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ABSTRACT

Limitations on focused scene size for the Polar Format Algorithm (PFA) for Synthetic
Aperture Radar (SAR) image formation are derived. A post processing filtering
technique for compensating the spatially variant blurring in the image is examined.
Modifications to this technique to enhance its robustness are proposed.
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FOREWORD

Relatively recent Research & Development (R&D) radar systems built by Sandia
National Laboratories, including its L/S-band Concealed Target SAR (CTSAR), Ka-band
Ultra High Resolution SAR (UHRSAR), and Ku-band MiniSAR, have been operated in a
manner to form images larger than the classical limits suggested for the Polar Format
Algorithm (PFA). The desire for future operational systems to operate with ever larger
images at ever finer resolutions exacerbate this problem. Consequently, Sandia is
investigating techniques for extending the performance of its real-time systems, including
mitigating the limitations of classical image formation techniques.

This effort began as an attempt to investigate the background of an existing post-
processing wavefront curvature correction scheme. As is so often the case, pulling on a
thread ultimately revealed a complex tapestry of issues and exploratory paths.

This report details an investigation into the limits of PFA processing, and explores an
attractive mitigation scheme for wavefront curvature effects.



1 Introduction & Background

Synthetic Aperture Radar (SAR) is a technique whereby multiple pulses from a moving
radar are coherently combined to form an image while achieving an azimuth resolution
much finer than the beamwidth of the radar’s real antenna. Range resolution is a function
of radar signal bandwidth. Image formation is typically a computationally intensive
operation. Consequently, transform techniques are favored that ultimately only
approximate the matched filter for each pixel location in the image. The approximations
tend to be most accurate at the image focal point, nominally its center.

Large scenes with relatively coarse resolutions tend to exhibit artifacts resulting from
approximations to the spherical wavefronts. Small scenes at finer resolutions suffer more
from range migration effects.

The Polar Format Algorithm (PFA) for spotlight SAR image formation was developed by
Walker.! Its significance is that it recognizes that the raw Linear FM (LFM) SAR data,
when de-chirped, represent sample points in the Fourier space of the scene being imaged,
most accurately at the scene center, but suitably so for a significant neighborhood around
the scene center, often for up to several thousand pixels depending on range and
wavelength. At near ranges and longer wavelengths the focused image sizes may be
substantially reduced. However, those raw data sample points are nominally on a polar
grid in Fourier space, and need to be resampled to a rectangular grid for efficient
processing with digital computers. This resampling is termed polar reformatting, hence
the name Polar Format processing. The operation of PFA is adequately explained in a
number of texts and publications, including the original paper by Walker,* texts by
Carrera, et al.,? and Jakowatz, et al.,> and publications by Martin, et al.,* Martin and
Doerry,” and Doerry.°

While the resampling of PFA mitigates the problematic range migration, residual effects
of wavefront curvature still manifest themselves as spatially variant distortions and image
quality degradation, generally worsening in the image with pixel distance from the scene
center. In fact, a threshold on tolerance for image degradation imposes a scene size limit
for a focused SAR image. This limit is addressed by Walker,* and refined by Doerry.’

Modern high-performance SAR systems now routinely operate with image dimensions of
several thousand pixels by several thousand pixels that often exceed the focused scene
size limits for PFA processing.

Subaperture techniques combined with PFA have been shown by Doerry®° to
effectively mitigate wavefront curvature effects and substantially increase focused scene
diameter. This is a class of image formation algorithms and is generally not suitable for
application to an already processed image, unless the original image formation processing
is first undone.



More recently, a technique for post-processing PFA images has been reported that applies
a spatially variant filter to an already formed image, thereby correcting the misfocus due
to residual wavefront curvature effects. Papers by Doren, et al.,*! and Jakowatz, et al.,*?
as well as a detailed report/dissertation by Doren,* detail the principles of what they term
Polar Formatting with Post Filtering (PF2) processing. However, the technique as
detailed suffers in its robustness over imaging geometry, being designed for a linear flight
path, and may in fact actually increase phase errors in other circumstances. Doren in his
dissertation acknowledges that “For optimal versatility, the wavefront curvature
compensation could be extended to apply to phase histories generated by flying an
arbitrary flight path.”

This report examines in detail the limitations of PFA, and proposes a somewhat more
robust post-processing filter for wavefront curvature correction.



2 Overview & Summary

PFA processing is an approximation to a matched filter for the pixel locations in a SAR
image. The degree to which PFA matches the ideal matched filter diminishes as pixel
locations are increasingly distant from the focused image center. The manifestation of
this non-idealness is a spatially variant distortion and misfocus in the image. This non-
idealness is deterministic, and can be corrected with spatially variant filters of the image.

Geometric distortions can be corrected by image warping. A technique has been reported
in the literature for applying a spatially variant filter to an image to correct for the
misfocus due to wavefront curvature. The reported technique is still an approximation,
and was designed presuming a straight-line flight path. It consequently has limitations
with respect to other imaging geometries, and may actually worsen an image under some
circumstances.

Herein is reported a detailed derivation of PFA limitations and wavefront curvature
effects correction. The proposed modification to the spatially variant filter is more
comprehensive than existing post-processing techniques.

A fundamental result is that the nature of the phase error due to waveform curvature
depends on the specific flight path of the radar, and hence any robust correction scheme
needs to depend on the specific flight path as well.



““A person with a new idea is a crank until the idea succeeds.”

Mark Twain
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3 Detailed Analysis

3.1 The video phase history data model

Consider a LFM transmitted signal of the form

X7 (t,n)= A rect[t;t” jexp j{¢T,n + oy t—t, )+ 7T2‘” (t—tn)z} (1)

where

Ar = the amplitude of the transmitted pulse,

t = time,

n = index value of pulse number, - N/2<n<N/2,
t, = reference time of nth pulse,

T =transmitted pulse width,
ér n = transmit waveform reference phase of nth pulse,

wr o = transmit waveform reference frequency of nth pulse, and
y1.n = transmit waveform chirp rate of nth pulse. (2)

The received echo from a point scatterer is a delayed and attenuated version of this,
namely

XR(t,n)=%XT(t—ts|n,n) (3)

where

Agr = the amplitude of the received pulse,
ts n = echo delay time of the received echo for the nth pulse. 4

