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Abstract

This report examines the problem of an antenna radiating from a cylindrical hole in the earth and the
subsequent far-zone field produced in the upper air half space. The approach used for this analysis was to
first examine propagation characteristics along the hole for surrounding geologic material properties.

Three cases of sand with various levels of moisture content were considered as the surrounding material to
the hole. For the hole diameters and sand cases examined, the radiation through the earth medium was
found to be the dominant contribution to the radiation transmitted through to the upper half-space. In
the analysis presented, the radiation from a vertical and a horizontal dipole source within the hole is used
to determine a closed-form expression for the radiation in the earth medium which represents a modified
element factor for the source and hole combination. As the final step, the well-known results for a dipole
below a half space, in conjunction with the use of Snell’s law to transform the modified element factor to
the upper half space, determine closed-form expressions for the far-zone radiated fields in the air region

above the earth.
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1 EXECUTIVE SUMMARY

In this report we examine the radiation characteristics of a dipole antenna when oriented either
vertically or horizontally within a hole in the earth. The problem geometry is shown below.

Problem geometry (shown for a vertical dipole).

In order to first understand the waveguiding characteristics of the hole, the radial (kρ) and axial
(kz) propagation constants are determined using a boundary-condition analysis of the hole. The modal
equation governing the propagation constants is established by enforcing the continuity of the tangential
components of the electric and magnetic field at the hole radius ρ = a.

1.1 Vertical Dipole

In the case of the vertically-polarized dipole, the modal equation is given by

εk2ρJ1 (kρa)H
(2)
0 (k2ρa) = ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

Here the parameters ε, ε2, a, k2ρ correspond to the permittivity of the material within the hole (in this
report, ε is assumed to be the free-space permittivity, ε0 = 8.8542 pF/m), the permittivity of the earth,
the hole radius, and the radial propagation constant in the earth medium. It is important to note that in
the boundary-condition analysis the hole is assumed to be infinite (i.e. for the purposes of determining the
propagation constants, the air-earth interface can be ignored) and therefore k2ρ =

p
k22 − k22z =

p
k22 − k2z ,

where k2 is the wavenumber in the earth material.

One manner in which the solutions to this transcendental equation are found is by using a complex
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zero-finding routine based on the complex argument principle [2]. The complex nature of the propagation
constants is associated with the phase variation and attenuation in either the radial (for kρ) or axial
direction (for kz). Here it was necessary to carefully define the branches of the square root terms and
Bessel functions and to avoid these branch cuts in the selected zero-finding regions (Appendix A). With
knowledge of the branch cut locations, it was possible to ensure that zeros on the improper Riemann sheet
were being rejected or, equivalently, that only solutions corresponding to outward propagating waves with
decay were being selected.

For the purposes of characterizing the propagation within the hole, dry sand and sand of 2.18%, 3.88%,
and 16.8% moisture were considered as the surrounding material to the hole. Examining a hole radius
of 0.04 m at a frequency of 300 MHz, the imaginary parts of the axial propagation constants were found
to be very large compared to the imaginary part of the k2 branch point. Thus, instead of propagation
along the hole direction, the energy is being transmitted into the surrounding material to the hole. For
3.0 GHz and the same hole size, it is observed that the loss due to the cutoff frequency is smaller relative
to the loss values at the lower frequency, but the loss is still large compared to the direct propagation in
k2. In considering 300 MHz and a hole of radius 0.1 m, there is little change in kz as the moisture content
increases, except in the 16.8% moisture case where the imaginary part goes from approximately −10.66k to
−3.68k (k is the free-space wavenumber). Despite this decrease however, the energy in all cases is still
significantly attenuated within the hole. At 3.0 GHz, we find an overall decrease in the imaginary part
of kz (Im (kz)) for all four sand cases, but particularly for the 16.8% moisture case where the Im (kz )
becomes less than the imaginary part of the k2 wavenumber. Thus, in increasing the radius electrically
(ka has increased), kz is approaching k and the TM01 (the first mode of propagation) is near its cutoff
frequency. It is important to note however that, even in this case, the attenuation is still significant where
for a distance of 10 m, the energy is decreased by approximately 200 dB (Im (kz) ≈ −0.038k). (Plots of
the kz solutions for each of these cases are given in Figs. 3-6.)

For the purposes of design, it is also useful to reduce the transcendental expression governing the
propagation constant into an equation that can be easily used to determine the approximate wavenumbers
for a particular hole size, frequency, and surrounding medium characteristics. With a transverse-resonance
method [3], a transcendental equation that is normalized with respect to impedance is used to develop a
relatively simple closed-form expression for the propagation constants in some limiting cases.

Supposing that k2 is large and that kz = O (k), the input impedance seen looking into the outer
medium to the hole in the radial direction then becomes

Zρ
in =

k2ρ
ωε2
≈ k2

ωε2
= η2

³
η2 =

p
µ0/ε2

´
while looking into the interior of the hole we have

Z−ρin =
Ez

Hϕ

¯̄̄̄
ρ=a−0

≈ −j kρ
ωε

J0 (kρa)

J1 (kρa)

(The derivation of the field quantities Ez and Hϕ can be found in the body of the report.) In the limit
of large radius, we can asymptotically evaluate the Bessel functions to obtain
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Z−ρin ≈ −j kρ
ωε
cot
³
kρa− π

4

´
At the resonant frequency and just to the interior of the ρ = a boundary, we know

Zρ
in + Z−ρin = 0

so that

η2
η
= j

1

ωεηa

h
kρa cot

³
kρa− π

4

´i
where we have normalized the equation by η =

p
µ0/ε. Setting up a bilinear solution to fit the

perfect-electric conducting (PEC) and perfect-magnetic conducting (PMC) boundary limits, we obtain

kappρ a ≈
pπ

4
+

jα
pπ
4 + jα 2

π

=
pπ

4
+

jka (η2/η)
pπ
4 + jka (η2/η)

2
π

where p = 3, 7, 11, ....4q − 1.

Below we show a plot of the approximate kρa expression, for the modes corresponding to p = 3 and
p = 7, as the values of α = ka (η2/η) are varied from zero to infinity. It should be noted that, although
the kρa curves have been calculated assuming real values of η2/η, there was found to be virtually no
change in the curves when complex impedances were considered (loss tangents on the order of 0.1 were
assumed). Also shown are the values of kρa found using the complex root-finding routine [2] and the exact
transcendental equation (as opposed to the asymptotic transverse resonance equation) in the sand cases
of 16.8%, 3.88%, and 2.18% moisture content [1]. For a frequency of 3 GHz and a hole radius of 0.1 m,
the corresponding values of α go from 1.4, 3.0, to 4.0 as the moisture content decreases (free-space has
been assumed for the inner hole medium). In order to create a high α sample point to be used with the
root-finding code, the 2.18% moisture sand was considered at 3 GHz with a 0.25 m hole (this yields an
α = 9.0). Thus, we observe good agreement between the approximate values and those produced by the
root-finding routine, with the approximate kρa curves slightly underestimating the code values near the
peaks. Since the setting of k2ρ to k2 and the approximation of the Bessel functions was found to lead to
negligible errors, it is important to note that the errors here can be attributed to the bilinear approximation
of the transcendental equation.
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Approximate complex kρa values as the α = kaη2/η is varied from the PEC limit to the PMC limit .

Using the approximate expression for kρa, we can next determine an approximate expression for kza.
From the separation equation, we can write

kza =
q
k2a2 − k2ρa

2

so that substituting in, we obtain

kappz a =

s
k2a2 −

·
pπ

4
+

jka (η2/η)
pπ
4 + jka (η2/η)

2
π

¸2
Below the approximate values for kappz are compared to the values of kz that are based on the exact

transcendental equation (as opposed to the asymptotic transverse resonance equation) and the complex-root
finding code [2]. A hole radius of a = 0.1 m and a frequency of 3.0 GHz are assumed for these calculations
and the same three cases of varying moisture content are examined as above.
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Comparing axial wavenumbers in the case of a 0.1 m radius hole and a frequency of 3.0 GHz.

Thus, for all three cases of sand considered we observe good agreement between the exact and
approximate values of kz. The approximate solution improves as the moisture content of the sand increases,
with the differences in the real and imaginary parts of kz reducing to −0.19% and 1.77% respectively
at a moisture level of 16.8%. It should be noted, however, that even in the 2.18% moisture case, the
approximate expression is still fairly useful in obtaining an idea of the kz root location. In this case, the
percent differences between the real and imaginary part of the approximate and exact solution are 1.38%
and 8.82%, respectively.

As a means of ultimately determining the radiation due to the dipole in the upper-half space, a
boundary-condition analysis for the air-earth interface followed by a saddle-point evaluation of the potential
integral representations was first used to determine the field quantities in the lower-half space region. With
the details presented in the body of the report, the far-zone magnetic field associated with the vertical
dipole is given by

H lower
ϕ ∼ −j2

π

kρε2
ks2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0

¡
ks2ρa

¢− ε2kρJ0 (kρa)H
(2)
1

¡
ks2ρa

¢# · jk2
4πr

(I0c) e
−jk2r sin θ2

¸
where

ksz = k2 cos θ2 = k2
z

r

ks2ρ = k2 sin θ2 = k2
ρ

r
and

kρ =

q
k2 − (ksz)2

Thus, the lower-half space radiation can be identified as the product of the element pattern associated
with a vertical dipole in a homogeneous k2 medium and a saddle-point coefficient accounting for the effects
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of the hole on the overall radiation. In the limits of an electrically small hole, we recognize that the saddle
point coefficient

C
0
v

¡
ksz, k

s
2ρ

¢
=
−j2
π

kρε2
ks2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0

¡
ks2ρa

¢− ε2kρJ0 (kρa)H
(2)
1

¡
ks2ρa

¢#
goes to one.

In order to relate the field in the lower-half space to the upper-half field, we assume that the antenna
source is located far away from the air-earth interface so that a multipole representation can be used to
model the effects of the hole. In this case, it is shown rigorously that the overall radiation pattern in the air
region is a product of the lower-half space radiation and a term associated with ray transmission through
the interface. In other words, the upper-half space Hϕ radiation can be written as

Hupper
ϕ ∼ H lower

ϕ

 2ke−jh
√
k22−k2 sin2 θε0 cos θ

ε2k cos θ + ε0

q
k22 − k2 sin2 θ


or

Hϕ ∼ C
0
v

¡
ksz, k

s
2ρ

¢ ·jk (I0c)
4πr

e−jkr sin θ
¸ 2ke−jh

√
k22−k2 sin2 θε0 cos θ

ε2k cos θ + ε0

q
k22 − k2 sin2 θ


where by Snell’s Law

k2 sin θ2 = k sin θ

It should be noted that, in the limit of a small hole (ka→ 0), this expression (derived using asymptotic
representation of the potentials in the upper-half space region) agrees with that given in [6]. The normalized
pattern given by

Hnorm
ϕ =

4πr

(Ioc) e−jkr
Hϕ

at 300 MHz and 3.0 GHz is shown below, in the case that sand with a 2.18% moisture content is the
surrounding material to the hole.
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Far-field Hϕ in the upper-half space for the sand case of 2.18% moisture (h = 10 m,a = 0.04 m).

From these patterns it is clear that the energy transmitted into the air region is decreased with an
increase in frequency or conductive loss associated with the earth. In addition to these results, the
radiation patterns associated with the dry sand, 3.88 %, and 16.8 % moisture cases are provided in the
body of the report.

1.2 Horizontal Dipole

A similar procedure to that used for handling the vertical dipole is used to examine the radiation
characteristics of a horizontally-oriented dipole (the dipole is assumed to lie along the x−direction)
However, since this polarization leads to a coupled set of E − and H−modes, the details of the analysis
are much more complicated than the previous case. For this reason, only the upper-half space radiation
results are presented in this section, with the details contained in the body of report.

As in the case of the vertical dipole, the radiation pattern in the lower-half space is found to be a
product of the radiation pattern characterizing a horizontal dipole in a homogeneous k2 medium and
a saddle-point coefficient that is dependent on the elevation angle in the lower-half space region (θ2).
Since the pattern behavior captured by the saddle-point coefficient can be represented using a multipole
representation (under the restriction that the source is concentrated at a depth h and does not interact with
the interface) then it is rigorously shown that this same radiation pattern is translated up into upper-half
space. Thus, the total patterns in the air region are given by the lower-half-space patterns, modulated by a
term associated with the transmission of the fields from the earth region into the upper-half space. Thus,
accounting for the effects of the hole and transmission through the interface, we have in the upper-half
space

Eupper
ϕ ∼ Elower

ϕ

 2ke−jh
√
k22−k2 sin2 θ

k cos θ +
q
k22 − k2 sin2 θ

cos θ


or
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Eupper
ϕ ∼ C

0
h,e (k

s
z)

·
jωµ0I0c

4πr
e−jkr sinϕ

¸ 2ke−jh
√
k22−k2 sin2 θ

k cos θ +
q
k22 − k2 sin2 θ

cos θ


and

Hupper
ϕ ∼ Hlower

ϕ

 2k2e−jh
√
k22−k2 sin2 θ cos θ

k
q
k22 − k2 sin2 θ + k22 cos θ



Hupper
ϕ ∼ C

0
h,h (k

s
z)

·
−j (I0c) k2

4πr
e−jkr cos θ2 cosϕ

¸ 2k2e−jh
√
k22−k2 sin2 θ cos θ

k
q
k22 − k2 sin2 θ + k22 cos θ


Due to the tedious nature of the saddle-point coefficients C

0
h,e (k

s
z) and C

0
h,h (k

s
z), they are suppressed

here but can be found from the asymptotic analysis in the lower-half space region presented in a subsequent
section of the report. With these two independent polarizations, the remaining far-field quantities can be
determined using

Eϕ

Hθ
= −η

and

Eθ

Hϕ
= η

where η =
p
µ0/ε. Below are plots of the radiation patterns corresponding to the situation when the

horizontal dipole is positioned within a hole surrounded by sand with a 2.18% moisture content. For these
results, the normalizations

Enorm
ϕ =

4πr

(Ioc) e−jkr
Eϕ

and

Hnorm
ϕ =

4πr

(Ioc) e−jkr
ηHϕ

were used. In the body of the report, radiation patterns associated with the dry sand, 3.88 %, and
16.8 % moisture cases are also included.
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Far-zone Eϕ patterns in the upper-half space for the sand case of 2.18% moisture (h = 10 m, a = 0.04 m).

Far-zone Hϕ patterns in the upper-half space for the sand case of 2.18% moisture (h = 10 m, a = 0.04 m).

1.3 Conclusions

We have found that for the same waveguiding mode of propagation, the diameter of a hole within
the earth must be increased to obtain reasonable signal levels at the top of the hole, relative to a
perfectly-electrically conducting waveguide. This was determined by using a complex-zero finding routine
to solve the transcendental modal equation for the axial propagation constant (and radial) when sands with
varying moisture levels (loss tangents on the order of 0.1) where taken as the surrounding material to the
hole. It was also determined that, for the same signal level, the increase in the hole diameter must increase
as the permittivity of the soil decreases or, equivalently, as the moisture content of the soil decreases. Thus,
in general, a hole in the earth with a radius less than a wavelength does not act as a good waveguiding
structure. In the case that sand with a 16.8% moisture content surrounds the hole, a hole with a 0.1 m
radius and a 3.0 GHz vertical dipole source was found to be characterized by approximately 200 dB of
attenuation after propagating a distance 10 m.
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Due to the high losses associated with propagation through the earth at high frequencies, one solution
to decreasing the levels of attenuation experienced by the signal (and consequently, obtain measurable
signals at the top of the hole) would be to use higher frequencies (e.g. millimeter band frequencies) and,
correspondingly, a highly directive beam. In this way, the number of reflections off the wall boundary are
minimized, less energy is dissipated into the lossy soil, and reasonable signal levels could be measured at the
interface. However, we note that this is only a valid solution if no backfill is introduced into the cylindrical
hole during the measurement. The case of backfill would lead to extremely large attenuation at these very
high frequencies (a much more severe case than when dealing with wavelengths on the order of the hole
diameter).

However, instead of relying on the hole as a waveguiding structure, perhaps a better solution would be
to use lower frequencies and direct radiation through the earth. In this situation, the electrical dimensions
of the hole become negligible and consequently the entire problem can be treated as if the hole does not
exist. Here it may be appropriate to use magnetic dipoles or loop antennas for efficiency reasons. As
done in this analysis, the magnetic dipoles in the earth-air half space problem can be easily represented
by an integral transform solution (which also applies to vertically layered media), which can then be
asymptotically evaluated to find the far-zone fields in the air region.

