final test problem, which is detailed further in Section 8, we inves-
tigate the specifics related to contact along curved surfaces, a common occurrence
in simulation of engineered systems. This problem is important because the contact
search procedure is used in SIERRA Mechanics in order to find the appropriate con-
tact interactions between mesh element sides. And for the search algorithm to have
success, two input parameters must be correctly set by the user to reasonable values.
The parameters are the normal search tolerance and the tangential search tolerance.
The useful range of these parameters may depend on the relative element sizes at
contact interfaces and the subdomain geometries near the interface. We show that
the contact search parameters, in the case of curved mesh geometry, clearly have an
optimal range for minimizing the global numerical error of the approximation, and
that this optimal range is mesh-dependent.

1
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Figure 5. Convergence rates for linear and quadratic elements on a one-dimensional
thermal contact problem with known analytic solution. Higher convergence rates are bet-
ter, and the optimal convergence rates are denoted by the gray bars in the background.
By optimal convergence rate, we mean the rate at which the error is reduced with respect
to element size, on a sequence of finer meshes of a specific type of element without any
contact. The multi-point constraint (MPC) algorithm exhibits suboptimal rates in many
cases, especially when the meshes are unaligned, or elements are quadratic degree. The
new generalized contact algorithm (with improvements as described in this report) ex-
hibits optimal rates for all cases. This graph plots the convergence rate values given in
Tables 4 to 5 on pages 29-30.
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2.5 OUTLINE OF THE REPORT

In the following sections we document the three contact algorithms in a unified
framework with common notation. Throughout the report, we compare and con-
trast the three algorithms within two regimes delineated by the value of contact re-
sistance R = 0, and R > 0.

In Section 3 we derive a variational formulation for the heat transfer equation
with thermal contact, and explain various terms that arise. Then in Section 4, we
describe how the variational formulation can be used to describe the discretized
algorithmic forms of the three contact models. In Section 5 we briefly outline our
code verification methodology.

In Section 6 we present calculations from the 3D transient test problem in order
to illustrate accuracy of volume averaged temperature for the different contact algo-
rithms. In Section 7, we present verification results using the 1D test problem with
an analytic solution. And in Section 8 we examine the curved contact test problem
and study the effect of the values of user supplied contact search parameters on the
case of concentric spherical parts.

A brief comparison of computational costs is provided in Section 9. We con-
clude in Section 10 with conclusions and recommendations for further study and
modification of the contact algorithms.

13
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3 A Variational Thermal Contact Model

In this section, we present the variational form of the mathematical models of ther-
mal contact in equations (1-3).

Suppose that we have a 2D or 3D domain ( that consists of a set of subdomains
Q; with interfaces I';; at the intersection of each pair Q; and Qj, i # j. Let n; denote
the unit outward normal vector on each subdomain boundary 0Q;.

Q; Q
I;

n; <t >n;

We define a unique unit normal vector n on I' = Uj,; I;j such that n = n; = —n;
holds when i > j. For any function v defined on Q we define v; as the restriction
from Q; to the boundary 0Q;.
On each subdomain Q;, we pose a standard heat conduction problem of the
form
-V-(kvVu)=f, xeQ (4)

along with appropriate boundary conditions on 0Q;/T. Here u is the temperature
field, k is the thermal conductivity, and f is a volumetric source term. On the inter-
face I between the subdomains, we would like to enforce the conservation (continu-
ity) of the outward normal heat fluxes

O:qi+qu—kiVui-ni—ijuj'nj:(—kiVu,-+ijuj)-n, SEFij. (5)

In addition, we pose a condition on the temperature fields of either tied contact (zero
resistance)

ui=uj, seljj, (6)
or finite contact resistance
qi=-qj=R7'[u], sely, (7)
where
[[V]] =V — Vj, i> j, (8)

denotes the jump in a function v (in this context, temperature) across the interface
[j, and R is the contact resistance with units of m KW,

In order to implement these interface conditions in (5)-(7) in a variational state-
ment, let v be a test function that is continuous within each Q; and possibly dis-
continuous across I'. We first multiply the differential energy equation (4) in each
subdomain by v and integrate by parts to get the weak form

faidexzfﬂikvuw’d’“’_/aﬂi(‘kivui)'”ivids. 9)

14
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Assuming for simplicity Dirichlet boundary conditions for u have been specified on
0Q;/T, we can assume that v = 0 on dQ);/T. We then sum over subdomains, and
using the unique normal 7, obtain the expression

Zi:fQifvdx:Zi:/QikVqudx
+Z{fagﬂr(—kiVu,-).nvids—fao mr(—kjvuj).nvjds}. (10)

i>j i
Using the splitting
AB—CD:%(A+C)(B—D)+%(A—C)(B+D)
we can write
(=kiVu;)-nvi—(=kjVuj)-nvj= - (ki Vu;-n—kjVu;-n)(vi - vj)

+

=] —

(—kiVu,--n+kj Vuj-n)(vi+vj). 1)

Applying flux conservation (5) we can drop the second term on the right hand side
of (11) and write the discontinuous variational problem compactly as

Tied Contact

Variational Form

/QkVqudx—/rk_Vu-n[[v]]ds=fovdx (12)

for all test functions v. Here, k Vu denotes the average flux at the interface I; i ie.,

kVu

1
r; 2

(kiVu,-+ijuj). (13)

We note that (12) is necessarily satisfied by the exact solution with either (6)
or (7), since both satisfy the flux conservation condition in (5). For the case of finite
contact resistance R, we have

~kVu-n=R"[u], (14)

which leads to

Resistance Contact

/kavmx+er—1[[u]] [[v]}ds=/ﬂfvdx (15)

Variational Form

for all test functions v. The variational form in (15) differs from the formulation for a
convective heat transfer boundary condition in the appearance of the jumps instead
of the surface values of u and v.

15
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4 Discrete Thermal Contact Models

We now introduce the finite element discretization of the thermal contact model for
the multi-point constraint (MPC), resistance, and generalized contact algorithms.
Let &,; be a mesh for Q;. The restriction of the meshes to I', denoted 4,; are not
assumed to be aligned, i.e. they do not necessarily have nodes or faces that coincide.
On each mesh we assume a space of continuous piecewise polynomial shape func-
tions Vj,;. Again, no continuity across I is assumed. The global finite element space
is denoted Vj,.

4.1 MULTI-POINT CONSTRAINT ALGORITHM
For the purposes of approximating tied contact, R = 0, using the multi-point con-

straint algorithm, we assemble the matrix for the discontinuous problem: find uy, €
Vi

MPC

k dx= [ frd 16
Algorithm fQ Vil Vv 4% vah * s)

Vv, € Vj,. Continuity is enforced for each interface I';; by constraining the nodes on
one side ¥y,;, called the dependent side, in terms of the nodes on the other side ¥, 7>
called the independent side. This requires an asymmetric contact search for every
node x, on the dependent side &, in order to find the face e, on the independent
side ¥j,; containing the node (see Figure 3 on page 8). Then the constraint matrix is
determined by evaluating the shape functions on e, at the point x,,. Further details
can be found in the Calore Theory Manual [2].

4.2 RESISTANCE CONTACT ALGORITHM

For resistance contact, R > 0, we discretize the variational problem in (15): find
uy € Vh:

Resistance

-1 _
Algorithm /Q kvuy Vv, dx +,/; R [un] [va] ds = foVh dx (17)

Vvy € Vj. This model is simple and depends only on the physical contact resis-
tance R. However, for R <« 1 (i.e., large conductance), the matrix can become ill-
conditioned. In order to integrate the second term on the left hand side, a symmet-
ric contact search is used to map each integration point x, from both sides of the
contact mesh into a face on the opposite side.
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4.3 GENERALIZED CONTACT ALGORITHM

The generalized contact algorithm for approximating either tied contact, R = 0, or re-
sistance contact, R > 0, is based on combining (12) and (15), using mesh-dependent
weights. The finite element statement of the problem is: find uj, € Vj;:

Generalized fQ kVup Vv dx _./r ap k Vuy - n[vy] ds

_ (18)
Algorithm +/rﬁh lun] [ve] ds Ifﬂfvh dx

Vvy, € Vj. In practice, the above integrals are approximated using numerical quadra-
ture. When the grids on I' are aligned, then every element e; is aligned with exactly
one element e, and a common quadrature rule can be applied to both faces. How-
ever, when the meshes are unaligned, the integrals on e; must be computed on the
nonempty intersection of the face pairs e; N e + @.

We now define the coefficients «j, and S}, for the cases in which we intend to
approximate the models of tied or resistance contact.

