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Abstract

This report is a collection of documents written by the group members of the Engineer-
ing Sciences Research Foundation (ESRF), Laboratory Directed Research and Development
(LDRD) project titled “A Robust, Coupled Approach to Atomistic-Continuum Simulation”.
An essential requirement of this project is to develop definitions for continuum quantities
that can be evaluated locally within an atomistic region. We are developing physical mea-
sures of stress, deformation and temperature that are calculable in an atomistic simulation
and have well-defined meanings when evaluated in the continuum limit. During the course
of FY02, we reviewed many articles presenting the use of definitions of stress in atomistic
simulation. The key articles were identified and summarized via internal documents.
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Chapter 1

Introduction

This report is a collection of documents written by the group members of the Engineer-
ing Sciences Research Foundation (ESRF), Laboratory Directed Research and Development
(LDRD) project titled “A Robust, Coupled Approach to Atomistic-Continuum Simulation”.
With the growing focus on predictive modeling and simulation, Sandia must develop the
capability to model deformation and failure in multiple scale settings. We are developing
a robust approach to coupled atomistic-continuum simulation, capable of both quasi-static
and finite temperature/dynamic analyses. Sandia currently does not have this simulation
capability. Our methodology will simulate systems at finite temperatures correctly, which
involves the transfer of energy from the continuous spectrum of vibrations in the atomistic
region to the separate modes of a scalar temperature field and long elastic waves in the
continuum. Current schemes in the literature make no attempt to differentiate between
the exchange of thermal and elastic energy. A comprehensive framework is being created
to relate the dynamic motion of atoms with the kinetics of a continuum. Owur approach
will introduce high-fidelity physics to capture nano-scale processes, while using continuum
mechanics to model the elastic deformation for the majority of a system with micro-scale
dimensions.

An essential requirement of our work is to develop definitions for continuum quantities
that can be evaluated locally within an atomistic region. Currently, continuum variables
are only defined in terms of equilibrium thermodynamics. The instantaneous, individual
atomic contributions to these averages do not have the same physical interpretation as the
corresponding point-wise continuum quantities. We are developing physical measures of
stress, deformation and temperature that are calculable in an atomistic simulation and have
well-defined meanings when evaluated in the continuum limit.

The first task required for the success of this project was a thorough study of current
definitions of stress, deformation and temperature used in atomistic calculations. During the
course of F'Y02, many articles were reviewed, and the key ones were identified and summa-
rized via internal documents. This report is a collection of those documents. Chapter 2 draws
a correspondence between the atomistic and continuum viewpoints of defining a boundary
value problem. Chapter 3 presents a critical review of the virial theorem, the first defini-




CHAPTER 1. INTRODUCTION

tion of stress for an atomistic system that has physical meaning within a thermo-mechanical
continuum. The theorem was simultaneously developed by Clausis {1} and Maxwell [2, 3]
to quantify the stress or pressure field applied to fixed volume of energetically-interacting
particles. Chapter 4 discusses the article by Cheung and Yip [4], a notable paper that pre-
sented the consequences of misusing the virial theorem to define a local measure of Cauchy
stress. Chapter 5 summarizes the works by Lutsko [5] and Cormier et al. [6]. These articles
attempted to define continuum fields in terms of atomistic variables, albeit with moderate
success. Chapter 6 reviews the formulation of Robert J. Hardy, who makes a similar attempt
as Lutsko and Cormier et al. This formulation was found to be preferable to all previous
works, although the current version cannot be used for all types of interatomic potentials.
The project group members are in the process of determining if combining Hardy’s method
with Eringen’s micropolar elasticity [7] would generalize its usage. Chapter 7 reviews Erin-
gen’s methodology for completeness.
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Chapter 2

Correspondence of atomistic and
continuum boundary value problems

2.1 Describing material motion

A “motion” is a Lagrangian construct where a fixed reference configuration is mapped by a
time-dependent function Xx,, the “motion”, to the configuration at any time ¢. A “flow”, on
the other hand, is an Eulerian construct where any configuration at time s is mapped to the
configuration at time ¢ by the function ¢,  called the “flow”. If the motion is invertible a flow
can be constructed ¢, , = x;0x;'. Likewise, a motion for which the reference configuration
is the initial configuration is obtained by x; = ¢,

In a continuum, the mapping function x, can be applied to a reference position vector
anywhere within the domain, and maps it to some new value in the continuous deformed
configuration. For a particle assemblage, the position vectors can only take on discrete values
corresponding to particle positions for both the reference and deformed configurations.

2.2 Correspondence of continuum and atomistic bound-
ary value problems

Let’s examine three nested classes of motions:

Class A. Globally polynomial :
1
X(X) =Cog+Ci1 X+ ECQ(X X X) =+ ...

where C,, is an nth order constant tensor,

Class B. Smooth :
no Burger’s vectors and all derivatives d%x, ¢ = 1,2, .. exist,

11



CHAPTER 2. CORRESPONDENCE OF ATOMISTIC AND CONTINUUM
BOUNDARY VALUE PROBLEMS

Class C. General

Any homogeneous deformation of a body is an example of a first order Class A motion i.e.
C, =0,n> 1. “Pure” beam bending is an example of a second order Class A motion. Given
a bounded domain and the Stone-Weierstrass theorem, Class B motions can be approximated
by Class A motions using, say, a Taylor series. Question : can Class B boundary value
problems (BVPs) be approximated by Class A problems?

Although it is not clear how to compare stresses in continuum to forces in an atomistic
simulation, it is always possible to compare the corresponding motions. This leads to the
idea of “equivalent” problems, where the same motion results given the same prescribed dis-
placement boundary conditions, side-stepping the atomic force-continuum stress relationship
for the moment. A plausible conjecture is that only problems with no length-scale and self-
similarity with scaling would have “equivalent” continuum and atomistic representations. A
further conjecture is that all of the problems in Class A fall into this category, i.e. they have
“equivalent” representations.

So why do we care? First of all, we would like to have an idea of when a continuum
solution is also a atomistic solution and we would like to make a correspondence between
atomistic material behavior and continuum constitutive models.

To get a sense of what forces are generated by the deformation induced by a motion
governed by the balance laws (typically balance of linear and angular momentum and con-
servation of mass), an atomistic model of material looks at the relative motion of atoms
currently neighboring a particular atom; on the other hand, a continuum model of mate-
rial looks at the derivatives of the motion at a point of interest (in fact only certain parts
of the derivatives affect the stress e.g. local rotations do not change the strain energy of
a hyperelastic material). These models can be seen to be extracting similar information.
For example, both formulations are insensitive to zeroth order Class A motions, i.e. rigid
displacements. Furthermore, nearest neighbors lead to finite difference, i.e. discrete approx-
imations, of the gradient of the local motion and, conversely, higher order gradients of the
motion carry more information about the neighboring deformation state i.e. torsion as well
as rotation and stretch of material (as well as smoothness requirements).

There are distinct differences between the models too. In atomistic models the use of
nearest neighbors leads to the definition of a (non-local) region surrounding the point of
interest from which information is drawn. Without information from neighbors in a region
of a certain minimum size, the particles cannot interact and response of the particles as
a material cannot be modelled. This is unlike a continuum point for which the limit as
a neighborhood shrinks to a point exists, at least for classical theories like hyperelasticity.
Nevertheless, in both paradigms a first order approximation of the motion in the constitutive
model relating deformation to force is sufficient to generate higher order motions e.g. classical
linear elasticity which only depends on the (symmetric part of the) first order gradient admits
pure bending and more complicated global motions.

For atomistic models, we can expect convergence of kinematic (and hopefully kinetic)
measures, e.g. strain, as the neighborhood shrinks for smooth enough (i.e. Class A) motions
up to to a minimum neighborhood where not enough information is being sampled (which

12



2.2. CORRESPONDENCE OF CONTINUUM AND ATOMISTIC BOUNDARY VALUE
PROBLEMS

usually corresponds to the neighborhood over which the force interactions are defined). The
polynomial order of motion for the particular BVP together with the type representation
used for the kinematic measure determine the rate and limit convergence. In an analogy
with finite elements (which are effectively discrete chunks of material), we see for pure
beam bending with linear elements convergence to the exact solution but with quadratic
elements an exact representation of the motion determined by the BVP. So if the atomistic
kinematic measure incorporates enough neighbors to reconstruct the global motion in that
neighborhood and the forces generated depend on that deformation, it can be then put into
correspondence with some continuum material model for a material region undergoing an
equivalent motion. Note that this hypothetical kinematic measure might have no effect on
the solution of the atomistic BVP and, like most that we’ve seen, may be merely a post-
processing of the atomistic solution.

So, the measure/s we choose to make the correspondence between the atomistic and
continuum BVPs, if it is not the motion, will determine how the corresponding constitutive
models are related. In this vein we discussed the various types of continuum constitutive
models used to represent metals:

e Point: only local information (and first derivatives) are used to determine material
response e.g. elasticity.

e Neighborhood: inhomogeneous fields in neighborhood are sampled for the constitutive
response, but no dislocations are modelled.

e Discrete dislocation: sufficiently low populations of dislocations exist so that there are
not enough to generate a reasonable “density” of dislocations, and dislocations are
individually represented.

e Dislocation density : a net Burger’s vector for the neighborhood exists and phenomeno-
logical dislocation dynamics are employed.

& Phenomenological : e.g. classical plasticity with “plastic” gradient to represent irre-
versible motions.

The idea being that the correspondence between atom and continuum might require using
an continuum model with more information than the classical “Point” type. This may not
be true for motions restricted to Class A.