2 INTRODUCTION

This report examines the problem of a dipole antenna (both vertically and horizontally oriented)
radiating from a cylindrical hole in the earth and the subsequent far-zone field produced in the upper air
half-space. The problem geometry is shown in Figure 1. In addition to providing guidance in the overall
system design, the purpose of this analysis was to examine the important features of the radiation into
the upper-half space region and also provide estimates that could be used as checks on further numerical
simulations.

The approach used for this analysis was to first consider the radiation characteristics in the lower
half-space with various geological materials located exterior to the hole. In particular, a hole of radius
a = 0.04 m was examined and three cases of sand with varying levels of moisture content were considered
as the surrounding material to the hole [1]. (The corresponding material properties are shown in Table
1.) After applying asymptotic methods to determine closed-form expressions for the radiation in the lower
half-space region, the goal was next to determine analytic representations for the far-zone fields in the upper
half-space (the air region) and ultimately determine the effects of the hole on the overall dipole radiation.

Table 1.Sand material properties.

ε300 MHz
r ε3.0 GHz

r

Dry Sand 2.55 (1− j0.01) 2.55 (1− j0.0062)

2.18% Moisture 2.55 (1− j0.026) 2.55 (1− j0.03)

3.88% Moisture 4.5 (1− j0.03) 4.4 (1− j0.046)

16.8% Moisture 20.0 (1− j0.03) 20.0 (1− j0.13)

3 HOLE-PROPAGATING CHARACTERISTICS

Waveguiding characteristics of metal tubes are a result of the nearly perfect reflectivity of the high
conductivity walls. Similarly, waveguiding characteristics of optical fibers are set up by the total internal
reflection occurring at the wall of the inner dielectric caused by the higher propagation velocity of the
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Figure 1. Problem geometry (shown for a vertical dipole).
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outer medium or cladding layer (this corresponds to the fiber having a larger dielectric constant than the
surrounding medium). In the case of a hole in geological media, the conductivity of the surrounding
medium is not sufficiently high (the loss tangents of the geological media being less than one at high
frequencies) to produce high levels of reflection, nor is it less optically dense than the interior to produce
total internal reflection. In fact, Snell’s law indicates that rays leaving the interior are bent toward the
normal, effectively reducing the energy radiated toward the surface. Hence, in the case of a hole within the
earth, we expect these guided modes to be damped, in some cases to an even greater degree than the direct
radiation through the earth media. It is also clear from the decay length in the earth (determined from
the permittivity characteristics of the geological media), that for these materials and radii (and frequencies
near the hole cutoff frequency) most of the energy of the guided mode resides in the surrounding medium.
A schematic for the ray paths in the cases of a metal waveguide, an optical fiber, and a hole within the
earth are shown in Figure 2.

3.1 Propagating Characteristics for a Hole of a = 0.04 m

In addition to Snell’s law and the decay lengths associated with the earth, the propagation along
the length of the cylindrical hole can also be understood by examining the zeros of the modal equation
corresponding to a cylindrical hole in lossy media. To this end, a program was set up which uses a global
complex zero-finding routine based on the complex argument principle [2] and, for this particular problem,
on a transcendental equation related to the complex Bessel functions associated with the circular hole
geometry. The complex-zero solutions to the transcendental function determine the propagation constants
in the radial and axial directions, giving both the phase variation and attenuation along the two directions.
Here it was necessary to carefully define the branches of the square root terms and Bessel functions
(associated with the zeros of the wavenumbers in the radial directions) and to avoid these branch cuts in
the selected zero-finding regions (more on this is discussed in Appendix A). With knowledge of the branch
cut locations, it was possible to ensure that zeros on the improper Riemann sheet were being rejected
or, equivalently, that only solutions corresponding to outward propagating waves with decay were being
selected. Although the details of the transcendental equation are suppressed here, they are presented below
for both a vertically and horizontally-positioned dipole.

To demonstrate the lack of wave propagation along a cylindrical hole of radius 0.04 m , the axial
propagation constants kz found closest to the real axis (using the zero-finding routine [2]) are shown in
Figures 3 and 4. Here the results are shown for the case of a vertical dipole operating at 300 MHz and
3.0 GHz and the wavenumbers have been normalized to the free-space wavenumber k. (The propagation
behavior for a hole of 0.1 m radius is considered in the next section.) For comparison, the wavenumbers
k2 in the various geological media are also shown, with the material properties at these frequencies (given
in Table 1) being obtained from [1]. Thus, because the imaginary parts of the propagation constants were
found to be very large compared to the imaginary part of the k2 branch point, instead of propagation
along the hole direction, the energy is being transmitted into the surrounding material to the hole. At
3.0 GHz, it is seen that the loss due to the cutoff frequency is smaller relative to the loss values at the
lower frequency, but the loss is still large compared to the direct propagation in k2. It is important to note
that, although only the results of the vertically-oriented dipole are being shown here, the zeros associated
with the horizontally-oriented dipole were also examined and found to demonstrate similar behavior.

3.2 Propagating Characteristics for a Hole of a = 0.1 m

In Figures 5 and 6 we examine the propagation behavior when the radius of the hole is increased from
0.04 m to 0.1 m. In considering 300 MHz, there is little change in the location of the zeros from the
a = 0.04 m case, except in the 16.8% moisture case where the normalized level of the imaginary part goes
from approximately −10.66 (Figure 3) to −3.68 (Figure 5). At 3.0 GHz, we find an overall decrease in the
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Figure 2. The ray path behavior for the cases of a.) a metal waveguide and an optical fiber and b.) a hole

within the earth.
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Figure 3. Normalized branch point wavenumbers and axial propagation constants for a hole of radius 0.04

m and various geological media at 300 MHz.

Figure 4. Normalized branch point wavenumbers and axial propagation constants for a hole of radius 0.04

m and various geological media at 3.0 GHz.
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Figure 5. Normalized branch point wavenumbers and axial propagation constants for a hole of radius 0.1 m

and various geological media at 300 MHz.

imaginary part of kz (Im (kz)) for all four sand cases, but particularly for the 16.8% moisture case where
the Im (kz ) becomes less than the imaginary part of the k2 wavenumber. Thus, in increasing the radius
electrically (ka has increased), kz is approaching k and the TM01 (the first mode of propagation) is near its
cutoff frequency.

4 VERTICAL-DIPOLE ENGINEERING FORMULAS

4.1 Radial Propagation Constant

For the purposes of design, it is useful to reduce the transcendental equation governing the propagation
constant into a simple equation that can be used to determine an approximate propagation constant for
a particular hole size, frequency, and surrounding medium characteristics. Although a derivation of the
transcendental equation based on a boundary-condition analysis is presented in a later section, here we
present an alternative formulation based on a transverse-resonance method [3]. With this method, the
transcendental equation is normalized in terms of impedance and we are able to proceed to develop a
relatively simple closed-form expression for the wavenumber in the axial direction (kz) for some limiting
cases. It should be noted that a similar simplification can be performed for the case of the horizontal
dipole, though this is not done in this paper and is left for future work.

Looking into the outer medium to the hole in the radial direction, we can write the input impedance as

Zρ
in =

k2ρ
ωε2

which, if we suppose that k2 is large and that kz = O (k), becomes
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Figure 6. Normalized branch point wavenumbers and axial propagation constants for a hole of radius 0.1 m

and various geological media at 3.0 GHz.

26



Zρ
in =

k2
ωε2

= η2

³
η2 =

p
µ/ε2

´
. By next looking into the interior medium of the hole, the input impedance can be

written as

Z−ρin =
Ez

Hϕ

¯̄̄̄
ρ=a−0

where referring to the boundary-condition analysis presented below, we have

Z−ρin ≈ −j kρ
ωε

J0 (kρa)

J1 (kρa)

In the limit of large radius, we note that

J0 (kρa) ∼
s

2

πkρa
cos
³
kρa− π

4

´
and

J1 (kρa) ∼
s

2

πkρa
cos

µ
kρa− 3π

4

¶
so that

J0 (kρa)

J1 (kρa)
≈
cos
¡
kρa− π

4

¢
cos
¡
kρa− 3π

4

¢
or

J0 (kρa)

J1 (kρa)
≈
cos
¡
kρa− π

4

¢
sin
¡
kρa− π

4

¢ = cot³kρa− π

4

´
Substituting back into the input impedance seen looking into the interior of the hole, we have

Z−ρin ≈ −j kρ
ωε
cot
³
kρa− π

4

´
Here we note that Z−ρin is described by a perfect magnetic conductor boundary (PMC) condition shifted

by an electrical distance of π/4 from the origin (as shown in Figure 7), but more will be said about this
later.

The impedance transcendental equation governing the circular hole boundary is then given by

Zρ
in = −Z−ρin

¯̄
ρ=a−0

or
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Figure 7. Input impedance seen looking into the interior and exterior of the cylindrical hole.
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η2 = j
kρ
ωε
cot
³
kρa− π

4

´
Normalizing the transcendental equation by the intrinsic impedance of free-space

³
η =

p
µ/ε

´
, we

obtain

η2
η
= j

kρ
ωεη

cot
³
kρa− π

4

´
For convenience, this equation can also be written as

η2
η
= j

1

ωεηa

h
kρa cot

³
kρa− π

4

´i
We now note that given an expression

α = jx cot
³
x− π

4

´
where

α = η2ωεa = ka (η2/η)

is small, we can approximate the values of x by

x ≈
pπ

4
+ j�

where � is a small number and p = 3, 7, 11, ...4q − 1, ... Substituting into the expression for α, we find
that

α = j
³pπ
4
+ j�

´
cot
³
qπ − π

2
+ j�

´
= −j

³pπ
4
+ j�

´
tan (j�)

or approximately

jα ∼
³pπ
4
+ j�

´
j�

Thus, to a first-order approximation, the values of x become

x ≈
pπ

4
+

jα
pπ
4 + j�

The choice of � in the denominator does not affect the leading two terms of x in the α → 0 limit as
long as � → 0 in the same limit. We are thus free to choose it so that another limit is satisfied and by
constraining � = O (α). Choosing the perfect magnetic conductor (PMC) limiting case where α→∞, we
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know that the solution must equal nπ4 where n = 5, 9, 13, ...4q + 1, ... , so therefore we take

� =
2

π
α

where correspondingly,

kappρ a ≈
pπ

4
+

jα
pπ
4 + jα 2

π

=
pπ

4
+

jka (η2/η)
pπ
4 + jka (η2/η)

2
π

Thus, with this form for kρa, we obtain the solutions for the two limiting cases of a PEC and PMC
boundary condition at ρ = a. We note that as α→ 0, we have a cavity formed by a PMC inner boundary
and a PEC outer boundary (as shown in Figure 7) where the boundary conditions are satisfied at a
frequency corresponding to λ/4. Alternatively, when the outer boundary tends towards a PMC limit, the
boundary conditions are satisfied at λ/2. Thus, it is to be expected that the cutoff frequencies for a given
mode are lower for the PEC cases than the PMC cases, as described in the kappρ a formula.

In Figure 8 we show a plot of the approximate kρa expression, for the modes corresponding to p = 3
and p = 7, as the values of α = ka (η2/η) are varied from zero to infinity. It should be noted that,
although the kρa curves have been calculated assuming real values of η2/η, there was found to be virtually
no change in the curves when complex impedances were considered (loss tangents on the order of 0.1 were
assumed). Also shown in Figure 8 are the values of kρa found using the complex root-finding routine and
the exact transcendental equation (as opposed to the asymptotic transverse resonance equation derived in
this section) in the sand cases of 16.8%, 3.88%, and 2.18% moisture content [1]. For a frequency of 3 GHz
and a hole radius of 0.1 m, the corresponding values of α go from 1.4, 3.0, to 4.0 as the moisture content
decreases (free-space has been assumed for the inner hole medium). In order to create a high α sample
point to be used with the root-finding code, the 2.18% moisture sand was considered at 3 GHz with a 0.25
m hole (this yields an α = 9.0). Thus, we observe good agreement between the approximate values and
those produced by the root-finding routine, with the approximate kρa curves slightly underestimating the
code values near the peaks. Since the setting of k2ρ to k2 and the approximation of the Bessel functions
was found to lead to negligible errors, it is important to note that the errors here can be attributed to the
bilinear approximation of the transcendental equation.

4.2 Axial Propagation Constant

Using this approximate expression for kρa, we can next determine an approximate expression for kza.
From the separation equation, we can write

kza =
q
k2a2 − k2ρa

2

where, substituting in, we obtain

kappz a =

s
k2a2 −

·
pπ

4
+

jka (η2/η)
pπ
4 + jka (η2/η)

2
π

¸2
In Fig. 9 the approximate values for kappz are compared to the values of kz which are based on the

exact transcendental equation (as opposed to the asymptotic transverse resonance equation derived in this
section) and the complex-root finding code discussed in the previous section. A hole radius of a = 0.1 m
and a frequency of 3.0 GHz are assumed for these calculations and the same three cases of varying moisture
content are examined as above. (The exact results shown here are identical to those in Fig. 6 and are
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Figure 8. Approximate complex kρa values as the α = kaη2/η is varied from the PEC limit (α = 0) to the

PMC limit (α→∞). The values of kρa corresponding to the p = 3 and p = 7 are shown.
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Figure 9. Comparing the exact and approximate axial wavenumbers in the case of a 0.1 m radius hole and

a frequency of 3.0 GHz.

included here for comparison purposes to the approximate values.)

Thus, for all three cases of sand considered we observe good agreement between the exact and
approximate values of kz. The approximate solution improves as the moisture content of the sand increases,
with the differences in the real and imaginary parts of kz reducing to -0.19% and 1.77%, respectively
at a moisture level of 16.8%. It should be noted, however, that even in the 2.18% moisture case, the
approximate expression is still fairly useful in obtaining an idea of the kz root location. In this case, the
percent differences between the real and imaginary part of the approximate and exact solution are 1.38%
and 8.82%, respectively.

4.3 Axial Attenuation Constant

Thus far, we have obtained an expression for the axial propagation constant kz that yields accurate
results for both the real and imaginary components. However, in order to realize a simple engineering
design formula for the attenuation constant, we first take pπ/4 to be the dominant part of the bracketed
term above so that we have

kza ≈
r
k2a2 −

³pπ
4

´2
− j2ka (η2/η)

For operation above the cutoff frequency (since near and below cutoff leads to larger attenuations), we
will simplify by taking k2a2 to be the dominant real part of the square root but retain the imaginary
leading term (we are also assuming the loss tangent in the material is much smaller than unity). Thus,
approximating the square root function we obtain
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kz ≈ k

·
1− j

1

ka
Re (η2/η)

¸
A simple engineering formula for the attenuation of the modes within the hole, after travelling a distance of
h, is then

αappac h ≈
µ
h

a

¶
Re (η2/η)

or in units of decibels,
αappac h dB = 20 log e−α

app
ac h

We now tabulate some attenuation values using this expression and compare them to the values found
using the exact zero-finding routine (assuming h = 10 m).

Table 2.Exact and approximate attenuation values.

a [m] εr2 |α| = |ka (η2/η)| αappac [Np/m] Po/Pt]αappac
Po/Pt]kexactz

∆ (Po/Pt)

0.10 20 (1− j0.13) 1.4 2.23 −193.0 dB −209.2 dB 7.7%

0.194 20 (1− j0.13) 2.7 1.15 −99.5 dB −96.2 dB −3.4%
0.25 20 (1− j0.13) 3.5 0.891 −77.2 dB −87.5 dB 11.8%

Thus, with a maximum absolute error of only 11.8% occurring in the case of α = 3.5, the simple
expression for αappac is shown to yield an approximated location associated with the kz root for moderate
values of α’s also (the approximations made in obtaining the simple form of the attenuation constant have
assumed small values of α). In general however, the expression for kappz can always be used to obtain the
attenuation constant, although the expression is much more complicated.

Table 2 also indicates that at 3.0 GHz and 16.8% moisture sand, reasonable signal levels for h = 10m
(corresponding to the first mode of propagation) can only be measured when the hole radius is increased
beyond about 0.2m. This situation can be compared to the case of a PEC waveguide where the cutoff
frequency for a radius of 0.04 m is approximately 2.8 GHz.

5 VERTICAL-DIPOLE RADIATION CHARACTERISTICS

We first consider the case of a vertically-oriented dipole (positioned along the z-axis, Figure 1). This
dipole orientation is examined before considering the horizontally-oriented dipole, since it results only in
E−modes along the hole and hence can be reduced to a simple scalar problem. (Another scalar problem
that would be of interest is a loop antenna, but it is not considered at this time.) Furthermore, because
this analysis is relatively simple compared to the case of the horizontal dipole, the vertical dipole is included
to provide an overall understanding of the general antenna propagation characteristics through the earth
when the hole is taken into account. The case of a horizontal dipole is considered in a subsequent section
of the report. It is important to note that a time dependence of ejωt is assumed and suppressed throughout
this report.