4.3.1 Approximating Tied Contact (R = 0)

In the case of tied contact, or zero resistance (R = 0), the generalized algorithm is
exactly a form of the Discontinuous Galerkin method along the contact interface.
For the weights, we choose «, = 1, and choose f3;, to be proportionate to the average
of the ratio of conductivity k to local mesh size h from both sides of I

Bn=Ckh™. (19)

In this case, the weight f3;, is an artificial mesh-dependent conductance. This makes
the final term on the left hand side in (18) a penalty term that serves to enforce
continuity as the mesh is refined. In the present version of Calore, the constant
is defined as C = 1/2 (it may make sense for Aria and Calore to make this a user
adjustable parameter).

4.3.2  Approximating Resistance Contact (R > 0)

In the case of a finite non-zero resistance R, the definition of the weights a;, and 8,
varies. We first define a ratio of the artificial to physical resistance

R—l

H .
Ckht

(20)
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It follows immediately that H scales as O(h) as h — 0. Then we define the weights
as

(1-2,CkrT), Hsl,
(an, Br) = H (21)

(0,R™), H<L1

Clearly this definition is mesh-dependent. In the limit of # <« 1, we have H < 1,
ay = 0and Bj, = R™}, which is precisely the variational form for resistance contact
in (17). We summarize the possible ranges of the multipliers in Table 2.

Table 2. The internal multipliers used in the generalized contact algorithm depend on
the relative values of the mesh size and the user given resistance. The values «j, and 8,
are multipliers on the average flux, and the jump in the temperature, respectively.

Average Flux  Temperature Jump

Weight Weight
Type of Problem R, H ay B
Tied contact R=0 1 Ckht
Finite resistance on coarse mesh R >0, H >1 1- 1 Ckht
Finite resistance on fine mesh R>0,H<1 0 R

From (20), we see that for any fixed sized mesh (h fixed), as the resistance R tends
to zero, the dimensionless ratio H will eventually become greater than one. In this
case, the limiting values of the weights are independent of R, aj, ¥ land 3, = Ck h~.
Thus for a fixed mesh, the generalized contact algorithm becomes independent of
R, as R tends to zero. However, for fixed R, as the mesh size h goes to zero, the
generalized contact algorithm eventually becomes identical to the resistance contact
algorithm.

4.4 LINEAR SOLVER DETAILS

Assuming exact integration of the contact terms, the linear system will be symmet-
ric (and constrained) for the MPC algorithm, symmetric for the resistance algo-
rithm, and nonsymmetric for the generalized algorithm. However, when the inte-
grals along I' are numerically integrated, the linear system can become nonsymmet-
ric for both resistance and generalized. Furthermore, if the constraints for MPC
algorithm are imposed using Lagrange multipliers as in Calore and Aria, then the
matrix is nonsymmetric and indefinite.

Having now defined our numerical contact models, we briefly present our veri-
fication methodology and then present results from three test problems.

18
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5 Verification Methodology

An important component of predictive modeling and simulation is code and solu-
tion verification. Our primary tool for performing code verification studies in this
work is the use of global norms, which are commonly used in the a priori conver-
gence analysis of finite element methods.

When we say that a finite element method has spatial order p, we mean that the
error measured in some norm is bounded by the mesh size h to the power p, in the
limit as h is reduced to zero. Here let the error function e be defined e = u — uy,
where u is the exact solution and uy, is the finite element approximate solution. If
| - || is a spatial norm, this statement can be written as

le|| < Ch?, h—o,

where C is a constant depending on the exact solution u, but not on A.

To use this result, we consider sequences of meshes with increasingly smaller
mesh size h. This requires us to restrict the meshes to being nearly uniform, i.e. all
elements should be approximately the same size, so that the mesh size h is well de-
fined (such meshes are called quasi-uniform in the finite element literature). Given
any two meshes with mesh sizes h; and h,, we can approximate the rate p by

, log(leafl/lerl))
) log (ha/hy) (22)

To avoid computing the mesh size h on unstructured finite element meshes, we can
use the further approximation relating / to the number of nodes N

h~ N4
where d is the spatial dimension. Then we can replace (22) by
1
poma [slledllaD), .
log (N2/N1)

We will consider the H'(Q) semi-norm (a global measure of the accuracy of the
temperature gradient)

Qe 9

12 1/2
lelina = ( [, Vel dx) (ZZ V() |J<xq>|wq) el

where on an element Q),, we have the quadrature points x,, the Jacobians [J(x4)|
and the weights w,. We also use the L?(2) norm (a global measure of the error in
the temperature value)

1/2

1/2
leliaoy = ( [ lePdx) (sz|e<xq>|2 |](xq)|Wq) 9
e q
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and the L*° () norm (the global maximum error in the temperature value)
w(Q) = ~ . 26
el = max]e(ce)| ~ ma maxe(x,)] (26)

The norms are approximated using a suitable element quadrature rule, as indi-
cated in the equations. We used a quadrature rule that was fourth order accurate for
all elements, using a large number of sample points per element. For the tetrahedral
elements, this involved 11 points, and for the hexahedral elements, this involved 64
points.

We also considered the error in a quantity of interest Q, defined abstractly as

E(u,up) = Q(u) — Q(up).

Verifying the convergence rate in a quantity may be more practical in some appli-
cations, but may be more difficult, since the rate must be proven for each class of
output, such as surface averaged temperatures, surface fluxes, pointwise tempera-
tures, etc. The problem is further complicated by the fact that formulas such as (23)
require that the error not change sign between the two grids, so that the logarithm
be defined. If the error is oscillating around zero as the meshes are refined, then
estimation of the rate will not be reliable.

We now consider several numerical test problems in order to both verify the
three contact algorithms and illustrate the differences between them. In the next
section we explore computing error rates in global quantities, and in the subsequent
sections we use global norms.
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6 Problem 1: 3D Transient Heat Transfer

We first consider a problem involving transient conductive heat transfer with ther-
mal contact. The problem domain contains four cubes of different materials, that are
in contact along three contact surfaces (see Figure 6). The time-dependent energy

Iy

Ipy

Wi

AV/N\
N
o

Y
7

;/T 4
v : K,

Figure 6. Problem 1: Four block domain with three contact interfaces. Each cube has
length 1 ¢m and the mesh consists of 3072 aligned tetrahedral elements. We expect edge
singularities to occur at the intersection of the contact surfaces.
equation is given by

pcpdu—V-(kvVu)=0, xeQ, t>0.

The material parameters for each subdomain are given in Table 3.

Table 3. Problem 1: Material properties for four block domain.

Mass Density  Specific Heat Thermal Conductivity

P p k
Subdomain (g/cm?) (J/g-K) (W/cm-K)
0 7.86 0.5 0.163
Q, 8.66 0.38 1.356
Q3 7.92 0.456 0.55
Q4 2.70 0.9 2.10

On the boundary I'p;, the temperature is specified as u = 300 K, and on the
boundary I'p,, the temperature is specified as u = 500 K, with the initial condition
u =300K.

21



THERMAL CONTACT ALGORITHMS IN SIERRA MECHANICS

In Figure 7 we plot the temperature field for the case of zero contact resistance
at several times. The different material properties result in different temperature
gradients in each block. Because we do not have an exact solution, we cannot ver-

Time, t=0.75 Time, t =4.50

Time, t=11.25 Time, ¢t =30.00

Temperature, u (K)

Figure 7. Problem 1: Temperature distribution along the surface for the case of zero re-
sistance at four different times. Strong gradients of temperature occur near the two sharp
re-entrant corners, where the contact interfaces between subvolumes are also located.
This type of behavior of the solution is common in the more complex geometries seen in
practical heat transfer simulation.

ify the convergence of the approximate solutions exactly. We can however compute
the finite element solutions on sequences of uniformly refined meshes, comparing
the coarse grid solutions to a fine grid solution on the finest contiguous grid using
quadratic tetrahedral elements. This can be done by first interpolating the coarse
grid solutions onto the fine grid, and then computing global spatial norms on the
fine grid error using the Encore product [5]. However, for this problem, we instead
choose to use the fine grid solution to compute the error in certain engineering quan-
tities of interest. These are the average temperature on each block and on the three
contact surfaces between the blocks.
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6.1 VERIFICATION OF CONTACT USING GLOBAL QUANTITIES

For simplicity we will only consider the case of tied contact (zero resistance), com-
paring the contact algorithms along with the case of a contiguous mesh. The cases
will be

1. contiguous Tet4 elements (no contact),

2. aligned Tet4 elements using the generalized algorithm,

3. unaligned hybrid Tet4/Hex8 meshes using the generalized algorithm, and
4. unaligned hybrid Tet4/Hex8 meshes using the MPC algorithm.