13
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Chapter 3

A Critical Review of the Virial
Theorem

3.1 Mean stress theorem
For a continuum body occupying region €2 and in equilibrium :
ax [N + pb == 0 )

where o is the Cauchy stress, p is the mass density, b is the body force, and dx = 5@;. The
mean (Cauchy) stress, &, is given by

/adv=/0'-8xxdv
Q Q

Q 1519]

=/pb®xdv+/ t®xda
Q a0

by way of the divergence theorem and the definition t = on, where n is the outward unit
normal. A similar but more complicated expression can be derived for a continuum body
that is not in equilibrium

Voo

VQc‘r:/p(b-—)"c)®xdv+/ t®xda (3.2)
Q aQ

=/p)’<®)’cdv—i/p)'c®xdv+/pb®xd’u+/ t ® xda
Q dt Ja Q o9

where the first term can be recognized as twice the tensor Kq whose trace is the kinetic
energy Kq for the region.

15



CHAPTER 3. A CRITICAL REVIEW OF THE VIRIAL THEOREM

3.2 Virial theorem
The equations of motion (Newton’s Law) for a system of particles {a = 1..N} are
mox® = Fo (3.3)

where m® is the particle’s mass, x* is its position and F¢ is the force acting on it. With
manipulation (3.3) becomes

d
m Zi—t(x ®%x%) —mx*@x*=F*Q@x". (3.4)
After taking a (long) time average for the set {a =1,2,..., N}

N N
_ <Zmaxa ®xa> - <ZF“ ®Xa> . 39

a=1 a=1
where
1 (T d
<Zm — X*®x )> :=Ili_{rc’1°T/(] ;maa(xa@)xa) dt =0

is assumed. This assumption is based on constant particle masses and the idea that the
system will have a bounded total momentum-position dyad Ele mox®* @ x* far in the
future (as it does in the beginning ¢ = 0) so that

N
Ill—IFolo—f/ Zm (x* ®@x%) dt = IEI;OT (Zm x* ®x“ t_T_ ;maxa@,xa t_0> =

Practically speaking, the size of the time interval [0, 7] must be much larger than the differ-
ence in the total momentum-position dyad at the end-points for this to be true.
Now, with forces split into those internal to the system and those external, (3.5) becomes

<ZFmt®X > <2Fm®x > . (3.6)

after recognizing the LHS as twice the tensor Ky whose trace is the kinetic energy, Ky, of
the system. The internal forces result from the interatomic potentials and can be written
F$, = —0x=Un, where Uy is the potential energy for the system (which depends on the
configuration of the system and the inter-atomic potential). Equation (3.6) is known as the
dyad form of the classical virial theorem. Clausius’ original work [1] used the dot product
instead of the dyad product, and connected the time average term containing the external
forces to a measurable pressure used to contain a volume of gas at finite temperature. The
dyad form appearing in (3.6) was first done by Maxwell [2, 3] at approximately the same

time as Clausius’ effort.

16



3.2. VIRIAL THEOREM

Assuming that all F.;; results from continuum surface tractions (i.e. b = 0) and the
same argument regarding total momentum-position dyad holds for (3.2), it is possible to

compare (3.6)
<ZFmt®X >_2 (Kn) + <Zth > .

with a reduced form of (3.2)

(Va&) = 2 (Kq) + < /a K ®xda> (3.7)

Now, formally at least, dF = t,da and so it’s possible to relate terms in the atomistic and
continuum expressions. If the naive correspondence between the kinetic energies! 2 (Ky) ~

2 (Kq) is made, and the external forces are considered comparable <Z (F2,0x%) =

<fant ®xda), then
<Zant ®X >

(Voa) = 2(Kn) + <2Fm®x > .

This departs from traditional derivations which seem to have the obvious inconsistency that a
dynamic version of Newton’s momentum balance is used for the particles but a static version
of the linear momentum balance is used for the continuum. (This disparate treatment may
be justified, in part, by the fact that an atomistic system has momenta associated with
the continuum quantity “temperature”.) Also this derivation obviates the quandary of the
type of boundary condition seeming to define the stress quantity being measured e.g. with
frictionless boundaries only spherical stress tensors result. Clearly, the boundary conditions
do still affect the motions but in actuality the material response due to Uy, which can be
interpreted as strain energy, determines the mean stress.

Now, say the same procedure was not applied to an impermeable material region but to
a spatially fixed “box”. Unfortunately,

It follows that

is not necessarily zero since 3, and 2 do not commute. However, recognizing this ex-
pression as the “(internal) generation” term of a discrete transport theorem :

total change in set = generation within set + flux into set . (3.8)

1This correspondence may be scale dependent and require modification to distinguish macroscopic kinetic
motion from microscopic thermal motion, see Chapter 6.

17



CHAPTER 3. A CRITICAL REVIEW OF THE VIRIAL THEOREM

Since no acceptable densities can be defined, a rate form of (3.8) is difficult to construct;
consequently

<§; S ome s @xa)> - <Zm"§g (e ®x°‘>> + (Fr) (9)

a€el acld

makes sense, where (F,,,) is the long time average of the flux of momentum-position dyads
m® (x* @ x*), but a flux rate F,,, has only a formal definition. For bounded systems, the
left hand side of equation (3.9) equals zero. So, the creation of momentum within the spatial
region, i.e. a non-zero value for {3 ., m*< (x* ® x*)), has to be balanced by the flux
— (Fimp). With this in hand,

N
(Vo) =2 (Kn) = (Frp) + <Z F2, ® xa>

results.

3.3 Comments

The virial theorem provides the oldest, and most frequently used, expression for relating
forces and motion within an atomic system to a continuum stress. As we have noted in
this chapter, it does contains several deficiencies. The virial theorem only relates continuum
properties to time and ensemble averages of system properties; the stress expression devel-
oped has no clear physical meaning at a arbitrary point in space and time. Some ambiguity
exists with regard to how boundary conditions affect the form of the derived stress expres-
sion. Also, the naive correspondence between atomic and continuum kinetic energies may
be scale dependent and may be problematic for a dynamic continuum at finite temperature.
Nevertheless, the virial theorem remains the yardstick by which other expressions for stress
are measured. All other derived formulations for stress will be expected to yield the virial
theorem’s behavior for the appropriate limits of space and time averaging.

18



Chapter 4

Stress Expression of Cheung and Yip

4.1 Cauchy’s tetrahedron

!By a simple geometric argument, Cauchy derived a stress tensor o from a surface traction
vector t (t is admitted a priori).

Take the integral statement of the balance of linear momentum for a tetrahedral material
region 7

/T p(v — b)dV = / tdA (4.1)

oT

where p is mass density, v is velocity and b is body force. Orient 7 so that three of the
faces have outward normals in the cardinal directions e;,7 = 1..3 and the fourth face has an

outward normal n, so that
tdA = /tndA + / te,dA
/8’2' S ; 5;

where S is the area of the face with normal n ( and t, denotes the traction vector on the
surface S with normal n). To be brief, as the tetrahedron is made smaller the LHS of
(4.1) remains bounded since all functions are assumed continuous and limiting expression is
obtained

. ! . *
lo(v = b) 755k > (|55 = 3t Sni (42)

where (e)* represents the mean value of the respective integrand and h is the height of the
tetrahedron to the S face. Recalling a® bc¢ = a(b - ¢), it follows that

t, = Zteini = Z(tei ®e;)n = ZZaﬁejni (4.3)
i J

i %

1The development in this section follows class notes from the course taught by P.M. Naghdi at U.C.
Berkeley.

19



CHAPTER 4. STRESS EXPRESSION OF CHEUNG AND YIP

where 0;; are the components of o, which can be shown to be tensorial i.e. transform
correctly with change of coordinates. Clearly, Equation (4.3) is the familiar t = on and,
furthermore, it shows that the stress tensor o can be represented by the traction vectors on
three independent (in this case orthogonal) planes.

4.2 Cheung and Yip’s stress expression

Seemingly in the spirit of Cauchy’s construction, Cheung and Yip [4] develop an expression
for stress based on the “time rate of change of momentum flux across a surface”. This surface
is fixed in space unlike the material surfaces in (4.1) and Cheung and Yip’s expression for a
stress measure

1 1 0p x¥.n 1
T=A|T Va enr ;ep 0zeP |xoB - n| gaB of ®n (44)

is immediately restricted to pair potentials. (Spatial regions are a necessity given that
material surfaces are hard to define in particle systems.) The expression (4.4) appears
without a derivation and a number of oddities are embedded in it. First of all, it refers to
a single surface S, not three as in Cauchy’s developments, with outward normal n and area
A. Second, the first term in (4.4) is summed over the set of particles C that cross S over a
time interval of length At and the second term is summed over different set of particles P,
(unique) pairs that have force interactions across S at a unspecified time. The sets C and P
can be very different depending on the magnitude of v - nAt versus the typical interaction
distance. (In fact, for some of Cheung and Yip’s examples C is empty.) The first term is
obviously some measure of momentum flux and the second term can be recognized as

1 x% . n
—_ —F n.
2 Z |Xaﬁ . n| Otﬁ ®

(a,B)eP
where F,3 is the pair force between atoms a and 8. Cheung and Yip explain the %31
coefficient as a term that gives the contribution of F,z the same sign as F,z relative to the
outward normal n. In essence, the second term of (4.4) is

—— Z Fa,@®n

(a,,B YepP+

where the sum is now over the set P+ of oriented pairs, composed of atoms « on the inward
side of the surface that have pair interactions with atoms  on the outward side.

