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Abstract

A quantum optical approach is proposed and analyzed as a solution to the problem of
detecting weak coherent radiation in the presence of a strong incoherent background.
The approach is based on the extreme sensitivity of laser dynamical nonlinearities to the
coherence of external perturbation. This sensitivity leads to dynamical phase transitions
that may be employed for detecting the presence of external coherent radiation. Of
particular interest are the transitions between stable and chaotic states of laser operation.
Using a baseline scheme consisting of a detector laser operating with a Fabry-Perot
cavity, we demonstrated significant qualitative and quantitative differences in the
response of the detector laser to the intensity and coherence of the external signal.
Bifurcation analysis revealed that considerable modification to the extension of chaotic
regions is possible by tailoring active medium and optical resonator configurations. Our
calculations showed that with semiconductor lasers, destabilization can occur with a
coherent external signal intensity that is over six orders of magnitude smaller than the
detector laser’s intracavity intensity. Discrimination between coherent and incoherent
external signal also looks promising because of the over four orders of magnitude
difference in intensity required for inducing chaos-like behavior. These results suggest
that the proposed approach may be useful in laser sensor applications, such as satellite
Laser Threat Warning Receivers (LTWR).
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I. Introduction

The underlying challenge of developing laser sensors, for applications such as
satellite laser threat warning receivers (LTWR), is the requirement to detect a weak
coherent signal in the presence of a strong incoherent background. Present attempts to
discriminate between signal and noise involve classical approaches using spatial or
temporal coherence. Demanding mission requirements make the engineering of these
passive detection systems very difficult. Largely unexplored are quantum optical
solutions.

In this LDRD project, we proposed and analyzed a quantum optical approach based
on the extreme sensitivity of laser dynamical nonlinearities to external perturbation
coherence. The approach uses an experimental setup that is very similar to heterodyne
detection. An important difference is that the mixing of the signal and reference beams
occurs inside instead of outside the local oscillator (see Fig. 1). With intracavity mixing,
we change entirely the character of the detection mechanism. Owing to the dynamical
nonlinearities arising from the coupling between optical resonator and active medium,
the possibility exists that a very low intensity (<10 of intracavity intensity) and detuned
coherent light injection can induce a laser to cross bifurcation boundaries separating
stable from chaotic operation, whereas even a much stronger incoherent injected signal is
unable to do so.
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Fig. 1. Sketch of (a) heterodyne detection setup and (b) proposed
scheme based on stable to chaos dynamical transition.

The primary goal of this one-year study was to understand the physics sufficiently
well to determine the viability of our scheme for LTWR applications. Among the many
questions that should be answered, the most important is the detectable signal strength
and achievable detection bandwidth. For engineering implementation, one needs to also
consider the controllability of the bifurcation conditions, and the practicality of
engineering the detector laser.



To address the above questions, we first review past research relevant to our problem
(Sec. II). Section III describes the theoretical model used in the investigation. With this
model, we performed global mapping calculations that identify regions of steady state or
continuous-wave (cw), oscillatory, and chaotic operation. Bifurcation maps for the
noiseless case are presented in Sec. IV, together with a discussion of the details of the
transitions between dynamical regions for different experimental conditions. Section V
describes the effect of noise in the external signal or detector laser.

I1. Review of external-signal-induced laser dynamics

Nonlinear dynamics of laser systems is a very active research field. For the last two
decades, the focus has been on understanding instabilities in the widely-used
semiconductor lasers. A typical free-running semiconductor laser is a dynamically stable
system, capable only of damped periodic oscillation (relaxation oscillation). However,
this can change drastically when the laser is coupled to another laser or subjected to a
stimulus, such as optical injection or external optical feedback. In these cases,
semiconductor lasers have been shown to undergo a number of bifurcations, leading to
periodic, quasiperiodic, and chaotic oscillations.

Much effort has been devoted to researching the bifurcations and ensuing
complicated dynamics in semiconductor lasers with external perturbations'>. Tt is well
established that the laser response to an external optical signal strongly depends on the
linewidth-enhancement factor o **, which quantifies the extent the carrier-induced
refractive index change affects the laser linewidth and lateral mode structure. However,
other aspects of externally perturbed laser dynamics are less well understood. For
example, some studies suggested that quantities such as the photon and carrier decay
rates, differential gain and mode confinement factor have less influence on
semiconductor-laser dynamics than o®’, while others reported strong dependence of
coupled-semiconductor-laser dynamics on the ratio of carrier and cavity decay rates".
Furthermore, while there are reports on the influence of fluctuations (incoherence) in the
external optical field on laser instabilities’, a more in-depth understanding is necessary
for us to make a decision on the applicability of our LTWR scheme.

II1. Rate equation model

The detector laser is treated semiclassically, i.e., with Maxwell’s equation describing
the intracavity laser field and Schrodinger equation describing the gain medium.
Additionally, it is assumed that relaxation rates are such that the active-medium
polarization adiabatically follows the variations in the intracavity electric field and
population inversion, with the carrier population described by quasiequilibrium
distributions. Under these conditions, the complex intracavity-field amplitude, E and the
population density, N evolve in time according to,

B e hB + CTEN — N1 — i) + Fp(t) + S |, o=t
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In the above equations, the effects of external signal are taken into account by the terms
containing the external signal amplitude E;. Also, the phase of E is referenced to that of
external signal, A is the detuning between injected and free-running laser central
frequencies, I' is the confinement factor, § is the differential gain at threshold carrier
density, a is the linewidth enhancement factor, A is the pump rate, yg and yn are the
photon and population decay rates, respectively, c is the speed of light in vacuum and ny
is the background refractive index. The threshold carrier density and local gain in the

free-running detector laser are given by
ey . neYE
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where Ny, is the transparency carrier density. The effects of noise are represented by the
Gaussian random variable,
Fp(t) = Fp(t) +iFp(t)
with
(Fe(t)) = (Fg(t)) =0,
(FlL,(OFL(t)) =0,

hv

(Fpt)Fg(t) = (FE(OFg(t) = = CopwNa(t —t)

where v is the lasing frequency, Cs, is the fraction of spontaneous emission contributing
to the lasing mode. To describe phase noise in the external signal, we allow for a
fluctuating external signal phase @i(t) with time derivative

(17(_?')4.
— = F,(t
where
(Folt) =0,

(Fo(t)Fy(t") = 2Dgd(t — ')
With the above description, the resulting power spectrum of the external signal is a
Lorentzian with a full width at half maximum of D/x.

Table 1. Parameters for Lasers A and B used in the investigation

Parameter | Laser A | Laser B
Nip (m™) | 2 102 | 2 102
£ (m?) 0" -
24 3.4 3.4
¥ 4 4

r 0.05 0.05
v (571 107 2 x 107
“Yeav (871 10t 1M
A (pom) 1 1
L (m) 105 [2x1077
T 0.01 0.2
Cep 107" 107"




IV. Detection dynamics (noiseless case)

In this section, we describe the influence of the external signal on detector laser
dynamics for two distinct detector laser configurations. In order to first understand
intrinsic behavior, we neglect the noise contributions by setting Cy, = D, = 0. The results
are summarized in bifurcation diagrams, presented for the two-dimensional plane of
external signal intensity and detuning between external signal and detector laser
frequencies. When either the external intensity or detuning is varied, qualitative changes
in the lasing solutions indicate bifurcations. In the bifurcation diagrams, bifurcations
curves divide the two-dimensional plane into regions of distinctly different dynamical
behaviors and provide information on the sensitivity of the detector laser to signal
intensity and detuning.
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Fig. 2. Bifurcation diagrams for Lasers A and B operating at
twice threshold and in the presence of coherent external signal.

A. Effects of active medium and optical resonator

Table 1 lists the values for the parameters characterizing Lasers A and B. The
values are chosen so that between the two lasers, there is a factor of 2 difference in
population decay rates and a factor of 10 difference in cavity decay rate. Figure 2 shows
the bifurcation diagrams with both lasers operating at twice above threshold. A stable
fixed point in the solutions of the system equations corresponds to phase locking of the
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laser field to the external signal. One stable fixed point exists in the shaded region
bounded by the saddle-node S and Hopf H bifurcation curves, which become tangent at
the saddle-node-Hopf point G. Outside the shaded region one finds interesting solutions
corresponding to periodic orbits of various periods, quasiperiodic tori, and chaotic
attractors, all of which describe oscillating detector laser intensity. These intensity
oscillations are periodic with frequency A near-zero signal intensity. With increasing
signal intensity, a number of instabilities and complicated nonlinear dynamics appear
before locking is reached at either the Hopf bifurcation H or saddle-node bifurcation S.
Detailed bifurcation structures leading to complicated dynamics and chaos are discussed
elsewhere®. In Fig. 2, only the period-doubling (PD) bifurcation curves are plotted. They
indicate a typical instability involving periodic orbit of basic period and provide
identification of regions of complicated dynamics in the system.
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Fig. 3. Bifurcation transition shown as maxima of normalized laser
intensity versus external signal intensity for (a) Laser A with A = 10
GHz and (b) Laser B with A =15 GHz. A/Ay =2 for both lasers.

Figures 2(a) and 2(b) indicate that externally induced instabilities occur at roughly the
same detuning values in the two lasers. However, in terms of the external-signal
intensity, there are two aspects involving significant differences. One aspect is the
striking quantitative difference in the external-signal intensity required to trigger laser
instabilities and to achieve locking. Instabilities in laser A are triggered by an external-

signal intensity that is almost 10° times lower than that required in laser B. Also, laser A

requires less external-signal intensity to achieve locking over a wide range of detuning.
The second aspect is the difference in the type of the dynamics induced by the external
signal. Regions of complicated dynamics are appreciably smaller for laser B.
Furthermore, laser B appears to have very few instabilities and no chaotic dynamics. In
contrast, laser A undergoes a number of instabilities and shows a rich display of
complicated and chaotic oscillations. This is illustrated in Fig. 3, where we plot the
maxima of the oscillating laser intensity versus external-signal intensity for a fixed
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detuning. Note that periodic orbit of a basic period has one maximum and periodic orbit
of twice the basic period born in the period-doubling bifurcation has two maxima. Period-
doubling bifurcation is indicated in Fig. 3 by the splitting of the single-maximum curve.
Subsequent splitting, found in laser A, corresponds to subsequent steps in the period-
doubling cascade leading to regions of complicated and chaotic oscillations, with
windows of periodic dynamics. Clearly, laser A exhibits more complicated dynamics and
stronger intensity oscillations than laser B, even in the presence of almost six orders of
magnitude smaller external-signal intensity
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Fig. 4. Bifurcation diagram for Laser A with coherent external
signal and excitation, A/Agq = (a) 1.0, (b) 1.2 and (c) 6.0

B. Effects of pump current

At twice the lasing threshold, the intracavity field intensities in lasers A and B are 41
kW/cm?® and 560 kW/cm?, respectively. In the case of laser A (B), this is approximately
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107 (10%) times more than the external-signal intensity required to trigger period-

doubling bifurcation. In terms of maximizing detector sensitivity, Laser A is obviously
the stronger candidate. Hence, we focus on its performance in this subsection, where the
effects of changing the pump rate is investigated.

Figure 4 plots the bifurcation diagrams of Laser A operating just below threshold
and at 1.2 and 6 times above threshold. At just below the lasing threshold [Fig. 4 (a)], the
detector laser behaves as a bistable optical amplifier. In the A-Ie plane, the bistable
region is bounded by two saddle-node bifurcation curves S. As the pump rate is increased
to slightly above the lasing threshold, a number of qualitative changes takes place,
resulting in a completely different bifurcation diagram [Fig. 4 (b)], that is characteristic
of a semiconductor laser. The original bistable region is replaced by a locking region and
bifurcation curves involving Hopf (H) bifurcation, period-doubling (PD) bifurcations.
Details of the transition between Figs. 4 (a) and 4 (b) are very interesting from a
bifurcation theory aspect and their physical relevance is discussed in Section V, in
relation to the case of system dynamics in the presence of noise. Figure 4 (c) shows that
when pump current is further increased, to as much as six times above threshold, no
qualitative changes take place, but there are significant quantitative changes. Specifically,
there is an increase in the detuning range where instabilities and chaos can occur,
together with an increase in the external-signal intensity required for triggering
instabilities and chaos. Figures 4 (b) and 4 (c) clearly indicate a tradeoff between
sensitivity and bandwidth.

V. Detection dynamics (noisy case)

A. Sensitivity to background noise

This section describes the effects of fluctuation in the detector laser by setting the
noise parameters, Cy, =10 and D, = 0. A two-dimensional bifurcation analysis of the

ordinary differential equations presented in Section III cannot be applied
straightforwardly to the resulting stochastic differential equations. Instead, we have to
focus on particular bifurcation transitions at fixed A and examine the power spectrum of
the complex laser field amplitude E. Note that there exist various approaches to qualify
nonlinear dynamics of noisy semiconductor lasers, and they include computations of time
traces, Lyapunov exponents ' and power spectrum. Our choice of the optical power
spectrum is dictated by the fact that it provides a readily and widely used technique for
qualifying dynamical output and instabilities in semiconductor laser experiments'®">.