We choose the time integration to be the implicit trapezoidal rule (second order in
time) over the time interval [0, 30]. The time steps were chosen to be {1, %, %, % }
on successively refined spatial meshes. The key assumption here is that with second
order time integration and the choice of successively smaller time steps, the spatial
error will dominate the error from the time integration. Since the spatial error in
global quantities using linear elements is at best second order, this assumption ap-
pears reasonable.

In Calore, the default integration rule is a composite integration rule. The de-
fault rule includes points from both sides of the contact surface and performs a least
squares fit of the integration weights. We temporarily implemented two alternative
integration methods in the generalized contact algorithm:

1. the use of interior integration points on the triangle faces rather than on the
triangle edges, and

2. the use of the integration points and weights from the face currently being
integrated.

These modifications are justified in Section 7 by use of a 1D contact problem with
analytic solution, but for now we will make use of these changes without comment
throughout this section.

We would like to compare the accuracy of the different cases using the volume
or surface averaged temperature as the global quantity of interest. The error is com-
puted as the difference in the average temperature computed on the coarse grid and
the average temperature computed using a contiguous mesh (no contact) of 196,608
quadratic tetrahedral (Tetl0) elements with a time step of Yis. We will refer to this
mesh and solution as the fine grid and fine solution, respectively.

We first plot in Figure 8 the errors in the average temperature over various ele-
ment blocks and sidesets as functions of time when using the generalized algorithm
on an unaligned Hex8/Tet4 mesh of 1016 elements (case 3). It is clear that these er-
rors can be either positive or negative, and can change sign over time. Moreover, for
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Figure 8. Problem 1: Error in volume and surface averaged temperatures versus time for
the generalized algorithm on a mesh of 1016 unaligned Hex8/Tet4 elements.

this number of elements, we can see that the magnitude of the error can be as high
as 10 degrees K.

A verification of these results has multiple dimensions, including the choice of
time step, the mesh size, the choice of quantity, and the choice of method (from the
four cases we listed above). In order to simplify the comparison, we selected a finite
number of time values at which to compare the spatial convergence rates between
cases (1-4) for the surface averaged quantities (contact surfaces I, I3, I34). Using
cases (1-4) on four different mesh resolutions, we computed the errors and plotted
them versus number of mesh nodes (degrees of freedom) in Figure 9.

In Figure 9(a), the errors in all four cases are decreasing as the mesh is refined,
although not always monotonically. The generalized algorithm appears to have a
rate of convergence that is larger (better) than for the cases of contiguous meshes or
the MPC algorithm. The situation is reversed in Figure 9(b), where the generalized
algorithm appears to be converging at a slower rate than the cases of contiguous
meshes or tied contact. Finally, in Figure 9(c), all cases appear to have similar rates,
except for the case of the MPC algorithm. The error rate in the case of the MPC
algorithm is inconclusive, even though the magnitude of the error is much smaller
than any of the other cases.

This problem suggests several points. First, without an exact analytical solution,
we cannot be entirely certain of the error rates in these average temperatures, other
global quantities, or even global norms. Second, the exact solution to this problem
likely has multiple singularities, because of the reentrant corners and edges, the dis-
continuous material properties, and the jump in the boundary condition on I'p, at
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Figure 9. Problem 1: The convergence of the average temperature on contact surfaces at
different times. The error in average temperature is plotted versus the number of nodes
is successively refined meshes. The convergence rates of O(h) and O(h?) are denoted
as slopes of small triangles. The error when using the MPC algorithm for tied contact
behaves erratically. For a single mesh, the MPC algorithm may have smaller error than
the generalized algorithm but the MPC clearly does not converge reliably.
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initial time. Because the solution is not smooth, we do not know the expected order
of convergence in either global quantities or norms, which makes it impossible to
make conclusions about whether the error rates in Figure 9 are close to expected
asymptotic rates. Finally, the transient nature of the problem leads to difficulties in
decoupling interactions between spatial and temporal error sources.

We claim that this problem, while important, is not adequate for a code verifi-
cation study, where we are simply interested in verifying convergence rates under
optimal conditions. The best we can say about the error rates with respect to mesh
size in Figure 9 is that they are likely between order one and two. However, quantify-
ing the error in this problem is part of the more difficult area of solution verification,
which seeks to provide estimates of this error without using fine grid solutions, and
to dynamically adapt the mesh in order to reduce this error. A further difficulty
that arises in meshes with more complex geometries is the selection of normal and
tangential search tolerances, which we examine in Section 8.

Instead of trying to disentangle the sources of numerical error other than the
contact algorithm in a 3D transient problem, we chose instead to study a simpler
problem. Next, we examine a 1D contact problem with an exact analytical solution
and observe convergence rates for each of the contact algorithms, verifying if the
rates are optimal. We will also validate why we made the modifications to the gener-
alized contact algorithm, by demonstrating that they produce optimal convergence
rates for our 1D test problem.

7 Problem 2: 1D Steady State Heat Transfer

Consider the 1D dimensionless thermal contact problem on the domain Q = (-1,1)
with contact at x = 0:

-u"(x) = f(x), xe€(-1,0)u(0,1),
u(-1) =0,
u(1) =1, (27)
-u'(07) = -u'(0%),
~u(0) = R (u(07) ~ u(0")),

where the " denotes a derivative with respect to the coordinate x. Once we specify
the forcing function f(x), the exact solution can be easily integrated. In the case of
f piecewise constant

-1, -1<x<0,

f(x) =

1, 0<x<],
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the exact solution is piecewise quadratic, given by

J(1+x)(y+x), -1<x<0,
u(x) = (28)
1+3(1-x)(-y+x), 0<x<l,
where
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Figure 10. Problem 2: Plot of the exact solution to the 1D contact problem in equation 28.
As the resistance value is varied from zero to oo, the jump in the temperature value ranges
from zero to two.

It is straightforward to compute the jump in u at x = 0 to be given by the analyt-

ical formula
2R

2+R’
This solution is used to test the accuracy of the thermal contact algorithms using
linear elements. In order to test the quadratic elements, we can choose f to be piece-
wise linear

%—x, -1<x<0,

f(x) =
%+x, 0<x<l1,

which yields a piecewise cubic exact solution given by

—%x3+ix2+(%—y)x+(l—y), -1<x<0,
u(x) = (29)
—éx3—}—1x2+(é—y)x+y, 0<x<l,
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where now the constant y is defined by

7
1+ER

2+R

)/E

We consider both linear and quadratic elements; meshes of hexahedra, tetra-
hedra, or hybrid hexahedra/tetrahedra elements; and aligned or unaligned contact
surfaces. By a hybrid mesh we mean a domain meshed by multiple blocks, where
each block contains only either hexahedra or tetrahedra, and the domain contains at
least one block of each type. In all cases, the problem has an exact analytic solution
as given in (28) for linear elements or (29) for quadratic elements. The 3D domain
is given by Q = (-1,1) x (0,1) x (0,1), where the 1D solution is in the x-direction.

In the next three sections we discuss the results of running Problem 2 for: 1) the
MPC algorithm for tied contact (R = 0), 2) generalized algorithm for tied contact
(R = 0), and 3) generalized algorithm with finite resistance (R > 0), respectively.
We summarize the observed convergence rates obtained using the two finest spatial
grids for linear elements in Table 4, and the quadratic elements in Table 5. For con-
venience of presentation, the full set of tables of convergence rates computed on the
intermediate meshes are presented in the Appendices.
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Table 4. Problem 2: Comparison of convergence rates for linear elements using the
multi-point constraint algorithm for approximating tied contact, and the generalized
algorithm for approximating both tied contact and finite resistance contact. These
results summarize those compiled in the Appendices in Tables 9 to 26 on pages 48-
54.