If At is allowed to go to its infinitesimal limit, and the assumption is made that the set
C coincides with the set P, the expression takes the form



4.3. COMMENTS

which, after employing Newton’s 2°¢ and 3™ laws, becomes

az—i ZZFag®n+ Z Fos®n

agPt Ba (a,B8)eP+

This is an odd result indeed, for no other reason than the forces for pairs straddling the
surface are counted with a —1 factor and all the others with —-% factor

0'=% Z —% Z F(,g@n— Z Faﬁ®n

aeP+ B#a,B¢P* B#o,BEP

A more rational expression could be derived by employing Cauchy’s methodology for a
finite tetrahedral region 7;, in the atomistic particle system. There is a small concern since
material surfaces such as the boundaries of 7} are not easily definable in the particle system;
however, at any instant a spatial surface coincides with some material surface. So, the mean
value in the finite tetrahedral region of a Cauchy-like stress o could be related to the traction
vectors derived from solely from the sources of momentum i.e. the potential forces

te= Y Fag

(c.B)EPS;

on the three orthogonal bounding surfaces S;, with related sets P, using o = te, ® e;;
however, it’s doubtful that this measure would transform tensorially with change of basis e;.

4.3 Comments

Although the effort exerted by Cheung and Yip to derive an expression for stress based
on considerations of internal forces and momentum flux is admirable, the end product,
equation (4.4), is ill-suited for the point-wise calculation of stress within an atomic system
during molecular dynamic or static simulation. For such a calculation, the spatial planes
discussed are difficult to define. The construction of their expression is ad-hoc and does not
conform to any standard continuum formulation. In addition, the factor of *1/2” used for
the momentum term in (4.4) is suspect as its origins are not explained, and the factor is
missing in earlier work by Tsai [8].
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Chapter 5

Atomistic-Continuum Formulation of
Lutsko and Cormier et al.

5.1 Particle mechanics

For a system of N particles with positions x* and momenta p®, the Hamiltonian, or total
energy,

1 (22 [0 o
H=7) -—p" p"+0(x")

is composed of the usual kinetic and potential energies. The resulting equations of motion
are

1
}.(a = 8paH = —’n;;pa (51)

pa = —8xctH= —'8xa@

the second of which is identical to Newton’s First Law or Lagrange’s formulation for a system
of particles. Note that the superposed dot represents the time derivative of the quantity for
the particle, not a position in space.

Implicit in this formulation is a (trivial) conservation of mass

d «
D m* =0
for the whole system, and (redundant) balance of angular momentum

X X (P + 0x=P) =0

for individual particles. So there are no natural analogues to the corresponding balances in
a continuum.
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5.2 Cormier’s formulation

Cormier [6] and Lutsko [5] choose to define the momentum of the system as
p= Z peo(x — x%)

where 6(x) is the Dirac delta “function”. Its spatial Fourier transform, i.e. transform from
x space to k wave vector space, is

p=Fp = / dx exp(tk - x)p = Zpa exp(tk - x%)
Q o

where  is the extent of the whole system and should be infinite for a classical Fourier
transform. An integral transform is necessary for any manipulation due to the delta function;
alternate integral transforms exist e.g. the wavelet transform. The time derivative of p is

2
Bt |,

p= Z p%exp(tk - x¥) + p® exp(tk - x*)1k - x°. (5.2)

Substituting Hamilton’s equations of motion (5.1) for the particles and factoring out the
exponential function leads to

9
Bt |,

N 1
p= Z <—6xa<1> + (k- ﬁ-pa)p") exp(tk - x%).
[a3
With the assumption that the system potential is composed of pair potentials

1 (o3 o,
ST T ),
a f[#a
where z°? is defined as the magnitude of

xP = x* —xP |

the first term in (5.2) becomes

o3 af
Z Oxv® exp(tk - x7) =3 Z Z Z Ziaﬂ Cfia;c’Y exp(tk - x7)

v o BFo

of 5
— Z Z diaﬂ :L‘O‘B eXP(Zk . xa) — exp(zk . Xﬁ)) )
a f#a

Now since
x*0 k- x2B xof B xoB xoB

298 ik -xoB gof 1k - xoB zoB ® zob

ik,
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expression (5.2) becomes
ai . 1 d¢>? P o gy X% xP
5%‘ kp = ; (—éﬁ?éamm (exp(zk - X ) - exp(zk + X )) ;;5 X Fﬂ‘ Zk (53)

1
k_ a__ [¢] o k
+§a (exp(z X)—p ®p>z

Cormier et al. and Lutsko make a formal statement of the balance of linear momentum,
ignoring body forces, for the “continuum” composed of the system of particles
p = ax g

where o corresponds to the Cauchy stress and p is the material time derivative of p i.e.
P = O;p|x« the derivative following the particles not 0,p|x the partial holding the position
in space fixed. (In the continuum

. 1
P =8p+xp [;p]

where Jy¢p is a second order tensor acting, i.e. a® be = a(b - ¢), on the vector %p. This
clearly begs the question: what is the density p for the system of particles. )
In the transform domain {k,t}, this balance becomes

d._ .7
—p = k.
ZP=0"1

Proceeding under the assumption that the (non-linear) convective term of the material
derivative is negligible, i.e. small motions, it is possible to match terms with (5.3) and
get an expression for the Fourier transform of stress

A d¢aﬁ B o s xoB  xoB
> <ﬂ¢awm (exp(dke ) = explike-x7) 7255 © 225

1
k. (a3 - (24 (07 .
+; (exp(z X )map Qp )

(The necessity of this assumption to derive the above expression escapes both Lutsko and
Cormier.) Transforming back to the spatial domain {x, ¢} requires a trick. Following Cormier

71 (eXP(Zk : X;Z .—XZT;P(Zk : Xﬁ)) — (27103 /dk{/o1 ds exp(—1sk - xaﬂ)} exp(—ik - (x —x%))

(5.4)

1
=-—/ ds 6(x — x¥ — sx%7) .
0
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The interpretation of (5.4) is a function that is only non-zero on a line segment connecting x*
and x”. Interestingly enough this is an artifact of the Fourier inversion trick, other contours
are possible as suggested by Schofield and Henderson [9). So the stress in the spatial domain
is

. d¢aﬂ af ! o aff Xaﬁ onﬁ
a’-Z(ﬁ#a—mx (/o ds §(x — x* — sx )>W®W (5.5)

+ Z (%p" ®p°'> .

This “local” expression for stress still suffers from singularities due to the Dirac delta
and non-local character due to the integral. So an average stress is put forward based on a
averaging volume, say a ball B, of radius 7,

1 _ _
Ur—W/BrdXU(X—X)

__ Lt ) < _d¢azxaﬂlgﬂf_§_ & x_ag)
Vol(B,) ZE\or dx T z&

1 1
Vol(B,) QGZ; (E{a'p ®p )

where [®8 is the fraction of the pair bond, i.e. fraction of the line segment between x* and
x?, inside the ball B,. Literally,

1
l‘r’ﬂ=/ / ds 6(x — x> — 5x°P)
B. Jo

which is similar to expression formed by other authors, notably [10].
Lutsko goes on to make the statement that the “local” stress (5.5) is derivable from an
energy expression

e(x) = Z Q;on‘ -pYo(x — x%) +%Zz¢aﬁ </01 ds §(x — x* — sx"ﬂ)>

a a f#a

+

by means of
o = Oge

where E seems to correspond to the (continuum) Lagrange strain tensor. This is a formal
claim at best, due to the fact that the deformation gradient for the atomistic system is not
given a complete definition and it is the second Piola-Kirchhoff stress, and not the Cauchy
stress, that is dual to the Lagrange strain.
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5.3 Comments

Lutkso’s derivation of continuum stress for an atomistic system is noteworthy because it
connects atomic properties of mass and momentum directly to a standard formulation of
continuum mechanics and derives an expression for continuum stress that is defined at an
instant in time for either a specific point in space or a localized volume centered at such a
point. The shortcomings of his work were not in the concept, but rather in the implementa-
tion. He used an incorrect form for the balance of linear momentum, p = 9y - . Even the
most optimistic interpretation of this expression as d;p = O - o results in a expression that
is not truly equivalent to Cauchy stress o, but rather the combined quantity of o — pv ® v.
In addition, his use of Dirac delta functions and Fourier space require that the continuum
exist over all physical space, making the validity of the resulting stress expression question-
able for a bounded system. Cormier et al. [6] note this feature as well, but do not suggest
alternatives during the derivation of their own stress expression. One such alternative is the
approach by Hardy, to be discussed in the next chapter.
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Chapter 6

Atomistic-Continuum Formulation of

Robert J. Hardy

6.1 Review of continuum mechanics

We can consider a continuum body B to go from some original, reference configuration at
time zero, By, to a new configuration at a later time £, B,. A material point on By is described
by the vector X, and its location on B; at a later time t is given by the transformation
x = x(X,t). Any property of the system can be described by a field variable which is
dependent upon time and the material point at which it is being evaluated. Either the
reference position of the material point or the current position can be used. The choice of
the former is the Lagrangian or Material description. For a field variable A, A = A(X, ).
The time variation of the variable A is expressed as a time derivative:

_dA _ 0A(X,t)

Tdat ot

Alternatively, the field variable can be expressed as a function of time and the current position
of the material point, A = A(x(X, t),t) = A(X,t). This description of the material is known
as the Eulerian or Spatial description. Since the spatial position x is itself a function of time,
the time derivative can only be obtained using the chain-rule:

A

dA B 0A(x,t) 0A(x,t) Ox

A=F="m T @
The quantity %’—tg is the velocity v of the material point at x, and so
dA  8A(x,t) .
—_— = 0L A .
e 5 + v - O0kA, (6.1)
where 5
ax = 5;{‘
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In some of the literature, % is known as the partial time derivative while Ed; is known as the

full or material time derivative and is also often expressed as %. One example of the above

expression is the calculation of the acceleration a of the material point at x,
. dv v

a=v-—E—-—a7+v-6xv. (6.2)

One property of the body B that does not change with time is its total mass mp = mp, =
mp,. This fact can be used to relate the density of the body in the reference configuration
po with the current density p. Consider,

mp, =/ podV = mp, =/ pav. (6.3)
Bo B:

Here, dV is the volume for a differential element in the reference configuration while dV is

the the volume for the same element in the current configuration. They are related by the

relation dV = JdV, where J is the determinant of the deformation gradient tensor F' = %.