Substantial sensitivity to the noise terms may already be seen in the power spectra of
the free-running lasers, where there is a large central peak surrounded by smaller side
peaks. The former is the lasing mode and the latter are from relaxation oscillation and its
higher harmonics. Figures. 5 - 7 depict the transition through a region of complicated and
chaotic dynamics in the optically injected Laser A for A/Aw = 1.2, 2, and 6. For
comparison, we show in the left column of each figure the power spectra in the absence
of noise.

13
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Focusing first on the noiseless case, we see that for external-signal intensities below
the instability threshold, the power spectra consist of a peak at the injection-modified
lasing frequency, a peak (detuned by A) at the injected field frequency, and a peak
corresponding to its complex conjugate at —A, that is due to four-wave mixing. As the
external-signal intensity increases, the detector laser undergoes period doubling
bifurcation, which is accompanied by the appearance of additional peaks halfway
between the above mentioned peaks [Figs. 5 (bl), 6 (cl) and 7 (cl)]. Subsequent
bifurcations lead to chaotic dynamics which manifests as a continuum of frequencies with
no distinct spectral components (except for that of the injected field) [Figs. 5 (c1), 6 (d1)
and 7 (d1)]. With further increase in external-signal intensity, inverse period-doubling
bifurcations give arise to period-two oscillations [Figs. 5 (d1), 6 (el) and 7 (e1)] and then
to period-one oscillation [Figs. 5 (el), 6 (fl) and 7 (fl1)]. Finally, phase locking is
achieved via Hopf bifurcation [Figs. 5 (f1), 6 (gl) and 7 (g1)].

The right columns of Figs. 5 — 7 show the effects of noise, e.g., from spontaneous
emission. As expected, the influence of noise is the strongest close to threshold and
decreases with increasing excitation. For example, in Fig. 5, which is for the low
excitation of A/Aw = 1.2, the spectra in the left and right columns are significantly
different. The difference indicates that the effect of noise is the washing out the detector-
laser intensity peaks. Consequently, none of the bifurcations identified in the left column
can be seen in the right column. However, noise effects involve more than the broadening
of intensity peaks. Figure 6 shows that for A/Aw = 2, wave mixing can also result in the
creation of satellite resonances [Fig. 6 (a2) and (b2)]. At higher external-signal intensity,
period-doubling bifurcation becomes noticeable. Figure 7 for A/Agw = 6 indicates that
noise effects on externally-induced instabilities become less important when one operates
the detector laser further above threshold. Note that many of the noisy spectra in Figs. 6
and 7 contain features that are absent in the noiseless ones. These include excitation of
otherwise damped resonances such as RO [(a2) and (g2)], wave mixing (b2), and
anticipation of imminent bifurcations (f2).

B. Sensitivity to external signal noise

This subsection describes the effects of noise in the external signal by introducing D,,
> 0. Results are presented for Laser A operating with A/Ay = 2. If the external signal
coherence time, 1/D , is much larger than the RO period of the detector laser, the detector
laser field will adiabatically follow the external-signal fluctuations, and the net result is a
smearing of the bifurcation boundaries, as may be seen by comparing Figs. 3 (a) and 8
(a). As the coherence time approaches the RO period, the phase fluctuations in the
external signal interfere with the detector laser dynamics so that specific bifurcations can
no longer be distinguished, but some features of the response to a coherent field remain,
including the large-amplitude oscillations around Iy = 0.11 W/cm? (see Figs. 8 (b) and 8
(c) for Dy/m =1 GHz and Dy/n = 10 GHz, respectively). With further decrease in
coherence, any indication of coherent injection phenomenon vanishes, as is the case for
D,/n = 10° GHz shown in Fig. 8 (d).

17
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More information on the effects of external signal noise may be obtained from the
detector laser spectrum. Figure 9 shows the spectra, where each column is for a given
D,, with D, increasing from left to right. Each row is for a fixed I.x, with increasing ey
from top to bottom. In term of the power spectrum, all bifurcations found for the
coherent external signal are also clearly distinguishable for Dy/n = 0.01 GHz [Fig. 9 (al)
— (a7)]. For Dy/mr = 1 GHz, the changes with increasing L.y are still noticeable, but the
bifurcations are no longer distinguishable [Fig. 9 (b1) — (b7)]. For Dy/m = 10 GHz, most
of the dynamical transitions shown in Figs. 9 (al) — (a7) disappear and the system
becomes less useful for detecting an external signal. This is because the spectrum evolves
continuously from that of a noisy free-running laser to one showing a spectrally broad
emission with broad peaks indicating the presence of the external signal and the
injection-modified lasing mode [Fig. 9 (c¢5) — (c7)]. At Dy/m = 1000 GHz, there is
completely no resemblance Figs. 9 (al) — (a7). Figure 9 (d1) - (d4) indicate that for low
Lext, external signal influence is similar to that of noise within the detector laser. For high
Lext, Figs. 9 (d5) — (d7) show a broad single intensity peak with FWHM of few tens of
GHz, which is much larger than that of the free-running detector laser and much smaller
than that of the external signal.

VI. Conclusion

This report describes work performed for a LDRD project on a quantum optical
approach to detecting weak coherent radiation in the presence of a strong incoherent
background. The approach is based on the extreme sensitivity of laser dynamical
nonlinearities to the coherence of external perturbation. An externally-induced dynamical
phase transition, e.g., between stable and chaotic operation, may be used to indicate the
presence of coherent radiation. Stimulations performed on a baseline scheme, consisting
of a semiconductor laser operating with a Fabry-Perot resonator, gave the following
results.

1) With laser light injection, chaos occurs at injected intensity that is 6 orders of
magnitude smaller than the detector-laser intracavity intensity, thus showing extreme
sensitivity of scheme to external coherent radiation.

2) To induce chaos with incoherent light requires greater than 4 orders of magnitude
higher intensity compared to laser light injection, thus assuring good discrimination
between coherent and incoherent perturbations.

3) Chaotic regions are readily modifiable by changing excitation level, gain structure or
optical resonator configuration, thus allowing optimization for specific detection
mission.

The above results indicate that the scheme has potential to be viable in remote sensing
applications, such as satellite laser threat warning receivers. We strongly recommend
proceeding with a proof-of-principle experiment.

Some concerns remained, the most important being the difficulty in achieving a broad
detection bandwidth. We recommend a follow-on study to explore incorporating a
photonic lattice into the basic scheme. With photonic-lattice frequency bands instead of
discrete Fabry-Perot resonances, it may be possible to improve detection bandwidth.
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In terms of the broader goal of creating a technological base for supporting long term
interests in RSVP, we have made the first steps in laying a foundation. The 1-year LDRD
project has allowed the physics participants to better appreciate the LTWR mission, and
hopefully provided the engineering participants a better appreciation of the relevant
quantum technology. Additionally, we demonstrated the capability to evaluate in a timely
manner the viability of specific quantum technology for a specific Sandia mission. We
enthusiastically argue for the continuation of the activity of seeking opportunities for
infusion of recent quantum technologies to the RSVP area.
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Improved Semiconductor-Laser Dynamics From
Induced Population Pulsation

Sebastian Wieczorek, Weng W. Chow, Lukas Chrostowski, Member, IEEE, and
Connie J. Chang-Hasnain, Felffow, [EEE

Absiracd—This paper investigates theoretically the modification
af dymamical properties in a semicondactor laser by a strong in-
Jjected signal It is found that enhanced relaxation oscillations are
governed by the pulsations of the intracavity field and population
at frequencies determined by the injected field and cavity reso-
nances. Furthermore, the bandwidth enbancement is associated
with the undamping of the injection-induced relaxation oscillation
and strong population pulsation effects. There are two limitations
to the medulation-handwidth enhancement: Overdamping of re-
laxation oscillation and degradatien of fat response at low lrequen-
cies. The injected-laser rateequations used in the investigation re-
produce the relevant aspects of modulation-bandwidth enhance-
ment found in the experiment on injection-locked vertical-cavity
surface-emitting lasers.

Tadex Terms—Injection locking, moadulation bandwidth, madu-
lation response, popalation pulsation, relaxation oscillation, semi-
oconductor Lasers.

I INTRODUCTION

IGH-SPEED semiconductor lasers are important for ap-

plications auch as optical data transmission. The relax-
ation oscillation (RO frequency provides an indication of mod-
ulation speed in these lasers [1 3], A semiconductor laser ex-
hibits damped relaxation oscillations because of a time depen-
dent energy exchange bebwesn laser field and carrier population.
RO frequency for fres-running semiconductor lasers typically
ranges from | to 20 GHz [4], [5].

An interesting discovery is that the RO frequency of a semi-
conductor laser may be appreciably increased with injection
locking [1], [6]. The early observations were in index-guided
quantum-well lasers [1] and distributed feedback (DFB) lasers
[3]. Later experiments focused on external-cavity lasers [7] and
vertical-cavity surface-emitting lasers (VCSELs), where a RO
frequency excesding 50 GHz was recently achieved [6]-[11].
Analytical studies [12] and numerical simulations using rate
equation models were able to reproduce many aspects of the
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experimental results [1], [2]. [13]-]16]. However, these simu-
lations were unable to clearly identify the physical processes
related to the dynamical response enhancement.

Given the good qualtitative agreement between theory and
experiment {e.g.. see Figs. 15 and 16) the injected-laser rate-
equation model appears to contain the physics resulting in the
ohserved dynamical behavior. The mte-equation model, intro-
duced by Lang [17], consists of three coupled first-order ordi-
nary differential equations describing the time evolution of laser
field amplitude, laser phase and total carrier density. Terms are
inroduced to account for the effects of coherent figld injection.
This model is being used extensively and successfully to inves-
tigate injection locked semiconductor lasers.

The difficulties encountered by earlier studies in obtaining a
comprehensive description and identifying important physical
processes arise not from limitations of the rate-equation model
bt from the numerical approaches. By relying solely on sim-
ulations performed by numernically integrating the equations of
motion, one cannot practically explore, in necessary detail, the
broad range of physical parameters that can influence the laser
dynamics. In this paper. we circumvent this difficulty by using
adynamical system approach that relies heavily on bifurcation
theory and continuation techniques [18] {see also [19] and [20]
for more details on bifurcation anal yeis in semiconductor laser
systems). Bifurcation diagrams facilitate immensely the system-
atic search of the extensive parameter space to identify the im-
portant contributions. The continuation techniques supplement
the direct time integration o enable each parametric study o
be performed to the necessary detail and with relatively modest
computational resources. As aresult, we are able to identify im-
portant physical processes associated with modified RO {ie..
medified RO frequency and damping rate) and enhanced mod-
ulation bandwidth. Furthermore, we uncover limitations to this
bandwidth enhancement approach.

Section II summarizes the rate equation model and Section IIT
discusses the two types of transition to locking. In Section IV,
we review the relaxation oscillation physics and discuss the role
of injection-induced population pulsation in the modified RO
process. Section V' emphasizes the modifications to the link be-
tween RO frequency and damping by optical injection, presents
the resulting enhancement in laser dynamical response. and dis-
cuzses the physical processes associated with bandwidth en-
hancement. Also, it uncovers the limitations of the optical injec-
tion scheme. The extent to which the enhancement depends on
injection conditions and different types of lasers, characterized.
e.g., by different population-induced refractive index effects (i)
[21]is also examined. A comparison between theory and exper-
iments showing good agreement is presented in Section VL

O01ES 19742000 © 2006 IEEE
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Il. THEORY

The injected-laser rate-equation model is based on semiclas-
sical laser theory. By assuming a quasi-equilibrivm condition
and an active-medium polarization that adiabaticall y follows the
time variations of the laser field and carier population. the equa-
tions of motion describing system d}'nnmics are

——I.!,["& - Ny E } ,I .F 1 il
: /T E

=2 — ¥al —_ - 2
P =2rA '"'T.L“‘U Niw) — J] I E gimys  (2)

H=A N =B o F N = N B2 )
i

where [ is the intracavity electric ficld amplitude, 17 is the phase
difference between the injected and intracavity fields, and ¥ is
the total carrier density. According to the derivation by Spencer
and Lamb [22], the injection of a coherent field, with amplitude
E; and frequency w, introduces driving terms to the laser feld
equations of motion, as shown in (1), (2). Also, in the previous
equations, the threshold local-gain and camier-density in a free-
rmnning laser are

TE

.':#n'] = .Jri'
. . WWE
Ny =Ny 4 —_,:FE

where Yy, is the transparency carrier density, [ is the confine-
ment factor, £ is the differential gain, <z and 7y are the photon
and population decay rates, respectively, ip is the linewidth en-
hancement factor, o is the speed of light in vacuum, ng, is the
background refractive index, [ is the cavity length, A is the de-
tuning between injected and free-running laser frequencies. and
T is the transmission of the laser mirror through which the light
isinjected. Anticipating the calculation of modulation response
curves in Section ¥, we write the excitation rate as

= A[1+ fsin2r ] i+

where o is the modulation depth and § is the modulation fre-
quEncy.