5.1 Boundary-Condition Analysis

As stated previously, the vertical dipole is relatively simple because it leads to only E−modes along the
hole and, in this case, the axial component of the magnetic vector potential can be used exclusively. The
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source term satisfies¡∇2 + k2
¢
Az =

·
1

ρ

∂

∂ρ

µ
ρ
∂

∂ρ

¶
+

∂2

∂z2
+ k2

¸
Az = −µ0Jz = −µ0I0cδ (r) = −µ0I0cδ (z)

δ (ρ)

2πρ

where the solution is

As
z = µ0I0c

e−jkr

4πr

The integral representation can be found as

As
z =

1

2π

Z ∞
−∞

A (kz)H
(2)
0 (kρρ) e

−jkzzdkz

where

kρ =
p
k2 − k2z

and

Im (kρ) ≤ 0

Inserting the representation and inverting the Fourier transform gives

A (kz)

·
∂

∂ρ

µ
ρ
∂

∂ρ

¶
+ ρk2ρ

¸
H
(2)
0 (kρρ) = −µ0I0c

δ (ρ)

2π

Z ∞
−∞

δ (z) ejkzzdz = −µ0I0c
δ (ρ)

2π

where next integration with respect to ρ yields

−A (kz) kρρH(2)
1 (kρρ) ∼ −2j

π
A (kz) = −µ0I0c

1

2πor

A (kz) = − j
4
µ0I0c

Thus, the dipole source solution (existing in the interior of the hole) becomes

As
z = −

j

8π
µ0I0c

Z ∞
−∞

H
(2)
0 (kρρ) e

−jkzzdkz , 0 < ρ < a

where the source-free potentials are given by

Az =
1

2π

Z ∞
−∞

B (kz)J0 (kρρ) e
−jkzzdkz , 0 < ρ < a

=
1

2π

Z ∞
−∞

C (kz)H
(2)
0 (k2ρρ) e

−jkzzdkz , ρ > a

and
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k2ρ =
q
k22 − k2z

Enforcing the continuity of Ez (ρ = a)

Ez =
−j
ωµ0ε

µ
∂2

∂z2
+ k2

¶
Az

gives

− j
4
µ0I0cH

(2)
0 (kρa) +B (kz)J0 (kρa) =

k22ρε

k2ρε2
C (kz)H

(2)
0 (k2ρa)

while the continuity of Hϕ (ρ = a)

µ0Hϕ = − ∂

∂ρ
Az

yields

− j
4
µ0I0ckρH

(2)
1 (kρa) +B (kz) kρJ1 (kρa) = C (kz) k2ρH

(2)
1 (k2ρa)

We next eliminate C (kz) to obtain

− j
4
µ0I0cH

(2)
0 (kρa)H

(2)
1 (k2ρa) +B (kz)J0 (kρa)H

(2)
1 (k2ρa) =

·
− j
4
µ0I0c (kρ/k2ρ)H

(2)
1 (kρa)H

(2)
0 (k2ρa) +B (kz) (kρ/k2ρ)J1 (kρa)H

(2)
0 (k2ρa)

¸
k22ρε

k2ρε2
or

B (kz) =
j

4
µ0I0c

εk2ρH
(2)
1 (kρa)H

(2)
0 (k2ρa)− ε2kρH

(2)
0 (kρa)H

(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

=
j

4
µ0I0c

"
1− j

εk2ρY1 (kρa)H
(2)
0 (k2ρa)− ε2kρY0 (kρa)H

(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

#
Here the poles are found from the equation

εk2ρJ1 (kρa)H
(2)
0 (k2ρa) = ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

provided that

εk2ρH
(2)
1 (kρa)H

(2)
0 (k2ρa) 6= ε2kρH

(2)
0 (kρa)H

(2)
1 (k2ρa)

Thus, using this expression in the root-finding code we find that the poles having high rates of decay
do not contribute significantly to the potential integral Az (the corresponding results have been presented
in Figures 3 and 4.)
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Adding the source and scattered parts of the potential together gives

Atot
z =

1

8π
µ0I0c

Z ∞
−∞

"
εk2ρY1 (kρa)H

(2)
0 (k2ρa)− ε2kρY0 (kρa)H

(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

#
J0 (kρρ) e

−jkzzdkz

− 1

8π
µ0I0c

Z ∞
−∞

Y0 (kρρ) e
−jkzzdkz , 0 < ρ < a

or

Atot
z =

1

8π
µ0I0c

Z ∞
−∞

"
εk2ρY1 (kρa)H

(2)
0 (k2ρa)− ε2kρY0 (kρa)H

(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

#
J0 (kρρ) e

−jkzzdkz

+µ0I0c
cos (kr)

4πr
, 0 < ρ < a

We next focus on the branch cut contributions to the integral, where if we rotate kz around the branch
point k2 and use the identities [4]

H
(2)
0

¡
zejπ

¢
= 2H

(2)
0 (z) +H

(1)
0 (z)

H
(2)
1

¡
zejπ

¢
= −2H(2)

1 (z)−H
(1)
1 (z)

we find

εeiπk2ρJ1 (kρa)H
(2)
0

¡
k2ρe

iπa
¢
= ε2kρJ0 (kρa)H

(2)
1

¡
k2ρe

iπa
¢

and

−εk2ρJ1 (kρa)
h
2H

(2)
0 (k2ρa) +H

(1)
0 (k2ρa)

i
= −ε2kρJ0 (kρa)

h
2H

(2)
1 (k2ρa) +H

(1)
1 (k2ρa)

i
Separating real and imaginary parts for real medium parameters yields

εk2ρJ1 (kρa)J0 (k2ρa) = ε2kρJ0 (kρa) J1 (k2ρa)
and

εk2ρJ1 (kρa)Y0 (k2ρa) = ε2kρJ0 (kρa)Y1 (k2ρa)

which are identical to the results obtained before the rotation. With the equations remaining the same,
the integrand ratio becomes

B
¡
kz, k2ρe

iπ
¢
=

j

4
µ0I0c

εk2ρe
iπH

(2)
1 (kρa)H

(2)
0

¡
k2ρae

iπ
¢− ε2kρH

(2)
0 (kρa)H

(2)
1

¡
k2ρae

iπ
¢

εk2ρeiπJ1 (kρa)H
(2)
0 (k2ρaeiπ)− ε2kρJ0 (kρa)H

(2)
1 (k2ρaeiπ)
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=
j

4
µ0I0c

εk2ρH
(2)
1 (kρa)

h
2H

(2)
0 (k2ρa) +H

(1)
0 (k2ρa)

i
− ε2kρH

(2)
0 (kρa)

h
2H

(2)
1 (k2ρa) +H

(1)
1 (k2ρa)

i
εk2ρJ1 (kρa)

h
2H

(2)
0 (k2ρa) +H

(1)
0 (k2ρa)

i
− ε2kρJ0 (kρa)

h
2H

(2)
1 (k2ρa) +H

(1)
1 (k2ρa)

i

=
j

4
µ0I0c

εk2ρH
(2)
1 (kρa)

h
H
(2)
0 (k2ρa) + 2J0 (k2ρa)

i
− ε2kρH

(2)
0 (kρa)

h
H
(2)
1 (k2ρa) + 2J1 (k2ρa)

i
εk2ρJ1 (kρa)

h
H
(2)
0 (k2ρa) + 2J0 (k2ρa)

i
− ε2kρJ0 (kρa)

h
H
(2)
1 (k2ρa) + 2J1 (k2ρa)

i
where it does not appear that the branch cut goes away. Next, if we rotate kz around the k branch

point we find

B
¡
kz, kρe

iπ
¢
=

j

4
µ0I0c

εk2ρH
(2)
1

¡
kρae

iπ
¢
H
(2)
0 (k2ρa)− ε2kρe

iπH
(2)
0

¡
kρae

iπ
¢
H
(2)
1 (k2ρa)

εk2ρJ1 (kρaeiπ)H
(2)
0 (k2ρa)− ε2kρeiπJ0 (kρaeiπ)H

(2)
1 (k2ρa)

=
j

4
µ0I0c

εk2ρ

h
2H

(2)
1 (kρa) +H

(1)
1 (kρa)

i
H
(2)
0 (k2ρa)− ε2kρ

h
2H

(2)
0 (kρa) +H

(1)
0 (kρa)

i
H
(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

=
j

4
µ0I0c

εk2ρ

h
H
(2)
1 (kρa) + 2J1 (kρa)

i
H
(2)
0 (k2ρa)− ε2kρ

h
H
(2)
0 (kρa) + 2J0 (kρa)

i
H
(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

= B (kz) +
j

2
µ0I0c

Now for z > 0 we can close the contour downward and obtain

As
z = −

j

8π
µ0I0c

Z
Ck

h
H
(2)
0 (kρρ)−H

(2)
0

¡
kρρe

iπ
¢i

e−jkzzdkz , 0 < ρ < a

=
j

8π
µ0I0c

Z
Ck

h
H
(2)
0 (kρρ) +H

(1)
0 (kρρ)

i
e−jkzzdkz , 0 < ρ < a

=
j

4π
µ0I0c

Z
Ck

J0 (kρρ) e
−jkzzdkz , 0 < ρ < a

where the contour Ck is along the right side of the branch cut about k from k to infinity. Using the
preceding relation for the rotation of B (kz) about k we find

Az =
1

2π

Z
Ck

£
B (kz)−B

¡
kz, kρe

iπ
¢¤
J0 (kρρ) e

−jkzzdkz , 0 < ρ < a

= − j

4π
µ0I0c

Z
Ck

J0 (kρρ) e
−jkzzdkz , 0 < ρ < a
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Thus, the source contribution exactly cancels the contribution of the scattered part of the potential on
the k branch cut integral (ρ < a).

We now consider ρ > a, where the k2 branch cut contributes. The constant C (kz) is

C (kz) = − j
4
µ0I0c

k2ρε2

k22ρε

H
(2)
0 (kρa)

H
(2)
0 (k2ρa)

+B (kz)
k2ρε2J0 (kρa)

k22ρεH
(2)
0 (k2ρa)

= − j
4
µ0I0c

k2ρε2

k22ρε

H
(2)
0 (kρa)

H
(2)
0 (k2ρa)

"
1− εk2ρH

(2)
1 (kρa)H

(2)
0 (k2ρa)− ε2kρH

(2)
0 (kρa)H

(2)
1 (k2ρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

J0 (kρa)

H
(2)
0 (kρa)

#

= − j
4
µ0I0c

k2ρε2

k22ρε

H
(2)
0 (kρa)

H
(2)
0 (k2ρa)

 εk2ρ

n
J1 (kρa)H

(2)
0 (kρa)−H

(2)
1 (kρa)J0 (kρa)

o
H
(2)
0 (k2ρa)n

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

o
H
(2)
0 (kρa)



= −1
4
µ0I0c

k2ρε2

k2ρ

"
J1 (kρa)Y0 (kρa)− Y1 (kρa)J0 (kρa)

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

#

= − 1

2π
µ0I0c

kρε2
k2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

#

where rotating about the k branch point gives

C
¡
kz, kρe

jπ
¢
= − j

4
µ0I0c

k2ρε2

k22ρε

H
(2)
0

¡
kρae

iπ
¢

H
(2)
0 (k2ρa)

+B
¡
kz, kρe

jπ
¢ k2ρε2J0 (kρa)

k22ρεH
(2)
0 (k2ρa)

= − j
4
µ0I0c

k2ρε2

k22ρε

2H
(2)
0 (kρa) +H

(1)
0 (kρa)

H
(2)
0 (k2ρa)

+

½
B (kz) +

j

2
µ0I0c

¾
k2ρε2J0 (kρa)

k22ρεH
(2)
0 (k2ρa)

Thus, as expected, there is no k branch point contribution,

C (kz, kρ)− C
¡
kz, kρe

jπ
¢
= 0

Rotation about the k2 branch point gives

C
¡
kz, k2ρe

jπ
¢
= − 1

2π
µ0I0c

kρε2
k2ρa

·

 1

εk2ρJ1 (kρa)
n
H
(2)
0 (k2ρa) + 2J0 (k2ρa)

o
+ ε2kρJ0 (kρa)

n
H
(2)
1 (k2ρa) + 2J1 (k2ρa)

o

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where using the Hankel function identity for H(2)
0

¡
zeiπ

¢
above [4]

H
(2)
0

¡
k2ρρe

jπ
¢
= H

(2)
0 (k2ρρ) + 2J0 (k2ρρ)

Thus, recalling that

Az =
1

2π

Z ∞
−∞

C (kz)H
(2)
0 (k2ρρ) e

−jkzzdkz , ρ > a

we can also write

Az =
1

2π

Z
Ck2

h
C (kz, k2ρ)H

(2)
0 (k2ρρ)− C

¡
kz, k2ρe

jπ
¢
H
(2)
0

¡
k2ρρe

jπ
¢i

e−jkzzdkz , ρ > a

5.2 Radiation in the Lower Half-Space

In this section we compare the results from an asymptotic evaluation of the fields in the lower half-space
to those resulting from the exact numerical integration. The far-zone magnetic field is examined, where
in the particular case of a vertical dipole, only an azimuthal component is present. With the asymptotic
analysis, the effects of the hole on the radiation can be easily identified in terms of a scaling coefficient
associated with the saddle-point in the lower region, thereby producing an effective dipole source. The
saddle-point coefficient is then used to determine the radiation in the upper-half space.

5.2.1 Magnetic Vector Potential: Dipole Approximation

We first want to compare Az for large z >> a with the approximate form of a dipole sitting in an
infinite k2 space,

Aapp
z = µ0I0c

e−jk2r

4πr

If we approximate the branch cut integral for large z and thus the integrand for k2ρa → 0 and
kρ → k02 =

p
k2 − k22 (where −2π < arg (k − k2) < −π and −π/2 < arg (k + k2) < 0), we obtain

B (kz) ∼ j

4
µ0I0c

H
(2)
0 (k02a)

J0 (k02a)
and

C (kz, k2ρ) ∼
− j
4µ0I0c

J0 (k02a)
∼ C

¡
kz, k2ρe

jπ
¢

so that

Az ∼ 1

2π

j
2µ0I0c

J0 (k02a)

Z
Ck2

J0 (k2ρρ) e
−jkzzdkz , ρ > a , z >> a

Next using the relationship
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µ0I0c
e−jkr

4πr
=

j

4π
µ0I0c

Z
Ck

J0 (kρρ) e
−jkzzdkz

we obtain

Az ∼ 1

J0 (k02a)
µ0I0c

e−jk2r

4πr
, ρ > a , z >> a

In a subsequent section, this form of the magnetic vector potential will be used to evaluate the field in
the upper half space.

