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Abstract
Application of Taylor weighting (taper) to an antenna aperture can achieve low peak
sidelobes, but combining the Taylor weighting with quantized attenuators and phase
shifters at each radiating element will impact the performance of a phased-array antenna.
An examination of array performance is undertaken from the simple point of view of the
characteristics of the array factor. Design rules and guidelines for determining the Taylor-
weighting parameters, the number of bits required for the digital phase shifter, and the
dynamic range and number of bits required for the digital attenuator are developed. For a
radar application, when each element is fed directly from a transmit/receive module, the
total power radiated by the array will be reduced as a result of the taper. Consequently, the
issue of whether to apply the taper on both transmit and receive configurations, or only on
the receive configuration is examined with respect to two-way sidelobe performance.
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1. Introduction and Summary

1.1 Discussion

The design of a phased-array antenna is a complex task. Not only must an impedance-matched element
be designed, but several additional issues must be addressed, such as illumination taper, resolution of the
attenuator used to achieve the taper, and the resolution of the beam-steering phase shifters. This report
develops design rules and guidelines for determining:

o the number of bits required for the digital phase shifter,

o the dynamic range and number of bits required for the digital attenuator,
and

o the parameters of an appropriate Taylor illumination.
In addition, the issue of whether to taper the illumination for transmit applications is examined.

In this report, the term odd array refers to an array with an odd number of elements in each of an odd
number of rows, while the term even array refers to an even number of elements in each of an even
number of rows. In reality, there is very little difference between these arrays, but the formulations have
subtle differences, and both are addressed for completeness. Mixed even and odd arrays are not explicitly
addressed. Even arrays are usually preferred for the simplification in RF power division and distribution,
while odd arrays favor more elegant formulation for the array factor.

It will be shown that the number of bits required for the digital phase shifter in a large, low-sidelobe array
is usually determined by the sidelobe-level specification, rather than by the required beam-pointing
accuracy or steering increments. In a large array, only a few bits are required to achieve pointing
resolution that is much smaller than the beamwidth, while more bits are required to achieve low sidelobe
levels. It is also seen that random phase errors are usually much more desirable than the periodic
steering-phase error that would be present if all the paths in the array were perfectly phase-matched.
Periodic phase errors produce quantization lobes, while random phase errors increase the error-sidelobe
level. In this case, the error-sidelobe level is determined by the resolution of the phase shifter. However,
to avoid quantization lobes, it is necessary that the insertion-phase contributions in the paths from the
transmitter or receiver to each of the radiating antenna elements be uncorrelated between elements, and be
no smaller than some minimum size. This ensures that the phase errors will be random, not periodic.
This minimume-error size is derived, and it is shown that the minimum error causes the final phase error at
each array element to be uniformly distributed between + half of the value of the least significant bit of
the phase shifter. Of course, the presence of random phase errors in the paths within the array implies a
requirement to calibrate the array, in order to determine a correcting phase offset for each element. Thus,
it is necessary that a high-performance phased-array antenna be carefully calibrated after assembly. This
calibration should be a standard part of the characterization of the assembled array.

While much of the analysis of the phase-shifter requirements can be accomplished without reference to
the array’s illumination function, such is not the case for the digital attenuator. Aside from correcting
gain errors in the transmit/receive (T/R) modules, the purpose of the digital attenuator is to provide the
illumination taper necessary to meet sidelobe requirements. As with the phase shifter, it is desirable that
amplitude errors be random, rather than deterministic. In the presence of suitable random gain errors in
the T/R modules, the error in the quantized amplitude taper will be random, uniform, and determined by
the resolution of the attenuator. The required dynamic range of the digital attenuator will be determined
by the amplitude taper, which is determined by the required sidelobe level. The characteristics of the
amplitude taper set the level of the deterministic sidelobes, and the resolution of the attenuator determines
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the random sidelobe level. Thus, the specification of the required sidelobe level will determine both the
required amplitude taper and the characteristics of the digital attenuator.

In order to provide specific design rules, an amplitude taper must be specified. The Taylor illumination
[1] is chosen because it can be analyzed, while leaving the sidelobe level as a design parameter. In
addition, it provides a near-optimum beamwidth for a given peak-sidelobe level. This statement should
not be construed to mean that the Taylor illumination is the optimum taper for a phased-array antenna.
Tapers that produce broader main beams will produce lower integrated sidelobes than the Taylor
illumination, which may be important in some applications. Some applications may require specially
shaped beams. Determining the optimum illumination requires detailed knowledge of the application,
and therefore cannot be addressed in a general way. Nevertheless, it should be understood that the choice
of the digital attenuator specification is dependent in detail on the illumination function. Thus, the design
rules and guidelines described below apply only to the Taylor-illuminated array. Similar rules could be
developed for other illumination functions, and a separate study could be justified to examine which
illumination function is optimum for each of various applications.

The issue of whether to taper the illumination of the transmit array impacts both the peak-sidelobe level
of the two-way antenna pattern and the transmitter efficiency. Sometimes, the power amplifier ina T/R
module will be operated in a nonlinear region in order to achieve high efficiency. In such a situation, the
attenuator would necessarily be placed between the T/R module and the antenna element, lowering the
transmitter efficiency and increasing the power dissipated by the array. On the other hand, if the power
amplifier is operated in a linear gain region, then the attenuator should be placed between the source and
the T/R module’s power amplifier to maximize transmit efficiency. However, in the receive array, a
linear, low-noise amplifier can, and should, always be placed between the element and the attenuator, to
minimize the effect of the taper on the noise figure of the receiver. For a rectangular array, specified two-
way sidelobe levels can be achieved with an appropriate taper for the receive array and uniform
illumination for the transmit array, if only a portion of the array is used to transmit. This approach can
significantly reduce the power dissipated by the array, but as with transmit-array tapering, it reduces the
peak power available from the transmitter. Using the full rectangular array with uniform illumination for
the transmitter will provide the maximum peak transmit power, at the price of a higher first sidelobe in the
two-way antenna pattern. Truncating the rectangular array to a circular array, or at least eliminating
elements in the corner regions, can improve array transmit efficiency and reduce array cost, while
allowing the transmit array to be uniformly illuminated. These issues are examined in some detail.

It is concluded from this study that random phase and amplitude errors in the T/R modules are actually
desirable to ensure that the errors due to quantization are randomized and are not periodic across the
array. This is fortunate, since it would be difficult to manufacture the T/R modules otherwise. However,
this is not to say that the T/R module performance and the array construction can be haphazard.
Minimum required random-error levels are determined to ensure that the errors at the array face follow a
uniform distribution. These required minimum error levels are not large. The point is, though, that if
tolerances are too tight, the errors across the array will be quantized according to the size of the least
significant bit, but will not be uniform and random. Non-random quantized errors will adversely affect
the array performance. This is a situation where reasonable module-to-module variation is not only
tolerable; it is desirable.

This study is not exhaustive, and additional similar studies, which do not address the specifics of the
antenna element, would be useful. These include studies of optimum illumination functions for different
applications, density tapering of the elements to achieve low sidelobes, and the extension of these ideas to
conformal, non-planar arrays. In addition, further examination of circular and elliptical apertures would
be useful.
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In order to make it unnecessary for the reader to delve into the details, the design rules and guidelines are
summarized and repeated in this section. However, this is not a complete summary of the useful
information buried in the detailed discussion. In particular, Appendix Il derives closed-form sums for the

directivity of the array factor, and Appendix Il defines a simple method for defining beamwidths when
the beam is steered away from broadside.

1.2 Graphical Guidelines for Choosing Phase Shifters
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1.3 Summary of Design Rules for the Taylor Array

14

Specification: Osqs  half beam width
S Ly sidelobe level (SLLdB <0)
Egs sidelobe degradation due to aliasing (&q4g > 0)
Compute:
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Taylor parameter: A==cosh™ [10 a J =—In|10 2 +\10 © -1
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2
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n=m
Minimum N to avoid aliasing in sidelobe region:
1 -1 e
>N+—————cosh(zA
Rl Gl U (A +(n-3))
P 2
Iterate: Usgg o = 0.9
1 JF
Usgg,ive = Usap,i _(F (U3d3,| ) \/EJ/
Ulu=u, g,
L= sinz(u+m
F(u)= g Sinz(u+m)
mmy | 7(u+sm)

Compute half width of array:
: a
Odd array (2N +1 elements):  element spacing = N

Element weights 1+2 a, 0' COS —n
g A, = pz (N pj

Even array 2N elements: element spacing = %

Element weights A =1+2 Z (a,0) COS( Nii(|n| —%) pJ

2




1.4 Summary of Design Rules for Digital Attenuator

Specification: Quantization errors produce no more than +6 dB effect on the side lobe level
Side lobe level: SLLyg gevaions SLL » in decibels (SLL; <0)

Unit-to-unit gain variation of T/R modules: +Ag;,s in decibels

dB,azimut

Compute:

_ o ow =—(8+0.63- SLLyg gimun —0.0014- L% i )
Required taper ranges (in decibels): ,
A = _(8 +0.63- S-LdB, elevation — 0.0014- S-LdB, elevation)

Required attenuator range: @, = |AgT,R| + 8, + 8y, indecibels
Note: &, >0

109110 _

Tolerable error- sidelobe level: » =20-log [—105/10 1

] in decibels

S A
2 A

min(S—LdB,de»/at\on vS-LdB,azin‘uth )+7
203 2

Range of tolerable error: o <
In(10)

Number of bits: b = ceiling iIn 1+ Grange
In2 2a
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1.5 Summary of Guidelines for Transmit Array Illlumination

Reduced-size uniform transmit array:
o Most efficient approach
o Reduced peak transmit power
e Pick transmit array size according to:

N, = ceiling for even array

T

1 _S-er,dB 1 _S-er,dB _S-er,dB
a;—cosh‘{lo 20 J:—In 10 20 4\10 1 _1
T

Full-size uniform array:

o Highest peak transmitter power

o High efficiency

e Rectangular array:
Large first sidelobe in two-way pattern

e Truncate array to circular aperture:
Reduces first sidelobe in two-way pattern
Increases sidelobe level for receive (Taylor) array

Taylor illumination for transmit array:
e Lowest achievable two-way sidelobes for given mainlobe width
o Reduced peak transmitter power for specified peak element power
e Efficiency can be reduced for some T/R module architectures

Phase adjustment with uniform illumination
e Not recommended
e Poor on-target power efficiency
o Nonlinear phase response in main lobe of two-way pattern.
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2. Switched delay line shifter

In order to achieve wide-bandwidth performance, it has been shown that varying the time delay to the
elements, rather than using true phase shift, is necessary [2]. When the array dimensions exceed a few
wavelengths, and the array must scan to large angles, the total insertion phase for some of the elements
will need to exceed 27 radians, in order to maintain wide-bandwidth performance. If the largest array
dimension is L, and the required maximum scan angle (measured from the normal to the array face) is
6.« » then the required total insertion phase difference between elements on one edge and elements on the

opposite edge is
Ap = Zﬂ%Sin Orax (2.1)

at wavelength 2 =c/f , with c the speed of light and f the cyclical frequency. For example, suppose

0. =7/4 and L=24,then Ap= 27/2 . As shown in [2], using modulo 27 phase shifters (even if

implemented as delay-line phase shifters) will reduce the usable bandwidth of the array. Nevertheless,
fine control of the beam position will at least require phase shifters at each element with a range of

{0, 27:} . A typical wide-bandwidth phased array with large scan-angle requirements would be fed in a
sub-array configuration, similar to the 16-element row illustrated in Figure 1. If the element spacing of
the three-tiered configuration in Figure 1 is A/4, switched delay-line shifters with the band-center phase

shown in the figure would provide wide-bandwidth scanning out to 6 ~+48°. For the wide-bandwidth
array, A refers to the wavelength of the highest frequency contained in the signal.

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 2z

n-bit

modulo 27

n-bit

modulo 2z

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

n-bit

modulo 27

R R [ R
~ ~ AN ~
I P — —
S o] 5 S
o o o o

R R

N N

= =

o o

o o

Figurel A sixteen-element row with a wide-bandwidth phase-shift feed configuration.
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2.1 Modulo 2w switched-delay-line phase shifter

The switched delay line with b bits will have 2° states so the phase for a {0, 27[} phase shifter will be
modeled as

f n
(an(f)zZﬁf—i¥,ne{O,L--~2b—l}, (2.2)

where f, is the frequency at which the switched delay line can provide (1—%) 27 of phase with all bits
2

set. For ¢ the exact desired phase at f = f,, the required state of the phase shifter can be modeled as

2b
A

where, b is the number of bits in the phase shifter, and the rounding function, rnd(x) LIS
md(x) =n, the integer nearest x so that [n— x| < % : (2.4)

The phase function in (2.3) allows both a zero state and a 27 state, for a total of 2° +1 states. This extra
state would be supplied by the 1-bit (0 or 27 ) switched-line shifter in the second tier, as illustrated in
Figure 1. Consistent with the true-time-delay philosophy, the analysis that follows assumes this
configuration.

The digitized phase as a function of the desired phase (at f = f,) is plotted in Figure 2 for three phase

shifters (3-bit, 4-bit, and 5-bit). The phase-shifter error is the difference between the set phase and the
actual desired phase,

b
5%((/))E¢b(¢)—¢>=2—ﬂlmd[2—¢}¢, (2.5)

which is plotted in Figure 3 for f = f, and several different numbers of bits in the phase shifter.

The phase error is a periodic function, with period 27z/2b , and can be described as follows:
T

5oy (@) =—o for —%S(o< b

5 (2.6)
T
5y ((ﬂi?j =35p, (¢)
There are 2° periods within the interval 0< ¢ <27z . The mean phase error is obviously zero,
2 ob 7[/2h
1 1
op, =— | dpdp=> — xdx=0. (2.7
27 -([ rzzll 2 _”-[2,)

The rms phase error is

1 2 ) ob 1 71/2b , ju
O = |— | dp de = — Xdx =——. 2.8
(Db,rms o0 .!- (201 ; 27 _,[J/-zb 2b\/§ ( )
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Figure3 Phase-shifter phase error as a function of exact steering phase, for 3-bit, 4-bit, and 5-bit phase

shifters.
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2.2 Distribution of random phase errors

When the input to the phase shifter is a zero-mean Gaussian random variable with a standard deviation at

least half the least significant bit, the error associated with the output of the phase shifter will be
essentially uniformly distributed. The validity of this claim can be demonstrated by using the relative-

frequency approach for determining an approximate probability density.

: 3-bit ]
3 S\ 4bi E
2 5-bit E
: Il Il Il Il I Il Il Il Il I Il Il Il Il I Il Il Il Il I Il Il Il Il I Il Il Il Il I Il Il Il Il I :
0 50 100 150 200 250 300 350
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In this case, histograms are computed and normalized so that they have unit area. Thus, they represent
the approximate probability densities for the respective random variables. Figure 4 shows the normalized
histogram for a set of one million random draws from a zero-mean Gaussian distribution having a
standard deviation of 22.5°, half the least significant bit of a 3-bit phase shifter. The distribution of the
errors, when this same set of angles is approximated with a 3-bit phase shifter, is plotted in Figure 5. The
approximate probability density has slight curvature, but is nearly flat, indicating that the errors are
essentially uniformly distributed.

Figure 6 shows the normalized histogram for a set of one million random draws from a zero-mean
Gaussian distribution having a larger standard deviation of 45°. The normalized histogram for the error
associated with a 3-bit phase shifter is illustrated in Figure 7, given the same set of random draws. This
distribution is even flatter, and the errors are even more uniformly distributed than in Figure 5.

If the standard deviation of the phase-shifter input becomes large enough, a significant number of the
draws can lie outside the range —180° < 6¢ <180°. When the input is mapped to the range

—180° < 69 <180° through the modulo function, the distribution appears different from the original
Gaussian. This effect is illustrated in Figure 8 for the case when the standard deviation is 360°.

