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Abstract

Determining whether an equation of state (EOS) table isl¥atia given regime requires several
steps that include confirming that it obeys the thermodynaomsistency relations and that the table
matches available existing experimental data. Once the i[E@Balyzed, then we must ensure the
simulation code can reproduce analytical results.

In this report, we show analytical results of Hugoniot cidtions and compare them with values

calculated from experimentbls — Up data. Next we check that the tables are thermodynamically

consistent. Then, we show analytical results of impedanateimng using one of the aluminum
EOS models and compare those analytical results to dataalFi\LEGRA-HEDP is used to

run a pseudo 1-D shock simulation, which is compared to ttedytical model with an error of

approximately 0.1%. This implies that ALEGRA-HEDP can slate the shock Hugoniot to within
the error of the EOS table when compared to the experimeatalfdr an ideal simulation.
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Nomenclature

| Term | Definition |
ALEGRA | Arbitrary Lagrangian Eulerian General Research Applirat
EOS Equation of State
HEDP High Energy Density Physics
ICF Inertial Confinement Fusion
MHD Magnetohydrodynamics
QEOS Quotidian Equation of State
Up Particle Velocity
Us Shock Velocity
P—-Up Pressure-Particle Velocity
p Density
T Temperature
\% Specific Volume
e Specific Energy
Energy Specific Energy
nm Nanometers
um Micrometers
ns Nanoseconds
MBar 1C° Bar




1 Introduction

Within the high-energy-density-physics community, SESA[ is the most widely referenced equa-
tion of state (EOS) implementation. When a SESAME EOS tableeated, using the GRIZZLY][4]
model, the PANDAI5] model, or others, several sub-modetsumed where each sub-model special-
izes in a limited region of density/temperature phase spdde outputs from these sub-models are
then blended together to form a broad range EOS table. Qitiér, dhe sub-models are adjusted to fit
experimental data or theoretical approximations. Theegfthe final EOS table usually approximates
the Hugoniot data to a reasonable degree (better at lowssymes). Because each table may be built
to better represent different regimes of EOS phase spaees thay be more than one table for each
material (for example, aluminum has at least 8). As such &gtlde must be analyzed to ensure that it
yields good results in the regime to be simulated.

This document illustrates one method of establishing cenfid in the choice of an EOS for an
intended simulation regime. The method is particularlyphdlwhen SESAME tables are provided as
second party information, rather than developed by the ok#éne table. This is the case for many
of our current applications of SESAME with ALEGRA-HEDP. Thieps are: comparing analytically
calculated Hugoniots from the EOS table to the experimédit@joniot data, checking thermodynamic
consistency, and using impedance matching to simulatestieadhtydrodynamic processes or to match
with a known analytic solution. Once these steps are coexpland we have selected a table, we will
then run ALEGRAI[2[111] in a simple 1-D hydrodynamic shock siation and compare the pressure
and particle velocity to the analytical results of the imgece matching.

2 Calculating Hugoniots

The first step to impedance matching is to calculate the Hiogowhich is a locus of points achiev-
able under shock conditions, generally from ambient ciontit To do this we wrote an IDL[10]
routine which uses the secant-solve method to find the rgac{ic volume or inverse density) of
EquatiorZ1.[13,12]

& — e+ (Po+R)* (Vi — Vo) x0.5=0.0 (2.1)

wheree is specific energyP is pressureV is specific volume.Vy and P, are the initial volume and
pressure); andP, are the volume and pressure points along the Hugoniot. $ifgel’) ande(p,T)

are constrained by a given temperature, the dependenbleabiacomes density. Therefore, we can give
the Hugoniot solve routine the arrays of density, tempeeatpressurd®(p, T ), energye(p,T), and a
temperature grid along which to search for Hugoniot poiftigure[l shows several of the Hugoniot
curves plotted on an EOS pressure/density plot (for scale).

The experimental datal[6] is obtaineddgUp data that is converted to density/pressure data by
P= p0USUp (22)
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and .
1 Up B
o= (5 (-3)) -

po = 2.7 glent (2.4)

where, for aluminum,

Up is particle velocity, andls is shock velocity.

