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Abstract

IFPACK provides a suite of object-oriented algebraic preconditioners for the solution of precon-
ditioned iterative solvers. IFPACK constructors expect the (distributed) real sparse matrix to be an
Epetra_RowMatrix object. IFPACK can be used to define point and block relaxation precondition-
ers, various flavors of incomplete factorizations for symmetric and non-symmetric matrices, and
one-level additive Schwarz preconditioners with variable overlap. Exact LU factorizations of the
local submatrix can be accessed through the AMESOS packages.

IFPACK , as part of the Trilinos Solver Project, interacts well with other Trilinos packages. In
particular, IFPACK objects can be used as preconditioners for AzTECOO, and as smoothers for
ML.

IFPACK is mainly written in C++, but only a limited subset of C++ features is used, in order to
enhance portability.



Acknowledgments

The authors would like to acknowledge the support of the ASCI and LDRD programs that funded
development of Trilinos.



Robust Algebraic Preconditionersusing

|FPACK 3.0
Contents
L INErOdUCTION . . oot e 6
2 Theoretical background .. .......... i 7
2.1 Condition NUmMber EStImMates . . . . oottt e e e e e 7
2.2 Point Preconditioners . . .. oottt 8
2.3 BIoCK Preconditioners .. ..ottt 9
2.4 Incomplete Factorization Preconditioners . .............. ... 11
2.5 Additive Schwarz Preconditioners . . .. ..ot 12
3 General Description of IFPACK Preconditioners. .............ccouiiiiiiieiiiannn, 14
4 The FaCtory Class. . ...ttt e 16
5 EXamples OF USage . . ..ot 17
5.1  Point Preconditioners . . .. oottt e e 17
5.2 BIlock Preconditioners . ... ..ot 18
5.3 Additive Schwarz with Exact Local Solves . . . ....... .o 20
5.4 Additive Schwarz With TLU . . ... .. 21
5.5 Additive Schwarz with Local Block Preconditioners ............. ... oo, 22
6 Parameters for IFPACK preconditioners .. .........ouiuiitie e 23
7 ANALYSIS TOOIS. . .o 24
8 Configuring and Building IFPACK . ... ...t 25



1 Introduction

The parallel solution of large linear systems of type
Az = b, 1)

where A is a (distributed) large, sparse matrix and  and b two real multi-vectors, is often achieved
using iterative solvers of Krylov type (see for instance [2]). It is well known that the convergence of
Krylov methods depends on the spectral properties of the linear system matrix A [1, 10, 8]. Often, A
is very ill-conditioned, so the original system (1) is replaced by

P lAau=P 1

(left-preconditioning), or by
AP 'Pu=1b

(right-preconditioning), using a linear transformation P, called preconditioner, in order to improve
the spectral properties of the linear system matrix. In general terms, a preconditioner is any kind of
transformation applied to (1) which makes it easier to solve, in terms of iterations and CPU time.

The general (and challenging) problem of finding an efficient preconditioner is to identify a linear
operator P with the following properties:

1. Pisagood approximation of A is some sense. Although no general theory is available, we can
say that P should act so that P14 is near to being the identity matrix and its eigenvalues are
clustered within a sufficiently small region of the complex plane (see for instance [6]);

2. P s efficient, in the sense that the iteration method converges much faster, in terms of CPU time,
for the preconditioned system. In other words, preconditioners must be selected in such a way
that the cost of constructing and using them is offset by the improved convergence properties
they permit to achieve;

3. P or P~ can be constructed in parallel, to take advantage of the architecture of modern
supercomputers.

The choice of P varies from “black-box” algebraic techniques which can be applied to general
matrices to “problem dependent” preconditioners which exploit special features of a particular class of
problems. Although problem dependent preconditioners can be very powerful, there is still a practical
need for efficient preconditioning techniques for large classes of problems. IFPACK aims to fill the
need for general, black-box preconditioners, by providing a set of robust algebraic preconditioners for
parallel large scale applications.

Single-level algebraic preconditioners can be classified as follows:

1. Relaxation schemes, like Jacobi, Gauss-Seidel and symmetric Gauss-Seidel (point or block ver-
sions) [13]. These schemes seldomly provide satisfactory performances as stand-alone precon-
ditioner, but can be very effective if used as smoothers in multilevel methods (like, for example,
ML [11]);

2. Polynomial preconditioner, like Neumann, Least-Square, and Chebyshev [10].



3. Incomplete Factorizations preconditioner, like IC(k), ILU(k), ILUT(k);

4. One-level domain decomposition preconditioners of Schwarz type, with minimal or wider
overlap among the subdomains [12, 9]. The local linear problems can be solved with exact
factorizations, incomplete factorizations, or other techniques.

5. Sparse Approximate Inverses (like SPAI, AINV).

IFPACK aims to define preconditioners belonging to groups 1, 3 and 4. Preconditioners of class 2 can
be accessed through AztecOO. Libraries like ParaSails or SPAI are available to define preconditioners
of class 5 (see for instance [7, 3]).

Remark 1. Single-level preconditioners can be used as stand-alone preconditioners, on in conjunction
with multilevel preconditioners. In this latter case, the single-level preconditioner is reinterpreted as a
smoother for the multilevel hierarchy. Two families of methods have been proposed in the literature: the
classical Ruge-Stiiben multigrid (AMG), or smoothed aggregation (SA). The preconditioning package
Hypre can be used to define AMG preconditioners, while the Trilinos package ML can be used to build
SA preconditioners.

The goal of this document is to provide an overview of all IFPACK preconditioners. Several ex-
amples are reported to illustrate how to define and use IFPACK objects. Further details can be found
on the Doxygen documentation. The manuscript is organized as follows. Section 2 briefly outlines
the theoretical background. A general description of IFPACK preconditioners is reported in Section 3.
The IFPACK factory class is detailed in Section 4. Several examples of usage are reported in Section 5.
Parameters for IFPACK preconditioners are reported in Section 6. The analysis tools of IFPACK are
reported in Section 7. Configuration and building are detailed in Section 8.

