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ABSTRACT

Computed Tomography (CT) is a well established technique, particularly in medical
imaging, but also applied in Synthetic Aperture Radar (SAR) imaging. Basic CT
imaging via back-projection is treated in many texts, but often with insufficient detail to
appreciate subtleties such as the role of non-uniform sampling densities. Herein are
given some details often neglected in many texts.
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FOREWORD

While researching another topic with similarities to tomography, several issues arose that
challenged our understanding of computed tomography. This necessitated a detailed
study of subtleties of the filtered back-projection algorithm and how it relates to Fourier
reconstruction. A specific question arose “Why do we need to filter prior to back-
projection?” This led to a study of non-uniform sampling and how to properly account
for variations in sampling density. These subtleties seemed to often be overlooked in
books on tomography. This report records our analysis of these issues.



1 Introduction & Background

Computed Tomography (CT) gained its initial utility in the field of medical imaging.

The first commercially viable CT scanner was invented by Godfrey Newbold Hounsfield
at Thorn EMI Central Research Laboratories in Hayes, England using X-rays. Hounsfield
first conceived his idea in 1967, and the technique was publicly announced in 1972. The
first US patent was issued to Hounsfield in 1973." Many books and papers have since
been written on the topic.>*

Munson, et al.,” showed the relationship of CT to Synthetic Aperture Radar (SAR) image
formation, and a number of researchers in the area have adopted this paradigm for SAR
analysis if not for a viable image formation algorithm.

CT image formation is most often implemented via a technique known as “filtered back-
projection”, or “convolution back-projection”. This is very related to Fourier
reconstruction, one being just the other-domain version of its counterpart. However there
are some subtleties related to the fact that the raw data is generally not uniformly sampled
in either of the two dimensions. Properly relating Fourier reconstruction to back-
projection requires accounting for this. While texts often present the correct result, they
typically do not advance an explanation for why this is true.

This report develops the filtered back-projection algorithm and details the effects of non-
uniform sampling. While the analysis herein is most certainly not novel, it may
nevertheless prove useful to those wishing to explore the details of tomographic image
reconstruction.



“One of the advantages of being disorderly is that one is constantly making exciting
discoveries.”

A. A. Milne (1882 - 1956)



2 Filtered Back-projection Tomography
The following development is consistent with medical imaging.
Consider a two-dimensional object g(x,y) defined with Cartesian coordinates x and y.

We can define a new coordinate frame as the old one rotated by an angle €. The new
coordinates are

t =xcos@+ ysinf
s =—xsin@ + ycosé (1)

Similarly, the original coordinated can be calculated from these as

X =tcosf@—ssind (2)
y=tsin@+scos@

and we define
g'(t,5)=g(x,y) (3)

This is illustrated in Figure 1.

Figure 1. Coordinate geometry.
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The tomographic projection at some angle @ is a measure of the transmissivity of the
object. While various illumination and collection geometries exist, we will presume the
simplest, that is, a geometry as indicated in Figure 2.

Figure 2. Data collection geometry.

The tomographic projections are then described by an integral for each position ¢ along
the transmission path, that it, an integration in the direction of the axis s.

p(t.6)= [&'(t,s)ds @)

Taking the Fourier transform over ¢ yields
P(.0)= [pe.0)e™ " di= [ [g(e.s)e™ " dsdr 5)

The characteristics of the Fourier transform for an individual tomographic projection is
that we have the values of the Fourier transform along a line through the origin at an
angel €. This is illustrated in Figure 3.
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Figure 3. The Fourier space data corresponding to the data collected in Figure 2.

Collecting projections and transforming them at a set of angles for different 6, yields a

data set of Fourier transform (of the object) values along radial “spokes” in the Fourier
plane, where the spokes are defined by the various angles 6, of the projections. This is

guaranteed by the “Fourier slice theorem.” This is illustrated in Figure 4.

Figure 4. Fourier space of data from multiple collection angles.
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Since at this point we have values of the Fourier transform of the object, we can
reconstruct the object function by taking the 2-dimensional inverse Fourier transform of
P(f,0). The nature of P(f,8) suggests a polar inverse Fourier transform.