5.2.2 Magnetic Vector Potential: Saddle-Point Evaluation

If the Hankel function is expanded for large ρ, the combined exponential function can then be used to
define the phase function ψ (kz). The resulting function is then differentiated to determine the location of
the saddle point [5]. We recall that Az in the outside region of the hole (ρ > a) is given by

Az =
1

2π

Z ∞
−∞

C (kz)H
(2)
0 (k2ρρ) e

−jkzzdkz , ρ > a

where, for convenience in evaluating the final integral, this can also be written as

Az = − j

8π
µ0I0c

Z ∞
−∞

C
0
v (kz)H

(2)
0 (k2ρρ) e

−jkzzdkz , ρ > a

Here

C
0
v (kz) =

µ
− 4

jµ0I0c

¶
C (kz)

and C (kz) is given above. Evaluating this integral asymptotically, Az becomes

Az ∼ − j

8π
µ0I0c

Z ∞
−∞

C
0
v (kz)

s
2

πk2ρρ
e−jkzz−j(k2ρρ−π/4)dkz

or

Az ∼ − j

8π
µ0I0c

Z ∞
−∞

C
0
v (kz) e

jπ/4

s
2

πk2ρρ
e−jψ(kz)dkz

where

ψ (kz) = kzz + k2ρρ = kzz +
q
k22 − k2zρ

Differentiating with respect to kz to determine the saddle-point, we have

ψ0 (kz) = z − kzp
k22 − k2z

ρ = 0

40



or

kzp
k22 − k2z

= z/ρ = cot θ2

where, consequently,

ksz = k2 cos θ2 = k2
z

r

ks2ρ = k2 sin θ2 = k2
ρ

r

It is interesting to note that if we average the value of kz, we obtain the same result as the saddle point.
That is,

hkzi =
− j
8π

R∞
−∞ kzH

(2)
0 (k2ρρ) e

−jkzzdkz

− j
8π

R∞
−∞H

(2)
0 (k2ρρ) e−jkzzdkz

=
j ∂
∂z

³
e−jk2r
4πr

´
³
e−jk2r
4πr

´

= j cos θ

∂
∂r

³
e−jk2r
4πr

´
³
e−jk2r
4πr

´ =
z

r

µ
k2 − 1

r

¶
∼ k2

z

r

(In a similar manner, averaging k2ρ yields the same result as ks2ρ.) By next using the dipole source
relationship,

− j

8π
µ0I0c

Z ∞
−∞

H
(2)
0 (k2ρρ) e

−jkzzdkz = µ0I0c
e−jk2r

4πr
the evaluation of Az at the saddle point becomes

Az ∼ C
0
v

¡
ksz, k

s
2ρ

¢
µ0I0c

e−jk2r

4πr
where

C
0
v

¡
ksz, k

s
2ρ

¢
=
−j2
π

kρε2
ks2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0

¡
ks2ρa

¢− ε2kρJ0 (kρa)H
(2)
1

¡
ks2ρa

¢#

and kρ is evaluated within the hole as

kρ =

q
k2 − (ksz)2

As with the dipole approximation to the magnetic vector potential, the field results corresponding to
the saddle point evaluation of Az will be examined in the next section and compared to the exact numerical
integration of the potential integral. It is important to note that here, unlike the previous approximation,
the coefficient C

0
v

¡
ksz, k

s
2ρ

¢
is not a constant but rather, a function of z/r, ρ/r, or θ. This is a consequence
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of the modifications to the radiation pattern resulting from the local hole effect on the source.

5.2.3 Numerical and Asymptotic Evaluations of Hϕ

In the case of the vertical dipole, we found the asymptotic form of the magnetic vector potential to be
given by

Az ∼ Ca (kz, k2ρ)
e−jk2r

4πr
, ρ > a , z >> a

where, approximating the potential as that of a dipole source in a homogenous medium,

Ca (kz, k2ρ) =
1

J0 (k02a)
µ0I0c (1)

(as stated previously, here the scaling factor Ca (kz, k2ρ) is a constant or independent of the observation
point and is strictly a dipole field). On the other hand, using a saddle-point evaluation of the asymptotic
integral,

Ca (kz, k2ρ) = C
0
v

¡
ksz, k

s
2ρ

¢

= −µ0I0c
j2

π

kρε2
ks2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0

¡
ks2ρa

¢− ε2kρJ0 (kρa)H
(2)
1

¡
ks2ρa

¢# (2)

Here ε2,k2 are the permittivity and wavenumber characterizing the medium surrounding the hole.
Using these forms of the magnetic vector potential, the asymptotic field component Hϕ can then be written
as

µ0Hϕ = − ∂

∂ρ
Az

Hasym
ϕ ∼ − 1

µ0
Ca (kz, k2ρ)

∂

∂ρ

e−jk2
√
ρ2+z2

4π
p
ρ2 + z2

Hasym
ϕ ∼ − 1

µ0
Ca (kz, k2ρ)

µ
−ρe

−jk2r

4πr2

¶
(jk2) , ρ > a , z >> a (3)

Alternatively, the integral representation of Az is given by

Az =
1

2π

Z ∞
−∞

C (kz)H
(2)
0 (k2ρρ) e

−jkzzdkz , ρ > a

where

C (kz) = − 1

2π
µ0I0c

kρε2
k2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0 (k2ρa)− ε2kρJ0 (kρa)H

(2)
1 (k2ρa)

#
so that
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µ0H
num
ϕ = − 1

2π

Z ∞
−∞

C (kz)
∂

∂ρ
H
(2)
0 (k2ρρ) e

−jkzzdkz

µ0H
num
ϕ = − 1

2π

Z ∞
−∞

C (kz) k2ρH
(2)0
0 (k2ρρ) e

−jkzzdkz

Hnum
ϕ =

1

2πµ0

Z ∞
−∞

C (kz) k2ρH
(2)
1 (k2ρρ) e

−jkzzdkz

Note that, due to the even nature of the integrand with respect to the integration variable kz over the
range (−∞,∞), this can also be written

Hnum
ϕ =

1

πµ0

Z ∞
0

C (kz) k2ρH
(2)
1 (k2ρρ) cos (kzz) dkz (4)

5.2.4 Results

The asymptotic evaluations of Hϕ at the interface between an air and dry-sand medium, as well as the
numerical evaluation of the field, are shown in Figure 10. It is important to note here that the asymptotic
results correspond to a dipole in a homogeneous region approximation and also, the saddle-point evaluation
of the asymptotic integral for Az. The results are presented as a function of radial distance ρ from the hole
and at a frequency of 300 MHz. The source is assumed to be located a distance of 10 m from the interface
and the sand properties at this frequency are assumed to be εr = 2.55 (1− j0.01) [1]. (In these results and
those that follow, a unit-strength dipole moment is assumed (I0c = 1 A ·m)).

Thus, in this relatively low frequency case, it is observed that the hole has little effect on the radiated
field and the field can most simply be taken as the field produced by a dipole positioned in a homogeneous
medium with an amplitude weighted by 1. While the numerical calculation of Hϕ best captures the null
behavior in the radiation directly above the hole, the three sets of results are virtually indistinguishable as
the radial distance from the hole increases.

Increasing the frequency to 3.0 GHz and using a sand permittivity of εr = 2.55 (1− j0.0062) [1], the
results shown in Figure 11 are obtained. In this case the presence of the hole is evident in the discrepancy
between the dipole-field approximation (which has a constant coefficient Ca (kz, k2ρ)) and the numerical
calculation of the magnetic field. However, the asymptotic evaluation of the field at the saddle-point is in
excellent agreement with the results obtained from the numerical evaluation of the integral.

Thus, by examining the asymptotic form the fields in the lower half-space, we recognize that to an
excellent approximation, the fields associated with a vertical dipole present within a cylindrical hole in the
earth are, in general, the fields of a dipole located in a homogeneous medium scaled by the saddle-point
coefficient C

0
v

¡
ksz, k

s
2ρ

¢
. Stated another way, we find here that the radiation pattern is modified from the

simple dipole by the multiplicative factor C
0
v

¡
ksz, k

s
2ρ

¢
, which is a function of θ. (In the low-frequency

case, the effect of the hole is to simply reduce the amplitude of the field produced by a dipole in a
homogeneous medium by a constant independent of the observation point.) In the next section, the
coefficient C

0
v

¡
ksz, k

s
2ρ

¢
is used to determine the radiated fields in the upper half-space or air region.
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Figure 10. Azimuth magnetic field distributions along an air/dry sand interface at 300 MHz, determined

using asymptotic expressions and an exact numerical evaluation.
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Figure 11. Azimuth magnetic field distributions along an air/dry sand interface at 3.0 GHz, determined

using asymptotic expressions and an exact numerical evaluation.
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5.3 Radiation in the Upper Half-Space

In this section, we use the saddle-point method of the potential-integral representation to evaluate the
upper-half space radiation associated with a vertical dipole placed in a cylindrical hole. As a means of
obtaining the final results, we first consider a vertical dipole positioned in a half-space with no hole present
(homogeneous media). In this case, the saddle-point method is shown to yield identical far-zone results to
those found in [6],[7], and [8]. By next assuming that the source is positioned far from the interface and,
consequently, that a multipole representation can be used to model the hole effects, the field in the upper
half-space is then shown to be a product of the multipole element pattern (determined from the lower-half
space analysis presented above) and a pattern associated with ray transmission through the interface. Here
it is important to note that the earth region was considered homogenous, although it could have been taken
as a layered medium. In addition, we note that, although not done so in the case of the vertical dipole
(due to the null in the radiation pattern along the hole direction), a small contribution to the radiation
resulting from the hole intersection with the interface (corresponding to an electric-field discontinuity) can
be added to assess the error associated with ignoring the hole intersection with the upper-half space..

5.3.1 Half-Space Problem: No Hole

The formulation of a dipole interacting with a half space can be found in [9]. In addition, the case
where the dipole is in the conducting half space along with many expansions of the field can be found in
[6] and more recent expansions can be found in [7] and [8]. Here we give far-zone expansions in the upper
half-space by a saddle point treatment of the potential integrals, which can be shown to produce equivalent
fields to the previously cited results.

In the case of a vertical dipole in the conductive half space, the source term is

As
z = µ0I0c

e−jk2r

4πr

Note that for a triangular current distribution, we can take I0 = I (0) (the current at the center of the
dipole), and c as the physical half height of the antenna. We can expand the Green’s function as

As
z = µ0I0c

Z ∞
0

D (kρ)J0 (kρρ) e
−jk2z|z|kρdkρ

where

k2z =
q
k22 − k2ρ

and

Im (k2z) ≤ 0

To solve for the coefficient D (kρ) we write

¡∇2 + k22
¢
As
z =

·
1

ρ

∂

∂ρ

µ
ρ
∂As

z

∂ρ

¶
+

∂2

∂z2
+ k22

¸
As
z = −µ0I0c

δ (ρ)

2πρ
δ (z)

so that
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Z ∞
0

·
1

ρ

∂

∂ρ

µ
ρ
∂

∂ρ

¶
+

∂2

∂z2
+ k22

¸
D (kρ) J0 (kρρ) e

−jk2z|z|kρdkρ = −δ (z) δ (ρ)
2πρ

=

Z ∞
0

D (kρ) J0 (kρρ)

µ
∂2

∂z2
+ k22 − k2ρ

¶
e−jk2z|z|kρdkρ

Inverting the Hankel transform gives

D (kρ)

µ
∂2

∂z2
+ k22 − k2ρ

¶
e−jk2z|z| = −δ (z)

2π

Z ∞
0

J0 (kρρ) δ (ρ) dρ = −δ (z)
2π

where integration with respect to z yields

D (kρ) = − j

4πk2z

Now we take as the source potential

As
z = −

j

4π
µ0I0c

Z ∞
0

J0 (kρρ) e
−jk2z|z+h| kρdkρ

k2z

with the source-free potentials given by

Az = µ0I0c

Z ∞
0

E (kρ) J0 (kρρ) e
−jkzzkρdkρ , z > 0

= µ0I0c

Z ∞
0

F (kρ) J0 (kρρ) e
jk2zzkρdkρ , z < 0

kz =
q
k2 − k2ρ

and enforce the boundary conditions at z = 0 using

Hϕ = − 1
µ0

∂

∂ρ
Az

and

Eρ =
−j
ωµ0ε

∂2

∂ρ∂z
Az

Thus, enforcing continuity along the air-earth interface, we have

E (kρ) = − j

4πk2z
e−jk2zh + F (kρ)

and
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− j

4πk2z
e−jk2zh − F (kρ) =

ε2kz
ε0k2z

E (kρ)

The coefficient for the potential in the upper-half space region then becomes

− j

2π

ε0
ε2kz + ε0k2z

e−jk2zh = E (kρ)

so that

Az = − j

2π
µ0I0c

Z ∞
0

ε0
ε2kz + ε0k2z

e−jk2zhJ0 (kρρ) e−jkzzkρdkρ

We can also write this potential integral as

Az = − j

4π
µ0I0c

Z ∞
0

ε0
ε2kz + ε0k2z

e−jk2zh
h
H
(2)
0 (kρρ) +H

(1)
0 (kρρ)

i
e−jkzzkρdkρ

or

Az = − j

4π
µ0I0c

Z ∞
0

ε0
ε2kz + ε0k2z

e−jk2zhH(2)
0 (kρρ) e

−jkzzkρdkρ

− j

4π
µ0I0c

Z ∞
0

ε0
ε2kz + ε0k2z

e−jk2zhH(1)
0 (kρρ) e

−jkzzkρdkρ

Using a change of variables for the second integral contribution,

kρ = k
0
ρe

jπ

Az becomes

Az = − j

4π
µ0I0c

Z ∞
0

ε0
ε2kz + ε0k2z

e−jk2zhH(2)
0 (kρρ) e

−jkzzkρdkρ

− j

4π
µ0I0c

Z −∞
0

ε0
ε2kz + ε0k2z

e−jk2zhH(1)
0

³
k
0
ρe

jπρ
´
e−jkzzk

0
ρdk

0
ρ

or

Az = − j

4π
µ0I0c

Z ∞
0

ε0
ε2kz + ε0k2z

e−jk2zhH(2)
0 (kρρ) e

−jkzzkρ dkρ

− j

4π
µ0I0c

Z 0

−∞

ε0
ε2kz + ε0k2z

e−jk2zhH(2)
0 (kρρ) e

−jkzzkρ dkρ

if we use the analytic continuation of the Hankel function [4]

H
(1)
0

¡
zejπ

¢
= −H(2)

0 (z)

and the fact that kz is an even function of kρ. Thus,
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Az = − j

4π
µ0I0c

Z ∞
−∞

ε0
ε2kz + ε0k2z

e−jk2zhH(2)
0 (kρρ) e

−jkzzkρ dkρ

Here we note that there are branch points at kρ equal to k and k2. An additional branch point is
introduced in the Hankel functions at kρ = 0 (we can choose the original contour either above or below this
point because it is not a branch point of J0 (kρρ)). Since we do not want to include this branch cut for
z > 0, we choose the original contour below the origin and note that poles occur if

ε2kz + ε0k2z = ε2

q
k2 − k2ρ + ε0

q
k22 − k2ρ = 0

We assume we can deform the contour for each term through a saddle point for which |kρ| ρ >> 1 (we
leave out the overhead point ρ→ 0, as well as the approach to the surface z = 0, for the time being). Thus,
for large arguments we can expand the Hankel function as

H
(2)
0 (kρρ) ∼

s
2

πkρρ
e−jkρρ+jπ/4

We take ρ = r sin θ and z = r cos θ with 0 < θ < π/2 and let kr →∞. The large argument exponential
phase function then takes the form

exp [−j (kzz + kρρ)] = exp [−jkrψ (τ)]
where kρ = kτ and kz = k

√
1− τ2

ψ (τ) = τ sin θ +
p
1− τ2 cos θ

The saddle points are at

ψ0 (τ s) = sin θ − τ√
1− τ2

cos θ = 0

or

τs = sin θ
where

ψ (τs) = 1

The steepest descent contours are defined by

Re [ψ (τ)− ψ (τs)] = Re
h
τ sin θ +

p
1− τ2 cos θ − 1

i
= 0

If we approximate near τ s by letting τ = τs + δ we have
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Re

·
(sin θ + δ) sin θ +

q
1− (sin θ + δ)2 cos θ

¸
= 1

= Re

·
(sin θ + δ) sin θ +

q
1− 2δ sin θ/ cos2 θ − δ2/ cos2 θ cos2 θ

¸

= Re

·
(sin θ + δ) sin θ +

½
1− δ sin θ/ cos2 θ − 1

2
δ2/ cos2 θ − 1

2
δ2 sin2 θ/ cos4 θ

¾
cos2 θ

¸

= Re

·
−1
2
δ2 − 1

2
δ2 sin2 θ/ cos2 θ

¸
+ 1

or

−1
2
sec2 θRe

¡
δ2
¢
= −1

2

¡
δ02 − δ002

¢
sec2 θ = 0

δ02 = δ002

where δ = δ0 + jδ00. Noting that

−1
2
sec2 θ Im

¡
δ2
¢
= −δ0δ00 sec2 θ

we see that

−jψ (τ) = −jψ (τs + δ) ∼ −j + j
1

2
δ2 sec2 θ

and on the constant phase contours that

−jψ (τ) ∼ −j − δ0δ00 sec2 θ
Thus, from these expression, it is evident that δ0 > 0 and δ00 > 0 or δ0 < 0 and δ00 < 0 lead to descent on
both sides of each saddle point. Letting

δ = vejπ/4

with kρ = kτ = kτ s + kδ we see that

dkρ = kdτ = kejπ/4dv

kρ ∼ k sin θ
kz ∼ k cos θ

−jψ (τ) ∼ −j − 1
2
v2 sec2 θ

Using the saddle point contributions alone we have
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Az ∼ − j

