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Abstract 
 
The recent interests in developing multiscale model-based simulation procedures have 
brought about the challenging tasks of bridging different spatial and temporal scales 
within a unified framework. However, the research focus has been on the scale effect in 
the spatial domain with the loading rate being assumed to be quasi-static. Although 
material properties are rate-dependent in nature, little has been done in understanding 
combined loading rate and specimen size effects on the material properties at different 
scales. In addition, the length and time scales that can be probed by the molecular level 
simulations are still fairly limited due to the limitation of computational capability. Based 
on the experimental and computational capabilities available, therefore, an attempt is 
made in this report to formulate a hyper-surface in both spatial and temporal domains to 
predict combined size and rate effects on the mechanical properties of engineering 
materials. To demonstrate the features of the proposed hyper-surface, tungsten specimens 
of various sizes under various loading rates are considered with a focus on the uniaxial 
loading path. The mechanical responses of tungsten specimens under other loading paths 
are also explored to better understand the size effect. It appears from the preliminary 
results that the proposed procedure might provide an effective means to bridge different 
spatial and temporal scales in a unified multiscale modeling framework, and facilitate the 
application of nanoscale research results to engineering practice. 
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1.  Introduction  

 
As can be seen from the open literature, much research has been conducted to investigate 
the rate-dependence and size-dependence of material properties, respectively. However, 
the focus has been on the scale effect in the spatial domain with the loading rate being 
assumed to be quasi-static, as shown by the representative references [Bazant, 2002; 
Bazant and Chen, 1997; Gao et al., 1999; Huang et al., 2000; Su et al., 2003; among 
others]. The recent interests in developing multiscale model-based simulation procedures 
[Chen and Mehraeen, 2004; Fish and Chen, 2004; Qian et al., 2004; among others] have 
brought about the challenging tasks of bridging different spatial and temporal scales 
within a unified framework. Although material properties are rate-dependent in nature, 
little has been done in understanding combined loading rate and specimen size effects on 
the material properties at different scales. 

On the other hand, the molecular level investigations have been conducted recently to 
explore the rate effect, the size effect, and the mechanical responses of thin films 
[Espinosa and Prorok, 2003; Horstemeyer et al., 2001a and b; Liang and Zhou, 2003; 
Shen and Chen, 2004; among others]. However, the length and time scales that can be 
probed by the molecular level simulations are still fairly limited due to the limitation of 
computational capability. A non-trivial question therefore arises: Can the current 
experimental facilities allow us to verify the molecular level simulation results? As can 
be found from the open literature related to the impact mechanics and shock physics 
[Brar and Bless, 1992; Camacho and Ortiz, 1996; Chen et al., 2003; Graham, 1993; 
Heuze, 1990; Zukas et al., 1992; among others], not only the loading rate but also the 
specimen size used in the current molecular dynamics (MD) simulation can not be 
handled by the existing experimental techniques. Usually, a specimen of finite size is 
employed in the bar and plate impact experiments to investigate the rate-dependent 
mechanical properties under the loading rate which is way below that used in the MD 
simulation reported so far. 

Based on the experimental and computational capabilities available, hence, an attempt is 
made in this report to formulate a hyper-surface in both spatial and temporal domains to 
model combined size and rate effects on the mechanical properties of engineering 
materials. To demonstrate the features of the proposed hyper-surface, tungsten specimens 
of various sizes under various loading rates are considered with a focus on the uniaxial 
loading path. The mechanical responses of tungsten specimens under other loading paths 
are also explored to better understand the size effect. It appears from the preliminary 
results that the proposed procedure might provide an effective means to bridge different 
spatial and temporal scales in a unified multiscale modeling framework, and facilitate the 
application of nanoscale research results to engineering practice. 
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2.  Formulation of a Hyper-Surface in Spatial and 
Temporal Domains 

 

As shown in an asymptotic scaling analysis without considering the rate effect [Bazant, 
2002], the relationship between the nominal strength Nσ  and different sizes D of 

geometrically similar structures exhibits a two-sided asymptotic support, namely, the 
small-size asymptotic limit and large-size asymptotic limit, in the NlogDlog σ−  space. 