Equations (1+{3) assume single-mode operation, which is
consistent with typical VCSEL or distributed feedback (DFB)
lager operation. Phase flucmations in the injected field are ig-
nored because we assume that the injected signal comes from a
masber lazer that is considerably more stable than the laser being
studied { slave laser). Consequently, the slave laser field adiabat-
ically follows army injected signal Auctuations [6]-[11]. and the
net result of these fluctuations is a smearing of the bifurcation
boundaries. Most of our discussions irvolve locked operation
sufficiently away from these boundaries [23]. [25].

To facilitate the numerical computations, we introduce the
normalized quantities
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Fg 1. Two columns show examples of the two types of locking transivion for
o= 2and Ap = 2 From (ali-icle & = —5 Gz and & = 1.0, 7.5, and
S0, From (aZi-(c2 & = 5 GHe and I o= 1, 35, and 50,

where By is the fres-running laser intracavity-field at twice
threshold, My, = 7oy Nia is the free-running laser threshold
excitation rate, and K is the nomalized injection strength.

The results in Figs. 1 and 3-14 are obtained for N, =
WF m=2 T = (i £ = W m@ g = 5w 15—
o= 3w 1P s~ oy, = 34, and & = 0U0G. To reproduce
measurements in Figs., 15 and 16, we changed some of these
parameters as indicated in the figure captions. Calculations
presented in Figs. 3, 4 (22). 5, 6, and 10-16 were obtained using
the bifurcation continuation package ALTTOr [ 18],

I IMFECTION LOCKING

Dynamics of aninjected laser described by (131 with A =
A evalve in a three-dimensional (3-D) phase space. Unlocked
operation is wsually indicated by a stable pericdic orbit (and
sometimes by a non periodic attractor) that surrounds the origin
of the complex Y plane in the {FRel B, ImlEe" L N}
phase space. Injection locking is indicated by astable stationary
point of (133} and can be achieved in two distinet manners.
W speak of two different types of transition to locking. (Mote
that in some cases with o = [} complicated dynamics near
saddle-node-Hopf points gives rise to a third type of locking
transition called period-adding cascade [27] which iz not rele-
vant for the problem considered here.) There are differences in
the dynamics of [, 17and Y between these two types of locking
transition, and we choose the dynamics of v to show their ex-
amples in Fig. 1.

The first type of locking transition involves steps (al), (b1,
and (1) from Fig. 1. When alaser is unlocked. the phase differ-
ence v vares lineardy in time (al). As locking is approached,
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Fig. 2. Skeich of a typical phass poriradt near the injection-locked siable sta-
ticnary point (filked dot). and its projection onio the complex £0° plane. The
two types of ranstion to injection-locking shown in Fig. | are asscciated with
1171 and 17, respectively. The tmjectories mark the time evolution of the tp of
the [[Led F7e= ), [mi 057 ), V| wector in the direction indicated by the amows,
and an open dot marks the unsiable paint.

v varies in a step-like fashion (bl It slows down when the
right hand side of {2} approaches zerm, giving rise to intervals
of nearly constant », anticipating the imminent appearance of
the stable stationary point. This process may also imvolve vari-
ations in the field-amplitude and population. Once locking is
reached the period of the orbit goes to infinity. Such a type of
lecking transition is commonly refemred to as Adler's locking
[24]. In the 3-D phase space shown in Fig. 2, this type of locking
transition is predominantly assaciated with the one-dimensional
(1-Dv W which is initially the unlocked periodic orbit and
after locking becomes tangent to the real eigenvector of the Ja-
cobian of the system at the stable point. Here, locking occurs
via global zaddle-node bifurcation when stable and unstable sta-
tionary points appear on periodic orbit [26].

The second type of locking transition is illustrated by (a2},
(b2}, and (c2) from Fig. 1. It originates diferently, with the
active medium playing a mle as explained in Section IV, Ini-
tially. the injected and laser fields are totally unlocked and their
phase difference 1 increases linearly in time (a2). As the injec-
tion strength | increases, = becomes bounded and oscillates
between =1 and 7 (b2). The pericdic orbit no longer sumrounds
the origin of the complex fiy*” plane and always involves ap-
preciable variations in the field-amplitude and population. The
right-hand sides of { 113} alternate in sign at the RO frequency
producing sustained (by injection) RO with bounded phase. As
the locking is approached, the amplitude of sustained ROy de-
creases o zero and then the lazer locks (22) Such a type of
lecking transition, occurring in a reversed order, is often called
RO undamping [28]. In the 3-D phase space shownin Fig. 2. RO
undamping ccours predominantly in a two-dimensional (2-00)
plane W2 spanned by the two complex eigenvectars of the Ja-
cobian of the system at the stationary point. Here, locking occurs
via Hopf bifurcation when stable periodic orhit (sustained RO
shrinks onto unstable stationary point and the point tms stable.

The difference between the two types of locking transition
that is crucial to our investigations is that BO undamping
involves fast (GHz) oscillation [Fig. 1 (b23]. In contrast. the
cecillation frequency approaches zero in the first (Adler) type
of locking transition [Fig. 1 (b1}]. This suggests that RO un-
damping rather than Adler locking is the key to understanding

[EEE JOURMALOF QUANTURM ELECTROMICE, WOL, 42, MOy 6 JUNE Z06

the improved high-speed performance of injected lasers, and
we show in the following sections that this is indesd the case.
Because the two types of locking transition mani fest themsel ves
as different bifurcations, we use bifurcation continuation tech-
niques to guide us to the regions of enhanced laser dynamics in
the parameter space. To this end, Fig. 3 repeats known results on
the locking range in the [, A) plane. The solid parts of Hopf
[H) and saddle-node [5) hifurcation curves in Fig. 3 bound
the locking region. The change in the type of locking transition
ia due to the codimension-two saddle-node-Hopf hifurcation
points O which are also the arigin of the complicated dynamics
in injectad lasers [29]. For i = U the first and second type of
locking transition take place at low and high K. respectively
[Fig. ia)]. For s 3, the first and second type of locking
transition take place at the lower and upper locking region
boundary, respectively [Fig. 3ibj]. The details of the changes
in the locking region with varying o are described in [26]. The
rest of this paper focuses on portions of the locking region near
the solid parts of Hopf [H) bifurcation where RO frequency
and modulation bandwidth enhancement are present.

IV, RELAXNATION OSCILLATIONS IN IMIECTED LASERS

In the absence of an injected field and excitation modulation,
ie. By =10, A" = A, the phase space reduces to [ F, N}, When
the excitation rate is abruptly increased from slightly below
threshold to twice above threshold, the intracavity field [ and
population Y of the free-running lazer exhibit damped RO [Fig.
4{al-b13]. The RO arise intrinsically because of the interplay of
population baildup, stimulated emission and cavity decay. Until
lasing threshold is reached, the population inversion increases
at the rate 5\ — Ao, [(33], after which the field intensity bailds
up exponentiall y at the rate 208 [V = Ny ) /ng, through stimuo-
lated emizzion [(11]. This causes the last term in (3) to become
sufficiently large to deplete the population inversion o below
its threshold value. Then, the field intensity decays because of
the finite photon cavity lifetime. The process repeats itself until
continuous wave operation is reached because of damping, as
shownin Fig. 4 (aljand (b1}, From a small-signal anal yeis, we
get two complex conjugate eigenvalues —’;}r{JJ_r'E n'jj?('J, where

1 9L
i = |y (A=A 5
fin=g [t o m] (5)
, _ 1 B e
..'rfl;u— -_!.Tllfl - [-'L -ILHJJ (I{N)) (63

are the RO damping rate and frequency, respectively. At twice
threshold, 7, = 52 5 107 5= and f7, =835 GHa.

The second column in Fig. 4 shows that the laser dynamics
is distinctly different in the presence of coherent-field injec-
tion. For the injection conditions stated in the figure caption.
sustained ROy arises via Hopf bifurcation [H in panel (c2)] for
Ay = 3 sothat at Ay = 2 the laser is injection locked (2],
When the laser is perturbed away from the injec tion-loc ked sta-
tionary point (and off W1y it cxhibits damped RO, Although
there is a decrzase in the laser threshold due to injection (22).
the light intensity at A, 2 increases only by 7% over the
free-running case. There is a slight 2% decmzase in the average
population irversion (b2), and bence in the stimulated emizsion
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Fig 3. Locking region in the |#. A} plane is bounded by the supercritical
parts {solid curves) of | 5| saddle-node and | /T ) Hopf bifurcations. A, = I
The sabcritical bifurcations of unstable solutions are shown as dashed cures.
Bifurcation curves change from mupercritical to subcritical st codimension-tamn
saddle-node-Hopf points .

rate. In view of the lack of change in laser parameters, the ques-
tion arises as to what physical processes are asscciated with the
500% increase in the rate of energy exchange between popula-
ticn and photons.

InFigz. 5 and 6, we show the RO frequency and RO damping
rate of an injected laser for fixed K and varying 5. The crosses
comespond to a free-running laser. Motice that in Figs. (5h) and
(6. the 7po scale is nearly two orders of magnitude greater
than the fres-minning laser value and the crosses appear at amall
positive .

We first focus on the case of e = (W where ( 1—(3) are sym-
mefric with respect o the change (/v A) — [—ih—A) At
fixed /. there is only one type of locking transition, and the
change in the type of the locking transition ocours at [y re 200
[Fig. 3(a)]. Weak injection barely influences the intrinsic reso-
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Fg. 4. [FAmt column {al-bl)] damped relaxation oscillation at F_'.':;_g =
550 GHz in a freecrunning biser and [second column (a2-b2)] damped
relaxation oscillation st Fy. 12,0 Gz in an injected laser for
R ) = 135570 GHE)L Inboih cases, o = 2 and A = 2 Panelscl)
and (2} show the dependence of laser inensity on the excitation rate. The
oo solid curwes bifurcating from §f7 in (c2) denole maximum and minimum
of the oscillating fizkd while the dashed curve indicates the unstable branch of
stationary solution.

nance of a free-running laser [/ 15 in Fig. 5. However, at
larger i, the RO process is significantly modified [} 115
in Fig. 5]. On the one hand, as |A] approaches zero, damping
of the RO increases to the point where the laser becomes over-
damped [ = 115 and —2,5 GHz < & < 2.5 GlHe in Fig. 5].
When RO frequency reaches zero, RO damping rate is no longer
defined and hence the gap in the 5o curve for i = 115 On
the other hand, for larger || and increasing I, we approach
the solution frpo = JA|

In semiconductor lasers, the varnations in carfer population
and optical frequency (chirp) are srongly coupled. This cou-
pling i= quantified by the linewidth enhancement factor o, and
causes the cavity resonant frequency to shift due to injection-in-
duced changes in the population density [(2)]. Therefore, there
are qualitative differences in the case of ;v > (b as shown by
comparing Figs. 5 and 6. First, semiconductor lasers respond
differently to positively and negatively detuned injection sig-
nals, and have asymmetric locking ranges [Fig. 3(b3] [17]. [26].
Fig. 6 shows the frequency and the damping rate of the RO for
i = 2. Because injection usuall ¥ depletes the population, posi-
tive 't causes decrease in the cavity resonant frequency, and the
symmetric curves from Fig. 5(a). (b) shift toward the negative
detuning and become distorted. Second. past the i value for
the (" point. there are teo different types of locking transition
at fixed &

Under strong optical injection, the physical mechanisms that
are responsible for RO in a fres-running laser no longer apply.
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Fig. 5. (a) Relaxation cecillation frequency and (b)) relamation ascillstion
damping rate veras the injected light demming for o = 0, &y = 2. and
warying i = 13,60, and 115, The sable locked sclutions &e in solid, and

their boundaries due 1o | i | Hopf and | 5 saddle-node bifurcations are marked
with dois. Crosses comespond o a free-running biser. Compare the locking
boundary with the supercritical bifurcation curves in Fig. 3ia}

On the one hand, if the injected field is nearly resonant with
the cavity resonant frequency. the constructive interference
between the two fields depletes the steady-state population,
causing the stimulated emission rate to decrease. As a result,
the electric field can no longer build-up quickly enough to
deplete population below the already substantially depleted
steady state level. and no repeated overshoot of the stationary
state can occur. The RO become overdamped. On the other
hand, if the injected field frequency is different from the
cavity resonant frequency, after the injection-locked laser is
perturbed away from the steady state (and off Wl the total
infracavity field oscillates at the beatnobe between the injected
and cavity-resonant frequencies [Fig. 4 (a2j]. This beatnote
is the modified RO frequency [16]. Field oscillation induces
population pulsation at the same frequency [Fig. 4 (b2)]. Pop-
ulation pulsation couples back to the field by interacting with
the intracavity-ficld component at frequency @4 to modify the
active-medium polarization at the cavity-resonant frequency
[30].
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Fig. 6. {a) Pelaxation oscillation frequency and b} relaxstion oscillation
damping rate verms the injected light denming for o = 2, A, = 2, and
warying U = 1% 60, and 115, The sahle locked sclutions are in solid, and
their boundaries due ta | i | Hopf and | &) saddle- node hifurcations ar marked

with dots. Crosses comespond to a free-running, bser. Compare the locking
boundary with the supercritical bifurcation curves in Fig. 3ib).