However, the error distribution for the output of the phase shifter still is essentially uniform, as indicated
for this example in Figure 9. Note that the modulo function is defined

mod, (a)=a- pint(%), (2.9)
where
int(x) =sgn(x)n, where ne Integers, such that n<|x/ <n-+1. (2.10)

These definitions, by the way, match the definitions of the equivalent functions in Fortran 95.

While the error distribution from the phase shifter is essentially uniform, it is not precisely uniform. The
degree to which it deviates from uniformity is small, and can be determined by computing the probability
density of the phase shifter error from the statistics of the phase shifter input. The error of a digital phase
shifter is periodic, as described by (2.6),

27
50, ((piz—bj =50, (9).
The input to the phase shifter is assumed zero-mean Gaussian with standard deviation o, . The choice of

zero mean is for convenience, and does not limit the generality; by choosing a new phase reference, any
phase distribution can be converted to a zero-mean distribution.

The probability that the error at the output of the phase shifter is between 5o —A/2 and Sp+A/2 is

A A 1 460 -[xmzljz /zaz
_4a 2_ b op
P(é‘(p 2,5¢+2J N n;gJ'Ae dx. (2.11)
o

2

Note that the summation is extended from n=—-o0 to n=o00. This accounts for the periodicity of the error
function and the tails of the input distribution, allowing the input to the phase shifter, ¢, to extend

beyond the range —z<p< 7.
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Figure4 Normalized histogram for one million draws from a zero-mean Gaussian distribution with standard
deviation of 22.5°.
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Figure5 Normalized histogramfor the 3-bit phase-shifter error when the input is the set of one million
random draws associated with the histogramin Figure 4.

21



0-01 g|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||I||||||I|||||||I|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||IL:L

ol 0.008 E
° = 3
a — —
> = E
= 0.006 =
c = =
o = =
o = =
Z  0.004 | =
o o 3]
@ — —
S : E
i 0.002 E_ _E
- 3

-150 -120 -90 -60 -30 0 30 60 90 120 150
Random Angle (deg)

Figure6 Normalized histogram for one million draws from a zero-mean Gaussian distribution with standard
deviation of 45°.

0-025 _| LI LI LU LU LI LU LU LU LU LI |_
o 0.02 —
g i i
S : ]
> B i
= 0.015 — ]
c
S B i
a i i
E 0.01 — ]
S _ ’
© | ]
g i i
x 0.005 — ]
O _I L1 1 | L1 11 | L1 11 | L1 11 | L1 11 | L1 11 | L1 11 | L1 11 | L1 11 | L1 1 I_

25 -20 -15 -10 -5 0 5 10 15 20
Phase-Shifter Error (deg)

N
a1

Figure7 Normalized histogram for the 3-bit phase-shifter error when the input is the set of one million
random draws associated with the histogramin Figure 6.



0.005

g 0.004

o

2

>

= 0.003

c

()

(@]

2 0.002

=

@®©

S

£ o0.001
0

-180 -150 -120 -90 -60 -30 O 30 60 90 120 150 180

Random Angle (deg)

Figure8 Normalized histogramfor one million draws, modulo 180, from a zero-mean Gaussian distribution
with standard deviation of 360°.

0.025

iy 0.02
©
)
>

D 0.015
[
Qo
(&)

g 0.01
=
o]
o]

©  0.005
o

0

Figure9 Normalized histogram for the 3-bit phase-shifter error when the input is the set of one million

25 -20 -15 -10 -5 0 5 10 15 20

N
a1

Phase-Shifter Error (deg)

random draws associated with the histogramin Figure 8.

The probability density is
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27\
1 o —(&pm—bJ /20-§w
p(dp)= e 2 : (2.12)
( ) \/27m'5(p n;w
The summation in (2.12) cannot be performed in closed form for all values of d¢. However, at the center

and edges of the error distribution, dp =0 and op = 7z/2ID , it can be summed in terms of theta functions
[3, 4, 5, Appendix I],

1 7’
0)= 9| 0,exp| ————+ ||, 2.13
0=t 8{oo] -7 o
and
T 1 7
=38, 0,exp| ———— | |- 2.14
p(ij V2roy, 2[ p( 22b_10§(pn (214)

The exact probability density (2.12) for the output of a 3-bit phase shifter is plotted in Figure 10 for three
values of the standard deviation, Osp of the input. When the standard deviation is one-half of the least

significant bit (22.5° in this case), the distribution is nearly flat. Thus, when the standard deviation is
large, the error at the output is essentially uniformly distributed. A measure of the uniformity of the
output distribution is the ratio of the probability density at ¢ =0 (the center) to the probability density at
op = 72'/ 2° (the edge). As this ratio approaches unity, the distribution more closely approaches the

uniform distribution. Figure 11 plots the ratio of the edge value to the center value for four different size
phase shifters (number of bits). There is an obvious threshold in the standard deviation below which the
assumption of a uniform distribution is no longer good, and as the number of bits increases, the
delineation of the threshold becomes sharper.

The ratio of the probability density at op =0 (the center) to the probability density at dp = 7Z'/2b (the
edge) can be approximated with

p(0)  1.0002+0.43165x+0.11894x’ +0.0090399%°

5 3 (2.15)
V4 1+0.42774x+0.10886x" +0.0029426 x
Pl
where
2
T
x=Inqg= S22 (2.16)
Sp
The approximation (2.15) is accurate to better than +0.1% for 0.01<q<1. For the range
10" <q<0.01, use
p(0)  2.2770+0.16917x +0.0043476x2 + 0.000038445x° 2.47)
p(n) 1-0.30670x—0.0044575x% —0.0023463x° '
2b

which has an accuracy better than £0.5% .
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3. Effect of quantized steering phase on array factor

In order to examine the effect of the quantized steering phase, a linear array will be examined. Suppose
we have a uniformly illuminated odd array, with 2N +1 elements, element spacing As, steering
phases &, , and random insertion phases Ay, at each element. The random insertion phases, Ay, may

be incorporated intentionally into the array's feed network, or may arise from the tolerances and errors
introduced during manufacture. For convenience, it is assumed that the frequency is f = f,. The array
factor is

N
S(6)=1+2> cos(nkAssind - &, + Ay, ). (3.1)
n=1
The quantization phase error is the difference between the quantized phase and the exact phase,

b

8, = 6, (NkASSINGy + Ay, ) = 22” rnd(z2
T

(nkAssing, + Ay, )J—(nkAssin Oy +Ay,) (3.2)

It will be convenient to write the steering phase as the exact phase plus the error,
&, =nkAssing, + Ay, + ¢, . (3.3)

The quantization phase error will range between minus and plus one half of the least significant bit of the
phase shifter,

2b <85, < (3.4)

3.1 Periodic phase error

When there is no insertion phase difference between the element phases, Ay, =0, and the phase error is
due solely to quantization by the phase shifter. The phase error is

b b
o0&, = i—” {rnd(nz— kAssin Hoj - n2— kAssin 6?0}

27 27
(3.5)
2 rnd(nzID —sing J n2° 2sin 6y
T A A
which is periodic across the array. The number of cycles of error across the array depends on the
angle g, , to which the array is steered. For p error cycle across the array,
. A
g, =sint| P2 o0 | 3.6
0 (ZN As j (36
and the worst error occurs at elements +n,
—+(2q+) N =01 P71, 3.7)
p 2
For —n, <n<n,, the phase error is
p 27
o5, =—N———, — N, <n<n,, 3.8
L= o T <, (38)

and for —n,,; <n<-n, or n,<n<n,,
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p 27 .
(——nqﬂ—njm?, —min(N,n,,,)<n<-n,
(3.9)

N p 27 .
(—+ Ny —nJm?, N < nSmln(N,nqﬂ)

When the insertion phase term is zero (no random phase), the phase error is periodic with the form (3.8)
and (3.9). Using the periodicity, the error term can be written as

- p 2z ? . .
S (0)=->] eV cos(nkAs(sin @ —siné, ))

n=1

n 2
- ([ﬂ+ Ny —n)%i—fj cos(nkAs(sin@ —sin 6, ))—---
SN (3.10)

& p 27 . . .
+22—nm?sm (nkAs(sin@ —siné, )
n=1

n
+2 ) (%+ Ny — nj%zz—fsin(nms(sine—sin 0))+-

n=ng+1
Suppose an array contains 2N +1=201 elements in a row with 1/2 spacing. The array is uniformly

illuminated, with no random insertion phase, and has 3-bit phase shifters for steering. This will produce a
periodic phase error across the array, when it is steered from broadside. For example, steering the array
1° from broadside introduces the periodic phase error illustrated in Figure 12. The periodic phase error
produces spurious sidelobes (quantization lobes), as illustrated in Figure 13. The quantization lobes vary
with scan angle, and they can be reduced by increasing the number of bits in the phase shifter. The peak

phase error is £ of the phase of the least-significant bit in the phase shifter.

3.2 Random phase error

If the array is built with random insertion phases for each element, the phase error will no longer be
periodic over the array, but will be randomized. For the example of 201 elements with /2 spacing, if
the insertion phases, Ay, are taken from a zero-mean Gaussian distribution with standard deviation 0.5

radian, the phase error across the array face will appear similar to that plotted in Figure 14. As illustrated
in Figure 15, the randomization of the error essentially eliminates the quantization lobes. This example
demonstrates that it will be advantageous to ensure that the phase errors are randomized.
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Figure 12 Periodic phase error across array containing 201 elements with half-wavelength spacing, steered
1° from broadside with 3-bit phase shifters.
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Figure 13 Normalized array factor for the 201-element array, steered to € =1° with 3-bit phase shifters.
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Phase Error, 8¢, (deg)

Figure 14
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Example of phase error across array containing 201 elements with half-wavelength spacing, steered
1° from broadside with 3-bit phase shifters, as Figure 12, but with zero-mean Gaussian random
insertion phase having a standard deviation of 0.5 radian (28.6).
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Figure 15 Array factor for the 201-element array, steered to & =1° with 3-bit phase shifters (same as Figure
13), but with a random insertion phase for each element, resulting in the phase error plotted in
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Writing the array factor in terms of the element phase errors, &, ,

S(0)=1+ ZZN:cos(nkAs(sin 0 —sin6,) -5z, )

n=1

=1+ ZZN:cos(nkAs(sin 0 —sin6, ))cos(5z,)

n=1

+ZZN:sin(nkAs(sin0—sin 6,))sin(5%,) . (3.11)

n=1

$ : : 1 1
=1+2)_cos(nkAs(sin 6 —sin 90))(1—555,3 +£5§: +)

n=1
d, . . 1 j
+2) 'sin(nkAs(sin@ —sin @, ))| 68, — =83 +---
2. sin(nkas( 0))( 6o 0
The array factor can be written

s0)- sin((ZN +1);As(sin¢9—sin 6’0))

> +S., (6). (3.12)
sin(zAs(sin 0 —sing, )j

where an array factor error is defined

$ 1 : :
Su (0)= —é&gﬁ (1—555,12 +---Jcos(nkAs(sm9—sm 6))

N 1 (3.13)
2) 6E | 1- =582 +--- [sin(nkAs(sin @ —sin g,
+ HZ:;‘ §n( SO+ Jsm(n s(sing—siné, ))
When the phase error is small, the following second-order approximation can be used,
N N
S, (0)= - 6% cos(nkAs(sin @ —sin 6, ) )+ 2 &, sin(nkAs(sin 6 —sin 6, ))

n=1 n=1
N : (3.14)

=-> 5, [cos(nkAs(sin 0 —siné, )) - 26&, sin(nkAs(sin @ —sin 6, ))]
n=1

When the random insertion phases are measured and accounted for in a calibration procedure, the phase
error should be limited to plus or minus half of the least significant phase bit. For three or more bits in
the phase shifter, the error in the approximation of the first sum is less than 1.3%, while the error in the
approximation of the second sum is less than 2.6%. Assuming the phase errors are uniformly distributed,
the expectation of the error term is

72/ 2P

E[S. (0)]= —im j S£2doE, cos(nkAs(sin 6 —sin e, ))
n=1 4 —72/2b
o , (3.15)

I S£,d5%, sin(nkAs(sin 6 —sin 6, )

SO
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E[S. (0)]= —%;—;icos(nkAs(sin 0-sing,))
sin kAs(sing—sin 6, ) | _ | (3.16)
_ (s )2 2 cos (2N+1)kAs(sm¢9—sm€0)
=—( 9% rms Sin(kAs(sinH—Sinigo)] 2
2

where &g, . is given by (2.8). Recall from section 2.2 that the assumption of uniformly distributed
phase errors does not mean that the random insertion phases are uniformly distributed.

3.3 Reduction in directivity due to phase quantization
At 0 =6,, with As=1/2, the array factor is

2 N
S(0=6,)=(2N+1)|1-(5 — . 3.17
(0-0)=(2N 411 () 50 @17
The directivity is
D(a)zé—”|s(9)|2, (3.18)
S
where the beam solid angle is
T 27 2 A
Qs =| [."[s(6) dgsinedo. (3.19)
The normalized directivity for As=1/2 is

ol(e:eo):[wJ2 5[1‘(5%,@2 N jz

(2N +1) 2N +1

. (3.20)
1 7°
=1~ 00} 1 21_§F
The reduction in directivity (in decibels) is approximately
AD ~ —4.3450; s = —1247'3 dB. (3.21)

For a 3-bit phase shifter, AD ~—-0.22 dB, while a 4-bit phase shifter reduces the directivity by only
AD =-0.06 dB. Thus, the reduction in directivity is minimal when at least 3 bits are used for the phase
shifter.

3.4 Contribution to sidelobes due to phase quantization

The energy lost from the main beam is redistributed into the sidelobes. Assuming this energy is
distributed uniformly among the elements with random phase, then a particular point in space will have
an additional sidelobe directivity contribution,

ADg (0)= ZN: d, (0) 5] s (3.22)

where d, (0) is the element directivity in the direction &. If the element directivity is approximated as

the same from element to element and constant over the region of interest, the average sidelobe directivity
due to phase quantization, relative to the main beam directivity, is
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Sp? 2b
S‘Lphasequantization = B.IrS = 32 ] . (323)

(2N +1)(1- 602 s ) (2N +1)[1_ 12

322

Although the average sidelobe directivity due to phase quantization has been derived for a linear array,
the same argument holds for an areal array, in which case the integer 2N +1 becomes the total number of
elements in the array.

The average sidelobe level due to phase quantization is illustrated in Figure 16 as a function of the total
number of elements in an array, for several numbers of bits in the phase shifter.

-25 T

3-bit
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(3]
TTTTT

Average Quantization Sidelobe Level (dB)
o
o

_75 1 1 1 1 | I I I 1 1 1 1 L1 1 I 1 1 1 1 | I |
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Number of elements

=
o
[EEN
o
o

Figure 16 Average quantization-sidelobe level as a function of the number of elementsin an array, for several
numbers of bitsin phase shifter.
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3.5 Effect on steering angle from phase quantization

The expectation function for the array factor can be written

sin[(ZN +1):A3(Sin‘9_3in % )j

E[S(0)]=

sin (;As(sin 0 —sing, )j

COS((ZN+1)kAS(Sinz_Si”90)] - B2

1_%(5%%)2“”['\' kAs(sin @ —sin «90)]

2 sin((ZN +1):As(sin9—sin90))

To second order in (sin 6 —sin 90) , the peak of the main lobe of the expected array factor occurs at

6 =6, , independent of the rms phase error, & rms » and the number of elements in the array. Thus, on
average, the pointing error is essentially independent of the number of bits in the phase shifter.

