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Abstract

Biological tissues are uniquely structured materials with technologically appealing
properties. Soft tissues such as skin, are constructed from a composite of strong
fibrils and fluid-like matrix components. This was the first coordinated experimen-
tal/modeling project at Sandia or in the open literature to consider the mechanics
of micromechanically-based anisotropy and viscoelasticity of soft biological tissues.
We have exploited and applied Sandia’s expertise in experimentation and mechanics
modeling to better elucidate the behavior of collagen fibril-reinforced soft tissues.

The purpose of this project was to provide a detailed understanding of the deforma-
tion of ocular tissues, specifically the highly structured skin-like tissue in the cornea.
This discovery improved our knowledge of soft/complex materials testing and mod-
eling. It also provided insight into the way that cornea tissue is bio-engineered such
that under physiologically-relevant conditions it has a unique set of properties which
enhance functionality. These results also provide insight into how non-phsyiologic
loading conditions, such as corrective surgeries, may push the cornea outside of its
natural design window, resulting in unexpected non-linear responses. Furthermore,
this project created a clearer understanding of the mechanics of soft tissues that
could lead to bio-inspired materials, such as highly supple and impact resistant body
armor, and improve our design of human-machine interfaces, such as micro-electrical-
mechanical (MEMS) based prosthetics. Through this study,
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Chapter 1

Introduction

The field of biomechanics has seen an explosion in interest and scholarly output over
the past decade. This trend is not surprising given the overwhelming importance
of mechanical behavior in the function of many tissues, the rise in funding, and the
focus on multidisciplinary research. This project was designed to provide a funda-
mental understanding of the mechanics of soft, hydrated tissue while giving Sandia a
beach-head in this important field and the potential to impact clinical practice and
diagnosis, design of mimetic materials and modeling of mechanically-induced tissue
damage. Soft biological tissues are some of the most complex structural materials
known to man: they are typically nonlinear viscoelastic with multiple characteristic
time-scales, anisotropic due to their composite nature, inhomogeneous at every length
scale from molecular to the system level, and highly variable from subject-to-subject.
For these reasons, there is an enduring need for pedagogical understanding of the
mechanical behavior of these tissues. The program plan relied heavily on a closely
coupled experiment and modeling export, harnessing the synergy between the two in
improving our understanding of these complex materials.

Each type of tissue in the body is unique in function and form. This fact ran contrary
to our desire to obtain fundamental and broadly applicable knowledge and our need
to keep a finite scope. After some initial investigations that included other tissues
and animal species, we chose bovine cornea as a model soft tissue. The cornea is skin-
like tissue, since it is formed from a similar collagen fibril embedded in a hydrated
proteogylcan matrix, with some unique properties, the most apparent being its trans-
parency and its lack of vasculature. While the field of soft-tissue biomechanics had
largely focused on ligament and vascular tissue due to their obvious biomechanical
functionality, other important structural soft tissues, such as the cornea, have re-
ceived much less attention. In the case of the cornea, the biomechanical response
plays a key role in diseases such as keratoconus and corneal dystrophies and correc-
tive surgeries such as LASIK and laser thermal keratoplasty. The specificity of the
corneas structure to its function limited the type of experiments that were feasible
and relevant to clinical practice. The program was designed around two types of ex-
periments: (a) tension tests of excised strips and (b) bulge testing of intact corneas.
The tension experiments (Chapter 2) were performed first and had the advantage of
a simple, nearly homogeneous state throughout the test which eased the constitutive
modeling and parameter fitting. Moreover, the simple tension state facilitated design
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and interpretation of the experiments and allowed us to focus on the time/rate de-
pendent behavior of the material. Preliminary permeability studies led us to discount
a poroelastic approach to modeling the mechanical behavior of the cornea in favor of
a viscoelastic paradigm. The complex behavior we observed was beyond the capacity
of traditional quasi-linear viscoelasticity to predict and led to the development of a
sophisticated constitutive viscoelastic anisotropic model (Chapter 3). We developed
a novel optimization scheme to reduce the high dimensional parameter fitting prob-
lem to a sequence of low dimensional fits and generalized the model and applications
to a range of soft composites (Chapter 4). From the first tests it was clear that the
tension response was dominated by the collagen fibrils embedded in the hydrated pro-
teogylcan matrix of the cornea. We also performed preliminary compression studies
to try to extract directly the matrix response. The model we developed from the
tension data incorporated the microstructure of the soft composite corneal tissue but
the induced anisotropy was only tested in the second phase of the research program.
The bulge experiments (Chapter 5) involved a relatively complex stress state, but
had the advantage of testing the cornea in a stress state much closer to physiological.
With full-field deformation maps from the experiments we were able to model the
geometry of the undeformed corneas and correlate the expected anisotropic behavior
with the actual.

The project developed and integrated a number of tools, including new experimental
methods, optimization/correlation techniques, and constitutive models to character-
ize a complex material with significant medical and technological applications. These
capabilities, which were extensions of Sandias core competencies in mechanics and
materials science, have established Sandia as an unique contributor in the field of
biomechanics. The unique capabilities developed in this program are currently be-
ing leveraged with optometry researchers at U.C. Berkeley to better understand the
mechanical pathogenesis of myopia in scleral tissue, the white structural outer shell
of the ocular globe. An NIH proposal based on pilot data collected as part of this
program is expected on this topic. Future work, building off of the capabilities de-
veloped in this program, could span the range from modeling/design of soft mimetic
composites to single cell manipulation for bio-defense to mechanically-based disease
diagnosis and treatment.
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Chapter 2

Stress-Controlled Viscoelastic

Tensile Response of Bovine Cornea

The viscoelastic response of bovine corneas was characterized using in vitro load-
controlled uniaxial tension experiments. Specifically, two types of tests were em-
ployed: cycled ramp tests over a range of loading rates and creep tests over a range of
hold stresses. Multiple replicates of each were used to quantify the natural variability
as well as mean trends. A preconditioning protocol was used to obtain a unique ref-
erence state before testing and to overcome the effects of non-physiological loading.
A quasi-linear viscoelastic model incorporating a representation of the microstruc-
ture of the cornea was compared to the experimental results. For low stresses and
moderate durations this model compares favorably, but overall the material displays
non-linearities that can not be represented within the quasi-linear framework.

2.1 Introduction

The cornea’s structural performance is dominated by the stroma which constitutes
∼90% of the cornea thickness. The stroma consists of stacked lamellar sheets of
collagen fibrils embedded in a hydrated matrix of proteoglycans, glycoproteins, and
keratocytes [19, 56]. Each layer of (nearly) parallel fibrils lies obliquely to the neigh-
boring layers, see, e.g., [69, Figure 1]. Within the central cornea, fibrils tend to
run from limbus to limbus, and are preferentially aligned along inferior-superior (IS)
and nasal-temporal (NT) axes [58, 11]. Near the edge of the cornea, fibrils tend to
be aligned circumferentially. Since collagen fibers are the stiffest component of the
cornea’s structure, their alignment and density within lamellae largely control cornea
mechanical response [43, 11].

Previous studies on cornea mechanics have typically employed a tensile strip method
[64, 3, 35, 45, 89, 86], or a more physiologically relevant inflation method [88, 44,
34, 77]. These measurements have been used, for example, to study the efficacy of
cross-linking agents as means to counteract keratoconous [86, 80]. However, very few
previous investigations have explicitly characterized the viscoelastic response, the
notable exception being the study [64]. Moreover, while fiber-matrix models have
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been developed to describe corneal anisotropy [68, 69], there do not to appear to be
any viscoelastic cornea models.

Viscoelastic response has been studied more thoroughly in other soft tissues, includ-
ing ligament, tendon, articular cartilage, muscle, and cardiovascular tissues, where
the physiological manifestations of viscoelasticity are more apparent. For example,
in ligament research, experimental results have guided development of a series of
models [47, 70, 71, 85, 33]. The most commonly employed formulation is quasilinear
viscoelastic (QLV) theory [28]. However, recent work has called into question the
ability of QLV theory to represent observed behavior [70, 33].

The present study characterizes the viscoelastic response of the cornea and evaluates
the fidelity of QLV theory. We hypothesize, based on aforementioned observations in
ligament tissue, that QLV theory will not adequately describe cornea behavior. To
explore this hypothesis, in vitro bovine cornea tensile stress-rate and creep tests were
used to evaluate a newly developed microstructurally-based QLV formulation.

2.2 Materials and Methods

Experimental. Bovine cornea was selected for this study because its large size facili-
tates strip extraction, and it is not subjected to scalding which can damage porcine
corneas during slaughter. Moreover, its response appears to be closer to human than
porcine cornea (see Section 2.4 and Figure 2.7). Untreated bovine ocular globes from
beef cattle 18-24 months in age were obtained from a medical supplier within 24
hours after slaughter. During this time, the intact ocular globes were stored in a
sealed polypropylene bag at 5 ◦C, with no noticeable degradation or swelling. For
each harvested cornea, one 7.0 mm wide tensile strip was sliced from the medial sec-
tion along either the the NT or IS axis (Figure 2.1). The tensile strip comprised the
full cornea thickness (1.15-1.30 mm) and the total length ran from limbus to limbus.
After excision, tensile strips were stored in a sealed bag between cloth sheets satu-
rated with Cytosol ophthalmic balanced saline solution (oBSS) at 5◦C for up to 8
hours prior to testing. Tensile testing was performed using an MTS servohydraulic
loadframe with pneumatically-clamping serrated soft tissue grips. The gage length
was defined by the ∼8.0 mm length of tissue that spanned between the two grips.
The tensile specimen and grips were immersed in a recirculated oBSS bath held at
30◦C. The oBSS bath, used in clinical practice, is iso-osmotic with the cornea to
minimize tissue swelling. Tensile testing was performed under stress control at engi-
neering stresses up to 500 kPa corresponding to engineering strains (∆L/L) as large
as 5%. This value is beyond strains associated with normal changes in intraocular
pressure which are ∼1% [77], but relevant to injury and some surgical procedures.
Because the cornea tissue was substantially more compliant than the load train, actu-
ator displacement was sufficient to monitor axial strain. No correction was made for
the strain inhomogeneities associated with flattening of the initially curved cornea.
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Hoeltzel [35] suggests that this effect is negligible, noting that the cornea behaves
like a membrane, with very little resistance to out-of-plane bending, presumably be-
cause the lamellae of the cornea only weakly transmit in-plane shear. In contrast,
[25] computed corrections to the stress-strain response for the flattening effect and
variations in the corneal thickness. However, the calculations assume linear elastic
response inconsistent with the cornea data presented herein.

Figure 2.1. (a-c) Dicing of a cornea into a medial ten-
sile strip along the nasal-temporal axis. (d) In-vitro tensile
testing using pneumatic serrated grips in an oBSS bath.

For each cornea, either a “multi-stress-rate” regimen or a “creep” regimen was applied
(Figure 2.2). Both regimens were initiated with a series of 5 cycles that preconditioned
the tissue to a stress level of 500 kPa (Figure 2.2). Preconditioning is widely used in
the mechanical testing of soft tissues [76, 82, 22, 18]. The need for preconditioning
to attain a unique, recoverable reference state implies that the material is loaded in
a non-physiological state and that microstructural reconfiguration is likely; therefore,
the results of the subsequent experiments serve better to evaluate response charac-
teristics of the excised strips rather than material properties of the intact cornea.
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Figure 2.2. Stress-controlled loading regimen and typical
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The multi-stress-rate regimen consisted of a series of 3 triangular loading cycles at
rates of 35, 350, and 3.5 kPa/s (cycles A through C in Figure 2.2), to a maximum
stress of 500 kPa. Between cycles, a recovery period at a near-zero stress level was
applied. The final cycle D was a repetition of the first cycle A and was used to confirm
that prior deformation was fully recoverable.

The creep regimen utilized the same preconditioning and recovery segments, but the
test phase was replaced by a nearly instantaneous 4000 kPa/s ramp to a hold stress
of 100, 350, or 500 kPa. This maximum stress was held for 1500 s.

Modeling. Quasilinear-viscoelasticity (QLV) has been commonly employed to model
time-dependent behavior of soft tissues, see, e.g., [28, Section 7.6]. It assumes that
the (second Piola-Kirchhoff) stress response to a history of deformation can be rep-
resented by a convolution of a deformation dependent function Se with a strictly
time-dependent dimensionless kernel G:

S(t) = Se

(
C(t)

)
+

∫ t

0

Se

(
C(s)

)
Ġ(t − s) ds . (2.1)

Here C = FTF is the right Cauchy-Green deformation tensor and F is the deformation
gradient. Neubert [61] developed a particular form of the kernel G(t),

G(t) = G∞

(
1 + c

(
E1(t/τ2) − E1(t/τ1)

))
(2.2)

with a frequency spectrum that is inversely proportional to τ between τ1 and τ2.
Here, E1(t) is defined by E1(t) =

∫∞
t

1
s
exp(−s) ds and the constant G∞ = (1 +

c log(τ2/τ1))
−1 normalizes G(t) such that G(0) = 1. This form represents the nearly

linear relaxation response over logarithmic time which is typical of soft tissues (see,
e.g., [28, Section 7.6]).

Given the fibril-matrix structure of the cornea it is reasonable to assume that the
function Se = 2∂CW can be written as the sum of contributions from the two con-
stituents W = Wmatrix + Wfibrils. Following [69], the fibril strain-energy function,
Wfibrils, is determined by integrating contributions of individual fibrils wfibril

Wfibrils =
1

2π

∫ π

−π

wfibril (λM(θ)) φ(θ) dθ ,

where θ is the in-plane angle, and φ(θ) is the in-plane fibril distribution. The invariant
λM =

√
M · CM is the stretch along direction M = M(θ). The particular form of

wfiber, adapted from [83],

wfibril(λ) = α
(
exp
(
β(λ2 − 1)

)
− βλ2

)
, (2.3)

is known to represent the J-shaped stress-strain curve of biological tissues well. Since
the matrix is composed of mostly hydrated ground substance, it is assumed to be
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Peak Strain (%)
Loading Rate (kPa/s) Nasal-Temporal Inferior-Superior

3.5 5.3 5.1
35 4.8 4.4
350 4.4 4.1

Table 2.1. The loading rate and orientation dependence
of the maximum strain observed at the peak of the 500 kPa
triangular stress profile. Each value represents an average of
12 observations.

isotropic, nearly incompressible and adequately represented by a neo-Hookean hyper-
elastic model

Wmatrix =
µ

2
(trC − 3) +

µ

2γ

(
(detC)−γ − 1

)
.

with γ = 0.49. The QLV formulation, modified by this fibril-matrix partitioning of
the strain energy density, was evaluated in the context of the observed cornea tensile
behavior.

2.3 Results

Experimental. Multi-stress-rate tests were performed on 12 corneas under nominally
identical conditions. The axial component ∆L/L of engineering strain,

√
C − I, is

plotted versus time in Figure 2.3 for three stress-rates and two tensile orientations.
The trend lines represent the average response from 12 tests and the error bars rep-
resent one standard deviation. The average strains observed at peak loading are
compiled in Table 2.1.

An important assumption was that deformation in the test phase loading cycles was
completely recovered between cycles. As shown in Figure 2.3b, the first and last
cycles at stress rate of 35 kPa/s appear to exhibit nearly identical behavior. For
example, the average peak strain in cycles A and D (NT orientation) was 0.0492 ±
0.0072 mm/mm and 0.0476 ± 0.0070 mm/mm, respectively. While this small (3%)
difference was statistically significant when the cycles were compared within a single
specimen (a pairwise t-test [81] yielded t̂ = 7.5 > t.90,11 = 1.363), it was greatly
overshadowed by specimen-to-specimen variability. This supports the notion of a
(nearly) repeatable reference state.

Also of note, both in Table 2.1 and in Figure 2.3, is the apparent orientation de-
pendence on the resulting strain response. On average, the IS aligned tensile bars
exhibited less strain than the NT ones. A statistical paired t-test [81] on the peak
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Figure 2.3. (a-c) Strain response during loading and un-
loading at three different loading rates. (d) Recovery at a
dwell stress of 14 kPa after the 35 kPa/s loading cycles. All
results correspond to the loading regimen shown in Figure
2.2a.
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response of 12 pairs of NT and IS specimens loaded at 35 kPa/s, yields a t-statistic
of t̂ = 1.5, indicating that the stiffer IS orientation was statistically distinguishable
from the NT orientation with 90% confidence (t̂ = 1.5 > t0.9,11 = 1.363).

The average engineering (first Piola-Kirchhoff) stress-strain response for the NT ori-
entation is plotted for the three stress-rates in Figure 2.4 (along with simulation
results which will be discussed later in this section). The response demonstrated the
J-shape typical of collagenous tissues. Also, as expected from a viscoelastic material,
increased hysteresis was observed with decreasing stress-rate.
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Figure 2.4. The average tensile stress-strain response of
bovine cornea tissue in the nasal-temporal orientation at each
of three different strain rates.

The creep regimen was applied to 27 NT-oriented tensile strips: 9 at each of 3 hold
stresses, with results shown in Figure 2.5. The creep response at the lowest stress level
of 100 kPa was linear when plotted on this logarithmic time scale, whereas the larger
hold stresses resulted in an accentuated non-linear creep strain that accelerates over
time. The distribution of creep responses at hold stresses of 350 and 500 kPa shows
some overlap. However, a paired t-test determined that the creep response between
these two datasets were indeed statistically distinguishable at a 90% confidence level
(t̂ = 1.5 > t0.9,8 = 1.397).

Parameter Estimation and Model Results. Using the proposed QLV model, the ten-
sion experiments were simulated assuming a homogeneous state of stress, with prin-
cipal stretches aligned with the axes of the specimen. The details of the boundary
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conditions and as well as any Poisson or edge effects were ignored at this point. Also,
given the lack of information about bovine fibril distribution and the uncertainty of
which orientations in the excised specimens were engaged by the loading, the distri-
bution function was set to unity, φ(θ) = 1. This corresponds to transverse isotropy
(and a Poisson’s ratio of 0.25 for the fibril phase). If, for instance, it was certain that
all the fibrils in a 45◦ sector about the NT axis were recruited then the stiffness pa-
rameter α could be corrected for the fact that about a third of the total distribution
[11] were being loaded. With these assumptions, 6 free parameters {α, β, µ, τ1, τ2, c}
were left. A weighted sum of least square errors quantified the correlation between
experimental data and simulations.

To determine the function Se the loading portion of the 350 kPa/s high-rate stress
cycle C and the first point of each of the creep tests were used, since this data is
assumed to be close to the instantaneous elastic response. An initial global study
of the error as a function of {α, β, µ} showed insensitivity to µ and consequently µ
was set to 10.0kPa (the same order of magnitude as cited in [69] for human corneas).
(See [76] for a complete sensitivity analysis of the QLV framework). This plausible
“weak matrix” assumption, where the matrix makes a relatively small contribution to
the stiffness of the material, leaves just α and β controlling the elastic response. The
same parameter study shows that there is considerable ambiguity in the existence of
optimal {α, β}. In an attempt to find a global minimum of the error norm, the best of
a large random sample of a bounded parameter space were used to initialize a series
of local Newton optimizations. Figure 2.6a shows the resulting fit where Se has been
reparameterized as {ᾱ = αβ = 70.65 kPa, β = 30.4}.

In order to determine the kernel function G in a manner as independent as possible
from the determination of Se given the stress-controlled experiments, normalized
strain histories were compared. Here, the strain history of each creep test and the
corresponding simulations were shifted by their initial values to minimize polluting
effects of an imperfect elastic fit. Only the low stress (100 kPa) creep response was
used for fitting. Also, since it was apparent that the error sensitivity to the parameter
τ2 was very low once τ2 had a value larger than the duration of the experiment, it was
fixed at τ2 = 10, 000s. Likewise, given the near linearity of the low stress response
in Figure 2.5, τ1 was set to 1s. This choice is also justified by: (a) the control of
the initial part of the test makes the accuracy of the short time response dubious
[23], and (b) a lack of significant time dependence below the characteristic time of
1s is consistent with the assumption that the response to the fast loading cycle C is
essentially elastic. The last free parameter, c, was determined with the same method
as used to fit {α, β}. The response using the resulting optimal value c = 0.20 is
compared to experimental data in Figure 2.6b.

The QLV model with parameters {αβ = 70.65 kPa, β = 30.4, µ = 10 kPa, τ1 =
1s, τ2 = 10, 000s, c = 0.20} was used to predict the experimentally observed stress-
strain and creep-time data. The model predictions are shown alongside experimental
results in Figure 2.4 and Figure 2.5.
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2.4 Discussion

The stress-strain response of bovine cornea exhibited significant non-linearity, re-
sulting in the well-known J-shape shown in Figure 2.4. As shown in Figure 2.7, the
present study measured a much stiffer response than other studies that did not employ
preconditioning. A more direct comparison was made by extracting the stress-strain
response from our first preconditioning cycle. This un-preconditioned data (trian-
gles in Figure 2.7) exhibited similar behavior to the bovine experiments reported in
[35]. Unlike the present preconditioning methodology, simple single-ramp experiments
combine recoverable viscoelastic strain with inelastic strain.

Another literature comparison was made with regard to mechanical anisotropy. Kamp-
meier [45] found that porcine corneas were stiffer along the IS axis than the NT axis,
which is consistent with the present observations where the effect was much less
pronounced. Wide angle x-ray scattering experiments [13] on human corneas were
unable to statistically distinguish fibril densities in the NT and IS direction, although
they did show a dramatic reduction in fibril densities at 45◦ between the NT and IS
directions.