It weas recognized in [ 16] that, in strongly injected lasers, pop-
ulation pulsation amplitude may decrease by three orders of
magnitude, and reglecting population pulsation leads to a cor-
rect value for the RO frequency. This result led to a conclusion
that, under strong injection, population pulsation is negligible
and plays no role in the RO process, Our Aindings show that: i)
population pulsation remains nonnegligible at strong injection,
and ii} its coupling back to the field may significantly modify
the RO damping rate. [16] arrived at the opposite conclusions
because it ovedooked two facts: i) the significant decrease in
the population pulsation amplitude is accompaniad by a similar
decrease in the field Auctuations, and ii) although population
pulsation does not influence the RO frequency it may modify
the RO damping rate. First, we show that population pulsation
remains nonnegligible in strongly injected lasers, and then in-
vestigate its contribution to the RO process,

Fig. 7 shows the amplitude of sustmined RO in injected laser
without excitation modulation versus the normalized injection
strength for ¢ = 2. For a given value of Ji, the data is taken for
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sustained RO at 0.5 GHz above the supercritical Hopf bifurca-
tion using

b, = mype £, ) —amin(E, )
0.0y, = mene( N, ) = min( NV, .

Astheinjection strength and detuning increase, the amplimde of
population pulsation decreases faster than the amplitude of the
eloctric field oscillation. From energy conservation arguments
we conclude that the electric field pulsation iz no longer entirely
due to the energy exchange betwesn the photons and electron-
hole pairs. It becomes partially due to the beating between the
two frequency components (one atpy and the other at the cavity
resonant frequency )y of the intracavity field. However, 0%, /68,
decreases only by a factor of 5.3 over the range of injection
strength (b < | < 14k

The RO process is quantified by its frequency fres and
damping rate %y, Population-pulzation contribution to the RO
frequency and damping rate is obtained from

!I [_".. - (
i
.}

St =S =—— 1
I {‘\I“j

J:—'n;.mj .\'_;.“] )

(2]

T =150 =

Here, fres and o are the exact RO frequency and damping
rate, respectively, second terms on the right-hand sides are the
ROy frequency and damping rake, respectively, calculated with
the neglect of population pulsation [16], and V" is the normal-
ized population of the locked stationary state of (19—3). Fig. 8
shows i, and 141, at the locking transition £ for K = 1410
and varying ¢¢. In the range of (h < ¢ < 7 shown in the
figure, we have ‘fmjl.-‘_fj';’('j ~s 5. Fig. &b} shows thar (15, is
only of the order of a few percent and is negligible. Conse-
quently, (o remains near the beatnote between the injected and
cavity-resonant frequencies [the second term on the rght-hand
side of (7)) [16]. However, 14T, can be large, up to ten times
the RO damping rate of a free-running laser [Fig. &ci]. Fur-
thermore, we find that there are two contributions to =85 The

Troe
first contribution is the direct effect of population pulsation on
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Fg 8 (a)Locking boundary 7 {Hopf bifurcation jin the plane of the linewidik
enhancemment factor o verms injection detuning s for strongly injected lasers
with i = 140 and A = 2. The comesponding contribution of population
pulsation o the RO (b frequency and (<) damping rate.

the active-medium polarization at the cavity-resonant frequency
(population-ficld amplitude coupling). It resulis in additional
cross-saturation of the field component at the cavity-resonant
frequency [30] as indicated by a positive 45 at e = 0 [the
inset in Fig. 8(c)]. Here, the direct effect is small because the
heatnote between the injected and cavity resonant frequenciesis
much bigger than - [30]. Second contribution, which is most
significant, is the indirect effect of population-phase-amplitude
coupling due to nonzero ¢y, It depends on oy and K, and, in con-
trast to the direct effect, results inreduced cross-satumtion of the
field c'u:uml:oncnt at the cavity-resonant frequency as indicated by
decreasing *mo in Fig. 8(c). Thiz contibution vanishes when,
for fixed i, the locking transition f ocours at similar 2 as it
does for injected laser with the same [ and vy = 0.
Population pulsation remains nonnegligible in strongly in-
jected losers and its effect on the RO process can be neglected
only under conditions where bath contributions to '?ﬁ;) vanish
or cancel each other. Some confusion may arise because the
term “strong injection”™ is relative. In theory, there is always
a sufficiently large & for which population pulsation is negli-
gible. However, our calculations show that in typical strong-in-
Jection experiments (2 < ¢p < 6], such as those discussed in
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Section VI, the RO damping rate is significantly decreased be-
canse of population pulsation. Meglecting population pulsation
would lead to a much higher RO damping rate and suppression
of the RO phenomenon.

V. MODULATION RESPONSE

Laser modulation regponse is one factor affecting overall per-
formance of an optical communication system [9]. Generlly,
a broad modulation bandwidth requires a combination of high
Spre and low grs. A common practice to increase (g is by
operating the laser further above threshold [31]. Unfortunately,
S and Y are intrinsically linked in o free-running lazer,
auch that any increase in fira is also accompanied by a greater
increasein Jprs. The problemis depicted by the dashed curve in
Fig. 9, which is obtained by using (33, (61 and varying A, from
1.05 to 10, The curve shows that while the ratio 5o/ fro ini-
tially decreases with increasing [ra. the trend reverses at higher
[ s For the laser configuration considered, % o eventually in-
creases faster with increasing J\,, than (o, after reaching a re-
laxation frequency of (o = 5 GHz with A, == 1L A large
s degrades the ability of the laser output to respond to the
amplitude variations of the injection cument.

Mumerical continuation of injection-locked stationary point
of (113} shows that the link between (o and 7mo can be
broken by taking advantage of the extra degrees of freedom pro-
vided by coherent optical injection. In most cases, optical injec-
tion increases s, and this may be seen in Figs. (5b) and {6b).
However, for some combinations of injection strength and de-
tuning (fi and A, respectively). fmo can be made to increase,
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modulation rosponse [«

|GHz

moclulation freg.

Fig. 1. Modulstion response of weakly injecied lassr with i = 5 The
comnbinations of (o 50 = (al (00,15, E-GHZJ by L0 12,7 GHz) and (ci (4.0,

14 GHzy The dashed cure is for the free-nanning laser. A, = 2 and the
armows indicaie the comesponding bandwaidihs.

while 7o remains constant or even decreases slightly. Such
combinations exist, for example, in the neighborhood of bifur-
cation points [ as showninFig. 5¢a) and (b, as well as Fig. 6ia)
and (k). The solid and dotted curves in Fig. 9 show this prop-
erty. For each curve, the excitation is kept at A, = 2. fgo isin-
creased by increasing I, while the ratio - m;_.-r_lrm; is decreased
by adjusting /. For the solid and dotted curves, the combina-
tions of Ji and 2 are chosen so that the laser maintains operation
insidke the locking region, at 4 and 2 GHz respectively, below the
locking boundary I [ef. Fig. 3(b].

To illusrate the actual improvement in modulation band-
width, we perform numerical continuation of periodic orbit of
{1 (41 which reprezents a response of injection-locked laser to
excitation modulation, for a range of modulation frequencies,
using the excitation rate iy, = 2. with a small medulation depth
of ¢ = ILIG. Figs. 10-12 and ( 14a) are plots of normalized
modulation response

i [j:;i;[.g‘_:l. = o [.f'.'_f[_.a}-
mAx [.f'.'ﬁl:_l _"'.JH?.}] - Jlﬁ:J[f:j.—l[l ."I.JH:."._:I]

as a function of modulation frequency [ for different injection
conditions and linewidth enhancement factors. In the presence
of optical injection, the detuning is adjusted so that the injected
laser operabes within the stable locking range and near the su-
percritical part of Hopf bifurcation, where=y g approaches sero.
From the modulation response curve, one can extract the modu-
lation bandwidth, which iz the modulation frequency where the
modulation response is 3-db below the low-frequency response.

Fig. 10 depicts the resulis for weak injection [ = 3. Com-
parison of the dashed and solid curves indicates roughly a factor
of 2 increase in i with optical injection. i (o is located by
the largest peak in the modulation response curve. ) The di fierent
solid curves show that this increase in gy is insensitive o
the linewidth enhancement factor ¢, Comespondingly, the laser
modulation bandwidth is also increased over the free-running
value. Curves L and (7 in Fig. 10 show a teo-fold improvement
for gy = [k Asygpincreases slightly above zero, the improvement
deteriorates and reaches a minimum aroundee = 1 1. Thereafier,
the modulation bandwidth resumes its increase with increasing
(A

Fig. 11 plots the modulation response for strong injection
(I = 1401). We see roughly a five-fold increase in [ with

Iﬂlﬁﬂ 10
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7 GHz). The dashed curve isfor the free-running laser. A = 2 and the amows
indicate the comesponding bandwidehs

madulation response [dB]

2 i
mesdulation freq. [GHz|

Fig 12 Modulation response of strongly injeced laser with fixed 0 = 115,

a = 2, and increasing & = ia) 0L0, (b 1020, and {c) 299 GHz. The dashed

curve is for the free-running laser. A, = 2 and the arrows indicate the corre-
sponding bandwidths.

optical injection, for I <X re < (k. However, as was pointed out
in [12]. the higher fpo does not necessarily result in a broader
modulation bandwidth. While the modulation response curve
for ¢ = 1) o shows an approximately five-fold increase in the
modulation bandwidth relative to that of the free-running laser,
the e = (L1 modulation response curve with roughly the same
> shows a modulation bandwidth that is appreciably less. The
reason for this anomaly is the significant degradation in low-fre-
quency modulation response inthe latter, as can be clearly seen
inFig. 11 {v. For iy = k1, the low-frequency response gracdually
recovers, resulting in a flaker modulation response of the laser
as can be seen in curve o,

We now identify processes associated with bandwidih en-
hamcement in sirongly injected semiconductor lasers. Fig. 13
presents the field and carrier modulation response for & = 140,
and Fig. 14 shows two examples of the time evolution for the
lazser varahles. At low modulation frequencies (first column
in Fig. 14}, the laser field amplitude, phase, and population
(2olid curves) closely follow variations in the locked =olu-
tion arising from the excitation modulation (dashed curves).
However. at higher modulation frequencies (second column in
Fig. 14} where the bandwidth enhancement occurs, the laser
ficld amplitude, phase, and population can no longer follow
variations in the locked solution arsing from the excitation
modulation. Rather, the laser exhibits injection-sustained RO as
it tries to comverge to the fast-varying injection-locked solution.
Figs. 13 f» and 14 (c2) show that injection-induced population
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solid curves are the sable Limit cycles of the modulated laser, and i = 140,
A= 620GH 0 = doand A = 2

pulsation is indesd present in enhanced modulation response.
Furthermore, results in Figs. 8 and 11 show the relation be-
tween population pulsation and bandwidth enhancement. While
strong laser-response at high frequencies is present in all curves
in Fig. 11. the flat response at low frequencies which iz also
necessary for bandwidth enhancement occurs for parameters
where there is atrong population pulsation contribution to the
RO} damping rate; compare curve ¢in Fig. 11 with the bottom

31



580

panel in Fig. 8 We checked that the same is true for fixed
ve and varving & and A (Motice that there is a significant
bandwidth enhancement for ¢ = 1) where population pulsation
contribution to the RO damping rate is vanishing. However, the
abzolute modulation response for (¢ = (Fis up to two orders of
magnitwde emaller than for 3 < ¢ <7 (. This difference cannot
be seen from the plots of the normalized modulation response
in Fig. 11 but will be discussed in our future work )

Ome should be careful when studying excitation-modulation
of initially locked laser because the locking boundary depends
on A" and shifis in the [, 2 plane with varying excitation. We
ohserved periodic responzse and modulation enhancement when
the laser remained inside the locking region for all time and
also in the cases where excitation modulation led to switching
between locked and unlocked operation in the [, A) plane.
Whether the similar is true for large modulation de pths remains
an interesting question for future research. Excitation modula-
tion of initially unlocked laser results in quasi-pericdic opera-
tion that represents beating between sustained RO and modula-
tion signal, and may sometimes lead to phase locking [33], [34].