The derivative of the array factor with respect to angle 6 is
0 N, . .
58(9) = 2kAscos(6) Y nsin(nkAs(sin 0 —sin 6, ) - 5z, ) (3.25)

n=1

The main peak of the array pattern will occur when %5(0) =0, and should occur near =6, . Thus, at

the peak,
N
> (n°kas(sin@ -sin g, ) -nos, ) =0, (3.26)
n=1
which has the approximate solution
0=6,+ 1 6 ZN:né“g (3.27)
~ 7 cosé, kas(2N+1)(N+)N & " '

When the phase errors are random and uncorrelated from element to element, the rms pointing error is

1 , 2b 71'/2 ,
o6, n°— o0& do
™ " Ccos 6, kAs(2N +1) (N+1)N Z jb n 3%
" a2 . (3.28)
V2 n

"~ Kascos G [N(N+1)(2N +1) 2°

For a uniformly illuminated odd array, the 3—dB beamwidth is approximately (see section 6)

0443 4
Abyyp =205 = ———=——, (3.29)

N(N+1) As
so the rms pointing error in beamwidths is
00 1.60

s~ . (3.30)
Absge 2b\/(2N +1)
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When a 3-bit phase shifter is used with 2N +1= 201 elements, the rms pointing error is about 1.4% of the
beamwidth. The rms pointing error, measured in beamwidths, is plotted in Figure 17, as a function of
total number of elements in a linear array, for several numbers of bits in the phase shifter.

RMS Pointing Error (% of beamwidth)
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Figure 17 Therms pointing error (in percent of beamwidth) as a function of number of elementsin a linear
array, for several sizes of phase shifter.



4. Digital attenuator

It is assumed that the gain of the T/R modules will be controlled by a digital (quantized) attenuator, and
that the maximum gain for each module will vary from unit to unit. A model of a b-bit attenuator is
shown in the diagram of Figure 18. This model utilizes switched attenuator sections, with the delay
matched between the attenuation and through paths for each section. The attenuation is (in decibels)

ab(n)zarangeﬁ, ne{01,2,-2° -1}, (4.1)

where a,,,, is the maximum attenuation and b is the number of bits. Given a desired attenuation, &, the
attenuator is set to the nearest value

ab(a)za”"”ge rnd( a (Zb—l)j, (4.2)
- arange

where the rounding function, md(x), is

rmd (x) = n, the integer nearest x so that [n— x| s% . (4.3)

The attenuator error, a,,, , iS the difference between the desired attenuation and the actual value set (in
decibels),

Arange a b
B ==& =2 —gl rnd(%nge (2 —1)} (4.4)

This error will be periodic in the desired attenuation, with a period a,ange/(zb —1) , and

arange a'range
2(2b —1) = Barar 2(2b —1) '

(4.5)

The error as a function of attenuation is plotted in Figure 19 for both a 3-bit 20 dB attenuator and a 4-bit 6
dB attenuator.

The quantized attenuator will have an effect on the array’s peak sidelobe level. In order to examine this
effect, the array factor will be examined. In the next section, the general array factor for a two-
dimensional planar array is formulated. The effect of quantization of the element weights is then
examined for the Taylor array.

Figure 18 Diagram of an N-hit digital attenuator, using switched attenuator sections with matched phase
delays.
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Figure 19 Attenuation errorsfor (a) 3-bit 20 dB attenuator and (b) 4-bit 6 dB attenuator.



5. Two-dimensional planar array factor

The following discussion addresses the properties of a two-dimensional planar array that are independent
of the element type and element-to-element coupling. Consider a two-dimensional planar array of
radiating elements, as illustrated in Figure 20. The array is organized into equally spaced rows of equally
spaced elements. However, in the general array, alternating rows can be different. For this discussion,
the elements have the same spacing in each row, but the elements in the even-numbered rows have an
offset, x,, from the X axis, while the elements in the odd-numbered rows have an offset x,. The

element spacing within all of the rows is Ax, and the row spacing is Ay. For a rectangular lattice, set
X, =%, . A convenient definition for a triangular lattice sets x, =0 and x, = Ax/2.

For completeness, two types of arrays will be considered:
o the "odd array"”, which has an odd number of elements in each of an odd number of rows,
and
e the "even array", which has an even number of elements in each of an even number of rows.
The even array is most commonly used in practice, because power dividers are more easily designed with
an even number of output ports.

In the odd array, as illustrated in Figure 20, the n™ element in the m™ row is located by the vector
(X, + NAX) X+ MAyY, meven
Pom= : (5.1)
(X, + NAX)X + mAyy, m odd
The indices locating the elements are
ne{-N,-N+1---,-1,01--,N-1N}

. 5.2
me{-M,-M +1,---,-1,0,1,-,M ~1,M} 62

For the even array, illustrated in Figure 21, an element is located by
(xa1 +(n—%sgn(n))Ax)fw(m—%sgn(m))Ayy, m even

Pom = : (5.3)
(xb +(n—%sgn(n))Ax)§(+(m—%sgn(m))Ay§/, m odd

where
1 x>0
sgn(x)=4 0, x=0. (5.4)
-1, x<0

The indices locating each element are
ne{+l,+2,---+ N} and me{+1,+2,---+M}. (5.5)
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Figure 20 Two-dimensional planar-array geometry when the number of elementsin each row is odd, and the
number of rowsis odd.

Figure 21 Two-dimensional planar-array geometry when the number of elementsin each row is even, and the
number of rowsis even.

We will consider a field with e/* time dependence. The field point will be located by
Xsin@cos¢ +
F=r|ysingdsing+ |. (5.6)
Zcos6

A far-field vector radiation function is given by superposition of the contributions from each element

aarray (r) = z ﬂ,mej(wnvm_gnym)an,m (fn,m) ! (5-7)
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where A, is the excitation amplitude, y/nym(e,;ﬁ) is the relative phase of an incident plane wave from

the direction (6,¢), &, is the excitation phase, and an,m(fn,m) is the electric-field vector-directivity
function for element n,m, and the direction to the field point is

=

—_nm_ (5.8)

rn,m

1l
=l
o | o

nm

A radiation pattern for a particular polarization is obtained from é-amay (f) , Where € is the unit vector in

the direction of the particular polarization. For elliptical or circular polarization, € is complex. The
directivity of the array for that polarization is obtained from the normalized radiation function as
described in Appendix Il. The normalized radiation function, or array factor, has a peak amplitude of
one, and is the form in which array-pattern information is presented here.

With reference to the center of the array, the propagation phase at the n™ element in the m™ row at
frequency f will is

l//n,m :_2”%(‘F_pn,m _|F_p0|)v (59)

where p, is the center of the array. In an odd array, the (0,0) element is located at the array center,
which is

Po =Po,0 = XX (5.10)
For an even array, there is no (0,0) element, and the array center is
Po=0. (5.11)

For the odd array, the propagation phase is

Zrci[nAxsin 6cos ¢+ mAysindsing], meven

c
Yam= ; - (5.12)
an[(xb — X, +NAX)sin 6cos ¢ + mAysin dsing ], m odd

From (5.10) and (5.12),
Nk, + Mk, , M even

Yom= _ . (5.13)
. (MJW m odd
AX
In the above equations
K, =K,AXsingcos g, (5.14)
K, =kAysingsing, (5.15)
AX=A " (5.16)
Xodd ON '’ .
Ay =AY, = by (5.17)
Y =AYou = oM :

and
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f
o =27—. (5.18)

For the even array, the propagation phase is

Zﬂ%{sin ecos¢(%(+ n—%Sg”(n)jAXJFSi“eSi“ ¢(m—%sgn(m))Ay}, meven

Yom= ! (519)
Tl X ho1 in osi _1
27—| sin@cos g et Lsgn(n) |Ax+sin @sin ¢(m—<sgn(m))Ay |, modd
c X
where
AX=Ax,. =X (5.20)
~ e T oN-1 '
AV Ay =Dy (5.21)
Y= Pew Zom 1 '

Defining incremental excitation phases, &, and &, the excitation phase for the n, melement in the odd
array is
né, + mg,, meven

(5.22)

Snm = _ :
(MJF njfx +m&,, modd
AX

In the even array, the excitation phase for the n, melement is
(éqtn—is n(n)jgf +(m-1sgn(m))é,, meven
AX 259 X 259 y’

b _ (5.23)
(2% +n=tsan(n) |, +(m- 2san(m)),. mod

The incremental steering phases are
&« = KyAXsin 6, cos ¢,

. L (5.24)
&y =KyAysin 6. sin g,
Now the main lobe of the array factor will be steered to the spherical angles give by
2 2
g, =sin™ x| g Sy , (5.25)
KoAX KoAy
and
b = tan-l[iﬂj , (5.26)
ox Ay
or
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AX A
Gl Vaz&irs

5.1 Far-field radiation pattern and the array factor

In order to simplify the computation of the far-field radiation pattern of the array, it is assumed that the
radiation pattern of each element is identical so that it can be factored from the summation. This is an
approximation, which is very good for the interior elements of a large array, but becomes less precise for
the elements near the edge. Nevertheless, it is useful, even for small arrays, in that it allows an expression

for an array factor, S, , to be obtained. Thus, when d, (%, )= Ay v (P v ) =d(F) for all elements in

¢ =Cos (5.27)

array

the array (this condition requires |?| much greater than array dimensions so that f, , =r, , =F,in
addition to an array composed of a large number of elements), then

Garay (1) 20 (7)DA= 8 () Sy (7LE]) (5.28)
where the array factor is defined
Suray (FLE]) =Y Ay !0 (5.29)

and [5] is the matrix of excitation phases. The excitation phases are functions of the signal instantaneous

frequency and the direction, T, to which the beam is steered. With no loss of generality in the array
factor (5.29), the assumption is made that the excitation amplitudes are real, that A, >0, that all

excitation phase components are described by [.f] , and that the excitation amplitudes are normalized so
that

> A L=l (5.30)
n,m

Thus, the array factor is also normalized so
max| S, (F.[€1) ] =1. (5.31)

5.1.1 Directivity of the array factor

The peak directivity of an array of isotropic radiators is
D, . = 47z/Q

array

(5.32)

array

where Q. is the beam solid angle, which is obtained by integrating the square of the normalized array

array

factor over all solid angles [6],

2w o7
U=, |,

However, it is probably more realistic to assume a semi-isotropic radiator, i.e. a radiator that radiates
uniformly only in one half space. Thus, for the planar arrays considered here, the beam solid angle is
redefined

Qarray _ J-OZﬁ J~07r/2

Sy (6.) sin6dOdy . (5.33)

Suray (0.9)| sin6d6dg, (5.34)
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where the integration over @ stops at z/2 rather than 7 . Using this definition, the array directivity
pattern is
X 4
D(I’,[f])E ‘ array( [5])‘ (535)
Qarray

For the odd array (see Appendix 1)

N N M M

Qodd array — 27 Z Z Z Z Ah,mA;:’,m’ COS(fnm gn m )SInC[Zﬂ \/(ﬂxn ﬂx,n’)2 +(ﬂy,m _ﬂy,m’)zJ (536)

n=—Nn'=—Nm=-M m'=-M

and for the even array

Oumary 253, 3 3. 3 Ay o0y G506 2580~ | 4By ) |G

n=—N n'=—N m=—M m'=—
n=0 n'z0 mz0 m==0

where
sin( x
sinc(x) = # forx= 0, (5.38)
1forx=0
and x is in radians. For the odd array,
NAX, meven
Byn = , (5.39)
(X, — X, + NAX), modd
and
Bym=mAy. (5.40)

For the even array
X, +(n—4sgn(n))Ax, meven
Bin= : (5.41)
(xb +(n—%sgn(n))Ax), m odd
and
Bym=(m—1sgn(m))Ay. (5.42)

For (5.36) and (5.37) to be valid, the coefficients, A, , must be normalized according to (5.30). Also,
&..m are the appropriate excitation (or steering) phases given by (5.22) for the odd array and (5.23) for the
even array. The array directivity will be a function of the position to which it is scanned.

For the special case of a symmetric array with a rectangular lattice (X, = X%, , A, , = A.p 2 ) then

N

Qproy =27 ) Z Z z A,YmA?'m,cos((n—n’)éx+(m—m’)§y)sinc(2ﬁ%\/(n—n’)2sz+(m—m’)2Ay2j, (5.43)

n=—N n'=—N m=—M m'=-M

for the odd array, and
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cos((n—n")&, )cos((m- m')@)sinc(Z;r%\/(n_ ')’ Axt +(m—n) Ay? j

+cos((n-n)¢&, )cos((m+ m’—l)gy)sinc(Z;z%\/(n_ n')° AXE +(m+ i —1)° Ay? ) (5.44)

Qarray = S”ZZZ z Ah,mAf,m’

n=1 n'=1 m=1m'=1 " e : i 1 1)2 Ay2 )2 A2
+cos((n+n'~1)&, )cos((m m)§y)smc(27zc\/(n+n 1)° A% +(m-m) Ay)

+cos((n+n'~1)&, )cos((m+m —1)§y)sinc[27r%\/(n+ N —1)° AX +(m+m' -1)° Ay? )

for the even array. In (5.44) &, and &, are the incremental steering phases given by (5.24).

5.2 Effect of element weight errors on array factor

When errors exist in the element weights, whether from quantization or other sources, the array factor, of
course, will deviate from the ideal array factor. The realized array factor will be

Seaizma (FLE) = D (A — DA, )€ 57) (5.45)

n,m
where A, ., is the ideal element weight and AA, . is the error. In general, the error term, AA, ., can be

complex. However, only amplitude errors are considered here, since phase errors are considered
separately in the analysis of the quantization of the steering phase. The realized array factor can be
considered as the difference of two array factors, the ideal array factor (5.29), and the error-array factor

v j nm=Snm
S (RIED) =Y AA, e/ ). (5.46)
n,m
However, it is convenient and follows tradition to describe amplitudes and amplitude errors as ratios in

decibels. For example, the quantization error in a digital attenuator is described in (4.4) in decibels with
respect to the desired attenuation value. Thus, by writing the array factor as

Srealized (P'[é]) = Z &,mnn,mej(wnym_én'm) ' (547)
the error factor
A
Mam = [1—MJ (5.48)
Avm
can be written as a ratio, described in decibels

Ay J (5.49)

dB) = 20log| 1—- —"m
Mnm(dB) 09[ A

,m

If the T/R modules have a random variation in gain (decibels) that is larger than the least significant bit,
the resulting attenuator errors (dB) will be approximately uniformly distributed over

_ arange a'range
2(2"-1) =T = 2(2"-1)

with zero mean (section 2.2 Distribution of random phase errors). In this case, the mean of the error
factor is

(5.50)

_ 1%
n :Z J. 1O”dB/20d77dB , (551)
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where

o Bage (5.52)

2(2°-1)
Note that B ange is given in decibels, and so « is given in decibels. Thus, the mean error factor (a ratio,
not in decibels) is given by
B 10 10—0{/20 (1005/10 _1) 5 53
T T amo) (5:53)
which will be near unity for small errors. For small error limits
In®(10)a® In*(10)a’
7-1+ (10)a”  In"(10)a +0(a’). (5.54)
2,400 19,200,000
The variance of the weight error is

, 1 T w/20 =) 1 T e/ 10 —2
0,7_ij(10'7 -7) dnds_zjam? dns — 772, (5.55)
SO
a0 10710 _1)°
o 510 (10“/5—1)—20¥ (5.56)
aln(lO) aln(lO)
For small errors
2 2
o2 = (10)a2[1+'” (10)a2J+o(a6). (5.57)
1200 1500

It is appropriate to define an expected directivity for the array, assuming that the elements are isotropic,

B(F[¢1) = —— [ Sousms (LD
2lAl

- , (5.58)
= 4—”2 E Z Zy(A‘I,mnn,m)(Aﬂm’nn',m’ )el('//n,m—Wn',mr ~Zam*Sm )
;‘Awn‘ L nmn',m
where E[ | is the expectation operator
ELf(¢)]= ] f(¢)p(£)de, (5.59)

with p(g ) the probability density function for £ . The probability density function has the property that

0

j p(¢)ds =1. (5.60)

In (5.58), the expectation operator is comprised of integrations over all of the random variables, 7, .,
which are assumed to be identically distributed and independent random variables. In respect to the array
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properties, the expectation represents an average of the property over an ensemble of arrays, each having
its own set of fixed errors.