As expected, the cornea exhibited significant viscoelasticity as evidenced by: (a)
asymmetry in the ramp loading-unloading response in Figure 2.3a-c, (b) correspond-
ing hysteresis in the stress-strain response in Figure 2.4, (c) exponential recovery at
low stresses after ramp cycles in Figure 2.3d, and (d) time-dependent creep behavior
at a variety of hold stresses in Figure 2.5. In light of these observations, it is sur-
prising that nearly all existing literature on cornea mechanics failed to characterize
viscoelastic behavior; most utilized a single load ramp at a single strain rate.

Following developments in other soft tissues, a QLV model was devised in an at-
tempt to represent cornea behavior. The fitted elastic parameters compare well to
corresponding published ones. Specifically, the initial stiffness of the fibers αβ2 =
65.3 MPa is on the same order of magnitude and therefore comparable, given popu-
lation variability, to the value 10.0 MPa for a one parameter model fitted to human
data in [69]. Furthermore, the value determined for the exponent β = 30.4 is within
the range (12.20–66.96) cited in [70] for a similar two parameter model applied to
ligaments. As mentioned previously, there is very little experimental data for viscous
properties of the cornea. In particular, the work [64] is not sufficiently quantitative
to allow meaningful comparison of parameters τ1, τ2 and c.

Figure 2.5 shows that the creep response of the model with the fitted parameters
compares well to the low-stress creep, with only a small strain offset associated with
error in the elastic fit (Figure 2.6a). On the other hand, it compares quite poorly to
the two other experimental curves due to the increasingly non-linear response. This
feature is likely indicative of the activation of additional creep modes which are not
engaged in the low-stress (100 kPa) creep response. This concept is explored in detail
in [62].
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By dividing the strain history of each creep experiment by its initial value (Figure 2.8),
it is apparent that this normalized creep strain in the first ∼10s is nearly identical
across stress levels. In fact, the medium stress level (350 kPa) diverges from the
low stress (100 kPa) response only after about 100 s. Examining Figure 2.5, it is
noteworthy that these times (10 s, 100 s) correspond to ∼4.8% strain, after which
the similarity in the creep response breaks down. Clearly, the form of the kernel in
Equation (2.2) is representative of the low stress creep response; but, Figure 2.5 also
illustrates the failing of QLV to model the stress-dependent creep response (discussed
at length in [71]). Although fitting the lowest stress creep well, a model of the form
Equation (2.1) does not fit even the first 10s of the normalized strain perfectly. This is
due to the fact that, in creep, the elastic component and time-dependent component of
the response are not so neatly separable as Equation (2.1) predicts, and, consequently,
the creep response is not exactly similar across load levels. Instead of the inverse of
S(t) defined by (2.1), Figure 2.6b indicates that an analogous QLV model based on
a stress-dependent Ce = Ce(S) would be more representative of at least the first 10s
of the creep data.

The strain-based model, (2.1), was also used to predict the experimental results from
the cyclic tests. Figure 2.4 shows reasonable correlation with the experimental data’s
trends within the measured material variability. The high-rate loading response in
Figure 2.4 compared to Figure 2.6a shows that there is a small but non-negligible
viscous effect at this loading rate.

As a final comment, there are a number of limitations to the present effort which
motivate subsequent work. From an experimental perspective, the undesirable non-
physiological nature of the tensile test and the corresponding need for preconditioning
cycles may be overcome by inflation tests (see, e.g. [16, 34, 25]). From a modeling
perspective, the classical separable QLV does not appear to be sufficient to repre-
sent the observed stress-dependent non-linearities. Subsequent work will examine the
ability of a fully non-linear viscoelastic model to predict the response of composite,
hydrated soft tissues.
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Chapter 3

A Nonlinear Viscoelastic Model for

the Tensile Behavior of Bovine

Cornea

Tensile strip experiments of bovine corneas have shown that the tissue exhibits a
nonlinear rate-dependent stress-strain response and a highly nonlinear creep response
that depends on the applied hold stress. In this chapter, we present a constitutive
model for the finite deformation, anisotropic, nonlinear viscoelastic behavior of the
corneal stroma. The model formulates the elastic and viscous response of the stroma
as the integrated average of the elastic and viscous response of the individual lamellae
weighted by a probability density function of the in-plane lamellar orientations. In
contrast to previous viscoelastic models for soft tissues, the model does not formulate
a viscous flow rule for the stroma as a whole but calculates it by homogenizing the
viscous flow rule of the lamellae. This allows a description of the fibril arrangement to
be included in both the effective stiffness and viscosity of the stroma. Simulations of
recent tensile strip experiments show that the model is able to predict, well within the
bounds of experimental error and natural variations, the cyclic stress-strain behavior
and nonlinear creep behavior observed in uniaxial tensile experiments of excised strips
of bovine cornea.

3.1 Introduction

A unique combination of mechanical strength, stiffness, and optical transparency en-
ables the cornea to serve as both a protective barrier and the primary refractive com-
ponent of the eye. These properties are derived from the fiber-reinforced microstruc-
ture of the corneal stroma, which in humans is formed by approximately 200 lamellae
of type I collagen fibrils embedded in a matrix composed mainly of proteoglycans and
water [56]. The collagen fibrils are uniform in diameter, run parallel and equidistant
within each lamella, and subtend large angles between adjacent lamellae [49, 13].
Numerous experiments have shown that the mechanical behavior of the cornea is
anisotropic, viscoelastic, and highly nonlinear [64, 88, 2, 44, 36, 34, 77, 46, 87, 14].
It is assumed that the mechanical anisotropy arises from the preferred orientations

33



of the collagen fibrils in the plane of the stroma which has been characterized for
humans and certain species of primates by X-ray diffraction [58, 21, 1, 11].

Experiments have shown that the tensile nonlinear stress-strain response of bovine
cornea is also rate-dependent, characterized by increasing stiffness and decreasing hys-
teresis with increasing loading rate [14, 64]. The creep response is also nonlinear with
the creep rate increasing with the applied hold stress. The physical processes respon-
sible for the nonlinear viscoelastic behavior of the cornea are poorly understood. The
cornea is a bi-phasic material with water comprising 78% the weight of the corneal
stroma [57]. As such, the flow of interstitial fluid in the proteoglycan matrix is a
possible mechanism for the time-dependent behavior of the cornea. Additionally the
proteoglycan matrix, collagen fibrils, and fibril-matrix interface can exhibit intrinsic
time-dependent deformation mechanisms. The fluid flow mechanism is the basis of
the mulitphasic/poroelastic approach that has been applied successfully to model the
time-dependent response of articular cartilage and other connective tissues in com-
pression. However, the multiphasic approach has not been less successful in modeling
the time-dependent behavior of cartilage under uniaxial tension [41]. This difficulty
has been attributed to the fact that soft tissues tend to exhibit a significantly stiffer
stress response in tension than in compression. [41] developed a biphasic model that
incorporated the large difference between the tensile and compressive moduli of carti-
lage. The model showed good agreement with experiments in predicting the response
of the tissue in unconfined compression, but it failed to produce a transient response
in uniaxial tension. This led the authors to suggest that uniaxial tension is a discrim-
inating testing configuration for the intrinsic viscoelasticity of the solid constituents
of cartilage.

In this chapter, we propose a model for the finite deformation tensile behavior of
the cornea that considers the viscoelastic behavior of the lamellae as the primary
mechanism for the in-plane tensile viscoelastic behavior of the cornea observed in
experiments. We base this assumption on the fact that the cornea operates mostly in
tension where it has been suggested that poroelasticity has a less important effect. In
addition, experiments have observed consistently faster creep rates at higher applied
tensile stresses [14, 64] where the stresses are increasingly borne by the collagen fibril
reinforcements. The model does not resolve the physical mechanisms of viscoelastic
behavior of the stroma below the lamellar level because they are not well characterized
for the cornea. Recent experiments on tendinous tissues indicate that the viscoelastic
behavior at the fiber level, analogous to the lamellar level in the corneal stroma, can be
attributed to “proteoglycan mediated fibrillar interactions” such as the viscous sliding
of the fibrils in the proteoglycan matrix [51, 24, 72]. Faster stress relaxation have been
observed in tendinous tissue with smaller concentrations of glycosaminoglycans that
serve to crosslink the collagen fibrils to each other and to the proteoglycan matrix.
These mechanisms can be active in excised corneal tissues where the severed collagen
fibrils are free to reorient within the lamellae. However, the effects of proteoglycan
mediated interfibrillar mechanisms are less important in the intact corneal where
the fibrils remain anchored at the limbus and lack the freedom to travel or reorient
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significantly. The time-dependent behavior of the intact cornea still can arise from
the intrinsic viscoelasticity of the collagen fibrils and proteoglycan matrix.

The goal of this chapter is to develop a constitutive model to simulate the mechanical
response of the intact cornea. Thus, it is important consider the effects of anisotropy
based on the heterogeneous fibril arrangement. Some previous efforts to model the
fiber architecture of the cornea and the resulting mechanical anisotropy include [68,
69, 31, 67]. The hyperelastic model of [69] applied a widely accepted homogenization
scheme (e.g., [50]) to relate the strain energy density of the corneal stroma to the
average of the strain energy density of the lamellae weighted by the probability of
their in-plane orientation. Though not as computationally efficient as the structure
tensor approach commonly applied to model the anisotropy of soft tissues (see for
example the work of [67] applied to the cornea), this homogenization approach is
attractive because a detailed map of the preferred fibril orientation in the plane of
the cornea is already available from X-ray diffraction experiments of human corneas
[58, 21, 1, 11].

Several approaches have been proposed for modeling the finite deformation, anisotropic,
viscoelastic behavior of soft tissues (see for example [70], [52], [39], and [8]). Here,
we develop a model for the tensile behavior of the cornea based on a newly devel-
oped general nonlinear constitutive framework for anisotropic viscoelasticity of soft
fiber-reinforced composites [62]. The model represents the stroma as a continuum
mixture consisting of collagen fibrils organized into lamellae characterized by an in-
plane orientation angle and embedded in a soft isotropic matrix. Both constituents
are required to deform according to the continuum deformation gradient. The model
assumes that the time-dependent behavior of the cornea is dictated by the viscoelas-
tic deformation of the lamellae. This is modeled using an internal variable approach
by assuming a decomposition of the deformation gradient into elastic and viscous
parts and an additive decomposition of the anisotropic component of the free energy
density into equilibrium and nonequilibrium parts. We define the viscous stretch of
the lamellae from the viscous deformation gradient and specify one-dimensional flow
rules for the viscous stretch of the individual lamellae. These are combined to obtain
an effective anisotropic flow rule for the viscous deformation of the corneal stroma.
This is in contrast to previous approaches to modeling the anisotropic viscoelastic
behavior of soft tissues, which usually specify an anisotropic evolution equation for
the viscous deformation of either the fiber phase or the tissue as whole. Our approach
naturally incorporates a description of the preferred fiber orientation into the effective
viscosity as well as the effective moduli of the stroma.

The formulation of the model is presented in Sec. 3.2.1 as well as a description of
the scheme used to estimate the model parameters from uniaxial cyclic and creep
tensile tests. The following section demonstrates the successful ability of the model
to reproduce the experimental data of [14] for the tensile behavior of the central region
of bovine cornea. The time-dependent behavior of the model is also demonstrated for
strongly anisotropic limbus.
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Figure 3.1. Generalized Maxwell rheological model for the
viscoelastic behavior of the stroma.

3.2 Method

3.2.1 Model Formulation

In the following, we develop a model for the tensile behavior of the cornea based on
a newly developed general nonlinear constitutive framework for anisotropic viscoelas-
ticity of soft fiber-reinforced composites [62]. The corneal stroma is represented as
a continuum mixture consisting of lamellae of unidirectional collagen fibrils charac-
terized by an in-plane orientation angle θ, and bound by an isotropic matrix. It is
assumed that the lamellae and matrix deform according to the continuum deformation
gradient F = ∂φt(X)

∂X
that maps material lines from the reference (material) configu-

ration Ω0 to the deformed (spatial) configuration Ω. It is further assumed that the
stress response of the stroma is described by the rheological model shown in Figure
3.1 where a single independent spring representing the time-independent equilibrium
response acts in parallel with multiple Maxwell elements, numbered k = 1...N , rep-
resenting the different time-evolving nonequilibrium processes acting in the stroma.
For simplicity, we assume that at large stresses and strains, where the most marked
creep behavior of the cornea is observed in experiments, the time-dependent behavior
of the cornea is dominated by the anisotropic viscoelastic deformation of the lamel-
lae. The intrinsic isotropic viscoelastic behavior of the proteoglycan matrix that is
independent from the viscoelastic deformation of the lamellae is considered negligible.
Thus, the isotropic elastic behavior of the proteoglycan matrix is included in the equi-
librium response of the stroma, represented in Fig. 3.1 by the equilibrium spring, but
the isotropic viscous behavior of the proteoglycan matrix is excluded from the time-
dependent nonequilibrium response of the stroma, represented by Maxwell elements
in Figure 3.1. This assumption effectively neglects the out-of-plane time-dependent
tensile behavior of the cornea that is difficult to characterize experimentally.
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The kinematics of each nonequilibrium process of the lamellae is described by the
multiplicative split of the deformation gradient into elastic and viscous parts,

F = Fe
kF

v
k. (3.1)

The viscous deformation gradient, Fv
k, defines a mapping to an intermediate config-

uration Ω̃k for the stroma. The elastic component Fe
k is then the complementary

mapping from Ω̃k to the deformed configuration. From equation (3.1), we can define
the Cauchy-Green deformation tensor as C = FTF, and the analogous viscous and
elastic deformation tensors as, Ce

k = FeT

k Fe
k, and Cv

k = FvT

k Fv
k.

To describe the in-plane orientation of lamellae, we define a unit orientation vector
in the reference configuration as P (θ) = {cos θ, sin θ} and a structure tensor that is
M (θ) = P⊗P. Here θ is the in-plane angle. Because we’ve assumed that the lamel-
lae deform with continuum body, the deformed orientation vector can be computed
simply as λp = FP, where λ (θ) is the lamellar stretch and p (θ) is the unit lamellar
orientation vector in Ω. The lamellar stretch can be computed from this relation as,

λ =
√

C : M. (3.2)

Substituting eq. (3.1) into the relation for the deformed lamellar vector, we can define

the lamellar vector in the intermediate configuration as λv
kP̃k = Fv

kP, where λv
k (θ) and

P̃k (θ) are defined as the viscous lamellar stretch describing the kth nonequilibrium

process and the unit lamellar orientation vector in Ω̃k. From these quantities, we can
define structure tensor in Ω̃k as M̃k = P̃k ⊗ P̃k and compute the viscous and elastic
components of the stretch of the lamellae as,

λv
k =

√
Cv

k : M, λe
k =

√
Ce

k : M̃k =
λ

λv
k

. (3.3)

We will show that defining the lamellar stretch component λe
k using a mapping of

the structure tensor to the intermediate configuration by Fv
k provides several advan-

tages in formulating the constitutive relations. An important one is that it allows
the preferred material orientations to be defined only in the reference configuration
where it can be experimentally characterized. This is in contrast to some previous
internal variable approaches to modeling anisotropic viscoelasticity (see for example
[8]) that specifies a description of the material anisotropy in both the reference and
intermediate configurations.

To model the anisotropic behavior of the stroma, we assume that the free energy den-
sity can be split into an isotropic part that represents the contribution of the matrix
and an anisotropic part that represents the collective contribution of the lamellae as
follows,

Ws

(
C,Ce

k,M, M̃k

)
= Wm (C) + W f

(
C,Ce

k,M, M̃k

)
. (3.4)

The isotropic component Wm depends only upon the stretch tensor C because we’ve
neglected the relatively soft isotropic viscoelastic response of the proteoglycan ma-
trix. To further simplify matters, the following Neo-Hookean strain energy density
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commonly used to model elastomers is assumed for the matrix:

W eq
m (C) =

µ

2
(I1 − 3) +

µ

2γ

(
I−γ
3 − 1

)
, γ =

ν

1 − 2ν
, (3.5)

where ν is the Poisson’s ratio in the small strain limit. The parameters I1 = C : 1

and I3 = det (C) are the first and third invariants of the stretch tensor. The latter
is directly related the volume change as I3 = (det [F])2 . The parameter γ becomes
increasingly large as ν → 0.5 for a nearly incompressible material. Following the
approach of [69], the anisotropic component of the free energy density of the stroma
is computed by integrating the free energy density Wf of the individual lamellae over
all planar fibril orientation angles θ weighted by the probability density function
D (θ,X):

W f

(
C,Ce

k,M, M̃k

)
=

1

2π

∫ −π

−π

Wf (λ (θ) , λe
k (θ)) D (θ,X) dθ. (3.6)

[69] introduced the probability density function to model the preferred planar orien-
tations of the lamellae in the stroma as characterized by wide angle X-ray diffraction
experiments (see for example by [12] and [1]).

To model the time-dependent behavior of the collagen lamellae, it is assumed that the
free energy density of the lamellae can be decomposed into equilibrium and nonequi-
librium components as follows,

Wf (λ, λe
k) = W eq

f (λ) +
N∑

i

W neq
fk

(λe
k) . (3.7)

Substituting eq. (3.7) into eq. (3.4), we can write the free energy density of the stroma
also as the sum of an equilibrium part dependent only on the external variable C and
a nonequilibrium part dependent on C and the internal variables Cv

k:

Ws = Wm (I1, I3)+
1

2π

∫ −π

−π

W eq
f (λ (θ))D (θ,X) dθ

︸ ︷︷ ︸
W

eq

f

+
N∑

k

1

2π

∫ −π

−π

W neq
fk

(λe
k (θ))D (θ,X) dθ

︸ ︷︷ ︸
W

neq

fk

.

(3.8)
The viscous deformation tensor Cv

k can be considered the primitive internal state
variables in eq. (3.8) because we have assumed that the nonequilibrium part of the free
energy density

∑N

k W
neq

fk
depends only on the elastic lamellar stretch. The additive

decomposition of the stress response into time-independent equilibrium and time-
evolving nonequilibrium parts was first proposed by [30] to model stress relaxation in
elastomers. Since then, it has been used widely to describe the viscoelastic behavior
of elastomers [55, 53, 74, 5] and more recently of soft tissues [6, 8]. In a relaxation
experiment, Wm + W

eq

f determines the stress response of the stroma in the long-time
limit.
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The tensile stress-stretch response of the cornea exhibits a J-shaped curve that has
been attributed to the straightening and stretching of the collagen fibrils and their
associated substructures [60, 72]. We approximate the J-shape stress response of the
fibrils by assuming a phenomenological exponential function commonly used for soft-
tissues for both the equilibrium and non-equilibrium components of the free energy
density of the lamellae:

W eq
f (λ) = αeq

(
exp

[
β
(
λ2 − 1

)]
+

β

λ2

)
,

W neq
fk

(λe
k) = αneq

k

(
exp

[
β
(
λe2

k − 1
)]

+
β

λe2
k

)
.

(3.9)

The parameters αeqβ2 and αneq
k β2 represent the equilibrium and nonequilibrium stiff-

ness of the lamellae and β is a shape parameter governing the stiffening of the stress
response of the lamellae. In general, different values of β can be used for W eq

f and
W neq

f , and this may be desired if the shape of the equilibrium and instantaneous
stress-stretch curves are significantly different. A single value is chosen to minimize
the number of parameters to be determined from experiments. Preliminary analysis
also showed that the best result in fitting the model to the uniaxial tensile experiments
is obtained by assuming a single value for β.

Using the standard definition of the second Piola-Kirchhoff stress response Ss =
2∂Ws

∂C
,the Cauchy stress of the stroma, σs = 1√

I3
FSsF

T, can be obtained for the free

energy in eq. (3.8) as,

σs =
µ√
I3

(
b − I−γ

3 1
)

︸ ︷︷ ︸
σ

neq
m

+
1

2π
√

I3

∫ −π

−π

∂W eq
f

∂λ
λmD (θ,X) dθ

︸ ︷︷ ︸
σ

eq

f

+

N∑

k

1

2π
√

I3

∫ −π

−π

∂W neq
fk

∂λe
k

λe
kmD (θ,X) dθ

︸ ︷︷ ︸
σ

neq

f

, (3.10)

where b = FFT and m = FMF
T

C:M
is the structure tensor of the lamellae in Ω. Note

that the same structure tensor m appears in the expression for the equilibrium and
nonequilbrium stress components, σ

eq
f and σ

neq
f , which allows the preferred orienta-

tion of the lamellae to be defined in the reference configuration. From eq. (3.10), the
lamellar stress can be identified as,

τf =
∂W eq

f

∂λ
λ

︸ ︷︷ ︸
τ
eq

f

+
N∑

k

∂W neq
fk

∂λe
k

λe
k

︸ ︷︷ ︸
τ
neq

fk

, (3.11)

which is split also into an equilibrium and N nonequilibrium components.
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To evaluate the stress relations, we must specify an evolution equation for the internal
stretches λe

k. Following the general anisotropic viscoelasticity framework of [62], the
following evolution equation is applied for the lamellar viscous stretches,

λ̇v
k

λv
k

=
1

ηfk

τneq
fk

. (3.12)

The elastic component λe
k is calculated from λv

k and λ using eq. (3.3). To model the
stress-dependent creep response observed in experiments, the viscosity exhibited by
the lamellae is assumed to depend on the flow stress τ neq

fk
. Specifically, the following

phenomenological function is assumed for the viscosity,

ηfk

(
τneq
fk

)
= η0k

[
τ0k

τneq
fk

sinh

(
τneq
fk

τ0k

)]−1

, (3.13)

where η0k
is the value of the viscosity in the small strain limit and τ0k

is the activation
stress. The exponential form of the viscosity in (3.13) reflects the thermodynamic ar-
guments of Eyring rate kinetics. As the magnitude of the flow stress approaches the
activation stress, the viscous resistance decreases causing the rate of viscous deforma-
tion of the kth relaxation process to increase. In the limit that τ0k

→ ∞, the viscosity
can be approximated by a constant value ηfk = η0k

.