Hence, a simple set of equations could be chosen to represent the size effect on the quasi-
static strength 0σ  in the spatial domain, as follows: 
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where is the specimen size at which the ultimate strength (ideal strength) uσuD  is 

reached, and  the minimum macro-scale size beyond which the strength mσmD  becomes 

size-independent. As can be seen from Eq. (1), the slope of the size-dependent portion 
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which can be normalized to be 
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As can be found from Eq. (3), the normalized slope could be fully determined with the 
small-size asymptotic limit and large-size asymptotic limit, and is in the range between 

2

π
−  and zero. Although the question on a reasonable small-size asymptotic limit remains 

open [Bazant, 2002], the proposed formulation might provide a simple means to 
characterize the size-dependence of certain materials under quasi-static loading 
conditions. 

ε&To describe the dependence of the material strength on the strain rate , a simple model 
proposed by Cowper and Symonds [1957] is adopted as follows: 
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rε&in which  denotes the plastic strain rate, oσpε&  is the quasi-static strength, and and q 

are two model parameters that can be determined with two experimental data points of 
( )εσ & . The size effect on the model parameters are not considered in the original model. 

As compared with the plastic strain, the elastic strain can be neglected so that =ε&pε&  
could be assumed. As shown by Horstemeyer et al. [2001a and b], however, there exists a 
critical strain rate for single-crystal metals, below which the material strength becomes 
rate-independent. The critical strain rate is increased with the decrease of the specimen 
size. In other words, the model parameters rε&  and q in Eq. (4) could be assumed to be 
size-dependent if this model is used to predict the rate-dependent strength with the strain 
rate above the critical strain rate. Thus, a three-dimensional hyper-surface with respect to 
both spatial and temporal domains could be formulated to describe combined size and 
rate effects on the material strength, as below. 

Based on Eq. (4), the hyper-surface is assumed to have a two-sided asymptotic support, 
namely, the small-size asymptotic limit and large-size asymptotic limit, in the 
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for  with  and  being the specimen sizes at the small-size asymptotic 

limit and large-size asymptotic limit, respectively. For , we have 
rlrs DDD << rsD rlD

rε&rlDD ≥ rlε&=  and 

, while for , we have rε&lqq = rsDD ≤ rsε&  and q = q= s. It follows from Eqs. (4) and (5) 

that the three-dimensional hyper-surface takes the form of 
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from Eq. (5), and ( )D0σ  is defiend by Eq. (1) because the size-dependent quasi-static 

strength is rate-independent. To characterize the hyper-surface, integrated molecular and 
continuum investigations must be performed to determine the small-size asymptotic limit 
and large-size asymptotic limit, as demonstrated in the next section. 
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3. Demonstration and Discussion 
 
Based on the recent research results on multiscale model-based simulation of tungsten 
(W) thin film delamination from silicon substrate [Chen et al., 2004; Shen and Chen, 
2004], combined loading rate and specimen size effects on the mechanical properties of 
W are explored with the use of the proposed hyper-surface. The MD simulation is 
performed first to find the small-size asymptotic limit, and the existing continuum level 
data are employed to determine the large-size asymptotic limit. 

To determine the small-size asymptotic limit, the computational set-up for the MD 
simulation of single-crystal W specimen under uniaxial tensile loading is shown in Figure 
1. The three-dimensional simulation super-cell consists of two parts. One part is referred 
to as the active zone in which the atoms move according to the interactions among the 
neighboring atoms; the other part, wrapped by the boxes as presented in Figure 1, is 
referred to as the boundary zone where the atoms are assigned a fixed rigid body velocity. 
The dimension of active zone is indicated by H, D and W, while the size of each 
boundary zone in the z-direction is 2ao with ao being the lattice parameter of W. The 
crystal orientation of (x[1 0 0], y[0 1 0], z[0 0 1]) is considered with the periodic 
boundary condition (PBC) being imposed along both the x- and y-directions. 