We end this section by examining some of the Features
present in the curves in Figs. 10 and 12, First, we note that
lasers with ;¢ = (b appears to hepefit most from strong optical
injection: One  achieves significant modulation bandwidth
increase without degradation of Aat modulation responze at low
frequency. However comparison of curves g and { in Fig. 11
indicates that dynamical behavior of strongly injected laser is
extremely sensitive to the slightest deviation from ¢y = [k The
lowe-frequency degradation can negate the benefits of strong
optical injection in terms of increazing (o and limiting the
growth of 7o, This is cleady illustrated in Fig. 12 where
we plotted the modulation response for a laser with vt = 2
and Ji° = 115 The different curves g to ¢ cormespond to
increasing detuning, toward the Hopf bifurcation point. Despite
the fact that fgs increases and its resonance becomes mone
pronounced. which indicates a decreasing 7o, one obtains a
narrower modulation bandwidih when going from curve & bo o
The second feature imvolves the presence of other resonances in
the curves of Figs., 10~12. These resonances are generated by
the nonlinear active medium of the laser and are subharmonics
of the relaxation oscillation frequency., ie.. they occur at fre-
quencies | frn o, where g = 1,33, .., [32]. Quite noticeable
in Fig. 10 11 oand 12 s the ¢ = 2 contribution. Close
examination reveals the s = 3 contribution in Figs. 10 c and
11

VI CoMPARISON WITH EXPFERIMENTS

In this section, we show that it is possible to reproduce the
most important features of the injection-locked modulation
experiments performed with WCSELs using the injected-laser
rate-equation model given by (140

Figs. 15 and 16 show that we can achieve agreement for very
different ¥ CSEL structures. The difference is illustrated by a
different low-frequency response with respect o the free-run-
ning laser response in the top panels of Figs. 15 and 16, Our
calculations suggest that the W CSEL from Fig. 15 has a higher
(peavity, shorter carrier lifetime and, in particular, higher gy than
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Fig. 15 (Top) Experimental modulation response of a VICSEL with injection
ratioof 13.8 dB and detuning of & = (150, L ibi-T0. T, i~ L2 idp 51T,
and (=] 300 GHz; see [6] for more detsils on the experiment. (Bottom) the-

oretical modulation response for injection mtio of 200 log, | [F, 1] VTE) =
15248 and & = {a) =203, (b3 =143, {cd =16 {d) 5.0, and (¢ 15.9GHz.
Weused Vo= 195, T =000, L = L5 pm, 7 = 8 x 10051 4 =
G WF s~ T = 000, a0 = G, An = 1, and other parametes as given in the

last paragrmph of Section I[. Dashed curves are for free unning lasens.

the WCSEL from Fig. 16, This resulis in lower RO frequency
and sronger RO damping rate for the free-mnning VCSEL from
Fig. 15, and subzequently. in the stronger modulation response
enhancement above the free-running laser response for injected
VICSEL from Fig. 15, (We checked that the appreciable dif-
ference in the low-frequency modulation-responze of the two
lasers is not due to the differe ot injec tion ratio. ) Under strong op-
tical injection, in both lasers, for a positive frequency detuning.
very-high frequency relaxation oscillations were observed (up
to 50 GHz) with a low damping {curves of and ). For a negative
frequency detuning, high damping rates were ohserved leading
tor a Aat frequency response (curves aoand 9. The linewidth en-
hancement factor for this type of VCSELs was measured in the
range 4 < ¢ < 7 [35] which is consistent with absence of the
degradation of flat response at low frequencies. More details on
the experment can be found in [6]. [10]. and [11].

The bottom panels of Figs. 15 and 16 show unnormalized
modulation response W g, § e E20200] —minE20200] ) ob-
tained with {17—4) for the parameters given in the captions.
Because of the uncertainty in measured values of the detuning
and injection strength we treated & and i as a free parame-
ters, adjusted to match the RO resonance peaks from the exper-
iment. The theoretical curves reproduce well the trend across
the locking range from weakly damped cecillations at a positive
detuning to strongly damped oscillations with flat response ata
negative detuning. In particular, we achieved good agreement in
the modulation-response increase above the free-running laser
TESpOnss,

There are two discrepancies concerning the theoretical and
experimental results. First is the difference in the values of
& and . and second is the strength of the response near the
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Fg 16, {Top) experimental modulation mspomse of a VICSEL with injection
mtio of 12.5dE and detuning of X = (2)— 22001, (bh— 850, ()50, dy 19,2,
| v} 369 GHz; see [6] for mone details on the expedment. (Bomom) theore tical

miedulation responss for injection ratio of 20 bog | £, /1 VT Ey)| = 106 4B
and A o= fa) —40T b T 0 (e DAL {dh 220, and (0] 350 GHz We used
No=100, T =004, L =1.5 prm, 7E =1 % 10" 5=, 9N =4« W08 57,

[ =005, o = 4, and otber parameters a5 given in the lst pamgraph of Sec-
tiom 1L Dashed curves ame for free.running lisers.

R resonance. The differences between theoretical and experi-
mental values of A and K can be explaned by approximations
of the model {e.g. population independent o) and large enough
experimental uncertainties. Also. the theory underestimates
the response at RO resonance for the far positive frequency
detuning (curves ¢=in Figs. 15 and 16) and overestimates the re-
sponse ot RO resonance for the far negative frequency detuning
{eurves i and fin Fig. 15 and curves boand #in Fig. 163, This
difference is cumently under investigation.

Equations (1+—{4) should alao be applicable to DFB lasers.
However. DFB lasers have smaller than % CSELs fraquency sep-
aration between longitudinal modes which results in a narrower
band for single-mode operation. Also, owing to the device ge-
ometry. it is harder to achieve high injection rates in DFB lasers.

WL COMCLUSION

This paper analyzes the recent experimental observations of
improvement in laser dynamical properties by coberent optical
injection. We show that the experimental results can be accu-
rately described by the widely used injected-laser rate-equation
model, imval ving only three coupled ordinary differential equa-
ticns. To better understand the phenomenon, hifurcation theary
and continuation technigques are used to explore a wide range of
experimental situations imvol ving different injection conditions
and laser types. The results clearly show different relaxation os-
cillation behaviors for free-running and injected lasers, arising
from distinctly different physical processes. In contrast to the
more familiar fres-minning or weak-injection configurations, the
relaxation oscillation process in the presence of strong optical
injection is govemned by the pulsations of the intracavity feld
and population at frequencies determined by the injected field

and cavity resonances. The appreciable bandwidth enhance ment
in strongly injected semiconduc tor lazgers is found under condi-
tions where the injection-induced relaxation oscillation: i) have
its damping rate significantly decreased by the population pul sa-
tion, and ii ) become undamped with the excitation modulation.
The investigation also uncovers two factors limiting the band-
width enhancement. They are degradation of low frequency re-
sponse and overdamping of relaxation oscillation, for positive
and negative detunings, respectivel y.
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Self-Induced Chaos in a Single-Mode Inversionless Laser
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A single-mode inversionless laser with a three-level phaseonium as an active medium can by itself
exhibit complex nonlinear dynamics. Nonlinear interaction between two spectrally separated gain regions
of the phaseonium and a lasing field gives rise to instabilities and chaotic self-pulsations of a type not
observed in conventional lasers with population-inverted gain media. We calculate the bifurcation diagram
and uncover multistability and a torus-doubling cascade in transition to chaos.

DOL: 101103 PhysRevLett. 97.1 13903

Menlinear dynamics of lasers has been intensively
studied since the laser invention in 1960. These studies
provided invaluable insight into the nonlinear light-matter
interaction in a cavity and uncovered phenomena including
chaos, competition, excitability, and synchronization,
found across different fields of science and engineering
[1.2]. In particular, chaotic laser behavior motivated new
technological applications such as secure chaotic commu-
nication and chaotic radars. Until 1989, the general belief
was that lasers require population inversion.

During the last two decades, much attention has been
devoted to the effects of atomic coherence and interference
in a coherently prepared multilevel medium called phaseo-
nium [3]. For the example from Fig. 1. it was found that
phase coherence, or quantum coherence, created between
two levels with a dipole-forbidden transition (b + ¢) may
cause unusual optical properties of the dipole-allowed
transitions (g + b) such as ultrahigh refractive index, van-
ishing absorption, and gain without population inversion.
These discoveries led to phaseonium based lasers, called
phasers [3], that do not require population inversion [4—5].
Owing to the nature of the active medium, phasers have
nonlinearities that are very different from those found in
conventional (population-inverted) lasers, and the resulting
instabilities are not well understood. A further understand-
ing of the phasers’ nonlinear behavior, in particular, their
differences from conventional lasers, is important from a
fundamental viewpoint. The stability of various types of
phaser cutput including continuous wave (cw), periodic,
quasiperiodic, and chaotic lasing without inversion (LWT),
as well as the possibility to control them, is becoming of
great practical interest.

A single-mode three-level phaser is a paradigm of LWI
[9] and the first step in understanding nonlinear dynamics
of more complicated multimode phasers [10]. Although
phasers show more potential for richer dynamics than
conventional lasers, nonlinear dynamics analyses of LWI
in single-mode, three-level phasers revealed only bista-
bility and periodic self-pulsations [11-13]. These behav-
iors are much simpler than the Lorentz-type chaos reported
in single-mode two- and three-level conventional lasers
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[1,14,15]. In particular, no chaotic LWI has yet been
reported in single-mode, three-level phasers.

This Letter shows theoretically that a single-mode,
three-level phaser can exhibit further instabilities and
chaos of the type different than reported to date with lasers
and phasers. We calculated the bifurcation diagram of a
single-mode, three-level phaser and uncovered special
codimension-two [16] bifurcation points that are sources
of periodic, quasiperiodic, and chaotic LWI, as well as
multistability. Most interesting is the self-induced torus-
doubling cascade to chaotic LWL, a novel dynamical phe-
nomenon which is not yet fully understood. It has been
observed in numerical studies of dissipative media,
coupled electronic circuits, forced climate model, and
Navier-Stokes flow, as well as in experiments involving
electrochemical reactions, arrays of convective oscillators,
and ferroelectric crystals near phase transition [17]. A
phaser is the first reported example of an optical system
that shows a self-induced torus-doubling cascade and may
contribute to a better understanding of this general
phenomenon.

The results are obtained from solving the Maxwell-
Bloch equations in the rotating wave approximation for a
single-mode, three-level, ring-cavity phaser with the cavity
resonant frequency v, and decay rate y.,,:

0,= —TTmﬂf — glmior,,), (1)
Pae =R, —)i[ﬂ,:{crd, —at) -l-f.!j‘,lia'“L — et )] (2
P =Ry +i)n,(% — o), (3)
;

dap = —(y1 +ididow — 5[ ilpas — psw) — Qpoca)
(4y

Fa = =0 +i8 0w =3[0 pus — pec) — My )
(5)

G = —lys +ild = 8o =5 (o, — 0,0,,)
(6)
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The Rabi frequencies are defined as (3;(t) = papE6)/
and 2, = g, E,/h. where the slowly varying E(t) and
constant £, are the real amplitudes of the lasing and
coherent-pump electric fields, respectively, and g, and
g are the dipole moments. The gain coefficient is defined
asg = N|p | #, T/ (he), where N isthe atomic density, #,
is the lasing-field frequency, and I" is the optical-mode
confinement factor. We assumed a time-independent
pump-field phase, and the time derivative of the slowly
varying lasing-field phase ¢ = —gRel(o)/; enters
into A; = A_,, — ¢,;, where the cavity detuning is defined
a8 Aoy = Vab — Veay. Ap = wue — vp, where wy; is the
atomic frequency of the §+« j transition and », is the
coherent-pump-field frequency. gy is the population of
level i, and we assumed p,, + ppp +p.. =1. R,
~(Vab F Vae ¥ AacdPaa + (Aap = Aucdppn + Au and
Ry = (Yap = Yer)Paa — Wep + A + Aplpis + ¥ de-
scribe incoherent pump and decay processes, where v;; is
the decay rate from i to j, and A;; is the pump rate from j to
i.as indicated in Fig. 1. ory; are the slowly varying complex
amplitudes of the off-diagonal elements of density matrix
lpghand yy = (pap + Yoo + Ao +AL)2 90 = (v +
Vae ¥ Yoo F A2 and gy =y + A + A+
Aoy )/2 are the corresponding dephasing rates [12].

The stable fixed point of Egs. (1)—(6) with ;=10
corresponds to a phaser below threshold {off ), and a stable
fixed point with €}; > ) corresponds to cw LWL Periodic
orbit corresponds to LWI with periodically self-pulsating
intensity (sp). As the parameters are changed, the solutions
of Egs. (1)—(6) can change as well. Qualitative changes in
the system'’s dynamics, i.e., the bifurcations [16], are cal-
culated with the bifurcation continuation package AUTO
[18]. Transition from below threshold to cw LWI occurs
typically via supercritical pitchfork bifurcation. In super-
critical Hopf bifurcation, the stable point becomes unstable
by giving rise to stable periodic orbit. In subcritical Hopf
bifurcation, the unstable point may become stable by giv-
ing rise to unstable periodic orbit. A pair of stable and
unstable periodic orbils may disappear in the saddle node
of limit cycle bifurcation.