The corresponding viscous flow rule of the stroma can be determined by noting that
the nonequilibrium stress response in eq. (3.10) can be written using the lamellar
flow rules in eq. (3.12) as,

σ
neq
s =

N∑

k

1

2π
√

I3

∫ −π

−π

ηfk

λ̇v
k

λv
k

mD (θ,X) dθ, (3.14)

With some algebraic manipulation (see Section 3.2.2), it can be shown that,

λ̇v
k

λv
k

= λe2

k be−1

k m :

(
−1

2
Lvb

e−1

k

)
be−1

k , (3.15)

where be
k = Fe

kF
eT

k and Lvb
e
k = FCv−1

k FT is an objective time derivative of be
k.

Substituting eq. (3.15) into eq. (3.14) gives,

σ
neq
s =

N∑

k

1√
I3

[
1

2π

∫ −π

−π

ηfkλ
e2

k m ⊗ mD (θ,X) dθ

]

︸ ︷︷ ︸
Vfk

: be−1

k

(
−1

2
Lvb

e−1

k

)
be−1

k .
(3.16)

The tensor Vfk is the effective viscosity for the kth nonequilibrium process that relates

the nonequilibrium stress σ
neq
s to the viscous rate of deformation be−1

k

(
−1

2
Lvb

e−1

k

)
be−1

k

of the stroma. It can be considered to be associated loosely with the kth dashpot
in Fig. 3.1. The viscosity of the stroma is calculated from a homogenization of the
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characteristic viscosities of the lamellae and thus includes a description of the fib-
ril distribution. Finally, the viscous dissipation of the stroma associated with the
homogenized viscous flow rule in eq. (3.16) is,

D
v

f =
1

2π

∫ −π

−π

N∑

k

τneq
fk

(
λ̇v

k

λv
k

)

︸ ︷︷ ︸
Dv

f

D (θ,X) dθ ≥ 0. (3.17)

As with the anisotropic component of the free energy density W f in eq. (3.8), D
v

f is
a homogenization of the viscous dissipation Dv

f exhibited by the lamellae.

3.2.2 Flow rate

This section demonstrates the relationship between the viscous lamellar stretch rate
and the Lie time derivative of the stretch tensor be

k = Fe
kF

eT

k of the stroma. The
viscous lamellar stretch rate can be computed from the definition of the viscous
lamellar stretch in eq. (3.3) as,

2λ̇v
kλ

v
k = Ċv

k : M. (3.18)

The rate of Cv
k can be expressed in terms of the viscous rate of deformation tensor

Dv
k = Ḟv

kF
v−1

k as follows:

Dv
k =

1

2

(
Ḟv

kF
v−1

k + Fv-T

k ḞvT

k

)
=

1

2
Fv-T

k Ċv
kF

v−1

k . (3.19)

Then combining eqs. (3.18) and eq:Dv, the viscous stretch rate can be related to Dv
k

as,

2λv
kλ̇

v
k = Dv

k : M̃k (3.20)

Finally, the tensor Dv
k can be expressed in the spatial configuration as,

Dv
k = −1

2
Fe−1

k (Lvb
e
k)Fe-T

k , (3.21)

where (Lvb
e
k) = F

˙
(Cv

k)F
T. Then, the final relation in eq. (3.20) can be expressed

equivalently as,

λ̇v
k

λv
k

= −1

2
be−1

k (Lvb
e
k)be−1

k : λe2

k m. (3.22)
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3.2.3 Parameter Fitting

To evaluate the performance of the nonlinear anisotropic viscoelastic model, the stress
relation in equation (3.10) and evolution equation (3.16) were implemented in a finite
element program and applied to simulate the uniaxial tensile cyclic and creep experi-
ments previously conducted by our group on excised corneal strips. The experimental
setup, methodology and results were described in detail in [14]. To simulate the cyclic
experiments, the stress was applied using a ramped (constant rate) load and unload
function. For the creep simulations, the applied stress was ramped to the prescribed
value and held for the loading time exhibited by experiments. To determine param-
eters representative of the tested tissue, we made a number of assumptions and we
devised a rational, sequential fitting procedure for the remaining parameters based
on standard Newton-Raphson searches with least squares error norms.

For the properties of the proteoglycan matrix, we chose an arbitrary small shear
modulus µ = 10 kPa and large γ = 30.0 to approximate the weak in-plane deviatoric
response relative to the fibrils and incompressibility of the matrix. This value of γ
corresponded to a small-strain Poisson’s ratio of ν = 0.492. These assumptions were
warranted since the properties of the proteoglycan matrix by itself were very hard to
measure using conventional mechanical tests.

All of the tensile strip tests sampled only the response of the central cornea region
which we assumed had a particular fibril distribution. Because the fibril arrangement
for bovine cornea has not been characterized, we applied the model of the fibril
density function developed by [69] for the central cornea of humans from the wide
angle scattering experiments of [1]:

D (θ) = cos8 (θ) + sin8 (θ) + 0.454. (3.23)

The fibril distribution function is plotted in Fig. 3.2(a). For the central cornea.
The preferred fibril directions are aligned with the nasal-temporal (NT) and inferior-
superior (IS) meridians, which is consistent with X-ray scattering experiments that
show that both meridians exhibit the same fibril density. This preferential fibril
alignment lies on top of a base-line isotropic value of 0.579 that represent the density
of the population of fibrils equally distributed in all directions. Thus in the central
region, we expect the cornea to behave approximately as a transversely isotropic
material.

To obtain the remaining parameters associated with the lamellae, the constitutive
model first was fitted to the loading part of the averaged stress-strain curve for the
350kPa/s uniaxial tensile tests. The stress-strain response of the highest rate cyclic
test was chosen to estimate the instantaneous (short-time) elastic properties because
it exhibited minimal hysteresis. Here, we assumed that viscous deformation would
be negligible so that all the elastic elements (i.e, the springs in the rheological model
in Fig. 3.1) act in parallel. The fit, shown in Fig. 3.3(a), gave a value for a collective
ᾱ = αeq +

∑3
k αneq

k = 0.835 kPa and β = 38.1, which was assumed earlier to be
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(a) (b)

Figure 3.2. Probability density function for the preferred
in-plane orientation of collagen fibrils developed by [69] for
the human cornea for (a) the central cornea region, and (b) a
region in the limbus. The 0o and 90o orientations corresponds
to the nasal-temporal and inferior-superior meridians.

common across equilibrium and nonequilibrium components. In Fig. 3.3(a), the
engineering strain plotted was computed from F22, which was the normal component
of the deformation gradient in the loading direction, while the engineering stress was
the product of F22 and the normal component of the second Piola-Kirchhoff stress
S22 in the loading direction.

Next, we used the averaged strain-time curves for the 100kPa and 500kPa uniaxial
creep tests to determine the elastic and viscous properties of the individual compo-
nents of the cornea model. For the creep strains observed in the experiments, the
effect of each of the k exponential-based nonequilbrium processes, analogous to the
Maxwell elements in Fig. 3.1, was most significant in time span of roughly a decade.
Thus, at least three nonequilibrium processes with increasing characteristic retarda-
tion times were needed to model the time-dependent behavior of the corneal strips
within the time span of the creep experiments. For simplicity, we used an equally
spaced distribution of retardation times tk = (102, 104, 106)s. The characteristic retar-
dation times were defined by linearizing the constitutive equations (3.10) and (3.16)
about the reference state. The creep experiments showed that the response became
significantly nonlinear only for larger times t > 100s. Thus, the activation stress
for the first element, k = 1, was assumed to be significantly larger than the applied
stresses (i.e. τ01

→ ∞), and a constant viscosity η1 = η01
was used. This simplifica-

tion reduced the number of parameters and was consistent with the creep experiments
which showed a nearly quasilinear response for small times t < 100s.
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(a)

(b)

Figure 3.3. A sequence of simulations showing (a) the
initial fit of the elastic parameters (ᾱ = αeq +

∑3
k αneq

k , β)
using the 350 kPa/s rate data, and (b) fits of αneq

1 and αneq
2

to the 100 kPa creep data; a prediction of the 500 kPa creep
data using only the αneq

1 , αneq
2 fit; and fits of τ2 and (αneq

3 , τ3)
to the 500 kPa creep data.
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Since each of the k = 1..3 nonequilibrium processes produced significant creep strains
in different time frames, we fitted each independently and in sequence using standard
Newton-Raphson searches with least squares error norms. First, αneq

1 was determined
using the initial t < 100s portion of the low stress 100 kPa creep data. Here, as
in the high rate case, elements k = 2, 3 behaved essentially elastically and their
responses were lumped with the equilibrium element. Using this fact, the definition
of the characteristic retardation times tk and the instantaneous uniaxial creep moduli
Ek, the viscosities were parameterized as η0k

= Ektk. For k = 1, Ek =
(
1/ᾱk +

1/αneq
k

)−1
β(β + 2) and ᾱ1 = αeq + αneq

2 + αneq
3 = ᾱ − αneq

1 . The parameter αneq
2 was

fitted in a similar fashion to the t > 100s portion of the 100kPa creep data with the
constraint αneq

1 +αneq
2 + ᾱ2 = ᾱ to maintain the initial stiffness found in the elastic fit

shown in Fig. 3.3(a) . The resulting parameters αneq
1 = 0.221 kPa, αneq

2 = 0.141 kPa,
η01 = 6.38 × 104, and η02 = 5.39 × 106 elicited a nearly linear response over log-time
as shown in Fig. 3.3(b) that was characteristic of the low stress creep data.

To fit the remaining parameters, τ02
, τ03

, αneq
3 , and αeq the high stress 500 kPa creep

data was employed. Lower bounds on the activation stresses τ02
and τ03

were chosen
so as not to significantly affect the fit to the 100kPa creep data. Next, τ02

was fit
to the 10s < t < 100s time range of the high stress creep data. Lastly, αneq

3 and τ03

were fit t > 100s portion of the 500kPa creep data. The parameter αeq was recovered
using the constraint ᾱ = αeq + αneq

1 + αneq
2 + αneq

3 . Figure 3.3(b) illustrates how the
sequential fitting of each parameter brings the simulations closer to the experimental
data, as well as the range of action of each parameter.

In summary, fits to loading portion of the 350kPa/s rate data and the 100 kPa and
500 kPa creep data resulted in the following material parameters: β = 38.1, αeq =
0.0667 kPa, αneq

k = (0.221, 0.141, 0.405) kPa, η0k
= (6.38 × 104, 5.39 × 106, 3.49 × 108)

kPa-s, τ02
= 20.9 kPa., and τ03

= 102. kPa. With these parameters, the model was
used to predict the strain-time response of the 350 kPa creep test and the 3.5 kPa/s
and 35 kPa/s cyclic tensile tests.

3.3 Results of Uniaxial Tensile Simulations

The results from the uniaxial creep simulations and experiments at the three different
stress levels, (100, 350, 500)kPa, obtained for the central portion of NT corneal strips,
are plotted in Figure 3.4. The error bars indicate a plus/minus one standard deviation
from the averaged experimental results. The model provided a good quantitative
prediction of the creep measurements, and differences between data and simulation
results were well within one standard deviation. Recall that the parameters of the
viscosity were only fitted to the data for the highest and lowest stress levels, yet the
model was able to predict the creep data for the intermediate 350kPa stress level to
within experimental variation.
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Figure 3.4. Uniaxial creep strain curves obtained from ex-
periments and simulation at three different applied engineer-
ing stresses for the central portion of corneal strips cut along
the nasal-temporal (NT) direction. The error bars indicate
a ±1 standard deviation from the bin-averaged experimental
data. The nonlinear viscoelastic model is fitted to 100 kPa
and 500 kPa creep data and used to predict 350 kPa data.

The strain-time curves obtained from cyclic uniaxial tensile experiments and sim-
ulations at three different stress rates (3.5, 35, 350)kPa/s for the central portion of
NT corneal strips are shown in Figure 3.5(a)-3.5(c). Recall that only the loading
curve for the 350 kPa/s case was used in fitting the parameters for the short-time
elastic response. In general, the rate-dependent response predicted by the nonlinear
viscoelastic model agreed well with the experimental data for both the loading and
unloading portion of the strain-time curve. Figure 3.5(d) plots the experimental data
and simulation results for the 35kPa/s uniaxial tension cyclic tests comparing the
deformation response of the NT and IS orientations for the central cornea. The ex-
perimental results for the two orientations were similar in that the differences between
the two were significantly smaller than the experimental error of either data set (see
[14] for more details). As expected, the simulation results for the two orientations
were identical because the probability function, plotted in Fig. 3.2(a), used to model
the density of the collagen fibrils in the central cornea exhibited rotational symmetry
about 90o. Consequently, the fibril distribution was the same when viewed from the
NT and IS meridians.

To examine further the anisotropic time-dependent behavior of the model, the uniaxial
tensile stress and time response was computed for the probability density function,

D (θ) = sin8 (θ − 4π/3) + 0.727, (3.24)

developed by [69] for a region in the limbus of the human cornea from the X-ray
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(a) (b)

(c) (d)

Figure 3.5. Cyclic strain-time plot obtained from uniaxial
tension experiments and simulations at three different stress
rates: (a) 350 kPa/s for the NT orientation, (b) 35 kPa/s for
the NT orientation, (c) 3.5 kPa/s for the NT orientation, and
(d) 35 kPa/s comparing the NT and IS orientations. Error
bars indicate a ±1 standard deviation from the bin-averaged
experimental data. The nonlinear viscoelastic model is fitted
to the loading curve of 350 kPa/s and creep data and used
to predict response of lower stress rates.
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(a)

(b)

Figure 3.6. Anisotropic behavior of nonlinear viscoelastic
model calculated for the fibril density function in eq. (3.24):
(a) stress-strain response at 500kPa/s and (b) reduced relax-
ation function for λ = 1.04 and reduced creep function for
500kPa. The angles θ = 5π/3 and θ = π/3 indicates orienta-
tions with highest and lowest fibril density.
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scattering intensity data of [1]. The same viscoelastic model parameters obtained
from tensile strip experiments of the central region were used. In the limbus, the
preferred orientations of the fibrils were aligned in the circumferential direction. The
density function, plotted in Fig. 3.2, was maximum at θ = 5π/6 and minimum
at θ = π/3. Figure 3.6(a) plots the stress-strain response of the two orientations
for a high applied stress rate 5000kPa/s. Figure 3.6(b) shows the uniaxial creep
response for a 500kPa applied engineering stress and uniaxial relaxation response for
an applied stretch F22 = 1.05 for the stiff θ = 5π/6 and soft θ = π/3 orientations. The
results were normalized by the instantaneous values (at t → 0) to obtain the reduced
relaxation and creep functions. The instantaneous creep strains were 4.3% and 5.1%
while the instantaneous relaxation stresses were 806kPa and 459kPa respectively for
the 5π/6 orientation and π/3 orientations. As expected, the θ = 5π/6 orientation
with the higher fibril density exhibited a significantly stiffer stress-strain response.
However, both orientations exhibited similar time-dependent behavior in that the
reduced creep relaxation functions were nearly identical for the entire time range.

The results indicate that though the model exhibits anisotropy in the stress-strain
behavior, its time-dependent behavior is insensitive to the fibril anisotropy. This
apparent isotropy in the time-dependent response is the direct consequence of the
assumption in the model that the in-plane stress response of the matrix is significantly
softer than the homogenized in-plane response of the lamellae, and that the viscous
stretching of the lamellae is the primary mechanism for the time-dependent response
of the stroma. As a first-order approximation, we can consider that the creep and
stress relaxation response of the model is governed by the relaxation time given by
the ratio of the viscosity of the material to its stiffness. This is exactly true in the
limit of small strains. Because the model assumes that the viscoelastic behavior of
the stroma originates from the viscoelastic stretching of the lamellae, the viscous
stretch rate of the lamellae is homogenized in the same manner as the elastic stretch
of the lamellae to calculate the nonequilibrium stress component. This is clearly
observed by comparing the equivalent expressions for σ

neq
s in eqs. (3.10) and (3.14).

Thus, the viscosity tensor relating the viscous stretch rate to σ
neq
s and the stiffness

tensor relating the elastic stretch to σ
neq
s possess the same material anisotropy. The

characteristic relaxation time in the small-strain limit is ξk = η0k
/ (4αneq

k β(β + 2)) for
all orientations. The differences between the time-dependent response of the 5π/6
and π/3 orientations in Fig. 3.6(b) are caused by kinematic nonlinearity and the
stress-dependence of the softening lamellar viscosity model.

3.4 Discussion

A constitutive model was developed for the anisotropic and nonlinear viscoelastic ten-
sile behavior of the cornea. The model attributes the time-dependent behavior of the
cornea primarily to the viscoelastic stretching of the lamellae forming the stroma. It
is hierarchical in that the stress and viscous flow response at the tissue level are calcu-

49



lated by homogenizing the stress and viscous flow response at the level of individual
lamellae. This is the main feature distinguishing the model from previous models for
the anisotropic viscoelasticity of soft fiber-reinforced tissues, most of which develop
relations for the anisotropic viscous flow of the tissue as a whole. As a consequence
of this approach, the model parameters are related directly to the properties, such
as moduli and viscosities, of the constituent materials and the lamellar arrangement.
The former can be determined from mechanical tests such as uniaxial strip tests, while
the latter can be determined from microstructural characterization experiments such
as X-ray scattering. In general, the constitutive framework can be applied to model
the anisotropic viscoelastic response of other soft fiber-reinforced tissues such as the
elastic arteries. The formulation of the model also provides for a simple and efficient
numerical implementation for finite element analysis.

With some simplifying assumptions, we devised a sequential fitting procedure for the
model parameters governing the nonlinear time-dependent behavior. The parame-
ters associated with the material anisotropy were obtained by fitting to the X-ray
scattering data for the distribution of collagen fibrils in the human cornea [69]. The
short-time elastic parameters of the model were fitted to the loading portion of the
stress-strain curve of a high rate cyclic uniaxial tensile test and the viscous param-
eters were fitted to the creep-time curves of a high and low applied stress uniaxial
creep test of excised corneal strips. Given the large number of parameters that needed
to be determined, we believe the gains in efficiency and robustness by using the de-
vised sequential procedure, which employed at most two dimensional searches, more
than offset the potential for bias. The fitted parameters then were applied to predict
successfully the stress-strain curves of cyclic tensile tests at an intermediate and low
stress rate and the creep-time curve of an intermediate applied stress. The agreement
between the data and simulations were well within the experimental error. For the
creep test, the model was able to reproduce the observed nonlinear stress-dependence
of the strain-time curves in which the creep rate increased with the applied stress.
It was shown in [14] that the same behavior could not be captured by the Fung
quasilinear viscoelastic model. For the cyclic tests, the model consistently predicted
a slightly faster unloading response, leading to smaller hysteresis in the cyclic stress-
strain curves than observed in experiments. The difference in the measured and
calculated unloading response increased with decreasing strain rate and may have re-
flected the effects of tissue swelling which was not included in the model. The model
also predicted the same stress-strain response for the NT and IS orientations which
was consistent with the results of the tensile strip tests.

The model was applied also to calculate the uniaxial stress-strain and time-dependent
response of a region in the limbus, which exhibited more anisotropy than the cen-
tral region. The same model parameters obtained from tensile strip experiments of
the central region was used for the simulations of the limbus, only a different fibril
density distribution was applied. As expected, the results showed that the cornea
displayed a strongly anisotropic stress-strain response in the limbus. However, the
time-dependent response as given by the reduced creep and relax functions, which
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normalized out the elastic anisotropy, did not display a strong orientation dependence.
The apparent isotropy in the time-dependent part of the creep and relaxation response
was because (1) the collagen phase exhibited a base-line isotropic response that was
significantly stiffer than the response of the matrix, and (2) the viscoelastic behavior
of the stroma was dominated by the viscoelastic stretching of the lamellae. There are
distinct advantages for the structural performance of the cornea to exhibit a strongly
anisotropic stress-strain response but a time-dependent response that preserves the
material symmetry. The anisotropic stress-strain response is needed for structural
reinforcement of regions experiencing high stresses. For example, it is hypothesized
that the additional fibril reinforcement in the circumferential direction of the limbus
is needed to effect a change in corneal curvature from the dome-shaped central cornea
to the flatter sclera [1]. If this anisotropy is manifested also in the time-dependent
response, then the cornea as a membrane-like structure risks buckling in regions that
exhibit faster stress relaxation or slower creep.