27T 00
g'(r.0)= [ [P(r,0077 <0 r ar ag (6)
00

Where original Cartesian coordinates can be calculated as

X=rcos¢
y=rsing (7)

But we only have data at discrete angles 8,, so the integral over angle 8 becomes a
summation over a discrete set of 6,. That is, for N angles evenly distributed and

spanning the range 0 to 21 we have
S [ 2777 co5(6,-9)
” Ccos -
g’ (r,9)= [ P(1.6,)”>7 % f dfne . (8)
n=lQ
Tacit in this result is a subtlety that deals with the fact that data density in Fourier space
decreases with radial distance from the origin. A discussion of the effects of data density
is given in Appendix A. A discussion of the Polar Fourier Transform for data at sampled
angles is given in Appendix B.
Nevertheless we also note that
rcos(8, —p)=rcos@cos, +rsin@sin 6, 9)
Which using our previously defined coordinates becomes
rcos(@, —p)=xcos6, +ysin@, =t,. (10)

We have added the subscript # to ¢ to indicate a specific oriented # at an angle 6,

Then our reconstruction becomes
s 2 7t
g(r.0)= [ P(f.6,)’*™ f ding (11)

n=1

Or rearranging a bit

-12-



N | = .
g'(r.0)=| [P(1.0,)f u(f)e” df |6 (12)
n=l| —oo

Where u(f) is the unit step function.

The entity in the square brackets is the inverse Fourier transform of P(f,8,)f u(f),

which is simply a filtered version of p(t,,6,). The Filter has transfer function

H(f)=fu(f) (13)

allowing us to write

N e .
gle.y)=Y| [P(f.6,)H(f)e’*7"df |A6 . (14)
n=1| —co

Consequently the algorithm becomes to collect a set of projections p(tn , Qn) and filter

them with H(f). In the raw data domain this is accomplished via convolution. Then the

filtered projections are back-projected, and the resulting set of back-projections
appropriately summed. This forms the image.

-13 -



“All truths are easy to understand once they are discovered; the point is to discover
them.”

Galileo Galilei (1564 - 1642)

-14 -



3 Summary and Conclusions

The ‘filtering’ part of the Filtered-Back-projection algorithm is what makes it equal to an
inverse polar Fourier transform of the Fourier data. This is due to the non-uniform
sampling density that results from equal-angle sampling, where 2-dimensional sampling
density decreases with radial distance from the spectral origin.

-15 -



“The most exciting phrase to hear in science, the one that heralds new discoveries, is not
'Eureka!’ (I found it!) but 'That's funny ..." “

Isaac Asimov (1920 - 1992)

-16 -



Appendix A - Nonuniform Sampling

In calculating the Fourier Transform of a signal with variable-rate sampling, effectively
the samples need to be weighted by the inverse of their local sampling density.

Two sampling rates

The purpose here is to calculate the spectrum of a function from sampled data where
different parts of a function are sampled at one of two separate sampling rates.

Consider a function g(x). We identify its Fourier transform as G(f) where

6(f)= [elele Pt (A1)

and consequently identify the Fourier transform pair
glx) = G(). (A2)

We now identify a masking function /4 (x) which has unit amplitude for some range of x,
and 1s zero everywhere else. Furthermore, we define its complement as

Iy (x)=1-hy(x) (A3)

and stipulate that /;(x) and 4, (x) are non-overlapping, that is, /;(x)h,(x)=0 for any and
all x.

Their Fourier transforms are identified as

h(x)< Hy(f)
hz(x)@Hz(f)zé(f)—Hl(f)- (A4)

We now identify two parsed signals

= Iy(x)g(x)
wy (x) = By (x)g (x). (AS)

We shall assume that both of these signals are effectively band-limited. They are not
strictly band-limited, but for all intents and purposes may be considered as such.