2 Theoretical background

The aim of this section is to define concepts associated with algebraic preconditioning and establish
our notation. This section is not supposed to be exhaustive, nor complete on this subject. The reader is
referred to the existing literature for a comprehensive presentation.

2.1 Condition Number Estimates

The condition of a matrix B, called x,(B), is defined as x,(B) = ||B||,||B~||, in some appropriate
norm p. k,(B) gives some indication of how many accurate floating point digits can be expected from
operations involving the matrix and its inverse. A condition number approaching the accuracy of a
given floating point number system, about 15 decimal digits in IEEE double precision, means that any
results involving B or B~ may be meaningless.

The oo-norm of a vector y is defined as the maximum of the absolute values of the vector en-
tries, and the oo-norm of a matrix C is defined as ||C||c = maxp =1 [|Cylloo- A crude lower
bound for the koo (C) is ||C~el|oo Where e = (1,1,...,1)T. Itis a lower bound because ko, (C) =
1ClsoIC oo 2 107 H oo 2 10 el co-



2.2 Point Preconditioners

IFPACK contains a set of simple point preconditioners based on relaxation methods. Beginning with
a given approximate solution, these methods modify the components of the approximation, one or a
few at a time and in a certain order, until convergence is reached. Although still popular in some
application areas, these preconditioners are now rarely used as stand-alone preconditioner; however,
they can provide successful smoothers for multilevel methods.

All IFPACK point preconditioners are based on the decomposition

A=D—-E—F, 2
where D is the diagonal part of A, —FE the strict lower part, and —F' the strict upper part. It is always
assumed that the diagonal entries of A are all nonzero.

2.2.1 Point Jacobi Preconditioner

Given a starting solution z(%), the (damped) Jacobi method determines the :—th component of solution
of (1) atstep &k > 1 as

aj;, Zx(k) =w — Z ai’jl‘(k_l) + bz
J#i
where w is the damping parameter! and a;; the (i, 7) element of matrix A. This component-wise
equation can be rewritten in a vector form as

2®) = [ DYE + F)z*k-1 4 D—lb] ,
or, equivalently,
k) = ¢ 4 Db — AzkD) = gk 4 1k, 3)
where 75~ = p — Az(k—1) js the residual at step k — 1.

This preconditioner is symmetric.

2.2.2 Point Gauss-Seidel Preconditioner

The (damped) Gauss-Seidel method at step £ > 1 can be written as

a’Z Za" ) =w Z al!]x B Z aiajx(k_l) + bz
j<i >t
where w is the damping parameter. In vector form, one has
2® =21 4 (D - E) "1 (b— Azk7Y), 4)

which requires, at each step &, the solution of a (lower) triangular linear system. This preconditioner is
non-symmetric.

1Clearly, is used as a solver, w must be set to 1 to converge to the solution of (1).



2.2.3 Point SOR Preconditioner

The Successive Over Relaxation (SOR) method computes the k-th step using the relaxation sequence

k) = wa:gcs_l) +(1- w):v(k_l),

(k1)

)

where z,¢  is the k£ — 1 step of a (non-damped) Gauss-Seidel iteration. SOR is based on the splitting

wA = (D —wE) — (wF + (1 —w)D),
so that (5) can also be written as
(D — wBE)z®) = [wF + (1 — w)D]z*~V 4 wb.

This preconditioner is non-symmetric.

2.2.4 Point SSOR Preconditioner

A Symmetric SOR (SSOR) step consist of the SOR step (5) followed by a backward SOR,

(D~ wB)z1/?) = [wF — (1 - w)Dla* +ub
(D -wF)z® = [wE - (1-w)D]z*"/ + wh.

This preconditioner is symmetric. When w = 1, we obtain

(D — E)z*-12) = Fgk-1 p
(D—F)z®) = Egk-1/2) 1p,

This method is often called symmetric Gauss-Seidel.

2.3 Block Preconditioners

(6)

()

Block preconditioners of Jacobi and Gauss-Seidel type generalize their point counterpart by updating a
set of variables at the same time. Consider to partition the matrix A, the right-hand side and the solution

vector as follows:

Ag A Az ... Aip T by
Ag1 Ay Az ... Ay T3 bo
A=| Asn A2 Aszz ... Agm |, z=| @3 |, b= b3
Ami Am,? Apns . Amm Tm b

’

(8)

in which the partitioning of z and b into m blocks is compatible with the partitioning of A. Also, it is

supposed that the diagonal blocks A; ; are square and assumed nonsingular.

9



Splitting (2) can still be used to define block Jacobi and block Gauss-Seidel algorithms, with the
following definitions of D, F and F':

A
Aso
D= Az , C)]
Am,m
O
Ag,l 0]
E=—| As1 Asz2 0 , (10)
Ami Amz Ams ... O
0 ALQ A1,3 Al,m
O A2,3 Ag’m
F=- 0 ) (11)
O

Using definitions (9), (10) and (11), the block Jacobi method is simply as reported in equation (3).
Analogously, the block Gauss-Seidel is still described by equation (4), and the symmetric Gauss-Seidel
by equation (7).

Let us suppose to partition the set of rows of the matrix into m sets S;,7 = 1,...,m, such that

S;CS, uysS; =8

Let V; be a boolean n x n; matrix (where n; = card(S;)), whose entries are defined as

Vi — 1 if:e Sj
5771 0 otherwise

A general (damped) block Jacobi iteration can be defined as follows:

On each processor, for each block 4, Do (12)
2®) = 201 4 VT AV (b — AzED), (13)
Figure 1 graphically describes the block Jacobi with variable overlap among blocks.
The (damped) block Gauss-Seidel algorithm easily derives from (13), by immediately updating the
solution vector to compute the residual. The algorithm is as follows:
On each processor, for each block 7, Do (14)

z® = gD 1 VT A V(b — Az®). (15)

10
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Figure 1. The block Jacobi matrix with overlapping blocks.