The error bars for the data in Figude 1 are calculated usirthads outlined in Referencgl[1].
B ap \? 2 ap \° 2
3 = \/ (3) @+ (50 ) (oue) @25
2 2
p 6Us> <6Up>
(PO ) p\/< Us Up
- U\ 2 SUp \ 2
o= (%) (%) 2

wheredUs anddUp are the reported errors in the data.

Similarly,

Once the data is converted to the same variables as our,t&l#esan calculate the error between
each EOS table’s Hugoniot and the data using a redy€éid [1]

2= (P—Peos>2i+<P_Peos>2 1 (2.7)

PEOS 6P’§ Peos 6P§ressure

For aluminum, the results of the reducetare :

Table 1:x? Results
| EOSTable] x* [ <6MBar| >6MBar |

3700 0.116| 0.050 0.188
3711 0.375] 0.256 0.503
3715 0.118| 0.118 0.118
3719 0.137| 0.138 0.137
3720 0.087| 0.069 0.106
QEOS 0.140| 0.148 0.132

We chose the aluminum EOS tables most commonly used for a weidety of simulations and
computed &? for each of them. Tab@ 1 lists those results. Fromytheomparison, we would choose
Table 3720 for shock physics simulations in this regime, famdhe remainder of this document, we
will use aluminum Table 3720. For completeness, the datasée deviate from the analytical curves
at about 6 Mbar, therefore, we did an independentest both below and above this pressure. In both
cases, Table 3720 was clearly the best choice.
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3 Thermodynamic Consistency

Next, because many EOS tables are spliced together fromatewedels that are accurate within a
limited regime, we must check the thermodynamic consistehthe entire blended EOS table. Figlite 2
plots isothermal representations of the pressure and etednes.

In most cases the pressure is held to be absolute and theyémegtptive. Using Equation-3.31[9],

=0 (3.8)

whereT is temperaturep is pressuree is specific energy, and is specific volume, we can check for
any significant errors in the table creation. In this case

TP _p_oe
% (3.9)
oV

Error =

However, because we have discrete data points, we cannplydiake the derivative of a function, but
must take into account the slope differences on either didach table data point. A simple way to do

this is to use 5
P _1/R-P1 Rua-PR
—_ == 3.10
aT 2<Ti—Ti1+Ti+1—Ti (3.10)
and similarly
de 1 € —€_1 €+1— €
— == 3.11
ov 2 <Vj —Vj_1 +Vj+1—Vj ( )

This differencing scheme will introduce some errerl®o for a finely gridded table), but we are only
looking for major problems. If two tables are similaryA and both cover the pressure/energy regime
desired, then a more quantitative consistency analysisdnme done. For Table 3720, there is some
inconsistency in the regime just over the vapor dome (Fifirelf we expect our material to pass
through this area, we would need to quantify this error, @pshby re-solving the energy table and
re-running the simulation.

Table aluminum 3719 (Figuké 4) has Maxwell constructionsxivell constructions replace the Van
der Waals loop pressure isotherms in the vapor dome area préssure table with pressure isotherms
that satisfy"—g = 0. Quite often, splicing in the Maxwell constructions wheeaating EOS tables leads
to worse thermodynamic consistency around the edges obiha vlome.

Aluminum 3719 does not follow the Hugoniot as well as alumin@720, but, from experience,
we know that wire initiation problems require Maxwell canstions, therefore, we may be required to
use Table 3719 anyway. However, if the simulation is goingdmpress and then release significantly
above the vapor dome, Table 3720 would be the better tabla.cAsck for the methods used to calculate
consistency, we used QEQS [8] to generate an EOS table am@pipdied our consistency methods to
that table. QEOS is an analytic EOS code that produces thigmamically consistent pressure and
energy results. We calculated the error using this appradweiie we were sure QEOS is consistent, and
this error was- 1%. We then subtracted this error from the quantified thesmanhic consistency error
in Figured B[}, andl5 as a measure of bias in our numericabaippation of the error.

11



We have shown that one table is thermodynamically more stamgi than another, but we do not
know what effect inconsistent tables will have on any giviemusation. Possible issues of an inconsistent
table are overly rapid material expansion, overly slow espan, and incorrect material heating. To
examine these issues, we ran a series of isentropic relieagiatons and modified the pressure returned
from QEOS by a constant when in a particular regime of the EOS.