Linear Elements Contact H! rate L? rate L* rate
in Mesh Algorithm optimal =1 optimal =2  optimal = 2
Aligned Tet4 Multi-point Constraint 1.02 2.00 1.62"
Generalized (R = 0) 1.08 2.23 1.66"
Generalized (R = 0.25) 1.01 2.00 1.62"
Unaligned Tet4 ~ Multi-point Constraint 0.63 7 1.157 1.057
Generalized (R = 0) 0.98 1.97 1.53"
Generalized (R = 0.25) 0.98 1.94 1.55"
Aligned Hex8 Multi-point Constraint 1.09 2.18 2.18
Generalized (R = 0) 1.05 2.09 2.09
Generalized (R = 0.25) 1.09 2.18 2.18
Unaligned Hex8 ~ Multi-point Constraint 0.617 1177 1.07°
Generalized (R = 0) 1.04 2.07 2.07
Generalized (R = 0.25) 1.07 2.13 2.13
Hex8/Tet4 Multi-point Constraint 0.93 1.93 1.08"
Generalized (R = 0) 0.99 2.06 1.51"
Generalized (R = 0.25) 0.99 1.92 1.55

" The Tet4 elements exhibit L* error rates of only about 1.5. This suboptimal rate for linear
tetrahedral elements occurs even when contiguous meshes are used (no contact), which we
do not understand.

T Note the inferior rates for MPC algorithm on unaligned meshes.
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Table 5. Problem 2: comparison of convergence rates for quadratic elements using

multi-point constraint algorithm for approximating tied contact, and generalized al-
gorithm for approximating both zero and finite resistances. These results summarize
those compiled in the Appendices in Tables 9 to 26 on pages 48-54.

Quadratic Elements Contact H! rate L? rate L* rate

in Mesh Algorithm optimal =2  optimal =3  optimal = 3
Aligned Tet10 Multi-point Constraint 2.03 3.36 3.05
Generalized (R = 0) 2.00 3.12 3.06
Generalized (R = 0.25) 2.02 3.36 3.06
Unaligned Tet10 Multi-point Constraint 0.55" 1.16° 0.92
Generalized (R = 0) 1.97 3.10 3.00
Generalized (R = 0.25) 1.95 3.24 2.99
Aligned Hex27 Multi-point Constraint 2.18 3.27 3.27
Generalized (R = 0) 2.09 3.12 3.08
Generalized (R = 0.25) 2.18 3.27 3.27
Unaligned Hex27 Multi-point Constraint 0.54" 1.47° 1.07°
Generalized (R = 0) 2.07 3.09 3.05
Generalized (R = 0.25) 2.13 3.20 3.20
Hex27/Tet10 Multi-point Constraint 0.40" 1.34° 0.96"
Generalized (R = 0) 1.94 3.14 2.83
Generalized (R = 0.25) 1.93 3.21 2.86

" Note the inferior rates for the MPC algorithm on unaligned meshes.
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7.1 VERIFICATION OF THE MPC ALGORITHM

In this section we discuss verification results for the MPC algorithm, which approx-
imates tied contact, or zero resistance (R = 0).

We first test meshes obtained by splitting a tetrahedral mesh along the contact
surface (x = 0) while retaining matching nodes and faces. This is the aligned case,
where there is a one-to-one matching of nodes and faces on either side of the contact
interface. We see in Table 5 on the preceding page, that when the meshes are aligned,
the convergence rate for the quadratic Tetl0 element is the expected optimal rate for
the case of contiguous meshes (no contact). However, for the linear Tet4 element,
we see in Table 4 on page 29 instead of the second order rate in the L* norm, a
rate of about 1.6. This rate also occurs in verification tests using contiguous meshes
without contact, and is the subject of ongoing code verification activity.

Next we allow for meshes of tetrahedra that are meshed independently on the
two sides of the contact surface (x = 0), although with similar mesh size. This is
the unaligned case, where the nodes and faces on one side of the contact interface
do not match the nodes and faces on the other side. The resulting error rates are
less than the optimal rates for the contiguous meshes in all cases’. When the mesh
on the contact interface is unaligned, the rates for the quadratic Tetl0 element are
generally no better than that of the linear Tet4 element. When the mesh is unaligned,
the MPC algorithm is reduced to a method of order one, and the global error with
respect to element size cannot be reduced any faster.

For the aligned hexahedral elements, as in the case of the aligned tetrahedral
elements, in Table 4 to 5 on pages 29-30 we observe the optimal error rates for lin-
ear and quadratic elements®. For the unaligned hexahedral elements, we again see
suboptimal error rates®, with similar behavior as the tetrahedral meshes. For hybrid
hexahedral/tetrahedral meshes, the linear elements have nearly optimal rates in the
H'and L? norms, but suboptimal in the L® norm. This improvement in the rates for
hybrid hexahedral/tetrahedral meshes is a curious effect. The unaligned quadratic
elements exhibit suboptimal rates in all norms, with rates worse than the linear ele-
ments*.

We also varied the ratio of the element size on the independent/dependent sides
of the contact interface as {%, %, %, %, %, %, % }. Recall that to maintain C° con-
tinuity of temperature across the interface, the elements on the independent side
should be the same size or larger than those on the dependent side. We found that
when the independent side elements were smaller than the dependent side elements
(ratio less than one), the convergence rates for the tied contact algorithm were not
optimal. Moreover, as the independent/dependent ratio decreased, the convergence
rates went to zero, or even negative rates, meaning that the finite element approxi-

!q.v. Table 10 on page 48 in the Appendices
2q.v. Table 11

3q.v. Table 12 on page 49

q.v. Table 13
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mation diverged from the solution.
We make the following conclusions about the tied contact algorithm:

1. for aligned meshes, the tied contact algorithm produces the expected conver-
gence rates for the case of contiguous meshes with no contact

2. for unaligned meshes, the tied contact algorithm does not, in general, produce
the optimal convergence rates for the contiguous case, except perhaps for the
hybrid linear hexahedra/tetrahedra case.

3. as the independent/dependent element ratio decreases, the tied contact algo-
rithm may fail to converge. Therefore it is recommended that the independent
side of the contact interface is coarse compared to the dependent side.

7.2 VERIFICATION OF GENERALIZED ALGORITHM WITH ZERO RESISTANCE

In this section we present verification results for the generalized algorithm in the
case of zero resistance (R = 0). In the current SIERRA Mechanics implementation,
the quad faces of hexahedral elements use interior integration points, while the tri-
angle faces of tetrahedral elements use edge integration points for linear elements
and interior points for quadratic elements. In addition, the face integration rule for
contact is based on a composite rule containing integration points from all (inde-
pendent) faces in contact with the local (dependent) face, with integration weights
chosen from a least squares fitting process (Aria or Calore developers may refer to
[7] for further details).

We investigated two alternative quadrature rules: 1) the use of interior integra-
tion points on the triangle faces and 2) the use of the integration points and weights
from the side currently being integrated. We will see that both of these alternatives
provide better convergence rates than SIERRA’s default implementation. These alter-
nate rules were also used to compute the results in Section 6.

We begin with results for aligned meshes of tetrahedral elements. Since the least
squares integration, originally defined in a presentation by Farzin Shakib [7], is iden-
tical to the integration rule from the local face when the meshes are aligned, we
present only the data for the least squares integration. For the linear case, the inte-
rior integration point rule produces better convergence rates than SIERRA’s default
edge integration rule’. We note that, as in the case of tied contact, the error in the
L*-norm for the linear elements appears to be only about 1.5, which is less than
the optimal second order rate. For the quadratic case, the integration rule uses only
interior points, and the resulting convergence rates are the expected optimal rates.

Next we present results for unaligned tetrahedral meshes. Here the different
integration rules perform differently. For the linear elements, the optimal rates are
achieved using interior integration points and the local integration rule®. Similarly,

>q.v. Table 14 on page 50 in the Appendices
®q.v. Table 15
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for unaligned quadratic elements, the rates from using the local integration rule are
also superior’.

For aligned hex meshes, all of the rates are the expected optimal rates®. Moreover,
the least squares integration rule reduces to the standard local integration rule in
this case. For the case of unaligned hex meshes, the error using the least squares
integration rule diverges in the L* and L* norms, and converges at a suboptimal
rate in the H' norm®. When we use the local integration rule, all of the rates return
to the optimal rates. The behavior is the same for linear and quadratic elements.

The results for unaligned hexahedral/tetrahedral meshes show similar conver-
gence rates as in the unaligned tetrahedral meshes'’.

We conclude that for the generalized contact algorithm, the implementation that
gives the optimal rates is the use of interior integration points on the triangle faces
and the use of the local integration points. An even better strategy may be to perform
the integration directly on the intersections of contact faces. The suboptimal rates
in the case of linear tetrahedral elements are still under investigation.

7.3 VERIFICATION OF GENERALIZED ALGORITHM WITH FINITE RESISTANCE

Let us now examine the case of finite resistance. Since our problem is dimensionless,
the contact resistance is related to the physical resistance R by
RI

o (30)
Here [ is alength scale and k is a reference thermal conductivity. Our results can thus
be interpreted for dimensional problems by computing a dimensionless resistance
based on the physical scales of the problem.