2.4 Incomplete Factorization Preconditioners

A broad class of effective preconditioners is based on incomplete factorization of the linear system
matrix. Such preconditioners are often referred to as incomplete lower/upper (ILU) preconditioners.
ILU preconditioning techniques lie between direct and iterative methods and provide a balance between
reliability and numerical efficiency. ILU preconditioners are constructed in the factored form P = LU,
with L and U being lower and upper triangular matrices. Solving with P involves two triangular
solutions.

ILU preconditioners are based on the observation that, although most matrices A admit an LU
factorization A = LU, where L is (unit) lower triangular and U is upper triangular, the factors L
and U often contain too many nonzero terms, making the cost of factorization too expensive in time or
memory use, or both. One type of ILU preconditioner is ILU(0), which is defined as proceeding through
the standard LU decomposition computations, but keeping only those terms in L that correspond to
nonzero terms in the lower triangle of A and similarly keeping only those terms in U that correspond
to nonzero terms in the upper triangle of A. Although effective, in some cases the accuracy of the
ILU(0) may be insufficient to yield an adequate rate of convergence. More accurate factorizations will
differ from ILU(O) by allowing some fill-in. The resulting class of methods is called ILU(k), where k is
the level-of-fill. A level-of-fill is attributed to each element that is processed by Gaussian elimination,
and dropping will be based on the level-of-fill. The level-of-fill should be indicative of the size of the
element: the higher the level-of-fill, the smaller the elements.

Other strategies consider dropping by value — for example, dropping entries smaller than a pre-
scribed threshold. Alternative dropping techniques can be based on the numerical size of the element
to be discarded. Numerical dropping strategies generally yield more accurate factorizations with the
same amount of fill-in as level-of-fill methods. The general strategy is to compute an entire row of the
L and U matrices, and then keep only a certain number of the largest entries. In this way, the amount of
fill-in is controlled; however, the structure of the resulting matrices is undefined. These factorizations

11



are usually referred to as ILUT (k).

When solving a single linear system, ILUT (%) methods can be more effective than ILU(k). How-
ever, in many situations a sequence of linear systems must be solved where the pattern of the matrix A
in each system is identical but the values of changed. In these situations, ILU(k) is typically much more
effective because the pattern of ILU(k) will also be the same for each linear system and the overhead
of computing the pattern is amortized.

2.4.1 A-priori Diagonal Perturbations

A well-known disadvantage of incomplete factorizations is that the two factors can be unstable. This
may occur, for instance, if matrix A in (1) is badly scaled, or if one of the pivotal elements occurs
to be very small. Computing the condition number estimate using method Condest () can help to
detect ill-conditioned factorizations. The procedure is as follows. If this condition estimate is larger
than machine precision, say greater than 101, then it is possible that numerical errors in the application
of the preconditioner can will destroy convergence of the iterative solver (that is, the iterative solver
starts to diverge, stagnates, or aborts because it detects ill-conditioning). In this case, a-priori diagonal
perturbations may be effective.

Diagonal perturbations operate as follows: instead of using matrix A, we perform the factorization
on a modified matrix B2, whose elements are defined as

Bij=Aij i#] (16)
Bi;i = a sgn(Ai;) + pAi,
where « and p are two real parameters, to be determined by the user. « represents an absolute threshold
added to the matrix, while p is a relative threshold (that is, the actual diagonal value of the matrix to
be factored is p times the original value). This has the effect of forcing the diagonal values to have
minimal magnitude of « and to increase each by an amount proportional to p, and still keep the sign of
the original diagonal entry.
Although no general theory to define « and p is avaialble, it can be convenient to adopt the strategy
outlined in Figure 2.

Remark 2. Note that if the condition estimate of the preconditioner is well below machine precision and one
is not achieving convergence, then diagonal perturbation will probably not be useful. Instead, one should try to
construct a more accurate factorization by increasing the level-of-fi I1.

2.5 Additive Schwarz Preconditioners

IFPACK makes very easy to define and use domain decomposition preconditioners of (overlapping) Schwarz type.

The basic idea of DD methods is to decompose the computational domain €2 into M smaller parts Q;,
i=1,..., M, called subdomains, such that UM Q; = Q. Next, the original problem can be reformulated within
each subdomain €2;, of smaller size. This family of subproblems is coupled one to another through the values
of the unknown solution at subdomain interface. This coupling is then removed at the expense of introducing
an iterative process which involves, at each step, solutions on the Q; with additional interface conditions on

89; \ O9.

2This matrix is never built. The code modifi es the Ext r act MyRowCopy() method, and updated the diagonal value.

12



1. Set the absolute threshold o = 0.0 and the relative threshold p = 1.0 (equivalent to no perturba-
tion).

2. Define perturbed diagonal entries as d; = sign(d;)a + d;p and compute the incomplete factors
Land U.

3. Compute condest = ||(LU) e||oo Where e = (1,1,...,1)T.

4. If failure (condest > 10'® or convergence is poor), set & = 1075, p = 1.0. Repeat Steps 2 and
3.

5. If failure, set « = 1075, p = 1.01. Repeat Steps 2 and 3.
6. If failure, set o = 1072, p = 1.0. Repeat Steps 2 and 3.
7. If failure, set & = 1072, p = 1.01. Repeat Steps 2 and 3.

8. If still failing, continue alternate increases in the two threshold values.

Figure 2. Simple a priori Threshold Strategy

In overlapping Schwarz preconditioner, the computational domain is subdivided into overlapping subdo-
mains, and local Dirichlet-type problems are then solved on each subdomain. The communication between the
solutions on the different subdomains is here guaranteed by the overlapping region.