The expected directivity is
D(F,[£]) =7°D(F,[£]) + 470 (5.61)

Thus, the average (or expected) directivity pattern has a directivity that differs from the ideal directivity
by a factor of 772, and an error-sidelobe term that is independent of position. The error-sidelobe ratio is

) s A

o _Onhm (562)

Ll = _ZG(f [é:]) —2 2
n ) n
2 A

nm

When the array is uniformly illuminated with A, =1 for all n,m, then the error-sidelobe ratio is

Q

|
Sl = T
e 772 Nyota M

total

for uniform illumination , (5.63)

where

{Ntotal ) Mtotal } = {

Obviously, from an examination of (5.62) and (5.63), it is clear that larger arrays are more tolerant of
amplitude errors.

{2N +1,2M +1} for odd array

(5.64)
{2N, 2M } for even array

6. Uniformly illuminated array

If the array is uniformly illuminated so that A, ;, =1 for all n,m, then the array factor will be very similar

for both the odd and even arrays. This situation results because all elements contribute equally, so having
an even or odd number is not very significant.

6.1 Odd array

For the odd array, the array factor can be written

Sin((ZN +1)(ch;§X)] sin{(ZM +1)(,<y;§y)}

Sarray(?igxigy) = (61)
sin[wj sin[w]
2 2
Zeros in the array factor occur when
(2N +1)@= Pz, p=+142,43. .-, 6.2)

and
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(2m +1)@=qn’, q=+142,43--. (6.3)

From (6.2) and (6.3), we obtain the location of the zeros,

1\/ 1 2 > 1 2 2 p:il,iZ,i&"'
o1 [5 2 J . (5 +i} (6.4)
2 X 2 Y , |
k, \| AX (2N+1) Ay (2M +1) q=+142,43,--
and
2qr
1 Ax(éer(ZM +1)J P
¢=tan” (6.5)

Wle, 20 | qos1 4043
" (2N +1)

When the beam of the uniformly illuminated odd array is pointed to broadside, the 3—dB beamwidth,
AB,4g, in the plane defined by Z and Xcosg+ysing can be estimated with accuracy better than 2%
when N,M >2 by

Abyg (¢)=2673dB (¢); 23in1[ 0.22154 J

JN(N +1)Ax? cos? (¢) + M (M +1)Ay?sin? ¢
N 0.4432
JN(N +1)Ax? cos? (4) +M (M +1) Ay sin? ¢

(6.6)

When the beam is steered to a position {«90,¢0} , the 3—dB beamwidth in the plane defined by Z and
Xcosd, +ysing, is approximated by

Ay () = 26345 (¢0):Sinl[sin(90)+\/ 0.22154 J

N(N +1)Ax? cos? (g, )+ M (M +1)Ay*sin’ ¢,

(6.7)
—sin™| sin(6,) - 0.22154
\/N(N +1) AX? cos® (¢ ) + M (M +1) Ay’ sin® ¢,
This approximation is obtained by expanding the array factor (6.1) in a power series in
s=sin(0)-sin(6,).
Another approach to approximating the 3—dB beamwidth gives
0.4432
A93d3(¢0)= 20; 5 (¢o)E (6.8)

cos(eo)\/N(N +1)AX? cos® (¢ ) + M (M +1)Ay? sin® ¢, '

This expression gives essentially the same result as (6.7), but explicit in this approximation is the
1/ cos(@o) factor, which makes clear that the projected area of the array has a major roll in determining

the beamwidth. This approximation is obtained by expanding the array factor in 56 after the substitution
sin(@)=sin(6, + 56) into (6.1). The approximations(6.7) and (6.8) also assume
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&, =koAxsin(6, )cos(¢y)
&, =koAysin(8,)sin(g,) .
P=¢

Thus, the expression for the 3—dB beamwidth applies only in the plane defined by Z and
Xcosd, +ysing,. See Appendix Il for a method of defining the beamwidth when the beam is steered

away from the normal to the array.

The 3—-dB beamwidth broadens slightly as &, increases from broadside, at &, = 0°, and has broadened
significantly by the time the beam is scanned to &, — 45° to 60°. In fact, when the element spacing is
4/2, the beamwidth has been broadened by about a factor of two at 6, =60°, and is about 5 or 6 times
broader near ¢, =80° than at broadside. The broadening is more pronounced for closely spaced

elements, but when the spacing exceeds the wavelength, A, the grating-lobe problem occurs. As the
beam is scanned to end-fire position, 6, =90°, a portion of the beam is in invisible space, so serious

mismatch can occur. It makes sense to limit the scan angle, if consistency of beamwidth is important.

6.2 Even array

For the even array, the array factor can be written

_sin(N(x, - &) sin(M (x, - ¢, )

Saray (F608) ) = . (6.9)
array x1oy _
sin[(’(X §X)j sin[(’(y_fy)J
2 2
This array factor has zeros when
N(x—&)=pr, p=+1,%2,43,---, (6.10)
and
M (K, —&,) =0z, q=%1,42,43,-. (6.11)
From (6.10) and (6.11), we obtain the location of the zeros
5 >\ [p=+1+2,43,--.
e—sinlli\/ﬁ[ﬁﬁ%j +%(§y+iﬂ—”] J : (6.12)
o Y ax y q=1142,43,--
and
éﬁqi p=+1,42,43,---
1 AX (M)
g=tan™| ————F|, . (6.13)
Ay 074
( x+N) g=+1+42,43,--

When the beam of the uniformly illuminated even array is pointed to broadside, the 3—dB beamwidth in
the plane defined by Z and Xcos¢ +ysing can be estimated with accuracy better than 2% when
N,M >2 by
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0.22154
\/(NZ —%)sz cos? (¢)+(M 2 —%)Ayzs.in2 ¢
0.4432
\/(NZ —%)sz cos? (¢)+(M 2 —%)Ayzsin2 é

Abys (¢) = 20,45 (¢) = 2sin ™

(6.14)

112

When the beam is steered to a position {90,¢0} , the 3—dB beamwidth in the plane defined by Z and
Xcosd, +Ysing, is approximated by

0.22151
\/(NZ —%)sz cos? (¢)+(M 2 —%)Ayz sin ¢

Absg (¢y) =26,45 () =sin | sin(6, ) +

(6.15)
—sin™| sin(6,) - 0.22154
\/( N? —%)sz cos®(¢) + (M 2 —%)Ay2 sin?¢
This approximation is obtained by expanding the array factor (6.9) in a power series in
s=sin(&)-sin(4,).
Another approximation for the 3—dB beamwidth is
0.443
Abygg (¢o) =205 (¢o ) = (6.16)

cos(eo)\/(N2 —1)AX* cos® (¢)+(M? = 1) Ay’ sin ¢ |

which is essentially the same result as (6.15), but explicitly contains the ]7/005(00) factor. This shows

that the projected area of the array has a major roll in determining the beamwidth. This approximation is
obtained by expanding the array factor in 56 after the substitution sin(6)=sin(6, + 56) into (6.9). The

expression for the 3—dB beamwidth applies only in the plane defined by Z and Xcosd, +ysind,.

Like the beamwidth of the odd array, the 3—dB beamwidth broadens slightly as €, increases from
broadside, at g, = 0°, and has broadened significantly by the time the beam is scanned to
6, — 45° to 60°.

6.3 Comparison of the even and odd uniform arrays

Normalized array factors in the plane ¢ =0 for both odd and even arrays are plotted in Figure 22 for
N =10 and 1/2 element spacing. The main difference is in the width of the sidelobes, causing the

locations of the nulls and peaks to be shifted at large angles from the main lobe. In this example, at
6 =90°, the even array shows a null, while the odd array shows a peak. However, this effect is

dependent on the element spacing, and will be different if the spacing is changed from 4/2.

The least difference between the odd and even array patterns occurs when the arrays have the same
length. Figure 23 illustrates the similarity between the odd and even array patterns when the array length
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is the same, while the element spacing is slightly different. For each array, N =10, and the element

A . The
N

spacing is 4/2 for the odd array. For the even array, the element spacing is slightly larger,

array factors are nearly identical, with the major differences in the far sidelobe region 60° <& <90°.
Clearly, as N is increased, the element spacing becomes closer to the same, and the array patterns will
differ even less.

1ol ]

dB

6 (deg)

Figure 22 Normalized array factor inthe ¢ =0 plane for odd array (solid curve) and even array (dashed
curve) for N =10 (21 elements and 20 el ements respectively), with constant element spacing.

ol ,
1ol ]
0 I
S 0k ]
i [\mm |
20 0 20 40 60

0 (deg)

Figure 23 Normalized array factor inthe ¢ =0 plane for odd array (solid curve) and even array (dashed
curve) for N =10 (21 elements and 20 elements respectively), with constant array size.
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7. The Taylor array

In order to reduce the sidelobes in an array, it is necessary to taper the illumination from the center to the
edges of the array. The Taylor illumination will be treated here. Before considering the quantization
error with the discrete Taylor array, some background about the continuous line Taylor distribution will
be given. In 1955, Taylor described the illumination for a continuous line source, which is now referred
to as the Taylor illumination [1, 7]. Because the Taylor illumination provides a near-optimum beamwidth
for a given sidelobe level, it is an appropriate choice for the illumination taper of an array. For simplicity,
only the rectangular-grid array, X, = %, =0, and the array factor without mutual impedance interactions,

are considered in this section.
7.1 Continuous line source
The line source is defined with a length L =2a, and its illumination is an even function about its center.

The continuous Taylor illumination model is [1]

W(£)=1+25 Fycos(rms), .)

m=1

where & =x/a is the normalized coordinate along the line source with x=0 at the center, and

1 m+1 -1 2
Fm=ﬁ_(1—)2H 1-—— | 1<m<h-1, (72)
ZH[]'_mz) i GP[A +(n-1) J
n=1 n
where the parameter af, is given by
=2
) n
O-p :ﬁ . (7.3)
A +(M—1)
The peak sidelobe level in decibels is approximately
SLLg =-20log(cosh(7A)), (7.4)
or
1 “Slg 1 —Slg —Slgs
;—cosh‘l[lo 20 ]:—In 10 2 410 © -1/ (7.5)
T T

The approximation in (7.4) and (7.5) improves as N — oo.

The array factor for the line source is designated F (u) , Where

2a .
u=—siné, 7.6
2 (7.6)

and & is measured from the normal to the line source. It is convenient to describe array factors with the
variable u because the array factor is independent of array size and beam position in this variable. The

normalized (F (0) =1) far-field array factor, F(u), is obtained by applying the Fourier transform to (7.1)
, and is given by
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& _osinz(u+m) singu & | sinz(u+m) sinz(u-m)
F(u)_m__(n_l)Fm z(u+m)  zu ;Fm z(u+m) z(u-m) (7.7

where F_ =F, isgiven by (7.2), and F, =1. The Taylor array factor is illustrated in Figure 24 for the
case n=10,and SLL=-60dB.
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Figure24 Array factor for a Taylor-weighted continuous linear distribution with n =10, and
S L=-60dB.

The normalized array factor can also be written [1]

n-1 2
1-
. n=1 A2 n-1 ?
F(u)=S|n7Z'U nl( E 2)) ’ (78)
-
n=1 n2

which is not quite as convenient computationally as (7.7) because of the zeros in the denominator at
u=n, where 1< |n| <n-1. However, sinzu also has a zero at each of these values of u, which cancels
the equivalent zero in the denominator. What Taylor has actually done, in fact, is to cancel the first n—1

sinzu
zeros of

, and replace them with zeros located at |u,|= o (A2 +(n—%)2) . Thus, the first -1
u

pairs of zeros of the Taylor array factor (7.7), (7.8) occur at

(7.9)

or
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(7.10)

This process of relocating the first few zeros of the function has the effect of lowering the near sidelobes.
sin zu

Figure 25 illustrates the difference between the array factor due to uniform illumination, , and that

zu
from the Taylor illumination with n=5 and sidelobe level SLL =—40 dB . Clearly, the first four zeros of
sinzu

have been moved to new locations, further away from the center of the main lobe. The fifth and
zu

higher zeros remain unmoved. Because the zeros have been moved away from the center of the main
lobe, of necessity, the mainlobe has become broader. Energy has been transferred from the sidelobe
region into the main lobe. Thus, all of the sidelobes have been reduced in amplitude.

The sidelobes far from the main lobe are also of interest. When u>>n-1, (7.8) shows that

sin zu 1 n?
F(u)= | | foru>>n-1. (7.11)
(v) U O'lZ)(AZ-i-(n—%)Z)

Thus the sidelobes far from the main lobe behave as those from a uniformly illuminated array, but
attenuated by a factor

n-1 2
. . n
sidelobe attenuation factor = | | 5
n-1 02(A2+(n—%) )

p

Far from the main lobe, the peaks of the sidelobes follow an envelope given by

2

fq (u) =%H n . (7.12)

o
1]

-10

New zeros, Taylor illumination

.......X...X........l....lmlmlmun
6 7 8 9

1 2 3 4 5 10
u

-20
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Amplitude (dB)

-50

-60

O

Figure25 Comparison of array factor for a uniform linear source (dashed) with the array factor for a Taylor-
weighted continuous linear distributionwith N=5, and SLL =—40 dB (solid).
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Figure 26 Taylor array factor for N =10 and S.L ; =—-30, showing the far-sidel obe peak envelope given by
(7.12).

7.1.1 Connection between Taylor and Tchebyscheff illumination

The Taylor illumination produces an array factor that is related to the Tchebyscheff polynomials. A
Tchebyscheff-shaped array factor is considered optimum in the sense of minimizing the mainlobe width
for a given sidelobe level, and the normalized version is given by

cosh(m/ A2 —u2)
cosh(zA) Jul <14
cos(m/u2 - A2) |

cosh(zA) Jui> 1A

Frchebyschet (u, A) = (7.13)

Taylor designed his weighting so that the resulting normalized array factor approaches the normalized
ideal Tchebyscheff array factor in the region near the main lobe. That is

F (U) * Fronenysonair (Us A), luj<7. (7.14)

The similarity is illustrated in Figure 27 for —40 dB sidelobes with n=5. While the similarity is
obvious for u<n, the agreement is not perfect. The Taylor array approaches the Tchebyscheff array
more closely as n get larger. While the first few zeros are fairly close to the same for the two array
factors, the locations of the zeros disagree more as u gets larger. The main difference between the
patterns, however, is that the sidelobe level for the Tchebyscheff array remains constant as u increases,
but the sidelobes begin to fall away after the first few for the Taylor array. The differences between the
two arrays are much less significant when n =35, as illustrated in Figure 28. However, even with this
large value for m, the Taylor and Tchebyscheff array factors do not agree some distance away from the
main lobe, although the agreement of the main lobe and first sidelobes is quite good.

Suppose the width of the main lobe between the first zeros is specified to be 26,. Then, from (7.9), we
have
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A= 4 (7.15)

and the peak sidelobe level in decibels is approximately

4a* _ n’
izsln2 Al —%)2 —%

S L =20log| cosh| 7 o= (7.16)
n’ —ﬁsin2 6,

0 ||IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
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Figure 27 Comparison of Tchebyscheff array factor (blue) and Taylor (N =5) array factor (red) for —40 dB

sidelobes.
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Figure 28 Comparison of Tchebyscheff array factor (blue) and Taylor (N =35) array factor (red) for
—40 dB sidelobes.
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When the values for the antenna beamwidth, 6,5, is specified, the half width of the array, a, is
determined. To solve for a, given A, n and &, , we will use a Taylor-series expansion

F(u+Au):F(u)+£Au+---, (7.17)
ou
and iterate
1
F (u3dB,i ) N
Usap,iva = Uz, TR (7.18)
ou U=U3 g j
where
JF(u = u+mjcosz(u+m)—sinz(u+m
() § ¢ alurmjoosz(usm)—sinz(usm) 719
2 7(u+m)
After the iteration has converged, the array half width is
Au
a=_— 7. (7.20)
2sin 6, 45

This method of iteration can be unstable if a suitable starting value is not chosen. A useful starting value
IS Usgs o =0.55, which was used to start the iterations for the values plotted in Figure 29.
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Figure 29 Valuesof U, asa function of sidelobe level.