This is expanded to
t-t, —ts, . 7Tn 2
Xg(t,n)= Ag rect o |expi brn+orot-t, _ts,n)+T(t_tn —ten Pt

()

Employing stretch processing, and Quadrature demodulation, requires mixing this with a
Local Oscillator (LO) signal of the form

-11 -



t—t, -t
X L(t, n): rec{%}mp j{¢L,n + oL (t _tn _tm,n)+7/LTln(t _tn _tm,n )2}
L

(6)
where
tn = reference delay time of nth LO pulse,
T, = LO pulse width,
#n = LO waveform reference phase of nth LO pulse,
o, = LO waveform reference frequency of nth LO pulse, and
7Ln = LO waveform chirp rate of nth LO pulse. (7)
This yields a baseband video signal of the form
Xy (t,n)= Xg(t,n)X (t,n) (8)
or
i t—t, —t t—t, —t
Ag rect] — 21 |rect| — T
T T
Xy (t,n)= T, 2 9
V( ) . ¢T,n+a)T,n(t_tn _ts,n)"'Tn(t_tn_ts,n) ( )
xexp j ;
L, 2
—PLn—OLn (t —ty =ty )__n(t =t —tnn )

which simplifies to

t—t, -t t—-t, -t
Ag rect] — >0 |rect| — T
T T

¢T,n _¢L,n ' (10)
X exp j +a>T,n(t—tn —ts,n)—a)L,n(t—tn —tm,n)

+ 7/1-2’” (t _tn _ts,n )2 o 7;,n (t _tn _tm,n )2

Xy (t,n)

In this model, we presume

-12 -



¢L,n = ¢T,nv
O n =01 n
YLn =7Tns (11)

which allows the reduction to

Ag rect £t =k aey Lot =t
T in
Xy (t,n)= : (12)

. v
X exp J{((‘)T,n +7’T,n(t_tn _tm)xtm _ts)"' T2,n (tm _ts)z}

Now let

tm,n :tc,n :_‘rc,n"
2
L5 n =E‘rs,n"
(t—ty —ten)=(iTon+2,) for —1/2<i<1/2, (13)
where

I..n = the position vector of the radar with respect to the target scene center,
I's » = the position vector of the radar with respect to the target point,

I = the intra-pulse data index,
Ts n = the intra-pulse sampling interval, and

7, = the intra-pulse sampling delay. (14)
which allows the sampled video data to be described as
: : )2 2y
Xy (l’ n): Ag exp J{(a)T,n + 7T .nn +7/T,nTs,n|)Eqrc,n‘_‘rs,n‘)+%qrc,n‘_‘rs,n‘)z} .

(15)

Letting

fesn = qrc,n‘_‘rs,n‘) (16)

Allows us to write
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. . N2 2y7 2
Xy (|,n): Az exp J{(Q)T,n +7Tntnt VT,nTS,nI)E fes,n +C—2'nrcs,n . (17)

It becomes convenient to constrain
(a)T,n +7T,nTn +7T,nTs,ni):Kn(a)O+7/0Ts,0i) (18)
where

@, = the nominal or reference frequency,
7o = the nominal or reference chirp rate, and

Ts 0 = the nominal or reference sample spacing, (29)
which allows
. |2 . 2y
Xy (l, n) = Agexp J{E(“)O + 7’0Ts,0|)Kn fes,n + %rcs,nz} : (20)

The second phase term is known as the residual video phase error and can be removed by
data preprocessing, but can also often be ignored. Ignoring the RSPE will slightly
degrade the image, and result in a slightly smaller focused scene diameter, the degree of
which is exacerbated by short pulses with high chirp rates.

PFEA Processing

The details and variations of PFA processing are adequately addressed in a number of
other texts and reports. Figure 1 illustrates one set of processing steps that accomplishes
this.

Range Azimuth 2-D Discrete Complex
Xy(i,n) — alignment — alignment » Fourier P

| . | . Image

' (resampling) (resampling) Transform

Can be

accomplished with
real-time motion
compensation

Figure 1. Typical PFA processing chain.

Removing Residual Video Phase Error (RVPE)

Removing the RVPE (also known as deskewing) entails filtering the data in the range
dimension, and can be accomplished in the frequency domain by a Fourier Transform

-14 -



across index i, followed by a phase correction, followed by an inverse Fourier Transform
in the following manner. The technique is discussed in texts by both by Carrera, et al.,?
and Jakowatz, et al.> We repeat the technique here for completeness.

We first rewrite the video data as

2y7 2
X ( ) AReXpJ{ WK csn"’c—znrcs +— 70T50Kn csn'} (21)

Then the Discrete Fourier Transform (DFT) across index i is defined as
X, (v,n)= DFT (X, (i Zx in eij{ Zﬁéi}. (22)

To facilitate the subsequent discussion, we note that with index i such that
—1/2<i<1/2, the Discrete Fourier Transform of an exponential is given by

DFT, (exp j{Qi}) Zexpj {Qilexp j{ 2ﬂ%i}=csinc\,(\; (Q—f/—ﬂ )) (23)
where
csinc, (x) = sin(x) expj(—l} (24)
Y sin(x/V) Vv
Consequently,

2y
X ( ) ARepr{ WoKnles,n + C'Ién cs,n }DFT(GXDJ{ 70Ts,0Knlcs n'}] (25)
or
2rr V(2 2
X ( ) AReXpJ{ WoKnles,n + C2n cs,n }CSInCV[z( 70Ts,0Knrcs,n_7VD-

(26)

Note that the nature of the csinc function is to force a correspondence between r. , and
index v, such that for each index v we may estimate

n 27 C
fen=—of( —— V. 27
csn Ty (27OTS,OKnJ (27)

This allows us to compensate the RVPE by a point-by-point phase correction of

-15-



X (v,0) = X, (vn)exp j{-

or

27T,n P2
cs,n
2

. V(2 27
Xy ( ) AReXpJ{ a)OKnrcsn}csmcv(E(E?”OTS,OKnrcs,n_7\/))

(28)

(29)

Performing an Inverse DFT (IDFT) on the corrected data results in a video signal with
the RVPE compensated, namely

2 2
X( ) AReXpJ{ WoKnplesn +— 70T50Kncsn|}

(30)

Consequently, whether ignored or compensated, this leaves us with a data model of

X ( ) AReXpJ{ (w0+70T50)Knrcsn}-

These steps are illustrated in Figure 2.