The additive Schwarz preconditioner can be written as:

M
PAi‘% = Z P,'A;lRi, (17)
i=1

where M is the number of subdomains (that is, the number of processors in the computation), R; is an operator
that restricts the global vector to the vector lying on subdomain ;, P; is an operator that prolongate from
subdomain €; to 2, and

A; = R;AP;. (18)

IFPACK supports two major cases:

o Minimal-overlap (here referred to as "zero-overlap”): each subdomain is identified by the set of local rows
of the preconditioned matrix;

o Wider overlap: each subdomain is identified by the set of local rows of a suitable overlapping matrix.

In both cases, each processor is responsible for exactly one subdomain.

In the minimal overlap case, the R;’s and P;’s are not implemented, since the required components of the
residual vector are already local. Besides, matrix (18) can be easily extracted from the local matrix, by dropping
all nonzeros corresponding to non-local columns with no communications between processors. If a wider overlap
is used, instead, each application of R; and P; may require the importing or exporting of off-process data, and
the construction of (18) requires communications.

13



Once matrices (18) have been formed, the user still need to define a strategy to apply the inverse of A4; in
(17). At this purpose, any IFPACK preconditioner can be adopted. Common choices are:

e To solve exactly on each subdomain with an complete LU factorization, using the | f pack_Anmesos
preconditioner. This is shown in Section 5.3.

e To solve using an incomplete LU factorization, as presented in Section 5.4.

e To furtherly decompose the local domain into smaller subdomains, then apply a block Jacobi or block
Gauss-Seidel preconditioner. This is outlined in Section 5.5.

Remark 3. Additive Schwarz preconditioners as reported in equation (17) are not scalable: their convergence
rate deteriorates as the number of subdomains (that is, of the processors) increases. Algebraic techniques exist
to add an algebraic coarse level correction to (17) to make the preconditioner scalable; see for example the
documentation of the ML package[11].

3 General Description of IFPACK Preconditioners

All IFPACK preconditioners described in this document are reported in Table 1. They are all derived from the
| f pack_Precondi ti oner class.

| f pack_Precondi ti oner isa pure virtual class, derived from Epet r a_Qper at or , that standarizes
the construction and usage of IFPACK preconditioners. In fact, all IFPACK preconditioners are supposed to behave
as follows:

1. The object is constructed, passing as only input argument the pointer of the matrix to be preconditioned,
say A. A has already been Fi | | Conpl et e() ’d®.

2. All the parameters, stored in a TEUCHOS parameters list, are set using method Set Par anet er s() . If
Set Par anet er s() is not called, default values will be used.

3. The preconditioner is initialized by calling method | ni ti al i ze() . In this phase, all operations that do
not require the matrix values of A are performed (that is, only the structure of A is used).

4. The preconditioner is constructed by calling method Cornrput e() . In this phase, all the operations that
require the matrix values of A are performed #

5. Method Appl yI nver se() applies the preconditioner. Any class that uses Appl yI nver se() toapply
the preconditioner can take advantage of an | f pack_Precondi ti oner derived object® Note that
Comput e() must be successfully called before using Appl yl nver se() .

6. Methodl sl nitialized() returnst r ue is the preconditioner has been successfully initialized, f al se
otherwise.

7. Method | sConput ed() returns t r ue is the preconditioner has been successfully computed, f al se
otherwise.

31t is supposed that the Oper at or Donai nMap() ,t he Oper at or RangeMap() and the RowVat r i xRowivap( )
of the matrix all coincide, and that each row is assigned to exactly one process..

“For example, in atime dependent setting, if the structure of A does not change from a given time step to the next but its
values do, theuser cancal I ni ti al i ze() only once before the fi rst time step, then Conput e() at each time step. Also
calslnitialize() if not aready done by the user.

SFor example, Azt ecOOobjectscan use | f pack_Pr econdi t i oner objects as preconditioners.
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| Class name | Overlap | Description |

| f pack _Poi nt Rel axati on 0 Point (damped) relaxation preconditioners (Jacobi, Gauss-Seidel, symmetric
Gauss-Seidel). Users can specify the number of Jacobi steps (sweeps), and the
damping factor. See Section 2.2.1

| f pack Bl ockRel axati on 0 Block relaxation preconditioner (Jacobi, Gauss-Seidel, symmetric Gauss-
Seidel). Users can store the diagonal blocks as dense or sparse. In the lat-
ter case, any IFPACK preconditioner can be used to apply the inverse of the
diagonal block. See Section 2.3.

| f pack_Addi ti veSchwar z user Generic additive Schwarz preconditioner. Allows for generic additive Schwarz
preconditioners, with minimal or wider overlap. In the latter case, the user
must provide the overlapping matrix. Any IFPACK preconditioner can be used
to solve the local problems. See Section 2.5.

| fpack I C 0 Incomplete Cholesky factorization, with dropping based on the level-of-fill of
the graph.

| f pack_I CT 0 Incomplete Cholesky factorization, with dropping based on threshold.

| f pack_I LU 0 Incomplete LU factorization, with dropping based on the level-of-fill of the
graph.

| f pack | LUT 0 Incomplete LU factorization, with dropping based on threshold.

Table 1. Description of all the IFPACK preconditioners reported in this
document. In the Table, ‘Overlap’ indicates the overlap (with 0 being
the minimal overlap case, ‘any’ means that the code can construct the
overlapping matrix for any given positive value).



8. Method Condest () returns an estimation of the condition number of the preconditioner P (and not
of the preconditioner system), see Section 2.1. Accurate (and expensive) computations of the con-
dition number of the preconditioned system can be obtained by calling Condest (| f pack CG) or
Condest (| f pack_GVRES) 8. See Section 2.4.1 for more details.