In the simulation, all atoms are initially placed at their equilibrium positions at the 
temperature of 298 K. Those atoms in the boundary zone are then fixed. After the system 
has equilibrated for a certain period, constant velocities with the same magnitude and 
opposite direction are assigned to the atoms in the top and bottom boundary zones, 
respectively, to simulate a displacement-controlled uniaxial tensile loading in the z-
direction. A velocity scaling technique is employed to maintain a constant temperature of 
298 K. The Embedded Atom Method (EAM) developed by Daw and Baskes [1984] is 
used to model the interatomic potential among W atoms. The corresponding model 
parameters for W are based on the work of Zhang and Ouyang [1993]. The method 
applied to integrate the equations of motion is the 6-value Gear predictor-corrector 
algorithm. The largest time step size that can keep the total system energy remaining 
constant in the adiabatic simulation for the motion of W atoms with the EAM potential is 
used in the numerical study. A time step size of 0.5 fs is chosen after performing several 
adiabatic simulations for the W atoms at different initial temperatures up to 2000 K. 

Stress calculation in the MD simulations has been the focus of many investigations over 
the past years. In this study, the formulations employed to calculate atomic-level stresses 
are motivated by the work of Zhou [2003]. At each atom, the local stress tensor is defined 
to be 

ij

N

ij
ij
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in which i refers to the atom considered and j refers to the neighboring atom, rij is the 
position vector between atoms i and j, Nn is the number of neighboring atoms 
surrounding i, and fij is the force vector on atom i due to atom j. The global continuum 
stress tensor is then determined by atom i, Ω  is the volume of atom  i

∑=
*N

i
i*N

1
βσ  

where N* represents the total number of atoms in a representative volume of continuum.  
Since the W block is under very large deformation, true strain ε is used in this study with 
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0L
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 where Lo and L are the original and deformed lengths of the specimen, 
respectively. 

To study the effects of specimen size and strain rate on the mechanical responses of 
single crystal W block under uniaxial tensile loading, seven MD simulation cases are 
designed, as specified in Table 1. By introducing different number of defects in 
Simulation 2, the effect of the vacancies in the W specimen on the stress-strain relation is 
also investigated to better understand the size effect. 

3.1. The Effect of Specimen Size 
 
To study the effect of specimen size on the tensile deformation of single crystal W, 
Simulations 1-5 are performed. Figure 2 shows the corresponding stress-strain curves of 
different W blocks under tensile loading. As can be seen from the figure, the initial 
elastic modulus of W is almost independent on the specimen size. However, the peak 
stress increases as the specimen size decreases, which is mainly due to the fact that larger 
specimens offer more spaces for dislocation to occur. Although there exist the constraints 
due to the boundary zones and the PBC used in the simulations, the single crystal W 
specimen is a discrete system with atoms distributed only at certain positions. The bonds 
among atoms are the relatively weak parts while the individual atoms are the strong parts 
of the system.  The increase of specimen size increases the number of relatively weak 
bonds, which in turn offers more possibilities for bond breaking and dislocation to occur, 
and thus reduces the strength of the specimen. 

3.2. The Effect of Defects 
 
To verify the above claim that the decrease of the W strength with the increase of 
specimen size is mainly due to the fact that larger specimens provide more spaces for 
dislocation to occur, the effect of artificially introduced defects in a single crystal W 
block on the stress-strain relation is investigated. Different numbers of vacancies are 
introduced into Simulation 2 with other simulation conditions being kept the same. The 
stress-strain curves of W blocks with zero, one, two and four vacancies distributed in the 
same x-y plane which is initially located 2.152 nm away from the top end of the active 
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zone are presented in Figure 3. As can be seen from the figure, all the stress-strain curves 
are initially the same until failure occurs. The strength of W decreases as the number of 
vacancies increases, since more vacancies offer more possibilities for bond breaking and 
dislocation to occur. However, the rate of decrease in strength slows down when 
vacancies become saturated. To study the effect of the vacancy distribution in the z-
direction on the stress-strain relation, four cases with zero, one, two and four vacancies, 
respectively, located at the center of x-y plane but different positions in the z-direction, 
are considered with other simulation conditions being kept the same as those in 
Simulation 2. The corresponding stress-strain curves are similar to those as shown in Fig. 
3. Hence, it appears that the increase of the number of defects regardless of the 
distribution position in a single crystal W block would increase the possibility for 
dislocation to occur and thus reduce the strength of W, which is similar to the effect of 
increasing specimen size on the strength of W. Therefore, it is reasonable to conclude that 
larger single-crystal specimens provide more spaces for dislocation to occur which in turn 
reduces the strength of W. 