: Range

Xy(i,n) —>. alignment

i (resampling)

Possible
insertion
point

Figure 2. RVPE compensation steps and insertion points into PFA processing.

Azimuth

—> alignment

(resampling)

2-D Discrete
Fourier Transform
(DFT)

A

Possible
insertion

point

Range
DFT

Range
Inverse DFT

i

Phase
Compensation
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3.2 The target scene
Consider the geometry of Figure 3 where

s = the target scatterer location vector from the scene center,
w¢n = the grazing angle at the scene center, and

a,, = the instantaneous aperture viewing angle. (32)

radar flight path

4

target
scatterer
location

(5,5,,0) _A

A

y
Figure 3. Radar geometry definitions.
Note that
Fonl=lren (39
which allows
s =[en] =[Fon|=[fon|=lre.n =51 (34

In general, r, , and rg , vary with index n. This in fact defines the synthetic aperture.

However

‘rc,n _S‘ = \[‘rc,n _3‘2 = \/(rc,n _S)° (rc,n _S) = \/‘rc,n‘z - 2rc,n S+ |S|2 (35)

=17 -



or, more conveniently,

2 2
Fon =8 = ol \/1 Zon®s, B | \/1 Mons | B 36)
‘ c,n‘ ‘rc,n‘ ‘l‘c,n‘ ‘rc,n‘
where r; :‘rcln‘ncln.
By using the expansion
«/1+a:l+%—%+... (37)

we can write

Fen =8 =|re.n| 1+ > - 5 (38)
or
5°  (enesf (enes) [s° |5’
S R S = s
which yields
rcs,n=(nc,n05)+(nc'n.s)2— o —(nc*”.s) L + o y (40)

z\r \ 2\r \ 2 Z 3
c,n c,n Fen 8rc,n

Conventional PFA simplifies this to just the first term, but acknowledges the second term
as the principal source of residual phase error limiting the focused scene diameter. Terms
beyond this are almost always just outright ignored. We shall see that this leads to some
significant errors.

For this treatment, we write
fesn = (nc,n '5)"' Fpe,n (41)

and identify the complete range error as

-18 -



2n S s
oe,n =Tes,n _(nc,n ’S):‘rc,n‘ 1- 1-—20—+ | | 2 _(nc,n ’S)' (42)
‘I’C ”‘ ‘rc,n‘
The phase error
The video signal data model can then be written as
. .12 .
Xy (l, n) = Agexp J{E(wo + 70T5,0|)Kn ((nc,n * S)+ rpe,n)} (43)
and further expanded to
. |2 .
Xy (l, n) = Az exp J{E(wo + 70Ts,0|)Kn (nc,n ° S)+ ¢pe,n} (44)
where
2 :
Poen = E(wo + 70Ts,0|)Knrpe,n - (45)

Note that our notation does not explicitly show that ¢, , is also a function of index i, but

this dependence nevertheless also exists, and will ultimately be shown to be significant
for some purposes. For now we allow this dependence to be stealthy.

-19 -



3.3 Conventional development of focused scene
diameter limits

As previously stated, the usual approximation for the range error is

(nc,n .S)Z
rpe‘n ~r ?

c,n

From the geometry we also note that for a flat target scene
(ncvn o s): s, Cosy/, ,sine, —s, COSy, , COS, =COSY, , COSa,, (sX tana, — sy)
and consequently

(coswg p cosary(sy tan ez, - sy P cos? g, cos? aysy tan e, — sy)2
b 2lre o] 2lre o]

We note that r,, can also be expanded to

cos’y, n(sx2 sin“a, +s,° cos’ &, — 25,8, sine, COSO{n)
e, = :

pe,n 2rc‘n
or
cos’y, ,(s,2sin?a, +5,2(1—sin’ , )- 25,5, sina, cosat,)
r..= YVen O @n y & &y )~ 65,3y na, a,
Per 2rc,n
or
i cos’ v, ((sxz - syz)sin2 a,+s,” —2s,s,sina, cosan)
pe,n 2rc’n

Small angle approximations yield

1 2 2 2) 2 2 a,’ 2 .2
Moen z(— cos l//c,n(sx -, )an —2s,5,€08" .| 1- 2” a,+8, COS“ ., |.

2Ir

c,n

For focused scene diameter analysis, this is often further reduced to the term

-20 -
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2 2 2
cos Wc,n(sx _Sy ) 2
rpe‘n 7 5 a, -
rc,n

(53)

When inserted into the expression for phase error, and ignoring the dependence on range
index i, this becomes the phase error term

2 2 2
2(00 cos Wc,n(sx _Sy )0( 2

= K, . 54
e (54)
The conventional further simplification for finding maximum scene size includes
(&jj_’f
c Ao ’
K, =1,
COSl//c,n = COSl//c,O !
rc,n = I’c,O ! (55)
where
A, = the nominal wavelength of the radar waveform, and
w., = the nominal reference grazing angle. (56)

This is tantamount to assuming a synthetic aperture that is a segment of a horizontal
circular flight path orbiting the scene center, with fixed range and grazing angle. We
shall later see that these assumptions can be problematic for other imaging geometries.

These assumptions and corresponding substitutions cause the phase error term to become
quadratic, that is, we identify the quadratic phase error as

2 2
2 S, —S
¢qpe,n = (Z_J C052 Veo (T)I)anz ' (57)
0

The common derivation of maximum scene diameter is calculated along the cardinal axes
passing through the scene center, and equates

2
sxz < (&j when s, =0,
2
y 2

2
anzs(Lj , (58)

4p, OS¢ g

2
s Zg(ﬂj when s =0,

-21 -



where

p, = the nominal azimuth resolution of the radar.

For azimuth scene diameter D, we require the constraint

2
(ij 2
2z 2 2 Ay
— |COS <
[% J ¥e,0 ‘rc,o‘ [4,0)( COSI//C,O} Pape, max

which reduces to

2 2 M ¢qpe,max
Dy S(4,0><) [ X J =

2

or the more familiar

(]

T

2

In a similar fashion, for range scene diameter

Ay T

o, <t |
2

(59)

(60)

(61)

(62)

(63)

These are the commonly quoted (and accepted) limits for PFA processing. We shall see

in the next section that this is often too simplistic.