4π
µ0I0c

r
2

πρ

Z ∞
−∞

ε0
p
kρ

ε2kz + ε0k2z
e−jk2zh+jπ/4e−jkρρe−jkzzdkρ

∼ − j

4π
µ0I0c

r
2

πρ

ε0
p
ksρ

ε2ksz + ε0ks2z
e−jk

+
2zh+jπ/4−jkr

Z ∞
−∞

e−
1
2krv

2 sec2 θkejπ/4dv

∼ e−jk
s
2zh−jkr

4πr
µ0I0c

r
2

π sin θ

ε0
√
k sin θ

ε2ksz + ε0ks2z
cos θ
√
2πk

∼ ke−jk
s
2zh−jkr

2πr
µ0I0c

ε0
ε2ksz + ε0ks2z

cos θ

Finally because

ksz = k cos θ

ks2z =
q
k22 − k2 sin2 θ

we have

Az ∼ ke−jh
√
k22−k2 sin2 θ−jkr

2πr
µ0I0c

ε0

ε2k cos θ + ε0

q
k22 − k2 sin2 θ

cos θ

To now transform the magnetic vector potential to spherical coordinates, we use the unit-vector relation

ez = er cos θ − eθ sin θ
and find

Ar ∼ ke−jh
√
k22−k2 sin2 θ−jkr

2πr
µ0I0c

ε0

ε2k cos θ + ε0

q
k22 − k2 sin2 θ

cos2 θ

Aθ ∼ −ke
−jh
√
k22−k2 sin2 θ−jkr

2πr
µ0I0c

ε0

ε2k cos θ + ε0

q
k22 − k2 sin2 θ

sin θ cos θ

Next using

Hϕ =
1

µ0

1

r

·
∂

∂r
(rAθ)− ∂Ar

∂θ

¸
we obtain, in the far zone,

Hϕ ∼ −j k

µ0
Aθ ∼ j

k2e−jh
√
k22−k2 sin2 θ−jkr

2πr
I0c

ε0

ε2k cos θ + ε0

q
k22 − k2 sin2 θ

sin θ cos θ
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∼ I0c
e−jkr

4πr
e−jh
√
k22−k2 sin2 θ jk sin (2θ)

(ε2/ε0) cos θ +
q
(ε2/ε0)− sin2 θ

(5)

which is identical to the series of formulas: (1.18) p. 7, (2.104) p. 43, (2.147) p. 53, and the leading
term of the result (6.37) p. 180 in [6]. The far-zone electric field is then

Eθ ∼ Hϕ/η0

For convenience in determining the far-zone magnetic field when the hole is considered, Hϕ can be
rewritten as

Hϕ ∼
·
jk (I0c)

4πr
e−jkr sin θ

¸ 2ke−jh
√
k22−k2 sin2 θε0 cos θ

ε2k cos θ + ε0

q
k22 − k2 sin2 θ


where the first term in brackets is the far-field pattern of the vertical dipole antenna and the second

term is associated with the rays transmitted through the interface and arriving at the observation angle θ.

5.3.2 Half-Space Problem: Including Hole

Comparing the radiated field by a vertical dipole in a lower-half space k2 medium to the field radiated
in the upper half-space by the same dipole (positioned in the lower half-space), we find that the field is
modified only by a term related to ray transmission through the material interface. The purpose of this
section is to demonstrate that the same relationship between the lower-half space radiation associated with
the dipole within a hole in the earth and the radiation in the upper-half space holds; that is, the upper-half
space pattern is the lower-half space pattern scaled by a transmission term. Since we are assuming
that the source is located far from the earth-air interface, and, consequently, that any radiated field can
be represented in terms of multipoles, here we demonstrate this relationship for any general multipole
expansion.

Thus, for the purposes of determining the upper-half space radiation accounting for the presence of the
hole, we first examine the forms of the lower and upper half-space patterns in the case of a homogeneous
lower-half space region. In the lower-half space, the dipole far-field radiation is given by

HL,dipole
ϕ =

·
jk2
4πr

(I0c) e
−jk2r sin θ2

¸
where, in general, the radiation associated with additional multipoles (n = 0 corresponding to a dipole) can

be found as

HL,n
ϕ =

∂

∂z
HL,(n−1)
ϕ

or

HL,n
ϕ = j

k2
4πr

(I0c) e
−jk2r sin θ2 (−jk2 cos θ2)n
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Using a power-series expansion, the total field accounting for all multipoles can, by superposition, then
be written as

HL
ϕ (θ2)

sin θ2
=

n=∞X
n=0

ln (−jk2 cos θ2)n

where ln are the multipole coefficients. Now, referring to the derivation presented above (the result
which was verified with [6]), we have

Hϕ ∼
·
jk (I0c)

4πr
e−jkr sin θ

¸ 2ke−jh
√
k22−k2 sin2 θε0 cos θ

ε2k cos θ + ε0

q
k22 − k2 sin2 θ


for the upper-half space radiation associated with a dipole. In this case, to account for higher-order

multipoles, we differentiate with respect to the parameter h to obtain

HU,n
ϕ = (−jk2 cos θ2)n

·
jk (I0c)

4πr
e−jkr sin θ

¸ ·
2ke−jhk2 cos θ2ε0 cos θ
ε2k cos θ + ε0k2 cos θ2

¸
where n is the order of the multipole moment. Using Snell’s Law, this can also be written as

HU,n
ϕ = (−jk2 cos θ2)n

·
jk2 (I0c)

4πr
e−jkr sin θ2

¸ ·
2ke−jhk2 cos θ2ε0 cos θ
ε2k cos θ + ε0k2 cos θ2

¸

where the pattern can be interpreted as a product of the element pattern of a n− pole antenna with a
term associated with ray transmission through the interface. Written in terms of a power series expansion
in θ2, the element pattern associated with each individual multipole,

eU,n (θ2) = (−jk2 cos θ2)n
·
jk2 (I0c)

4πr
e−jkr sin θ2

¸

can be summed to form the element pattern associated with the entire system of multipoles. That is,
we would have

eUn (θ2) =
eU (θ2)

sin θ2
=
X

un (−jk2 cos θ2)n

and, comparing this to the lower-half space element pattern, we find that the element pattern remains
the same in both the lower and upper-half space field representations. Here un are the multipole coefficients
characterizing the upper half-space radiation. Therefore, in terms of the power-series expansions,

ln = un

If we assume that the antenna source is located far away from the interface then, based on this result,
the multipole representation of the field can be used to model the effects of the hole on the overall radiation
pattern, in both the lower and half-space regions. We recall that from the saddle-point analysis for the
fields in the k2 medium, the azimuthal component of the magnetic field was found to be
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Hasym
ϕ ∼ 1

µ0
Ca (kz, k2ρ)

µ
e−jk2r

4πr

¶
(jk2 sin θ2)

(we use the angle θ2 since we are examining a field in the k2 region) where

Ca (kz, k2ρ) = −µ0I0c
j2

π

kρε2
ks2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0

¡
ks2ρa

¢− ε2kρJ0 (kρa)H
(2)
1

¡
ks2ρa

¢#

Thus, given that the hole effect contained in Ca (kz, k2ρ) can be modeled with a multipole expansion,
the radiation pattern in the upper half-space region including the effects of the hole can very simply be
written as

Hϕ ∼ C
0
v

¡
ksz, k

s
2ρ

¢ ·jk (I0c)
4πr

e−jkr sin θ
¸ 2ke−jh

√
k22−k2 sin2 θε0 cos θ

ε2k cos θ + ε0

q
k22 − k2 sin2 θ


where

C
0
v

¡
ksz, k

s
2ρ

¢
= −j2

π

kρε2
ks2ρa

"
1

εk2ρJ1 (kρa)H
(2)
0

¡
ks2ρa

¢− ε2kρJ0 (kρa)H
(2)
1

¡
ks2ρa

¢# (6)

and the saddle points ksz, k
s
2ρ in the k2 region have been defined above. It should be noted that a

line-source distribution of current can also be used to model the effects of the hole. The result in this case
will be the same provided that the current is concentrated at depth h, so that there is little interaction
between the source and the interface.

5.3.3 Results

To demonstrate the dependence of the transmitted energy into the upper-half space region on the
antenna frequency and the characteristics of the earth, dry sand and sand with a moisture content of 2.18%
are considered at 3.0 GHz and 300 MHz. For the radiation patterns shown, the hole was assumed to have
a radius of 0.04 m and the dipole was assumed to be located a distance of 10 m from the air-earth interface.
From [1], the relative permittivities of dry sand were taken to be 2.55(1− j0.01) and 2.55(1− j0.0062), while
those for the sand with a 2.18% moisture were taken as 2.5(1− j0.026) and 2.5(1− j0.03) at 300 MHz and
3.0 GHz , respectively. The normalized Hϕ component of radiation for these cases are shown in Figures
12 and 13, where the normalization is given by

Hnorm
ϕ =

4πr

(Ioc) e−jkr
Hϕ

Thus, it is clear from the patterns that the energy transmitted into the air region is decreased with
an increase in frequency or conductive loss associated with the earth. Also, it is important to note that
the effect due to the earth losses becomes more pronounced at higher frequencies. Figure 14 shows the
normalized Hϕ patterns in the air region when sand with moisture levels of 3.88% and 16.8% is considered.
Here the patterns are shown only for the frequency of 300 MHz, since with the high level of conductivity at
3.0 GHz virtually all of the energy is dissipated into the sand.
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Figure 12. Far-field radiation patterns produced in the air region for a vertical dipole positioned in a hole

contained in dry sand (h = 10 m, a = 0.04 m).

Figure 13. Far-field radiation patterns produced in the air region for a vertical dipole positioned in a hole

contained in sand of 2.18% moisture content (h = 10 m, a = 0.04 m).
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Figure 14. Far-field radiation patterns produced in the air region for a vertical dipole positioned in a hole

contained in sand of various moisture contents at 300 MHz (h = 10 m, a = 0.04 m).
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6 Horizontal-Dipole Radiation Characteristics

We next examine the radiation characteristics of a horizontally-oriented dipole positioned within a
hole in the earth. The dipole is assumed to lie along the x−direction (Figure 1). As mentioned in
the vertical-dipole section, this dipole orientation is much more complicated than the previous case since
it leads to a coupled set of E − and H−modes. We next examine the radiation characteristics of a
horizontally-oriented dipole positioned within a hole in the earth. The dipole is assumed to lie along the
x−direction (Figure 1). As mentioned in the vertical-dipole section, this dipole orientation is much more
complicated than the previous case since it leads to a coupled set of E − and H−modes.

For this case, the source potential is taken as

As
x = µ0I0c

e−jkr

4πr

where the integral transform representation is

As
x = −

j

8π
µ0I0c

Z ∞
−∞

H
(2)
0 (kρρ) e

−jkzzdkz , 0 < ρ < a

Using the unit vector identity

ex = eρ cosϕ− eϕ sinϕ

this vector potential can be written in terms of the cylindrical components

As
ρ = −

j

8π
µ0I0c cosϕ

Z ∞
−∞

H
(2)
0 (kρρ) e

−jkzzdkz , 0 < ρ < a

As
ϕ =

j

8π
µ0I0c sinϕ

Z ∞
−∞

H
(2)
0 (kρρ) e

−jkzzdkz , 0 < ρ < a

Note that

1

ρ

½
∂

∂ρ

¡
ρAs

ρ

¢
+

∂

∂ϕ
As
ϕ

¾
=

j

8π
µ0I0c cosϕ

Z ∞
−∞

kρH
(2)
1 (kρρ) e

−jkzzdkz

In addition, we have the axial component of the magnetic vector potential (E−modes)

Az = cosϕ
1

2π

Z ∞
−∞

Bm (kz) J1 (kρρ) e
−jkzzdkz , 0 < ρ < a

= cosϕ
1

2π

Z ∞
−∞

Cm (kz)H
(2)
1 (k2ρρ) e

−jkzzdkz , ρ > a

and the axial component of the electric vector potential (H−modes)
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Aez = sinϕ
1

2π

Z ∞
−∞

Be (kz)J1 (kρρ) e
−jkzzdkz , 0 < ρ < a

= sinϕ
1

2π

Z ∞
−∞

Ce (kz)H
(2)
1 (k2ρρ) e

−jkzzdkz , ρ > a

The fields in the hole are given by

Ez = − j

ωµ0ε

·µ
∂2

∂z2
+ k2

¶
Az +

∂

∂z

1

ρ

½
∂

∂ρ

¡
ρAs

ρ

¢
+

∂

∂ϕ
As
ϕ

¾¸

Eϕ = − j

ωµ0ε

·
1

ρ

∂2

∂ϕ∂z
Az +

1

ρ

∂

∂ϕ

1

ρ

½
∂

∂ρ

¡
ρAs

ρ

¢
+

∂

∂ϕ
As
ϕ

¾
+ k2As

ϕ

¸
+
1

ε

∂

∂ρ
Aez

Hz = − j

ωµ0ε

µ
∂2

∂z2
+ k2

¶
Aez +

1

µ0

1

ρ

½
∂

∂ρ

¡
ρAs

ϕ

¢− ∂

∂ϕ
As
ρ

¾

Hϕ = − j

ωµ0ε

µ
1

ρ

∂2

∂ϕ∂z

¶
Aez − 1

µ0

∂

∂ρ
Az +

1

µ0

∂

∂z
As
ρ

where outside the hole they become

Ez = − j

ωµ0ε2

µ
∂2

∂z2
+ k22

¶
Az

Eϕ = − j

ωµ0ε2

1

ρ

∂2

∂ϕ∂z
Az +

1

ε2

∂

∂ρ
Aez

Hz = − j

ωµ0ε2

µ
∂2

∂z2
+ k22

¶
Aez

Hϕ = − j

ωµ0ε2

µ
1

ρ

∂2

∂ϕ∂z

¶
Aez − 1

µ0

∂

∂ρ
Az

Continuity of these tangential components at the boundary of the cylindrical wall yields

k2ρBm (kz)J1 (kρa) +
1

4
µ0I0ckzkρH

(2)
1 (kρa) =

ε

ε2
k22ρCm (kz)H

(2)
1 (k2ρa)

kzBm (kz)J1 (kρa) +
1

4
µ0I0c

n
k2aH

(2)
0 (kρa)− kρH

(2)
1 (kρa)

o
+ ωµ0Be (kz) {kρaJ0 (kρa)− J1 (kρa)}

=
ε

ε2
kzCm (kz)H

(2)
1 (k2ρa) +

ε

ε2
ωµ0Ce (kz)

n
k2ρaH

(2)
0 (k2ρa)−H

(2)
1 (k2ρa)

o

k2ρBe (kz) J1 (kρa) +
ε

4
ωµ0I0ckρH

(2)
1 (kρa) =

ε

ε2
k22ρCe (kz)H

(2)
1 (k2ρa)
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kzBe (kz)J1 (kρa) + ωεBm (kz) {kρaJ0 (kρa)− J1 (kρa)}+ aε

4
ωµ0I0ckzH

(2)
0 (kρa)

=
ε

ε2
kzCe (kz)H

(2)
1 (k2ρa) + ωεCm (kz)

n
k2ρaH

(2)
0 (k2ρa)−H

(2)
1 (k2ρa)

o
6.0.4

6.0.5 Developing a 2X2 System for Cm (kz) and Ce (kz)

Eliminating Bm and Be using from the system of equations given above, we obtain

Bm (kz)J1 (kρa) =
ε

ε2

k22ρ
k2ρ

Cm (kz)H
(2)
1 (k2ρa)− 1

4k2ρ
µ0I0ckzkρH

(2)
1 (kρa)

Be (kz) J1 (kρa) =
ε

ε2

k22ρ
k2ρ

Ce (kz)H
(2)
1 (k2ρa)− ε

4k2ρ
ωµ0I0ckρH

(2)
1 (kρa)

which then gives

kz

(
ε

ε2

k22ρ
k2ρ

Cm (kz)H
(2)
1 (k2ρa)− 1

4k2ρ
µ0I0ckzkρH

(2)
1 (kρa)

)
+
1

4
µ0I0c

n
k2aH

(2)
0 (kρa)− kρH

(2)
1 (kρa)

o

+ωµ0

(
ε

ε2

k22ρ
k2ρ

Ce (kz)H
(2)
1 (k2ρa)− ε

4k2ρ
ωµ0I0ckρH

(2)
1 (kρa)

)
{kρaJ0 (kρa) /J1 (kρa)− 1}

=
ε

ε2
kzCm (kz)H

(2)
1 (k2ρa) +

ε

ε2
ωµ0Ce (kz)

n
k2ρaH

(2)
0 (k2ρa)−H

(2)
1 (k2ρa)

o
and

kz

(
ε

ε2

k22ρ
k2ρ

Ce (kz)H
(2)
1 (k2ρa)− ε

4k2ρ
ωµ0I0ckρH

(2)
1 (kρa)

)

+ωε

(
ε

ε2

k22ρ
k2ρ

Cm (kz)H
(2)
1 (k2ρa)− 1

4k2ρ
µ0I0ckzkρH

(2)
1 (kρa)