Thus,
/ podV = | pdV = [ pJdV, (6.4)
Bo B; Bo
and

This relation can be used to express the conservation of mass at a point in B. Since pg =

Po (X)v

dpo o)) _dp; 4]

dt dt dt
Using equation (6.1),

_(9p aJ
0= <5t-+v'8xp)J+p(E+v-8xJ).

It can be shown that (%L + v - 9xJ) = (8« - v) J, so the above expression becomes

_ (9
0= <8t+v-6xp+p8x v) J,

and since J cannot be equal to zero, then

dp
E + 0x - (pv) = 0. (6.6)

Equation (6.6) can also be stated as

dp
it v = T
o + pOx-v=0 (6.7)
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using equation (6.1).
A similar mathematical exercise can be used to derive Reynold’s transport theorem,

which states that for any quantity I(¢) which describes some aspect of the body B; and is
defined as the integration of some density ¢(x,t) over the body’s volume,

I(t) = o(x,t) dV,
B
the time derivative of I can be shown to be
dl 0¢
E_ | [LZ1s,. dv. 6.8
= [ (G onten) (63
We observe that for the case where I = mp, and ¢ = p, equation (6.6) is recovered.
We can also consider the linear momentum of B, making I = |, B, PvdV and ¢ = pv. The

material time derivative of the linear momentum of a body is, by Newton’s 2"? law, the sum
of all forces acting on that body. Thus,

ZFz/ (3(0")

B\ Ot

+ 0y - (pv ® v)) ay. - (6.9)

For the continuum body B, the forces exerted on that body come in the form of body forces
b acting per unit mass and traction acting on the surface of the body,

ZF:/ pbdv+]4 o - ndS, (6.10)
B I':

where I'; is the surface that encloses the volume B;. Applying the divergence theorem to the
second half of the RHS of equation (6.10) yields

ZF:/ (pb + O - ) dV,
B:

which, when combined with equation (6.9), produces

/Bt@%%‘ﬁﬂLax'(PV@‘I)—pb—Bx-a) dy = 0. (6.11)

As in the case for mass density, in order to insure a balance of momentum density for any
material point in By, the above equation becomes

9 (pv)
ot

=0x (0 — pv® V) + pb. (6.12)
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Using equation (6.1), the material point-wise balance of linear momentum is more commonly

expressed as
dv

T = 0x - o + pb. (6.13)

p

A similar analysis can be performed on the time derivative of the total energy of the
system FE;. This total energy is comprised of body integration of potential energy 4, kinetic
energy and thermal energy ¢ densities,

1 R
E = / edv = (u +=pv? + t) av. (6.14)
B: B: 2

The quantity E; is only altered by the work done by surface traction and body forces, and by
the flux of heat into or out of the body’s surface. By applying Reynold’s transport theorem
and reducing the resulting expression to a point-wise balance of energy, one gets

0é

5 =0k (0 v—év—a)+pb-v. (6.15)

Performing the same analysis on the balance of angular momentum does not result in
another differential relationship, but rather the property of symmetry of the stress tensor,
o = o”. This and the previous derivations do not assume the existence of couple stresses,
and reformulation of the balance laws is required to include them.

6.2 Hardy’s formulation

Hardy’s work uses the balance equations for mass (6.6), linear momentum (6.12) and energy
(6.15) derived above. He considers the body B; to be the system of N atoms which are
interacting with each other through some interatomic potential energy formulation. Each
atom « is characterized by its mass m®, its current position x®, and its velocity v® = ‘%‘:i.
Note: For the benefit of those familiar with continuum mechanics notation, a superscripted,
lower-case Greek letter will denote a property associated with an atom, e.g. mass m?,
momentum p?, etc., whereas a subscripted, lower-case Roman letter will denote the Cartesian
coordinate components of vector quantities. For example, v{ denotes the i-th component of
the velocity vector of atom «.

6.2.1 Densities and Localization

The best way to understand Hardy’s work is to consider that there are two views of the
material system. One perspective is the continuum, where quantities are point-wise functions
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of time and position. These quantities include mass density p(x,t), momentum density
p(x,t), and energy density E°(x,t). The other perspective is that the material system
contains atoms, each of which has its own mass, momentum, potential energy and kinetic
energy. In order to connect the two views, Hardy uses a localization function v which spreads
out the properties of the atoms, and allows all atoms to contribute to a continuum property
at a specific position and time. His three key relations are:

N
p(x,t) =Y mY(x* ~ x) (6.16)
N
p(x,t) = Z m*vP(x® — x) (6.17)
a=1
M1
E%x,t) = Z {éma (v®)? + qsa} P(x® —x). (6.18)

A few things to note:

e From the above equations, it is apparent that the localization function ¢(r) is NOT
dimensionless, but has dimensions of inverse volume,

1
o~ ]
In effect, this states that at the continuum position x, the properties of mass, momen-

tum and energy densities are influenced by all the atoms within some characteristic
volume, and the weight of each atom’s contribution is governed by the functional form

of 9.

e The velocity field v is not determined in the same fashion as mass and momentum,
but is defined by the expression

p(x,?)
p(x,t)

v(x,t) = (6.19)

e In equation (6.18), the total potential energy density of the system is expressed as the
summation of individual atomic potential energies, ¢,.

Hardy establishes a few rules with regard to the localization function . They are:

1. %(r) is a normalized function, thus

/ / . Y(r)d®r = 1. (6.20)
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2. The spatial gradient of the localization function, Ot (x* — x) = 91/(—’;;;"), is equivalent

to the the negative of the gradient of ¥ with respect to it’s argument,

d0(x) _ d(x) or

Ix Or 0Ox

For r = x* — x, this becomes

20(r) _ _ ()

ox or
This relation can be used to show that
oY(x* —
O ~x) _ v Bah(x® — x). (6.21)
ot
3. A Bond function B*?(x) between atoms o and (3 is defined by the expression
1
B*(x) = / Y (Ax* +xP —x) d), (6.22)
0
where x* = x* — x®. By taking the derivative of 1 (Ax*? + x® — x) with respect to
A,
o (Ax*P + xP —
4 ) x) = —x* . 0, (Ax*? +x° - x), (6.23)
and then integrating from A = 0 to A = 1, one obtains |
P(x* - x) — Pp(x* —x) = —x*? . 9, B*(x). (6.24)

6.2.2 Energy and Force Assumptions
Note: The forces discussed in this subsection do not include body forces acting on the atoms

(47 — alo
froay = mob*.

Hardy makes four key assumptions about the forms of the energies of, and forces on,
the atoms in the system. The first is that the total potential energy of the system, ®, can
be considered to be the summation of individual potential energies of each atom within the
system,

N
=) ¢~ (6.25)
a=1

Although this is not always the case, it is usually assumed true for simulations of systems
governed by empirical potentials.

The second assumption is that the force on any atom can be expressed by the summation

od o
o — — of
F* = - B%MF . (6.26)
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This statement can always be made, although it is not always clear what the physical mean-
ing of F*% is. When ® is the summation of pair potentials, ¢* = %Z,]B\;éa ¢*# (z*#) where
1%# = ||x*8||, or for the Embedded Atom Method, F*# obviously means the force exerted on
atom « from atom (3. However, for some multi-body potentials, such as the 3-body term in
the Stillinger-Weber potential [11], the meaning is not so straight-forward.

The third assumption Hardy makes is that the atomic potential energies depend only on

interatomic distances, ¢¢ = ¢* (maﬂ ¥, a:ﬁ") so
A7 x ofp
= — Z Z : 6.27)
af aﬁ (
it o0z*f ¢

This expression includes the possibility that a = 7. Again, radially-symmetric potentials
such as Lennard-Jones and EAM qualify for this assumption, but it is unclear whether po-
tential energies that depend on bond orientations do.

The fourth assumption made is that each atomic potential energy depends only on the dis-

tances between the atom under consideration and all other atoms, ¢* = ¢° (maﬂ zoN ) .
Thus, the force between atoms « and (3 can be expressed as
09> 9P | xP
F*? = — : 6.28
{8:10“5 T 5gaf | 7oB (6.28)

Clearly, while pair potentials and EAM qualify for this assumption, the 3-body potential of
Stillinger-Weber does not.