Because of the limitations of the experimental set-up of the tensile strip test, we were
unable to measure the stress-strain response of the limbus and peripheral cornea.
However, we are currently validating the anisotropic stress-strain and time-dependent
behavior of the model by performing bulge experiments and corresponding finite
element simulations of the intact cornea. The bulge experiments subject the intact
cornea to constant rate cyclic loading, volume controlled relaxation, and pressure
control creep while measuring the displacement field of the anterior surface using
digital image correlation. The finite element calculations will compare the time-
dependent displacement field predicted by the model and measured from the bulge
experiments. This will allow us to validate the anisotropic stress/strain response and
symmetry-preserving time-dependent behavior, as shown in Fig. 3.6, predicted by
the model.
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Chapter 4

Modeling the Anisotropic

Finite-Deformation Viscoelastic

Behavior of Soft Fiber-Reinforced

Composites

This chapter presents constitutive models for the anisotropic, finite-deformation vis-
coelastic behavior of soft fiber-reinforced composites. An essential assumption of the
models is that both the fiber reinforcements and matrix can exhibit distinct time-
dependent behavior. As such, the constitutive formulation attributes a different vis-
cous stretch measure and free energy density to the matrix and fiber phases. Separate
flow rules are specified for the matrix and the individual fiber families. The flow rules
for the fiber families then are combined to give an anisotropic flow rule for the fiber
phase. This is in contrast to many current inelastic models for soft fiber-reinforced
composites which specify evolution equations directly at the composite level. The ap-
proach presented here allows key model parameters of the composite to be related to
the properties of the matrix and fiber constituents and to the fiber arrangement. An
efficient algorithm is developed for the implementation of the constitutive models in
a finite-element framework, and examples are presented examining the effects of the
viscoelastic behavior of the matrix and fiber phases on the time-dependent response
of the composite.

4.1 Introduction

Soft fiber-reinforced composites are a class of materials usually composed of polymeric
fibers organized in a soft polymeric matrix. These materials have important appli-
cations in both engineering and biomechanics. Examples of soft engineering fiber-
reinforced composites include woven fabrics for impact protection and containment,
and laminate composites for automotive tires, hoses, and belts. In biomechanics, soft
fiber-reinforced composites describe most soft tissues that serve a structural and/or
protective function such as the cornea, skin, tendons, ligaments, and blood vessels.
Because of their fiber-reinforced microstructure, these materials are extraordinarily
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stiff and strong for their weight. Many soft fiber-reinforced composites also possess a
unique combination of flexibility and toughness that is exploited for energy-absorbing
and protective applications. The toughness of these materials arises from the ability
of both the fiber and matrix constituents to dissipate energy through large inelastic
deformation.

The area of phenomenological modeling of the anisotropic finite-inelastic behavior of
soft fiber-reinforced composites has been focused mainly on the viscoelastic behavior
of soft tissues, though there have been some recent attention given to the elastic-
plastic behavior of soft engineering fabrics and laminates [73, 75, 48]. A number of
these models are extensions of isotropic formulations that include a description of the
preferred fiber orientation using the structure tensor method pioneered by [26, 84],
and [79]. [52] extended the approach of [70] to incorporate an explicit dependence of
the invariants of the Cauchy-Green deformation rate tensor and structure tensors in
the stress response. The anisotropic viscoelastic model of [39] is an extension of the
isotropic convolution integral formulation developed by [37] to include a dependence
of the equilibrium stress and overstress response on the invariants of the Cauchy-
Green deformation and structure tensors. A more physically-based model has been
developed by [8] for highly extensible soft tissues such as skin that combines the
isotropic viscoelastic model of [5] for elastomers and the orthotropic hyperelastic
model of [7]. The model attributes the large-deformation time-dependent behavior
of the composite to the entropic and reptation mechanisms of the constituent long-
chain (bio)polymer molecules. The viscoelastic formulation applies a multiplicative
decomposition of the deformation gradient into elastic and viscous parts. The latter
is an internal variable for the viscous relaxation of the composite material.

The internal variable approach using the multiplicative decomposition of the defor-
mation gradient has been applied widely and successfully to model the isotropic finite-
inelastic behavior of polymers. However, applying the internal variable approach to
anisotropic finite-inelasticity raises important questions of how to describe the mate-
rial anisotropy in the intermediate configuration. The model of [7] effectively speci-
fies the material anisotropy in both the intermediate and reference configurations by
requiring that the preferred material orientations remain the same in the two configu-
rations. The elasto-plastic model of [73] for fabric-reinforced composites specifies the
structure tensors in the reference configuration and transforms them to the interme-
diate configuration using the plastic part of the deformation gradient. [75] applies a
mixed transformation of the structure tensor using the viscous part of the deformation
gradient and its inverse. The formulation of [73] leads to the constitutive relations
being independent of the rotational components of the plastic deformation gradient,
which serves a practical purpose of simplifying the numerical implementation. How-
ever, the advantages of the various approaches and their physical significance have
not been fully explored.

This chapter presents constitutive models for the finite-deformation anisotropic, vis-
coelastic behavior of soft fiber-reinforced composites. First, a general formulation is
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developed in which the composite material is represented as a continuum mixture
consisting of various fiber families embedded in an isotropic matrix. The orientation
of the fiber families are described in the reference configuration using structure ten-
sors. The different material phases are required to deform affinely with the continuum
deformation gradient. However, the model attributes to each phase a different viscous
stretch measure by assuming parallel multiplicative decompositions of the deforma-
tion gradient into elastic and viscous parts. The structure tensors of the fiber families
are mapped to the intermediate configuration using the viscous deformation gradient
of the fiber phase.

From the general formulation, two specific models are developed. The first considers
a composite material with an arbitrary number of fiber families and formulates the
constitutive response of the fiber phase only in terms of the total and elastic fiber
stretches. The model specifies an isotropic evolution equation for the viscous defor-
mation of the matrix phase and separate evolution equations for the viscous stretch
of the fiber families. The latter is the primary novelty of the approach developed
here. Unlike other phenomenological anisotropic viscoelastic models, an anisotropic
evolution equation is not specified directly for the viscous stretch of the fiber phase (or
the composite material) as whole, but instead is developed by homogenizing the flow
rules of the individual fiber families. This approach naturally incorporates a descrip-
tion of the fiber arrangement into the effective viscous resistance of the fiber phase
and allows the model to consider a composite material with an arbitrary number of
fiber families. The second model is developed specifically for a composite material
with two fiber-families, but it considers the effects of additional fiber reinforcements
under shear loadings through a dependence of the free energy density on higher or-
der invariants of the stretch and structure tensors. As for the first model, flow rules
are developed for the viscous stretch of the fiber families for the orthotropic case.
These are combined to provide an evolution equation for the viscous deformation of
the fiber phase. In essence, the main accomplishment of this chapter is the devel-
opment of homogenization schemes to calculate the anisotropic viscous response of
the fiber-reinforced composite from the viscous response of the fiber families that is
consistent with the homogenization scheme widely used in finite-elasticity to evaluate
the anisotropic stress response of the composite from that of the fiber families.

The general constitutive framework for modeling the anisotropic, finite-deformation,
viscoelastic behavior of soft fiber-reinforced composites is presented in Sec. 4.2 along
with the developments of specific models for the N fiber-families and two fiber-families
composites. A scheme for the numerical implementation of the models in a finite el-
ement framework is presented in Section 4.3. The capabilities of the models are
demonstrated in Sec 4.7 for simple examples of creep and relaxation of an orthotropic
composite material and cyclic inflation of a laminated thick-wall tube. The results
demonstrate that for a composite material with relatively stiff fiber phase in a soft ma-
trix, the time-dependent behavior of the fibers dominates the in-plane time-dependent
behavior of the composite while the time-dependent behavior of the matrix plays a
more prominent role in determining the time-dependent out-of-plane response.
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4.2 Model Developments

4.2.1 Kinematics

Consider a continuum body, denoted in the reference (undeformed) configuration
as Ω0, consisting of a variety of fiber families, Fα for α = 1..N , embedded in an
isotropic matrix, M. A fiber family is defined as a collection of fibers sharing the
same material composition and unit orientation vector Pα (X) which can vary with
the material position X ∈ Ω0. Following [79], a structure tensor Mα := Pα ⊗ Pα is
defined for each fiber family to facilitate calculation of the fiber stretch. The spatial
(deformed) configuration of the body is denoted by Ω and the position of a spatial
point x ∈ Ω at time t is defined by the deformation map φ (X, t). The tangent of φ
defines the deformation gradient F := ∂φ

∂X
of the continuum body. It is assumed that

both the matrix and fiber phases deform with the continuum deformation gradient
F. This assumption allows the deformed fiber vector of Fα to be calculated as,

λαpα = FPα, (4.1)

where λα is the fiber stretch and pα is the unit fiber orientation vector in Ω. The
fiber stretch is calculated from eq. (4.1) as,

λα =
√

C : Mα, (4.2)

where C = FTF is the right Cauchy-Green deformation tensor. The stretch rate of
Fα can be calculated from eq. (4.2) as 2λ̇αλα = Ċ : Mα. Defining a unit structure
tensor for the fiber family in Ω as,

mα := pα ⊗ pα =
FMαF

T

C : Mα

, (4.3)

the fiber stretch rate can be evaluated alternatively using the spatial rate of defor-

mation tensor d = sym
[
ḞF-1

]
from the relation,

λ̇α

λα

= d : mα. (4.4)

In modeling the viscoelastic behavior of hard composites with high-strength brittle
fibers, such as graphite and glass, the fibers are usually considered elastic and the
time-dependent response of the composite is attributed solely to the time-dependent
behavior of the matrix material. However for soft composites, the fiber reinforce-
ments can exhibit a significant time-dependent response. For example, experiments
have shown that the mechanical behavior of collagen and elastin fibers, the primary
structural elements in many fiber-reinforced soft tissues, is time-dependent [28]. To
incorporate the time-dependent behavior of both the matrix and fiber phases in the
viscoelastic model of the soft fiber-reinforced composite material, separate parallel
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multiplicative decompositions of the deformation gradient into viscous and elastic
parts are assumed for the matrix and fiber phases as,

F = Fe
MFv

M = Fe
FF

v
F. (4.5)

Note that the parallel decompositions applies to the fiber phase and not to the fiber
families, though this may be desired if the viscous properties of the fiber families
are vastly different. Moreover, multiple relaxation processes can be incorporated
for either phases by expanding eq. (4.5) to F = Fe

Mk
Fv

Mk
= Fe

Fl
Fv

Fl
, where the k

and l subscripts indicates the kth and lth relaxation process of the matrix phase
(see [29] for isotropic viscoelasticity). In the following, only one relaxation process is
considered for either phases for simplicity. The viscous deformation gradients Fv

M and
Fv

F describe distinct mappings from the reference configuration Ω0 to the intermediate

configurations Ω̃M and Ω̃F corresponding to the matrix and fiber phases. From this,
the elastic and viscous right Cauchy-Green deformation and corresponding rate of
viscous deformation tensors can be defined for the matrix and fiber phases as,

Ce
M := FeT

M Fe
M, Cv

M := FvT

M Fv
M, Ce

F := FeT

F Fe
F, Cv

F := FvT

F Fv
F,

Dv
M := sym

[
Ḟv

MFv−1

M

]
=

1

2
Fv−T

M Ċv
MFv−1

M ,Dv
F := sym

[
Ḟv

FF
v−1

F

]
=

1

2
Fv−T

F Ċv
FF

v−1

F .

(4.6)

Substituting the multiplicative split of the deformation gradient for the fiber phase in
eq. (4.5) into eq. (4.1) for Fα gives λipα = Fe

F (Fv
FPα). The term in the parentheses

denotes a mapping of the fiber vector of Fα from the reference to the intermediate
configuration by the viscous deformation gradient Fv

F. The result of this mapping is
defined as,

λv
αP̃α := Fv

FPα. (4.7)

where the viscous fiber stretch λv
α and unit fiber vector P̃α denote the deformation

and orientation of the fiber family in the intermediate configuration. From P̃α, the
following structure tensor is defined in the intermediate configuration [73],

M̃α := P̃α ⊗ P̃α =
Fv

FMαF
vT

F

Cv
F : Mα

. (4.8)

Then, the viscous fiber stretch can be computed from eq. (4.7) as,

λv
α =

√
Cv

F : Mα, (4.9)

and the viscous stretch rate of Fα can be determined from (4.6), (4.8), and eq. (4.9)
as,

λ̇v
α

λv
α

= Dv
F : M̃α. (4.10)

This result is analogous to eq. (4.4) for the total stretch rate of Fα. To complete

the kinematics developments, the mapping of P̃α from the intermediate to the spatial
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configuration is defined as λe
αpα := Fe

FP̃α. This allows the elastic component of the
fiber stretch to be evaluated as,

λe
α =

√
Ce

F : M̃α =
λα

λv
α

. (4.11)

4.2.2 Isotropic Invariants and the Free-Energy Density Func-

tion

The constitutive relations for the soft fiber-reinforced composites are developed fol-
lowing the internal state variable thermodynamic framework of [20]. A description of
the material anisotropy is incorporated into the constitutive relations using the struc-
ture tensor method developed for finite-elasticity by [26, 84], and [79]. To begin, an
isotropic function of the form W (C,Mα,Fv

M,Fv
F) is postulated for the Helmholtz free

energy density of the composite material (see the fundamental works of [9, 10] and
[54] on the isotropic representation of anisotropic tensor functions). It is a function
of the objective Cauchy-Green deformation tensor, the structure tensors denoting
the fiber orientations in Ω0, and internal state variables for the viscous relaxation
of the matrix and fiber phases. It is assumed that the free energy density can be
split additively into an equilibrium component W eq (C,Mα) responsible for the time-
independent stress response of the equilibrium state, and a nonequilibrium component

Wneq
(
Ce

M,Ce
F, M̃α

)
responsible for the time-evolving part of the stress response. The

decomposition of the stress response into time-independent and time-evolving parts
was first proposed by [30] in their kinetic theory of rubber relaxation and since then
has been adopted widely to describe the viscoelastic behavior of elastomers and other
polymers [55, 53, 74, 5]. In a relaxation experiment W eq (C,Mα) determines the
stress response in the long-time limit.

To model the viscoelastic behavior of both the matrix and fiber phases, the equi-
librium and nonequilibrium components of the free-energy density are decomposed
further into isotropic and anisotropic components. The equilibrium isotropic compo-
nent of the free energy density Weq

M (C) is formulated as an isotropic function of the
three invariants of C,

I1 = C : 1, I2 = 1
2

(
I2
1 − C2 : 1

)
, I3 = detC, (4.12)

while the invariants of C and Mα, referred to here as structural invariants, are applied
to formulate the equilibrium anisotropic component W eq

F (C,Mα). For a material with
two fiber-families, N = 2, these invariants are given by,

I4 = C : M1, I5 = C2 : M1, I6 = C : M2, I7 = C2 : M2,

I8 = tr (CM1M2) , I9 = M1 : M2,
(4.13)

where tr (·) denotes the trace of the tensor. The nonequilibrium isotropic component
of the free-energy density Wneq

M (Ce
M), modeling the time-dependent response of the
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equilibrium matrix
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Figure 4.1. Rheological model of viscoelastic behavior of
soft fiber-reinforced composite.

matrix, is expressed as an isotropic function of the three invariants of Ce
M,

Ie
M1

= Ce
M : 1, Ie

M2
= 1

2

(
Ie2

M1
− Ce2

M : 1
)

, Ie
M3

= detCe
M. (4.14)

Lastly, the nonequilibrium component of the free-energy density Wneq
F

(
Ce

F, M̃α

)
is

formulated as an isotropic function of the invariants of Ce
F and M̃α. For a composite

material with two fiber-families, these invariants are defined analogously to those in
eqs. (4.12)-(4.13) as,

Ie
F1

= Ce
F : 1, Ie

F2
= 1

2

(
Ie2

F1
− Ce2

F : 1
)

, Ie
F3

= detCe
F,

Ie
F4

= Ce
F : M̃1, Ie

F5
= Ce2

F : M̃1, Ie
F6

= Ce
F : M̃2, Ie

F7
= Ce2

F : M̃2,

Ie
F8

= tr
(
Ce

FM̃1M̃2

)
, Ie

F9
= M̃1 : M̃2.

(4.15)

This formulation for the nonlinear anisotropic viscoelastic behavior of the composite
is analogous to the rheological model shown in Fig. 4.1 of two three-parameters
standard models arranged in parallel. Separately, the two standard models describe
the viscoelastic response of the matrix and fiber phases. The components W eq

M and
Weq

F represent the strain energy of the “equilibrium” springs of the rheological model,
while Wneq

M and Wneq
F represent the strain energy of the Maxwell elements. The

deformation tensors Ce
M and Ce

F can be considered loosely as associated with the
springs in the Maxwell elements.

The elastic deformation tensor of the matrix and fiber phases can be expressed as,
Ce

M = Fv−T

M CFv−1

M and Ce
F = Fv−T

F CFv−1

F . This allows the structural invariants of the
elastic deformation tensors to be expressed equivalently in terms of the C and Cv

F

and Cv
M. For example, the invariants of Cv

F in eqs. (4.14)-(4.15) can be written also
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as,

Ie
F1

= C : Cv−1

F , Ie
F2

= 1
2

(
Ie2

F1
− CCv−1

F : Cv−1

F C
)

, Ie
F3

= det
[
CCv−1

F

]
,

Ie
F4

=
C : M1

Cv
F : M1

, Ie
F5

=
CCv−1

F C : M1

Cv
F : M1

, Ie
F6

=
C : M2

Cv
F : M2

, Ie
F7

=
CCv−1

F C : M2

Cv
F : M2

,

Ie
F8

=
M1C : Cv

FM2

(Cv
F : M1) (Cv

F : M2)
, Ie

F9
=

Cv
FM1 : M2C

v
F

(Cv
F : M1) (Cv

F : M2)
.

(4.16)

Then, Cv
F and Cv

M can be considered the primitive internal state variable of the
formulation which allows the stress relations to be independent of the rotational
components of Fv

F and Fv
M [73]. To complete the formulation, one only needs to

specify evolution equations for Cv
F and Cv

M and not for the rotational components
of the viscous deformation gradients. This leaves the description of the material
anisotropy in the intermediate configuration (i.e, M̃α) undetermined.

The general formulation for the free energy density proposed thus far can be expressed
for a composite with two fiber-families as,

W (C,Cv
M,Cv

F) = Weq
M (I1, I2, I3) +

∑

α

Weq
Fα

(I4, I5, I6, I7, I8, I9)

+ Wneq
M

(
Ie
M1

, Ie
M2

, Ie
M3

)
+
∑

α

Wneq
Fα

(
Ie
F4

, Ie
F5

, Ie
F6

, Ie
F7

, Ie
F8

, Ie
F9

)
. (4.17)

Equation (4.17) is an irreducible representation of the isotropic invariants of the
deformation, structural, and internal variables needed to specify the viscoelastic stress
state of the composite. However, it involves 21 invariants and is impractical to apply
for most problems of interests. The remainder of the constitutive developments will
present two models that are simplifications of the general framework. The first model
is developed for a composite material with arbitrary N fiber-families where the fiber
reinforcing model is dependent only on the fiber stretches through C : Mα and
Ce : M̃α. The second model admits a generalization for the case of two fiber families
to allow for additional dependence on I5 and I7. These structural invariants are also
related to the fiber stretch, but they introduce additional effects of fiber reinforcement
in shear as demonstrated for finite-elasticity by [59].

4.2.3 Constitutive Model for N fiber-families

The following simplified form of the free energy density function is proposed for a
composite material described by N fiber-families embedded in an isotropic matrix,

W = Weq
M (I1, I2, I3)+Wneq

M

(
Ie
M1

, Ie
M2

, Ie
M3

)
+

N∑

α=1

(
Weq

Fα
(Iα+3) + Wneq

Fα

(
Ie
Fα+3

))
, (4.18)
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where Iα+3 := C : Mα = λ2
α and Ie

Fα+3
:= Ce

F : M̃α = λe2

α . Note that this number-
ing scheme for the structural invariants does not correspond to those of eq. (4.15)
which applies for a two fiber-family system. The fiber families are represented in eq.
(4.18) as rod-like elements that interact with each other and with the matrix only
through the kinematic constraint imposed by the deformation gradient. The function
WFα

(
Iα+3, I

e
Fα+3

)
= Weq

Fα
(Iα+3)+Wneq

Fα

(
Ie
Fα+3

)
can be considered the free energy den-

sity for the stretch of a rod representing the fiber family Fα. It is split additively into
equilibrium and nonequilibrium components to model the time-dependent behavior of
the fiber reinforcements. The free energy density of the fiber phase of the continuum
body is equated to the sum of the free energy density of the N fiber-families. This
is a common homogenization scheme that has been applied successfully to model the
constitutive behavior of many engineering materials, such as the finite-elasticity of
single crystals [42], polymers [4], and fiber-reinforced tissues [50].

Applying the free energy density function in eq. (4.18) to the Clausius-Duhem form
of the second law of thermodynamics gives the isothermal dissipation inequality,

(
S − 2

∂W
∂C

)
:

1

2
Ċ − 2

∂W
∂Cv

M

:
1

2
Ċv

M − 2
∂W
∂Cv

F

:
1

2
Ċv

F ≥ 0, (4.19)

where S is the second Piola-Kirchhoff stress. Requiring that the dissipation vanishes
in the equilibrium state, defined by Ċv

M = Ċv
F = 0, gives the usual expression for the

stress relation S = 2∂W
∂C

which for W in eq. (4.18), can be evaluated as,

S = 2
∂Weq

M

∂I1
1 + 2

∂Weq
M

∂I2
(I11 − C) + 2

∂Weq
M

∂I3
I3C

−1

︸ ︷︷ ︸
S

eq

M

+ 2
∂Wneq

M

∂Ie
M1

Cv−1

M + 2
∂Wneq

M

∂IM2

(
Ie
M1

Cv−1

M − Cv−1

M CCv−1

M

)
+ 2

∂Wneq
M

∂Ie
M3

Ie
M3

C−1

︸ ︷︷ ︸
S

neq

M

+
N∑

α=1

2
∂Weq

F

∂Iα+3
Mα

︸ ︷︷ ︸
S

eq

F

+
N∑

α=1

2
∂Wneq

F

∂Ie
Fα+3

Mα

Cv
F : Mα

︸ ︷︷ ︸
S

neq

F

.