)
{kρaJ0 (kρa) /J1 (kρa)− 1}

+
aε

4
ωµ0I0ckzH

(2)
0 (kρa) =

ε

ε2
kzCe (kz)H

(2)
1 (k2ρa) + ωεCm (kz)

n
k2ρaH

(2)
0 (k2ρa)−H

(2)
1 (k2ρa)

o
Let us write this system as

c11Cm + c12Ce = f1
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c21Cm + c22Ce = f2
where

c11 =
ε

ε2
kz
¡
1− k22ρ/k

2
ρ

¢
H
(2)
1 (k2ρa) =

ε

ε2
kz

µ
k2 − k22

k2ρ

¶
H
(2)
1 (k2ρa)

c12/

µ
ε

ε2
ωµ0

¶
=

k2ρa

J1 (kρa)

h
H
(2)
0 (k2ρa) J1 (kρa)− (k2ρ/kρ) J0 (kρa)H(2)

1 (k2ρa)
i
− ¡1− k22ρ/k

2
ρ

¢
H
(2)
1 (k2ρa)

f1 =
1

4
µ0I0c

k2a

J1 (kρa)

h
H
(2)
0 (kρa) J1 (kρa)−H

(2)
1 (kρa)J0 (kρa)

i

= − j

2π
µ0I0c

k2/kρ
J1 (kρa)

c21/

µ
ε

ε2
ωε

¶
=

k22
k2

n
k2ρaH

(2)
0 (k2ρa)−H

(2)
1 (k2ρa)

o
− k22ρ

k2ρ

H
(2)
1 (k2ρa)

J1 (kρa)
{kρaJ0 (kρa)− J1 (kρa)}

=
k2ρa

J1 (kρa)

h¡
k22/k

2
¢
H
(2)
0 (k2ρa)J1 (kρa)− (k2ρ/kρ)H(2)

1 (k2ρa)J0 (kρa)
i
− ¡k22/k2 − k22ρ/k

2
ρ

¢
H
(2)
1 (k2ρa)

Here we note that

c21/

µ
ε

ε2
ωε

¶
− c12/

µ
ε

ε2
ωµ0

¶
=
¡
k22/k

2 − 1¢ hk2ρaH(2)
0 (k2ρa)−H

(2)
1 (k2ρa)

i

c22 =
ε

ε2
kz
¡
1− k22ρ/k

2
ρ

¢
H
(2)
1 (k2ρa)

f2 =
1

4
ωεµ0I0c

kza

J1 (kρa)

h
H
(2)
0 (kρa)J1 (kρa)−H

(2)
1 (kρa)J0 (kρa)

i

= − j

2π
ωεµ0I0c

kz/kρ
J1 (kρa)

=

µ
kz
ωµ0

¶
f1

Thus, the coefficients associated with the exterior of the hole (Cm and Ce) are given by

Ce =
1

c11
(f2 − c21Cm)

and

Cm =
f1 − c12

c11
f2³

c11 − c12c21
c11

´
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Note though that from above,

f2 =

µ
kz
ωµ0

¶
f1

so then we have

Cm =
f1

h
1− c12

c11

³
kz
ωµ0

´i
³
c11 − c12c21

c11

´
6.1 Radiation in the Lower Half-Space

In a similar manner to the vertical dipole case, in this section we compare the results from an
asymptotic evaluation of the fields in the lower half-space to those resulting from the exact numerical
integration of the potential. The far-zone magnetic field is examined, where in this case both an azimuthal
and radial component are present.

6.1.1 Asymptotic Evaluation of Hϕ

Recall that

Az = cosϕ
1

2π

Z ∞
−∞

Cm (kz)H
(2)
1 (k2ρρ) e

−jkzzdkz , ρ > a

Aez = sinϕ
1

2π

Z ∞
−∞

Ce (kz)H
(2)
1 (k2ρρ) e

−jkzzdkz , ρ > a

where the coefficients Cm (kz) and Ce (kz) have been determined from the boundary conditions along
the cylindrical hole. The azimuthal component of the magnetic field in the region exterior to the hole is
given by

Hϕ = − j

ωµ0ε2

µ
1

ρ

∂2

∂ϕ∂z

¶
Aez − 1

µ0

∂

∂ρ
Az

Differentiating we obtain

Hϕ = − 1

2πρµ0
cosϕ

Z ∞
−∞

½
kz
ωε2

Ce (kz)H
(2)
1 (k2ρρ) + Cm (kz) k2ρρH

(2)0
1 (k2ρρ)

¾
e−jkzzdkz

or

Hϕ = − 1

2πρµ0
cosϕ

Z ∞
−∞

½
kz
ωε2

Ce (kz)H
(2)
1 (k2ρρ) + Cm (kz)

h
k2ρρH

(2)
0 (k2ρρ)−H

(2)
1 (k2ρρ)

i¾
e−jkzzdkz

where, rearranging terms, we have

Hϕ =
−1
2πρµ0

cosϕ

Z ∞
−∞

·½
kz
ωε2

Ce (kz)− Cm (kz)

¾
H
(2)
1 (k2ρρ) + Cm (kz) k2ρρH

(2)
0 (k2ρρ)

¸
e−jkzzdkz
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Expanding the Hankel functions for large arguments, the integral representation can be rewritten as

Hasym
ϕ ∼ −1

2πρµ0
cosϕ·

(Z ∞
−∞

s
2

πk2ρρ

·½
kz
ωε2

Ce (kz)− Cm (kz)

¾
e−jkzz−j(k2ρρ−3π/4) + Cm (kz) k2ρρe

−jkzz−j(k2ρρ−π/4)
¸
dkz

)

or, factoring,

Hasym
ϕ ∼ −1

2πρµ0
cosϕ

Z ∞
−∞

s
2

πk2ρρ

½
ej3π/4

µ
kz
ωε2

Ce (kz)− Cm (kz)

¶
+ Cm (kz) e

jπ/4k2ρρ

¾
e−j(kzz+k2ρρ)dkz

From the phase function,

ψ (kz) = kzz + k2ρρ = kzz +
q
k22 − k2zρ

the saddle points were previously found to be (in the vertical dipole asymptotic analysis)

ksz = k2 cos θ2 = k2
z

r
and

ks2ρ = k2 sin θ2 = k2
ρ

r

At the saddle point, the magnetic field then becomes

Hasym
ϕ ∼ −1

2πρµ0

½
ejπ/2

µ
ksz
ωε2

Ce (k
s
z)− Cm (k

s
z)

¶
+ Cm (k

s
z) k

s
2ρρ

¾
cosϕ

Z ∞
−∞

s
2

πk2ρρ
ejπ/4e−j(kzz+k2ρρ)dkz

or, equivalently,

Hasym
ϕ ∼ −1

2πρµ0

½
ejπ/2

µ
ksz
ωε2

Ce (k
s
z)− Cm (k

s
z)

¶
+ Cm (k

s
z) k

s
2ρρ

¾
cosϕ

Z ∞
−∞

H
(2)
0 (k2ρρ) e

−jkzzdkz

Using the relationship (from the source potential representation of As
x)

Z ∞
−∞

H
(2)
0 (k2ρρ) e

−jkzzdkz = j
2e−jk2r

r
we can write
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Hasym
ϕ ∼ −j

πρµ0

µ
e−jk2r

r

¶½
ejπ/2

µ
ksz
ωε2

Ce (k
s
z)− Cm (k

s
z)

¶
+ Cm (k

s
z) k

s
2ρρ

¾
cosϕ

or, recognizing that the first term is not a component of the far-zone,

Hasym
ϕ ∼ −j

πµ0

µ
e−jk2r

r

¶
Cm (k

s
z) k

s
2ρ cosϕ (7)

6.1.2 Numerical Evaluation of Hϕ

From above, we have

Hϕ =
−1
2πρµ0

cosϕ

Z ∞
−∞

·½
kz
ωε2

Ce (kz)− Cm (kz)

¾
H
(2)
1 (k2ρρ) + Cm (kz) k2ρρH

(2)
0 (k2ρρ)

¸
e−jkzzdkz

Noting that the integrand is an odd function of kz (this can be shown numerically and with the asymptotic
forms of the coefficients), we can rewrite the integral as

Hnum
ϕ =

j

πρµ0
cosϕ

Z ∞
0

·½
kz
ωε2

Ce (kz)− Cm (kz)

¾
H
(2)
1 (k2ρρ) + Cm (kz) k2ρρH

(2)
0 (k2ρρ)

¸
sin (kzz) dkz

which in the far-field becomes

Hnum
ϕ =

j

πµ0
cosϕ

Z ∞
0

Cm (kz) k2ρH
(2)
0 (k2ρρ) sin (kzz) dkz (8)

6.1.3 Hϕ Results

The asymptotic and numerical evaluations of Hϕ at the interface between an air and dry-sand medium
at 300MHz and 3.0 GHz are shown in Figures 15 and 16. The results are presented as a function of radial
distance ρ from the hole and and the source is assumed to be located a distance of 10 m from the interface.
As in the case of the vertical dipole, a unit-strength dipole moment is assumed (I0c = 1 A ·m) for these and
all remaining horizontal dipole results. The sand properties are assumed to be εr = 2.55 (1− j0.01) and
εr = 2.55 (1− j0.0062) at 300 MHz and 3.0 GHz, respectively [1].

In both cases the saddle-point evaluation is a very good approximation to the exact numerical
integration of the field. As one would expect, there is a slight discrepancy between the results when the
observation point is very close to the hole. However, the results become indistinguishable as the distance
from the hole increases.

6.1.4 Asymptotic Evaluation of Hρ

For this component of the magnetic field, we have

Hρ =
1

µ0

1

ρ

∂

∂ϕ
Az − j

1

ωε2µ0

µ
∂2

∂ρ∂z
Aez

¶
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Figure 15. Azimuth magnetic field distributions along an air/dry sand interface at 300 MHz, determined

using asymptotic expressions and an exact numerical evaluation (a = 0.04 m).
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Figure 16. Azimuth magnetic field distributions along an air/dry sand interface at 3.0 GHz, determined

using asymptotic expressions and an exact numerical evaluation (a = 0.04 m).
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so that

Hρ = − 1
µ0

1

ρ
sinϕ

1

2π

Z ∞
−∞

·½
Cm (kz)− kz

ωε2
Ce (kz)

¾
H
(2)
1 (k2ρρ) +

1

ωε2
kzCe (kz) k2ρρH

(2)
0 (k2ρρ)

¸
e−jkzzdkz

Following a similar saddle-point method as above, we obtain

Hasym
ρ ∼ − 1

2πρµ0
sinϕ

½
ejπ/2

µ
Cm (k

s
z)−

ksz
ωε2

Ce (k
s
z)

¶
+

1

ωε2
kszCe (k

s
z) k

s
2ρρ

¾
·(Z ∞

−∞

s
2

πk2ρρ
ejπ/4e−j(kzz+k2ρρ)dkz

)
which, in the far-field, becomes

Hasym
ρ ∼ − j

πµ0
sinϕ

µ
e−jk2r

r

¶·
1

ωε2
kszCe (k

s
z) k

s
2ρ

¸
(9)

6.1.5 Numerical Evaluation of Hρ

Numerically, we evaluate

Hnum
ρ = − 1

µ0

1

ρ
sinϕ

1

2π

Z ∞
−∞

·½
Cm (kz)− kz

ωε2
Ce (kz)

¾
H
(2)
1 (k2ρρ) +

kz
ωε2

Ce (kz) k2ρρH
(2)
0 (k2ρρ)

¸
e−jkzzdkz

where we note that again the first part of the integrand is an odd function of kz . Thus, the far-zone radial
component of the magnetic field can be rewritten as

Hnum
ρ =

j

µ0
sinϕ

1

π

Z ∞
0

kz
ωε2

Ce (kz) k2ρH
(2)
0 (k2ρρ) sin (kzz) dkz (10)

6.1.6 Hρ Results

Figures 17 and 18 show the radial component of the magnetic field at the interface of the air and dry
sand regions at 300 MHz and 3.0 GHz, respectively. As one would expect given the previous results, we
again see excellent agreement between the saddle point evaluation and numerical integration of the field.

6.2 Radiation in the Upper-Half Space

To compute the fields in the upper-half space, we use an approach similar to that used for the vertical
dipole. The fields in the air region, without the effects of the hole, are first determined using a saddle-point
evaluation of the integral representation for the half -space problem and the results are verified against the
results in [6]. In order to address the issue of the hole, a multipole expansion of the radiation is performed
and shown to yield identical element patterns in both regions. Thus, assuming the source is placed far
enough from the interface and the effects of the hole on the overall radiation can accurately be modeled
using a multipole expansion, the radiation in the air region is shown to be a product of the multipole
element pattern and a term associated with ray transmission through the interface. Again it is important
to recognize that, to obtain the total field in the upper-air half space, it is possible to add the radiation
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Figure 17. Radial magnetic field distributions along an air/dry sand interface at 300 MHz, determined using

asymptotic expressions and an exact numerical evaluation (a = 0.04 m).
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Figure 18. Radial magnetic field distributions along an air/dry sand interface at 3.0 GHz, determined using

asymptotic expressions and an exact numerical evaluation (a = 0.04 m).
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associated with the electric-field discontinuity at the air-earth interface to the dipole radiation. Since, as
expected, the contribution due to this continuity is found to be negligible, the analysis is suppressed here
and presented in Appendix B.

6.2.1 Boundary-Condition Analysis

The source magnetic vector potential can be written as

As
x = µ0I0c

e−jk2r

4πr

As
x = −

j

4π
µ0I0c

Z ∞
0

J0 (kρρ) e
−jk2z|z+h| kρdkρ

k2z

which in cylindrical coordinates becomes

As
ρ = −

j

4π
µ0I0c cosϕ

Z ∞
0

J0 (kρρ) e
−jk2z|z+h| kρdkρ

k2z

As
ϕ =

j

4π
µ0I0c sinϕ

Z ∞
0

J0 (kρρ) e
−jk2z|z+h| kρdkρ

k2z

where the unit vector ex is given by

ex = eρ cosϕ− eϕ sinϕ

Also, the scattered potentials (magnetic and electric) can be written as

Az = µ0I0c cosϕ

Z ∞
0

Ee (kρ) J1 (kρρ) e
−jkzzkρdkρ , z > 0

= µ0I0c cosϕ

Z ∞
0

Fe (kρ)J1 (kρρ) e
jk2zzkρdkρ , z < 0

and

Aez = µ0I0c sinϕ

Z ∞
0

Em (kρ)J1 (kρρ) e
−jkzzkρdkρ , z > 0

= µ0I0c sinϕ

Z ∞
0

Fm (kρ)J1 (kρρ) e
jk2zzkρdkρ , z < 0

Enforcing the continuity of Hϕ at z = 0 where

Hϕ = − j

ωµ0ε

µ
1

ρ

∂2

∂ϕ∂z

¶
Aez − 1

µ0

∂

∂ρ
Az +

1

µ0

∂

∂z
As
ρ

we obtain
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− kz
ωε

Em (kρ)J1 (kρρ)−Ee (kρ) {kρρJ0 (kρρ)− J1 (kρρ)}

=
k2z
ωε2

Fm (kρ) J1 (kρρ)− Fe (kρ) {kρρJ0 (kρρ)− J1 (kρρ)}− 1

4π
ρJ0 (kρρ) e

−jk2z|h|

Enforcing the continuity of Eϕ at z = 0 where
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ρ
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¢
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¸
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we obtain
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j
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¸

+
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Note that
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∂
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Enforcing the continuity of Hρ at z = 0 where

Hρ =
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µ
1
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∂
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∂ρ∂z
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we obtain

−Ee (kρ)J1 (kρρ)− kz
ωε

Em (kρ) {kρρJ0 (kρρ)− J1 (kρρ)} =

−Fe (kρ) J1 (kρρ) + k2z
ωε2
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Enforcing the continuity of Eρ at z = 0 where
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µ
1

ρ
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we obtain

− kz
ωµ0ε

Ee (kρ) {kρρJ0 (kρρ)− J1 (kρρ)}− 1
ε
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= − j