We created a finely gridded table (100 points per decade) @&O®S. We then used this table to
calculate a Hugontiot starting from room temperature sd@ldeach point along the Hugoniot, we cal-
culated the release isentrope and continued until we fowstdrting density/temperature.{B6 g/cn?
and 62000 K) that released just above the vapor dome. Frarsthiting point, the material was al-
lowed to release as a Lagrangian free gas expansion sioruldtowever, for all material temperatures,
if the density was between®g/cn? and 4 g/cm, the pressure returned from QEOS was multiplied by
a constant ranging betweertGand 18.

In examining the results, we assumed the simulation withoytmultiplier was correct and calcu-
lated the error of the other simulations as

Ql-Qc

Error (%) = o1

x 100 (3.12)
whereQ1 is the simulation with no pressure multiplier a@d is with a constant multiplier. Figuild 6
shows the error at a time slice during the release. The ttdyrnamnic consistency error for the baseline
simulation never gets above 1%, and this error might bebated to the fact that QEOS calculates all
of the needed value%F(, P etc.) internally excepfve which we calculated using

de ey —€v.1.0001

0V~ V—V=x%1.0001 (3.13)
It was found that 001 to 100001 made very little difference in the reported thermaulyit consis-
tency error, but much smaller caused small-divisor issanesnauch larger caused differencing inaccu-

racies.

The resulting figure shows that a 100% error in the thermagymaonsistancy gives an initial
simulation difference of between 20% and 40%, but that therés not guarenteed to be constant as
can be seen by comparing the error trend of the density ociglwith respect to temperature. Once
the simulation has gone into an inconsistent area of the E@fy be dominated by that induced error
for the remainder of the simuation.

An item of future work is the case where a table is locally ¢stesit, but global inconsistent. This
can occur when several tables are blended together.

4 Impedance Matching

Once the preferred table is selected, we can match the almmghock impedance analytically. To
do this, we impact one aluminum plate on another aluminurte@éequal but opposite velocity. We
chose an impact velocity of $@n/s because it is a particle velocity close to one of the exptal data

points. The aluminum flyers are assumed to be infinitely thackliminate any rarefaction issues. For
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convenience, the two plates are of the same material and legjuapposite velocities. This causes the
particle velocity of both plates behind the shock to be zewalnise of the configuration symmetry [3].
Therefore, we set the initial velocities #610* m/s, toward each other. We then solve Equdfionl4.14 [3]

P —
Uparticle _ Uflyer . I:)Hugom.ot- ‘ Initial 1_ plnmaI- (4.14)
Pinitial PHugoniot

for the particle velocity for each of the flyers. Because thesgure and velocity must be continuous
across the boundary, we can use a secant solver to iteyatindlithe pressure and velocity where the
Hugoniot points are equal on tifee- Up curve (Figurdl’). Because ealeh- Up pair along the Hugoniot

is unique, we also have the density, temperature, and eferdlgat point. To check the error in the
iterative solver, the number of points in each curve waseiased by 100 times and no appreciable
difference was seen. Next, we confirmed that the ALEGRA-HED&e can simulate the analytical
problem.

5 ALEGRA-HEDP Simulation

The ALEGRA-HEDP simulation was configured as pseudo-1D &agian, meaning the mesh had only
one cell in the y-direction, with appropriate symmetry bdary conditions at the cell y-boundaries. The
resolution in the x-direction was 10 nm per cell and the tlaagth of the simulation was 1im. The
simulation was run for 0.2 ns and was stopped before the dhibttie edge of the simulation. Therefore,
no rarefaction waves or secondary shocks need be takendotwiiast. FigurdI8 displays the results at
the end of the ALEGRA-HEDP simulation. The error betweendingulation and the analytical model
for the shock velocity are:

Table 2: Ideal Simulation Results

| Property | Analytical | Simulation | Error \
Density 5.942801 g/lcrh | 5.942414 g/cth | 6.52x10°°
Temperature 27265.84 K 27277.36 K 4.20x104
Pressure 494.81 MBar 494.828 MBar 3.64x10°°
Up 0.0 m/s 5.9x10°m/s | Round Off
Us 18.326x10° m/s | 18.356x10° m/s | 1.64x10°3