Sometimes it is useful to compute the 3-dB beamwidth from the array parameters, a, n, SLL. By
expanding (7.7) in a series in @, and keeping all terms to 4™ order, the angle, 6,45 » at which the main
lobe is down 3 dB from the peak can be found
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@ (amSL) - o (am SL)-2(2-V2)a, (am SLL)

O = , 7.21
38 2a,(a,n,SLL) (7-21)
where
n-1
a,(afSL)=27%’ +8a% Y (-1) %Fk (m,SLL), (7.22)
k=1
and
a4(a,n,SLL)_2ﬂ2a2(1+i7r2a2)
9 15
n-1 (7.23)

+%a2 (_1)kiFk(ﬁ,s_L)(1+2;z2a2(1—zik2D

T

The behavior of the width of the main lobe at —3 dB from the peak can be understood by examining the
plots in Figure 30, Figure 31, and Figure 32. The angle from the normal, &, , is plotted as functions of
linear-array half-length, a, design sidelobe level, SLL, or Taylor order, n, respectively. The example
array has a=104, n=10,and S.L=-40dB.

3-5 ryrryrreryrrrrrrrrrrrr T T T T T T T T T T T T T T T T T T

0,45 (deg)

0 IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII

100 20 30 40 50 60 70 8 90 100
a (wavelength)

o

Figure30 6,45 asafunction of half-length, a, for N =10 and S.L 5 =—40.
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Figure31 6,4 asafunction of sidelobe level with half-length a=104, and h=10.
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Figure32 6,4, asafunction of order, N, for SLL,z =—40 and a=10 wavelengths .

w
o

When the order n is large, the weighting function does not decrease monotonically as the distance
increases away from the array center. Instead, the weighting increases at the edges of the array, as
illustrated in Figure 33. However, it is not generally desirable to increase the illumination at the edge of

an array, so to avoid this situation, the order, n, should be constrained.
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Figure 33 Taylor illumination function, W (&), for SLLyg =-30, and three different values of 7.

o
=

At the edge, the illumination function is
n-1
W(1)=1+2) (-1)"F,. (7.24)
m=1

The derivative of the illumination function is, from (7.1)

a n-1 .
%W(f)z—ZﬁmzzlmFmsm(ﬂmf), (7.25)

leading to n interesting feature of the Taylor illumination that

Tw(e) =0, (7.26)

o& Fo1

forany n. Considered as a function of A, W(1) is a discontinuous function because of the summation.

Because the upper limit of the summation index depends on n, method of handling the upper limit for
non-integer N is not uniquely determined. For example, the upper index of the sum in (7.1) and the
products in (7.2) could be determined by either by taking the integer part of n, or by rounding n to the
nearest integer. Rounding to the nearest integer has the desirable effect of moving the discontinuities
away from the integer values, which, of course, are the locations where the illumination function is valid.
The illumination function is plotted in Figure 34 as a function of real n for three different sidelobe levels.
The discontinuities are most pronounced for the smaller values of n.
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Figure 34 Illumination function, W(§) , viewed as a function of continuous n at £ =1.

With the understanding that the derivative does not exist at the half-integer values for n

iW(1):2ﬁi(—1)miF .
on e~ onm "
From (7.2)
iF =( 1)mm20pi
on m n-1 m2 e
H(l_z
n=1 n
nm
where
o 4AN-2n+1
AR P 32 °
an 4w e(n-3) |

The illumination at the edge begins to increase at the value of n where

S w
on

(1)=0.

Thus, the condition for monotonically decreasing weights is satisfied when

n =f|oor(%+ ZAZJ,

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

where roor(x) is the greatest integer < x . This represents an upper limit on the value of the Taylor

order, n.
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Figure 35 Recommended range for N as a function of sidelobe level.

The minimum value of 1 is determined by requiring that the peak of the i ™" sidelobe be at least as low as
the specified sidelobe level. This condition is satisfied when

2
n= rnd(( St j b 0.759} (7.32)

22.8 36.3

where rnd(x) is the integer nearest x. Using this set of criteria, the desired range for n is plotted in
Figure 35.

7.2 Rectangular arrays with Taylor illumination

7.2.1 Odd array

The element weights for the odd two-dimensional (rectangular) Taylor array of order n are adapted from
the continuous line illumination [1], giving weights

Am= nil Fp(ax,ax)exp(J—np) ASl Fq(a o )exp(j%mqj
P o) ”°°'”“r’; , (7.33)
{1+22 )cos —np ]{1+2 ;Zmi A y)cos(%mqj:l
where the coefficients are
F =1, (7.34)
F,.=F. (7.35)

and
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<k<m-1, (7.36)

n=1
n=k

where the parameter « is related to the peak sidelobe level, SLL , in decibels, (SLL <0)

-S4
cosh™ [10 20 ]

o= , (7.37)
7

and the parameter o is

ﬁz
o= /. (7.38)
2  (mA_1

The element spacing is Ax along the X direction and Ay along the ¥ direction. Thus, the dimensions of
the array are

L, =2a, =2NAX, (7.39)
and

L, =2a,=2MAy. (7.40)

The array factor is
N M

Suray (L) = D Y A elemin) (7.41)

n=—Nm=-M
which can be summed in a more convenient form for the ideal weights,

Sarray(f,fx,éy)ﬂ%m (rcx—fx,ax,ax,ﬁx,N)&ggm(Ky—éy,ay,oy,ﬁy,M) (7.42)
O (o]

. )sin((zn +1);(K+ZpD

Sraytor (k,a,0,0,n)= Fo(a,0 ,
odd p=—(n-1) . {1( T j}
sin| =| k+—=p
2 n

where the total number of elements in the row (column) is 277 +1. The peak value of S, occurs at

sin[(fﬁé)IO J
n-1 n d
Sraytor (0.,0,,77) = Z F,(a.0) :
sin(p”j
n 2

where

(7.43)

x=0 and is

(7.44)
odd p=—(n-1)

When there are no random amplitude errors present, the error array associated with the quantization is
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Surora (P[E]) = Z Z (A2 (An) e o) (7.45)

—Nm=-—

When the gain of each T/R module varies randomly about a nominal value, the array factor can be
described by

N M

Serror,odd (f,[f])z Z Z Axmnn,me]‘(wnym_gn‘m) ! (7'46)

=—N m=-M

where the random variable 7, , is
10 /20 (7.47)

and 74 is distributed over the range given by (5.50) (= least significant bit). When the random gain of

the T/R module is Gaussian about the nominal value, and the standard deviation is half of the least
significant bit or more, the error 74 is essentially uniformly distributed (see analysis of error for phase

shifter).
7.2.2 Even array

The element weights for the even two-dimensional (rectangular) Taylor array of order n are adapted
from the continuous line illumination [1], giving weights

{1+2 Z cos[N 2(|n|__) H

{1+ 2§ Fq(ay,ay)COS(ML_%(|m|—%)qH

g=1

: (7.48)

where the coefficients F, (a,a) are given by (7.36) with (7.34) and (7.35), as with the odd array. The
array factor is

N M A1m l//nm gnm +A (‘// nm g—nm)

array [": ] z z

n=1 m=1 +A1 e(l//nm‘fn m)+A ('//nmgfn m)

—nm

, (7.49)

which is summed for the ideal weights,

array( éx’é:y) Sl'aylor(Kx_éx'a Gx’nx'N)SI'aonr( éy’a O-yanva) (750)

where

(7.51)

where the total number of elements in the row (column) is27 . The peak value of S, occursat x =0

even

and is
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Stayior (O a,o,Nn 77) Z Fp (a,O') (7.52)
P=—(m- sm{ P ”J
1
n-32
The error array is
N M /Ah e V/nm ‘fnm +AA_nm (l// nm gg,nm)
Serror,even [é:] EZZ , (753)
n=1 m=1 +Aph e'//"m‘fnm)_i_AA (‘//nménm)
where
AAw,m:Ah,m_ab(Ah,m)- (7_54)

When random errors are present in the T/R module gain, the element weight error, AA, ., will be a
random variable

Aph,m = Ah,m(l_ﬂn,m) (755)

so the error array factor is

Ay ( — 1, m) ilynm=som) + A—n,m (1—77_n,m)ej("”“vm‘§f":m)

error even [5] Z 2

| o (7.56)
n=1 m=1 +A1, (1 ~ o m ) eJ(l//n,—mfﬁn,fm) + A—n,—m (1_ Mo ) e](l//fn,—mfefn,,m)

As with the odd array, 7, ,, is a random variable given by (7.47).

7.2.3 Consequences of discrete illumination function

The illumination function for an array of discrete elements can be considered a sampled version of a
continuous illumination function. The Fourier transform of a sampled function is similar to the Fourier
transform of the continuous function, but it is periodic, with the period related to the sampling density
(see, for example, Bracewell [8]). Since the array factor is related to the illumination function through a
Fourier transform, it too will be periodic. Doerry [9] has pointed out that the periodicity property can
affect the sidelobes through the phenomenon of aliasing. The effect is this: if the aliased main lobe is too
close the primary lobe, its sidelobes will interfere with the sidelobes near the true main lobe. The
interference can be both constructive and destructive. This aliasing phenomenon is mathematically
similar to the grating lobe phenomenon, which is also due directly to the periodicity of the array factor.
In an antenna array, this problem can be controlled by choosing the proper element spacing and number
of elements.

Two Taylor array factors are compared in Figure 36. Both arrays are 234/2 long, but the blue curve is
for a continuous line distribution, while the red curve is for an array with 24 individual elements, with
A/2 spacing. The main lobes of the two arrays match very well, but the sidelobes differ. The difference
is due to the aliasing effect in the discrete Taylor distribution. The array factor of the continuous
distribution is not aliased. In this case, the third sidelobe exceeds the design level by about 0.3 dB, which
is quite acceptable. However, the sidelobes do not fall away as fast as those from the continuous
distribution do.
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Figure 36 Two equal size Taylor array factorswith N =3 and SLL; =-30. Theblue curveisa continuous
line source (no aliasing), and the red curve is a discrete-element array, with mild aliasing.

Decreasing the number of elements, while keeping the array size unchanged, makes the aliasing problem
worse. This fact is illustrated in Figure 37, where the blue curve is for an array with just 12 elements.
The third sidelobe is about 2 dB higher than the design value. The element spacing for this example is
1.045 wavelengths, and in this example, a grating lobe appears at about 8 =73°.
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Figure 37 Two equal size, discrete, Taylor array factorswith N =3 and 9L, =—30, illustrating the
increased sidelobe level due to aliasing.
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Since the average sidelobe level is larger when aliasing is present, the location of the first null is moved
slightly toward the center of the main lobe, and the width of the main lobe is reduced slightly. The
energy added to the sidelobes by the aliasing phenomenon is taken from the main lobe.

When the number of elements in an array is large, the distinction between the even and odd arrays is not
significant. In this case, the relation between the argument u, used in the description of the continuous
line distribution, and «, used in the description of the discrete arrays, is given by

T
K=-—u, 7.57
N (7.57)

where 2N or 2N +1 is the number of elements in the even or odd array, respectively. The main lobe of
the next period of the array factor occurs at x =2z, or u=2N. The period sidelobe at ug =n will

coincide with the A" sidelobe of the first period, where
Ug =2N-1. (7.58)

To ensure that aliasing raises the peak sidelobe level by no more than ¢, dB, the n=ug sidelobe
should be

Euiasan = 20l0g (10°%/ -1 (7.59)
decibels below the design sidelobe level. Substituting (7.58) into (7.12), the requirement is

g (Ug ) <10!Sbe Fuman)/20. (7.60)
or

_ l n-1 n2
Zn-’-mCOSh(ﬂ'A)g O_FZ)(AZ_’_(n_l)Z) ’

(7.61)

2

with 0'2) and A given by (7.3) and (7.5), respectively. Based on informal (but similar) considerations,
Doerry [9] suggests
|S‘LdB| <n< Ntotal
9 5
which is simpler but less stringent than (7.61), and implies an absolute lower limit for N

NIET
2N > Seeil| ==, (7.63)

: (7.62)

where ceil(x) means the smallest integer larger than or equal x. It should be noted that (7.62) is actually

a suggestion for picking n, and the considerations in [9] really do not address choosing N in terms of the
sidelobe performance. However, (7.63) is justified as an absolute lowest limit for choosing N, although
(7.61) is the recommended lower bound. The lower limit for N is plotted in Figure 38 as a function of
sidelobe level, S_L , for several values of the Taylor order, in, when ¢,,,, =0.5dB and ¢,,,, =3 dB.
In order that the effect of aliasing on the near-in sidelobes be no worse than a factor of ¢, =0.5 dB, the
aliased component must be at least 24.5 dB below the design sidelobes in this region, while for

Eaias = 3 0B, aliased component must be only 7.7 dB below the design sidelobe level.
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7.2.4 Summary of Design Rules for Taylor Array

Specification: Osqs  half beam width
SLLys sidelobe level (SLLy <0)
EgB sidelobe degradation due to aliasing (£45 > 0)
Compute:
1 e Sl [ Sl
Taylor parameter: A=—cosh™?{10 20 |==In|10 2 +V10 © -1
V4 V4
2
SL SL _ 1
Taylor order: rnd Y 9B 1 0.759 |<n<floor| =+ 2A?
22.8 36.3 2
Taylor parameter: ol = n’
: p 2 —1 2
A +(M-1)
( 1)m+1 n-1 2
Taylor coefficients: Fo, 1- ,1<m<n-1

2H[1 j -1 %[A +(”—%)2}

n=m
Minimum N to avoid aliasing in sidelobe region:

1 " A n-1 n2
>4+ —oo8—
el Gl ! o4 +(n-3Y)
p 2
Iterate: Usgg o = 0.9
! “l ( (s )~ 1 j /aF
3dB,i+1 =~ Y3dB,i 3dB,i
V2 U=Usgg,
L sinzz(u+m)
F(u)= Fo——————
( ) m;—l) " (u+m)
oF(u) & 7(u+m)cosz(u+m)—sinz(u+m)
ou T 7(u+m)
A
Compute half width of array: = &
2sin G, g

Odd array (2N +1elements):  element spacing =%

Element weights 1+2 a G COS —n
9 A, = z (N pj

Evenarray 2N elements: element spacing = N1

Element weights A =1+2 z (a,0 COS( N

~(-3) p}

2




7.3 Effect of amplitude quantization on the Taylor array

When the array taper is controlled by digital attenuators, error will occur due to the attenuator
guantization, and possibly due to the limited range of the attenuator. The required range of the attenuator
will be determined by the ratio of the weight at the edge of the array to the weight at the center of the
array. For a one-dimensional taper, this ratio is

w() 1+2Z:‘1(—1)’“ =
=—md . (7.64)

n-1
wo) g, 2> Fn
m=1

For a two-dimensional taper, the ratio is

w(1) [“ 2ﬁfl(—l)m Fo, rowJ (1+ Zni:(—l)“ Fo J

m=1 n
w(0) Mo L 1 : (7.65)
1+22 Fm,raw 1+22 I:n col
m=1 n=1

The minimum recommended Taylor order is obtained from (7.32), while the maximum Taylor order is

obtained from (7.31). For n=n;, (red curve) and n=1,_,, (blue curve), the required attenuator range is

plotted in Figure 39 as a function of sidelobe level. The required attenuator range for the one-
dimensional taper, Brange is almost independent of the order of the Taylor illumination, and can be

estimated to within +1/2 dB by
Bange =—(8+0.63- SLLy ~0.0014- S L% ) dB (7.66)

Note that the attenuator range &, is positive, while the sidelobe level is negative. For a two-

dimensional taper, the required attenuator range must be larger than for a one-dimensional taper. For a
symmetrical taper, the required attenuator range will double, increasing the number of required bits by
one.
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Figure 39 Attenuator range for one-dimensional taper as a function of design sidelobe level.