Also, these limits can be written in terms of number of pixels as

D eol | &
PX _ X £4aos’x [ C, ‘ gpe,max

Px/aos,x Ao 2
2
b Py [~ ool | fapemax
<day
y Py/aos,y y Py Ao 2

2

-22 -

(64)



where

= the ratio of resolution to pixel spacing in azimuth, and
= the ratio of resolution to pixel spacing in range. (65)

a'OS,X

Qos,y

This derivation also presumed that no window functions or other aperture tapering was
used for sidelobe control. Doing so would have necessitated extending the synthetic
aperture fractionally to accommodate the broadening of the Impulse Response (IPR).

To incorporate the IPR broadening requires substituting

P, *[&J (66)

W, X

where a,, is the IPR broadening factor.

We end this section with the comment that Walker' developed PFA processing in terms
of a rotating target scene that essentially corresponded to a circular flight path.

-23 -



3.4 Real time motion compensation effects on scene
diameter limits — circular flight path

Recall that we identified
. (2 .
XV (l, n) = AR eXp J{E(a)o + 7OT5,OI)Kn (nc,n s S)+ ¢pe,n} (67)
which we now expand to
: (2 .
X, (i,n)= A exp J{E(a)o + yOTSYOI)K‘n cosy, , Cosa, (SX tana, — sy)+ ¢pe,n} . (68)

Real-time motion compensation allows us to effect

K, COSy/ , COSar, = COSY/ (69)
such that
: {2 .
XV (l, n) = AR eXp J{E (a)o + yOTs,OI)COS l//c,o(sx tan an - S'y)—i_ ¢pe,n} * (70)

While termed real-time motion compensation, this is a fundamental operation for polar
reformatting, and needs to be accomplished in any case, whether by real-time parameter
manipulation, or by data interpolation after the fact.

In this case, the phase error becomes

COSY, o

2 .
Boen ==\ + 7T ol
Per g (@0 +73Tss )cos;//cvn cosa,

r-pe,n : (71)

As previously stated, the usual approximation for the range error is

2
n,,e®s
Men z—( e ) (72)
2r,
however for this development we will carry along an extra term, and use the
approximation
2 2 2
- (nc,n .S) |S| _ (nc,n .S)z _|S|
r-pe n"~ - - : (73)
' 2, . 2r, 2, .,

=24 -



From the geometry we also recall that for a flat target scene

(nc,n . s): s, Cosy, ,Sine, —S, COSy,, , COS, =COSY, , COSa,, (sX tana, — sy) (74)

and
cos? Wen cos? a,, (sx tan o, — sy)2 —s,% - sy2
Moen . (75)
‘ Z‘rcln‘

Using the identity

cos? oy = ;2 (76)

1+tan® o,

we note that r . can also be expanded to

N cos? l//c,n(SX tana, — sy)2 - sX2(1+ tan? an )— sy2(1+ tan? an)

fpen Z‘rcln‘(ljttanz an)

(77)

or

(sX2 cos? Wen— sx2 - syz)tan2 Qp — 28 Sy cos? Wentana, + sy2<cos2 Yen —1)

Fpen =
Pe Z‘rc,n‘(lﬂanzan)

(78)
Inserting this into the expression for phase error yields
(sX2 Cos2 g —S° — syz)tan2 a,
— 25,8, C08” /¢ tan ar,
i(a’o + 70Ts,oi) cosyeo ) |+ syz(cos2 Wen —1)— 5,°
Ppen = Z‘rcyn‘ (cos Wen (1+ tan? a,, )cos a, (79)

or
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¢pe,n ~

For a circular flight path using constant range and constant grazing angle, this can be

written as

¢pe,n ~

|

(5X2 cos? y Sy~ syz)tan2 an

2
— 258, COs“y/ y tana,

2 2 2
COSY¢ g +8y (cos Yen —1)—sx

@y +7oTs 0l (
c‘rcyn‘

COS¥en \/1+tan2 an

(SX2 cos2 g —S° — sy2)tan2 a,

2
— 25,8, COS“ y g tan a,

. 2 2 2
O + ]/0TS,0| + Sy (COS WC,O _1)_ sX
C‘rc,o‘ J1+tan? o,

(80)

(81)

Conventional PFA processing will resample data to be linear in tan ¢, , consequently we
expand this into a series in tan«,, and write it as

¢pe,n ~

|

@y + 7oTs 0

Zc‘rcyo‘

+s,° 2(cos2 Weo —1)— 25,2
—4sysy cos’ Weolana,
- (sz(l— 2c082 ¢ )+ sy2(1+ cos? W(:,O))tan2 a,

+ ...

We identify the quadratic term as

¢qpe,n z[

Ignoring the dependence on range index i, using some conventional simplifications

@y + 7oTs ol

ZC‘rClO‘

previously identified, yields

](— sxz(l— 2cos? ‘//c,o)— sy2(1+ cos? z//c|0))tan2 ap.
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2 2 2 2
-s,“1—2cos —-s, \1+cos
21 J[ X ( V/C,O) y ( V/C,O) tanz ap. (84)

e z[% 2re

Effects on focused scene diameter limits

To find maximum scene diameters, we make the substitutions also as previously
indicated, with the exception that now, more accurately

2
tan? o, < {LJ : (85)

4py COSY o

Consequently,

2
D S4,0 rc,O 2cos Veo ¢qpe,max (86)
* M 4 \1-2cos’y., | 7
2
and
2
D S4p rc,O 2cos Veo ¢qpe,max . (87)
Y M 4 \l+cos’y | 7

One obvious result of the motion compensation or resampling is to modify the focused
scene size limits as a function of grazing angle. We rewrite the scene diameter limits as

rCO‘ ¢, e, max
nggx(‘lpx) [ : J AP (88)
Ao z
2
and
D, <6,4p,) (%J Ve e )
2

Where the scale factors due to grazing angle are given by
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2
o= 2€05°¥o0 | = Scene azimuth diameter scale factor, and
1-2cos’y¢ g

2
= 2€05"We0 | = 5eene range diameter scale factor. (90)
y

1+cos’ye

These scene diameter scale factors are plotted in Figure 4.

Note that in general the focused scene diameter limits in azimuth are larger than the
conventional equation would predict, and the focused scene diameter limits in range are
slightly less than the conventional equation would predict.

Example

Consider a Ku-band (16.8 GHz) SAR operating at a 10 km range and 30 degree grazing
angle on a circular flight path. The image resolution is 0.1 m on the ground in both
dimensions, and is over-sampled by 20%. Allowable peak quadratic phase error is 90
degrees. The focused scene diameter would be 6200 pixels in azimuth by 3300 pixels in
range.