The analytical shock velocity is Equatibng. 15 [3]

PHugL)ni()t*'jlnitizall
PHugonio
Ushock= ~———mt g‘ Hl (5.15)
1— Pinitial
PHugoniot
relative to the particle velocity. By relative to particlelocity, we mean the shock velocity is taken in
the lab frame of reference, but traveling into material thatill traveling the opposite direction at some
velocity. Therefore, when the shock velocity is calculaitethe lab frame, the material velocity must
be taken into account. Because of ringing at the shock frothta calculation (computational error), we
compare to the shock speed as position of the shock overngthlef the simulation, and estimate the
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velocity from the slope of the resulting line. This removeé majority of the instantaneous velocity
oscillations (Figur&l9).

In Figure[®, there are sharp spikes at the interface betwesarials after impact. Currently we
are assuming these are due to artificial viscosity errorgs@ fartifacts appear in both Lagrangian and
Eulerian simulations.

6 Comparing ALEGRA-HEDP with Experimental Data

ALEGRA-HEDP generated shock data has been shown to matcanthgtical EOS data. Now we
can compare to experimental data. First, we set up the siimuléo more accurately represent the
experiment by impacting one flyer at an initial velocity ort@isnary target plate. Figutel10 shows the
expected values of shock velocity, particle velocity, anespure based on the EOS model. Figule 11 is
a time slice from the ALEGRA-HEDP simulation. The errorsvbegn the simulation and the analytical
model are

Table 3: Flyer Impacting Target Results

| Property | Analytical | Simulation | Error \
Density 6.198652 g/crh | 6.199115 g/cth | 7.47 x10°°
Temperature 32719.83 K 32704.76 K 4.60x10°4
Pressure 578.83 MBar 578.788 MBar 7.26x10°°
Up 11,000 m/s 10999.94 m/s | 5.42x10°°
Us 19.489%x10° m/s | 19.496x10° m/s | 3.60x10~4

The experimental data point we are focusing on is particlecity 11 x 10° + 110 m/s and shock
velocity 194 x 10° + 400 m/s. We set up the simulation with the initial block véipat 22x 10° m/s
which gives the target a particle velocity of 10988 m/s; its shock velocity is 1896x 10° m/s, which
is within the error bars of the experimental data.

7 Conclusion

We have compared analytical Hugoniot points to Hugonioh{gocalculated from experimental data.
We then chose the table that best represented that datg.videghecked to determine if that table was
thermodynamically consistent. Unfortunately, we do natextly have a test to quantify the effects of
an inconsistent table, but it is assumed that material estparwill be too slow or too fast, and material
heating could be incorrect. Finally, we calculated the il P — Up values for a flyer impacting a
flyer and a flyer impacting a stationary target, and compareH@RA-HEDP code to those values.
This demonstrated that ALEGRA-HEDP can simulate the amalymodel to less than the error bars
on the experimental data. As such, for simulations in tiggme, ALEGRA-HEDP's evaluation of the
EOS table is good to within the error bars of the experimeatdité.
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Aluminum Hugoniot comparison for several eos tables

14010 T T A AR
[ —— AI3700 |
i Al 3711 i
1.2¢10% Al 3715 -
[ —— AI3719 ]
| ———  AI3720 1
1.0¢10% | Al QEOS -
;‘? : o———o Data :
S 8.0-10"} -]
()] - .
)
9 L
o - d
6.0¢10™ |- —
4.0010" -
20040, Ao T8 N I
4000 5000 6000 7000 8000

Density (kg/m”3)

Figure 1: Hugoniot points for 6 EOS tables and experimenddh n a pressure/density plot. The
background lines are pressure isotherms from aluminuneT2IR0. The data points atk — Up data
that have been converted to pressure/density points. Toekars are errors ids — Up that have also
been converted. The EOS tables plotted are those most comuosad for a wide variety of simulations.