As we stated in Section 4.3, in the case of finite resistance (R > 0), the gener-
alized contact algorithm contains mesh-size dependent coefficients that cause it to
converge to the resistance algorithm as the mesh is refined. We tested this by varying
the (dimensionless) resistance from 1073 to 10° and plotting the L error rates for
the generalized algorithm on our 1D problem; see Figure 11.

Because the problem is only 1D, the error curves for the resistance algorithm lie
on a single curve in Figure 11, corresponding exactly to the lowest curve from the
generalized algorithm. Therefore, the convergence rates for the resistance and gen-
eralized algorithms are the same, except for differences on relatively coarse meshes.
Any differences are exhibited as larger errors in the generalized algorithm.

The tradeoft is that the generalized algorithm still functions in the case of very
small resistance (R < 1), where it agrees closely with the case of R = 0. The re-
sistance algorithm, however, has issues with a very small resistance: the matrix be-

R

7q.v. Table 16
8q.v. Table 17
?q.v. Tables 18 and 19
'2q.v. Tables 20 and 21
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Figure 11. Problem 2: Convergence of generalized and resistance contact algorithms with

finite contact resistance. We can see that for any finite contact resistance R, as the mesh is

refined, the generalized contact algorithm eventually coincides with the resistance contact
algorithm. On coarser meshes the resistance contact algorithm is more accurate.

comes ill-conditioned, leading to large errors in the temperature, or even complete
failure of iterative linear solvers. To see this, compare the coeflicients in Table 2 in
the case of fixed mesh (h constant) and R very small (R << 1). In this case H > 1
and thus ay, ~ 1, which is nearly the same as for zero resistance. We demonstrate
this effect by plotting the error at the right hand temperature limit (0*), which we
show in Figure 12.

For completeness, we computed the convergence rates for the generalized algo-
rithm with a finite dimensionless resistance of R = 0.25 (see Tables 22-26). The
convergence rates were very similar to those for the case of the generalized contact
algorithm with zero resistance, using the two modifications of the integration rules
discussed in the previous section.
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Figure 12. Problem 2: Convergence of the right hand temperature limit (0") for various
values of resistance. Results for three different mesh sizes are shown using both gener-
alized and resistance algorithms and a direct linear solver. The resistance algorithm is
unstable for small values of resistance; in contrast, the generalized algorithm is stable for
small resistance values, and converges as the mesh size is reduced.
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8 Problem 3: 3D Contact on Curved Surfaces

Contact along curved surfaces is common in engineering simulation. In this prob-
lem, the domain consists of two hollow spherical shells that touch along a spherical
contact surface. The dimensionless radii of the inner, contact, and outer surfaces are
given by r = {1,1.5, 2}.

The contact search algorithm in SIERRA must find appropriate contact interac-
tions, either between an integration point on one side and a face on the other (sym-
metric search for generalized and resistance algorithms), or between a node on the
dependent side and a face on the independent side (asymmetric search for MPC).
Two parameters control the contact search algorithm: the normal search tolerance
and the tangential search tolerance. The parameters are not dimensionless. The pa-
rameters define a search box around face so as to allow for inexact contact.

In Problems 1 and 2, the contact surfaces were flat; nodes and faces on the inter-
face intersected within machine precision, so the search parameters were not an is-
sue. If triangle integration rules from previously released versions of Calore are used,
however, the wrong face could be detected on aligned contact meshes. This happens
because the rules have integration points on the triangles edges. In the case of curved
contact surfaces, such as in this problem, volumes are meshed and modeled using
isoparametric linear elements, and the corresponding surface meshes only approxi-
mately represent the geometry. Hence the contact search parameters become critical
factors in the numerical error.

In Figure 13 we plot four meshes for our problem using hexahedral (Hex8) ele-
ments for the inner block and tetrahedral (Tet4) elements for the outer block. These
meshes were generated so that very few nodes aligned on the contact surfaces, and
so that the mesh size decreased by roughly a factor of 1/2. For simplicity, we defined
a reference mesh size by dividing the volume of the Hex8 block by the number of
elements, and then taking the cube root. This resulted in the data in Table 6.

Table 6. Problem 3: Reference mesh
sizes.

Number of Mesh Size

Level Hex Elements h
hy 48 0.592
h, 216 0.358
h, 600 0.255
hs 6000 0.118

For this problem, we chose the analytic solution to be a 3D spherical harmonic
polynomial given by

u(x,y,2) = -3x*z2-3y*z+22°

36



ProBLEM 3: 3D CoNTACT ON CURVED SURFACES

XKLL
R

S

= e
RS

s
LSRR
SRR
S SRKELRL
SRR
",

o

Mesh h, (11,069 elements) Mesh k5 (62,711 elements)

Figure 13. Problem 3: Unaligned Hex8/Tet4 meshes. Note the misalignment and penetra-
tion of nodes and faces of opposing sides along the contact interface.

This solution satisfies the most basic conservation equation without a source term,
—Au = 0, so the only data needed to implement the analytical temperature solution is
the boundary data. We use the analytical solution to define inhomogeneous Dirich-
let boundary conditions on the inner and outer surfaces, with adiabatic boundary
conditions on the flat surfaces (symmetry conditions).

In order to assess the effects on the choice of contact search parameters on the
solution accuracy, we used DAKOTA [4] to perform a two parameter search study
for both the MPC and generalized algorithms with zero resistance, and for all four
meshes. For each simulation, we estimated the L® error using the approximation
in equation (26). In Figures 14-15 we show contours of L™ error over a wide range
of search tolerances.

The areas with smallest error represent acceptable numerical error for the given
mesh, while the areas with largest error represent values of the search tolerances
where the search has failed. In the failure case, the error is not a function of mesh
size, but is caused by the inaccuracy of the numerical model to represent the contact
interface condition.
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Figure 14. Problem 3: Contours of L error for various values of contact search param-
eters for meshes hg and /;. The MPC algorithm is less forgiving when search tolerances
are too small relative to mesh size, while the generalized algorithm is less forgiving when
search tolerances are too large. For both algorithms, the loss of accuracy due to poorly
chosen search tolerances is more sudden and dramatic on fine meshes as opposed to
coarse meshes—possibly more so with the generalized algorithm.
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Figure 15. Problem 3: Contours of L error for various values of contact search param-
eters for meshes h; and h;. The MPC algorithm is less forgiving when search tolerances
are too small relative to mesh size, while the generalized algorithm is less forgiving when
search tolerances are too large. For both algorithms, the loss of accuracy due to poorly
chosen search tolerances is more sudden and dramatic on fine meshes as opposed to
coarse meshes—possibly more so with the generalized algorithm.
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In order to illustrate more clearly what is happening in the failure case, we choose
different values of the parameters so that the error is either the minimum, or where
it is near the maximum (failure case). In Figure 16 we can clearly see that when the
search tolerances are improperly chosen, the error is much larger. This is because the
contact search failed, resulting in the numerical model approximating an adiabatic
condition instead of the contact interface conditions.

Mesh hy (h = 0.592)
Error
lell,...
6.917
5.245 ﬁ
3.574
1.902

2 Tolerances €,=1,¢&,=1 (= 1.7h) Tolerances €, =0.1, & =0.1 (= 0.17h)
Mesh h; (h = 0.358)
Error
llell; o
5.403
4,066 ﬁ
2.729
1.391

0.054 Tolerances €, =1, & =1 (= 2.8h) Tolerances €, = 0.1, & = 0.01 (< 0.28h)

Figure 16. Problem 3: L*° error distribution for generalized algorithm and various contact
search tolerances (normal, tangential). The same color scale is used for the left and right
plot. In the figures in the left column the contact search is failing, while the figures in the
right column exhibit a passing contact search.

On curved surfaces, or on very coarse meshes, various kinds of complications
arise with contact search interactions caused by the current values of the search tol-
erances. See Figure 17. In these kinds of situations, setting appropriate normal and
tangential search tolerances is trial and error. A tool to help you find appropriate
tolerances is the debug output from the contact search.
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Figure 17. Contact searches on curved surfaces and coarse meshes may fail because of
inappropriate normal, €,, or tangential, €, tolerances. These two tolerances effectively
provide a virtual box around each element face on a contact surface. The resulting box is
used during the search to find intersections with opposing mesh entities, such as faces,
nodes, and quadrature points. Finding the pair of optimal tolerances is made further diffi-
cult because the tolerances are global. Thus, for meshes with widely varying element sizes,
one set of values cannot be optimal for every element on the contact interface.