(4.20)

A Piola transformation of eq. (4.20) with F gives an expression for the Cauchy stress
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in the spatial configuration as,

σ =
2√
I3

∂Weq
M

∂I1
b +

2√
I3

∂Weq
M

∂I2

(
I1b − b2

)
+

2√
I3

∂Weq
M

∂I3
I31

︸ ︷︷ ︸
σ

eq
M

+
2√
I3

∂Wneq
M

∂Ie
M1

be
M +

2√
I3

∂Wneq
M

∂Ie
M2

(
Ie
M1

be
M − be2

M

)
+

2√
I3

∂Wneq
M

∂Ie
M3

Ie
M3

1

︸ ︷︷ ︸
σ

neq

M

+

N∑

α=1

2√
I3

∂Weq
F

∂Iα+3
Iα+3mα

︸ ︷︷ ︸
σ

eq

F

+

N∑

α=1

2√
I3

∂Wneq
F

∂Ie
Fα+3

Ie
Fα+3

mα

︸ ︷︷ ︸
σ

neq

F

,

(4.21)

where b = FFT, be
M = Fe

MFeT

M , and be
F = Fe

FF
eT

F . The anisotropic component of the
stress response in (4.21) can be written as, σF = 1√

I3

∑N

α=1 τFα
mα, where τFα

is the
fiber stress of Fα. Like the fiber free energy density, it is also additively decomposed
into equilibrium and nonequilibrium components.

Substituting eq. (4.20) into eq. (4.19) gives the following expression for the reduced
dissipation inequality,

−2
∂Wneq

M

∂Cv
M︸ ︷︷ ︸

TM

:
1

2
Ċv

M−2
∂Wneq

F

∂Cv
F︸ ︷︷ ︸

TF

:
1

2
Ċv

F ≥ 0, (4.22)

where TM and TF are the stresses driving the viscous relaxation of the matrix and
fiber phases. The two terms in eq. (4.22) represent the viscous dissipation exhibited
by the matrix and fiber phases. Both are required to be positive, and eq. (4.22) is
split into two separate criteria TM : 1

2
Ċv

M ≥ 0 and TF : 1
2
Ċv

F ≥ 0. It is assumed that
the viscous relaxation of the two phases are governed by different physical processes
and thus, occur independently of each other. This assumption allows for separate
evolution equations to be developed for Cv

M and Cv
F.

The isotropic flow stress of the matrix can be evaluated for the free energy density in
eq. (4.18) to give,

TM = Cv−1

M

(
2
∂Wneq

M

∂Ie
M1

C + 2
∂Wneq

M

∂Ie
M2

(
Ie
M1

C − CCv−1

M C
)

+ 2
∂Wneq

M

∂Ie
M3

Ie
M3

Cv
M

)
Cv−1

M ,

(4.23)

To satisfy the positive dissipation criterion for the matrix phase, the following evolu-
tion equation is proposed for Cv

M,

1

2
Ċv

M = V
−1
M : TM. (4.24)
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The parameter V
−1
M is the inverse of a positive-definite, fourth-order, isotropic viscos-

ity tensor given by,

V
−1
M :=

1

2ηMS

(
Cv

M � Cv
M − 1

3
Cv

M ⊗ Cv
M

)
+

1

9ηMB

Cv
M ⊗ Cv

M, (4.25)

where (Cv
M � Cv

M)IJKL = 1
2

(
Cv

MIK
Cv

MJL
+ Cv

MIL
Cv

MJK

)
, and ηMB

and ηMS
are respec-

tively the bulk and shear viscosities of the matrix material. The formulation does
not place any restriction on ηMB

and ηMS
except that they be positive. Thus, they

can depend in general on the isotropic invariants of Cv
M and/or TM (see for example

[5] and [63]). It can be shown (see Section 4.5) that the spatial representation of
eq. (4.24) is identical to the evolution equation proposed by [74] in their theory for
isotropic nonlinear viscoelasticity. Thus, the isotropic part of the model presented
here is identical to their isotropic viscoelasticity model.

To develop an evolution equation for Cv
F, the anisotropic flow stress TF for the fiber

phase is evaluated for the free energy density in eq. (4.18) as,

TF =

N∑

α=1

2
∂Wneq

Fα

∂Ie
Fα+3

Ie
Fα+3

Mα

Cv
F : Mα

. (4.26)

Substituting eq. (4.26) into the reduced dissipation inequality for the fiber phase and
applying the relation for the viscous stretch rate calculated from eq. (4.9) and fiber
stress obtained from eq. (4.21) gives,

N∑

α=1

τneq
Fα

(
λ̇v

α

λv
α

)
≥ 0. (4.27)

where τneq
Fα

= 2
∂Wneq

Fα

∂Ie
Fα+3

Ie
Fα+3

is the nonequilibrium component of the fiber stress. The

expression on the left hand side of eq. (4.27) is the viscous dissipation of the fiber
network and is required to remain non-negative. It is given by the sum of the viscous
dissipation exhibited by the N fiber-families. From physical arguments, these must
also be non-negative:

τneq
Fα

(
λ̇v

α

λv
α

)
≥ 0, for all α = 1...N. (4.28)

According to eq. (4.28), the nonequilibrium fiber stress τ neq
Fα

is the thermodynamic
stress driving the viscous relaxation of Fα. The following simple flow rule is proposed
for the viscous stretch of Fα to satisfy the positive dissipation criterion,

λ̇v
α

λv
α

=
1

ηFα

τneq
Fα

(
λe

Fα

)
, (4.29)

where ηFα
is a positive scalar quantity representing the characteristic viscosity of Fα

that in general can depend on τ neq
Fα

and the fiber stretches λα and λv
α. Substituting
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the flow rule in eq. (4.29) into eq. (4.26) for TF gives the following homogenized
anisotropic flow rule for the fiber phase,

TF = VF :
1

2
Ċv

F, VF =
∑

α=1

ηFα

Mα

Cv
F : Mα

⊗ Mα

Cv
F : Mα

, (4.30)

where VF is the effective anisotropic viscosity tensor of the fiber phase that is directly
related to the viscosity of the individual fiber families and the fiber arrangement.
For a planar fiber arrangement with more than three fiber families and for a three
dimensional fiber arrangement with more than six fiber families, it is more efficient
to solve eq. (4.30) than eq. (4.29) for the viscous deformation of the fiber phase. To
summarize, the stress relation in eq. (4.21) and the evolution equations (4.24) and
(4.29) (or alternatively eq. (4.30)) form a complete constitutive model for a fiber-
reinforced composite material with N fiber-families. The numerical implementation
of the model into a finite element framework is developed in Section 4.3.

4.2.4 Constitutive Model for Two Fiber-Families

This section presents a generalization of the nonlinear viscoelasticity framework de-
veloped in Sec. 4.2.3 for a composite with two fiber-families. The developments here
allow the free energy density to depend on higher order structural invariants I5 and
I7 defined in eqs. (4.13) and Ie

F5
and Ie

F7
defined in (4.15). As a short hand, the

notation I2α+2 for α = 1..2 is used to denote the invariants I4 and I6 while I2α+3 is
applied for the higher order invariants I5 and I7. Similarly, Ie

F2α+2
and Ie

F2α+3
are used

for Ie
F4

and Ie
F6

, and Ie
F5

and Ie
F7

. The following simplified form of the free energy is
proposed for the composite material with two fiber-families,

W = Weq
M (I1, I2, I3) + Wneq

M

(
Ie
M1

, Ie
M2

, Ie
M3

)

+

2∑

α=1

Weq
Fα

(I2α+2, I2α+3) +

2∑

α=1

Wneq
Fα

(
Ie
F2α+2

, Ie
F2α+3

)
. (4.31)

The same formulation of WM as used previously in Sec. 4.2.3 is applied to model the
isotropic time-dependent behavior of the matrix. Thus, only developments pertaining
the anisotropic part of the model are presented in this section. The stress response is
computed using the relation S = 2∂W

∂C
, which yields the following for the anisotropic

component of the second Piola-Kirchhoff stress tensor,

SF =
2∑

α=1

(
2

∂Weq
Fα

∂I2α+2

Mα +
∂Weq

Fα

∂I2α+3

(CMα + MαC)

)

︸ ︷︷ ︸
S

eq
F

+

2∑

α=1

(
2

∂Wneq
Fα

∂Ie
F2α+2

Mα

Cv
F : Mα

+ 2
∂Wneq

Fα

∂Ie
F2α+3

Cv−1

F CMα + MαCCv−1

F

Cv
F : Mα

)
.

︸ ︷︷ ︸
S

neq

F

(4.32)
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The isotropic component of the stress response SM is given in eq. (4.20). The
anisotropic stress component can be expressed in the spatial configuration by ap-
plying the Piola transformation to give,

σF =

2∑

α=1

(
2√
I3

∂Weq
Fα

∂I2α+2
I2α+2mα +

2√
I3

∂Weq
Fα

∂I2α+3
I2α+3 (bmα + mαb)

)

︸ ︷︷ ︸
σ

eq

F

+
2∑

α=1

(
2√
I3

∂Wneq
Fα

∂Ie
F2α+2

Ie
F2α+2

mα +
2√
I3

∂Wneq
Fα

∂Ie
F2α+3

Ie
F2α+3

(be
Fmα + mαb

e
F)

)
.

︸ ︷︷ ︸
σ

neq
F

(4.33)

The reduced dissipation inequality for the fiber phase is computed by applying the
free energy density in eq. (4.31) to eq. (4.22) as,

[(
2∑

α=1

2
∂Wneq

Fα

∂Ie
F2α+2

Ie
F2α+2

+ 2
∂Wneq

Fα

∂Ie
F2α+3

Ie
F2α+3

)
Mα

Cv
F : Mα

+
2∑

α=1

2
∂Wneq

Fα

∂Ie
F2α+3

Cv−1

F CMαCCv−1

F

Cv
F : Mα

]
:

1

2
Ċv

F ≥ 0, (4.34)

Where the term in the bracket is the flow stress TF of the fiber phase. It is desired
to develop a flow rule for λv

α that is similar to eq. (4.29) for the simpler N fiber-
families model. However, an expression for the thermodynamic stress driving the
evolution of λv

α is not apparent from the reduced dissipation inequality in eq. (4.34)
because of the coupling between the normal and shear response produced by the higher
order structural invariants Ie

2α+3. Here, inspiration is taken from the formulation in
Sec. 4.2.3 to develop a relationship between the flow stress TF and nonequilibrium
anisotropic stress component σ

neq
F . With some algebraic manipulations, it can be

shown (see Section 4.6) that for the orthotropic case, P1 ·P2 = 0,
√

I3σ
neq
F : I2α+2sym

[
mαb

−1
]

= T : sym [MαC
v
F] , (4.35)

where
√

I3σ
neq
F : I2α+2sym [mαb

−1] = τneq
Fα

is the fiber stress computed by projecting
the nonequilbrium stress of fiber phase onto the fiber orientation vectors. The fiber
stress can be evaluated for σF in eq. (4.33) as,

τneq
Fα

= 2
∂Wneq

Fα

∂Ie
F2α+2

Ie
F2α+2

+2
∂Wneq

Fα

∂Ie
F2α+3

Ie
F2α+3

+

2∑

β

∂Wneq
Fβ

∂Ie
F2β+3

(
Cv−1

F CMβ : MαC

Cv
F : Mβ

+
MβCCv−1

F : CMα

Cv
F : Mβ

)
. (4.36)

Then the same fiber-level flow rule in eq. (4.29) can be applied here for the orthotropic
case:

λ̇v
α

λv
α

=
1

ηFα

τneq
Fα

. (4.37)
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where ηFα
is in general a scalar function denoting the characteristic viscosity of Fα.

The anisotropic component of the stress response in eq. (4.32) requires a solution for
Cv

F. To complete the constitutive formulation, the following relation for Cv
F and the

viscous fiber stretch is proposed for the orthotropic case,

1

2
Ċv

F =

2∑

α=1

λ̇v
α

λv
α

sym [MαC
v
F] . (4.38)

This relation is consistent with the kinematic assumptions made in Sec. 4.2.1 regard-
ing the deformation of the fiber families. Specifically, it can be shown from eq. (4.38)
that Ċv

F : Mα = 2λv
αλ̇v

α for P1 · P2 = 0 which is consistent with the definition of the
viscous stretch in eq. (4.9).

An evolution equation for Cv
F of the fiber phase can be obtained by combining eqs.

(4.35), (4.37), and (4.38) to give,

1

2
Ċv

F = V
−1
F : TF, V

−1
F =

2∑

α=1

1

4ηFα

(MαC
v
F + Cv

FMα) ⊗ (MαC
v
F + Cv

FMα) , (4.39)

where VF is the anisotropic viscosity tensor that is related directly to the fiber vis-
cosities ηFα

and the fiber arrangement. The inverse viscosity tensor in eq. (4.39)
possesses both major and minor symmetry. The latter is a consequence of the sym-
metric property of TF and Cv

F, while the former is a direct consequence of choosing
the relation in eq. (4.39) for Cv

Fα
. Finally, eq. (4.39) is substituted into eq. (4.34) to

test for the satisfaction of the positive dissipation criteria. The resulting expression
for the viscous dissipation is a quadratic form,

2∑

α=1

1

ηFα

(TF : sym [MαC
v
F])2 ≥ 0, for ηFα

≥ 0, (4.40)

that is always positive for ηFα
≥ 0.

The model developed here reduces to the simpler model in Sec. 4.2.3 for two orthog-
onal fiber families. Absent the dependence of the free-energy density on I5, I7, Ie

F5

and Ie
F7

, the anisotropic component of the stress response in eq. (4.32) reduces to

that in eq. (4.20), and the relation Ċv
F : Mα, evaluated from eq. (4.38), reduces to

the evolution eq. (4.29) for λv
α. A numerical implementation of the model for a finite

element framework is developed in Section 4.3.

The significance of the driving stress τFα
in eq. (4.35) as the fiber stress and the

kinematic relation in eq. (4.38) are valid only for P1 · P2 = 0. However, the same
formulation can be applied for the case of two non-orthogonal fiber families by defin-
ing orthogonal direction vectors that are bisectors of the two non-orthogonal fiber
vectors (e.g., P̂1 = P1+P2

‖P1+P2‖ and P̂2 = P1−P2

‖P1−P2‖ ) . Then the same procedure can be
applied to calculate the stresses and stretches of the fiber phase projected onto the
two orthogonal directions P̂1 and P̂2.
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Table 4.1. Integration algorithm for λv
αn+1

for N fiber-
families model.

Residual for k + 1 iteration: rk+1
α = λvk+1

α − ∆t

ηk+1
Fα

τneqk

Fα
λvk+1

α − λv
αn

= 0,

τneq
Fα

= 2
∂Wneq

F

∂Ie
Fα+3

Ie
Fα+3

,

Linearize about λvk

Fαn+1
: rk+1

α ≈ rk
α

(
λv

Fα

)
+

∂rα

∂λv
α︸︷︷︸

kα

∣∣∣
λvk

α

∆λv
i = 0,

Consistent tangent: kα = 1 − ∆t
ηFα

((
1 − 1

ηFα

∂ηFα

∂λv
α

λv
α

)
τneq
Fα

− 2
∂τ

neq

Fα

∂Ie
Fα+3

Ie
Fα+3

)
,

Solve for the increment: ∆λv
α = − rα

kα

∣∣∣
λvk

α

,

Update solution: λvk+1

α = λvk

α + ∆λv
α

Repeat until: rk+1
α < c tol.

Increment of Cv
F: ∆Cv

F : Mα = gα

kαλe
α
∆C : Mα

gα = − ∆t
ηFα

(
1

ηFα

∂ηFα

∂λα
λατneq

Fα
− 2

∂τ
neq

Fα

∂Ie
Fα+3

Ie
Fα+3

)
λv

α

λα

Algorithmic moduli: C
neq
F =

∑N
α=1

(
4

∂2Wneq

Fα

∂Ie2

Fα+3

−4

(
∂2Wneq

Fα

∂Ie2

Fα+3

Ie
Fα+3

+
∂Wneq

Fα

∂Ie
Fα+3

)
gα

kα

√
Ie
Fα+3

)
Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

.

4.3 Numerical Implementation

The constitutive relations for the two models presented in Secs. 4.2.3 and 4.2.4 re-
quire the integration of the isotropic evolution equation for Cv

M of the matrix and
the anisotropic evolution equation for Cv

F of the fiber phase. An efficient numeri-
cal integration algorithm has been developed by [74] for the spatial representation
of the isotropic evolution equation (4.24). Their work also provides a method for
calculating the consistent tangent for the isotropic component of the stress response.
Therefore, this section will focus only on developing integration algorithms for the
anisotropic evolution equations for Cv

F and the material tangent for the anisotropic
nonequilibrium component of the stress response.

4.3.1 Numerical Integration of the Evolution Equations

In a finite-element framework, the time integration of the evolution equations for the
internal variables are performed at the integration point level. At time tn+1 = tn+∆t,
the updated internal variables are evaluated assuming that the updated values of the
deformation gradient Fn+1 are given and that the previous values of the deformation
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Table 4.2. Integration algorithm for C
v
Fn+1

for N fiber-
families model.

Residual k + 1 iteration: Rk+1 = Cvk+1

F − 2∆t
(
V

k+1
F

)−1
: Tk+1

F − Cv
Fn

= 0,

TF =
∑N

α=1 τneq
Fα

Mα

Cv
F
:Mα

,

VF =
∑2

α=1
ηFα

λv4

Fα

Mα ⊗ Mα,

Linearize about Cvk

Fn+1
: Rk+1 ≈ Rk +

∂R

∂Cv
F︸ ︷︷ ︸

K

∣∣∣
Cvk

F

∆Cv
F = 0,

Consistent tangent: K = I − ∆tV−1
F :

(
2∂TF

∂Cv
F

−
∑N

α
1

λv
α

∂ηFα

∂λv
α

(Mi : V
-1
F : TF)Mα ⊗ Mα

)
,

2∂TF

∂Cv
F

=
∑N

α=1 −2
∂τ

neq
Fα

∂Ie
F2α+2

Ie
Fα

Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

Solve for the increment: ∆Cv
F = −K

−1 : Rk

∣∣∣
Cvk

F

,

Update solution: Cvk+1

F = Cvk

F + ∆Cv
F

Repeat until: ‖Rk+1‖ < c tol.

Increment of Cv
F: ∆Cv

F = K−1 : G : ∆C

G = ∆tV−1
F :

(
2∂TF

∂C
−
∑N

i
1

λα

∂ηFα

∂λα
(Mα : V-1

F : TF)Mα ⊗ Mα

)
.

2∂TF

∂C
=
∑N

α=1 2
∂τ

neq

Fα

∂Ie
F2α+2

Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

.

Algorithmic moduli: C
neq
F = 2

∂S
neq
F

∂C
+ 2

∂S
neq
F

∂Cv
F

: K−1 : G,

2
∂S

neq
F

∂C
=
∑N

α=1 4
∂Wneq

Fα

∂Ie
F2α+2

Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

,

2
∂S

neq

F

∂Cv
F

=
∑N

α=1 −2
∂τ

neq

Fα

∂Ie
F2α+2

Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

gradient Fn, previous values of the internal variables Cv
Mn

and Cv
Fn

, and the structure
tensors Mα are known. For the constitutive model presented in Sec. 4.2.3 for N
fiber-families, the flow rule in eq. (4.29) for λv

α can be integrated numerically using a
backward Euler integration scheme. Applying the time discretization of the viscous
stretch rate λ̇v

α =
(
λv

αn+1
− λv

αn

)
/∆t to eq. (4.29) gives,

λv
αn+1

−
[

∆t

ηFα
(λα, λv

α)
τneq
Fα

(λe
α)

]

n+1

λv
αn+1

− λv
αn

= 0, (4.41)

where it has been assumed that the fiber viscosity, ηFα
, can depend generally on the

total and viscous stretch, λα and λv
α. The N nonlinear equations are solved at each

integration point for the updated values λv
αn+1

using the Newton solution algorithm
presented in Table 4.1.

For the case where there are more than 3 fiber families arranged in a plane, and more
than 6 fiber families in a fully three-dimensional arrangement, it is more efficient to
solve for Cv

F rather than for the viscous fiber stretches. The rate equation (4.30) is

68



inverted to give an evolution equation for Cv
F,

Ċv
F = 2V

−1
F : TF, (4.42)

where the fourth order viscosity tensor VF given in eq. (4.30) is required to be
invertible. A backward Euler discretization scheme is applied to eq. (4.42) to give,

Cv
Fn+1

− 2∆tV−1
Fn+1

TFn+1
− Cv

Fn
= 0, (4.43)

Equation (4.43) is a nonlinear equation for the updated values of Cv
F that is solved

at the integration point using the Newton scheme presented in Table 4.2.

Similarly for the generalized two fiber-families model presented in Sec. 4.2.4, a back-
ward Euler integration scheme is applied to discretize the evolution equation (4.39)
for the fiber viscous deformation. This results in the following nonlinear system of
equations for Cv

Fn+1
,

Cv
Fn+1

−
2∑

α=1

2∆t

ηFα

(
λαn+1

, λv
αn+1

)
(
TFn+1

: sym
[
MαC

v
Fn+1

] )
sym

[
MαC

v
Fn+1

]

− Cv
Fn

= 0. (4.44)

This is solved at each integration point using the Newton solution algorithm described
in Table 4.3.