Each of these is sampled at different rates, f;; and f;, respectively. We shall

furthermore assume that all sampling rates are adequate to prevent significant aliasing.
The sampled signals are then

-17 -



%‘{’“EJ
za(x_fszj (A0)

ny

We identify the Fourier transform pair for the sampling function as

25@—%] o £,Y6(f - fu). (A7)
This allows us to identify the Fourier transform of our sampled signals as

Wsl(f) fs125 f- fsl“l) (f)*Hl(f)*fslza(f_fslul)

W, (f)=W fv225 f = Foan)= G ) Hy(f)* 12D, 0(f = fiatta).  (AB)

Each of these signals exhibits a replicated spectrum, with copies centered at multiples of
their respective sampling frequencies. However, we are interested only in the baseband
components, that is, we select via filtering during reconstruction the components

wi(f)=G(f)*H(f)* fud(f)
Wi ()= G(f)* Hy(f)* f26(f). (A9)

These then become

wWi(f)=G(f)* fuH,(f)
Wi (f)=G(f)* fiaHa (f). (A10)

Our goal is to recover G(f) from W/,(f) and W/,(f) via a linear combination of these
component spectral pieces. Consequently we equate

G(f) =k (f )+ (f ). (A1)
This can be expanded to

G(f)=G(f)* (ky foH (f )+ ko fiaH 2 (£ ) (Al2)

or

G(f)=G(f)*(ky f126(f )+ (ky fy1 — ko S0 )H (£ ) (A13)

or furthermore to

-18 -



G(f)= ko fi2G(f )+ ki [y — ko f12)G(f)* Hy(f ). (Al14)

It becomes readily apparent that to accomplish the equality for arbitrary H,(f), and
arbitrary sampling frequencies f; and f,,, we need to choose scaling factors

ki :1/fs1
ky=1/fs2 - (A15)

In summary, to properly compute the spectrum from the sampled data, the spectral
contribution from the two sections of data needs to be scaled inversely proportional to the
sampling rate used for those two sections of data.

This can be accomplished by weighting each sample inversely proportional to the
sampling rate at which it was collected. We need not wait to scale the Fourier transforms
themselves.

More than two sampling rates

The purpose here is to extend the results of the previous section and calculate the
spectrum of a function from sampled data where multiple different sections of a function
are sampled at different sampling rates.

We now identify N masking functions 4, (x) each of which have unit amplitude for some
range of x, and is zero everywhere else. Furthermore, we again assume that the 4, (x) are

non-overlapping, and that one and only one /4, (x) is non-zero for any value x. That is

D h,(x)=1. (A16)

n=l1

Their Fourier transforms are identified as

h,(x) = H,(f) (A17)
and

N

D H,(f)=6(f). (A18)

n=1

We identify the parsed signals
w, ()= h, (x)g(x). (A19)

We shall assume that all of these signals are effectively band-limited. Again, they are not
strictly band-limited, but for all intents and purposes may be considered as such.
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Each of these is sampled at different rates, f, respectively. We shall furthermore

assume that all sampling rates are adequate to prevent significant aliasing. The sampled
signals are then

wy, (x)=w, (x)% 5(x L j . (A20)

sn

This allows us to identify the Fourier transform of our sampled signals as

n

Each of these signals exhibits a replicated spectrum, with copies centered at multiples of
their respective sampling frequencies. However, we are interested only in the baseband
components, that is, we select via filtering during reconstruction the components

W (£)=G()* H,(f)* 18 )= G(f)* [, (1) (A22)

Our goal is to recover G(f) from the W, (f) via a linear combination of these

component spectral pieces. Consequently we equate
N
GUf)= 2 k5 (f). (A23)
n=1

This can be expanded to

G<f>=G(f)*ﬁknfmﬂn<f>=G(f)*[fkmnﬂn(f)+kjvm[5(f>—N§Hn(f>B

(A24)
o
6(r)- G(f)*[kaSNfS(fH pUTA A <f>] (a25)
or furthermore to
6(7)= mmﬂﬁé‘(@m e forGU ) H, ) (A26)

It becomes readily apparent that to accomplish the equality for arbitrary H, ( f), and

arbitrary sampling frequencies f,, we need to choose scaling factors

-20 -



ky =1/ fon - (A27)

In summary, to properly compute the spectrum from the sampled data, the spectral
contribution from the various sections of data need to be scaled inversely proportional to
the sampling rate used for those sections of data.