9. Methods Num ni tialize(), NunConput e() and NumAppl yl nver se() return the number of
calls to each phase.

10. Methods I niti alizeTi nme(), Conput eTi me() and Appl yl nver seTi ne() return the number
of CPU-time spent in each phase.

11. Methods| ni ti al i zeFl ops(),Conput eFl ops() and Appl yl nver seFl ops() returnthe num-
ber floating point operations (FLOPS) occurred in each phase.

Remark 4. Some IFPACK preconditioners may require to copy theinput Li st object given in input to

Set Par anet er s() . In any case, the user-provided list can go out of scope before Cormput e() is called.
Note that changes to user-provided list after the call to Set Par amet er s() will not affect the preconditioner,
unless Set Par anet er s() isre-called.

Remark 5. Each | pf ack_Pr econdi ti oner object overloads the << operator. Basic information about a
given preconditioner can be obtained by simply using an instruction of thetype: cout << Prec.

4 TheFactory Class

The easiest way to use IFPACK is through its factory class. Let us consider the following fragment of code:

#i ncl ude "I fpack. h"
Epetra_ RowMvatrix* A, // Ais already Fill Conmplete()’'d

| f pack Factory;

| f pack_Preconditioner* Prec;

string PrecType = "I LU";

int Overl apLevel = 0O;

/1 create the preconditioner using Create()

Prec = Factory. Create(PrecType, A OverlaplLevel);
assert (Prec !'= 0);

/1 specify paraneters for |LU
Teuchos: : Paranet erLi st List;
List.set("fact: level-of-fill", 5);

Prec- >Set Par aneters();
Prec->Initialize();
Prec->Conput e() ;

/1 Let Problembe an Epetra_Li near Probl em
Azt ecOO Sol ver (Probl em ;

Pr obl em Set Prec(Prec);

/1 now we can solve with AztecQO

®We note that using CG or GMRES to compute and estimated condition number is an expensive operations, and should
not be used unless the accurate value of the condition number isrequired.
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| PrecType | Description \
poi nt relaxation Point relaxation preconditioner, like Jacobi, Gauss-Seidel, and
symmetric Gauss-Seidel.
bl ock rel axation Block relaxation preconditioner, like Jacobi, Gauss-Seidel, and

symmetric Gauss-Seidel. LAPACK is used to apply the inverse
of each diagonal block.

bl ock rel axation Block relaxation preconditioner, like Jacobi, Gauss-Seidel, and

(Amesos) symmetric Gauss-Seidel. Amesos is used to apply the inverse of
each block. Requires IFPACK support for AMESOS.

IC Incomplete Cholesky factorization on each subdomain.

I CT Incomplete Cholesky factorization with threshold on each subdo-
main.

I LU Incomplete LU factorization on each subdomain.

| LUT Incomplete LU with threshold on each subdomain.

Anesos Complete LU factorization on each subdomain. Requires IFPACK

support for AMESOS.

Table 2. List preconditioners supported by the Factory class.

The list of options for Pr ecType is reported in Table 2. Note that only one word in the above fragment of
code has to be changed to define, for instance, the Gauss-Seidel preconditioner.

5 Examplesof Usage

This section contains several examples of usage of IFPACK preconditioners. A detailed list of IFPACK parameters
is reported in section 6.

5.1 Point Preconditioners

An example of usage of point relaxation preconditioners (in this case, Gauss-Seidel) is as follows:

#i ncl ude "Teuchos_Par anet erLi st. hpp"
#i ncl ude "I fpack_Poi nt Rel axation. h"

Let Abe a pointertoan Epet r a_RowiVat r i x derived object, and let Pr obl embe a pointertoan Epet r a_Li near Pr obl em
We suppose that A and Pr obl emare properly set, and method Fi | | Conpl et e() has been called. At this
point, we can create the preconditioner as

Teuchos: : Paranet er Li st Li st;
List.set("relaxation: type", "Gauss-Seidel");

| f pack_Poi nt Rel axation Prec(A);
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| FPACK_CHK _ERR(Prec. Set Paraneters(List));
| FPACK_CHK ERR(Prec.lnitialize());
| FPACK_CHK_ERR(Prec. Compute());

Now, we can set the IFPACK preconditioner for AztecOO:

Azt ecOO Azt ecOOPr obl em( Probl em ;
Azt ecOOPr obl em Set PrecQper at or (Prec);

ascall Azt ecOO. I t er at e() as required.
Macro | FPACK _CHK_ERR() can be used to check return values. If the return value if different from 0, the
macro prints out a warning message on cer r, and returns.

5.2 Block Preconditioners

From the point of view of the implementation, block preconditioners are sensibly more complex than their point
counterpart:

1. Astrategy to define the blocks has to be chosen (for instance, a linear partitioner, or a graph decomposition
algortithm);

2. block Jacobi and block Gauss-Seidel algorithms require the application of the inverse of each diagonal
block A; ;. Blocks of small dimension should be stored as dense matrices, while larger blocks require
sparse storage. In this latter case, to apply the inverse of the block can be reformulated as applying a
preconditioner for matrix A; ;. The code must allow for different choices of block preconditioners.

Let us start with the definition of the blocks. IFPACK provides the following options:
e a linear partitioning, using class | f pack_Li near Partiti oner;

e asimple greedy algorithm, using class | pf ack_GreedyPartiti oner;

e an interface to METIS, using class | f pack_METI SPartiti oner.

It is important to note that all blocks are local — that is, all partitioner schemes will always decompose the local
graph only”’.