6.2.3 Hardy’s balance laws
Conservation of Mass

Using Hardy’s expression for density (6.16) and the time derivative of ¢ (6.21),

- at{Zm oot}
_Zm p(x* —X)

= Zmo‘ (—v - O (x™ — x))

a=1

N
—0Oy - (Z mevi(x* — X)) = —0x P

a=1
This shows that Hardy’s use of the localization function to define expressions for continuum
mass density and momentum density satisfies the continuum conservation of mass.
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Balance of Linear Momentum

Starting with Hardy’s expression for momentum density (6.17),
B _ 0[S~ aaryia
E =—8—t{2m Vv ’Qb(X '—X)}
a=1

N
— aava o o aaw(xa_x)
—El[ 5 (x x)+mv——-—8t

Q
Il

[(F* + m*b*) (x* — x) + m Vv (—v* - 0, (x* — x))] )

I
=

1

Q
I}

The force term on the RHS of the above expression can be combined with Hardy’s second
force assumption to obtain,

N N

ZFawx - x) ZZF“%X - X).

a=1 f#a

Since « and (3 run over all atoms in the system, they are considered dummy indices and can
be switched. By doing this, and using Newton’s 3¢ law, F*? = —F#®  one obtains

ZFQ’I,DX - x) ZZF"‘[’ (x* —x) — p(x* —x)).

a—l Ba

Combining this with expression (6.24), the time derivative of the momentum density becomes

Z { Z Fof (—xF . 8XB°‘ﬁ(x))} + m*b*Y(x* — x) + m*v* (—=v® - Oh(x* — %))

B#a
N N
_ = af af aﬁ o . ap.o o
= —0x <2;;x QF**B -i—va ® v¥h(x* x>+§mb¢(x x).
(6.29)

Comparing equation (6.29) with the continuum balance of momentum (6.12), we observe
that in order for these expressions to be consistent with one another,

N N N
1
— = aff of pof ag,o o o
a+pv®v—2azzlﬁ¢zax RF*B (x)—{—va ® v (x* — x), (6.30)
and,

N
pb = Zmo‘baw(xa - x). (6.31)

a=1
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Equation (6.31) can be rearranged to define the continuum body-force field,

b(x, 1) = fear(0 ) _ Tamy m*b(x” - x)

, p(x;1) Zi\;l meY(x* — x)
It is important to note for equation (6.30) that we cannot yet separate out the stress and
momentum flux terms on the RHS. This is because the continuum velocity field v does NOT
include atomic motion characterized as thermal motion, hence the continuum term pvv is

not equal to the second term on the RHS of equation (6.30), but only a portion of it.

(6.32)

Balance of Energy
Starting with Hardy’s expression for the system energy (6.18),

R )

a=1

o (5 i (i} 2502

8£a } Y(x* — x) + {%ma (v%)* + ¢°‘} (=v® - o(x® ~ X»] ‘

NE

[e%

N

;H(F‘wm

By imposing the second and third force assumptions, Hardy combines the F* and 3%: terms
into

OE° N N N P B oy
W‘ = Z [maba . Va?/)(xa — X)] + Ox - (Z [Z Z (aja’y };a'y v ) XaﬁBaﬁ(X) })
a=1 a=1 | B3#a Ly#a
Y1
— Oy - (; {gm“ (v*)* + ¢“} vePh(x® — x)) .
(6.33)
By comparing equation (6.33) with (6.15), we see that
o-vV—¢év—q= Z [Z iiz &ﬁi a'vzsvxaﬁ B*%(x) J v
pre Late (6.34)
- \; { )+ preuta - x),
and
N
pb-v = Z mob* - vy (x* — x). (6.35)
a=1

As before, expressions (6.34) and (6.35) are in their simplest forms since we have not yet
addressed the issue of atomic motion versus continuum motion and thermal energy flow.
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6.2.4 Macroscopic Flow and Microscopic Motion

In order to separate atomic motion into continuum dynamics and thermal energy, Hardy
splits the atomic velocities v* into the continuum velocity v(x,t) and a relative velocity
u*(x,t),

v® = v(x,t) +u®(x,t). (6.36)

As Hardy shows, this relative velocity field has zero net momentum. Hardy now goes on to
reformulate the balance laws for momentum and energy in terms of v and u®.

Balance of Linear Momentum - Revisited

Starting with equation (6.30),

N
T+ VRV = x*? @ F** B*#(x) + Z mev® @ veh(x® — x)

a=1

-
NE

Q
I
i
W
S
Q

N
x*? @ F¥*B*?(x) + Zma (u* +v) ® (u* + v) P(x* — x)

I
M=
] =

Q
Il
—
w»
B
Q

+
M= 1 [M=
NE

%8 ® FaﬂBaﬁ(x) + Z meu® ® ua,d)(xa _ X)

Q
I
—
o)
S
Q
Q
[
—

Q
l

N
meu®yY(x® — x)) QV+VER (Z meuP(x® — x)>

M =

+

moY(x* — x)) VQRV.

Q
I
—

As stated previously, the net momentum of the relative velocity field is zero by the definition
of v, found in (6.19). This makes the third and fourth terms on the RHS of the above
expression both equal zero. Also, we can re-use Hardy’s definition of the mass density field
(6.16),

N N
1
—U+pV®V=§;ﬂ§Xaﬂ®F°"BB°‘ﬁ +Zmu QuY(x* —-x)+ pvv. (6.37)

Obviously, we can now isolate the expression for the stress tensor,

{ ZZxaﬂ@)FaﬂB"‘ﬂ Zm u® ® u*P(x® —x)}. (6.38)

a=1 f#a
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Balance of Energy - Revisited

Starting with equation(6.34),

N N N
. 0P x7 @ xF N
o-v—év—q= [Z[ 81?"7 o Bﬂ(x)”-v
o=1 [ L1
N 1 a\2 a a o
-3 3m” (V)" + ¢% p v (x* — x)
a=1
N [N [N
R 0P x> @xF N
a.v-ev—q:Z[Z[ 8;:;2?1’)’ v BIB<X) :‘(u +V)
a=1 | f#a Lyra
ANS|
——Z{E *((u*)* + 2u® v+02)+¢>°‘}(u“+v)¢(x°‘—x).
a=1

Rearranging terms on the RHS of the above expression, we obtain

N
2
B#a

o—r1

a=1

N B oy af
EEE [

YH#a a=]

- (fj{ me ((u)” +?) +¢a}w<xa—x>) v

a=1

N N 8 o af
L‘:{ e Baﬂ(xﬂ'ua
or® ™
Y#o

Bro

+

M=

1

Q
Il

{5me @+ ) + o burue -

[M] =

1

Q
I

(6.39)

The second term on the RHS of (6.39) can be simplified by using the Hardy’s definition of
mass density (6.16), and the zero net momentum property of the relative velocity field is
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used to simplify the fourth term. The resulting expression is

ML [ 9¢P x7 @ x#
o-v-év—q= Z Z i —— B*#(x) Zmu QuY(x*—x) | v
o y#a

=1 Lo
1 ANyS|
—_ — 2 — o a)2 [ o
<2pv +Z{2m (u)+<f>}1,b(x x))v
N XL 988 xor @ xo8
|2 [Z e A
f#a Ly#a

—-Z{ +¢°‘} u®h(x* — x).

(6.40)

The first term on the RHS of equation (6.40) does APPEAR to match up with the continuum
term of o - v, provided that for atom «,

D) Z Z Xaﬂ ® FaﬁBaﬁ Z Z oy Ty

a—l Ao a=1 B#a Ly#a
This is the reason for Hardy’s fourth force assumption, which restricts the value of 3 to equal
only « or 7y to provide non-zero terms on the RHS of the above expression. It follows that,

N N N
O¢P x7 © xP aﬁ X% @ x*8 o
Z Z ore oY B Z 2 oyt 8 oy a)@ + 5[3’7) Ty B ( )

B xoy af
007 x@x? g ]

(6.41)

a=1 B#a Ly#a a=1 f#a
B xoB o8
—ZZ%ﬁﬁXWm
a=1 B#a
o 3 af of
33+ i}
a=1 fa

(6.42)

The last line shown above confirms that the two expressions are equivalent by equation (6.28).
As stated previously, this restriction is violated for empirical potentials such as Stillinger-
Weber [11]. S-W has a 3-body energy term that gets split three ways among the interacting
atoms, but is a function of all three interatomic distances. As such, a non-zero term will
occur for 8 # a, 7.

By comparing the second term in (6.40) with the definition of continuum energy density
é found in (6.14), we can isolate the potential energy density,

4= Z P°P(x* — x) (6.43)
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and the thermal energy density,

m* P(x* — x). (6.44)

N =

N
a=1

Finally, the remaining third and fourth terms comprise the heat flux per unit volume q,

N N N
a¢ﬁxa7®xﬁ ﬁ
a=-3 |3 | 22O
pocil vl bl

u® +Z{ +¢a}ua¢(xa—x).

(6.45)
This relation can be simplified by Hardy’s fourth assumption,

N [N
a=-) { 2 o
= i oz~ xo

‘u +Z{ m® (u®) +¢°‘}u°‘1/)(x°‘—x). (6.46)

One remaining task is to revisit the body force term derived during the balance of energy
in equation (6.35). Starting with this equation, we obtain

pb - v = imaba - vOY(x® — x)
= z:m"bCY c(u® 4+ v) P(x* = x)
=Zm°‘b°‘-ua P(x* — x) (Zmab“ x* ——x))-v
= Zm"‘ba cu*Y(x* - x)+pb - v.
Clearly this is only true if

Zm B(x* — x) = 0. (6.47)

This does NOT automatically seem to be satisfied. However, for the case of the same body
force on each atom, b! = b? = ... = b", the zero net momentum property of the relative
velocity field does make it true. This extra term can be thought of as ”fine scale work”
done by the body force field on the relative atomic velocity field that is neglected by the
continuum formulation.
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6.3 Comparison of Hardy’s method with Moving Least
Squares

6.3.1 Moving Least Squares (MLS) particle methods

A group of methods for representing a continuum with computational points or “particles”
variously named : Smooth Particle Hydrodynamics (SPH) [12], Moving Least Squares (MLS)
[13], Element Free Galerkin Method (EFG) [14] and Reproducing Kernel Particle Method
(RKPM) [15] , fall into a common framework. All the methods are derived from the linear
transformation of a field u(y)

up = / on(%, % — y)u(y)dy (6.48)
Q

through convolution with a smoothing (or kernel) function ¢s(x,x —y). The function ¢y
is sometimes called a ‘window’ function since it typically approaches zero as the magnitude
of the second argument approaches a characteristic distance A, i.e. as y gets further than A
away from the center point x. Various authors propose a number restrictions on the form of
the kernel function:

1. compact support, pp(x,x —y) = 0 outside a finite region that includes x,
2. positiveness, ¢n(x,x —y) > 0 everywhere,

3. centeredness, pp(X,x —y) monotonically decreases as ||x — y|| increases,
4. Dirac delta property, limp_,o pn(X, %X —y) approaches the Dirac delta,

5. normality, [, on(X,x—y)dy =1

Item 1 is useful for computational reasons, much like how most implementations of atomistic
potentials have a finite interaction distance. The other properties regulate the behavior of
the transformation, but item 5 is the only property that is necessary for the transformation
(6.48) to be able to reproduce (constant) fields.