15



Aluminum 3720 Pressure Table (Isotherms)
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Aluminum 3720 Energy Table (Isotherms)
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Figure 2: Aluminum 3720 EOS Tables: Pressure (Upper), Bnérgwer). These figures plot the
isotherms for pressure and energy. The pressure is negdie the pressure isotherms extend off the
bottom of the graph.
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Aluminum 3720 Thermodynamic Consistency
T T T T T T
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Figure 3: Error in thermodynamic consistency for aluminual@ 3720. The color scale indicates the
% error in thermodynamic consistency. For simplicity, atbes above 50% are given the same color.
The breaks in the pressure isotherms indicateRhatO. The inlay is a regime in EOS phase space just
above the vapor dome that many simulations use. (Figurddéhewiewed in color)
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Aluminum 3719 Thermodynamic Consistency
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Figure 4: Error in thermodynamic consistency for aluminuabl& 3719. The color scale indicates the
% error in thermodynamic consistency. For simplicity, atbes above 50% are given the same color.
The inlay is a regime in EOS phase space just above the vapwe ttat many simulations use. (Figure
should be viewed in color)
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Aluminum QEOS Thermodynamic Consistency
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Figure 5: Error in thermodynamic consistency for aluminudB. The color scale indicates the % er-
ror in thermodynamic consistency. For simplicity, all eeabove 50% are given the same color. The

line segments indicateé < 0. (Figure should be viewed in color)
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Figure 6: From a starting point of 56 g/cn? and 62000 K, a material was allowed to expand isentrop-
ically. In each simulation, as it expanded and the densityedesed to between 4 g/érand 05 g/cn?,

the pressure was multiplied by a constant ranging front® 18. The error shown is relative to the
multiplier=1.0 simulation. This figure shows the thermodymc consistency error, density error, tem-
perature error and velocity error for each multiplier. PS§ighifies the pressure was multiplied b0
(Figure should be viewed in color)
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Aluminum 3720 P-Up curves. Match Pressure = 4.9480651e+11
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Figure 7: Impedance matching orPa— Up plot. Two flyers are launched at each other at equal and
opposite velocities (YfOm/s). Their Hugoniots can be mapped to pressure/partidcite curves.
Pressure and particle velocities must be continuous aerosserface for two similar materials, so the
curves should have a unique intersection point. This pougsgthe final pressure to which the material
will be shocked, and the final particle velocity behind thedh
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Time = 0.199034 Vel = -5.9008448e-05 m/s  Pos = 10.452702 Pressure = 4.9482847e+11 Pa
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Figure 8: Time slice from the end of an ALEGRA-HEDP simulation this simulation two aluminum
flyers were impacted with equal and opposite velocity. Thrersigradients are the interface between
the shocked and unshocked material. The sharp spikes iretitercof the density and temperature
plots are located at the boundary between the two flyers. eThigh-temperature/low-density artifacts
occurs regardless of the artificial viscosity. These sp#descommon to most Lagrangian and Eulerian
simulation codes.
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Shock Position vs Time. Us = 8.3555765e3 m/s
20 -~ -~ r -~~~ 1 v 1 " T T T Tt
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105 —
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Figure 9: Shock position vs. time. Two flyers of the same nigtand equal but opposite velocity are
impacted on each other. The shock passing through themaudleca pressure and density discontinuity.
This plot tracks the position of the discontinuity as a fimetof time. The shock velocity is then taken
as the slope of the plot. Shocks create oscillations in th& E&iables at the shock edge, so taking
the position from one time step to the next could give errosaesults. The shock velocity is listed as
~ 18 x 10* m/s because it is traveling into material that is still goihg opposite direction at $6n/s.
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Al3720

Up curve. Rhof =6198.6519 kg/m”3 Tf = 32719.828 Kelvin Us = 19489.086 m/s
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Figure 10: Impedance matching orPa- Up plot. One flyer is launched at stationary target atx22
10* m/s. Note the intersection velocity is half the initial veily.
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Time = 0.199018 Vel = 10999.994 m/s Pos = 12.628682 Pressure = 5.7878799e+11 Pa
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Figure 11: Time slice from the end of an ALEGRA-HEDP simuwati Note the offset from the center
(20 um). The material is traveling to the right at half the velpaif the original flyer.
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Shock Position vs Time. Us = 19.496886e3 m/s
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Figure 12: Shock position vs. time for a flyer impacting aietedry target. Because the shock is
traveling into stationary material, the plot shows the aksihock velocity.
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