Again, this can be accomplished by weighting each sample inversely proportional to the
sampling rate at which it was collected.

Sampling in two dimensions

The purpose here is to extend the results of the first section to two dimensions.

Consider a function g(x, y). We identify its Fourier transform as G( S fy) where

oo oo

Gl f,)= | alwrle 20 gy (A28)

—00 —00

and consequently identify the Fourier transform pair
glx.y)e Glf. 1) (A29)

We now identify a masking function % (x, y) which has unit amplitude for some range of

x, and some range of y, and is zero everywhere else. Furthermore, we define its non-
overlapping complement as

hy(x,y)=1-h(x,y). (A30)
Their Fourier transforms are identified as

hl(xsy)@Hl(fxafy)
hy(x,y) & Hyfy. £, )= 80161, )~ Hilfin 1) (A31)

We now identify two parsed signals

wi(x,y)= Iy (x, y)g(x, )
wy (x, )= Iy (x, )g(x, ). (A32)

We shall assume that both of these signals are effectively band-limited in all dimensions.

We shall furthermore assume that all sampling rates are adequate to prevent significant
aliasing in any dimension. The sampled signals are then
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yl Ny
n
Wy, (3, )= w, (x, y ZZ&‘[)C—LZJ y—L2 : (A33)
Nyo Myo fst fsy2

There is no correlation between, fo, fo1, foo and f,.

We identify the Fourier transform pair for the 2-dimensional sampling function as

225( J {y——jﬁfsxfsyz,zé — fu)Of, — fyv). (A34)

Jox Jsy

This allows us to identify the Fourier transform of our sampled signals as

VVsl(fxﬂfy):G(fx:fy)*Hl(fx’fy)*fsxlfsylzzé(fxl _fsxlul)é(fyl _fsylvl)

1 U

WvZ(fx’fy): G(f)wfy )*HZ(fx’fy)*fstfsy2zzé(fx2 _fsx2u2 )5(fy2 _fsy2v2)'

(A35)

Each of these signals exhibits a replicated spectrum, with copies centered at multiples of
their respective sampling frequencies in the two dimensions. However, we are interested
only in the baseband components, that is, we select via filtering during reconstruction the
baseband components

Wilfes £,)= Gl £, H s £, )% Frit a0 (£ )O3
W foer )= GUfoes £ HOfros £ ¥ fra fipad(f2)S ). (A36)

These then become

Wvll(fx’fy): G(fx:fy )*fvxlfvylHl(fxafy)
VVS,2(fx’fy):G(fxﬂfy)*](stJFsyZHZ(fx>fy)' (A37)

Our goal is to recover G(fx,fy) from Wl(fx,fy) and Wz(fx,fy) via a linear
combination of these component spectral pieces. Consequently we equate

G(fx’fy):lev’l(fxafy)+k2Wv’2(fx=fy)' (A38)
This can be expanded to

Gfro £)= Glfes £ ) e fost it L fs £ )+ Kea o fiya Ho \fis 1)) (A39)
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which can be manipulated to

G(fxafy): k2fsx2f:vy2G(fx’fy)+ (klfsxlfsyl _k2fsx2f:vy2)G(fxsfy)*Hl(fxﬂfy)'
(A40)

It becomes readily apparent that to accomplish the equality for arbitrary H, ( Jes Sy ), and

arbitrary sampling frequencies in both dimensions we need to choose scaling factors

kl = 1/(fsx1fsyl)
ko ={fyxafy2) (A41)

In summary, to properly compute the spectrum from the sampled data, the spectral
contribution from the two sections of data needs to be scaled inversely proportional to the
2-dimensional sampling density used for those two sections of data.