ωµ0ε2

·
jk2zFe (kρ) {kρρJ0 (kρρ)− J1 (kρρ)}+ j

4π
{kρρJ0 (kρρ)− J1 (kρρ)} e−jk2z|h| kρ

k2z

¸

− 1
ε2
Fm (kρ)J1 (kρρ)− ω

4π
ρJ0 (kρρ) e

−jk2z|h| 1
k2z

To solve for the unknown coefficients, we note that maintaining the same radial functionality on both
sides of the equations, this rather complicated 4 × 4 system can be reduced to two redundant, but much
simpler systems of 2 × 2 order. That is, since the boundary conditions must be satisfied for all ρ along
the interface, we can use the continuity of Hϕ to equate J0 (kρρ) and J1 (kρρ) terms on both sides of the
equation. Thus, using

kρEe (kρ)− Fe (kρ) kρ =
1

4π
e−jk2z|h|

and

−Ee (kρ) +
kz
ωε

Em (kρ) + Fe (kρ) +
k2z
ωε2

Fm (kρ) = 0

we obtain expressions for the electric potential coefficients in terms of the magnetic potential coefficients
given by

Fe (kρ) = Ee (kρ)− 1

4πkρ
e−jk2z|h|

Fm (kρ) = −kzε2
k2zε

Em (kρ) +
ωε2

4πkρk2z
e−jk2z|h|

Next using the continuity of Eϕ, we have

Fm (kρ) =
ε2
ε
Em (kρ)− 1

4πωµ0
e−jk2z|h|

k22
k2zkρ

Fe (kρ) = −kzε2
k2zε

Ee (kρ) +
k22

4πk22zkρ
e−jk2z|h| − kρ

4πk22z
e−jk2z|h|

where, upon substitution, we obtain

Em (kρ) =
e−jk2z|h|ωε

2πkρ [k2z + kz]

Ee (kρ) =
e−jk2z|h|k2zε

2πkρ [k2zε+ kzε2]

We note that these coefficients can also be obtained from the continuity in the radial components of
the electric and magnetic field.
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6.2.2 Half-Space Problem: No Hole

We now asymptotically evaluate the fields in the upper-half space and compare the results to those
obtained by [6]. Recall the magnetic potential expression in the region z > 0

Az = µ0I0c cosϕ

Z ∞
0

Ee (kρ)J1 (kρρ) e
−jkzzkρdkρ

which can be rewritten as

Az =
µ0I0c

2
cosϕ

Z ∞
0

Ee (kρ)
h
H
(2)
1 (kρρ) +H

(1)
1 (kρρ)

i
e−jkzzkρdkρ

or, applying a change of variables as was done in the vertical electric dipole case when evaluating the
upper-half space radiation,

Az =
µ0I0c

2
cosϕ

Z ∞
0

Ee (kρ)H
(2)
1 (kρρ) e

−jkzzkρdkρ

+
µ0I0c

2
cosϕ

Z ∞e−jπ

0

Ee

¡
kρe

jπ
¢
H
(1)
1

¡
kρe

jπρ
¢
e−jkzzkρdkρ

The magnetic vector potential then becomes

Az =
µ0I0c

2
cosϕ

Z ∞
0

Ee (kρ)H
(2)
1 (kρρ) e

−jkzzkρdkρ

−µ0I0c
2

cosϕ

Z 0

−∞
Ee

¡
kρe

jπ
¢
H
(2)
1 (kρρ) e

−jkzzkρdkρ

where [4]

H
(1)
1

¡
zejπ

¢
= −e−jπH(2)

1 (z)
Next, noting that

Ee

¡
kρe

jπ
¢
= −Ee (kρ)

we obtain

Az =
µ0I0c

2
cosϕ

Z ∞
−∞

Ee (kρ)H
(2)
1 (kρρ) e

−jkzzkρdkρ

Similarly, for the electric vector potential

Aez = µ0I0c sinϕ

Z ∞
0

Em (kρ) J1 (kρρ) e
−jkzzkρdkρ

or

Aez =
µ0I0c

2
sinϕ

Z ∞
−∞

Em (kρ)H
(2)
1 (kρρ) e

−jkzzkρdkρ
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For the asymptotic evaluations, we first examine Az and deform the contour through the saddle point for
the Hankel function. Expanding the Hankel function as

H
(2)
1 (kρρ) ∼

s
2

πkρρ
e−jkρρ+j3π/4

Az becomes

Az ∼ µ0I0c

2

r
2

πρ
cosϕ

Z ∞
−∞

Ee (kρ)
p
kρe

j3π/4e−jkρρe−jkzzdkρ

Using the saddle-point results found in the case of the vertical dipole (when evaluating the magnetic
vector potentials in the upper-half space), the magnetic vector potential for the horizontal dipole is given by

Az ∼ µ0I0c

2
cosϕ

r
2

πρ
Ee

¡
ksρ
¢q

ksρe
j3π/4−jkr

Z ∞
−∞

e−
1
2krv

2 sec2 θkejπ/4dv

or

Az ∼ µ0I0c

2
cosϕ

r
2

πr sin θ
Ee

¡
ksρ
¢q

ksρe
j3π/4−jkr

³
kejπ/4

´ √
2π√

kr sec2 θ
Simplifying,

Az ∼
µ
−ke

−jkr

r
µ0I0c

¶
Ee

¡
ksρ
¢
cos θ cosϕ

and in a similar fashion,

Aez ∼
µ
−ke

−jkr

r
µ0I0c

¶
Em

¡
ksρ
¢
cos θ sinϕ

In spherical coordinates (again we note that ez = er cos θ − eθ sin θ), the magnetic potentials are given by

Ar ∼
µ
−ke

−jkr

r
µ0I0c

¶
Ee

¡
ksρ
¢
cos2 θ cosϕ

Aθ ∼
µ
ke−jkr

r
µ0I0c

¶
Ee

¡
ksρ
¢
cos θ sin θ cosϕ

while the electric potentials are given by

Aer ∼
µ
−ke

−jkr

r
µ0I0c

¶
Em

¡
ksρ
¢
cos2 θ sinϕ

Aeθ ∼
µ
ke−jkr

r
µ0I0c

¶
Em

¡
ksρ
¢
cos θ sin θ sinϕ

Using the principle of superposition (for both potential types), the fields in the upper half-space region

73



can be written as

Eϕ = −j 1

ωεµ0

1

r sin θ

∂

∂ϕ

·
1

r2
∂

∂r

¡
r2Ar

¢
+

1

r sin θ

∂

∂θ
(sin θAθ)

¸
− 1

ε

1

r

·
∂

∂r
(rAeθ)− ∂

∂θ
Aer

¸
and

Hϕ =
1

µ0

1

r

·
∂

∂r
(rAθ)− ∂Ar

∂θ

¸
− j

1

ωεµ0

1

r sin θ

∂

∂ϕ

·
1

r2
∂

∂r

¡
r2Aer

¢
+

1

r sin θ

∂

∂θ
(sin θAeθ)

¸
We first consider the electric-field component Eϕ. Substituting and retaining only far-field terms, Eϕ

becomes

Eϕ ∼ j
k2e−jkr

εr
µ0I0cEm

¡
ksρ
¢
cos θ sin θ sinϕ

or

Eϕ ∼ jωµ0I0c sinϕ

 k

k cos θ +
q
k22 − k2 sin2 θ

 2 cos θe−jkr−jh√k22−k2 sin2 θ

4πr
(11)

We note that this expression is identical to the far-field contribution derived in [6].

Substituting into the magnetic field expression and again considering only the far-field contributions,
we obtain

Hϕ ∼ 1

µ0

1

r

£−jk2e−jkrµ0I0cEe

¡
ksρ
¢
cos θ sin θ cosϕ

¤
or

Hϕ ∼ −jI0c cosϕ 1
4π


q
k22 − k2 sin2 θ

k
q
k22 − k2 sin2 θ + k22 cos θ

 2k2 cos θe−jkr−jh√k22−k2 sin2 θ

r
(12)

which can be shown to be equivalent to the far-zone magnetic field derived in [6].

6.2.3 Half-Space Problem: Including Hole

Eϕ Radiation: For convenience in including the effects of the hole, the fields in the upper-half space
region can be rewritten as a product of the far-field of a horizontal dipole in a homogeneous medium and
the pattern associated with the rays originating from the source, being transmitted through to the air
region, and arriving at the observation point. That is, in the case of the azimuthal electric field component,
we can write
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Eϕ ∼
·
jωµ0I0c

4πr
e−jkr sinϕ

¸ 2ke−jh
√
k22−k2 sin2 θ½

k cos θ +
q
k22 − k2 sin2 θ

¾ cos θ


To determine the far-zone electric field in the upper-half space when the effects of the hole are
considered, we first note that the total Eϕ element pattern generated by accounting for additional multipoles
has the form

eUn (θ2) =
X

un (−jk2 cos θ2)n

which can be shown to be identical to the lower-half space radiation when the same multipoles are
considered. Thus, the element pattern translates directly from the lower-half space region into the
upper-half space.

We now examine Eϕ in the lower-half space,

Eϕ = − j

ωε2µ0

1

ρ

∂2

∂ϕ∂z
Az +

1

ε2

∂

∂ρ
Aez

or, upon substitution,

Eϕ =
1

ε2
sinϕ

1

2πρ

Z ∞
−∞

½·
kz
ωµ0

Cm (kz)− Ce (kz)

¸
H
(2)
1 (k2ρρ) + Ce (kz) k2ρρH

(2)
0 (k2ρρ)

¾
e−jkzzdkz

Here we recall the potentials in the lower-half space region,

Az = cosϕ
1

2π

Z ∞
−∞

Cm (kz)H
(2)
1 (k2ρρ) e

−jkzzdkz , ρ > a

and

Aez = sinϕ
1

2π

Z ∞
−∞

Ce (kz)H
(2)
1 (k2ρρ) e

−jkzzdkz , ρ > a

Using a similar saddle-point procedure to that used to evaluate Hasym
ϕ , in the far-field this becomes

Easym
ϕ =

j

πε2

µ
e−jk2r

r

¶
Ce (k

s
z) k

s
2ρ sinϕ

where since this is the field in the lower-half space, ρ = r sin θ2. For convenience in comparing to the
fields produced from a dipole in a half-space (the fields derived in the previous section), we rewrite the field
in the lower region as
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Easym
ϕ =

·
jωµ0I0c

4πr
e−jk2r sinϕ

¸
C

0
h,e (k

s
z)

where

C
0
h,e (k

s
z) =

4

ωµ0I0cε2
Ce (k

s
z) k

s
2ρ

Since the pattern behavior captured by the saddle-point coefficient can be represented using a multipole
representation (under the restriction that the source is concentrated at a depth h and does not interact with
the interface) then, from what has been shown above, this same element pattern is contained in the total
upper-half space radiation. Accounting for the effects of the hole and transmission through the interface,
we have in the upper-half space

Eϕ ∼ C
0
h,e (k

s
z)

·
jωµ0I0c

4πr
e−jkr sinϕ

¸ 2ke−jh
√
k22−k2 sin2 θ½

k cos θ +
q
k22 − k2 sin2 θ

¾ cos θ
 (13)

Eϕ Results: As was done with the dipole oriented in the vertical direction, the dependence of the
transmitted energy into the upper-half space region on the antenna frequency and the characteristics of
the earth is demonstrated by evaluating the radiated fields at 300 MHz and 3.0 GHz for soils of various
moisture contents. As was done previously, the hole was assumed to have a radius of 0.04 m and the
dipole was assumed to be located a distance of 10 m from the air-earth interface. From [1], the relative
permittivities of dry sand were taken to be 2.55(1 − j0.01) and 2.55(1 − j0.0062), while those for the
sand with a 2.18% moisture were taken as 2.5(1− j0.026) and 2.5(1− j0.03) at 300 MHz and 3.0 GHz,
respectively. The normalized Eϕ component of radiation for these cases are shown in Figures 19 and 20,
where the normalization is given by

Enorm
ϕ =

4πr

(Ioc) e−jkr
Eϕ

In Figure 21, the azimuthal component of the electric field (with the same normalization) is shown for
sand with moisture levels of 3.88% (εr = 4.5 (1− j0.03)) and 16.8% (εr = 20.0 (1− j0.03)) at 300 MHz [1].
It is important to note that all these radiation patterns are shown for the H-plane (ϕ = 90◦). As in the
case of the vertical dipole, the frequency 3.0 GHz is omitted since with these levels of moisture content,
the conductive losses are high enough so that virtually all of the field is dissipated into the sand and very
little is transmitted into the air region.

Reviewing the far-field patterns, we observe very similar behavior to what was found when the dipole
was oriented vertically within the hole. As before, we find that less energy is transmitted into the air
region when the frequency or the conductivity of the earth is increased, with the earth conductivity having
more of an effect at higher frequencies.

Hϕ Radiation: As was done in the evaluation of Eϕ, we rewrite the half-space magnetic field as a
product of the far-field of a horizontal dipole in a homogeneous medium and the pattern associated with
the transmission of rays through the air-earth interface and arriving at the observation point. Referring to
the magnetic field above, we can also write
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Figure 19. Far-zone H-plane electric field patterns produced in the air region by a horizontal dipole positioned

in a hole contained in dry sand (a = 0.04 m).

Figure 20. Far-zone H-plane electric field patterns produced in the air region for a horizontal dipole positioned

in a hole contained in sand of 2.18% moisture content.
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Figure 21. Far-zone H-plane electric field patterns produced in the air region for a horizontal dipole positioned

in a hole contained in sand of various moisture contents at 300 MHz (a = 0.04 m).
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Hϕ ∼
·
−j (I0c) k2

4πr
e−jkr cos θ2 cosϕ

¸ 2k2e−jh
√
k22−k2 sin2 θ cos θ

k
q
k22 − k2 sin2 θ + k22 cos θ


where

k2 sin θ2 = k sin θ

k2 cos θ2 =

q
k22 − k2 sin2 θ

To account for the effects of the hole, we recall that the asymptotic form of the field in the lower-half
space (found from the analysis in a previous subsection) was given by

Hasym
ϕ ∼ −j

πµ0

µ
e−jk2r

r

¶
Cm (k

s
z) k

s
2ρ cosϕ

which, in spherical coordinates can be written as

Hasym
ϕ ∼

·−jI0c
4πr

e−jk2r cosϕ
¸ ·

4

µ0I0c
Cm (k

s
z) k

s
2ρ

¸
or, for convenience,

Hasym
ϕ ∼

·−jI0ck2
4πr

e−jk2r cos θ2 cosϕ
¸
C

0
h,h (k

s
z)

where

C
0
h,h (k

s
z) =

4

µ0I0ck2 cos θ2
Cm (k

s
z) k

s
2ρ

and the coefficients Ce (k
s
z) and Cm (k

s
z) have been defined previously. Thus, using the result from

the half-space problem and the argument of multipoles (as done previously), the far-zone magnetic field
including the effects of the hole can be written as

Hϕ ∼ C
0
h,h (k

s
z)

·
−j (I0c) k2

4πr
e−jkr cos θ2 cosϕ

¸ 2k2e−jh
√
k22−k2 sin2 θ cos θ

k
q
k22 − k2 sin2 θ + k22 cos θ

 (14)

Hϕ Results: Using the same parameters as those used in the evaluation of Eϕ, the corresponding
far-zone Hϕ radiation patterns in the air region are shown in Figures 22-24. In this case, the patterns are
shown for the E−plane and have normalized according to

Hnorm
ϕ =

4πr

(Ioc) e−jkr
ηHϕ

As one would expect, we obtain very similar behavior to the previous electric field patterns, with, in
fact, the loss in field levels in each of the different cases being approximately the same as the corresponding
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case for the azimuthal electric field. Thus, based on the results for the horizontal (as well as the vertical
dipole), we conclude that in order to obtain measurable signals in the far-zone of the upper-air half space
and, correspondingly not dissipate most of the signal within the sand, it is generally necessary to reduce
the frequency. (The exception here is the case of very low-loss dry sand).
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Figure 22. Far-zone E-plane magnetic field patterns produced in the air region by a horizontal dipole

positioned in a hole contained in dry sand (a = 0.04 m).

7 Analysis Summary

By examining the upper-half space radiation patterns each characterizing a vertical and horizontal
electric dipole located within a hole in the earth, we have found that, in general, simple element factor
modifications to the well-known upper-half space result for a dipole in a homogeneous half-space [6] can
be made to account for the effects of the hole. The simple closed-form results account for the radiation
contribution through the earth and can be easily adjusted to include vertical layering throughout the earth
region (although not done so in this analysis).

In the case of the vertical dipole, simple design formulas for the guided-mode attenuation within the
hole have been provided. With this formula the attenuation associated with a given frequency and given
hole size can be readily obtained and the design tradeoffs can be easily identified (for example, an increase
in measured signal level at the top of the hole requires an increase in hole diameter). The same asymptotic
methods used to realize the guided-mode attenuation associated with the vertical dipole can be used for the
horizontal dipole, although the details are more complicated. At this time, this analysis is left for future
work.