All IFPACK partitioners are derived from the pure virtual class | f pack_Parti ti oner, and all require
in the constructor phase an | f pack_Gr aph object. | f pack_Gr aph’s can be easily created (as light-weigth)
conversions from Epet r a_Rowivat ri x’sand Epet r a_Cr sGr aph’s, as follows At this point, we can create
the preconditioner as

#i ncl ude "Ifpack_G aph. h"
#i nclude "I fpack_Graph_Epetra_ CrsG aph. h"
#i nclude "I fpack _Graph_Epetra Rowwatri x. h"

/1 use either CsrA or RowA, depending on your application
Epetra_CrsMatrix* CrsA
Epetra_RowMat ri x* RowA;

| f pack_Graph CrsG aph* CrsG aph =
new | f pack_Graph_CrsG aph( & CrsA->G aph()));

| f pack_Graph RowGr ap* RowG aph =
new | f pack_Graph_Rowvat ri x( RowA) ;

"If used in conjuction with class | f pack_Addi t i veSchwar z, blocks can span more than one processor.
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Note that the Parti ti oner object will decompose the graph (either Cr sGr aph or RowGr aph) into non-
overlapping sets (that is, each graph vertex is assigned to exactly one set).

The following fragment of code shows how to use a greedy partitioner to define 4 local blocks for a given
| f pack_Graph.

#i ncl ude "1fpack_G aph. h"

#include "I fpack G eedyPartitioner.h"
#i nclude "I fpack Bl ockRel axation. h"
#i ncl ude "Teuchos_Par anet erLi st. hpp"

| f pack_Graph* G aph;
/1 Graph is created here

Teuchos: : Par anet er Li st List;
Li st.set("partitioner: local parts", 4);
| fpack_Partitioner* Partitioner = new | fpack_G eedyPartitioner (G aph);

/1 set the paraneters (in this case the # of bl ocks only)
Partitioner->Set Paranet er s(List);

/] conpute the partition
Partitioner->Compute();

Once an | f pack_Partitioner is created, we are ready to compute the block preconditioner. This
requires the extraction of all the diagonal blocks of equation (9). In IFPACK, the user can choose to store the A; ;
as dense matrices, or a sparse matrices. In the former case, the inverse of each block is applied using LAPACKS.
In the latter, the user can specify any valid | f pack_Precondi ti oner.

As an example, we now create a block Jacobi preconditioner for a given Epet r a_Rowivat ri X, say A, with
damping parameter of 0.67, and 2 sweeps. Each diagonal block is stored as a dense matrix.

#i ncl ude "I fpack_Bl ockRel axati on. h"
#i ncl ude "I f pack_DenseCont ai ner. h"

| fpack_Partitioner* Partitioner;
/1 Partitioner is created here

| f pack_Preconditioner* Prec =
new | f pack_Bl ockRel axati on<l f pack_DenseCont ai ner >( A);

Teuchos: : Paranet er Li st List;

Li st.set("rel axation: sweeps", 2);

Li st.set("rel axation: danping paraneter”, 0.67);
Pr ec- >Set Par anet er s(Li st);

Prec->Conput e() ;

The previous example makes use of a dense containers to store the diagonal blocks. In IFPACK, a container is an
object that contains all the necessary data to solve the linear system with any given 4; ;. | f pack_DenseCont ai ner

8LAPACK is used to factorize the matrix, then each application of A;} resultsin adense linear system solution.
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stores each A; ; as Epet r a_Seri al DenseMat ri x. Alternatively, one canuse | pf ack_Spar seCont ai ner
to store each block asan Epet r a_ Cr sMat r i x. Sparse containers are templated withan | f pack_Pr econdi ti oner,
so that the user can specify which IFPACK preconditioner has to be used to apply the inverse of each sparse block.
The following fragment of code illustrates how to use the direct factorization of Amesos (through class
| f pack_Amesos®) with sparse containers. The preconditioner will be a block Gauss-Seidel one.

#i ncl ude "I fpack_BI ockRel axati on. h"
#i ncl ude "I fpack_SparseContai ner. h"
#i nclude "I fpack_ Anesos. h"

| f pack_Partitioner* Partitioner;
/] Partitioner is created here

| f pack_Preconditioner* Prec =
new | f pack_Bl ockRel axati on<lI f pack_Spar seCont ai ner <I f pack_Amesos> >(A);

Teuchos: : Paranet erLi st List;

Li st.set("rel axation: sweeps", 2);

Li st.set("anmesos: solver type", "Anesos Kl u");
Prec->Set Par anmet er s(Li st);

Prec->Initialize();

Prec->Conput e() ;

Option anmesos: sol ver type specifies the AMESOS solver that has to be adopted. If the selected
solver is not available, then | f pack_Amesos will create an Amesos_KI u solver'®, As any IFPACK precon-
ditioner can be used, one can also adopt, for instance, a point Gauss-Seidel algorithm in each block:

| f pack_Preconditioner* Prec =
new | f pack_Bl ockRel axati on<I f pack_Spar seCont ai ner <I f pack_GaussSei del > >(A);

A call to Set Par anet er s( Li st) will set the parameters for the block preconditioner.

5.3 Additive Schwarz with Exact L ocal Solves

The following fragment of code shows the use of additive preconditioners. The local subproblems with matrix
A; are solved using a (complete) LU factorization through AMESOS.

#i nclude "I fpack AdditiveSchwarz. h"
#i nclude "I fpack_ Anesos. h"

Epetra_Rowvat ri x* A
/1 Here the elements of A are filled, and Fill Conplete() is called.

int OverlapLevel = 0O;
| f pack_Preconditioner* Prec =
new | f pack_Addi ti veSchwar z<I f pack_Amesos>( A, Overl apLevel);

This requires | FPACK to be confi gured with option - - enabl e- amesos.
1K LU is compiled by default with AMESOS. Please consult the AMESOS documentation for more details.
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Teuchos: : Paranet erLi st List;

| FPACK_CHK_ERR( Pr ec- >Set Par anet ers(List));
| FPACK_CHK ERR(Prec->Initialize());

| FPACK _CHK_ERR( Pr ec- >Compute());

Remark 6. Complete factorizations can be expensive to compute, especially for problems arising from dis-
cretizations on 3D grids. The user should consider complete factorizations if the local problems are small, or
when other, cheaper preconditionersfail.