45| azimuth
—— —range

3.5F

25¢

scene size modification factor

0.5r -

|
0 5 10 15 20 25 30 35 40 45
grazing angle - degrees

Figure 4. Impact of grazing angle on focused scene diameter for circular flight path.
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3.5 Real time motion compensation effects on scene
diameter limits — linear flight path at broadside

The previous developments tacitly presumed a circular flight path with constant grazing
angle and range. We saw that the grazing angle had a significant impact on focused
scene diameter limits. This begs the question “How do the focused scene diameter limits
vary with other geometries?”

We explore this by examining another specific radar imaging geometry that is common in
SAR operation, namely, level straight-line flight with broadside imaging.

From the previous section we borrow as our starting place the approximate phase error

expression

(sX2 cos? Wen— sX2 - syz)tan2 ap,
2

— 285, COS" y n tana,

. 2 2
g+ 70T ol (COSV/C,O +Sy (COS Yen _1)_ Sx
C‘rc,n‘ COSWen \/1+tan2 an

2

¢pe,n ~ (91)

but now identify that grazing angle and range will vary during the course of the synthetic
aperture.

Using the geometry definitions of Figure 3, we identify the radar location vector r, , with
the 3-tuple (X ,, Y., Z.,)- Straight and level flight that is broadside to the scene center at
the aperture center is defined by the relationships

XC,I’]

- yc,n ’

[ 2 2
XC,I'] + yc,n
COSY/, , = = |,
n

tanga, =

2 2
\/Xc,n +yc,n +Zc,

= \/Xc,n2 + yc,n2 + Zc,n2 ' (92)

rc,n

where
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yc,n = yc,O’ and
Zc,n = Zc,O ' (93)

Using these and trig identities, we identify

ch

tana, = —,
- yc,O

Cosq =Yoo _ !
n— 2 2 2
\/xC’n +Yeo \/1+tan a,

\ Xc,n2 + YC,O2 A1+ tan? ap,

2 2 2 | 2 2
Xen” T Yeo t+Zco \/1+tan Weottan® a,

COSY/¢ = \/

‘rc’n‘ = \/Xc,nz + yc,02 + Zc,02 = ‘rc,O‘ cos l//cyo\/l+ tan? Weo+ tan? a, . (94)

The phase error then becomes

1+tan?
5, ) s s tan?a,
1+tan® y o +tan” «

1+tan?
- Zsysx[ ian” g 5 Jtan an
n

1+tan® y o +tan

1+tan?
+Sy2 . ta C(n , 1 —SX2
1+tan®y o +tan® a,

b = (0)0 +yOTS’0i]cos://
pen Tl L c,0
¢ "’c,o‘COSV/c,o\/1+tan2 ap, \/1+tan2 a,

(95)
which simplifies to
5 ay+yolsol | — sX2 - (sX2 + syz)tan2 Weo — 28ySx tana, — sy2 tan? a, (96)
pen clre L+ tan2y o +tan o, ) '
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For small angles, this can be approximated by the series

- (5X2 + (sx2 + syz)tan2 '//c,o)— 25,5, tana,
: 2 2 2 han2
5 @p + 7oTs0l Sx +(5x +Sy )tan Weo 2,2
¢pe,n~ 2 + 5 =Sy tan” «,
c‘rc,o‘(lﬂan ‘//c,o) 1+tan“y. o
2s,S 5,
+ + tan3an+ + tan4an
1+tan“y. o 1+tan“y, o
(97)
or
- (SX2 + (SX2 + syz)tan2 '//c,o)— 2sys, tanay,
: 2 2 24,2
_ (00+]/0TS’0| Sy —Sy + Sy tan l//C,O 2
Ppen = 5 + > tan® «,
C‘rcvo‘(l‘i-tan (//C,O) 1+tan l//C,O
2SS 5,2
| N an® g+ ——2— |t e,
1+tan l//C,O 1+tan l//C,O
(98)
From this we extract the quadratic term and identify it as
. 2 2 24,2
_ ((00+]/0TS’0|) SX —Sy +SX tan V/C,O 2
Papen = ) ) tan® «,, (99)
c‘rcio‘(ljttan ‘//c,o) 1+tan“y,
and simplify it to
2
272' 1 S 2 Sy 2
Bape.n =(—J X - tan“ o, (100)
Ao ‘rc,O‘ (]-"‘tan V/C,O) (1+tan2yxcyo)z

and further to

-31-



2
27 |COS"Weo( 2 2 2 2
¢qpe,n :(_ T 1 Ox ~Sy COS"¥c o tan” o, .

/10 "’c,o‘

By making the same substitutions as in the previous developments, we identify

r
D, <4p, [f] —¢q";max ,
2

and

D < 4p, Feo ¢qpe,max
’ COSY¥ o Ay 7[

2

Recognizing that the slant-range scene diameter is
D, =D, cosy,

we further identify

r
D, <4p, ("T;’J ¢qp7e,[max
2

The expressions for D, and D, are, of course, the classical limits.

We end this section with the comment that Doren,™ in his dissertation, assumed
essentially a linear flight path for his wavefront curvature correction technique.
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3.6 Real time motion compensation effects on scene
diameter limits — linear flight path with squint

We explore now another specific radar imaging geometry that is common in SAR
operation, namely, level straight-line flight with squinted imaging. This will cause
additional distortions and defocusing.

As in the previous section we borrow as our starting place the approximate phase error

expression

(sX2 Cos? g —Sy° — syz)tan2 a,
2

=285, COS" y n tan o,

. 2 2 2
gy + 7OTS,OI (COS I//C,O + Sy (COS Wc,n _1)_ SX
C‘rc,n‘ COSYe,n \/1+ tan® o,

¢pe,n ~ (106)

but now identify that grazing angle and range will vary during the course of the synthetic
aperture in a manner consistent with squinted imaging.

Returning again to the geometry definitions of Figure 3, we identify straight and level
flight that is squinted to the scene center at the aperture center with the relationships

c,n

- yc,n 1

[ VXen +Yen ]
cosy/, , = ' — |,

2 2
\/Xc,n +yc,n +Zc,n

- \/Xc,n2 Yo + 2o (107)

tana, =

rc,n

where now

yc,n = yc,O + XC,n cot 95, and
fen = Zoo (108)

This geometry is illustrated in Figure 5. Note that with 65 =90 degrees, this geometry
simplifies to the broadside imaging case.
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v

(Xen¥en)

flight path

Figure 5. Ground projection of squinted data collection geometry.