4.3.2 Consistent Tangent Moduli

The implicit solution of an initial boundary value problem requires the time dis-
cretization of the deformation history and linearization of the constitutive relations
about the deformation state at time tn to solve for the updated deformation state
at time tn+1 = tn + ∆t. The consistent material tangent moduli is defined by the
linearization of the second Piola-Kirchhoff stress response for a time increment ∆t as,

∆Sn+1 = Cn+1 :
1

2
∆Cn+1. (4.45)

The Second Piola-Kirchhoff stress tensor for the anisotropic viscoelastic models can
be decomposed additively as,

Sn+1 = S
eq
Mn+1

(Cn+1) + S
neq
Mn+1

(
Cn+1,C

v
Mn+1

)

+ S
eq
Fn+1

(Cn+1) + S
neq
Fn+1

(
Cn+1,C

v
Fn+1

)
. (4.46)

This allows Cn+1 also to be decomposed additively into equilibrium/nonequilibrium
and isotropic/anisotropic components as,

Cn+1 = C
eq
Mn+1

+ C
neq
Mn+1

+ C
eq
Fn+1

+ C
neq
Fn+1

. (4.47)
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Table 4.3. Integration algorithm for C
v
Fn+1

for the two
fiber-families model.

Residual k + 1 iteration: Rk+1 = Cvk+1

F −
∑2

α=1
∆t
ηFα

(
Tk+1

F : sym
[
MαC

vk+1

F

])
sym
[
MαC

vk+1

F

]
−Cv

Fn
,

TF =
∑2

α=1

(
2

∂Wneq

Fα

∂Ie
F2α+2

Ie
F2α+2

+ 2
∂Wneq

Fα

∂Ie
F2α+3

Ie
F2α+3

)
Mα

Cv
F
:Mα

+2
∂Wneq

Fα

∂Ie
F2α+3

Cv−1

F
CMαCCv−1

F

Cv
F
:Mα

,

Linearize about Cvk

Fn+1
: Rk+1 ≈ Rk +

∂R

∂Cv
F︸ ︷︷ ︸

K

∣∣∣
Cvk

F

∆Cv
F = 0,

Consistent tangent: K = I −∑2
α=1

∆t
ηFα

(
TF : sym [MαC

v
F] (1 � Mα + Mα � 1)

−2sym [MαC
v
F] ⊗ sym [MαTF]

−sym [MαC
v
F] ⊗ sym [MαC

v
F] : 2∂TF

∂Cv
F

)

2∂TF

∂Cv
F

=
∑2

α=1−
(

4
∂2Wneq

F

∂Ie2

F2α+2

+4
∂2Wneq

F

∂Ie2

F2α+3

+8
∂Wneq

F

∂Ie
F2α+2

+8
∂Wneq

F

∂Ie
F2α+3

)
Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

+

(
4

∂2Wneq
F

∂Ie2

F2α+2

Ie
F2α+3

+ 4
∂Wneq

F

∂Ie
F2α+3

)(
Mα

Cv
F
:Mα

⊗ C
v−1

F CMαCC
v−1

F

Cv
F
:Mα

+
C

v−1

F CMα CC
v−1

F

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

)

+4
∂2Wneq

F

∂Ie2

F2α+3

(
Cv−1

F
CMαCCv−1

F

Cv
F
:Mα

⊗ Cv−1

F
CMαCCv−1

F

Cv
F
:Mα

)

+4
∂Wneq

F

∂Ie
F2α+3

(
C

v−1

F �C
v−1

F CMαCC
v−1

F

Cv
F
:Mα

+
C

v−1

F CMαCC
v−1

F �C
v−1

F

Cv
F
:Mα

)

Solve for increment: ∆Cv
F = −K

−1 : Rk

∣∣∣
λvk

i

,

Update solution: Cvk+1

F = Cvk

F + ∆Cv
F

Repeat until: ‖Rk+1‖ < c tol.
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Table 4.4. Algorithmic anisotropic moduli for the two
fiber-families model.

Increment of Cv
F: ∆Cv

F = K−1 : G : ∆C

G =
∑2

α=1
∆t
ηFα

(
sym [MαC

v
F] ⊗ sym [MαC

v
F] : 2∂TF

∂C

)
,

2∂TF

∂C
=−

∑2
α=1

(
4

∂2Wneq

F

∂Ie2

F2α+2

+ 4
∂Wneq

F

∂Ie
F2α+2

)
Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

+

(
4

∂2Wneq

F

∂Ie2

F2α+2

Ie
F2α+3

+ 4
∂Wneq

F

∂Ie
F2α+3

)
Mα

Cv
F
:Mα

⊗ MαCCv−1

F
+Cv−1

F
CMα

Cv
F
:Mα

,

+4
∂2Wneq

F

∂Ie2

F2α+3

(
C

v−1

F CMαCC
v−1

F

Cv
F
:Mα

⊗ C
v−1

F CMαCC
v−1

F

Cv
F
:Mα

)

+4
∂Wneq

F

∂Ie
F2α+3

(
C

v−1

F �C
v−1

F CMαCC
v−1

F

Cv
F
:Mα

+
C

v−1

F CMαCC
v−1

F �C
v−1

F

Cv
F
:Mα

)
.

Algorithmic moduli: C
neq
F = 2

∂S
neq

F

∂C
+ 2

∂S
neq

F

∂Cv
F

: K−1 : G,

2
∂S

neq

F

∂C
=−

∑2
α=1 4

∂2Wneq

F

∂Ie2

F2α+2

Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

4
∂2Wneq

F

∂Ie2

F2α+3

MαCC
v−1

F +C
v−1

F CMα

Cv
F
:Mα

⊗ MαCC
v−1

F +C
v−1

F CMα

Cv
F
:Mα

,

+4
∂Wneq

F

∂Ie
F2α+3

C
v−1

F �MαCC
v−1

F +MαCC
v−1

F �C
v−1

F

Cv
F
:Mα

.

2
∂S

neq

F

∂Cv
F

=−
∑2

α=1

(
4

∂2Wneq

F

∂Ie2

F2α+2

+ 4
∂Wneq

F

∂Ie
F2α+2

)
Mα

Cv
F
:Mα

⊗ Mα

Cv
F
:Mα

+4
∂2Wneq

F

∂Ie2

F2α+3

Ie
F2α+3

MαCCv−1

F
+Cv−1

F
CMα

Cv
F
:Mα

⊗
(

Ie
F2α+3

Mα

Cv
F
:Mα

+
Cv−1

F
CMαCCv−1

F

Cv
F
:Mα

)

+4
∂Wneq

F

∂Ie
F2α+3

C
v−1

F �MαCC
v−1

F +MαCC
v−1

F �C
v−1

F

Cv
F
:Mα
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Because the isotropic component of the stress response depends only on C, the equi-
librium components of the material tangent moduli can be evaluated simply as,

C
eq
M = 2

∂S
eq
M

∂C
, C

eq
F = 2

∂S
eq
F

∂C
. (4.48)

The isotropic equilibrium part of the viscoelastic models is essentially a standard
isotropic hyperelastic model. Thus, C

eq
M can be evaluated in the same manner as the

material tangent moduli in isotropic hyperelasticity (see such nonlinear mechanics
textbooks as [66, Ch. 6] and [38, Ch. 6]). From eq. (4.48), the anisotropic equilibrium
part of the material moduli can be derived from S

eq
F in eq. (4.20) for the N fiber-

families model as,

C
eq
F =

N∑

α=1

4
∂2Weq

Fα

∂I2
α+3

Mα ⊗ Mα. (4.49)

Similarly iti can be derived from S
eq
F given in eq. (4.32) for the generalized two

fiber-families model as,

C
eq
F =

2∑

α=1

4
∂2Weq

Fα

∂I2
2α+2

Mα ⊗ Mα +
2∑

α=1

(
4
∂2Weq

Fα

∂I2
2α+3

(CMα + MαC) ⊗ (CMα + MαC)

+ 4
∂Weq

Fα

∂I2α+3

(1 � Mα + Mα � 1)

)
, (4.50)

where the tensor in the final expression is defined as (1 � M)IJKL = 1
2

(
δIKMJL

+δILMJK

)
.

The isotropic nonequilibrium part of the model is identical to the isotropic viscoelastic
model developed by [74] and it is recommended that their numerical method be
applied to solve for the internal stretches of the spatial form of the evolution eq. (4.24)
and to derive the material tangent moduli C

neq
M . The anisotropic nonequilibrium part

of the material moduli is evaluated by first linearizing the anisotropic nonequilibrium
component of the stress response S

neq
F as,

∆S
neq
F = 2

∂S
neq
F

∂C
:

1

2
∆C + 2

∂S
neq
F

∂Cv
F

:
1

2
∆Cv

F. (4.51)

Determining C
neq
F in eq. (4.51) requires developing a relationship between the incre-

ment ∆Cv
F of the fiber phase, which is solved locally at the integration point, and the

increment ∆C of the global solution algorithm. For the N fiber-families model, this
relationship can be determined for the integration algorithm described in Table 4.1
by linearizing the residual equation rα

(
λαn+1

, λv
αn+1

)
= 0. Considering that λαn+1

is
not a constant in the global solution algorithm, this yields,

∂rα

∂λv
α︸︷︷︸

kα

∆λv
α +

∂rα

∂λα︸︷︷︸
−gα

∆λα = 0,

∆Cv
F : Mα =

gα

kαλe
α

∆C : Mα,

(4.52)
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where the expressions for kα and gα are given in Table 4.1. Substituting the final
relation into eq. (4.51) and factoring out ∆C gives,

C
neq
F =

N∑

α=1

(
4
∂2Wneq

Fα

∂Ie2

Fα+3

−4

(
∂2Wneq

Fα

∂Ie2

Fα+3

Ie
Fα+3

+
∂Wneq

Fα

∂Ie
Fα+3

)
gα

kα

√
Ie
Fα+3

) Mα

Cv
F : Mα

⊗ Mα

Cv
F : Mα

.

(4.53)

Similarly for the integration algorithms presented in Tables 4.2 and 4.3, a relation-
ship for the the increment ∆Cv

Fn+1
is obtained by linearizing the residual equation

R
(
Cv

Fn+1
,Cn+1

)
= 0 for a non-constant Cn+1. The result,

∆Cv
F = K

−1 : G : ∆C, (4.54)

is substituted into eq. (4.52) to give the following general expression for the anisotropic
nonequilibrium component of the material tangent moduli,

C
neq
F = 2

∂S
neq
F

∂C
+ 2

∂S
neq
F

∂Cv
F

: K
−1 : G. (4.55)

The tensors K and G are specific to the solution algorithm of Cv
Fn+1

and are given
in Table 4.2 for the N fiber-families model and in Table 4.4 for the generalized two
fiber-families model.

4.4 Linearization for the Small-Strain Limit

This section presents the linearization of the examples Model I and II presented in
Sec. 4.7 to obtain expressions for the long- and short-time moduli and characteristic
relaxation times in the small-strain limit. For both models, the isotropic stress re-
sponse of the matrix, σM, is obtained by substituting eq. (4.72) into eq. (4.21) to
give

σM =
1√
I3

[
µeq

(
b̄ − 1

3
Ī11

)
+ µneq

(
b̄e

M − 1

3
Īe
M1

1

)]

︸ ︷︷ ︸
sM

+
κ

2

(√
I3 −

1√
I3

)

︸ ︷︷ ︸
pM

1, (4.56)

where b̄ = I
− 1

3

3 b and b̄e
M = Ie−

1
3

M3
be

M. Applying the stress response in eq.(4.56) to the
spatial form of the evolution equation for the matrix (see Section 4.5) gives,

−1

2
Lvb

e
Mbe−1

M =
µneq

2ηMS

(
b̄e

M − 1

3
Īe
M1

1

)
, (4.57)

where Lvb
e
M = F

˙
Cv−1

M FT is the Lie time derivative of be
M.
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For Model I, the anisotropic component of the Cauchy stress tensor is obtained by
applying eq. (4.73) to eq. (4.21),

σF =
1√
I3

[
2∑

α=1

2keq (Iα+3 − 1) Iα+3mα +

2∑

α=1

2kneq
(
Ie
Fα+3

− 1
)
Ie
Fα+3

mα

]
. (4.58)

Applying eq. (4.58) to eq. (4.29), the fiber flow rule can be written as,

λ̇v
α

λv
α

=
2kneq

ηF

(
Ie
Fα+3

− 1
)
Ie
Fα+3

. (4.59)

Similarly, σF for Model II is calculated as,

σF =
2√
I3

2∑

α=1

keq (I2α+3 − 1) I2α+3 (bmα + mαb)

+
2√
I3

2∑

α=1

kneq
(
Ie
F2α+3

− 1
)
Ie
F2α+3

(be
Fmα + mαb

e
F) . (4.60)

Combining eqs. (4.60) and (4.36) gives the following flow rule for λv
α for Model II,

λ̇v
α

λv
α

=
2

ηF
kneq

(
Ie
F2α+3

−1
)
(

Ie
F2α+3

+
2∑

β

(
Cv−1

F CMβ : MαC

Cv
F : Mβ

+
MβCCv−1

F : CMα

Cv
F : Mβ

))
.

(4.61)

To examine the small strain behavior of the two models, the linearized Green-Lagrange
strain is defined as ε = 1

2
(C − 1) and the associated linearized elastic and viscous

strain tensors are defined as ε
v = 1

2
(Cv − 1) and ε

e = ε−ε
v for both the matrix and

fiber phases. Moreover, the structure tensor in the various configuration reduces in
the small-strain limit to mα → M̃α → Mα. In the limit of small strains, the models
reduces to a three-dimensional generalization of the rheological model shown in Fig.
4.1 of two standard three parameter models arranged in parallel. Separately, the two
standard models describe the viscoelastic behavior of the matrix and fiber phases and
their parallel combination describes the viscoelastic behavior of the composite. The
strain ε is the total strain of the rheologocial model, while ε

e
M and ε

e
F are the strains

of the springs in the Maxwell elements. The linearized evolution equations developed
below for the viscous strains εv

M and ε
v
F govern the flow of the dashpots in the two

Maxwell elements representing the relaxation of the matrix and fiber phases.

The small-strain short-time stress response (t → 0) of Model I is computed by lin-
earizing eqs. (4.56) and (4.58) in the limit ε

e
M → ε

e
F → ε to give,

σo =

(
2 (µeq+µneq)

(
I − 1

3
1 ⊗ 1

)
+ κ1 ⊗ 1+

2∑

α=1

4 (keq + kneq)Mα ⊗ Mα

)

︸ ︷︷ ︸
co

: ε.

(4.62)
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The tensor co is defined as the small-strain short-time moduli. Similarly, the small-
strain long-time (t → ∞) stress response of Model I is computed by linearizing eqs.
(4.56) and (4.58) in the limit ε

v
M → ε

v
F → ε to yield,

σ∞ =

(
2µeq

(
I − 1

3
1 ⊗ 1

)
+ κ1 ⊗ 1 +

2∑

α=1

4keqMα ⊗ Mα

)

︸ ︷︷ ︸
c∞

: ε. (4.63)

The short- and long-time small-strain moduli can be computed for Model II in the
same manner to give,

co = 2 (µeq + µneq)

(
I − 1

3
1 ⊗ 1

)
+ κ1 ⊗ 1 +

2∑

α=1

16 (keq + kneq)Mα ⊗ Mα,

c∞ = 2µeq

(
I − 1

3
1 ⊗ 1

)
+ κ1 ⊗ 1 +

2∑

α=1

16kneqMα ⊗ Mα.

(4.64)

To obtain the characteristic relaxation time of the matrix, eq. (4.57) is linearized as,

ėv
M =

1

ξM

(
I − 1

3
1 ⊗ 1

)
: ee

M, (4.65)

where ev
M = ε

v
M − tr (εv

M) 1, and ee
M = ε

e
M − tr (εe

M)1 are the deviatoric strain com-
ponents. The parameter ξM = ηMS

/µneq is the characteristic relaxation time of the
matrix. The characteristic relaxation time of the fiber phase is obtained for Models
I and II by linearizing eqs. (4.59) and (4.61). The result can be expressed as,

ε̇
v
F : Mα =

1

ξF
ε

e
F : Mα, (4.66)

where ξF = ηF/ (4kneq) is the characteristic relaxation time of the fiber phase for
Model I and ξF = ηF/ (16kneq) is for Model II.

4.5 Viscoelastic Evolution of the Matrix Phase

The following demonstrates that the spatial representation of eq. (4.24) is identical
to the evolution equation developed for the isotropic viscoelasticity theory of [74].
First the evolution equation (4.24) is rewritten as follows,

1

2
Ċv

M =

(
1

2ηMS

(
Cv

M � Cv
M − 1

3
Cv

M ⊗ Cv
M

)
+

1

9ηMB

Cv
M ⊗ Cv

M

)

︸ ︷︷ ︸
V
−1
M

: TM

−1

2

˙
Cv−1

M =
1

2ηMS

(
TM − 1

3
(TM : Cv

M)Cv−1

M

)
+

1

9ηMB

(TM : Cv
M)Cv−1

M ,

(4.67)
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where the relation − 1
2

˙
Cv−1

M = Cv−1

M Ċv
MCv−1

M has been applied. The symmetric flow

stress of the matrix phase in eq. (4.23) can be expressed as, TM = Cv−1

M CS
neq
M =

S
neq
M CCv−1

M , such that TM : Cv
M = τ

neq
M : 1. Pushing eq. (4.67) forward with F and

applying FCv−1

M FT = be
M, F

˙
Cv−1

M FT = Lvb
e
M, and FTMFT = τ

neq
M be

M gives,

−1

2
Lvb

e
Mbe−1

M =

(
1

2ηMS

(
I − 1

3
1 ⊗ 1

)
+

1

9ηMB

1 ⊗ 1

)

︸ ︷︷ ︸
η
−1
M

: τ
neq
F ,

(4.68)

which is the evolution equation developed by [74].

4.6 Fiber Flow Stress for an Orthotropic Fiber Ar-

rangement

This section presents the development of the relationship in eq. (4.35) for the com-
ponents of τ

neq
F and TF. The term τ

neq
F : sym [mαb

−1] can be evaluated as,

τ
neq
F : sym

[
mαb

−1
]

=

2∑

α=1

( 2

I2α+2

∂Wneq
Fα

∂Ie
F2α+2

Ie
F2α+2

+
2

I2α+2

∂Wneq
Fα

∂Ie
F2α+3

be : mα

+

2∑

β

2
∂Wneq

Fβ

∂Ie
F2β+3

Ie
F2β+2

1

2

(
be

Fmβ : mαb
−1 + mβb

e
F : mαb

−1
) )

. (4.69)

It can be shown from eq. (4.15) that be : mα = Ie
F2α+3

. Using this relation, the final
term in eq. (4.69) can be rearranged to give,

1

2

(
be

Fmβ : mαb
−1 + mβb

e
F : mαb

−1
)

=
1

2I2α+2

(
Cv−1

F CMβ : MαC

Cv
F : Mβ

+
MβCCv−1

F : CMα

Cv
F : Mβ

)
(4.70)

Substituting this result into eq. (4.69) yields I2α+2τ
neq
F : sym [mαb

−1] = τneq
Fα

. In the
same manner, the term TF : sym [MαC

v
F] can be evaluated to give,

TF : sym [MαC
v
F] =

2∑

α=1

(
2

∂Wneq
Fα

∂Ie
F2α+2

Ie
F2α+2

+ 2
∂Wneq

Fα

∂Ie
F2α+3

Ie
F2α+3

+
2∑

β

∂Wneq
Fβ

∂Ie
F2β+3

(
Cv−1

F CMβ : MαC

Cv
F : Mβ

+
MβCCv−1

F : CMα

Cv
F : Mβ

))
, (4.71)

which equals τneq
Fα

.

76



4.7 Numerical Examples

To demonstrate the capabilities of the anisotropic constitutive models, the N fiber-
families model presented in Sec. 4.2.3 and the generalized two fiber-families model
presented in Sec. 4.2.4 are applied to examine the viscoelastic behavior of composites
with two reinforcing fiber families. For all of the examples, the stress response of the
matrix is considered to be nearly incompressible. This is generally a good assumption
for biological soft tissues where the matrix material is composed mainly of water and
for soft engineering composites with an elastomeric matrix. To model the nearly
incompressible behavior of the matrix, the following decoupled representation of the
Neo-Hookean free energy density for the matrix is applied in all the simulations,

WM =
µeq

2

(
Ī1 − 3

)
+

µneq

2

(
Īe
M1

− 3
)

+
κ

4
(I3 − ln I3 − 1) . (4.72)

The variables Ī1 = I
− 1

3

3 I1 and Īe
M1

= Ie−
1
3

M3
Ie
M1

are the first invariant of the deviatoric

components of the deformation tensors C = I
− 1

3

3 C and Ce = Ie−
1
3

M3
Ce (see [27], [65],

and [78] for more details on the volumetric/deviatoric split of F) . The deviatoric
part of the matrix stress response is characterized by the short- and long-time shear
moduli µo = µeq + µneq and µ∞ = µeq while the volumetric part is characterized by
the bulk modulus κ. The incompressibility of the matrix material is approximated by
specifying κ � µo. The time-dependence of the bulk properties is neglected because
of the incompressibility assumption. For simplicity, the shear viscosity ηMS

is set to
a constant.