Bifurcations of Egs. (1)+6) are calculated in the
(€. Aeyy) plane for A, =0, 7ya, =003y, vy
00557, Yo =0, yep = 0.0035y. Ag = 0045y, A, =
0.45y, and A =0. In the absence of the lasing and
coherent-pump field we have p% =10.45, pl, = 0.55,
and p®. = 0. Parameters are scaled with respect to a free
parameter y, and g is given in the figure captions. Chaos is

FIG. 2 (color online). (a) Gain (solid curve) and population
difference (dashed curve) for the three-level phaseonium from
Fig. | without a cavity; calculated with Eqs. (2)—(6) for {3 /y =
0.5 andﬂr,f',- = 1. (b) Bifurcation diagram of LWT for the three-
level phaseonium inside a ring-cavity: calculated with Eqs. (1)-
(&) for g/4* = 1. Regions of LW are bounded by the p curves;
cw marks continnous wave LWI and off is for laser below
threshold. The laser is operated near its lasing threshold.

found for g /* = 100. Choosing ¢ =4 ¥ 10% 57!, using
the definition of g and assuming 1 D for geiy. 10 pm laser
wavelength, and T' = 107, the required atomic density for
observing chaos is & = 4.5 % 10 m™*. For room tem-
perature, this corresponds to an active medium gas pressure
of 1842 Pa or 13.9 Torr. The dephasing rates, y; ~ 10% 571,
and the population decay rates, y;; ~ 10 57, are consis-
tent with the values found in molecular gases. Furthermore,
€}/ = 1 means a drive field intensity of 21 W /em?, and
Vew = L2 X107 71,

The phaseonium gain per unit length for the a b
transition is related to the slowly varying polarization
o,y according  to gain = —g /Elmie,, )/ (c[Y).
Figure 2{a) shows the gain profile (solid curve) and popu-
lation inversion {dashed curve) assuming no cavity and a
weak cw probe {3;. For incoherent pump and decay rates
such that p%. — % < 0, quantum coherence e, induces
two spectrally separated inversionless-gain regions [9,12].
An interesting question arises as to what happens when this
phaseonium is placed inside a cavity.

Figure 2(b) depicts the bifurcation diagram in the
{&.q. £2,) plane in the close vicinity of the lasing thresh-
old. The cw LWI occurs detuned from the atomic reso-
nance inside two islands bounded by the pitchfork
bifurcation curves p¥ and p~. The diagram from
Fig. 2(b) may change drastically if the laser is operated
further above threshold. In particular, as g increases. the
two LWI regions from Fig. 2(b) grow in size and interact in
a very nonlinear fashion. The previous studies focused on
lasing near threshold. They reported bistability and peri-
odic self-pulsations around zero cavity detuning where the
two LWI regions overlap slightly [11-13]. This Letter
uncovers further and more complicated LWT instabilities
characteristic for inversionless lasing far above threshold.

Figure 3 shows the bifurcation diagrams in the
(Aeqy ©,) plane that are typical for LWT far above thresh-
old. The two LWI regions overlap significantly. and for
g/¥* &7, there are four intersection points between pt
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(a) g
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FIG. 3 (color online). Bifurcation diagram of LWI for
ta) g/v* =25 and (b) g/¥* = 100. Region of LWI is bounded
by the solid parts of the p curves: cw marks continuous wave
LWL bew marks bistable continuous wave LWI, unshaded sp
marks periodic self-pulsing LWI, shaded sp roughly marks non-
perodic self-pulsing LWI, and off is for laser below threshold.
The laser is operated far above its lasing threshold.

and p~. called codimension-two double-pitchfork bifurca-
tions. Al each point. (i) p* and p~ change from super-
critical (solid curves) o suberitical (dashed curves) and

(11) Hopf bifurcation curves i appear, giving rise (o regions
of periodic self-pulsations (solid parts of &) and bistable cw
LWI (dashed parts of &). Also, there are saddle node of
limit cycle bifurcations s which partially bound regions of
periodic self-pulsations. In contrast to Fig. 2(b), the dia-
eram in Fig. 3(a) has a region of bistability at the atomic
resonance and three regions of periodic self-pulsations:
two located off the atomic resonance and a significantly
smaller one at the origin of the (A, €,) plane [more
distinct in Fig. 3(b)].

Upon further increasing g. two additional Hopf bifurca-
tion curves it and h~ appear, giving rise to additional
regions of self-pulsations [Fig. 3(b)]. Most importantly.
there are now four intersection points between different
A7 curves, called codimension-two double-Hopf bifur-
cations. Out of 11 possible cases of a double-Hopf bifur-
cation [16] we encountered the most complicaled one.
which involves quasiperiodic and chaotic self-pulsations
indicated roughly by the shaded region in Fig. 3(b). Here.
we presenl two highlights of complicated LWT: torus dou-
bling to chaos and multistability.

The torus-doubling cascade shows some similarities to
the well-known infinite period-doubling cascade [19] but
differs in at least two significant aspects. First, torus dou-
bling requires at least a four-dimensional vector field.
Second. a torus-doubling cascade involves an interplay
between two types of transition to chaos, namely, period
doubling and the breakup of tori. In fact. the tor break up
within certain parameter intervals around each doubling
point. These intervals eventvally overlap. owing to the
accumulation of subsequent doubling points, and this ef-
fect truncates the doubling cascade. If the two frequencies
of the torus f; and f5 are comparable. one expects long
intervals with broken-up tori and only a few doubling
steps. If f = f5. as is in our case, one expects short
intervals with broken-up tori (possibly below what can be
detected numerically) and many more torus-doubling steps
[20]. In Fig. 4. the torus-doubling cascade is illustrated
with (lop row) attractors in the Poincaré section and (bot-
tom row) corresponding power spectra of the phaser field
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FIG. 4. Torus doubling in transition to chaotic LWT shown as (top row) attractors in the projection of the Poincaré section
{Im{er,;) = 0} and (bottom row) power spectra of £2,(r)%. g/ = 100, £}, /¥ = 4.4, and from (a) to (f) A_, /v = 1.0,0.3, 0.2, 0.14,

.13, and 0.1,
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FIG. 5. Multistability between (a) stationary point, (b) periodic
orbit, and {c) doubled torus for g/y* = 100, ﬂp_f"-,- =44, and

Aoy =02

intensity. Figure 4(a) shows periodic orbit of frequency f.
born in the saddle node of limit cycle bifurcation inside the
shaded region in Fig. 3{b). This orbit crosses the Poincare
section 4 times. With decreasing A.,,. this periodic orbit
becomes unstable via torus bifurcation and gives rise to a
stable torus shown in the Poincaré section as two invariant
circles [Fig. 4(b}]. Motion on the two-dimensional torus
from Fig. 4(b) represents self-pulsating LWI with two
frequencies, f, and f.. The trajectory appears (o com-
pletely fill the two circles in the Poincaré section indicating
that these two frequencies are incommensurate, and the
phaser output is quasiperiodic. The power spectrum has
peaks at all integer linear combinations of f; and f5. In
torus doubling, a two-dimensional torus becomes unstable
and a stable doubled torus appears [Fig. 4ic)]. This is
accompanied by the appearance of additional peaks in
the spectrum which can be expressed by integer linear
combinations of f,/2 and £, /2. We were able to distin-
guish four consecutive torus doublings before chaotic at-
tractor emerged with a spectrum that is a mixture of a
continuous  background and strong  discrete  peaks
[Fig. 4ie)]. With further decrease in A.g,. we observed a
transition to full-blown chaos with hardly any discrete
peaks in the spectrum [Fig. 4(f}]. Another inleresting
phenomencn found inside the shaded region of Fig. 3(b)
is multistability. An example involving fixed point. peri-
odic orbit, and the doubled torus from Fig. 4{c) is shown in
Fig. 5. The torus-doubling cascade can be reached by
following the stable stationary point until it destabilizes
along the dashed part of k™.

In conclusion, this Letter investigates self-induced non-
linear behavior of a single-mode, three-level phaser. We
considered conditions under which quantum coherence
induces inversionless gain at two spectrally separated re-
gions off the atomic resonance. Such a gain profile gives
rise to two inversionless-lasing solutions. In the vicinity of
the lasing threshold, each of the two solutions exist inside a
separale region of inversionless lasing in the plane of the
coherent-pump strength and cavity detuning. However, as
the laser operates further above threshold, the two regions
of inversionless-lasing overlap, giving rise to strong optical
nonlinearities. These nonlinearities, governed by the pro-
cesses of self- and cross saturation between the two lasing
solutions [12], lead to special codimension-two double-
pitchfork and double-Hopf bifurcations in the bifurcation

diagram. The more interesting double-Hopf bifurcations
are sources of multistability and complicated inversionless
self-pulsations of the type distinctively different from in-
stabilities found in conventional lasers. In particular, we
uncovered the torus-doubling cascade in transition to cha-
otic lasing without inversion. A phaser is the first reported
example of an optical system that shows this interesting
bifurcation scenario. Note that single-mode conventional
lasers have a single spectral gain region, single lasing
solution, and cannot exhibit instabilities arising from the
nonlinear interaction between different lasing solutions
induced by quantum coherence.

This waork is supported in part by the U.S. Department of
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40 GHz Bandwidth and 64 GHz Resonance
Frequency in Injection-Locked 1.55 pm VCSELs

Lukas Chrostowski, Member, IEEE, Behnam Faraji, Student Member, IEEE, Werner Hofmann, Srudent
Member, IEEE, Markus-Christian Amann, Senior-Member, IEEE, Sebastian Wieczorek, Weng W. Chow

Abstract— Injection locking is shown to greatly enhance the
resonance frequency of 1.55 pm VCSELs. from 10 GHz to
ot GHz. under ultra-high injection locking conditions. Using
injection locking to increase the laser resonance frequency,
together with a low parasitic VCSEL design, 3-dB bandwidth
of over 40 GHz was attained, a record broad-band performance
for directly modulated VCSELs, VOSELs with slightly detuned
polarisation modes are mjection-locked with controlled polar-
isation angles. For the first time, a dual-resonance frequency
response is ohserved, and is explained with a two polarisation-
micdde injection-locked rate equation model.

Index Terms— VCOSELs, Optical Injection Locking, Direct
Maodulation, Frequency Response.

I. INTRODUCTION

HE resonance frequency and moduolation bandwidth are
two important figores-of-merit for directly modulated
lasers, that determine the maximum data rate in optical com-
munication systems. Previous state of the art in high-speed
VCSEL modulation includes 20 Gh's modulation with a 990
nm VCSEL [1], an 850 nm VCSEL with a 21 GHz handwidth
[2]. 10 Gh's modulation with a 1.55 gm VCSEL [3]. [4].
and most recently, a 20 GHz bandwidth allowing for 25 Gb/s
modulation ina 1.1 gm VCSEL [5]. Edge-emitting lasers have
achieved 3 dB modulation bandwidths of up to 40 GHz [6],
(71
In order to achieve a high modulation bandwidth, a high
resonance frequency is required. Early pulsed measurements
demonstrated the potential for achieving a high resonance
frequency in VCSELs, up to 71 GHz [8]. In practice, however,
the resonance frequency is much lower due to self-heating
and reduced differential gain. One method for increasing the
laser resonance frequency, thereby increasing the modulation
bandwidth, is the injection locking technique [9], [10]. Previ-
ously, we have demonstrated a 50 GHz resonance frequency in
ultra-high injection-locked 1.55 gwm VCSELs [11], revealing
an intrinsic bandwidth of greater than 50 GHz. It was found
that for high injection ratio, the resonance frequency increases
with increasing injection ratio, with no upper bound predicted.
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Germany, S Wieczorek is with the department Applied Monlinear Mathe-
matics, University of Excer, UK. W. W. Chow i= with Sandia MNational
Laboratories, Albugquergue, New Mexico, USA.

Also, a recent study reports a 44 GHz bandwidth with a peak
resonance frequency of 72 GHz in an injection-locked 1.55
pm DFEB laser [12].

Our previous work was focused on measurements of the
intrinstic laser frequency response [11]. In these experiments,
the laser parasitic was determined by a signal processing
technique [13]. allowing for the frequency response (o be
de-embedded. This paper, in contrast, presents the extrinsic
frequency response of the VCSEL, including all the device
parasitics, and without the de-embedding in our previous
reports. To the best of our knowledge, the reported bandwidth
of greater than 40 GHz is the highest for a directly modulated
1.55 pm VCSEL.

This report describes the first experimental observation of
dual-resonance frequency responses for polarisation angles
intentionally misaligned from the fundamental lasing mode
polarisation, as shown in Figure 1. This effect is explained
and results are reproduced by a two polarisation-mode rate
equation model.