For illustration, examine the RKPM window functions

er(x,x —y) =b(z) - P(x - y)@n(x - y),

here b(x)-P(x—y) forms a multiplicative correction to the simple window function @, . The
quantity P(x) is a vector of polynomial basis functions (in one dimension, a basis of order k
would be PT(z) = (1,z,2?% ...,2*) ) and b is a vector whose components are determined by
the consistency condition, which, with manipulation, is equivalent to

P(0) = / b(x) - P(x — y)@n(x — y)P(x — y)dy (6.49)
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so that )

b= [ [Pe-vePx-amx-yi| PO. (6.50)

This consistency condition allows the RKPM to represent signals u up to the order of the
polynomial basis P(x) exactly. Notice that the first equation of the system of equations
(6.49) is precisely the normality condition. For a uniform grid in one dimension the correction
function only differs from unity at the boundary of the domain; however, for a non-uniform
distribution of particles, the function b(z) - P(x — y) needs values away from unity almost
everywhere in order to correct the simple window function @n(x —y). To see the difference
between a MLS representation of a linear field using corrected RKPM kernels and uncorrected
kernels examine Figure 6.1.

-7
e
P

8t

-— uncorrected
----- corrected

2 4 6 8 10
Figure 6.1: MLS representations of a linear field.

By evaluating the integral in equation (6.48) with quadrature, an approximation

Uup = Z b(x) - P(x — x1)@n(x — x7)u(x;) AV = Z on(x,x —x7)AVIus = ZCI’I(X)UI
I 1 1

(6.51)
to the original field u can be made. This approximation relies on the existence of the inverse
in equation (6.50), which, in turn, requires that the quadrature involve enough points in the
support of ¢(x,x — x;) so that the matrix being inverted has full rank. With this in hand,
it is possible to identify the approximant functions

P = b(X) . P(X - xl)@h(x — X])AV} .

This representation clearly implies that the function @, has the inverse units of the tributary
volumes AVJ.
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6.3.2 Comparison of Hardy’s atomistic method and MLS methods

To make a meaningful comparison between Hardy’s continuum interpretation of atomistic
particle methods and MLS continuum particle methods, first the positions x; of the inte-
gration points of the MLS method need to be identified with the positions x, of the atoms.
Although, in some sense, they carry different information: the MLS quadrature points are
samplings of what is assumed to be an underlying continuum field, whereas the atoms’ infor-
mation is inherently discrete in space. Basically this is what Hardy is trying to resolve; his
method is giving a prescription of how to take the so-called “continuum limit” where there
are enough particles in the region being examined to construct a continuous field from the
discrete values.

For his analysis, Hardy chooses density, momentum and energy to be his primary fields,
which are derived from the fundamental atomistic quantities of particle mass m,, particle
position x,, and the time derivatives of its position. To see the correlation between MLS
and Hardy, consider u in equation (6.51) to be linear momentum

Pr = Z prvro(x,x —x7)AVr .
7

Hardy’s expression is

p=> mvn(x—xp),
T

where ¥(x — x7) is his window function. Clearly, in the continuum the (reference) density
is known a prior: and in the atomistic system the particle masses are known at the outset.
This leads to a volume weighted versus a mass weighted quadrature where either >, AV;
equals the volume of the body or Y, ms equals the mass of the system. With tributary
volumes assigned to Hardy’s atomic quadrature i.e.

1

p=Y mvmh(x—x) = mmlvﬂﬁ(x - x7)AVr,
T T

its easy to see that ¢(x,x —xs) and ¥(x — x;) do essentially the same job. So, if one wanted
Hardy’s method to represent linear (as in a patch test) or higher order fields well, it would
require the use of corrected RKPM window functions.

It is interesting that in Hardy’s formulation other fields like velocity and stress are defined
in a way that makes them consistent with the continuum balance of linear momentum. Unlike
MLS, where a smoothing approximation would be applied first and then a constitutive law
based on the continuum displacement or velocity would be applied to obtain stress, Hardy
derives his stress ultimately from the interatomic energy potentials and the atomic velocity
trajectories. It seems that Hardy’s method is a post-processing step, but given that he makes
his derived quantities consistent with continuum balance laws, an outside observer could not
tell whether continuum quantities were derived from atomistic balance of linear momentum
(Newton’s 2" law) or the continuum version (perhaps with internal variables). This is ideal
for atom-continuum coupling.
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6.4 Evaluation of Continuum Stress in Atomistic Sim-
ulation

In this section, we compare stress for atomistic systems as described by the virial theorem
to results obtained using an expression for the Cauchy stress derived by R.J. Hardy. As a
function of increasing cutoff radius for the stress analysis volume, the Hardy description of
stress displays a quicker convergence to values expected from continuum theory than volume
averages of the local virial stress. Furthermore, the behavior of Hardy’s expression near a
free surface is consistent with the mechanical definition for stress.

6.4.1 Stress in a crystal at zero temperature

For our simulations, we used the embedded atom potentials for Ni and Cu by Foiles, Baskes
and Daw [16] and a constant localization function within a spherical volume of radius R..
With this choice of 1), B*® has the simple geometric interpretation of the fraction of bond
length between atoms « and 3 (normalized by $7R?) that lies within the localization volume.

Our first simulations were quasi-static for a bulk Cu lattice comprised of 3,072 atoms
with periodic boundary conditions on all sides at zero temperature and pressure. The size of
the computational box was 8x8x12 unit cells. For this system, the stress at any spatial point
should equal zero. However, this was not observed, as shown in Figure 6.2. Figure 6.2 shows

0.002 1 ] I ]
Hardy
Virial
S
<
>
2 O
b‘—
-0.002 ' L 1 '
2 6 8 ] 10 12 14
R, (A)

- Figure 6.2: Virial and Hardy stress for an atomic system at zero temperature and pressure.
that the Hardy stress evaluated at a randomly chosen point contains a small fluctuation that

diminishes in magnitude as R, increases. Figure 6.2 also shows the volume average of the
local virial stress for a spherical volume of radius R.. This volume average can be expressed
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by the relation

1 1 N N N
ﬁ=—7{5szaﬂ@aFQMZmaxa@xa}, (6.52)

Oéevc ﬂ:;éa ae‘/c

where V., = £7R3 and the symbol 7 is used to denote the local virial stress in order to
differentiate it from the Hardy expression for stress. For quasi-static analysis, the second
term in the above expression vanishes. Figure 6.2 shows that the value of 71, is exactly zero
for all values of R., an expected result since all local virial stresses are zero for this case.
We attribute the behavior of the Hardy stress to differing amounts of force contribution for
each interacting atomic pair as the localization volume changes. As the averaging volume
increases, the bond function B changes its value only for those atomic pairs that have at
least one of the atoms lying outside the volume. As R, increases, the magnitude of these
force contributions become much less significant than the force contributions from atomic
pairs interior to the volume. In fact, since the number of bonds lying completely within the
volume increases as R> and the number that partially contribute to the stress increases as
R?, one would expect the amplitude of fluctuations to decay as roughly R;!. Hardy, Root
and Swanson [17] themselves noticed the correlation between fluctuations in stress and the
size of the localization volume.

The curve shown in Figure 6.2 was for the normal stress evaluated at a single spatial point
chosen at random. Examination of the mean of this curve averaged over many such randomly
chosen points, shown in Figure 6.3, reveals that the magnitude of these fluctuations becomes
vanishingly small as the number of averaging points increases. The fluctuations decrease in
magnitude by a factor of 10 when stress is averaged over 10 or 100 points, and decrease by a
factor of 50 or greater when stress is averaged over 1000 points. This behavior is consistent
with the mathematical definition of the Hardy stress, equation (6.38). As more spatial points
are used for averaging, we are, in-effect, integrating (6.38) over all space. This integration
results in recovery of the expression for the virial stress for the system, which is zero for this
case. We can also examine the variance of these averaging distributions, shown in Figure 6.4.
The variance, or standard deviation, is defined by the relation

Np
var (o1;) = Npl_ =S (ou ) — ou)? (6.53)

p=1

where N, is the number of spatial points averaged over. Not only does Figure 6.4 show that
this variance approaches zero as R, increases, but it also reveals that the behavior of the
variance as a function of R, is virtually the same whether 100 or 1000 spatial points are used
for averaging. This may indicate some limiting behavior in the functional dependence of the
variance on R, as N, — oo.

The impact of these fluctuations is less significant for cases of non-zero values of stress,
as shown in Figure 6.5 for a system under 2% uniaxial strain. The Hardy stress fluctuates
around the expected value of 0.02 eV/ A3, with the magnitude of the fluctuation decaying
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Figure 6.3: Mean of the Hardy stress averaged over many spatial points.
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Figure 6.4: Variance of the Hardy stress averaged over many spatial points.
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Figure 6.5: Virial and Hardy stress for an atomic system at zero temperature and 2% uniaxial
strain.

with increased R,. The error is acceptably low, only 4% at R, = 6 A. The virial stress
also fluctuates about the expected value due to the minor changes in volume that alter all
continuum densities. The error in the averaged virial stress does not decay as quickly as for
the Hardy stress, and is significant even up to distances of 8 A.