This can be accomplished by weighting each sample inversely proportional to the local
sampling density at which it was collected. We need not wait to scale the Fourier
transforms themselves.

Extensions

In calculating the multi-dimensional Fourier transform from sampled data, the sample
weighting by the inverse of the local sampling density is expected to hold for multiple
sampling rates in multiple dimensions.

-23 -



“There is much pleasure to be gained from useless knowledge.”

Bertrand Russell (1872 - 1970)
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Appendix B - Fourier Transform of function with
samples at equally spaced angular spokes

If a function is sampled at evenly spaced angles, then the samples need to be weighted
(scaled) by the radial distance from the origin in order to estimate the Fourier transform
of the original function.

Rectangular coordinates

Consider a 2-dimensional function g(x, y) with Fourier transform given by

Gu,v)= '[ '[g(x,y)e_jzﬂ(”“vy)dxdy. (B1)

—00 —o0

Thus, g(x,y) and G(u,v) constitute a Fourier transform pair, which we illustrate by
writing

g(x,y) = G(u,v). (B2)

We wish to identify the function along some line passing through the origin. We do this
by forming the angular sample

gs(x..6,)= g(x,y)5(ycos 8, — xsin6,) (B3)
If we allow a composite angular sampled function to contain many such individual lines,

all passing through the origin, and equally spaced in angle, then we can define our
composite sampled function as

g, y)=> g,(x,5.6,)=> g(x,y)d(ycosb, —xsin6,). (B4)

Since we are dealing with lines, we can completely sweep the angular space by restricting
6, to the range 0 to 7.

Polar coordinates

We define the corresponding polar-coordinate function and its transform as
g(r.0) = G's.9) (B5)

where

-25 -



27 o0
G'(s,0)= I Ig'(r,H)e_j2mrcos(¢_9)rdrdl9. (B6)
00

The angular sampled function becomes

g.(r.0)=2 g'(r.0)o(r(6-6,))+5(r(0-6, - 7)) (B7)

noting that we are limiting » > 0. However, we still have restricted &, to the range 0 to

n. If we allow 8, to range all the way to 2w, then we can write
g;(l",@):Zg,(l”,ep(l"(e—en)) (B8)
n

where 6, is limited to values corresponding to equal increments of A@ and

o
N

AB (B9)

where N is the total number of radial ‘spokes’ to the sampled function. Consequently

¢(r0)=3 ¢r0)(-0-6,)). (B10)

n=1

We make use of the identity

5(at):i5(t) (B11)

d

and note that allows us to equate

g (r.0)= % g'(r, 9)(%5(9 -0,). (B12)

n=1 r

With malice of forethought, we define but leave unspecified two scaling parameters, £,
and kg, such that a new function is formed

N
ge(r,0)=kkog(r,0)=> kkog'(r, 9)[%5(0 -0,). (B13)
r

n=1

Now we calculate the Fourier transform of g?(r,8) as

-26 -



27 o0
G'(s,0)= .[ Ig:(r, H)e_jzmrcos(¢_9)rdrd9 (B14)
00

which becomes in turn

270 N

G'ls.0)=[ | [Zkrkgg'(r,ﬁ)(ljé'(ﬁ—ﬁn )Je—fz’m“(""g)rdrde (B15)
0 0\n=1 r
N <27 .

G(5.0)=>" [ [k kog/(r.0)e 72 00)s5(g 6, )arir (B16)
n=lg 0
N 2 .

G'(5.0)= Y [k kog (1.6, )/ 2™<x0=0n) gy (B17)
n=1

We are driving towards making this look like an integration over so we can equate it to
G'(s,0). Asis, unless compensated, as N increases the summation takes in more and

more angular samples and consequently gets bigger. Prudence dictates that a scale factor
that compensates for increasing N would allow meaningful comparison of G”(s,®).
Consequently, at this point we choose the scale factor

27
ngAQZW. (B18)

Note that ky is a constant for a constant N. This allows

N e .
G'(5.0)= [k.g'(r.6,)e ™00 ) drag. (B19)
n=1

Now as N increases, A@ gets smaller. In the limit

27T 00
. ” _ ’ —j2mrcos(¢—0)
Jim G (s,0) = ! { g (r,0)e’ k.drd6 (B20)