For the N fiber-familes model presented in Sec. 4.2.3, where the anisotropic part of
the free energy density depends only on the fiber stretches, the standard reinforcing
model is applied for WF in eq. (4.18):

WF =
2∑

α=1

1

2
keq (Iα+3 − 1)2 +

2∑

α=1

1

2
kneq

(
Ie
Fα+3

− 1
)2

. (4.73)

Recall that for the N fiber-families model, Iα+3 = C : Mα and Ie
Fα+3

= Ce
F : M̃α. The

two fiber-families are chosen to have the same mechanical properties keq and kneq in
eq. (4.73). This model is referred to as Model I in the remainder of the section. For
simplicity, the characteristic fiber viscosity is chosen to be a constant parameter.

For the two fiber-families model presented in Sec. 4.2.4, the following higher order
reinforcing model examined by [59] is chosen for WF.

WF =
2∑

α=1

1

2
keq (I2α+3 − 1)2 +

2∑

α=1

1

2
kneq

(
Ie
F2α+3

− 1
)2

. (4.74)

As for Model I, it has been assumed that the two fiber-families exhibit the same
material properties, and a constant ηF is chosen for the viscosity of both fiber families.
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Table 4.5. Parameters for Models I and II for uniaxial
creep of orthotropic fiber-reinforced composite.

cases kneq/keq µeq/keq µneq/keq κ/keq ξF (s) ξM (s)
1 0.0 0.005 0.005 50 – 1
2 1.0 0.02 0.0 100 1 –
3 1.0 0.01 0.01 100 1 1

This model is referred to as Model II in the remainder of the section. The linearization
of the two models in the limit of small-strains is presented in Section 4.4.

To avoid volumetric locking effects in modeling the nearly incompressible response
of the matrix, the mixed element formulation developed by [78] is employed for the
finite-element simulations. Specifically, eight-node hexahedron Q1P0 elements are
used for all the simulations. In addition, an incremental Newton-Raphson solution
algorithm is used to solve the quasistatic boundary value problem.

4.7.1 Uniaxial tensile creep response

Models I and II, were applied to study the uniaxial creep response of a composite
with two orthogonal fiber families. Three cases were considered for each model to
examine the effects of fiber and matrix viscoelasticity on the time-dependent response
of the composite. Case 1 was characterized by a viscoelastic matrix and an elastic
fiber phase while case 2 was characterized by an elastic matrix and viscoelastic fiber
phase. Both phases exhibited viscoelastic behavior for case 3. The model parameters
for the three cases, given in Table 4.5, were chosen to give the same ratio µo/ko = 0.01
and characteristic relaxation time ξ∗ = ξM = ξF = 1s for the matrix and fiber phases
(see Section 4.4 for the derivation of ξM and ξF. ). As a result, Model I possessed
a more compliant creep response than Model II, but the three cases of each model
had same instantaneous behavior at t = 0. The two fiber-families were oriented in
the P1 = e1 and P2 = e2 directions. The finite-element geometry employed for the
uniaxial creep simulations was a cube discretized by eight Q1P0 hexahedron elements
of size h = 1mm. The displacements of three faces of the cube were constrained as,
u1 (x1 = 0) = 0, u2 (x2 = 0) and u3 (x3 = 0), to remove rigid body deformation modes.
Loading was provided by applying a constant normal traction t2 = σ22 = 0.5ko

to the top face of the cube x2 = 2h at time t = 0. The loading resulted in an
instantaneous strain ε22 (t = 0) = u2

2h
= 0.098 for Model I and ε22 (t = 0) = 0.027 for

Model II. As expected, Model I exhibited a more compliant creep response for the
same fiber stiffness ko. Throughout all the simulations, the change in the jacobian
J = det [F] remained below 0.01% which demonstrated that a sufficiently high value
of the matrix bulk modulus can be used to model the nearly incompressible response
of the composite.
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Figure 4.2. Uniaxial tensile creep: (a) creep strain in the
loading direction ε22 for case 1 of both models, (b) ε22 for
cases 2 and 3 of both models, (c) ε11 for all cases of Model I,
(d) ε11 for all cases of Model II, (e) ε33 for all cases of Model
I, and (f) ε33 for all cases of Model II.
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The time evolution of the creep strain ε22 and the out-of-plane strains ε11 and ε33

for the three cases of Models I and II are plotted in Figures 4.2. The strains were
normalized by the instantaneous creep strain ε22 (t = 0) while time was normalized by
the characteristic relaxation time ξ∗. Because the fiber phase was significantly stiffer
than the matrix phase, a more pronounced creep response was observed for cases
2 and 3 than case 1 where only the matrix was allowed to exhibit time-dependent
behavior. The creep response of cases 2 and 3 plotted in Fig. 4.2(b) were nearly
identical which confirmed that the time-dependent behavior of the matrix had little
effect on the creep response of the composite.

The Poisson’s contraction in the plane of the fiber families, ε11, plotted in Fig. 4.2(c)-
4.2(d), were small relative to ε22 for all three cases. However, the time-dependence
of ε11 differed dramatically between the cases. The magnitude of ε11 decreased with
time for case 1 but increased with time for cases 2 and 3. The out of the plane strain,
ε33 plotted in Fig. 4.2(e) and Fig. 4.2(f), became increasingly negative with time for
all cases, but its magnitude was significantly larger for cases 2 and 3, where the fibers
could creep, than case 1.

4.7.2 Simple shear relaxation response

The three cases of Models I and II were applied to study the stress relaxation response
under simple shear. Recall that the model parameters for the three cases were given
in Table 4.5. The orientation of the two fiber-families was set to P1 = e1 and
P2 = e2 and the same finite-element geometry employed for the creep problem was
used for the simple shear simulations. The displacement components u3 and u2 of
the cube were held fixed while u1 (x2) = 0.25x2 was applied to all the nodes of the
finite-element geometry at time t = 0 to produce a uniform engineering shear strain
γ12 = 0.25. Figure 4.3 plots the time history of the stress relaxation response.The
stresses were normalized by the short-time shear stress, σ12 (0) = 0.25ko for Model I
and σ12 (0) = 3.1ko for the significantly stiffer Model II, while the time was normalized
by the characteristic relaxation time ξ∗ = 1s of each case. As observed in the creep
simulations, the stress relaxation obtained for case 1, where only the fiber phase was
elastic, was negligible compared to that computed for cases 2 and 3. The ratio of the
long-time to short- time stress response of case 1 was σ12 (∞) /σ12 (0) = 0.99 while
σ12 (∞) /σ12 (0) = 0.5 for cases 2 and 3. The same was observed for the normal stress
response σ11 in the plane of the fiber families. However, the out-of-plane relaxation
response was dominated by the time-dependent behavior of the matrix. As shown in
Figs. 4.3(e) and 4.3(f), stress relaxation was observed for σ33 in cases 1 and 3 but not
in case 2 where the matrix was elastic. The results of both the creep and relaxation
studies indicated that the viscoelastic behavior of the matrix can be neglected in
modeling the in-plane time-dependent behavior of fiber-reinforced composite when
the fiber phase also exhibits viscoelastic behavior and is significantly stiffer than the
matrix phase.
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Figure 4.3. Simple shear relaxation: (a) shear stress in the
loading direction σ12 for case 1 of both models, (b) σ12 for
cases 2 and 3 of both models, (c) σ11 for all cases of Model I,
(d) σ11 for all cases of Model II, (e) σ33 for all cases of Model
I, (f) σ33 for all cases of Model II.
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Figure 4.4. Stress relaxation for Model II subject to simple
shear out of the plane of the fiber families: (a) shear stress
σ13 along the loading direction (b) normal stress σ11 along
the loading direction.

To further compare the reinforcing effects provided by the two models in shear, the
relaxation response of case 2 was examined for an applied uniform shear strain γ13 =
0.25. Recall that case 2 was characterized by a viscoelastic fiber phase and an elastic
matrix phase. The shear strain was applied by specifying u2 = u3 = 0 and u1 (x3) =
0.25x3 at all the nodes of the finite-element model. The stress response of Model I
to γ13 was completely independent of time. The fiber families of Model I remained
unstretched in this loading geometry, and the stress response of the composite was
determined solely by the elastic matrix. In contrast, the fiber families provided a
reinforcing effect in Model II because the applied deformation induced a stretch in
the the higher order invariant, I5 = 1 + γ13. This enabled the relaxation of the stress
response σ13 and σ11 shown in Fig. 4.4.

4.7.3 Inflation of composite tube

Model I was applied to simulate the inflation of a laminated thick-wall tube. A
schematic of the composite tube is illustrated in Fig. 4.5. The thick-wall tube con-
sisted of two laminates, each composed of two helically wound fiber families embedded
in an isotropic matrix. The orientation of fiber families were symmetric with respect
to the tube axis. The geometry of the composite tube was chosen to represent the di-
mensions and fiber arrangement of the adventitia and media layers of a human elastic
artery as provided by [40]. However, the material parameters listed in Table 4.5 for
case 3 were applied to model both laminates. A quarter model of the tube was con-
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structed for the finite-element simulation and discretized using Q1P0 mixed elements
of length L/12 in the axial direction and π/52 rads in the circumferential direction.
For each layer, the size of the elements in the radial direction was biased towards the
center to capture the high stress gradients near the inner surface of each layers. In
total, eight elements were used to discretize the radial thickness of the inner layer
and four elements were used for the outer layer. The vertical displacement at the
ends of the tube was constrained as u3 (z = −L/2) = u3 (z = L/2) = 0 to preclude
axial stretching, and u3 (x2 = 0) = 0 and u1 (x1 = 0) were set to preserve the radial
symmetry of the quarter tube model. An internal pressure, p (t), was applied to the
inner surface of the tube, while the outer surface of the tube was left traction free.
The applied internal pressure p was ramped quickly from zero at t = 0 to p = 0.1ko

at t = 0.1ξ∗, then cycled sinusoidally at a frequency of ω = 2π/ξ∗ = 1Hz between
0 ≤ p ≤ 0.05ko.

The applied internal pressure is plotted in Figure 4.6 as a function of the internal
volume change calculated as r2

i /R
2
i , where ri and Ri were the deformed and unde-

formed inner radius of the tube. For the applied frequency ω = 1Hz, steady-state was
achieved in the pressure-volume response after one loading period. The steady-state
pressure-volume curve formed an elliptical shape characteristic of the hysteresis curve
of viscoelastic materials. The viscous dissipation can be computed by integrating the
area underneath the steady-state pressure-volume curve for one cycle. The radial
and hoop stress of the laminate cylinder are plotted in Fig. 4.6(b) as a function
of the radial distance. The compressive radial stress decreased smoothly from the
applied pressure −p at the internal surface R/Ri = 1 to zero at the traction free
external surface R/Ri = 1.43. Meanwhile, the tensile hoop stress decreased grad-
ually from −3.8 ≤ σθθ/p ≤ −3.0 for 1.0 ≤ R/Ri ≤ 1.21, then more dramatically
from −3.0 ≤ σθθ/p ≤ −0.93 for 1.0 ≤ R/Ri ≤ 1.32 before slowly decreasing to
−σθθ/p = −0.85 at the external surface of the cylinder, R/Ri = 1.43. The sharp
decrease in the hoop stress occurred near the interface of the two laminates located
at r/Ri = 1.28. The hoop stress was significantly higher in the inner laminate be-
cause the ±10o fiber winding angles of the inner laminate provided a stiffer hoop
reinforcement than the ±40o fiber winding of the outer layer.

4.8 Discussion

A general constitutive framework has been presented for modeling the finite-deformation
viscoelastic behavior of soft fiber-reinforced composites. The essential and distin-
guishing features of the model includes:

• The parallel decomposition of the deformation gradient and additive split of
the free energy density into matrix and fiber components and then further
into elastic/equilibrium and viscous/nonequilibrium components. This allows
separate stress relations and viscous flow rules to be specified for either phases.
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• The mapping of the structure tensor to the intermediate configuration with
the viscous deformation gradient of the fiber phase which permits the fiber
arrangement to be specified only in reference configuration.

• The definition of the viscous and elastic fiber stretch from the viscous and total
deformation gradient tensors of the fiber phase and the structure tensors.

• The formulation of one-dimensional viscous flow rules for the individual fiber
families and the homogenization of the individual flow rules for the three-
dimensional .

The main result of this new approach is that it introduces a description of the fiber
arrangement in the effective viscous properties of the fiber phase in the same manner
that the analogous homogenization scheme for the free energy density incorporates a
description of the fiber arrangement in the effective elastic properties.

An attractive feature of the approach to anisotropic viscoelasticity presented here is
that key model parameters can be related to the material properties (i.e., moduli and
viscosities) of the constituent phases and to the arrangement of the fiber families.
Consequently, the model parameters can be determined, when possible, from inde-
pendent characterizations of the viscoelastic properties of the matrix and fiber mate-
rials and of the composite morphology. The formulation of the model also provides
for a simple and efficient numerical implementation in a finite-element framework.
The constitutive relations depend only on the externally applied stretch and inter-
nal stretches, which are evaluated for the matrix and fiber phases in a finite-element
framework at the integration point level using a first-order accurate, stable Newton
solution algorithm.

Finally, the approach can be extended to model anisotropic elasto-viscoplasticity for
fiber-reinforced composites. An analogous elasto-viscoplastic model would include
the formulation for the individual fiber families of a yield condition using the fiber
stress, a plastic flow rule for the plastic fiber stretch, and the Kuhn-Tucker condi-
tions involving the plastic fiber stretch and the fiber yield condition. These features
allow the constitutive models presented here to serve as an efficient and predictive
simulation tool for the design and analysis of a class of materials that is important
in both engineering applications and in biomechanics. In the area of biomechanics,
the model is applied currently to study the viscoelastic behavior of the cornea [62].
In addition, its application to modeling the viscoelastic behavior of blood vessels is
being explored.
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Figure 4.5. Schematic of thick-wall cylinder composed of
two laminates of different fiber windings. The tube is inflated
by applying a cyclic internal pressure while holding the ends
fixed.
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Figure 4.6. Cyclic inflation of laminate cylinder: (a) in-
ternal pressure vs. volume change, (b) the radial and hoop
stresses, σrr and σθθ, as a function of radial distance.
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Chapter 5

Cornea Deformation Under

Physiological Inflation Conditions

The time dependent response of bovine corneas was characterized using in vitro in-
flation experiments and compared to previously developed models. Using a fixture
that conformed to the limbal-sclera junction and full field image correlation, three
regimens were performed on intact corneas : (a) 0 to 8 kPa, (b) 0 to 32 kPa and
(c) 3.6 to 8 kPa. The last test was intended to mimic nominal intraocular pressure
(IOP) to the pressure observed in high glaucoma and was done on nine replicates
to provide meaningful statistics and reduce noise in the displacements recovered via
image correlation. From nominal IOP to high glaucoma, we observed minimal hys-
teresis, consistent with the conception that the cornea behaves essentially elastically
at and near its normal range. We also observed that the structure of the cornea is
such that its preserves the lens shape of the central cornea, leaving the periphery to
accommodate most of the bulging under increased globe pressure.

5.1 Introduction

While previous work both at Sandia and in the literature [15, 64, 3, 35, 80, 45, 89, 86],
has primarily involved tensile tests of excised corneal strips, both the excision pro-
cess and the uniaxial loading mode may produce results that are not physiologically
meaningful. Specifically, the excision process severs off-axis collagen fibrils, and the
subsequent tensile loading mode will only directly load the on-axis fibrils. Moreover,
the tensile loading mode, which is different from the natural biaxial mode associated
with changes in interocular pressure, may recruit fibers in a manner that is not phys-
iological. The tensile testing mode pre-deforms the cornea from its naturally curved
shape into a flat tensile bar. Moreover, the tensile test method requires aggressive
clamping of the very compliant corneal strip to prevent slippage during testing, re-
sulting in uncharacterized and presumably large corneal distortions/forces near the
edge of the tensile strip. These issues with corneal tensile strip testing have been
noted in the past (i.e. [17, 25]); specifically, our prior work [15] has suggested that
the non-physiological loading conditions associated with the tensile test result in the
need for pre-conditioning cycles to evolve the tissue into a repeatable reference state
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for viscoelastic testing. Without pre-conditioning cycles, a monotonic tensile test is
a combination of viscoelastic deformation and structural rearrangement, leading to
results that are not fully recoverable.

The purpose of the present work is to evaluate the time-dependent properties of
cornea tissue in a condition that is as physiologically-relevant as possible without
resorting to costly and difficult in vivo characterization. To further enhance the value
of this characterization, a non-contact 3-dimensional displacement mapping tool has
been employed to image the entire deformation field across the entire cornea during
pressurization. This tool permits examination of the isotropy and homogeneity of
deformation in the cornea.

5.2 Method

Materials. Untreated bovine ocular globes from beef cattle 18-24 months in age were
obtained from a medical supplier (Animal Technologies Inc., Tyler, Texas) within
24 hours after slaughter. The globes were shipped as left-right pairs in polymer
sample bags on ice to minimize tissue evolution. Upon arrival, the corneas were each
inspected for blemishes and the major and minor diameters, along the nasal-temporal
and inferior-superior axes respectively, were measured. Typically, out of a shipment
of 12 globes, only the best 2-4 were chosen for testing: without blemishes and nearest
to average size.

Fixturing Scheme. Many prior works [44, 34] have inflated the entire intact globe to
determine pressure-displacement response. However, in such a case, the deformation
of the cornea is convoluted with the deformation of the supporting sclera. To sepa-
rate cornea deformation from scleral deformation while minimizing perturbations to
the cornea itself, a complex fixture was developed. The 3-dimensional profile of the
anterior portion of a typical globe, including all of the cornea and several millime-
ters of the sclera was quantitatively captured using a two-camera single-frame digital
image correlation routine (VicSNAP and Vic3D, Correlated Solutions, Inc.). The
shape of this anterior globe was imported into solid modeling software (SolidWorks,
SolidWorks Corp.) to capture the contour of the sclera and most importantly, the
three dimensional shape of the corneo-scleral junction at the limbus. This corneo-
scleral junction is not simply a two-dimensional ovoid, but rather a three-dimensional
saddle-shape: the nasal and temporal edges of the junction being deeper, i.e. more
distant from the apex along the optical axis, than the inferior and posterior edges.
This complex saddle-shaped ovoid, directly imported into the solid modeling software
was used to define the contour of a support ring where the ring, shown in Figure 5.1
only makes contact with the scleral side of the corneo-scleral junction. The sup-
port ring was manufactured in transparent lexan directly from the solid model using
computer-numeric controlled machining. To mate the cornea to the scleral support
ring, the near-cornea sclera of each intact globe was prepared by removing loose epi-
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dermal layers and then lightly roughening the remaining tough core. A thin coating of
cyanoacrylate adhesive was applied to the scleral contour of the ring, and the aligned
globe was manually held against the ring until a structurally-stiff, liquid-impermeable
seal was formed between the sclera and the lexan ring. Later testing revealed that
this fixed-edge boundary condition was capable of holding pressures beyond 50 kPa,
i.e. well beyond the maximum test pressures (typically 8 kPa). With the ring in
place, all tissue posterior to the ring, including the posterior globe and the internal
tissues (vitreous, lens, etc.), were removed leaving only the cornea mounted to the
fixture.

Figure 5.1. (a) Solid model of the cornea adapter ring in-
terfacing with the saddle-shaped corneo-scleral junction. (b)
The bovine globe being affixed to the adapter ring prior to
removal of the posterior sclera and internal tissues

Controlled Pressurization Scheme and Loading Regimen. The cornea and support ring
were bolted to the open end of a custom made stainless steel pressurization cham-
ber, shown in Figure 5.2. A glass lid was loosely placed over the cornea to minimize
evaporative tissue shrinkage (<5% over 1 hr) yet permit optically-based displacement
mapping. The chamber provided an inlet at the side for fluid infusion and a 0-34.5
kPa pressure transducer (Precise Sensors, Inc.). A second inlet the bottom of the
chamber provided fiber optic transmission illumination through the cornea for optical
deformation mapping, described in more detail in the following section. Fluid infu-
sion and withdrawal to the chamber was provided by a syringe via 3 mm diameter
tubing 1 m in length. The syringe was actuated by a MTS Mini Bionix II desktop
servohydraulic loadframe. The syringe actuation was controlled by a MTS 458.20 ana-
log controller which permitted analog feedback control of plunger displacement, and
hence infused volume, via a MTS ±63.5mm linear variable differential transformer
(LVDT). Most importantly, the controller permits feedback control of pressure via a
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MTS 458.11 signal conditioner. A MTS microprofiler was used automate a series of
ramps at various rates and hold durations.

Similar to the loading regimen used previously for tensile testing (see previous chap-
ters), cornea specimens were deformed using a series of triangular loading profiles
(cycles) connected by relaxation segments at the minimum pressure. A series of pre-
conditioning cycles were applied to the cornea prior to the actual test cycles. In the
case of the tensile strip experiments, these preconditioning cycles were necessary to
permit tissue rearrangement in response to the non-physiologic tensile loading con-
dition thereby establishing a recoverable reference state. To maintain consistency,
similar preconditioning cycles were used for inflation of the intact cornea, although
as expected, they had much less impact on the resulting behavior. Following the
triangular loading cycles, the cornea was also exposed to a long term hold at con-
stant maximum pressure to observe creep and a long term hold at a constant syringe
displacement/constant volume to observe relaxation. The loading regimen is shown
schematically in Figure 5.3.