6.4.2 Stress in a crystal at finite temperature

Stress within a system at finite temperature was also evaluated. Figure 6.6 shows the stress
for a system that was equilibrated to be at zero pressure at room temperature, then uniaxially
strained by 5%. Only the force-term portion of the stresses is shown in Figure 6.6, as the
kinetic term is the same for both Hardy and virial expressions and contributes less than 10%
of the total stress. In Figure 6.6, all data points are calculated for a localization volume
centered at the same particular spatial point at a given instant in time. While both Hardy
and virial stresses show oscillations that converge to the same limit, 0.0738 eV /A3, the
Hardy formulation smoothes the fluctuations more effectively than the virial. Notice that
the magnitude of these thermal fluctuations overwhelms those noticed at zero temperature.

6.4.3 Stress in a crystal with a free surface

Differing causes of fluctuations for the two stresses impacts stress evaluation for regions with
inhomogeneous structure, such as at a free surface. Figure 6.7 shows the stress within a
crystal as a function of distance from a free surface for two values of R., 6 and 10 A. Within
a distance R, of the top atomic layer, the magnitude of fluctuations is comparable for both
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Figure 6.6: The force-term portions of the Virial and Hardy stresses for an atomic system
at room temperature and 5% uniaxial strain.

expressions. However, the wavelength of the virial fluctuation is clearly tied to the size of the
averaging volume, i.e. it equals twice the value of R,. This result shows a ‘smearing’ of the
oscillation in local virial stress noticed by Cheung and Yip [4]. In contrast, the wavelength
for the Hardy stress fluctuations is considerably smaller than for the virial, and is roughly
the same for both values of R.. Also, the Hardy value decays within the region between the
top atomic layer and the “effective” surface of the crystal, located at a distance equal to
R,, while the virial stress increases in magnitude, only dropping to zero within 0.5 A of the
effective surface.

We also examined the normal stress for directions parallel to the free surface, i.e. the
planar stress that normally corresponds to residual surface stress. This is shown in Figure 6.8
for the same atomic system discussed above. We observe that the stress distribution is
virtually the same for both the Hardy and virial expressions. Both display a build-up of
finite stress below the surface, representing a material’s surface tension, and a drop-off to
zero at the effective surface of the solid.

6.4.4 Remarks

Our analysis has shown that the definition for Cauchy stress in an atomic system developed
by Hardy does a better job than the expression based on the virial theorem. In general,
fluctuations in the Hardy stress are lower in magnitude and decay faster with increasing
averaging volume size. Also, the behavior of the Hardy expression for stress near a free
surface is consistent with the mechanical definition of stress.
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Figure 6.7: Virial and Hardy stress for an atomic system at zero temperature and pressure
with a free surface. The heavy, dashed line denotes the position of the top layer of atoms,
both at zero, while the heavy, solid line denotes the effective position of the free surface of
the crystal.
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Figure 6.8: The normal stresses for the cubic directions parallel to the free surface for the
system shown in Figure 6.7.

6.5 Extending Hardy’s formulation to non-central po-
tentials

Section 6.2.2 discussed the four assumptions made by Hardy regarding the form of the inter-
atomic potential energies and interaction forces. In this section, we revisit these assumptions
and challenge the ones that require that Hardy’s formulation be applied only to “central”
potentials, e.g. pair potentials and the embedded atom method. We will present revisions
that allow Hardy’s method to be applied to certain non-central potentials, such as 3-body
potentials like the Stillinger-Weber potential for silicon [11]. However, these revisions will
also be accompanied by caveats regarding symmetry of the Cauchy stress tensor.

6.5.1 Bonds, Energies and Forces in Atomistic Mechanics
Configurations and Invariance

For a finite system of N particles a set of their positions
k={x* a=1.N} (6.54)

with their masses m® constitutes a ‘configuration’ in a static setting (momenta p* or veloc-
ities v are necessary to describe a configuration in a dynamic setting). The energy of the
system ® depends on the configuration

® = (k) = &({x}) ; (6.55)
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however, a basic symmetry rule, invariance under superposed rigid body motion or change in
coordinate frame, restricts how the energy depends on the configuration. Invariance requires
that
Ot = P({x*T}) = d({x*}) =: ® (6.56)
where
x®t =Qx*+a, Qe€Orth* (6.57)

i.e. that the energy cannot change with rigid rotations and translations of the configuration.
This implies that the energy cannot depend directly on the particles’ positions.

Bonds and Energy

Every atomistic system of particles has a substructure made up of bonds B, so that the total
energy can be decomposed as:
o= o¢¥. (6.58)

KeB
The energy of an individual bond depends only on a subset of the configuration, e.g. two
{x*,x"} or three {x* x# x7} or four atoms {x* %% x7,x°}. By applying the invariance
principle, it is clear that ¢’ can only depend on invariants like a distance

I; = ||x°%|| where x*®:=x*—x*, (6.59)
a cosine of an angle
1
I, = —————x% . xP7 (6.60)
x|l
an area
I, = ||x* x xP7|| , (6.61)
or a volume
I, = [xP*, x7*, x5 1= (xP* x x7) . x5 (6.62)

In all these invariants the difference in positions removes the dependence on the rigid trans-
lation a and the inner product or cross product removes the dependence on the rigid rotation

Q.
Forces

If forces are defined to be conjugate to changes in particle positions (they could be defined
to be conjugate to other kinematic variable, e.g. the invariants I;), then

—6® = Fox® = F* = —0,® . (6.63)
So
Fo=—0e®=) Y ¢k Ol (6.64)

KeB ie{d,a,s,v,..}
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where the sum over bonds can be restricted to only the bonds that involve particle a without
loss in generality. For a pair bond dependent on relative distance a contribution to the force
F* would be

Opi 01y Odx 1 s
= ap 6.65
B3I, ox> Ol |xP| (6.65)
For a triplet bond, the angle dependence would lead to contributions
- —_——  _x© 6.66
oI, o= ~ oL T > T ) (6:69

for particle o and

9¢k 0l _ 99k 1 o8 L 5 _ (g 8 X8 %5
0L, oxP — I, {xo?||[|x5|| ( * ( )(“Xa,BHQ + HX@;,,Q)> (6.67)

for particle 3, the ‘center’ atom. So the bonds that depend on basic arguments like x*? lead
to contributions along those directions. These contributions can be grouped by their vector
components, x*#, x?7, etc., and those associated with, say x*?, can be named ‘F*?’ but this
force is not, in general, a derivative of an energy function. Recall that the force F* is a sum
over relevant bonds of the partial derivative of the bond energy holding the positions of all
the other involved atoms fixed and can be interpreted as the force on a due to the system.
Except for the simple case of pair bonds where the ad hoc assumption that the bond energy
is divided between the two atoms in some fixed ratio can a force F*? be derived from a
potential involving only x* and x?, as in

1

F* = —(8,¢* + 01,0°) [

of —6Id¢K xaﬂ =F*= _Fﬂ (668)

——X
[Ix4]]

where ¢® = ¢f = %(bK(xo‘,xﬂ).

6.5.2 Hardy’s Assumptions Revisited
Assumption 1 - Individual Atomic Potential Energy

The first assumption by Hardy states that the total potential energy of the system ® can be
divided into individual atomic potential energies ¢,

N
o= ¢ (6.69)
a=1

As discussed above, the system energy ® is composed of the energetic contributions due to
bonds between atoms. In general, this energy can be expressed by the following expansion

® (x*,x7,...,x") = ZZ’UQ (x*,xP) +ZZng (x2, %P, x7)

a f>a a fravy>p (6.70)
+. .. +UN (Xa,xﬂ,. . ,XN))
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where vy, represents the potential energy for a unique k-body interaction. We have omitted
the v; term of the expansion since that term violates the invariance of ® already mentioned.
Equation 6.70 can always be rewritten as

® (x*,x7,...,x") = Z {%Zu@ (x"‘ﬂ)} —|—Z {%Z Z ws (Xaﬂ,xav,xﬂv)}

o\ Ba o Bra v Bto

+...+za:{_]%z Z ...ZwN(xaﬁ,...,xaN)},

CpravABia N
(6.71)

where w;, is the a reformulated version of v, in terms of the interatomic vectors. It is
important to note that each wy represents the total interaction energy from the unique
combination of the atoms involved. For example, ws is the total interaction energy between
atoms «, § and y. The use of the factorial symbol (!) compensates for over-counting the
contributions, e.g. a=1,8=2,vy=3and a=1, § =3, v =2, but it is essential to realize
that ws equals the same value for all distinct combinations. The individual atomic potential
¢* from equation (6.69) can now be identified as

1) 115 ) 1t

Bt oy

%Z Z ---ZwN(xaﬂ,...,xo‘N).

" fayABra N

(6.72)

The use of equation (6.69) is somewhat misleading, since the energy itself lies within the
bonds, and is not localized to the positions of the atoms themselves. However, the use of
these expressions is mathematically valid and equally distributes the system energy among
all its constituent atoms.

Assumption 2 - Dividing up the force on an atom

Hardy’s second assumption states that the total force on any atom, F¢, can be divided into
pair-wise forces between atoms,

N
po=_0% _ > FP, (6.73)
Ba

The assumption is a perfectly valid one as long as there are more atoms than spatial dimen-
sions. Equation (6.73) merely states that the total force on each atom is broken up into N —1
different contributions, in some fashion. However, it does not necessarily dictate how that

division is performed, nor does it necessarily provide a physical meaning for the expression
Fob,
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Assumption 3 - Functions of interatomic distances only

This assumption states that all potential energy functions should only be functions of inter-

atomic distances, ¢* = ¢*(z°?, z*,...,zP7), so that
dgp7 x°8
SRR ) PrL i 79
B#a y=1
This assumption is clearly not true for all potentials. However, it is true that all interatomic
energies can be expressed as functions of the interatomic vectors, ¢* = ¢ (x"‘ﬁ, X L, xﬂV),
and thus,

od?
= Za aB ZZ )Zba,@ (6-75)

Bra B y=1
At this point, it might be tempting to say that

o

Fof = :
oxeh

(6.76)

however, this definition of F*? will not necessarily satisfy the balance of linear momentum
within Hardy’s formulation.