Since we desire this to be the 2-dimensional spectrum of our original function, we equate

lim G"(s,4)=G"(s,9) (B21)
AO—0

which forces
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zjﬂ Of (r,0)e 722 0s0-0) k. dra@ = TT &(r,0)e™72m7 5 0-0) gy (B22)
00 00
This can only be true if we equate

k,=r. (B23)
Bottom line:
Consequently, if we have angular sampled functions g’ (r,8)= z g'(r.00(r(6-6,)),
then the Fourier transform of the un-sampled function g’(r,8) is nestimated by actually

calculating the Fourier transform of g7(r,0)= %r g.(r.0).

Furthermore, weighting the sampled data as a function of radial distance from the origin
would be required in any coordinate frame.

Note:

The weighting by » goes away (is not needed) if the data were resampled to a uniform
density, e.g. on a rectangular grid with uniform sample spacing in each dimension.

-28 -



REFERENCES

' Godfrey Newbold Hounsfield, “Method and Apparatus for Measuring X- or Y-
Radiation Absorption or Transmission at Plural Angles and Analyzing the Data”, US
Patent 3,778614, Issue date: Dec 11, 1973.

* Willi A. Kalender, Computed Tomography: Fundamentals, System Technology,
Image Quality, Applications, Second Edition, ISBN 978-3-89578-216-9, Wiley,
January 2006.

3 Jiang Hsieh, Computed Tomography: Principles, Design, Artifacts, and Recent
Advances, ISBN 9780819444257, SPIE Press Book, 18 February 2003.

* Aninash C. Kak, Malcolm Slaney, Principles of Computerized Tomographic Imaging
(Classics in Applied Mathematics), ISBN-13: 978-0898714944, Society for Industrial
Mathematics; New Ed edition, July 1, 2001.

> D. C. Munson, Jr., J. D. O'Brien, W. K. Jenkins, “Tomographic formulation of

spotlight-mode synthetic aperture radar”, Proceedings of the IEEE, Vol. 71, no. &, pp.
917-925, 1983.

-29 -



DISTRIBUTION

Unlimited Release

1 MS 1330 S.C. Holswade 5340
1 MS 1330 B. L. Burn 5340
1 MS 0519 T. J. Mirabal 5341
1 MS 1330 W. H. Hensley 5342
1 MS 1330 T. P. Bielek 5342
1 MS 1330 A. W. Doerry 5342
1 MS 1330 D. Harmony 5342
1 MS 1330 J. A. Hollowell 5342
1 MS 1330 M. S. Murray 5342
1 MS 1330 S. Nance 5342
1 MS 1330 D. G. Thompson 5342
1 MS 1330 K. W. Sorensen 5345
1 MS 0529 B. C. Brock 5345
1 MS 1330 D. F. Dubbert 5345
1 MS 1330 G. R. Sloan 5345
1 MS 1330 S. M. Becker 5348
1 MS 1330 S. M. Devonshire 5348
1 MS 1330 M. W. Holzrichter 5348
1 MS 1330 O. M. Jeromin 5348
1 MS 1330 J. A. Rohwer 5348
1 MS 1330 D. M. Small 5348
1 MS 1330 D. C. Sprauer 5348
1 MS 1330 A. D. Sweet 5348
1 MS 0519 D. L. Bickel 5354
1 MS 0311 F. M. Dickey 2626
2 MS 9018 Central Technical Files 8944
2 MS 0899 Technical Library 4536

-30 -



	Computed Tomography – the Details
	ABSTRACT
	ACKNOWLEDGEMENTS
	CONTENTS
	FOREWORD
	1 Introduction & Background
	2 Filtered Back-projection Tomography
	3 Summary and Conclusions
	Appendix A - Nonuniform Sampling
	Appendix B - Fourier Transform of function with samples at equally spaced angular spokes

	REFERENCES
	DISTRIBUTION