Using these and trig identities, we identify

tana, = Xen
) _(yc,o + Xc,n cot Hs)’
2
oS _ \/Xc,n + (yc,O + Xc,n cot 95)2
Ven = 2 > |’
Xc,n + (yc,o + Xc,n cot 05)2 + Zc,O

2 2 2
‘rc,n‘ = \/Xc,n + (yc,o + X n COt 95) +tZco
which can be manipulated to

. —Yeotan ay
©" " (L+cot O tan a, )’

w/1+tan2an

\/1+ tan® a, + tan? . o(1+ cot b, tan ez, ¥

X

COSY¢ =

§ 0 CoSy/ 0
ron|= (1LCco‘t ) tari an)\/1+ tan® a, +tan? y o (L+ cot b, tan ) .

As before, the phase error then becomes
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@y + 7oTs, 0l
— > (cos
( c ) Veo

1+tan2an

2 2 2
s
" {1+ tan?y o(L+coté; tana, ) + tan’ }

2
=Sy~ =Sy |tan”

1+tan205n
_Zsysx 5 5 2 tanan
1+tan®y, o(L+coté; tan e, )” + tan® ar,

2

~ ts 2 1+tan® o 1 _sz
Poen | 1+ tan? g o(L+ cot b tan a, )P + tan? ar,
X
I'e o|COS

‘C‘O‘ Ve, \/1+tan2an\/1+tan2an

(1+coté, tanery,)

(111)
which reduces to
—s,” — 25,5, tana, —s,” tan’
(I yoTsol | L~ (sX2 + syz)tan2 Weo(l+coté; tana, ) 112)
pe.n C‘rc,o‘ 1+ tan y o(L+ cotd, tan e, f + tan? ar,
1+cotd; tan oy,

For small angles, this can be approximated by a series for which the quadratic term can
be extracted as
(s 2 _s,%cos? )
) X y ¥e,0
Bopen X (—j— + stsy(l— 2c0s? z//clo)cot (78 tan? ap . (113)
/10 ‘rc 0‘

+ syz(l— 5cos? /o + 4cos’ x//clo)cot2 0,

We will not calculate scene size limits for the squinted case, but calculate an example as
indicative of the effects of squint angle on quadratic phase error.
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For the case of &; =45 degrees, and y o =45 degrees, the quadratic phase error is

unaffected along the x-axis (s, =0). However, along the y-axis (s, =0), the quadratic
phase error doubles from that for the broadside case. This implies a reduced focused
scene diameter in the s, direction.

We end this section with the comment that Doren,™ in his dissertation, also addressed
essentially a squinted linear flight path for his wavefront curvature correction technique.
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3.7 PFA Processing Examples

Consider an L-band (1.5 GHz) SAR operating at a 5 km nominal range. The image
resolution is 0.3048 m on the ground in both dimensions, and is oversampled by 25%.
Figure 6 illustrates the ground truth of point-reflector positions in the scene. Specific
reflector targets are pointed out for subsequent reference.

2001 + +
@ /
1501 - + |
+ + (®)
100+ B
+ +
S0r + 4+ |
> 0 + + + + + + + + + + + A
501 / + |
(c) +
-100+ @ e
+
-150+ .
+
-200+ + 1

-200 -150 -100 -50 0 50 100 150 200
SX

Figure 6. Ground truth for simulated data. Specific reflector targets are called out for subsequent
reference.

The conventional limits for focused scene size calculate to approximately 160 m for a
peak allowable quadratic phase error of 90 degrees. Targets located at 200 m from the
scene center represent a distance 2 %2 times beyond the focused scene edge.

The following plots show the results of conventional PFA processing on target Impulse
Response (IPR) with data collected at various imaging geometries.
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Figure 7. Contour plots of selected targets. Labels correspond to positions in Figure 6. Data was
collected from a circular flight path at a 10 degrees grazing angle. Image was processed using PFA
processing employing a —35 dB Taylor window in range and azimuth.

Displacements from the “+” symbol represents geometric distortion or warping of the image.
Broadening of the IPR is due to defocusing. The forked nature of the azimuth sidelobes are due to

the trapezoidal aperture in the Fourier space of the target scene.

Note that the scene center (c) is well focused, but targets displaced at (a), (b), and (d) suffer

substantial blurring.
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Figure 8. Contour plots of selected targets. Labels correspond to positions in Figure 6. Data was
collected from a circular flight path at a 45 degrees grazing angle. Image was processed using PFA
processing employing a —35 dB Taylor window in range and azimuth.

Note that the scene center (c) is well focused, but compared to Figure 7, the target displaced at (d)
also exhibits nearly ideal focus. However, the targets at (a) and (b) now exhibit substantially
degraded focusing. Merely changing the otherwise constant grazing angle has degraded some targets
and improved others.

Fortunately, that the target at (d) remains well focused is predicted by the analysis of real-time
motion compensation effects on PFA focused scene diameter.
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Figure 9. Contour plots of selected targets. Labels correspond to positions in Figure 6. Data was

collected from a linear broadside flight path at a nominal 45 degrees grazing angle.

Image was

processed using PFA processing employing a —35 dB Taylor window in range and azimuth.

Note that the scene center (c) is well focused, but compared to Figure 8, the target displaced at (d)
now suffers severe blurring. Targets at (a) and (b) are improved, but still substantially blurred.
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Figure 10. Contour plots of selected targets. Labels correspond to positions in Figure 6. Data was
collected from a linear squinted flight path at a nominal 45 degrees grazing angle and 60 degree
squint angle (30 degrees forward of broadside). Image was processed using PFA processing
employing a —35 dB Taylor window in range and azimuth.

Note that the scene center (c) remains well focused, but compared to Figure 8, the remaining targets
exhibit similar blurring, but now suffer additional displacement.