3.3 The Effect of Strain Rate 
 
To investigate the effect of the tensile strain rate on the stress-strain relation of a single-
crystal W specimen at the atomic level, Simulations 4, 6 and 7 are performed with the 
initial strain rate being 2×109 s-1, 2×108 s-1 and 2×1010 s-1, respectively. Figure 4 
illustrates the corresponding stress-strain curves. As can be observed from the figure, the 
initial elastic modulus of W is insensitive to the strain rate, but the peak stress increases 
with the strain rate. The dependence of peak stress on the strain rate is mainly due to the 
dynamic wave effect that impedes the motion of dislocations [Liang and Zhou, 2003]. 
Note that the rate-dependence of peak stress becomes weak with the decrease of the strain 
rate. In other words, there is a critical strain rate for single-crystal metals, below which 
the material strength becomes rate-insensitive. As shown by Horstemeyer et al. [2001a 
and b], the critical strain rate is increased with the decrease of the specimen size. Hence, 
the size-dependent quasi-static strength, as described by Eq. (1), could be estimated with 
the current MD simulation capability if the specimen size is at the nanoscale, which 
makes it feasible to evaluate the small-size asymptotic limit. 

3.4 Determination of the Hyper-Surface for Tungsten 
 
Based on the work of Horstemeyer et al. [2001a and b], it can be assumed that the 
strength of W obtained at the strain rate of 2×108 s-1 is closed to the quasi-static strength 
at the given specimen size used in Simulation 6. As can be observed from Fig. 4, the 
strength of W decreases from 24.8 GPa at the rate of 2×109 s-1 in Simulation 4 to 22.2 
GPa at the rate of 2×108 s-1 in Simulation 6, with a factor of 22.2/24.8 = 0.895. For the 
sake of simplicity, therefore, all the strengths obtained in Simulations 1-5 with the strain 
rate of 2×109 s-1 are multiplied by a factor of 0.895 to get the approximate quasi-static 
strengths at different spatial scales. Since the specimen sizes used in Simulations 1-3 are 
less than those used in Simulations 4-7, this treatment should result in a reasonable ideal 
strength because the critical strain rate is increased with the decrease of the specimen 
size. 
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Indentation tests on single crystal W have shown that the material hardness depends on 
the specimen size but the indents with diagonals being longer than about 100 μm cease to 
display any hardness-dependence on the size [Hutchinson, 2000]. Since the material 
hardness is directly related to the strength, m100Dm μ=  and GPa5.1m =σ  can be used 

in Eq. (1). With the use of the MD simulation results, hence, the size-dependent quasi-
static strength can be determined as shown in Fig. 5. As can be seen, GPa9.34u =σ  at 

 could be chosen for Eq. (1), which is in a good agreement with the ideal 

tensile strength of 29.5 GPa as reported by Roundy et al. [2001] using pseudopotential 
density functional theory. Thus, the multiscale quasi-static strength of W, as described by 
Eq. (1), could be shown in Fig. 5. 

nm6.1Du =

To determine the hyper-surface in both spatial and temporal domains, as described by 
Eqs. (1), (5) and (7), the small-size asymptotic limit and large-size asymptotic limit, 
namely, ( )sosrs q,,σε&  and ( )lolrl q,,σε& , must be obtained via integrated molecular and 

continuum level studies. As shown in the experimental study at continuum level [Zurek et 
al., 1992], the strength of W is sensitive to the strain rate so that two data points, 
( )1s0.2000,GPa0.2 − ( )1s0.1,GPa6.1 − and , could be taken to get 

1
rl s5e6.3 −=ε& 7.4ql =  and    at m100Drl μ=  

based on Eq. (4), and with the use of GPamol 5.1== σσ . Based on the MD simulation 

results presented above, the small-size asymptotic limit can be found via Eq. (1) and 
nm2.3D =GPaos 2.22=σ  at  and 1s8e0.2 −=ε& , as follows: 