Users can get debugging output from the contact search in Calore to see if all
contact interactions are being found. The input syntax for contact search output is
as follows:

begin contact definition my contact

OUTPUT RULE {=|IS} {NONE|SUMMARY |VERBOSE}

end contact definition my contact

With the output set to VERBOSE the following output was obtained for the gener-
alized algorithm using the coarsest mesh in our study and normal/tangential toler-
ances of (0.1,0.1)
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CONTACT SEARCH SUMMARY

Contact definition: ’resi’.
Total number of faces: 100
Total number of nodes: 438

Contact Entity ACME Key  Num Faces Num Nodes Num Interactions
surf 1 0 48 0 0 node/face
2 0 192 192 gausspnt/face
surf 2 1 52 0 0 node/face
3 0 156 156 gausspnt/face

We can see that the number of interactions matches the number of nodes, which
means that the search was successful in finding a face for each integration point (but
not necessarily the correct face).

Using tolerances of (0, 0.01) we can see a severe failure of the contact search

CONTACT SEARCH SUMMARY

Contact definition: ’resi’.
Total number of faces: 100
Total number of nodes: 438

Contact Entity ACME Key  Num Faces Num Nodes Num Interactions
surf 1 0 48 0 0 node/face
2 0 192 30 gausspnt/face
surf_2 1 52 0 0 node/face
3 0 156 34 gausspnt/face

In this case, most of the contact interactions are not being detected because the nor-
mal tolerance is too small (a better value would be 0.1).

We make three conclusions about this parameter study. First, both algorithms
can fail if the search tolerances are too large (the generalized algorithm may be
slightly less forgiving for large tolerances). Second, the tied contact appears to have
more serious problems when the tangential tolerance is too small, probably caused
by cracks in neighboring search boxes, as in Figure 17. In contrast, the generalized
algorithm is almost unaffected by a small tangential tolerance, and appears to have
only a minimum threshold for the normal tolerance. Third, the more fine the mesh
happens to be, the more dramatic and sharp is the loss of accuracy when the toler-
ances are larger than some threshold. Hence, for fine meshes, the choice of search
tolerances is even more critical.

Our final calculation is for the case of the generalized algorithm and zero tangen-
tial tolerance. In this case, in the first part of Figure 18 we plot the L> error versus
normal tolerance for all four grids. Based on this, we also estimate an optimal nor-
mal search tolerance and plot it versus the nominal mesh size from Table 6 in the
second half of Figure 18. We conclude that the optimal normal search tolerance for
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this problem scales somewhere between O (h*)— O(h*). However, we also note that
choosing the normal search tolerance larger than this optimal value does not appear
to result in additional error, since the contact search appears still to work correctly
in this case.

Our results in this section indicate that for curved contact surfaces, the contact
search parameters are strongly mesh dependent. In any problem with curved sur-
faces, especially those with differing local element sizes, one should take care in
setting the search tolerances carefully—if necessary, by double checking using the
VERBOSE output option.
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Figure 18. Problem 3: Nearly optimal values of the normal contact search tolerance can be
found through a parameter study of contact on the curved surfaces of concentric spheres.
In the case of the generalized algorithm, the L*® error versus normal search tolerance
(tangential search tolerance is set to zero) shows a clear threshold (red line) below which
accuracy rapidly deteriorates. Here we also plot the threshold versus mesh size for our
four meshes. For spherical geometry as in Problem 3, the optimal normal search toler-
ance lies somewhere between O(h?) and O(h?). The path of this threshold may change
in a problem exhibiting different classes of curved surfaces.

9 Computational Costs

A further point of comparison of the algorithms is the computational cost of each al-
gorithm. In Tables 7 and 8 we compare CPU time for matrix assembly, linear solve,
and total runtime for the latest released version of the generalized algorithm, our
modified version of the generalized algorithm, and the MPC algorithm. The prob-
lem is our transient Problem 1 using a mesh of 65,024 unaligned Hex8/Tet4 elements
for the serial case, and 520,192 elements for the parallel case (four processors). The
time step size is 1/4, resulting in the 120 time steps. In all three cases, the linear solver
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was GMRES with the multilevel (ML) preconditioner implemented in the Trilinos
library.

Table 7. CPU time results for the released version of the generalized
algorithm, our modified generalized algorithm, and the MPC algorithm
for a hybrid mesh of 65,024 unaligned Hex8/Tet4 elements.

Algorithmic Generalized Modified Generalized MPC
Component (m:s) (m:s) (m:s)
Matrix Assembly 2:25 2:07 1:57
Linear Solve 2:44 2:41 2:53
Total 5:33 5:12 5:04

Table 8. CPU time results for the released version of the generalized
algorithm, our modified generalized algorithm, and the MPC algorithm
for a hybrid mesh of 520,192 unaligned Hex8/Tet4 elements using four

processors.
Algorithmic Generalized Modified Generalized MPC
Component (m:s) (m:s) (m:s)
Matrix Assembly 18:56 17:03 17:53
Linear Solve 34:10 34:45 38:16
Total 56:52 55:42 58:28

10 Conclusions and Recommendations

We have presented a common mathematical model of thermal contact, as well as
three different numerical thermal contact modeling algorithms currently used in
SIERRA Mechanics. The numerical algorithms were studied using four verification
test problems chosen from model heat conduction problems.

In Problem 1, we saw that for a complex 3D transient problem, all the contact
algorithms were able to reduce the error in specific global quantities, namely the
surface average temperature on the contact surfaces. However, the only conclusion
we can draw at this time is that the convergence rate for the quantities in each case
was likely between one and two. This indicates the need for further verification work
on thermal contact using larger application problems with complex geometry, espe-
cially for global quantities of interest.

In Problem 2, which had an analytic solution, we performed a verification exer-
cise on the code using the error rates in global norms. The tests include both linear
and quadratic elements, both tetrahedral and hexahedral elements, and aligned and
unaligned meshes. The MPC contact algorithm only exhibited optimal convergence
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rates for aligned meshes. By optimal convergence rate, we mean the rate at which
the error is reduced with respect to element size, on a sequence of finer meshes of a
specific type of element, without any contact. For unaligned meshes the error rates
were poor or the error diverged, with worse results for the quadratic elements than
for the linear elements.

We exposed problems with the generalized algorithm using the TET4 elements
in all cases, and with all element types when the meshes are unaligned—this encom-
passes the cases where contact is most often used by Sandia’s thermal analysts, i.e.,
modeling tied contact on unaligned meshes of TET4 elements. In order to remedy
the convergence rates, we made two modifications to the surface integration rules
for generalized and resistance contact, which restored the rates to the optimal rates
in most cases. The one exception was the Tet4 elements, for which the L*-norm
was only about 1.5, which was less than our expected value of 2. The convergence
rates were verified using both zero and finite values of the resistance. At the time of
writing, because of our recommendations these two changes to the integration rules
are being implemented and tested for release in future versions of SIERRA Mechan-
ics. We believe that they will result in increased accuracy in the generalized contact
algorithm.

Finally, in Problem 3 we showed that the accuracy of all contact algorithms is
dependent on the contact search parameters, especially when curved surfaces are
involved. The generalized and resistance contact algorithms are less sensitive, since
their contact search requires only one parameter, while tied contact requires two.
We recommend further study to provide guidance to users on how to choose the
contact search parameters to avoid accuracy issues from failure of the contact search
algorithm.

We also advocate further development of the generalized contact algorithm, es-
pecially in the case of small resistances. The lack of sensitivity of the generalized con-
tact approximation for small resistances could be a hindrance in uncertainty quan-
tification studies. Other development could focus on deriving a symmetric formula-
tion to allow conjugate gradient solvers, or allowing the constant in the generalized
contact algorithm to vary, allowing finer control of jumps at the contact interface.
We have heard some reports of simulations where the resistance contact algorithm
converges, but the generalized algorithm does not. We did not have time to inves-
tigate any such cases, but the selection of the preconditioner for the unsymmetric
linear system resulting from the generalized algorithm may be an important factor.

Lastly, we believe that a credible comparison between the contact algorithms
can only be made through a large scale verification problem, that is representative
of the typical calculations done by users of SIERRA Mechanics. Such a study would
naturally involve the recent and ongoing work on solution verification using error
estimators that can handle thermal contact, which was already started in FY06.
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11 Afterword: A Large 3D Model Problem

After the previously discussed work in this report was completed, we received a test
problem from a Calore user, Nick Francis. Because this problem is Official Use Only
(OUO), we cannot present any specific results or pictures. The problem was a large
3D thermal simulation that included thermal contact between six different pairs of
triangular contact faces. Some were aligned faces, and some were unaligned and
curved. The mesh contained about 500,000 linear tetrahedral or triangular shell
elements, with about 125,000 nodes.