5.4 Additive Schwarz with ILU

The following fragment of code shows the use of additive preconditioners. The local subproblems with matrix
A; are solved using an incomplete factorization.

#i ncl ude "I fpack_AdditiveSchwarz. h"
#i ncl ude "Ifpack_I LU. h"

Epetra_RowMatri x* A;
/1 Here the elements of A are filled, and Fill Conplete() is call ed.

int OverlapLevel = 0O;
| f pack_Preconditioner* Prec =
new | f pack_Addi ti veSchwar z<I f pack | LU>(A, Overl apLevel);

Teuchos: : Paranet er Li st List;
List.set("fact: level of fill", 2);

| FPACK_CHK_ERR( Pr ec- >Set Par anet ers(List));
| FPACK CHK ERR(Prec->Initialize());

| FPACK _CHK_ERR( Pr ec- >Comput e());

The difficulty with this type of preconditioner is that it tends to become less robust and require more iterations
as the number of processors used increases. This effect can be offset to some extent by allowing overlap. Overlap
refers to having processors redundantly own certain rows of the matrix for the ILU factorization. Level-1 overlap
is defined so that a processor will include rows that are part of its original set. In addition, if row ¢ is part of its
original set and row ¢ of A has a nonzero entry in column 3, then row j will also be included in the factorization
on that processor. Other levels of overlap are computed recursively. IFPACK supports an arbitrary level of
overlap. However, level-1 is often most effective. Seldom more than 3 levels are needed.

The user can access the factorization of the local matrix produced by templating | f pack_Addi t i veSchwar z
with classes | f pack_I C,/ | f pack_I CT, | f pack_I LUand | f pack_I LUT in the following way:

| f pack_Preconditioner* Prec =
new | f pack_Addi ti veSchwar z<I f pack_| LU>(A, Overl apLevel);

| f pack_I LU* I nverse = Prec->lnverse();

Then, the total number of nonzeros in the L and U factors can be queried as follows:

i nt Numd obal NonzerosLU = | nver se- >Numd obal Nonzer os() ;

The L and U factors are stored as Epet r a_Cr sMat ri x’s, whose pointers can be obtained as follows™!:

const Epetra CrsMatrix& L = I nverse->L();
const Epetra CrsMatrix& U = I nverse->U();

MFor classes | f pack_| Cand | f pack_| CT the user shall use method H() .
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5.5 Additive Schwarz with Local Block Preconditioners

Another possible technique to apply the inverse of A; in (17) is to adopt a block preconditioner, like block Jacobi
or block Gauss-Seidel (see Section 2.3). This requires a bit more work, as we have to specify the partitioner, and
the container. Let us start with dense containers.

The required include files are:

#i nclude "I fpack AdditiveSchwarz. h"

#i nclude "I fpack Bl ockPreconditioner. h"

#i nclude "I fpack _Graph_Epetra Rowwatri x. h"
#i ncl ude "1 f pack_DenseCont ai ner. h"

Let Abe an Epet ra_RowiVat r i x. We suppose that Fi | | Conpl et e() has been called.
As always, we create a parameters list, that will be used for all IFPACK objects:

Teuchos: : Paranet er Li st Li st;
At this point we can create the block Jacobi preconditioner as follows:

| f pack_Preconditioner* Prec =
new | f pack_Addi ti veSchwar z<
| f pack_Bl ockPrecondi ti oner<I f pack_DenseCont ai ner > >(A);

Prec->Set Par anmet er s(Li st);
Prec->Initialize();
Prec->Conput e() ;

As we have used | f pack _DenseCont ai ner, blocks are stored are dense matrices, and LAPACK is used to
apply the inverse of each block. This can be a limiting factor for large blocks. In this latter case, it is preferable to
store the blocks are sparse matrices, and use a sparse solver to apply their inverse. This can be done by resorting
tol f pack_Spar seCont ai ner . Sparse containers can be used with minor modifications. The only difference
is that we also have to specify how to apply the inverse of each block, for instance using the exact factorizations
of AMESOS:

| f pack_Preconditioner* Prec =
new | f pack_Addi ti veSchwar z<I f pack_Bl ockPrecondi ti oner
<I| f pack_Spar seCont ai ner <| f pack_Anesos> > >(A);

Should the user want to use a block Gauss-Seidel preconditioner (where each block is defined by partitioning
the local graph of the overlapping matrix), he/she could proceed as follows:

Teuchos: : Paranet er Li st List;
List.set("relaxation: danping factor", .67);
List.set("rel axation: sweeps",5);

Li st.set("partitioner: local parts", 4);

Li st.set("partitioner: overlap", OverlaplLevel);

Epetra_RowMatrix* A, // Ais FillConplete()’d.
| f pack_Preconditioner* Prec =
new | f pack_Addi ti veSchwar z<I f pack_Bl ockPrecondi ti oner

<| f pack_Spar seCont ai ner <| f pack_Anesos> > >(A, Overl apLevel );

| FPACK _CHK_ERR( Prec- >Set Paranet ers(List));
| FPACK_CHK_ERR( Pr ec- >Compute());
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6 Parametersfor |IFPACK preconditioners

The parameters that affect the IFPACK preconditioners are reported below. It is important to note that parameters
for all IFPACK preconditioners must be spelled as indicated: misspelled parameters will be ignored, parameters
are case sensitive, and words are separated by one space only.