1
rs s11e3.5 −=ε& 6.2=sq and    at  nm2.3Drs =

( )1s9e0.2,GPa8.24 − ( )1s10e0.2,GPa5.28 −for which the two data points,  and  at 
, have been employed. As a result, the hyper-surface for W can be determined 

as shown in Fig. 6. As can be seen, combined rate and size effects on the strength of W 
could be estimated with a two-sided asymptotic support. Although more data points are 
needed from multiscale studies to refine the hyper-surface, the proposed procedure might 
provide an effective means to bridge different spatial and temporal scales in a unified 
multiscale modeling framework. 

nm2.3D =

It should be indicated that the combined rate and size effects on the mechanical responses 
of tungsten are different under various loading paths. To demonstrate this point, 
preliminary MD simulations have been performed to explore the size effect on the 
mechanical response of single-crystal W under pre-compressed shear loading, as shown 
in Fig. 7 for the computational set-up. Three specimens of different sizes are first 
compressed to 0, 0.33, 0.5 and 0.7 of the corresponding compressive strength, 
respectively, and are then tested under shear loading. As can be observed from Figs. 8-10, 
the degree of strength oscillation is increased with the decrease of specimen size before 
fracture occurs, which is different from the uniaxial loading case as shown in Fig. 2 under 
the same strain rate. The shear strength dependence on the pre-compression level is also 
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oscillating. It appears from the preliminary study that the rearrangement of lattice 
structure under pre-compressed shear loading is more pronounced than that under 
uniaxial tensile loading. However, both loading paths exhibit definite size effects on the 
strength of W. 
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4. Conclusions 

Based on the current experimental and computational capabilities, an attempt has been 
made in this report to explore the effects of combined loading rates and specimen sizes, 
and to formulate a hyper-surface in both spatial and temporal domains to predict the 
combined size and rate effects on the mechanical properties of materials. With a two-
sided asymptotic support, the proposed hyper-surface could be determined via integrated 
molecular and continuum level investigations. To demonstrate the features of the 
proposed procedure, tungsten specimens of various sizes under different loading rates are 
considered with a focus on the uniaxial loading path. The mechanical responses of 
tungsten specimens under pre-compressed shear loading paths are also explored to better 
understand the size effect. It appears from the preliminary results that the proposed 
procedure might provide an effective means to bridge different spatial and temporal 
scales in a unified multiscale modeling framework, and facilitate the application of 
nanoscale research results to engineering practice. An integrated experimental, analytical 
and computational effort is required to further improve the hyper-surface so that it could 
be applied to general cases. 
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Appendix A:  Tables & Figures 
 

Table 1.  Description of the MD simulation cases. 
 

Number of Active 
Atoms  

Initial Strain 
Rate (s

Peak Stress 
(GPa) 

Specimen Size 
Simulation # 

 

D × W × H (nm3 -1) ) 

1 1.27 × 1.27 × 3.83 384 2×109  39.0 

2 1.59 × 1.59 × 4.78 750 2×109  39.1 

3 2.54 × 2.54 × 7.65 3,072 2×109  28.6 

4 3.19 × 3.19 × 9.56 6,000 2×109  24.8 

5 6.38 × 6.38 × 19.13 48,000 2×109  18.5 

6 3.19 × 3.19 × 9.56 6,000 2×108  22.2 

7 3.19 × 3.19 × 9.56 6,000 2×1010  28.5 
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Figure 1: Computational model of single crystal W block under uniaxial 
tensile loading. 
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Figure 2: The size effect on the stress-strain curves of W under tensile 

strain rate of 2×109 S-1. 
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Figure 3: The effect of vacancies distributed in the same x-y plane on the 

stress-strain curves. 
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Figure 4: The effect of strain rate on the stress-strain curve of single-
crystal W under tension. 
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Figure 5:  Size-dependent quasi-static strength of tungsten. 
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Figure 6: The hyper-surface for tungsten in both spatial and temporal 

domains. 
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Figure 7: A pre-compressed tungsten single crystal with orientation of 

(x[100], y[010], z[001]) under simple shear strain rate of 2x109 S-1 

(periodic boundary conditions being applied along the x-

direction). 
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Figure 8: The effect of pressure on the W single crystals with size 1: 5ao × 

10ao × 5ao. 
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Figure 9: The effect of pressure on the W single crystals with size 2: 5ao × 

20ao × 10ao. 
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Figure 10: The effect of pressure on the W single crystals with size 3: 5ao × 

40ao × 20ao. 
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