Fig. 1. Dustration of the polarisation alignment of the master laser, with
respect to the two VOSEL polarisation modes. Two resonance frequencies
result from the beating between the lasing mode, wyny, and the two cavity
modes,

Fiber Circulator (FM, FC/APC)

°r & Opfical
Injl_ectiungd:;tler Port 1 \ Port 3 - Sp:cltl::m
aser | ) I‘J F— 1:3\.'9!] Analyzer
T Coupler
Ciptical Fiber
Probe

Vecior Metweork
Analyzer + Bias

Injection-Locked
Follower VCSEL

Fig. 2. Experimental setup

II. EXPERIMENTS

The directly modulated VCSELs used in this experiment
were 135 pm InGaAlAs/nP buried tunpel junction (BTI)
VCSELs [14], with a maximum laser resopance frequency
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of approximately 10 GHz. The polarization mode of the first
VCSEL is at a 0.3 nm lower wavelength (or 40 GHz) than the
fundamental lasing mode, as shown in Fig. 6, with a side-mode
suppression ratio =40 dB,

A, Expertmental Setup

The experimental setup is shown in Figure 2. The light
toffrom the VCSEL was coupled using an anti-reflection
coated lensed polarization-maintaining (PM) fiber, aligned
using a piezo-electric nano-positioning stage. The master laser
1= a high-power (17 dBm) Distributed Feedback (DFB) laser
with a PM single mode fiber output. The light was coupled to
the VCSEL via a PM circulator.

The wavelength detuning and injection power were adjusted
by tuning the DFB temperature and current. The wavelength
detuning is defined as AX = Appg — Aveoser. The injection
ratio is estimated to be the free-running VCSEL power (in
dBm), minus the master laser light incident on the VCSEL {in
dBm). The polarisations of the DFB and VCSEL were adjusted
by rotating the lensed fiber. We define the 07 polarisation to
be the fundamental lasing mode, and 90% to be that of the
polarisation mode. The VCSEL was probed on-wafer using
a 40 GHz probe and the small signal frequency response
{821) was characterized using an Agilent ES361A 67 GHz
network analyser using a resolution bandwidth of 10 Hz.
The modulated VCSEL output was directly detected using a
65 GHz u2t Photonics waveguide photodiode with a known
S21 response. A “thru” calibration of the network analyser
was performed, to calibrate the frequency response of the
cables. The frequency response of the photodetector, provided
by the vendor, was subtracted from the 521 data. Thus, the
frequency response data reported here is the actual response
of the VCSEL. including the device parasitic. This is in
contrast to previous work which included a de-embedding
procedure to determine the intrinstic laser frequency response
[11]. The experiments were conducted at room temperature
without VCSEL temperature stabilization.

B. Experimental Resulis

In this study, the polarisation angle of the master laser was
varied in a range of 0% (matching the fundamental VCSEL
mode) (o 907 (matching the polarisation mode of the VCSEL).
Different frequency response behaviours were observed, as
Tfollows,

For an injection polarisation of 0°, figure 3 shows the
frequency response for the laser with negative detuning values
(AN for an ultra-high injection ratio of 14.8 dB. A resonance
peak up to ~ 60 GHz is observed, In general, negative
detuning values (in wavelength) result in sharp, undamped
frequency responses, while positive detuning values result in
flat responses (see ref. [11]).

Al an injection polarisation of 30, dual-resonance fre-
quency responses were observed, as shown in Fig. 4. These
frequency responses are unconventional, showing two res-
onance peaks rather than a single one. The corresponding
optical spectra are shown in Fig. 6,

—45 T T T T T T

—==Free Running
— Injaction Lockad

RF Respaonse (dBj

e o ]

b

10 20 30 40 50 &0 70
Freguency (GHz)

Fig. 3 Frequency response for an injection polarisation of 0%, The injection
matio was 14.8 dB, and the detuning values were a) A = -01 nm, b) -0.2
nm, ¢ -0.3 nm. The VCSEL bins was 1.5 mA.

—4gfb ———Free Running | |
— Injection Locked
-saf ; 1
o .
E B
- —B80
@
c
§ =70p
@
o
e
= -80f
Wy
-80f i
=10 2
GI: 10 20 30 40 50 &0 7o
Freguency (GHz)
Fig. 4  Frequency msponse for an injection polansation of 307, Both

polarization modes are locked to the same master laser. leading to dual-
resonance frequency mesponses. The injection mtio was 10 dB, and the
detuning values were 0) AMd = 0.1 nm, b) 0 mm, ¢} —0.1 nm. The VCSEL
bias was 4 mA.

Measurements for over 30 combinations of polarisation an-
gle ivarying between 10° and 607, injection ratio (5 to 14 dB),
and detuning values were conducted. The difference between
the two peaks was measured, and found to be on average 36
GHz. The frequency difference measurements are summarised
in Figure 5. This frequency difference approximately matches
the frequency difference between the two polarisation modes
in the free running laser shown in Figure 6.

For an injection polarisation of 65 to 80°, very high
bandwidth {~ 40 GHz) frequency responses were observed,
shown in Figure 7.

Figure 7 shows the frequency response of the injection-
locked VCSEL (bias 4 maA) for several detuning conditions,
under ultra-sirong injection ratio. The injected optical power
incident on the VCSEL was approximately 11 dBm, and the
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Fig. 5. An estimate of the difference between the two resonance frequencies,
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experimental 521 responses,
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Fig. 6. Optical spectrum of the free-running laser (dotted curve) and
inction-locked laser (solidi. The injection-locked optical spectmm corme-
sponds to the condition shown in Figure 4u

injection ratio was 12 dB. The extrinsic bandwidth of the
device was > 40 GHz for the conditions shown, with the
highest observed bandwidth of 49 GHz.

For an injection polarisation of 90° {orthogonal to the
fundamental lasing mode), the measurad frequency response is
shown in Figure 8. The PM circulator used in the experiment
acts as a linear polariser, thus highly attenuates the free-
running frequency response, since the free-running laser emits
at a 0° polarisation. The frequency response shows frequency
responses similar o previous on-axis injection experiments
[11], where only one resonance frequency is observed.

A second VOSEL was also studied, with a polarisation mode
at a 10 GHz lower frequency. For an injection polarisation of
45°, the resulting frequency responses are shown in Figue 9,
showing resonance peaks separated by ~ 10 GHz.

("

RF Response (dB)

Fig. 7. Frequency respon=e for an injection polanisation of 65 — 80%, [AX,
Injection rafc, polarization angle] = a) [+01 nm, 10 dB, 65°], b) [0 nm, 10
dB. 65 ¢) [-0.3 nm, 10 dB. 50°]. ) [-0.3 nm. 11 dB, 807]. The VCSEL
bins wis 4 mA.

RF Response (dB)

)] 10 20 ao 40
Frequency (GHz)

Fig. 8, Injection polurisation of 90°, locking only the Znd polarization mode.
[AA Injection mtio] = a) [+0.1 nm, 11 dB], &) [-0.1 nm. 11 dB]. ¢} [-03
nm. 11 dB].

II1. THEORY
A. Single-Resonance Injection Locking
In the single-resonance injection-locked WCSEL, the three
relevant aspects of the modulation bandwidth experiment
including 1} enhanced resonance (relaxation oscillation) fre-
quency. 2) modulation bandwidth enhancement, and 3) en-
hanced modulation response at low frequencies (RF gain), can
be all accurately described by the rate-equation model [15].
The significant enhancement in the resonance frequency
is attributed to the beat note between the lasing mode and
the shifted VCSEL cavity mode [16], [15] Namely, the
resonance frequency in strongly injected VCSELs is equal
to the frequency detuning between the free-runnning and
injected signals plus the shift in the cavity resonance frequency
due to the injection-induced change in the active-medium
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Fig. . Frequency response for the 2nd VCSEL with o 10 GHz polarisation
mode difference. with an injection polansation of 45°, [AX, Imjection ratia]
=) [-0.04 nm, 2 dE], b) [-0.05 nm. 5 dB]. ¢} [40.11 nm, 6.5 dB].

refractive index (proportional to the linewidth enhancement
facton), wyes = Wiq sing — Weapity = .ﬂw,—n_.,— a %L:ﬂﬂ-". This is
illustrated in Figure 10a. Such enhanced resonance frequency
is accompanied by the modulation bandwidth enhancement
when the damping of the resonance is significantly decreased
by the population pulsation and the injected ¥ CSEL unlocks,
ie. it does not follow the current-induced variations in the
injection-locked state at high modulation-frequencies [15].
This is in contrast (o low modulation-frequencies where the
injected VCSEL closely follows the current-induced variations
in the injection-locked state [15]. Consequently. the low-
frequency modulation response is determined by the slope of
the light-ourput vs. current curve. An external optical injection
can deplete the carrier density and modify the laser equilibrinm
such that more of the total intracavity energy is stored in the
lasing field. As a result, injection-locked WCSELs can have Pl
curves that are much steeper than those for the free-running
laser [17], leading to an increased modulation response at low
[requencies,

An alternative approach based on the amplifier model has
also been used to describe the effects of resonance frequency
and modulation response enhancement [18]. In this model,
VCSEL acts as a high-Q amplifier, amplifying the microwave
modulation signals at frequencies near the resonance fre-
quency.

Building on the previous success of the approach based
on the single-mode rate-equation model, we use here the
two-polarisation-mode version of the model to reproduce the
double resonance frequency experiments.

B. Dual-Resonance Infection Locking

In the dual-resopance injection locking system, the two
resonances are due to a beating between the lasing mode and
the shifted two VCSEL polarization modes. In the VCSEL
described in this experiment, the 2nd polarization mode is 40
GHz detuned from the fundamental lasing mode. Thus, the
difference between the two resonances is 40 GHz. The shift

I

WER Wing

I} ‘@
11

Weavity

Wiaging

-
A & Hrea,l
Weavity Wlaesing

Wres Wies 2

Fig. 10.  a) Mustrtion of the cavity shift due to injection locking, leading
to the injection-locked msonance frequency. wi g is the free-running optical
frequency. wypy is the optical injected light frequency. When the laser is
locked, its cavity frequency is shified 1o wogygey. while its lasing frequency
i5 Wigping = Wing. The new resonance frequency is wrgs = Wiasing —
Waapity = Digng — SCAN [16] b Dustration of the cavity shifts expen-
enced by both optical modes due to injection locking, kading to the injection-
locked dual-msonance frequencies. wppy. wp o ae the free-running optical
frequencies at the two polanisations 0%, 90°, and wp; is the cptical injected
light frequency. When the laser is locked, the cavity frequencies are shified
10 wed, we, while its lasing frequency is Wigging = wing. Thus. there are
two esonance frequencies: Wreesl = Wiggang — wel = Ay — FEAN,
resl = Waping — W2 = Ailng — %G' N — Aode

for each msonance is constant for all detuning and injection
ratic conditions, because the two modes share one carrier
population. Thus, the shift experienced by each mode will
be $CGAN, and is identical for both modes. This is shown
schematically in Figure 10b,

The dual-resonance effect described has been observed for
polarization modes. However, the model is general in that any
two (or more modes) can be locked in a similar fashion. For
example, if the higher order transverse mode splitting was
small enough, it could alse be locked. thus leading a dual
resonance response cuve,

By varying the frequency difference between the fundamen-
tal and polariz ation mode, it is possible to design the frequency
response of the injection-locked VCSEL. In particular, it may
be possible to oplimize for an even higher [requency laser
bandwidth.

I} Raie Eguation Model: Semiconductor lasers are [ypi-
cally described the rate equation model. This mode] has been
applied for the case of external light interacting with the laser,
including oplical feedback [19] and optical injection locking
[20]. [21]. [22]. In this work, the conventional single-mode
semiconductor optical injection locking rate equation model
was modified to include two optical polarisation modes.

In previous work, there have been several injection locking
studies which considered multiple modes including: side-mode
injection locking [23], [24]; multiple-transverse mode locking
[25]: wavelength conversion [26] and polarisation switching
[27]: polarisation stabilisation [28]: and 2R (reamplification
and reshaping) regeneration [29]: and spin-flip effects causing
quasi-stable oscillation [30].
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To the best of our knowledge, this is the first work
which investigates the carrier modulation properties of a two
polarisation-mode injection-locked laser.

This model consists of two optical fields coupled via a
common carrier density. 5; and Sy describe the photon density
for the 0° and 90° degree polarisations, respectively, while
@1 and ¢o describe the comesponding optical phases for the
two modes. The optical injected photon density is S;,;. The
optical injected light is incident at a polarisation #p, thus the
light injected into the 07 polarisation is S;,;-cos (#p ), and the
light injected in the 907 polarisation is S;,; -sin (fp). The 0°
polarisation is assumed to be the fundamental mode (57, &),
with the polarisation mode detuned by a frequency A, ode.