The message here is that even in a perfectly formed PFA processed image, the nature of
wavefront curvature effects is very imaging geometry dependent, as one might expect,
especially with the clarity of hindsight. Consequently, one might expect that any
mitigation scheme also be imaging geometry dependent.
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3.8 Wavefront Curvature Correction

Recall that after RVPE compensation, the residual phase error is

r

c,n

2n, es |9’
1- 1-=n 2 B\ (n, es)|. (114)

r

c,n

¢pe,n = %(0)0 + 7/0Ts,0i)Kn

Recall also that a reasonable approximation for the dominant characteristic of the phase
error is

2 D
¢pe,n zE(a)o +70Ts,0|)Kn T : (115)

c,n

Incorporating real-time motion compensation (or an equivalent range interpolation)

allowed us to describe the dominant error as

(sx2 cos? Wen— sX2 - syz)tan2 a,
2

— 285, COS" y n tan o,

. 2 2
gy + yOTS,OI (COS WC,O + Sy (COS Ven _1)_ Sx
C‘rc,n‘ COS¥en \/1+tan2 ap

2

Ppen ~ (116)

To explore the characteristics of this further, we again presume for the moment a circular
flight path, and recall the phase error for this as approximated by the series

syzz(cos2 Yeo —1)— 25X2

@y + 7oTs 0l || — 455, Cos” g g tana,

117
ZC‘I’ClO‘ (10

Ppen = _ (sxz(l— 2c0s g )+ sy2<l+ cos? g//(;,o))tan2 a,

+..

Some comments are in order.

e Within the square brackets, the first and second terms are responsible for a
spatially variant shift, that it, a geometric distortion in the image. This is most
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noticeable in large images with long linear features such as roads not appearing
straight in spite of ground-truth indicating straightness.

e The third term in the square brackets is quadratic in tan ¢, and represents a

quadratic phase error that defocuses the image in a spatially variant manner.
Compensating only this term will substantially enhance focusing at points distant
from the scene center, although not address geometric distortions of the other
terms.

e The quadratic term does exhibit a relatively weak dependence in range index i,
which can usually be ignored for all but the finest resolutions where chirp
bandwidth becomes a large fraction of the radar center frequency.

e For this geometry, the quadratic term exhibits a significant dependence on grazing
angle. As v, approaches 45 degrees, the dependence on azimuth position s,

disappears. This is a consequence of the circular flight path and range
interpolation (which can be implemented via real-time motion compensation) and
also including more terms in the phase error approximation. This is not fully
appreciated in earlier discussions of this technique. Ignoring this will result in
over-correcting for an error, that may in fact generate a larger quadratic error than
originally existed.

e Atacit assumption is that tan«, is linear in azimuth data index n. This is justified

because the azimuth resampling involved in PFA processing will in fact force this
relationship for any index i, although the constant of proportionality will depend
on the specific index i.

Correcting for wavefront curvature effects

Correcting for wavefront curvature effects requires compensation for the phase error
terms that cause the problematic effects. However, the effects, and the phase errors that
cause them are spatially variant, that is, they are different in different parts of the scene.

The basic procedure is to use a deconvolution that is adjusted for different parts of the
image based on the expected degrading phase error function for that neighborhood in the
image. This is illustrated in Figure 11 and Figure 12. The deconvolution is implemented
as a convolution with the DFT of the conjugate of the phase error.

The convolution kernel for subimage f is given by

exp J{_ ¢pe,n}3x=5x,f (118)

Sy =Sy, f
For whatever aspect of the phase error needs to be corrected.
Recall, however, that the phase error expressions were quite different depending on the

flight path. So, too, will be the correction operation.
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Figure 11. lllustration of subimages within total image. Each subimage is focused by deconvolving
the entire subimage with the expected phase error at the subimage center.
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Figure 12. Processing steps for wavefront curvature correction.
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Some comments are in order.

e Of course, the convolution can be implemented as fast convolution using DFTs
and Inverse DFTs.

e The subimage size can be as little as a single pixel in either or both dimensions,
but needs to be less than a size with acceptable residual blurring.

e Larger subimage sizes will allow more efficiency in processing.

e Larger subimage sizes will allow greater phase function discontinuities at
subimage boundaries.

Since the specific correction is flight path dependent, we begin with a generalization of
the phase error that is also not flight path dependent. We once again identify a generic
approximation

(sX2 cos? Wen— sx2 - syz)tan2 a,
2
— 288, C0S"y/¢ ptana,

. 2(. 2
(w0+7/OTS'OIjCOSl// . +3Sy (COS ‘//c,n_l)_sx
— c,

‘l’c,n‘COSWc,n\/lJr tan? an

2

¢pe,n ~ (119)

where flight-path dependent terms have been combined inside the square brackets.

With a specific flight path, this can be written in a series form

: 2
e = {%Mjcoswc{(p(o)jt dol0) tan o, + (%)mtanz o + }}

dtana, d tan? o,
(120)
where
(5X2 cos? g — Sy — syz)tan2 a,
— 25,8, cos? wentana,
2 2
Sana, ) +5, (0052 Wen —1)— S, 21

‘rc,n‘COSI//c,n \/1+ tan? ap
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and recognizing that ‘rc,n‘ and vy , are both also generally functions of tan«, ina
manner defined by the specific flight path.

Wavefront curvature effects may be corrected in part or in whole. This is accomplished
by selecting which error terms of the expansion are intolerable in the final image.

Furthermore, wavefront curvature effects may be corrected in pieces, that is, defocusing
may be corrected in separate operations from warping. In fact, the correction of each
piece may occur over a different division of subimages.

Correcting for defocusing due to wavefront curvature

The most basic operation is to merely correct the focus of the image, and ignore spatial
distortions. We may then presume the significant portion of the phase error to be the
quadratic term, or

2
Gopen = {(%) coswcyo{(%j%tanz an}} (122)

Figure 13 has only this element of the wavefront curvature phase error correction applied.
Note that focusing has improved, but the position offset remains.

Correcting for azimuth shifting due to wavefront curvature

The principal component contributing to azimuth shifting is the linear term

Ppen = {(%) coswcyo{%mn an}. (123)

Figure 14 illustrates the addition of this element of the wavefront curvature phase error
correction to that illustrated in Figure 13. Note how its position in the x-direction is
improved.