The loading regimen was applied to a set of 9 nominally identical tests on 9 bovine
corneas, each with a minimum pressure of 3.6 kPa and a maximum pressure of 8
kPa. The minimum pressure was chosen to be similar to typical bovine intraocular
pressures and the maximum pressure was chosen to represent a severe case of acute
angle-closure glaucoma. The loading durations for cycles A-D, refer to Figure 5.3,
were chosen to span nearly 3 orders of magnitude in pressure-rate and be comparable
to the loading durations used for tension testing in the previous study. Correspond-
ing linear ramp pressurization rates were 0.036, 0.0045, 0.29, and 0.036 kPa/s for
cycles A-D respectively. The two creep cycles, E and F, were loaded to maximum
nearly instantaneously (� 1s), and held for an extended period of time to evalu-
ate the characteristic timescales for pressure-controlled creep and volume-controlled
relaxation respectively. The total duration of the entire loading regimen from precon-
ditioning through cycle F was less than 1 hour. Preliminary experiments showed that
significantly longer durations would have resulted in undesirable tissue evolution.

Beyond the baseline statistical sampling of 9 nominally identical tests, an additional
two tests were performed at non-standard minimum and maximum pressures. The
pressure range of the first test was from 0.07 kPa to 8 kPa, and the second test was
from 0.07 kPa to 32 kPa. These two tests permitted examination of sub-physiologic
and super-physiologic conditions, respectively. The linear ramp rates were increased
so that the total duration of each cycle was identical to the corresponding standard
cycles shown in Figure 5.3 (64, 514, 8, 64, 420, and 420 s for cycles A-F respectively).

Deformation Mapping Scheme. Prior inflation studies of ocular globes have almost
invariably measured scalar deformation quantities such as globe diameter or cornea
apex displacement. Recently developed optical digital image correlation methods
permit three-dimensional deformation mapping with high spatial resolution (on the
order of microns) and temporal resolution (limited only by camera acquisition rate).
The present study utilized a pair of low-noise Marlin F145B2 digital cameras with
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Figure 5.2. Solid model of the key elements in the cornea
inflation apparatus.
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a 1392 x 1040 pixel charge-coupled device (CCD) capable of continuous frame rates
up to 15 fps. Both cameras were tilted ≈ 15 degrees from the optical axis to permit
binocular viewing as shown in Figure 5.2. Prior to imaging the cornea specimens, a
series of binocular images of a reference-grid pattern were captured using VicSNAP

software over a wide range of reference-grid inclination angles to permit automated
calibration of the camera-specimen orientations and distances using the Vic3D DIC
software.

Digital image correlation (DIC) requires that the deforming surface has a pattern of
dark and light contrasting features that track with the underlying material deforma-
tions. This requisite speckle-contrast is typically accomplished in artificial structural
materials through the use of dispersed/partial-coverage black spray paint on a white
background, surface roughness such as produced by bead blasting [14], or adherent
black particles on a light surface. Highly reflective or glossy surfaces perform poorly
in DIC because bright reflections from the light source do not track with the material
deformations. This is especially problematic in the cornea where surface liquid ren-
ders a glossy surface. To circumvent this problem yet keep the tissue well hydrated, a
transmission illumination scheme was developed. Diffused lighting from the bottom
of the chamber transmitted through the cornea tissue to the cameras above. Graphite
powder was sprinkled on the well-moistened surface to provide a benign speckle pat-
tern, as shown in Figure 5.4a. An example of the resulting speckle-pattern contrast
images is shown in Figure 5.4b.

In the DIC algorithm, the three-dimensional surface field within a subset of the image
is represented by a non-uniform parametric B-spline surface function with unknown
coefficients. The surface displacement field is recovered from reference and deformed
point cloud image-pairs. The surface function coefficients are optimized iteratively
using the Levenberg-Marquardt method to maximize the correlation between the
actual and predicted deformed images over the analysis subset. The two camera
system provides triangulation to locate the reference and deformed point clouds in
three dimensional space. More details regarding the three-dimensional DIC algorithm
is provided elsewhere [32]. The correlation function was minimized for a matrix of
subsets of the overall region of interest. In the present experiments, the 24 × 21 mm
dimensions of the major and minor cornea axes, corresponded to 810 × 710 pixels,
whereas the individual subsets analyzed by the DIC algorithm were 35×35 pixels each.
At this magnification, each pixel corresponded to a real area of 0.030 × 0.030 mm2;
therefore, the subset size was 1 × 1 mm2.

Finite element model of the cornea. The DIC algorithm extracts an initial shape of
the original (reference) configuration, as well as deformation fields for each subsequent
image-pair. An example of the initial reference shape of a cornea is shown in Figure
5.5. The noise-floor on the displacement profiles could be estimated by collecting a
sequence of images of a non-deforming cornea. From this analysis, the empirical reso-
lution was typically found to be better than 5 µm. From the initial surface extracted
with DIC and the solid model of fixture, refer to Figure 5.1, together with thickness
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Figure 5.3. The inflation regimen. Note that the final cycle
F was performed in displacement control rather than pressure
control. This permitted characterization of both creep and
relaxation.

Figure 5.4. (a) Graphite flakes and transmission illumi-
nation of the cornea, (b) View of the illuminated speckled
cornea from one of the DIC cameras
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measurements of the cornea (1.10 − 1.16 mm), a finite element model of the cornea
was constructed. In order to interpolate between the fixture and the outer limit of
the DIC data, as well as to reduce noise, the DIC data representing the outer surface
of the cornea was fit to an analytical surface, an ellipsoid

(
x − x0

RNT

)2

+

(
y − y0

RIS

)2

+

(
z − z0

RZ

)2

= 1 . (5.1)

The resulting ellipsoid had comparable radii in the lateral directions, RNT = 17.9829 mm
in the nasal-temporal and RIS = 17.7144 mm in the inferior-superior, and slightly
larger in the vertical direction RZ = 24.193 mm. The fact that the cornea is approxi-
mately a prolate spheroid to a high degree of precision, with max error ≈ 0.02 mm, is
consistent with its primary function as a lens. This ellipsoid, in turn was intersected
with a vertical prism formed by the inner curve of the holder, approximately 28.0 mm
in the NT direction and 22.0 mm in the IS direction. Subsequently, this surface was
extruded to the approximate (uniform) thickness of the tested corneas, 1.15 mm. The
resulting mesh is shown in Figure 5.6.

Figure 5.5. (a) DIC determination of the initial shape of
a cornea along with (b) corresponding oblique view

5.3 Results

The Displacement Profile. The correlation algorithm provides the shape profile of the
initial (reference) image-pair as initial (vertical) Z-heights for a matrix of (lateral)
X,Y coordinates within the correlation region of interest. Also, for each of these X,Y
coordinates, the DIC algorithm provides U, V, and W displacement components for
resolved deformation along the x, y, and z-axes of the camera coordinate system. For
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the initial (reference) image, U, V, and W are zero by definition. A typical set of
U,V,W deformation values are shown in Figure 5.7. These values are taken for a
single cornea at one time-step during the multi-cycle loading regimen. Specifically,
these particular DIC maps correspond to the point of maximum pressure, i.e. 8 kPa,
during the first test cycle, i.e. cycle A of the 0-8 kPa regimen. The point of maximum
pressure occurred 32 s after the start of cycle A, and this DIC map corresponds to
the 32nd image-pair captured during cycle A at a frame rate rate of 1 fps. The map
for U-displacement shows zero-displacement along the central vertical meridian, i.e.
along the inferior-superior axis. The most positive displacements, approaching +0.3
mm, are near the right edge (temporal) and the most negative displacements, ap-
proaching -0.3 mm are near the left edge (nasal). The map for V-displacement shows
similar gradients, but aligned with the IS axis. These U,V deformation gradients are
consistent with an expanding hemispherical shell. The most significant deformations,
approaching 1 mm, are shown in the vertical W-displacement map corresponding to
deformation along the z axis. As expected, the maximum displacements are at the
apex of the cornea and the minimum displacements occur at the periphery. Also, the
steepest gradients in W occur in the limbal region: there is more stretch along the
z-axis in the peripheral cornea and the central cornea contributes less to the total
displacement of the apex. The displacements are not zero at the edge of the DIC
map because the transmission DIC method requires a finite analysis window. In the
present study, this analysis window prevents characterization of displacements within
≈ 1mm of the boundary edge.

The Pressure-Dependent Vertical Displacement Field. The present section describes
features found at maximum pressure when the total displacements are at or near their
maximum. More detail can be found regarding the pressure-dependent evolution of
the displacement field as shown in Figure 5.8. At the minimum reference pressure
of 0.1 kPa, the cornea is in its reference configuration and there is no U,V or W
displacement. At a pressure of 0.7 kPa, which is <10% of the maximum pressure
and <30% of typical bovine IOP, the cornea appears to have a smoothly-graded
nearly symmetric displacement field. At this sub-IOP pressure, the cornea has already
deformed quite substantially: the maximum W-displacement in the central cornea
of ≈ 0.55mm is more than half of the final deformation that will be achieved at a
maximum pressure of 8 kPa. By a pressure of 2.4 kPa, nearing typical bovine IOP, the
shape of the deformation contours has transformed significantly with the deformation
contours now more rectangular and stretched along the inferior-superior axis rather
than the nasal-temporal axis found at 0.7 kPa. The characteristic contour shapes
that emerge at pressures near IOP persist to higher pressures and are still evident at
7.4 kPa. At the pressure of 2.4 kPa, the cornea has already experienced >80% of
its total W-displacement. The displacement profile at a pressure of 6.1 kPa is nearly
identical to that at 7.4 kPa. These observations highlight the well-known nonlinear
elastic response of the cornea: it is much stiffer at pressures near IOP and above than
it is in the fully relaxed state.

Statistically Averaged Displacement Response. The displacement fields for individual
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cornea samples do not exhibit regular, symmetric contours indicative of a possible
lack of isotropy and/or property homogeneity. Since there was some variability from
sample-to-sample, a composite average displacement field for all 9 tests under nom-
inally identical conditions was constructed. The resulting initial configuration and
displacement field is shown in Figure 5.9 and Figure 5.10, respectively.

As another way to condense the rich dataset, a scalar W-displacement value was ex-
tracted at each timestep of the 9 identical tests. The W-displacement values were
taken from the central cornea at the highest point of the original reference configu-
ration. This provides an apex displacement value that can be readily examined as
a function of time or pressure. The averaged apex displacement for the 9 identical
tests is shown in Figure 5.11. In this figure the three different pressurization rates,
i.e. cycles A, B, and C, are compared directly corresponding to pressurization rates
of 0.036, 0.0045, and 0.29 kPa/s, respectively. It is interesting to note that there
is significantly less sample-to-sample scatter in this inflation data than in preceding
tensile experiments (Chapter 2). At all pressure-rates the cornea displays viscoelastic
hysteresis, but only a small degree of non-linearity compared to the tensile results.
This important feature will be analyzed in more detail in the Discussion section.

Since cycles A and D are nominally identical, both at a ramp rate of 0.036 kPa/s,
one can assess the repeatability of the tests. Average apex displacement is plotted as
a function of pressure for both of these cycles in Figure 5.12. As intended, the two
cycles result in nearly identical behavior, well beyond statistical distinguishability.
This suggests that the cornea loading condition returns to a well-defined reference
state for each of the cycles, and that any possible time-dependent or cycle-dependent
evolution of the material does not affect the resulting mechanical response.

Apex displacement can also be examined as a function of time. This is especially
interesting for the constant-pressure creep and constant-volume relaxation cycles, E
and F. The average response for these two loading cycles are shown in Figure 5.13.
The creep behavior at a constant pressure of 8 kPa quickly reaches a steady-state
creep rate on the linear timescale. The creep-rate does not diminish with increasing
time. On a logarithmic timescale, the cornea creep rate is growing exponentially,
similar to the tensile creep curves for the higher tensile stresses of 350 and 500 kPa
shown in Figure 2.5, which suggests activation of multiple creep elements at different
timescales [62]. The pressure and apex displacement evolution at constant volume
shows expected relaxation of the pressure. Also, as expected, the apex displacement
continues to creep since the pressure continues to be well above the rest-state, i.e. 3.6
kPa.

Local Deformation: Central Cornea and Limbus. The ability to extract local displace-
ment vectors allows the evaluation of spatially disparate response. To compare the
deformation of the central cornea to deformation around the limbal periphery, dis-
placement values were extracted from positions midway between the corneo-scleral
junction and the apex of the cornea, along each of the four directions: nasal, temporal,
inferior, and superior. These mid-peripheral displacements were compared directly
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to the apex displacement for one specific loading cycle in Figure 5.14. While the
pressure-displacement profile for a single specimen is not as smooth as the averaged
response, nevertheless a specific trend is obvious: The displacement values at the
mid-periphery points account for ≈ 90% of the displacement that occurs at the apex.
In other words, the central cornea largely retains its shape during deformation. As a
corollary, the pressure-driven deformation is largely accommodated in the limbus of
the cornea.

The Response of the Cornea over a Wider Pressure Range. While the preceeding
results correspond to pressures in the range of 3.6-8 kPa, i.e. within the range of
physiologically plausible pressures experienced by the bovine species, inflation exper-
iments were also performed over a much wider pressure range from 0.7-32 kPa. From
these results, a few key cycles were plotted in Figure 5.15. Cycles A and B exhibit a
dramatically nonlinear or J-shaped pressure-displacement response. It is interesting
to note that the knee in the response is located in the vicinity of ≈ 2kPa, at the onset
of typical intraocular pressures. Also note, that this wide-range data supports the
notion that the material response is approximately linear over the smaller physiologic
range of 3.6-8 kPa, as was observed in the previously described experiments. While
this wider range is outside the realm of physiologically relevant pressures, it provides
a connection to commonly observed J-shaped stress-strain curves found in the liter-
ature. The creep response at a constant pressure of 32 kPa showed a constant creep
rate on a linear timescale, similar to that observed at a creep pressure of 8 kPa, here
again suggesting the activation of multiple creep mechanisms and different timescales.

5.4 Discussion

Predictability of Inflation Experiments. Using the finite element mesh constructed
from DIC data and the constitutive model described in Chapter 3 (and in [62]),
the response of the cornea to the programmed pressure excursions was simulated.
Figure 5.16 shows how the response of the cornea changes with increasing pressure.
Specifically, it clearly demonstrates large deformation and subsequent rapid change
in stiffness as the collagen fibrils go from slack to taut. It is also important to note
that the higher stress behavior is similar, i.e. after the weak low stress response is
removed, in all three types of tests. Since the model described in Chapter 3 was
conditioned on tensile data starting from the perceived knee in the response, the
parameters obtained from the tension fits should correlated well with the data in
the 3.6-8.0 kPa regimen. However, referring to Figure 5.17, it is clear that the apex
displacement is overpredicted by roughly a factor of 6. There are a number of plausible
sources for this error, including: (a) the matrix bulk and shear moduli assumed in
the tension work are not representative of the cornea (and the inflation response is
relatively more sensitive to these parameters than the tension fit). (b) the intact
fibril density was underestimated in the tension experiments due to loading only the
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unsevered fibrils, (c) the thickness of the cornea was underestimated by the direct
measurements, which would effectively be an underestimation of both the matrix
and fibril response. Sensitivity studies show that the inflation response is much more
sensitive to the matrix parameters than the tension response. However, the sensitivity
to the fibril response in inflation is much greater than the matrix response at the fitted
values, as expected. Figure 5.17 shows the response of the same model but fortified
with 4x the density of fibrils. The response is quite comparable to the data, but it is
hard to attribute all of the error to this cause since it implies loading only 1/4 of the
fibrils in the tension experiment.

The full field DIC displacement data also provided a means of comparing the effects
of fibril density on deformation. Figure 5.18 shows the assumed fibril density across
the cornea, and is adapted from the work [69] on human corneas

φ(r, θ) = dcentralR(r, RNT-IS, Rperiphery)(cos8 θ + sin8 θ + 0.451)

+ dperipheryR(−r, Rlimbus, Rperiphery)(sin
8 θ + 0.720)

(5.2)

where (r, θ) are polar coordinates in the NT-IS plane, dcentral, dcentral are densities
in the central cornea and periphery, and R(x, x1, x2) is ramp function that is zero
for x < x1, one for x > x2 and linear in between. It is clear from Figure 5.19
that the high density of fibrils in the center cornea provides the stiffness necessary
to maintain its shape, while the largest deformations occur at the periphery, much
like in Figure 5.10c. However, there is no apparent effects of the anisotropy in fibril
density in the central cornea, where most fibrils run in the NT and IS directions.
An explanation of this observation is predicated on the fact that the cornea under
inflation is nominally in an equibiaxial mode of deformation and, at least at small
stretches, the corresponding tangent modulus of the fibril component of the model

C ≈ 1

2π

∫ π

−π

∂2wfibril

∂(λ2
M

)2

∣∣∣∣
λ=1

M ⊗ Mφ dθ (5.3)

is approximately isotropic in plane since the fibril stiffness
∂2wfibril

∂(λ2
M

)2
is independent of

θ in the reference configuration (refer to Chapter 3). Figure 5.20 illustrates this point
for the deformation of the central cornea only. The deviations from isotropy are on
the order of 1/100th the mean displacements.

Application of the Model to Applanation of Cornea during Tonometry. As an appli-
cation of the geometric and constitutive model to a problem of clinical relevance, a
simulation of glaucoma screening via tonometry was constructed. In this common
diagnostic test, a flat punch makes contact with the anterior surface of the cornea
measuring the internal pressure of the eye indirectly through the cornea. Given the
apparent viscous effects that are intrinsic to the cornea, not to mention those asso-
ciated with other tissues of the globe and the aqueous humor, the conjecture was
that the rate of loading would affect the reaction force measured by the instrument.
Although the full globe is not modelled nor are the fluid effects, they are mimicked in
part in the simulation by a constant volume constraint under the cornea. A cylindri-
cal flat-ended punch was made to approach the cornea at two different loading rates
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: 1.0 mm/s and 10.0 mm/s. A typical displacement of anterior surface is shown in
Figure 5.21 and Figure 5.22 shows that the reaction force after 10s is different by
< 2%. This finding gives confidence to the accuracy of this common test.

5.5 Summary and Conclusions

The present study employed a newly developed cornea inflation and deformation map-
ping scheme to examine the viscoelastic deformation of the cornea under conditions
that closely match in vivo conditions. This physiologically-inspired study revealed
aspects of cornea deformation that can not be readily gleaned from most ex situ

experiments. It is clear from these experiments that the structure of the cornea is
tailored to operate under positive pressures in the realm of intraocular pressures. At
pressures lower than the typical intraocular range, the response of the cornea is much
less stiff, almost certainly due to slack collagen fibrils which are perhaps readily buck-
led in the relatively weak matrix. Another important observation from this study is
that the central cornea deforms very little over a physiologic pressure range. This
feature is attributed to the circumferential alignment of limbal fibrils which are more
compliant along the radial axis than the radially-aligned central cornea fibrils. The
result of this radially stiff central cornea is that the central cornea retains its shape
and optical power during pressure excursions. Another finding of clinical importance
is the cornea’s response, over the physiological pressure range and the timescales con-
sidered, may be reasonably approximately as linear and relatively free of hysteresis.
While an original emphasis of this program was to examine the non-linear viscoelastic
response of the cornea, which had been largely ignored in the literature, the inflation
results suggest that linearity is a reasonable first-order approximation under physi-

ologic conditions. In addition, the under physiologic conditions, the cornea appears
to have multiple creep modes active, a phenomenon that was only evident in tensile
results at high mean stress or long timescales.

While the present study has emphasized physiologic conditions, the timescale of these
experiments was necessarily short, less than 1 hour. The extrapolation of these results
to longer term events such as glaucoma and other disease processes is questionable.
However, the findings of this work have significant relevance to shorter timescale
processes such as corrective surgery and screening tests. Future work to examine
longer term pysiologically-relevenat mechanical evolution in cornea properties will
almost certainly require in vivo experiments, such as by tonometry.
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Figure 5.6. Finite element mesh of the cornea, the red
regions are held fixed, to approximate the permeation of the
glue into the stiffer schleral tissue, and the inner surface is
pressurized
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101



W (mm) 0.950

(a) P = 0.1 kPa

(b) P = 0.7 kPa

(c) P = 2.4 kPa

(d) P = 3.7 kPa

(e) P = 6.1 kPa

(f) P = 7.4 kPa

y

xz

y

xz

Figure 5.8. Typical out-of-plane displacement, W, at 6
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Figure 5.9. Averaged configuration at 3.6 kPa and after
preconditioning
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Figure 5.10. Cycle A : averaged displacements at t= (a)
11s, 5.07 kPa; (b) 22s, 6.53 kPa; (c) 33s, 8.00 kPa; (d) 44s,
6.53 kPa; (e) 55s, 5.07 kPa; (f) 66s, 3.60 kPa;
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Figure 5.11. The average apex displacement at a function
of applied pressure during triangular loading cycles A, B,
and C, corresponding to pressurization rates of 0.036, 0.0045,
and 0.29 kPa/s, respectively. Error bars indicate 1 standard
deviation.
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Figure 5.16. Comparison of the apex displacement for the
three regimens.
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Figure 5.17. Comparison of the experimental apex dis-
placement to the nominal model and one with increased fibril
density.

Figure 5.18. Fibril density at selected points across the
cornea
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Figure 5.19. Simulated vertical displacements showing
strong center cornea and relatively weak periphery
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(a) (b)

Figure 5.20. Displacements of the central region only:
(a) total displacements for a primarily NT-IS oriented fibril
density, and (b) the deviations of this deformation map with
an isotropic (in-plane) arrangement of fibrils

Figure 5.21. Applanation of a human cornea
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