Two simulations were computed using Calore version 4.5, one using the MPC
contact algorithm and one using the generalized contact algorithm (without our
suggested modifications). We compared the results mesh databases using the En-
core [5] application, which can compare solutions from different mesh files using
the SIERRA transfer capability. Over about 300 time steps, Encore calculated the
maximum relative spatial error between the two computed temperature fields in
three different ways. Using the L? norm, the maximum relative error over all time
steps was about 0.1%. The maximum relative error in the L> norm was about 0.5%,
and the maximum relative nodal error was about 0.7%.

We may conclude that for this problem, the two contact methods gave relatively
similar results. However, we still recommend that the contact algorithms be verified
using mesh convergence studies on even larger problems, especially under challeng-
ing thermal scenarios.
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Appendix A: Results for the MPC Algorithm

Table 9. Tied contact: aligned Tet4 and Tet10.

nodes H'error H'rate L?error L?>rate L° error L rate
44  0.31632 0.07788 0.11138
Linear 198 0.17977 1.13 0.02576 2.21 0.04319 1.89
Tet4 1146  0.09818 1.03 0.00792 2.02 0.01599 1.70
7730 0.05134 1.02 0.00221 2.00 0.00569 1.62
Quadratic 198 0.02619 0.00208 0.00489
Tet10 1146  0.00755 2.13 0.00029 3.38 0.00080 3.09
7730  0.00208 2.03 0.00003 3.36 0.00011 3.05
Table 10. Tied contact: unaligned Tet4 and Tet10.
nodes H'error H'rate L?error L?>rate L° error L™ rate
92 0.39314 0.05535 0.18545
Linear 492 0.26934 0.68 0.02173 1.67 0.11395 0.87
Tet4 3174  0.15987 0.84 0.00753 1.70 0.05515 1.17
22730  0.10555 0.63 0.00353 1.15 0.02772 1.05
Quadratic 492  0.21418 0.02395 0.08365
Tet10 3174  0.14752 0.60 0.01094 1.26 0.05262 0.75
22730 0.10263 0.55 0.00510 1.16 0.02873 0.92
Table 11. Tied contact: aligned Hex8 and Hex27.
nodes H'error H'rate L?error L?>rate L° error L™ rate
54 0.20412 0.03227 0.02764
Linear 250 0.10206 1.36 0.00807 2.71 0.00691 2.71
Hex8 1458 0.05103 1.18 0.00202 2.36 0.00173 2.36
9826  0.02552 1.09 0.00050 2.18 0.00043 2.18
Quadratic 250 0.01318 0.00102 0.00078
Hex27 1458 0.00329 2.36 0.00013 3.54 0.00010 3.54
9826  0.00082 2.18 0.00002 3.27 0.00001 3.27
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Table 12. Tied contact: unaligned Hex8 and Hex27.

nodes H'error H'rate L?error L?>rate L° error L™ rate

91 0.24543 0.02707 0.09140
Linear 468  0.15070 0.89 0.00851 2.12 0.04505 1.30
Hex8 2926  0.09749 0.71 0.00339 1.50 0.02236 1.15
20538  0.06549 0.61 0.00158 1.17 0.01114 1.07

Quadratic 468  0.05394 0.00395 0.02453
Hex27 2926  0.03756 0.59 0.00143 1.66 0.01222 1.14

20538  0.02651 0.54 0.00055 1.47 0.00611 1.07

Table 13. Tied contact: unaligned Hex8/Tet4 and Hex27/Tet10.

nodes H'error H'rate L?error L?>rate L° error L rate

195  0.12874 0.01129 0.04593
Linear 1122 0.07174 1.00 0.00400 1.78 0.02263 1.21
Hex8/Tet4 7514  0.04001 0.92 0.00123 1.86 0.01067 1.19
54802  0.02163 0.93 0.00034 1.93 0.00521 1.08

1122 0.03065 0.00129 0.00821
Quadratic 7514  0.01663 0.96 0.00035 2.06 0.00496 0.79
Hex27/Tetl0 54802 0.01279 0.40 0.00014 1.34 0.00263 0.96
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Appendix B: Results for the Generalized Algorithm, (R = 0)

Table 14. Generalized algorithm, R = 0: aligned Tet4 and Tet10.

nodes H'error H'rate L?error L?>rate L* error L rate

44  0.3870850 0.0862179 0.1669670
Linear 198 0.2051390 1.27 0.0433105 1.37 0.1049700 0.93
Tet4 1146 0.1179210 0.95 0.0332433 0.45 0.0652242 0.81
7730 0.0606210 1.05 0.0146630 1.29 0.0308614 1.18
56674 0.0316109 0.98 0.0082735 0.86 0.0171792 0.88

Linear 44 0.3874200 0.0865020 0.1673630
Tet4 198 0.1645170 1.71 0.0216311 2.76 0.0442993 2.65
interior 1146 0.0763180 1.31 0.0047856 2.58 0.0107146 2.43
intg. pts. 7730 0.0384778 1.08 0.0011562 2.23 0.0037332 1.66

198  0.025947 0.003197 0.005734
Quadratic 1146 0.007526 2.11 0.000413 3.49 0.001022 2.95
Tet10 7730  0.002078 2.02 5.19E-005 3.26 0.000142 3.10
56674  0.000550 2.00 6.55E-006 3.12 1.86E-005 3.06

Table 15. Generalized algorithm, R = 0: unaligned Tet4.
nodes H'error H'rate L?error L?>rate L error L rate

92 0.2779670 0.0794807 0.1459300
Linear 492  0.1642030 0.94 0.0561659 0.62 0.0923262 0.82
Tet4 3174 0.1059200 0.71 0.0426573 0.44 0.0665276 0.53
22730 0.0763722 0.50 0.0366490 0.23 0.0531772 0.34

Linear 92 0.2647130 0.0612343 0.1078990
Tetd 492 0.1533080 0.98 0.0427085 0.64 0.0726757 0.71
snterior inte. vt 3174 0.0839387 0.97 0.0219546 1.07 0.0394287 0.98
fmlerior g P 93730 0.0583541 055  0.0249811 -0.20 0.0363189  0.13

Linear 92 0.2607330 0.0483338 0.0837513
Tet4 492  0.1401130 1.11 0.0137899 2.24  0.0348222 1.57
interior intg. pts. 3174 0.0760050 0.98 0.0044294 1.83 0.0131038 1.57
& local intg. rule 22730  0.0398379 0.98 0.0012170 1.97 0.0047932 1.53

50



APPENDIX B: GENERALIZED ALGORITHM, (R = 0)

Table 16. Generalized algorithm, R = 0: unaligned Tet10.

nodes H'error H'rate L?>error L?>rate L* error L* rate
492  0.039778 0.018329 0.030424
Quadratic 3174 0.012025 1.93 0.005028 2.08 0.011696 1.54
Tet10 22730 0.010408 0.22 0.005319 -0.09 0.010764 0.13
171922 0.012620 -0.29 0.006622 -0.32 0.011011 -0.03
Quadratic 492 0.018492 0.001655 0.005368
Tet10 3174 0.005472 1.96 0.000239 3.11 0.000920 2.84
local 22730 0.001516 1.96 3.01E-005 3.16 0.000130 2.99
intg. rule 171922  0.000401 1.97 3.72E-006 3.10 1.71E-005 3.00
Table 17. Generalized algorithm, R = 0: aligned Hex8 and Hex27.
nodes H'error H'rate L?error L>rate L™ error L* rate
54 0.270031 0.079057 0.116479
Linear 250 0.111220 1.74 0.019764 2.71 0.029486 2.69
Hex8 1458 0.052213 1.29 0.004941 2.36 0.007417 2.35
x 9826 0.025665 1.12 0.001235 2.18 0.001860 2.17
71874 0.012776 1.05 0.000309 2.09 0.000466 2.09
250 0.014061 0.002805 0.003132
Quadratic 1458 0.003351 2.44 0.000364 3.47 0.000475 3.21
Hex27 9826 0.000827 2.20 0.000046 3.24 0.000065 3.14
71874  0.000206 2.09 0.000006 3.12 0.000008 3.08
Table 18. Generalized algorithm, R = 0: unaligned Hex8.
nodes H'error H'rate L?error L?rate L™ error L rate
91 0.209719 0.052400 0.079551
Linear 468 0.091604 1.52 0.013101 2.54 0.020057 2.52
Hex8 2926 0.043991 1.20 0.003290 2.26 0.005142 2.23
20538 0.021869 1.08 0.001304 1.42 0.002576 1.06
153586 0.013631 0.70 0.004179 -1.74 0.005959 -1.25
Li 91 0.209718 0.052399 0.079546
H‘“e;r 468 0.091604  1.52  0.013100  2.54  0.020050  2.52
Ioce;l 2926 0.043989 1.20 0.003275 2.27 0.005033 2.26
inte. rule 20538 0.021762 1.08 0.000819 2.13 0.001261 2.13
s 153586 0.010852 1.04 0.000205 2.07 0.000316 2.07
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Table 19. Generalized algorithm, R = 0: unaligned Hex27.