For more details about the TEUCHOS parameters list we refer to the TEUCHOS documentation. Table 3 briefly
reports the most important methods of this class. IFPACK requires just a very basic usage of the parameters list.
Input parameters are set via method set ( Nane, Val ue), where Nare is a string containing the parameter
name, and Val ue is the specified parameter value, whose type can be any C++ object or pointer.

set ( Name, Val ue) Add entry Name with value and type specified by Val ue. Any
C++ type (like int, double, a pointer, etc.) is valid.

get ( Name, Def Val ue) | Get value (whose type is automatically specified by Def Val ue).
If not present, return Def Val ue.

subLi st ( Nane) Get a reference to sublist Li st . If not present, create the sublist.

Table 3. Some methods of Teuchos::ParameterList class.

rel axation: type

rel axation: sweeps

rel axati on: danping factor

rel axation: mn diagonal val ue

rel axation: zero starting solution

partitioner: type

partitioner: local parts

partitioner: overlap

[st ri ng] Relaxation scheme. Valid choices are: Jacobi ,
Gauss- Sei del , symmmetri ¢ Gauss- Sei del . De-
fault: Jacobi .

[i nt ] Number of sweeps of the point relaxation precondi-
tioner. Default: 1.

[doubl e] This is the value for w in formulae (3), (4), (5)
and (6). Default: 1. 0.

[doubl e] Replace diagonal values whose absolute value is
less than the specified value by this value (for point relaxation
methods only). Default: 1e- 9.

[bool JIftr ue, the input values in the preconditioned vec-
tor will be used as starting solution (for relaxation methods
only). Default: t r ue.

[st ri ng] Defines how to build the local blocks (for block
relaxation methods). Valid choices are: | i near (use a sim-
ple linear decomposition), gr eedy (use a greedy algorithm
to partition the local graph), or met i s (call METIS on the
local graph). Default: | i near .

[i nt ] Number of (local) subgraphs (for block relaxation
methods only). Default: 4.

[i nt ] Overlap among blocks. Only for block Jacobi meth-
ods. Default: 0.
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partitioner: root node [i nt ] Root node, for greedy algorithm only. Default: 0

schwarz: conbi ne node [Epet r a_Comnbi neMode]. Default: Zer o. It can assume
one of the following values: Add: Components on the receiv-
ing processor will be added together; Zer o: Off-processor
components will be ignored; | nsert : Off-processor com-
ponents will be inserted into locations on receiving processor
replacing existing values. Aver age: Off-processor compo-
nents will be averaged with existing; AbsMax: Magnitudes
of Off-processor components will be maxed with magnitudes
of existing components on the receiving processor. Note that,
for non-zero overlap values, the preconditioner is in general
non-symmetric, due to the handling of the overlapping re-
gion. Set this parameter to | nser t if a symmetric precon-
ditioner is required.

amesos: solver type [string]. Defines the Amesos solver to be used by class
Ifpack_Amesos.  Valid values are: Amesos_Lapack,
Amesos Kl u, Amesos_Unf pack, Anesos_Superl u,
Amesos_Munps, Anesos_Dscpack. Default:
Anmesos Kl u Default: Amesos Kl u.

fact: level-of-fill [i nt ] Level-of-fill for IC and ILU.
fact: ict level-of-fill [doubl e] Level-of-fill for ICT.
fact: ilut level-of-fill [doubl e] Level-of-fill for ILUT.
fact: relax value [doubl e] Relaxation value.
fact: absolute threshold [doubl e] Value « in equation (16).
fact: relative threshold [doubl e] Value p in equation (16).

7 AnalysisTools

IFPACK contains the following tools to analyze a linear system matrix:

e Function | f pack_Anal yze() reports some information about the structure of the matrix, its diagonal
elements, and others.

e Function| f pack_Pri nt Spar si t y() printsonaPostScript file the sparsity pattern of a given Epet r a_RowiVat r i x.

e Function| f pack_Pri nt Spar si t ySi npl e() ,to be used only with small matrices, prints on a screen
the sparsity pattern of a given Epet r a_Rowivat ri X.
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8 Confi guring and Building IFPACK

We recommend to configure and build IFPACK as part of the standard TRILINOS build and configure process. In
fact, IFPACK is built by default if you follow the standard TRILINOS configure and build directions. Please refer to
the TRILINOS documentation for information about the configuration and building of other TRILINOS packages.

To configure and build IFPACK through TRILINOS, you may need do the following (actual configuration
options may vary depending on the specific architecture, installation, and user’s need). It’s assumed that shell
variable $TRI LI NOS_HOME identifies the TRILINOS directory, and, for example, that we are compiling under

LINUX and MPI.

% cd $TRI LI NOS_HOVE

% nkdi r LI NUX_MPI

% cd LI NUX_MPI

% $TRI LI NOS_HOVE/ conf i gur e

--wWith-npi-conpilers \

--prefix=$TRI LI NOS_HOVE/ LI NUX_MPI

% make
% make install

IFPACK is configured and built using the GNU autoconf [4] and automake [5] tools. IFPACKconfiguration
and compilation can be tuned by several flags. The user may type

% configure --help

in the IFPACK source directory for a complete list. Here, we briefly report the list of packages (included or not

in Trilinos) that are supported by IFPACK:

- - enabl e- anesos

--enabl e- azt ecoo

- -enabl e-t euchos

--enable-triutils

--enabl e-i fpack-netis

Enables support for the AMESOS package, which can be used
to solve the local subproblems in Schwarz-type precondition-
ers, or in block Jacobi and block Gauss-Seidel precondition-
ers.

Enable support for the AzTECOO package. AzTECOO is
used in several tests and examples.

Enable support for the TEUCHOS package, whose parameters
list is used by several IFPACK classes.

Enable support for the TRIUTILS package, which is used in
some examples and test to generate the linear system.

Enable support for the METIS package, version 4.0 or later.
METIS can be used to create block preconditioners.

Remark 7. IFPACK cannot be compiled without the EPETRA library.
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