The quantization of the digital attenuator causes errors in the illumination of the array. The primary
effect of this is an increase in the sidelobes of the array factor. The error sidelobe level is given by (5.62),
and it depends on the mean and the standard deviation of the error factor, the illumination taper, and the
number of elements in the array.

When the T/R modules have a random variation in gain (decibels) that is approximately uniformly
distributed with zero mean, the error sidelobe level (5.62), is

2
aIn(10)(10° -1} ;H,m\
Sl = ~1|n , (7.67)

error 2 2
20(10° -1)
nzmm

where

_ AgT/R + arange,row + arange,col
2(2°-1) '
where Agy;,r is the addition to the attenuator range required to accommodate the random gain variation

between T/R modules, and it is assumed that the required ranges for the row and column tapers are
different. Note that the addition to the attenuator range, Agy, g, is given in decibels and is negative, as is

the design sidelobe level, SLL,; . The error sidelobe level should be y dB below the design sidelobe

(7.68)
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level to ensure that the quantization errors produce no more than a =6 dB effect on the side lobe level,
where

(7.69)

510
7/=20-I0g{10 1].

1094 +1

For no more than +0.5 dB effect on the side lobe level, » =-25 dB. Thus, for this criterion, the
resolution of the attenuator is obtained from

2

ain(10)10*-1) 21Aal

~<10 10 (7.70)
> A

Expanding (7.70) to third order in «,

20\/§ Slgp+y ZA‘m

a< 10 2 L

" In(10) \/m ’

and from (7.68)

20(107° —1)2

(7.71)

(7.72)

b = ceiling im 1— AgT/R+a'range,row+a~range,co| .
In2 2a
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7.3.1 Summary of Design Rules for Digital Attenuator

Specification: Quantization errors produce no more than a =6 dB effect on the side lobe level
Side lobe level: SLLgg gaaion: Slap aamen N decibels (SLLy; <0)

Unit-to-unit gain variation of T/R modules: +Ag;,; in decibels
Compute:

_ o B =—(8+0.63 Ly ysmun —0.0014- LG i )
Required taper ranges (in decibels): ,
8y =—(8+0.63 SLyg geraion — 00014 S U cvation )

Required attenuator range: @, = |AGr/r|+ 80, + 8y i decibels
Note: & ,nge >0

510

Tolerable error- sidelobe level: » =20-log [m

1} in decibels

> A
|l

min(S-LdB,elevanon vs-LdB,azm'uth )Jr}/
20\/§ 10 20

Range of tolerable error: o <
In(10)

Number of bits: b = ceiling iIn 1+M
In2 2a
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7.4 Design example

As an example, consider a linear even array with a required beamwidth of 6,4, =3°, and a design
sidelobe level SLL gz =—-40 dB, with &4 =0.5 dB degradation in sidelobe level due to aliasing. Using
the design rules for the Taylor array, the following values are computed:

Taylor parameter A=1.6865
Taylororder n=5
Taylor parameter ol =1.082519
Taylor coefficients: F=1

F, =0.387482

F, =—-0.00956429

F, =0.0046963

F, =—0.00133399
Minimum N to avoid aliasing: N =115
Half-width of array: Uygs = 0.623002

a=5.9521
Even array, 2N elements: optimum element spacing = 0.0524

Since the optimum element spacing is not practical, fewer elements will be used, and the sidelobes will be
increased due to the aliasing affect.
Choose: N =13 (26 elements)

element spacing =0.4764 .

Required attenuator range: B ange =19.4 dB
Choose: 8 ange = 20 dB to allow for gain variation in T/R modules

For specification that error sidelobe is to produce no more than +0.5 dB effect on design sidelobe level:
Range of tolerable error: || <0.0264 dB

Number of bits: b=9
For specification that error sidelobe level is equal to design sidelobe level:

Range of tolerable error: la|<0.47 dB
Number of bits: b=5

The design seems straightforward until the element spacing is computed. The minimum number of
elements to prevent aliasing in the sidelobe region is too large to allow usable element spacing. In fact,
the number of elements must be reduced by almost an order of magnitude in order to allow reasonable
element spacing on the order of a half wavelength. This will result in some aliasing in the sidelobe
region, and the sidelobe level will exceed the design sidelobe level. The normalized directivity patterns
for the array without aliasing (N =115), and with aliasing (N =13) are plotted in Figure 40. In this case,
the peak sidelobe level is increased by slightly more than 1 dB. While the reduction in the number of
elements seems extreme, the effect of the aliasing is not severe.

77



LTy e e ey ey re e rer e ey rer ey e rirrfrrrrprrt
LR R Ll L Ll L Ll LR RN LR LD ALY RN ALY R L

o

N=115 N: 13

0 (deg)

Figure 40 Normalized directivity for design example with optimum number of elementsto avoid aliasing and
practical number of elements.
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In order for the error sidelobe level to have negligible affect on the sidelobe level, the number of bits
required in the attenuator is nine. However, relaxing the error sidelobe level to equal the design sidelobe
level only requires five bits in the attenuator, but the use of the 5-bit attenuator could result in peak
sidelobes 6 dB higher than with the 9-bit attenuator. The normalized directivity pattern is plotted in
Figure 40 for both 9-bit and 5-bit attenuators, and the peak sidelobe level with the 5-bit attenuator is
about -36 dB.

The computed directivity patterns assume that the gain of each T/R module varies randomly by an amount
that is larger than the least-significant bit of the attenuator. This ensures that the error in the amplitude of
each element is approximately uniformly distributed between + half of the least-significant bit.

Figure 42 compares the sidelobe regions when the linear array is implemented with a 9-bit attenuator and

with an ideal, continuous attenuator. As can be seen, the differences between the sidelobe levels are
essentially negligible.
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Figure 41 Comparison of normalized directivity for design example with 9-bit attenuator and 5-bit attenuator.
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Figure 42 Comparison of sidelobe region for directivity pattern of design example with 9-bit attenuator and
continuous (ideal) attenuator.
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8. Issue of tapered illumination on transmit

For monostatic radar applications, including synthetic-aperture radar, the product of both the transmit-
and receive-antenna patterns is the important antenna consideration. This product is referred to as the
two-way antenna pattern. Placing the antenna specification requirements on the two-way antenna pattern,
rather than specifying transmit and receive patterns individually, allows for some flexibility, since the
transmit and receive patterns are not required to be identical. However, transmitter efficiency is an
important consideration, and may dictate some of the design choices.

Tapering the array illumination for the transmitter can reduce the efficiency of the transmitter, and it
reduces the peak power available with a given set of T/R modules. Generally, the output transmit stage of
a T/R module will be a nonlinear circuit, such as a class C amplifier. Using class C rather than class A
amplifiers is a way to reduce dissipated power in the T/R module, while maintaining the highest output
power. However, when the array illumination is tapered, it is necessary to reduce (and control) the output
power from the T/R modules located away from the center of the array. When the output stage is
nonlinear, reducing the drive to the stage with a programmable attenuator is not appropriate. Changing
the output power by changing bias conditions is a possible solution, but can lead to mismatch problems,
and can be complicated to implement. The simple, but inefficient, approach is simply to place the
programmable attenuator between the output stage and the array element.

8.1 Taylor illumination for transmit array

8.1.1 Rectangular array

Consider a linear array with Taylor illumination for both transmit and receive functions. In general, the
parameters of the illumination can be different for transmit and receive, so the two-way antenna pattern
for a linear array is

S2—wayTaonr (K’ Olir O Nh s Xy 1 Oy Niy s 77) =
odd

- )sin[(2n+1);[ic+zp]j - )Sin[(277+1);[ff+;qn 8.1)

Fp (alx’o-tx F (arxio-rx 1 -
sin| =| kx+—
[2( an

2 2 R
p=—(M-1) sin [1(,( + z ij =—(Ty 1)
AN/

for the odd array, and

S2—wayTayI0r (K’ Olix1 Oixs r_ltx' Oy Oy ﬁrx , 77) =
even

. b . b
_ sin| n| x + p _ sin| n| K+ q
n[i_:l Fp(atx’o-tx) [ [ 77_% JJ nrxz_l q( rx? rx) [ [ 77_% JJ (82)
p=—(M-1) . 1( T J g=—(Ty 1) . 1( T ]
sin|f —| k+ P sin| —| K+ 1 a
2 n-3 2 n-3

for the even array.

A transmit efficiency, compared to uniform illumination, is defined

1 N
R — E W. 8.3
000 (2N +1)vv02 K 83)
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for the odd linear array, and
N

1 2
E;’S(,even = N—VV_LZEW“ (84)
for the even linear array. The weights are given by
-1
W, (e, 01y ) =1+ 22 F atx,atx)cos( npj (8.5)
p=1

for the odd array, and

nlx_l
W, (a0 ) =1+2 ) F,(ay,04)c0s n—< 8.6
e 3) 2 23 Fy o (-3 ©5)
for the even array. The efficiency for the linear array is a weak function of the number of elements in the
array, but a strong function of the design sidelobe level. Figure 43 plots the efficiency as a function of

design sidelobe level, for the minimum value of n given by (7.32)

'1 rrrrprerrerrerprerrrprrerrprrerrypy e e rrrr_|

-1.5
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Figure 43 Transmitter efficiency for the linear Taylor-weighted array.

For the two-dimensional array, the transmit efficiency, compared to uniform illumination, is defined

1 Nroy N ) ,
o = W ronVincol - 8.7)
N (PNt + D 52 20,

for the odd array, and

5&, = | - (8.8)
o NrochoIV\{row col ;;l nfOW e
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for the even array. As expected, the transmit efficiency for the two-dimensional array, plotted in Figure
44, is somewhat lower than for the linear (one-dimensional) array.
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Figure 44 Transmitter efficiency for the two-dimensional Taylor-weighted array.

Consider an even array with N =13, similar to the design example above, with /2 element spacing.

For a two-way sidelobe requirement of —40 dB, a Taylor illumination with —20 dB sidelobes and n =2
can be used for both transmit and receive arrays. The transmit efficiency for a linear array, from (8.4) is
—2.3 dB, while for the two-dimensional array, the efficiency (8.8) is —4.5 dB. The normalized two-way
antenna pattern is plotted in Figure 45 and Figure 46, where the peak two-way sidelobe level is —42 dB.
The pattern exhibits the characteristic of a rectangular aperture, with the peak sidelobes along the
principal axes of the array. Except for the lowered efficiency, due to the transmit taper, the two-way
pattern is quite respectable. In the two-dimensional plot of Figure 46,

u= Esin dcos¢
A
and

2a . .
V=—singsing.
7 ¢
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Figure 45 Two-way antenna pattern with Taylor illumination with —20 dB one-way design sidelobes and
n=2.
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Figure 46 Normalized two-way array factor for a two-dimensional even array with a Taylor illumination,
SL=-20dB, n=2, for both transmit and receive.



The two-way sidelobe level can be adjusted by giving transmit and receive arrays the same or different
weighting, as illustrated in Figure 47, where several choices are plotted. Of course, if the transmit and
receive sidelobe levels are too different, a significantly larger first sidelobe will appear. As seen in Figure
47, this occurs for the case of an n=2, —20 dB Taylor transmit array with an n=5, —40 dB receive
array. The transmit array has its first sidelobe inside the mainlobe of the receive array, making the first
sidelobe of the two-way pattern larger. However, the next few sidelobes are much lower, so this may be
an appropriate combination for some applications.

Ny, = 2, —20 dB sidelobes
\ n.,=5, —40 dB sidelobes

KN
o O

Ny, = 2, —20 dB sidelobes
N,y = 3, —30 dB sidelobes

Ny = 3, —30 dB sidelobes
Ny = 3, —30 dB sidelobes

Relative Gain, two-way, dB
g

-10 0 10 20 30 40
0 (deg)

Figure 47 Two-way antenna patterns with Taylor illumination with several sets of design parameters.

-100

8.1.2 Truncated array

In a two-dimensional rectangular array, the weight at each element is the product of two weights, one
each from a one-dimensional taper. When an element is near the edge of the array, and a significant
distance from the principal axes of the array, then its weight can very small. In particular, the elements in
the corners will have the smallest weights. In fact, the weight can be so small that the element may have
minimal effect on the array factor, and can be eliminated. Thus, when a two-dimensional array has
amplitude taper in both dimensions, it may be desirable to remove elements in the corner regions to
reduce cost. This will Iso reduce the required range for the attenuator, and could reduce the number of
required bits by one. However, truncating the array by eliminating many elements with small weights,
while having little or no effect on the main lobe, may cause significant changes in the sidelobe region.
Two truncation approaches are considered:

truncation to a specified amplitude, and

truncation to a circular aperture.

85



Figure 48 shows the element weights for an N, , = N, =50 odd array, with n =5, SLL =-45dB
Taylor illumination (note that the value chosen for n is just smaller than the minimum recommended
value). The element weights W, ,5,, W5, ON the edge of the principal axes, have an amplitude equal

—11.6 dB. The center weight W, , has an amplitude equal 10.7 dB. When the weights are truncated at

—12 dB, eliminating the unneeded elements yields a nearly circular array rather than the rectangular array
obtained when using all of the elements. Figure 49 shows the element weights after truncation of the
array. In this case, only 7677 elements are used, rather than the original 10201 elements. Thus, the array
is reduced to about 75% of its original size. When the array cost is dominated by T/R module cost, then
eliminating the unnecessary elements reduces the cost significantly.

However, the reduced cost comes at the expense of the sidelobe level. The array factor for the truncated,
near-circular array with a rectangular grid is plotted in Figure 50. These sidelobes have peaks at about
—37 dB, about 8 dB worse than the design level of —45 dB. In this case, truncation of the aperture
caused deterioration of the sidelobe level.

The sidelobe level of the Taylor array can be reduced somewhat by keeping more elements. If the
truncation limit is changed to —15 dB (corresponding to a 27 dB dynamic range), the illuminated aperture
appears as in Figure 51. In this case, the array contains about 84% of the number of elements in the full
rectangular array. The array factor is plotted in Figure 52, where the sidelobe level has been reduced by
about 2.5 dB. Table 1 compares the percent element reduction and peak sidelobe levels for three
truncation levels.

Tablel Performance of 2-D Taylor array with design sidel obes of
S L=-45dB andorder N=5.

Truncation level (dB) % of full array Peak sidelobe level (dB)
12 75% -36.8
15 84% -39.3
18 89% —40.6
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Figure 52

Normalized array factor for a two-dimensional odd array with a Taylor illumination,

SL=-45dB, n=5, and truncated to —15 dB.
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8.2 Uniform illumination of transmit array

In order to avoid the difficulties and inefficiencies of tapering the transmit array, it is useful to consider
the uniformly illuminated array. This has the advantage that the attenuator is to be used only for tapering
the receive array, and thus is not required to handle the higher power levels in the transmitter portion of
the T/R module. Eliminating the attenuator from the transmit side of the T/R module eliminates the
possibility of trimming the output power of each module, so tolerances on the output power specification
may need to be made tighter.

8.2.1 Rectangular aperture array
The array factor for the uniformly illuminated rectangular aperture array can be written
Sarray (f, ‘/:x’ fy) = SJniform (f’ é:x’ N ) Smiform (?’ é:y' M ) (89)

where, for the odd array,

sin((Zn +1)(K;§)J

Siitorm (F.€,77) = , (8.10)
odd Sin((l{_é)J
2
and for the even array
. sin(n(x—¢)
Sjniform(rién):(T_é))- (811)
o sin| ——=~
The two-way array factor for a uniformly illuminated transmit array and a Taylor receive array is
SWO’Way(F’(’ZX’gy) = Sra)"(’r (KX _ng’ax’o-x'ﬁX’ N)Sraylor (Ky _gy’away’ﬁy’ M ) (8.12)

Smiform (Kx - é:x’ Ntx)suniform (Ky - éy’ Mts)
where S, IS given by (7.43) for the odd array and (7.51) for the even array. Since the uniformly

illuminated transmit array will have a narrower main lobe than the Taylor receive array, it is possible that
the first transmit sidelobe will fall within the mainlobe of the receive pattern.