nodes H'error H'rate L?error L%>rate L* error L rate
Quadratic 468 0.010582 0.001679 0.002235
Hex27 2926 0.002577 2.31 0.000221 3.32  0.000389 2.86
20538 0.001925 0.45 0.000863 -2.10  0.001402 -1.97
Quadratic 468 0.010583 0.001682 0.002230
Hex27 2926 0.002573 2.31 0.000218 3.35  0.000327 3.14
local 20538 0.000639 2.15 0.000028 3.18 0.000044 3.09
intg. rule 153586  0.000159 2.07 0.000003 3.09  0.000006 3.05
Table 20. Generalized algorithm, R = 0: unaligned Hex8/Tet4.
nodes H'error H'rate L?error L>rate L™ error L* rate
195 0.125263 0.018531 0.036300
Linear 1122 0.068455 1.04  0.004940 2.27  0.012760 1.79
Hex8/Tet4 7514  0.036757 0.98  0.002798 0.90 0.006197 1.14
54802 0.056193 -0.64 0.030647 -3.61 0.039639 -2.80
Linear 195 0.125258 0.018521 0.036275
Hex8/Tet4 1122  0.068455 1.04  0.004937 2.27  0.012756 1.79
interior 7514  0.036739 0.98  0.002704 0.95 0.006174 1.14
intg. pts. 54802 0.053842  -0.58  0.029202 -3.59  0.037790 -2.74
Linear 195 0.125258 0.018524 0.036286
Hex8/Tet4 1122 0.068450 1.04  0.004895 2.28  0.012899 1.77
interior intg. pts. 7514  0.036565 0.99  0.001268 2.13  0.005730 1.28
& localintg. rule 54802 0.018947 0.99  0.000324 2.06 0.002107 1.51
Table 21. Generalized algorithm, R = 0: unaligned Hex27/Tet10.
nodes H'error H'rate L?error L?rate L™ error L* rate
Quadratic 1122 0.004430 0.000386 0.000852
Hex27/Tet10 7514  0.002158 1.13  0.000840 -1.23  0.001299 -0.67
54802 0.017955 -3.20 0.010092 -3.75 0.013692 -3.56
Quadratic 1122  0.004430 0.000389 0.000810
Hex27/Tet10 7514 0.001456 1.76  0.000058 3.00 0.000300 1.57
local intg. rule 54802  0.000403 1.94  0.000007 3.14  0.000046 2.83
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Appendix C: Results for the Generalized Algorithm, (R > 0)

Table 22. Generalized algorithm, R > 0: aligned Tet4 and Tet10.

nodes H'error H'rate L?>error L?>rate L> error L* rate
44 0.313405 0.076854 0.111940
Linear 198 0.177821 1.13 0.025376 2.21 0.042437 1.93
Tet4 1146 0.097609 1.02 0.007855 2.00 0.015906 1.68
7730 0.051205 1.01 0.002202 2.00 0.005661 1.62
Quadratic 198 0.025272 0.001957 0.004732
Tet10 1146 0.007498 2.08 0.000284 3.30 0.000802 3.03
7730  0.002077 2.02 0.000034 3.36 0.000115 3.06
Table 23. Generalized algorithm, R > 0: unaligned Tet4 and Tet10.
nodes H'error H'rate L?>error L?>rate L™ error L* rate
92  0.239899 0.055035 0.112000
Linear 492  0.137495 1.00 0.018131 1.99 0.039745 1.85
Tet4 3174 0.075692 0.96 0.005628 1.88 0.014386 1.64
22730 0.039785 0.98 0.001581 1.94 0.005199 1.55
Quadratic 492 0.018246 0.001356 0.004711
Tet10 3174 0.005458 1.94 0.000201 3.08 0.000795 2.86
22730 0.001515 1.95 0.000024 3.24 0.000112 2.99
Table 24. Generalized algorithm, R > 0: aligned Hex8 and Hex27.
nodes H'error H'rate L?error L’rate L* error L rate
54 0.204124 0.032275 0.027638
Linear 250 0.102062 1.36 0.008069 2.71 0.006909 2.71
Hex8 1458 0.051031 1.18 0.002017 2.36 0.001727 2.36
9826 0.025516 1.09 0.000504 2.18 0.000432 2.18
Quadratic 250 0.013176 0.001017 0.000783
Hex27 1458 0.003294 2.36 0.000127 3.54 9.79E-005 3.54
9826 0.000824 2.18 0.000016 3.27 1.22E-005 3.27
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Table 25. Generalized algorithm, R > 0: unaligned Hex8 and Hex27.

nodes H'error H'rate L?>error L?>rate L* error L rate
91 0.173472 0.024974 0.027638
Linear 468 0.086736 1.27 0.006244 2.54 0.006909 2.54
Hex8 2926 0.043368 1.13 0.001561 2.27 0.001727 2.27
20538 0.021684 1.07 0.000390 2.13 0.000432 2.13
Quadratic 468 0.010196 0.000750 0.000783
Hex27 2926 0.002549 2.27 0.000094 3.40 9.79E-005 3.40
20538 0.000637 2.13 0.000012 3.20 1.22E-005 3.20

Table 26. Generalized algorithm, R > 0: unaligned Hex8/Tet4 and Hex27/Tet10.

nodes H'error H'rate L?error L?rate L* error L rate
195 0.117029 0.011181 0.023646
Linear 1122 0.067273 0.95 0.003955 1.78 0.015233 0.75
Hex8/Tet4 7514  0.036400 0.97 0.001227 1.85 0.005990 1.47
54802 0.018922 0.99 0.000344 1.92 0.002152 1.55
Quadratic 1122 0.004360 0.000180 0.000639
Hex27/Tet10 7514 0.001449 1.74 0.000033 2.68 0.000279 1.31
54802 0.000403 1.93 0.000004 3.21 4.20E-005 2.86

54



Sandia Internal Distribution

e e i i e e et e S I ST e O R R R e e e e

MS 1318
MS 1318
MS 0378
MS 0826
MS 0384
MS 0824
MS 0836
MS 0346
MS 0836
MS 0836
MS 0836
MS 0836
MS 0836
MS 0836
MS 0372
MS 1135
MS 1135
MS 0380
MS 0382
MS 0382
MS 0382
MS 0382
MS 0382
MS 0382
MS 0382
MS 0382
MS 0380
MS 0380
MS 0380
MS 0380
MS 0828
MS 0828
MS 0828
MS 0382

MS 0899

1411
1414
1431
1500
1500
1510
1514
1514
1514
1514
1516
1516
1516
1516
1524
1532
1532
1540
1541
1541
1541
1541
1541
1541
1541
1541
1542
1542
1542
1542
1544
1544
1544
1545

9536

J. R. Stewart
P. Knupp

V. G. Weirs

D. K. Gartling
A. C. Ratzel
M. R. Prairie
T. L. Aselage
D. Dobranich
N. D. Francis
R. E. Hogan

J. Lash

W. W. Erikson
M. L. Hobbs
A. L. Brundage
J. E. Dempsey
A. L. Brown

J. T. Nakos

H. S. Morgan
B. Hassan

S. W. Bova

B. Carnes

K. D. Copps
M. W. Glass

P. K. Notz

T. O. Okusanya
S. R. Subia

J. Jung

M. W. Heinstein
T. M. Hensley
K. H. Pierson
A. A. Giunta
K.]. Dowding
V. J. Romero
E. S. Hertel

Technical Library (electronic copy)

55



THERMAL CONTACT ALGORITHMS IN SIERRA MECHANICS

External Distribution

Department of Energy Laboratories

Los Alamos National Laboratory (3)
P.O. Box 1663

Los Alamos, NM 87545
Attn: C. Aviles-Ramos, MS P946

Jerry S. Brock, MS F663
Frangois Hemez, MS F699

56



@ Sandia National Laboratories