8 Conclusions

Relative to a perfectly-electrically conducting waveguide, the diameter of a hole within the earth must
be increased to obtain reasonable signals levels at the top of the hole, for the same waveguiding mode of
propagation. Furthermore, for the same signal level, the increase in the hole diameter increases as the
permittivity of the soil decreases or, equivalently, as the moisture content of the soil decreases.

Due to the high losses associated with propagation through the earth at high frequencies, one solution
to obtaining measurable signals at the top of the hole would be to use higher frequencies (e.g. millimeter
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Figure 23. Far-zone E-plane magnetic field patterns produced in the air region for a horizontal dipole

positioned in a hole contained in sand of 2.18% moisture content (a = 0.04 m).

Figure 24. Far-zone E-plane magnetic field patterns produced in the air region for a horizontal dipole

positioned in a hole contained in sand of various moisture contents at 300 MHz.
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band frequencies) and, correspondingly, a highly directive beam. In this way, the number of reflections
off the wall boundary are minimized, less energy is dissipated into the lossy soil, and reasonable signal
levels could be measured at the interface. However, we note that this is only a valid solution if no
backfill is introduced into the cylindrical hole during the measurement. The case of backfill would lead to
extremely large attenuation at these very high frequencies (a much more severe case than when dealing
with wavelengths on the order of the hole diameter).

However, instead of relying on the hole as a waveguiding structure, perhaps a better solution would be
to use lower frequencies and direct radiation through the earth. In this situation, the electrical dimensions
of the hole become negligible and consequently the entire problem can be treated as if the hole does not
exist. Here it may be appropriate to use magnetic dipoles or loop antennas for efficiency reasons. As
done in this analysis, the magnetic dipoles in the earth-air half space problem can be easily represented
by an integral transform solution (which also applies to vertically layered media), which can then be
asymptotically evaluated to find the far-zone fields in the air region.

9 Appendix A: Branch Structure

The definition of the branch cuts used throughout this analysis is discussed in this section. First the
branch cut from k is given by

kρ =
p
k2 − k2z =

p
k − kz

p
k + kz

where

Im (kρ) ≤ 0
The complex k−plane is shown in Figure 25.

kρ =
p
|k − kz|

p
|k + kz|ej(θ++θ−)/2

−π < (θ+ + θ−) /2 < 0

Due to the restricted range of the square root in the cut plane, we do not cross the branch cut of the
Hankel function.

In order to use the intrinsic function CSQRT(kz) in the fourth quadrant we must redefine

p
k − kz → e−jπ/2

p
kz − k = −j

p
kz − k

where

−π < arg (kz − k) ≤ 0
We can use the intrinsic function for

√
k + kz in the fourth quadrant without redefining the square root of

this factor.

Noting that
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- k q-
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III
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In cut plane

kz

Figure 25. Definition of kρ square root function in cut plane.
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k2 = k02 + jk002 , k02 > 0 , k
00
2 < 0

and

kz = k0z + jk00z
then the square root function

k2ρ =
q
k22 − k2z

having

Im (k2ρ) ≤ 0
has the deformed branch cuts shown in Figure 25 satisfying

k02k
00
2 = k0zk

00
z

The definition above used on the k2 cut gives

p
k2 − kz → e−jπ/2

p
kz − k2 = −j

p
kz − k2

where

−π < arg (kz − k2) ≤ 0

Thus this moves the cut so it proceeds to the left of k2. This definition using CSQRT() is suitable for
searching above, to the right of, and below the branch point at k2. We can rotate the cut so it proceeds
downward from the branch point k2 by writing

p
k2 − kz → e−jπ/2+jπ/4

q
e−jπ/2 (kz − k2) = (1− j)

p
−j (kz − k2) /2

This form is suitable for searching to the left of, above, and to the right of the branch point at k2.
Thus, between the two definitions we can search all regions about the branch point in the fourth quadrant.
Of course, we must also check where the poles lie with respect to the actual physical cut location. The
branch point at −k2 or the function

√
k2 + kz can be implemented directly with the intrinsic FORTRAN

function CSQRT() in the fourth quadrant.

10 Appendix B: Magnetic Current Contribution

In this section we consider the contribution of the magnetic current on the interface to the total
radiation in the upper-half space region for the case of the horizontal dipole. For this analysis we consider
only the low-frequency situation since we have found that very little energy makes it out of the hole and
into the air region for the higher frequencies.

Thus, the problem we examine is the 2D static problem of a uniform transverse field E0 = exE0 in
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a medium ε interacting with a cylindrical hole of radius a filled with free space ε0. The actual far field
of the source in the lower medium is propagating along the hole direction with wavenumber k2 and has a
static distribution in the transverse direction. Of course, there will in general be some 3D fringing at the
opening of the hole; however, we are neglecting this effect in this simple analysis. The magnetic properties
are continuous so it is the electric field perturbation we are concerned with here. Based upon

E = −∇φ
the solution can be found using the potential

φ = −E0ρ cosϕ− A

ρ
cosϕ , ρ > a

= −Bρ cosϕ , ρ < a
and the displacement vector

D = εE
Continuity of the potential gives

E0 +A/a2 = B

whereas continuity of the normal displacement gives

E0 −A/a2 = (ε0/ε)B

Solving this system of equation, we obtain

B =
2ε

ε+ ε0
E0

A/a2 =
ε− ε0
ε+ ε0

E0

The fields are thus given by

Eρ = E0 cosϕ− a2

ρ2
ε− ε0
ε+ ε0

E0 cosϕ , ρ > a

=
2ε

ε+ ε0
E0 cosϕ , ρ < a

Eϕ = −E0 sinϕ− a2

ρ2
ε− ε0
ε+ ε0

E0 sinϕ , ρ > a

= − 2ε

ε+ ε0
E0 sinϕ , ρ < a
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Now let us take the difference of these versus the uniform field

∆Eρ = −a
2

ρ2
ε− ε0
ε+ ε0

E0 cosϕ , ρ > a

=
ε− ε0
ε+ ε0

E0 cosϕ , ρ < a

∆Eϕ = −a
2

ρ2
ε− ε0
ε+ ε0

E0 sinϕ , ρ > a

= −ε− ε0
ε+ ε0

E0 sinϕ , ρ < a

We define the magnetic currents as twice these values to account for symmetry

Kmϕ = 2
a2

ρ2
ε− ε0
ε+ ε0

E0 cosϕ , ρ > a

= −2ε− ε0
ε+ ε0

E0 cosϕ , ρ < a

Kmρ = −2a
2

ρ2
ε− ε0
ε+ ε0

E0 sinϕ , ρ > a

= −2ε− ε0
ε+ ε0

E0 sinϕ , ρ < a

To determine the amount of radiation produced by this magnetic current, we next find the electric
vector potential in the upper half space

D = −∇×Ae

ε0E ∼ jker ×Ae

Ae (r) =
ε0
4π

Z
V

e−jkR

R
JmdV

0

=
ε0
4π

Z ∞
0

Z π

−π
ρ0dρ0dϕ0

e−jkR

R
Km

In the far-field, this can be approximated by

Aeϕ ∼ ε

4π

e−jkr

r

Z ∞
0

Z π

−π
Kme

jkr
0 ·rρ

0
dρ

0
dϕ

0

87



where

r =
p
ρ2 + z2

and

r
0 · br = x

0
ex + y

0
ey ·

xex + yex + zexp
x2 + y2 + z2

r
0 · br = x

0
x+ y

0
yp

x2 + y2 + z2

Also

r
0 · br = x

0
sin θ cosϕ+ y

0
sin θ sinϕ

or, in cylindrical coordinates,

r
0 · br = sin θ [ρ0 cosϕ0 cosϕ+ ρ0 sinϕ0 sinϕ]

r
0 · br = ρ0 sin θ cos (ϕ− ϕ0)

Thus

Ae (r) ∼
ε0e
−jkr

4πr

Z ∞
0

Z π

−π
ρ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)Km

where in the far zone

ε0E ∼ jker ×Ae

Substituting,
ε0E ∼ jk

¡
eρ sin θ + ez cos θ

¢× ¡Aeϕeϕ +Aeρeρ
¢

where, extracting the magnetic current contribution to the ϕ−component of the radiated field (the
electric-field component previously calculated for the horizontal dipole case), we obtain

ε0Eϕ ∼ jkez cos θ ×Aeρeρ

Eϕ ∼ j
k

ε0
Aeρ cos θ

where

Aeρ ∼ ε0e
−jkr

4πr

Z ∞
0

Z π

−π
ρ0dρ0dϕ0Kmρ ejkρ

0 sin θ cos(ϕ−ϕ0)

Substituting,
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Aeρ ∼ −ε0e
−jkr

4πr

Z a

0

Z π

−π
2
ε− ε0
ε+ ε0

E0 sinϕ
0 ρ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)

−ε0e
−jkr

4πr

Z ∞
a

Z π

−π
2

a2

(ρ0)2
ε− ε0
ε+ ε0

E0 sinϕ
0 ρ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)

Aeρ ∼ −ε0e
−jkr

4πr
2
ε− ε0
ε+ ε0

E0

·Z a

0

Z π

−π
sinϕ0ρ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)

+

Z ∞
a

Z π

−π

a2

ρ0
sinϕ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)
¸

Note that for the integral in ϕ0, we have

Z π

−π
sinϕ

0
ejkρ

0 sin θ cos(ϕ−ϕ0)dϕ0 = j2πJ1 (kρ
0 sin θ) sinϕ

and Aeρ becomes

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ

·Z a

0

J1 (kρ
0 sin θ) ρ0dρ0

+a2
Z ∞
a

J1 (kρ
0 sin θ)

1

ρ0
dρ0
¸

In order to compute the ρ0 integrals, we rewrite Aeρ as

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ

"
1

(k sin θ)
2

Z ka sin θ

0

J1 (u)u du

+a2
Z ∞
ka sin θ

J1 (u)
1

u
du

¸
or, equivalently,

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ

"
1

(k sin θ)
2

Z ka sin θ

0

J1 (u)u du

+a2

(Z ∞
0

J1 (u)
1

u
du−

Z ka sin θ

0

J1 (u)
1

u
du

)#
where we let

u = kρ0 sin θ

du = k sin θ dρ0
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This form is convenient for using [4]. Thus,

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ

"
1

(k sin θ)
2

Z ka sin θ

0

J1 (u)u du

+a2

(
1−

Z ka sin θ

0

J1 (u)
1

u
du

)#
and

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ·

"
1

(k sin θ)
2

(
ka sin θ

Γ
¡
3
2

¢
Γ
¡
1
2

¢ ∞X
k=0

(2 + 2k)Γ
¡
1
2 + k

¢
Γ
¡
5
2 + k

¢ J(2+2k) (ka sin θ)

)

+a2

(
1− 1

ka sin θ

Γ
¡
1
2

¢
Γ
¡
3
2

¢ ∞X
k=0

(2 + 2k)Γ
¡
3
2 + k

¢
Γ
¡
3
2 + k

¢ J(2+2k) (ka sin θ)

)#
Simplifying,

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ·

"
1

(k sin θ)2

(
ka sin θ

2

∞X
k=0

(2 + 2k)Γ
¡
1
2 + k

¢
Γ
¡
5
2 + k

¢ J(2+2k) (ka sin θ)

)

+a2

(
1−

(
2

ka sin θ

∞X
k=0

(2 + 2k)J(2+2k) (ka sin θ)

))#

Aeρ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 sinϕ · a

k sin θ(
ka sin θ +

∞X
k=0

"
Γ
¡
1
2 + k

¢
Γ
¡
5
2 + k

¢ − 4# (1 + k) J(2+2k) (ka sin θ)

)
Thus, the magnetic current contribution to Eϕ is therefore given by

EKm
ϕ ∼

·
E0a

e−jkr

r

µ
ε− ε0
ε+ ε0

¶
cot θ sinϕ

¸
·

(
ka sin θ +

∞X
k=0

"
Γ
¡
1
2 + k

¢
Γ
¡
5
2 + k

¢ − 4# (1 + k) J(2+2k) (ka sin θ)

)

Also in the far-field
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H = −jωAe

so that for the ϕ−component of the magnetic field (again the previously calculated component used in
evaluating the direct radiation of the horizontal dipole) we have

Hϕ = −jωAeϕ

The component of the electric vector potential is given by

Aeϕ ∼ ε0e
−jkr

4πr

Z ∞
0

Z π

−π
Kmϕρ

0dρ0dϕ0ejkρ
0 sin θ cos(ϕ−ϕ0)

where substituting we obtain

Aeϕ ∼ −E0 ε0e
−jkr

2πr

ε− ε0
ε+ ε0

·Z a

0

Z π

−π
cosϕ0ρ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)

−a2
Z ∞
a

Z π

−π

1

ρ0
cosϕ0dρ0dϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)
¸

For the ϕ0 integration , we have

Z π

−π
cosϕ0ejkρ

0 sin θ cos(ϕ−ϕ0)dϕ0 = j2πJ1 (kρ
0 sin θ) cosϕ

so

Aeϕ ∼ −j ε0e
−jkr

r

ε− ε0
ε+ ε0

E0 cosϕ

·Z a

0

ρ0J1 (kρ0 sin θ) dρ0

−a2
Z ∞
a

1

ρ0
J1 (kρ

0 sin θ) dρ0
¸

Again letting

u = kρ0 sin θ

du = k sin θ dρ0

we have

Aeϕ ∼ −jE0 ε0e
−jkr

r

ε− ε0
ε+ ε0

cosϕ

"
1

(k sin θ)2

Z ka sin θ

0

uJ1 (u) du

−a2
Z ∞
ka sin θ

1

u
J1 (u) du

¸
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Using a similar method used to evaluate Aeρ, Aeϕbecomes

Aeϕ ∼ −jE0 ε0e
−jkr

r

ε− ε0
ε+ ε0

cosϕ · a

k sin θ"
−ka sin θ +

∞X
k=0

"
Γ
¡
1
2 + k

¢
Γ
¡
5
2 + k

¢ + 4# (1 + k)J(2+2k) (ka sin θ)

#
Thus,

HKm
ϕ = E0ωa

ε0e
−jkr

r

ε− ε0
ε+ ε0

cosϕ
1

k sin θ
·

"
ka sin θ −

∞X
k=0

"
Γ
¡
1
2 + k

¢
Γ
¡
5
2 + k

¢ + 4# (1 + k) J(2+2k) (ka sin θ)

#

Here we note that the magnetic current contribution to both the electric and magnetic field is presented
in terms of a normalization constant E0. For this analysis, E0 is taken as the field in the lower half space
region (evaluated at the interface) modified by the Fresnel reflection coefficient to account for the mismatch
at the air/conducting half-space boundary. Thus,

E0 =

·
2
√
ε√

ε+
√
ε0

¸
Ex|z=h,ρ=a

where Ex can be found through Maxwell’s equations and the magnetic field analysis for Hϕ presented
in Section 4.1. We recall that in this section both saddle-point and numerical results were presented, with
the most discrepancy in the lower-half space fields occurring at ρ = a. For the determination of E0 we
choose to normalize with respect to the saddle-point fields, which have higher levels at the hole boundary,
and thereby, if anything, overestimate the effects of the magnetic current contribution. Thus, in the results
that follow, it is important to keep in mind that a very conservative approach has been taken so as not to
weaken the effects of the magnetic current at the interface.

In order to demonstrate the dominance of the direct dipole radiation relative to the magnetic current
contribution, the normalized azimuthal component of the electric and magnetic field are shown in Figs.
26 and 27. Here two cases of sand moisture content are included (dry and 3.88% moisture) at 300 MHz.
Thus, it is evident that the upper half-space radiation accounting for the discontinuity in the electric field
at the interface is nearly indistinguishable from the results including only the direct dipole radiation and,
for practical purposes, the magnetic current at the interface can be neglected. This same behavior is
observed at 3.0 GHz, as shown in Figs. 28 and 29. Here only the case of dry sand is examined, since the
levels of radiation in the upper half-space region at this high of a frequency are extremely low in the more
conductive sand situations.
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Figure 26. Far-zone E-plane electric field patterns produced in the air region by a horizontal dipole positioned

in a hole of 0.04 m radius (300 MHz).

Figure 27. Far-zone E-plane magnetic field patterns produced in the air region by a horizontal dipole

positioned in a hole of 0.04 m radius (300 MHz).
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Figure 28. Far-zone E-plane magnetic field patterns produced in the air region by a horizontal dipole

positioned in a hole of radius 0.04 m (3.0 GHz).

Figure 29. Far-zone E-plane magnetic field patterns produced in the air region by a horizontal dipole

positioned in a hole of 0.04 m radius (3.0 GHz).
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