Correcting for range shifting due to wavefront curvature

The principle component contributing to range shifting is the term linear in index i,
namely

-
Foen = {( fost ]coswc,o[(p(O)]} - (124)

Figure 15 illustrates the addition of this element of the wavefront curvature phase error
correction to that illustrated in Figure 14. Note how its position in the y-direction is now
improved.
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Figure 13. Contour plots of selected target before and after wavefront curvature correction.
Correction was for focusing only. Data was collected from a circular flight path at a 45 degrees
grazing angle, identical to Figure 8. Image was processed using PFA processing employing a —35 dB
Taylor window in range and azimuth.
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Figure 14. Contour plots of selected target before and after wavefront curvature correction.
Correction included focusing and azimuth displacements. Data was collected from a circular flight
path at a 45 degrees grazing angle, identical to Figure 8. Image was processed using PFA processing
employing a —35 dB Taylor window in range and azimuth.

-47 -



210 210
205 205
200 + ] 200
195 ] 195
190 : : : 190 : : ‘
190 195 200 205 210 190 195 200 205 210
(b - uncorrected) (b - corrected)

Figure 15. Contour plots of selected target before and after wavefront curvature correction.
Correction included focusing and azimuth and range displacements. Data was collected from a
circular flight path at a 45 degrees grazing angle, identical to Figure 8. Image was processed using
PFA processing employing a —35 dB Taylor window in range and azimuth.

Scene diameter limits

With the image divided into subimages, let

= number of subimages per row, and

subimages, x

= number of subimages per column. (125)

subimages, y

Since each subimage is now focused at its own center, each subimage now enjoys the
scene size limits of the former uncompensated entire image. Consequently, to first order,
the overall scene diameter limits have been extended by the number of subimages per
row, or column, as warranted. That is,

Dx,compensated < ksubimages,xDx,uncompensated ! and
Dy,compensated < ksubimages,yDy,uncompensated ' (126)
For the classical limits,
Feo| | &
D < Kypimages.x (40 ) || ot | —2m=
x,compensated subimages, x ( X ) io 72_/2
Dy,compensated < ksubimages,y (4px ) (127)
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3.9 Wavefront Curvature Correction Examples

The following plots show the results of applying wavefront curvature correction to the
images of Figure 7 through Figure 10.
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Figure 16. Results of Wavefront Curvature correction applied via post processing to image of Figure
7 formed from data collected from a circular flight path. Images are corrected for defocus as well as
azimuth shifting and range shifting. The original image was divided into a grid of 7 x 7 subimages.
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Figure 17. Results of Wavefront Curvature correction applied via post processing to image of
Figure 8 formed from data collected from a circular flight path. Images are corrected for defocus as
well as azimuth shifting and range shifting. The original image was divided into a grid of 7 x 7
subimages.
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Figure 18. Results of Wavefront Curvature correction applied via post processing to image of Figure
9 formed from data collected from a broadside linear flight path. Images are corrected for defocus
as well as azimuth shifting and range shifting. The original image was divided into a grid of 7 x 7

subimages.
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Figure 19. Results of Wavefront Curvature correction applied to squinted image of Figure 10 via
post processing. Images are corrected for defocus as well as azimuth shifting and range shifting. The
original image was divided into a grid of 7 x 7 subimages.
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3.10 Relationship to subaperture processing

It is noteworthy that the subimage processing discussed in the previous sections is very
related to subaperture processing.

In fact the coarse-resolution pixels from subaperture processing are related by a transform
to subimages in the final image.

Consequently, subimages can be treated as the DFT of equivalent coarse-resolution pixels
derived from subaperture processing.

Furthermore, deconvolution (or convolution) that is subimage dependent is equivalent to
multiplication (including by phase correction vectors) across a set of like coarse
resolution pixels derived from subapertures.

As such, subimage processing and subaperture processing are in a gross sense
mathematically equivalent. Differences are more a matter of implementation.
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3.11 Comments on stripmap imaging

In modern high-performance SAR systems, stripmap images are typically formed by
mosaicking individual SAR image patches to create a seamless larger image strip.
Individual image patches are formed by spotlight SAR imaging technigues.

PFA is inherently a spotlight SAR imaging technique. Stripmap imaging with PFA is
done by this mosaicking technique. Imaging geometry is typically straight-line flight
path with broadside (non-squinted) imaging.

To form a seamless stripmap from successive non-overlapping synthetic apertures, we
require that the focused image azimuth diameter be larger than the synthetic aperture is
long. Thatis

Dx,compensated 2 Lap (128)
where
Al
o= o‘ c,O‘ . (129)
" 2p,
From this we calculate the minimum number of subimages per row as
2,92 Ir
ksubimages,x 2 % ) (130)
8 2 gpe, max
Py W/T/z
Example

Consider a Ku-band (16.8 GHz) SAR operating in stripmap mode at 5 km range. The
focused image resolution is required to be 0.1 m on the ground in both dimensions.
Allowable residual quadratic phase error is 45 degrees.

The minimum number of subimages per row is calculated and rounded up to three. If we
allow for a window function broadening factor of a,, =1.2, then this increases to 5.

Example

Consider the L-band examples of section 3.7, where frequency was 1.5 GHz, at a range
of 5 km and at 0.3048 m resolution. Let us allow a residual quadratic phase error of 90
degrees.

The minimum number of subimages per row is calculated and rounded up to 9. If we
allow for a window function broadening factor of a,, =1.2, then this increases to 13.
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4 Conclusions
The following principal conclusions should be drawn from this report.

e PFA processing scene diameter limits are defined by allowable blurring at the
scene edges by a residual quadratic phase error.

e The residual quadratic phase error is spatially variant.

e The nature of the residual phase error depends on the specific flight path used to
collect the raw phase history data.

e The residual quadratic phase error is deterministic.

e The residual quadratic phase error can be corrected by a spatially variant phase
error correction filtering operation.

e The spatially variant phase error correction is also flight path dependant.

e The basic correction scheme is to divide the image into subimages, and
compensate each subimage according to its location in the overall image.

e Correcting the image spatially variant phase errors in this manner allows a
considerable increase in the focused scene diameter of a PFA processed image.

e Image geometric distortion can also be corrected in this manner.
e Subimage processing schemes are very related to subaperture processing schemes.

The novelty within this report is the extension of wavefront curvature correction to an
arbitrary imaging geometry (flight path).
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Matlab files used

pfascene.m
generate.m
gentarg.m
genparm.m
genpath.m
genphas.m
genimage.m
minisar_pf v1l.m
gendisp.m
wc_correct.m
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“Few things are harder to put up with than the annoyance of a good example.”

Mark Twain
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