For example, consider the even linear array with N =13 and S_L,; =—40 dB in the design example
above. The uniformly illuminated transmit and the Taylor receive directivity patterns (normalized to
receive mainlobe peak) are illustrated in Figure 53, and the normalized two-way directivity is plotted in
Figure 54. The first null of the transmit pattern is well within the region of the mainlobe of the receive
pattern. The point of intersection of the mainlobe of the receive pattern with the first sidelobe of the
transmit pattern occurs at about —13.9 dB. The first sidelobe of the two-way pattern is —27.7 dB below
the peak, while the remaining peak sidelobe is —61 dB down. Thus, the first sidelobe of the two-way
pattern is significantly higher than the remaining sidelobes.
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Figure 53 Directivity of uniformly illuminated transmit array (blue) and Taylor receive array (red),
normalized to peak of receiver array.
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Figure 54 Normalized two-way directivity for uniform transmit array with Taylor receive array.

In order to move the first transmit sidelobe outside the mainlobe of the receiver pattern, one approach is
to place the first null of both patterns as close to each other as possible. This can be accomplished by
reducing the size of the transmit array. The first null of the transmit pattern occurs at
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A

A
o [ZAS( Ny +1)

], odd array
euniform =

1% null . A
SIn — |, eveén array
2 X

and for the Taylor receive pattern at

2 1
. A _ a” ++
sin’t n “— |, 0dd array
ZNAS a2+(__l)
2
aTaonr =
1% null 2
nul 1 ﬂ, _ o +%

sin™

2,1
N _ a++
=N 4 for odd array
(Ny +1) o’ +(M-%)
1 2,1 ’
N_E_— (04 +X f
=N | ———— forevenarray
Ntx o +(n—%
SO
— ili 1
N, = ceiling — —~ | for odd array,,
— a’+5
n
— 2
o +(n-1)
and
N -1
N, = ceiling 2 for even array .
_ a’+1
— 2
a’+(A-%)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

For the parameters of the design example, (8.17) gives N, =7 . Figure 55 plots the two-way directivity

pattern when the transmit array of the design example is reduced. The peak sidelobe is about -57 dB
below the mainlobe, while the first sidelobe has been reduced significantly. However, the mainlobe of

the two-way pattern has been broadened, and the two-way directivity is reduced.
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Figure 55 Normalized two-way directivity for uniform transmit array with N,, =7 combined with Taylor
receive array with N, =13.

8.2.1.1 Split-uniform illumination of transmit array (linear phase adjustment)

The entire array can be used for transmitting with uniform illumination and still maintain a low first
sidelobe in the two-way pattern. This can be achieved by utilizing phase shifters to steer the transmit
array slightly differently from the receive array. In this case, the transmit array is divided into two halves,
with each half steered slightly away from the direction of the main lobe of the receive array. The amount
of steering is chosen to place the first sidelobe of the transmit array in the first null of the receive array.
This approach allows the parameters of the Taylor receive array to be chosen independently.

0

array 1 array 2

Figure 56 Two linear, uniformly illuminated arrays.
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Consider two linear arrays as illustrated in Figure 56. Array 1 will be steered slightly to the left, while
array 2 will be steered slightly to the right. The normalized array factor for the combination is

0 o X, . a X, .
SX :i e—mzz(smaﬂmﬁ)dx_i_ije—mzz(sma—smﬁ)dx
2a a
A L a . (8.18)
Crfsns| ir2sing sm(ﬂﬂ(sme sm&)) %o S|n(7r;t(sm.9+sm§)j
—e 2 1 e 4
2ﬂ%(sin9—sin§) 2n%(sin6’+sin5)
or
- ( u-v ( _u+v
| eS| ET ] asin| e
Se=e 2ler— = Jiea 2/ (8.19)
z(u-v) 7(u+Vv)
where
u=%sin0, (8.20)
and
v=%sin5, (8.21)

The normalization is chosen so that S, =1 when u=v=0. The two-way pattern for a linear continuous

array, using the split-uniform illumination for the transmitter and a Taylor illumination from (7.43) and
(7.51) for receiver is

_is¥| sl Si”(”ugvj il Si”(”u;rvj = sinz(u+m)
Swo—way:e 2le?2—————~4e 2——— 2 F,————=
z(u-v) z(u+v) |5y T #(u+m)
o , .(8.22)
_ ) . L
N
—e "2| "2 ( e "2 ( 2) sin zu
m(u-v) z(u+v U 1, U
1-2

By adjusting &, a two-way pattern with low sidelobes and minimal ripple in the mainlobe can be
achieved. For example, consider the case with a=134, n=5, S.L=-40 dB. Choosing 6 =3.46°
produces less than 1 dB ripple in the main lobe, with a main lobe width of 26, =4.75°. When a
reduced-size uniform transmit array with a=74 is used with the same receive array, the main lobe width
IS 26,45 =2.2°. The two-way patterns for these two configurations are plotted in Figure 57. The
directivity of the two-way pattern is —6.5 dB lower using the split-uniform array for transmitting. As
indicated in Figure 58, the relative phase varies rather rapidly in the region of the main lobe. In addition,
the split-uniform array does not concentrate the transmitter power efficiently over the main lobe of the
receive array, as illustrated in Figure 59. For these reasons, the split-uniform transmit array is not
recommended.
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Figure 57 Comparison of two-way patterns using the split-uniform transmit array and the reduced-size
transmit array.
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Figure 59 Comparison of one-way patterns of the split-uniform transmit array and the reduced-size transmit
array.

8.2.1.2 Sinusoidal phase adjustment

The normalized array factor for a uniformly illuminated linear array extending from x=—-a to x=a is

2 sin(Z” asin Hj
a | ZZxsing .
Smiform = i '[ ej[ * de = 2/1— : (823)
2a-, 7 asing
A
Consider modifying this illumination by applying sinusoidal adjustment of the phase,
a .27 . (7

B 1 1[7x5|n9—4’5|n(gs)j B

Spnger _Z_a_-';e N=Jz,,, (), (8.24)

where J, (;) is the Anger function [3, 10], plotted in Figure 60 as a function of v for several values of
¢ . The Anger function is related to Bessel’s function of the first kind

Jn(£)=3,(&) for nan integer . (8.25)

The parameter ¢ determines the amount of the sinusoidal phase adjustment, with the size of the
adjustment proportional to the magnitude of ¢ . The Anger function can be approximated with a series in

¢

JV(§)=(1+ w oo ¢ v +o(g4)JM. (8.26)

1-v2 42 9-10v2 +1° v
Using the first four terms of the series (8.26) gives 1% or better accuracy when ¢ <0.9. For £ <0.5, the
accuracy is better than 0.1%. The accuracy improves as v becomes larger (away from the main lobe).
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Figure 60 The Anger function, both J, (¢') and J, (=¢) asfunctionsof v , for several valuesof ¢ .

As can be seen from (8.26), J, (<) is similar to sinc(v)=sin(zv)/zv, but the zero at v =+1, in
addition to others, has been cancelled. It is desirable to cancel the zero at v ==+1 in order to move the
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first sidelobe further from the center of the main lobe. The first sidelobe of the Anger function occurs
approximately at

Vgaaope = 1.42799 +0.316572¢ —0.0788377¢ 2 +0.0569093¢ 2, for 0< ¢ <1.5 (8.27)
Note that as ¢ >0 increases, the first sidelobe becomes more like a shoulder on the main lobe.
Unfortunately, while the zero is cancelled at both v=+1 and v=-1, J, (g) is not symmetric with
respect to v, as can be seen in Figure 60. In fact, J, (—¢')is the mirror image of J,(¢),

J,(=¢)=3..(¢)- (8.28)
Using the Anger function for the transmit pattern, the two-way antenna pattern for the linear array is
(Za . )
_— sinz| —sind+m
A
Swovay (0:¢)=J2a_( Z P . (8.29)
Anger A m=~(n-1) ﬂ(ﬂsme-i- mj

The parameter £ that places the first sidelobe of the transmit pattern, for € >0, at the location of the first
null of the receive pattern is obtained from the solution of

1.42799 + 0.316572¢ —0.0788377¢ % +0.0569093¢° = , (8.30)

where (7.32)
2
n=rnd Sl ) Sl +0.759 |.
22.8 36.3
A convenient fit to this solution is
2 3
Copt (SLLyg)=-5.94543— 6.14214% —1.55552(%} - 0.145312(%} .(8.31)

For example, when SLL,; =-30 dB, the minimum Taylor order is N =3, and (8.31) gives ¢, =0.258

for the Anger transmit pattern. The two-way pattern is plotted in Figure 61. The pattern is not symmetric
around u=0, and the sidelobes for u<0 are higher than when u>0. The peak of the main lobe is

skewed slightly to u ., =0.0477 .
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Figure 61 Normalized two-way antenna pattern when the transmit array has sinusoidal phase adjustment with
¢ =0.258, and the receive array uses a Taylor distribtution with =2 and S_.L =-30 dB.

Note that u = %sin 0.

It is tempting to modify the transmit phase function so that

oo Lol 11 e )
ta 0

—1a2a_ (-0)+13,, (2)

—singd —=sing
‘ A ‘ A

, (8.32)

which restores the symmetry. Unfortunately, as can be seen from (8.26) and in Figure 62, the
cancellation of the zeros at v =+1 is undone, and the transmit pattern’s main lobe is not broadened.
Thus, there is no benefit to this approach.

The sinusoidal phase adjustment can utilize the full aperture with uniform illumination for the transmit
pattern, while reducing the first sidelobe on one side. However, the two-way pattern is not symmetric,
and good sidelobe reduction is only available in a limited region. This method is not recommended for
general use.
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Figure 62 A symmetric linear combination of two Anger functions, 2J,(=¢)+3J,(¢).

8.2.1.3 Quadratic phase adjustment

Consider modifying the uniform illumination by applying quadratic adjustment of the phase, using the

parameter £ as follows,

2
a —xsm& g X2 J”;m 0 a ({x——sm@]
I dx— e i3 J-e

which can be written in terms of Fresnel Integrals,
s’ Cl[ga+—sm€j+cl[ a—isinej
11 ( R Ag Ag

. 2a§ —j[Sl[ga+isin€j+S{g’a—isineD |
Ag Ag

The Fresnel Integrals are [3]

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)
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Q(x):S{\Exj:\EEsin(tz)dt. (8.38)

Writing (8.34) in terms of u= %sin @ and £=Ca

1rx 1x
et

The normalized uniformly illuminated array factor with quadratic phase adjustment is plotted in Figure 63
for several values of the parameter £. As £ increases, the first null is filled in, and the radiation is

spread over a larger space. However, the main lobe of the pattern begins to become indistinguishable for
the larger values. While the quadratic phase adjustment introduces no loss in the array factor, the peak
directivity is reduced considerably as the nulls are filled, and the sidelobe level is increased. Eventually,
the sidelobes and the main lobes merge, becoming indistinguishable. The two-way array factor, when the
receive array has a—40 dB Taylor illumination, is plotted in Figure 64. For the larger values of the
parameter &, the two-way pattern has a low first sidelobe, with the sidelobe ratio essentially the same as

the receive (Taylor) array factor alone. Much of the transmit energy falls outside the main lobe of the
receive pattern.

(8.39)

The quadratic phase adjustment can be used to produce a flat two-way array factor in the main lobe
region, as illustrated in Figure 65, for parameter & = 6 =2.45. This comes at high cost, as the

normalized array factor is down about 10 dB from the equivalent array without phase adjustment. A large
portion of the transmit energy is radiated to the space outside the main lobe. The first sidelobe is slightly
higher than the first sidelobe of the receive array factor alone. An additional problem with this antenna
pattern is the phase response across the main lobe, which is plotted in Figure 66. This nonlinear phase
response is undesirable for some applications.

As with the other phase adjustment approaches, the quadratic phase adjustment is not very attractive from
the point of view of efficiency. When the adjustment parameter & is large enough to eliminate the large
first sidelobe, much of the transmit energy falls outside the main lobe of the receiver. In addition, the
phase response of the two-way pattern is nonlinear. For these reasons, the quadratic phase adjustment is
not recommended.
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Figure 64 Two-way antenna pattern with uniform illumination and quadratic phase adjustment for several
valuesof & for the transmit array, and a —40 dB sidelobe Taylor illumination for the receive array.
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Figure 66 Relative phase of the two-way array factor with quadratic-phase-adjustment parameter

E=6=245.
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8.2.2 Circular aperture

If the uniformly illuminated transmit array is made circular, then the main lobe will be broadened slightly,
and the first sidelobe will be reduced. It is useful to examine the array factor for a uniformly illuminated
circular aperture of radius a, given by

az2r .2z
r
1 2

i
SJniform, circular = 2 _[je
wa 00

(cosgcosg’+singsing’)sing

rdg'dr

2 2T .
=—|J,| —rsin@ |rdr 8.40
gjo[i j (8.40)

0
J 2”as'né’ JUu? + V2
1y | 231(71 u®+v )
%asine aNu? + VP

where
2a .
u=—singdcosg,
A
and
v=§sin gsing.
A
This is a circularly symmetric pattern, and has its first sidelobe at

Jut+V? = @=1.63471935--- (8.41)

T
where 4, is the first nontrivial zero of

J,(2)=0. (8.42)

The peak of the first sidelobe is —17.6 dB below the main lobe, nearly 4 dB better than the —13.5 dB
level from the uniform rectangular aperture. In addition, the first null occurs at

Ju? +V2 = ﬂ=1.21966989... , (8.43)

T

compared to u=1 for the rectangular aperture. The normalized array factors for the uniformly
illuminated rectangular and circular apertures are illustrated along a principal plane in Figure 67.

Two examples are considered. The first example is based on the truncated Taylor receive array with the
nearly circular aperture illustrated in Figure 49, and one-way receive array factor illustrated in Figure 50.
The one-way transmit array factor of the nearly circular array is plotted in Figure 68, when the transmit
illumination is uniform. The first sidelobe is nearly —18 dB from the main peak. When this uniform
circular array factor is used with the Taylor receive array, the two-way pattern plotted in Figure 69 is
obtained. The parameters of the receive array are N,,, =Ny =50, SLL=-45dB, n=5, with the

col —

aperture truncated to a nearly circular array at w, , <—12 dB . The first sidelobe in the two-way pattern

m =
is about —36 dB below the peak, and the next large sidelobe is about —60 dB down. Notice that the first
sidelobe of the transmit pattern is within the main lobe of the receiver pattern.
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Figure 67 Comparison of normalized array factor for uniformillumination in full rectangular aperture and
circular apertures (along a primary axis of the array).
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Figure 69 Normalized two-way array factor for a two-dimensional, odd array with a uniformillumination for
transmit, and Taylor illumination for receive, SLL =—45 dB, N =5, with the aperture truncated
at —12 dB (nearly circular).

For the second example, consider a smaller array with the Taylor parameters N,,, = Ny, =13,

S L=-20dB, n=2 for the receive array, while the transmit array is uniform. The aperture is truncated
with a “circular” truncation so that

n? +m? <13,
This is a small array, and the truncation does not really result in a circular array, as indicated in Figure 70.
The two-way array factor is plotted in Figure 71. The first sidelobe in the two-way pattern is about

—41 dB below the peak, and the next sidelobe is about —47 dB. This array uses only 529 out of the 729
elements contained in the full array, for a reduction of 73%.