The photon lifetime of the 2nd mode is chosen so that the
side-mode suppression ratio of the free-running laser is = 35
dB, matching the experimental devices, with 7,2 = 0.9 = 7.

dS; 1
— = |G- —| -5+ R,
df ( TPI) ! i
+ ko 81 Sing - cos (Bp) - cos(@1() — ingl ()
dSs 1
=|G——| -S+AR.
df ( TFQ) 2t fep

+kor/ S0 Sing - sin (Bp] - cos (dalt) — dinj)

diy o -
= —GL(N — Nyp) — 2w
- = 50l th)—2mAf
Sin' . . . o .
- kc'lklf = - cos (fp) - sin (@1(t) — dins)
s (2)
dig o o
— = =G (N — N ) — 27A LN
7~ 30l th) il P —
5. .
i inj - ¢ Y e f fpvo L
-f»c\.,.f 5, sin(fp] - sin ($a(t) — diny)

The carrier density is described by a single variable, IV,
since both optical fields interact with the same carrier popu-
lation in the active region. The photon density in the carrier
equation is assumed to be the sum of the two photon densities,
.5‘*& = Sl + .5‘2.

dv I N
— = — -5, 3)
dt g T. et @
Gl — N
- kiJ (4
1+ eSi

The parameters used for the simulations are given in Table
I [15]. Significantly, these parameters correctly reproduce
the modulation efficiency enhancement observed in injection-
locked VCSEL experiments [15]. In particular, the carrier and
photon lifetimes, as well as linewidth enhancement factor,
were found to be the most important in determining to the
modulation efficiency enhancement observed.

The injection-locked modes remain in orthogonal polarisa-
tions when locked, 1e. 51 and 52 describe the photon density
for the 0° and 90° degree polarisations, even when locked. The
light output from the locked laser is thus a vector addition of

the two modes, and can be at a linear or elliptical polarisation,
depending on the phase differences between the modes.

2) Numerical Simulations: Numerical simulations of the
rate equations i1)-(4) were performed using Matlab with the
ODE23 solver. First, the equations were solved for the steady-
state solutions. When the two phase terms, ¢q(t) and (),
have a zero slope (with a constant phase shift between them),
this indicates that they are lasing at the same wavelength; this
is the “dual-locked” condition.

In the cases considered where the dual-resonance response
is observed, the phase shift berween the two modes is approxi-
mately a multiple of 2. Thus, the injection-locked light output
is at a linear polarisation. The angle does not necessarily
match the incident light, since the photon densities of the two
polarisations are not equal.

The frequency response of the system is simulated. A
small signal modulation was applied to the bias current, I =
Tyiae [1 + mesin( 27 froqt )], Wwhere m is the modulation index,
10 is the bias current, and f,,,.q 1s the modulation frequency.

First, a simulation of injection locking at a 0° injection
angle was performed, with the results shown in Figure 11.
The modulation amplitude results agree with previous experi-
ments [11]. Also shown in the figure is the microwave phase
response. Just as a free-running laser exhibits a —180° phase
shift transition between low and high frequencies, so do single-
mode injection-locked lasers [31].

180
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c @
2 E
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Fig. 1. Frequency msponze of the dual-resonance injection-locked VOSEL

with light incident at a 0% polarisation, obtained by numencal simulations of
the rate equations. Injection mtio = 2, Detuning = 30 GHz. Polansation mode
detuning = 35 GHz Dotted blue curve: microwave phase, thin red curve:
free-munning laser 521, thick blue curve: injection-locked 521

The frequency response of each mode is individually plotted
in Figure 12, shown in the dotted lines. The two responses
show different resonance frequencies. These two responses are
contained in each of the orthogonal polarisations. In order to
determine the overall response, the vector addition of the two
optical modes is performed, followed by direct detection (non-
polarisation selective). This leads to the total response shown
in the solid thick (bluey curve in Figure 12. For comparison,
the thin solid green curve shows the scalar summation of the
responses of the two modes.

Since we are performing a vector summation of the two
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modes, the optical phases, as well as the electrical microwave
phases must be considered in the analysis. The microwave
phases of the two modes are shown in the magenta dashed-
dotted curves. As can be seen. each mode experiences a ~
—180° phase shift at its respective resonance frequency. The
thick blue dashed-dotted curve is the microwave phase for the
total response. The total response undergoes two phase change
regions al each of the resonance frequencies. The total phase
change from DC is ~ —180°, as in the case of single-mode
injection-locked lasers.

Due (o the microwave —180° phase transitions occurring at
the two different resonance frequencies, there are regions in
the total frequency response where the two signals have oppo-
site phase, thus leading to the possibility of signal cance llation.
This is seen at ~ 48 GHz where the signal amplitude of the
two modes s similar in power but nealy opposite in phase.
This effect leads o a dip in the frequency response between
the two resonance peaks,

-20 4270
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[1] 10 et} 0 40 . 50 &0 1] E0
Frequency (GHz)
Fig. 12. Frequency msponse of the dual-resonance injection-locked VCSEL

with light incident at o 30° polarisation, obtained by numerical simulations of
the rate equations. Injection mtio = 2, Detuning = 30 GHz. Polarisation mode
detuning = 35 GHz. Dotted blue curve: microwave phase, thin red curve:
free-running lazer 821, thick blue curve: injection-locked 521

In the simulation shown in 13, the polarisation filtering
effect of the PM circulator was taken into account. The
polariser is aligned with the injected light (20°). and results in
a reduced contribution from the 15 GHz resonance frequency
peak (owing o the 90" mode). The result is a nearly Mfat
frequency response up to the 45 GHz resonance peak, with
a 3 dB bandwidth of 54 GHz.

In this study, the polarisation mode detuning is assumed
o be A .4 = 35 GHz, le. the polarisation mode is at a
higher frequency than the fundamental mode. Simulations are
also performed for the case when the 2nd mode is at lower
frequency, le. A, 4. = -35 GHz. These two cases show very
similar frequency response curves, with slight differences in
the amplitudes of the two peaks. The slight differences are a
result of the different cavity losses for the two modes.

IV, ANALYSIS
In this study, the polarisation of the injected light was
precisely controlled to determine the effects of the injected

L]
o 9270
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Fig. 13, Frequency mesponse of the dual-resonance injection-locked VOCSEL
with light incident at o 207 polansation, obtained by numencal simulations
of the mte equations. This simularion incorporates the polansation filering
effect of the PM circulator. The predicted 3 dB bandwidth iz 54 GHz (blue
sguare). Imjection mtio = 2, Detuning = 20 GHz. Polansation mode detuning
= 35 GHe. Dotted blue curve: microw ave phase, red corve: free-running laser
521, thick blue curve: injection-locked 521

TABLE 1
L1sT 0F SIMULATION PARAMETERS
Parameter Symbaol Value Umits
Lincwidth enhancement factar o 3 3]
Bias current Thias 4 = dyp
Photon lifetime (mode 1) T 12.5 pa
Photon lifetime (mode 2 s 11.2 a2
Carrier lifetime Ts 0.2 na
Differential gain g% 1% 10— em?
Cavity length Leavity 55 pm
Active volume Foctive | 1.2 % 10—12 am?
Injection coupling rate ki &02 na—!
Spontaneous emission rte Rap 127 na—1
Optical confinement factor r 0.03
Group velocity g 88 cm fna
. T3
Modal gain Vﬂ [ 2.2 x 10—* na—!
Transparency camier density Na 1.2 = 108
Threshold camier density N 1.6 = 109
Injection locking detuning Af 30 GHz
+ 3 . i S.." . 4
Injection locking power ratio = 2

light on the polasation modes, The VCSEL used had a
polarisation mode splitting of 40 GHz, thus two resonance
frequency peaks were observed in the frequency response. This
was understood to be the beating between the lasing/finjected
light and the two cavity modes. Numerical modelling of the
proposed orthogonal polarisation-mode injection locking equa-
tions were performed. demonstrating that this model predicts
the experimentally observed behaviour.

With a model and physical understanding of this system, it
is possible o consider engineering the frequency response of
semiconductor lasers. In particular, the choice of polarisation
mode splitting in buried tunnel junction (BTI) VCSELs can be
controlled by varying the degree of elipticity [33]. This would
allow a nearly arbitrary choice in the resonance frequencies
of the two modes: the lowest resonance frequency would be
dictated primarily by the injection power ratio (and detuning),
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while the second resonance peak would be present at a higher
value, shifted by the polarisation mode detuning. This could
allow the design of a frequency response with multiple pass-
bands for microwave communication applications. Comparing
to the case of a single-mode injection-locked laser with a 60
GHz resonance frequency, the injection ratio in such a case
would be much smaller since the locking power would be
dictated by the power required to lock nearest mode to a lower
resonance frequency.

As evidenced in Figwe 7, a very high extrinsic 3 dB
bandwidth of = 40 GHz was observed. This was also obtained
in the simulations, Figure 77, where a 54 GHz bandwidth was
predicted. This large bandwidth was possible in part due to
the interaction of the two polarisation modes, leading to a flat
frequency response at frequencies below the resonance peak.
Thus, the dual-resonance system can be used to obtain a wide
3 dB bandwidth with the appropriate choice of polarisation in-
jection angle, VCSEL polarisation mode frequency difference,
and injection ratio‘detuning parameters.

V. CONCLUSION

In this study, the injected light polarisation was precisely
controlled to determine the effects of the polarisation angle
on the locked frequency response. For a 0% injection (aligned
with the fundamental polarisation), the frequency response of
an ultra-high injection-locked VCSEL was showed resonance
frequencies up to 60 GHz .

For the first time, a double-resonance frequency response
was observed, for the case of a VCSEL with a polarisa-
tion mode splitting of 40 GHz, with a non-zero injection
polarisation angle. This is understood o be the beating be-
tween the lasing field and the two cavity polarisation modes.
MNumerical modelling of the orthogonal polarisation-mode
injection-locked equations were performed, demonstrating that
this model reproduces the experimentally observed behaviour.
Such frequency responses have the potential of finding applica-
tions in dual-band transmission systems, or for increasing the
3 dB bandwidth of directly modulated VCSELs. A =40 GHz
extrinsic bandwidth was demonstrated with this approach.

APPENDIX
DERIVATION OF THE TWO-POLARISATION RATE EQUATIONS
The derivation of the two-polarisation mode equations be-
gins with the single-mode injection locking rate equation (Eq.
52 im [26]) It is written in terms of the normalised field
envelope, A, where |4|* = S and § is the photon number,
and Ay = 4/ Siny 15 the injected field.

dA

5

dt

This can also be written as the following, since GL(N —
N G.(N — N,) — ri where N, is the transparency
carrier number, Ny, is the threshold carrier number.

dd

di

(1+ia )G, (N — Nyg) — z'au,-,-} At koA (5)

1, . ar oars L
—(14ia) |G (N —N,)— —| —idw; - A
{2L +zcr,||: ( ] T:| t }

P
+ koA (6)

We consider two polarisation mode field amplitudes, A, and
Ag, for the 0° and 907 degree polarisations, respectively. The
0° polarisation is assumed to be the fundamental mode. The
optical injected field, A;.;. is incident at a polarisation fp,
thus the field injected into the 07 polarisation is +/S;.;1 =
Aingit = Ainj - cos(fp), and the field injected in the 90°
polarisation is /S = Aije = Auy - sinifp). The
polarisation modes are detuned by a frequency A, 4., L&
Ey o Agef®iterat) s field of the 0° polarisation, while
Ey oc Agetl#rHwratBmaue)t) g field of the higher-order 90°
polarisation. The threshold carrier numbers for the two modes
are Nypy and Nypo, with the modes having photon lifetimes
751 and Tz, The equations for the two modes are thus:

dA 1, o - -

Tfl = |:EU + ia)Ga (N — Nopp ) — e.”_\w,-:| Ay F kAt
dA 1, o ar - .
T: = |:§|;1 + i) G (N — Nupa) — dhuw; + i -L:moge:| - As

+ Ac‘i injl (7}

Thess equations can be writlen in terms of the photon
numbers and phase, for the purpose of numerical simulations.
Sy and Sy describe the photon number for the 0° and 90°
degree polarisations, respectively, while gy and ¢ describe the
corresponding optical phases for the two modes. The photon
number equation is found by writing:

dSi _daja _daj . day |, "
df dr dt T et =)
d5; . o
QN —Nyg)- 8
di 8 thi
+ 2k - Ajpjoosfp - Ay cos (B — #,5) (9
= Go(N — Nipy) - S
+ 2k Siny 51 - cos@pcosfy — By
Similarly,
A5 . o
— =G (N — Nypo) - S
dt l. tha)
+ 2o/ S S - sinfpcos (fa — @50 (10)
The phase equation is found by writing:
dAy  dlAy] e iy
- =@ + |.‘11|z?e
1, ) - o
= (Elll + i.;Ct_;IL-:QLJi\' - Jﬂ'llﬂz;l — EAMJ;) A+ ;"c-‘iinj
d.‘ii d|.‘1.{| -91 _dlgl —id,
S i 1 R | Y it Wl
e e
1, P .
- (5.;1 —ia)Gol N — Nuw) + z';j..u;;-) AT+ kAL,
(1
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df
and solving for (T; This yields:
ddy o, o Ainit . .
—— =—G N — Nypt) — Ay — k=" sin(f) — 8.,
2 —g el th) k. 1, Sni i)
[ P— .
=EI‘_v.,|J"-' — Nip1) — Dy
g
. irej .y %
— A.CU' 3, ceosBp -sin (B — H55)
(12)
Similarly,
dfta o . o
T2 "2 (N = Nena) — Awi + Appoe
dt 2 e
T (13)
- kc.ll-'lll ';:j ~sintlp - sin (#2 — Hinj:‘
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