Suppose the first lobe of the transmit array is placed at the first zero of the full Taylor receive array,
before truncation. Using (8.41), (7.4), and (7.9), the design sidelobe level and Taylor order for the
receive array are related by

L =-20log| cosh| 7 . (8.44)

Note that (8.44) is based on a circular uniform transmit array, having a radius of N,,, = N, elements,

and a rectangular Taylor receive array. When the receive array is truncated to a circular array, the first
null will be moved slightly. However, the array factor for a circular Taylor array cannot be written as a
simple analytic expression, so there is not an expression analogous to (8.44) when both arrays are
circular. Nevertheless, the condition (8.44) will be used as a basis for the design when both arrays are
truncated.
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Figure 70 Weights and aperture shape for the truncated odd array with N,,, = N
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Figure 71 Normalized two-way array factor for a two-dimensional, truncated, odd array with a uniform
illumination for transmit, and Taylor illumination for receive, . L =-20dB, n=2.
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Table 2 shows the design sidelobe level given by (8.44) for several values of n. When these values are
matched to the recommended range of n and sidelobe level given in Figure 35, only one pair of
parameters is seen to be appropriate. Thus, to place the first sidelobe of the uniformly illuminated
transmit array into the first null of the receive array, the Taylor parametersare n=4, S.L=-34 dB.
The receive aperture illumination for this array is plotted in Figure 72, for N, = N, =50. The two-
way antenna pattern, assuming uniform illumination for the transmit array is plotted in Figure 73. The
first sidelobe is down about —39.7 dB from the main lobe peak, and the next sidelobe is nearly —53 dB
down. This array has 7845 elements out of the 10201 that would be in the full rectangular array (77% of
the elements in the rectangular array).

Table 2 Taylor parameters to place the
first uniform transmit sidelobe in first
null of Taylor array .

n Sidelobe level (dB)
2 -47.0
3 -35.2
4 -34.0
5 -33.9

Even though the n=2, S.L =—-47 dB pair of Table 2 are not within the recommended range given in
Figure 35, it is still a viable design option. For example, the array is truncated to a circular aperture with
a diameter of 101 elements along the two center rows, as illustrated in Figure 74. The two-way antenna
pattern achieves good performance with a uniform transmit array, with a first sidelobe down by
about—40 dB , and the second sidelobe at -52 dB. The two-way pattern is plotted in Figure 75. The
circular array has 7845 elements, 77% of the number in the rectangular array.
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Figure 72 Weights for a two-dimensional odd array with a Taylor illumination, SLL=-34 dB, n=4,
truncated to a circular aperture.
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Appendix | — Jacobi's Theta Functions

The theta functions [3, 4, 5],
3.(z,q);ne{1,2,3,4},

can be computed with very rapidly converging series [5]. Note that Abramowitz and Stegun [3] and
Mathematica [4] agree on the notation for the theta function given above, but Korn and Korn [5] uses

Sn(vlr),
where v =2/7 and q=exp( jz7), so

Sn(z,q)=.9n(v|r); ne{1,2,3,4}.

The theta functions are computed by

9 (z,q)= 2q]/4§:(—1)n q"™sin(2n+1)z,

n=0

9 (z,q)= 2qV4Zq”(”+1) cos(2n+1)z,

n=0

9% (z.q)=1+ Ziqnz cos2nz,

n=1
and

9,(z.q)=1+2) (-1)" q" cos2nz.
=1

The theta functions are related to the Jacobi elliptic functions [3].
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Appendix Il — Directivity of the array factor

The peak directivity of an antenna is

Dartenna = 47/ Qantenna » (11-1)
where Qs 1S the beam solid angle [6]. The beam solid angle for a general antenna is obtained by
integrating the square of the normalized amplitude pattern, 8(0,¢) , over all solid angles,

Qera =] |/ |8(6.6)[ sinodeds. (11-2)

For a planar array, an array factor is defined, which effectively models an array of isotropic radiators.
However, it is probably more realistic to assume a semi-isotropic radiator, i.e. a radiator that radiates
uniformly only into one half space. Thus, for the planar arrays considered here, the beam solid angle is
redefined

Qa”ay _ J»OZ/z' IO”/Z

where the integration over @ stops at /2 rather than 7, and the normalized array factor is substituted
for the normalized amplitude pattern. Using this definition, the array directivity pattern is

Suray (0.9)| sin6d6dg, (11-3)

(R [E1)= =[Sy (7LD (11-4)
array
In general, the array factor is
Sarray (f' [é]) = Z &’mei(wn,m—én,m) : (11-5)

where A, is the amplitude weight of each element, v, , is the propagation phase term, and &, . is the

steering phase term. The details of the explicit form of the double summation depends on whether the
array is an odd array or an even array, as defined in Section 5, Two-dimensional planar array factor.

For the odd array, the array factor is
N M

Sy = D, , &,mej(”/"”_g”‘"“). (11-6)

n=—N m=-

where the propagation phase is

Zrci[nAxsin 6cos ¢+ mAysindsing], meven
Vom=1 © , (11-7)
27ri[(xb — X, + NAX)sin #cos  + mAysin dsin ¢ |, m odd
c

and
L
Ly
AY = AYouq =oM (11-9)
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For the even array, the array factor is

N M . . .
Sarray :Zz A‘Ivmej('//n,m_gn,m) + A eJ(V/—n,m_‘g—n,m) + A]y_me](l//n,—m_‘fn,—m) + A_ny_mej('//n,m_gn,m):ly(“_lo)

Ln,m
n=1l m=1-

and the propagation phase is

Zn%_sin 9c08¢(xa +(n—%sgn(n))Ax)+sin gsin qj(m—%sgn(m))Ay] m even
Vim = : o (11-12)
Zn%_sin «9005¢(Xb +(n—%sgn(n))Ax)+sin #sin ¢(m—%sgn(m))Ay] m odd

where the +signs are correlated with the sign of n and mrespectively, and

L
AX=A =—2 11-12
Xown = 307 (11-12)

Ly

The excitation phase for the n, melement in the odd array is

ng, +mg,, meven
Som = _ . (1-14)
(MJF njéx +m¢,, modd
AX
In the even array, the excitation phase for the n, melement is
(%+(n—%sgn (n))j.fx +(m—4sgn(m))&,, meven
Snm = : (11-15)
[%Jr(n—%sgn(n))jgx +(m—4sgn(m))&,, modd
In (11-14) and (I1-15), the incremental steering phases are
« = KyAXsin . cos
= lohxeing cosdy (11-16)
&, =kAysin 6. sin g,
where
K, = 27:1. (n-17)
c
The beam solid angle for the planar array is
2 7[/2 J /n,m_gn‘m * _j n"nf_gn"nf H
oy =, | Zm: A, e )Zm: A, e i) singdodg (11-18)

Recall that the integration over @ stops at z/2 rather than 7, because the elements are assumed to

radiate into only one half space. The order of the integration and summation can be interchanged, so the
integrals are of the form

Tyt = A i) [ {7 gl sin gdodg (11-19)

n,mn’,m
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From (11-7) and (11-11), the form of v . is

Yom ZZﬂ%(ﬂX’nsin 0cosg+ B, ,sin esin¢). (2.20)
For the odd array,
NAX, m even
Byn= : (11-21)
(X, — X, +NAX), modd
and
Bym=mAy. (11-22)

For the even array
X, +(n—=24sgn(n))Ax, meven
Pun= , (11-23)
(xb + (n—%sgn (n))Ax), m odd
and
Bym=(m—1sgn(m))ay. (11-24)
Because of the offsets included to allow a triangular lattice, the values of g, , depend on the row index,
m, even though the dependence is not explicitly contained in the subscript.

The order of integration can be interchanged, so first consider the integration over ¢ . We have

o f . . .
IzzelzzC((ﬁx‘n—ﬁx‘nr)cos¢—(ﬁy‘m—ﬂym)sm¢)sme dg rzre;zzz J(ﬁxn ~Beat) HBymByar ) SN 0OS( -ty )

. =1, dg, (11-25)
where
an,m,n’,m’ = tan_l (ﬁy'm _ ﬁy'm’) . (| |-26)
(ﬂx n-— ﬂx,n’ )
Let ¢ =¢—a, . SO that dg=dg and the interval 0<¢ <27 becomes —a, v w <6 <27 — 0y v -

However, the integration is still over a full period of the integrand, and the integral can be written in
closed form as [3, 11]

J‘Z”ejZH(f;SinH((ﬂx,n_ﬁx,n')COS¢_(ﬁy‘m_ﬂy,m)5in¢)d¢_J'Z” eJZ” \/(ﬁxn ﬁxn) (ﬁy,m_ﬁy‘m)z Sin@COS(g)dg

0 0

(11-27)

=2rJ [ \/(:an le,n’)2 +(ﬂy,m _ﬂy,m’ )2 sinﬁj

In (11-27), J, (x) is the zeroth-order cylindrical Bessel’s function of the first kind.

The remaining integration over & gives (see 6.683-8 in [10])

Lo = AvmArm€ i~ ‘f””j 27] (Zﬂ \/(ﬁxn ﬂx,n’)2+(ﬁy,m_ﬂy,m’)2 sinejsinede

(2.28)

_Zﬂ'AhmAh e fnm gnm}Smc(Zﬂ' \/(ﬁxn ﬁx,n’)2+(ﬂy,m_ﬁy,m’)2j
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where
1 forx=0
sinc(x) z{ orx . (2.29)

sinx/x forx>0

Thus, the beam solid angle for the planar array is

array Zﬁzze e ";nm mA1 SInC[ZH \/(ﬂxn ﬂx,n’)z""(ﬂy,m_ﬂy,m')zJ' (”'30)

nmn’,m

For the odd array,
(n—n")¢&, (m m )§y, m even and m’ even

(n n+

jgx +(m-m')&,, mevenand m odd

gn,m _é:n',m' = (”-31)
[n -2 XbJéx (m-m')¢&,, moddand m' even
)g (m m)gy, m odd and m’ odd
and for the even array,
n_nr_WJ§X+(m_m'_WJ§y, meven and m’ even
n_n’_sgn(n)—sgn(n)era—xb £+ m_m'_w &,, meven and m’ odd
s e 2 AX 2 Y (11-32)
oy Son(n)—son() xa—xbj §X+[m_m,_ sa(rn)g(m)}f modd and m even
2 AX 2
n_nf_WJ§X+(m_m’_WJ§y, m odd and m’ odd

The symmetry of the summations causes the cancellation of the imaginary part of the sum, so replacing
g 1(Gndnm) \yith c05(&, m = &y ). The beam solid angle becomes

Qurray =270 D AvnAv €08(Eqm = e%m)smc(zfr J(ﬂxn ﬂx,nf)2+(ﬂy,m—ﬁy,mr)zj, (11-33)

nmn’,m

and the directivity is

2[Syray (7.1€1)]
z z A1 mAh COS((:n m ‘/:n m )SInC[Zﬂ' \/(ﬂx n IBx,n')2 +(ﬂy,m _ﬂy,m' )2 J

n,mn’,m

D(0,4.[¢£]) = .(11-34)

Incorporating the explicit details of the summation,

N N

Ousar =273, 32 3 3 Al 008(bam 506 2 (B B+ (B By | (0139)

n=—N n'=—=Nm=—M m'=—M

for the odd array, and
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evenarray 27[2 Z Z Z Ahmph n‘fcos(é:nm é:n m)SInC(Zﬂ- \/(ﬁxn ﬂx,n’)z""(ﬂy,m_ﬂy,m’)

n=—N n'=—N m=—M m'=—M

nz0 n'z0 mz0 m=0

(11-36)
for the even array.

For the special case x, =X,

ﬂx,n - ﬂx,n' = (n -

n') Ax

ﬂy,m _ﬂy,m’ :(m_ m,)Ay
én,m _én’,m' :(n— n')§x +(m_ m')gy

for the odd array, and

ﬂx,n _ﬁx,n’ =/ nh-n

ﬂy,m _ﬁy,m’ =l m-

é:n,m - é:n’,m’ =/ n-n

for the even array. When the array is also symmetric, so that A, , =

N N

Qaaray =27 0, 2, 20 O AnArm cos((n—n’)r,fx+(m—m’)fy)sinc[bz%\/(n—n’)2 AXE +(m—m')? Ayzj

, sgn(n)—sgn(n’)

AX
2 J

2

M LLEILIN

2 2

: 59”(”)‘Sgn(n')}gX J{m— m - sgn(m)—sgn(m')Jéy

then

+n+m'

n=—Nn'=—N m=—M m'=-M

for the odd array, and

N N M M

Qevm array — 8”222 Z Ah,mph',m’

n=l n'=Im=1m'=1

for the even array.

cos((n- n’)éx)cos((mfn”{)gy)sinc[br%\/(nf n')° AXE +(m-m)’ Ayz)

, ; : f 2 5
+cos((nfn)§x)cos((m+mfl)fy)smc(Zﬂz\/(nfn) AX +(m+mi 1) Ay

)
)

+cos((n+ n'—l)gx)cos((m+ m'—l)gy)sinc[Z;r%\/(n+ n’—l) AX +(m+ nf_l)z Ayzj

' / H f ' 2
+cos((n+n —1)§X)cos((m—m)gy)5|nc(2nz\/(n+n —12 A2 +( ) Ay

zj,

(11-37)

(11-38)

(11-39)

(11-40)
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Appendix lll — Definition of beamwidth for off-normal scan

It is commonplace to measure the beamwidth of an antenna in two orthogonal planes. For example, when
the antenna boresight is aligned with the Z axis, a common choice is to measure the beamwidth in the

%,% plane and the ¥,2 plane. These two planes correspond to the 7,8 and #,¢ planes, respectively,
when 8 =¢=0. When the antenna is a phased array, the main lobe of the radiation pattern is steered

away from the normal to the array (Z axis), and the question of how to define the planes for defining the
beamwidth arises. The definition and procedure described here is a logical generalization of the
beamwidth definition for a fixed-beam antenna.

Consider a phased-array antenna with the beam steered in direction r, defined by the spherical angles
0. and ¢., as illustrated in Figure 76. The following vectors, illustrated in Figure 76, can be defined

Po=f.+60,,, (2.41)

?_9 = A§ _é5_5 ) (242)

Ty=F:+ $5+¢ , (2.43)
and

ry=f -9, (2.44)
The unit vectors in (2.41) through (2.44) are

I, = Xsin@. cosg, +ysin@.sing,. +2cosb;, (2.45)

ézicosag oS¢, +Yycosd, sing, —zsiné., (2.46)
and

$=—§<sin¢§ +Y oS¢ . (2.47)

Clearly, F.,, (f,, —F,),and f, lie inone plane, and T, ,, (m —i¢), and T lie in a second plane.
Since
(ﬁg—ﬁg)-(m—i(,,):(@g+576,)(5+¢+5f¢)é.$=o,

it is clear that the two planes are orthogonal. These two planes are ideal for measuring the beamwidth.
Conveniently, they coincide with the X,Z plane and the y,Z plane respectively, when 8 =¢=0.

Once the definition of the beamwidth (3-dB points, first nulls, etc.) has been chosen, it is simply a matter
of determining o., and o, such that the following unit vectors point in the direction of the appropriate

value on the beam,

F.+05,
_ e T 0% (2.48)

K N

and
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L3P0 (2.49)

Since the antenna pattern is usually given as a function of the spherical angles &, ¢ , the variables ¢, , and
d,4 provide a simple parameterization for the spherical angles locating the beam edges in each plane

6(5.y)=cos*(Z-f,,) and ¢(5i9)=tan‘1[§‘j9j, (2.50)
)
and
1(a =~ _ 9’:—
—cost(3. d _tan-t| Y 2.51
0(5.y)=cos*(2-1.,) and ¢(5.,)=tan [)A(.AWJ, (2.51)

which satisfy the beamwidth definition.

An iterative method can be applied to search over the simple parameters ¢,, and J,, to locate the
appropriate edges of the beam in the two planes, and thus determine ?ﬂg and ?i¢. The beamwidth in the
Fg,,é plane is

BW, =cos™ (7, -, ) —cos*(F. -, ), (2.52)
and in the F§,$ plane is

BW, =cos(F, -F,, ) —cos™ (7, -7, ). (2.53)

Figure 76 Diagram showing the planes in which the beamwidth can be measured when the beamis scanned
away from the normal vector.
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