Assumption 4 - Defining the quantity F*?

Hardy’s fourth assumption states that each atomic potential energy depends only on the dis-

tances between the atom under consideration and all other atoms, ¢¢ = ¢~ (.’EO"B , N )
Thus, the force between atoms o and [ can be expressed as
9>  O¢P | x*P
F* = — : 6.77
{83:“5 T 5B [ 7B (6.77)

Clearly, this is a false statement for any arbitrary potential. However, a broad range of
potentials exist such that the potential energy for each atom will depend only on interatomic
vectors between the atom under consideration and all other atoms,

¢~ = ¢*(x*%,x*, ..., x*N). (6.78)

An example of this type of potential is 3-body portion of the Stillinger-Weber interatomic
potential for silicon [11]. The expression for this 3-body energy is

v v Xaﬁ . Xa6 1 2
ws = eXexp| 7 ol Bl s —Far T3 (6.79)

o
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where €, A, 7, 0 and a are fitted material parameters. This energy represents the angular
bond that exists between atoms «, # and §, where « is considered the “center” atom and a
non-zero energy results whenever the angle

Xaﬂ . xa&
eﬂaé = arccos<W>

deviates from an angle of 109.47°. Please note that (6.79) can be re-cast into a form that
depends only on the interatomic distances between atoms, thus satisfying Hardy’s third
assumption. However, this new form would violate the fourth assumption since it would
have the energy function ¢* dependent on the distance z%°.

6.5.3 Using Hardy’s method for 3-body forces
The form of ¢* in (6.78) suggests that the expression for F# should be

o 8¢~ 9¢f
F’BE—-{W-FE;Q—B}. (680)

This expression seems to be the simple combination of evaluating (6.78) within (6.75). How-
ever, it is crucial to notice that the functional form of each ¢* must be consistent with (6.78),
and cannot necessarily be expressed as the original form of ®. As an example, consider the
interaction of only 3 atoms (a, § and §) and only a single 3-body potential energy term &,

P = & (x*# x*) . (6.81)

Using the relation (6.72), the full energy ® is partitioned equally among the 3 atoms, ¢* =
¢? = ¢° = 1®. However, before we start taking partial derivatives of these individual
energies for equation (6.80), we must express the functional dependency for each energy
correctly. For atom «, the expression is trivial,

P> = %@(xaﬂ,xa‘s) , (6.82)

but for atoms 8 and §, the expressions are,

O = 87 ) = 20 (x0%, 507 + ) (059)
¢6 — ¢6(X6a,xz§ﬁ) — %@(xaé 4+ xtsﬁ,xa&) (684)

In these relations, we have substituted x*# 4+ x%¢ for x*® in the expression for ¢ since,
according to equation (6.78), it cannot depend directly on x*°. Likewise for the ¢° term, we
have substituted x*% +x%8 for x*8. Obviously, clarity requires that any expression that uses ®
in a simple way must refer to its original form shown in (6.81). So, when partial derivatives
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are taken, they must include terms that may indirectly depend on certain variables. For

example,
o¢P _1( 09 4 0® ox>° _1[ 0% + 0P
OxoB 3\ 9xB ' Ox gxeb | OxeB  Oxod |-
Equation (6.85) is easily understood. The first term inside the parentheses results from the
derivative of ® with respect to x** as it appears explicitly within the normal functional form

of @, but the second term is present because ® also depends on x*°, which itself depends on
x%? through the relation x* = x*# + x*. Since

99 _ _:{; <_<93) , (6.86)

(6.85)

xoP oxp
0

we can now calculate F*# from equation (6.80),

Fa,B — { a¢a 8¢B }

OxoP 3x°‘ﬂ
1 8%
§<axaﬂ axa5>} (6.87)
®

B _{ (aiia)

__ 292 19
- 3 9xoP 38x°“5

2 0P 1 09
ad __ ) 2 el
Fo0 = { 35 3 axaﬂ} , (6.88)

Similarly, for this example

thus the full force on atom o is

Fa=Fa,B+Fa6
2 00 1 0% 285 1 0®
=‘{§axaﬂ+§axaa}—{§m+§a—xaé}
=_{_‘9?L+3_‘I’} (6.89)
OxoB ~ Oxs
5% 8%
- “gﬁ;é Bxon  oxe’

It is interesting to note that the expression for F** in (6.87) involves derivatives with respect
to interatomic vectors other than just x*?, and that it is not necessarily collinear with x*#.

It can be shown that equation (6.80) can be used just as equation (6.77) to satisfy both
the balance of linear momentum and the balance of energy. This produces an expression for
the continuum stress tensor,

{ ZZxaﬂ@)FaﬁBa'B +Zm u® ® u®yP(x* —x)}, (6.90)

a=1 G#a
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or,

1 X 96
§ZZxaﬁ®{ xaﬁ"}'axaﬁ}Baﬁ Zm u® @ uP(x* — x). (6.91)

Given this expression for stress in terms of the vector derivatives of non-central interatomic
potentials, the question remains as to whether (6.91) is a symmetric tensor. The continuum
theory that Hardy’s formulation is based upon assumes this to be true, and it certainly was
true for central potentials. However, unless it can be proven to be a symmetric tensor, our
new definition of stress is no longer consistent with standard local continuum theory, and
an enhanced continuum theory of some kind must become the basis for a new definition of
stress.

We begin by examining the simple case used above of 3 atoms interacting through a single
interaction energy term. For this case, we ignore the kinetic portion of the stress tensor,
which is inherently symmetric. Starting with equation (6.90) and using equations (6.87) and
(6.88), we obtain

NN
X,t) = —EZZX‘M ® F**B*f(x)

o=1 fta .
= —x* @ F¥B*(x) — x** @ F* B*(x) — x* @ F¥ B (x)

200 109 100 200
e 508 il af ad - = ad
=X ®{33 c4,4-:))(9XM}B (x) +x ®{3axaﬂ+3axa6}3 (x)

1 0% 1 0%
B8 = - 85
+x ®{ 38X°‘5+36x°‘5}B (x).

(6.92)

The last line shown above has used the result

1 09 1 0%
g - 7= 7
B = {3 oxeB 3 0x? } ’ (6.93)

which was obtained in a similar manner as equations (6.87) and (6.88). The expression for
stress can be slightly simplified to

2 09 1 09 1 09 2 09
— afl “ - af ad - = od
o(x,t) =x ®{38xaﬁ+36xa5}3 (x) +x ®{38xaﬂ+38xa5}3 (x)
1 00 1 09

{ a5 aﬂ} {—gaxaﬂ + g axaé} Bﬁé(x) ’

however this cannot be shown to be symmetric because we have not yet identified a local-
ization function and thus, cannot combine the different terms.

(6.94)
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One result we can obtain is the expression for the average stress, &(t), for the entire
volume V of the system. Integrating both sides of equation (6.94), we obtain

o L (o0 {202 100 . (100 200
o(t) =7 (X" ® 35508 T 3 a0 Y

1602 109
abd _ af = =
+{x* -x*} ® { 35%8 T 38Xa5}> (6.95)

=L x“ﬁ®—a@ +x%® 0%
Y Ox°h Oxed

This result can be shown to produce a symmetric tensor by using the fact that the potential
function ® must depend on the vectors x*? and x® through invariants, as discussed in
section (6.5.1). For the case of 3-body potentials,

o= @(xaﬁ, x"“s) = @(x"‘ﬁ, %% cos 0505) - (6.96)

This is certainly the case for the Stillinger-Weber potential [11], shown in (6.79). Using
(6.96) to evaluate the partial derivatives in (6.95), we obtain

oo 0% xf 9 [ x0 cg X8
9x 0z 78 © e [zaﬂxaé T 7o xaﬂ}
od 0% x5 [ xof cg X0

%26~ §zed zod T ey { } ’

(6.97)

maﬂmad - b pad

where cp represents cosfg.s. Substitution of (6.97) into (6.95), along with simplification of

terms, results in the expression
o) = L 02 9% ¢y | xP@x*® | 0D 0D o
TV \|8z2B  HcpzB b Oz Ocyx

+a(i) {Xaﬂ ® xaé 4 xa5 ® Xaﬁ}
Jdcy gobgad ’

Xa6 ® Xat5
ma&

(6.98)

Clearly, the average stress for the system is a symmetric quantity, but it is not apparent that
the local expression for stress, equation (6.94), is also symmetric. Stress will be symmetric
only if the quantity B(x) is a constant for all contributing (B # 0) pairs of atoms. However,
if the localization volume boundary separates two interacting atoms, B(x) will not be the
same value as for all other pairs, and stress asymmetry may occur. This situation may imply
that the localization volume centered at a point contains a net moment. For such situations,
it will be necessary to reformulate Hardy’s method using an enhanced continuum theory
that contains asymmetric Cauchy stress and couple stress tensors. One such theory is the
micropolar elasticity theory by Eringen (7], covered in the next chapter.
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6.6 Comments

Hardy’s method shows a definitive advantage over other expressions for continuum stress
presented in this report. Stress can be determined locally in both time and space, and is
properly defined with respect to a standard formulation of continuum mechanics. Hardy’s
use of finite-valued, limited-range localization functions works well in conjunction with the
finite boundaries and the boundary conditions typically used in atomistic simulations. Even
with this method, some shortcomings are still present. The large fluctuations observed for
simple loading conditions lead one to conclude that physical interpretation of the evaluated
expressions requires averaging over a minimal span in both space, i.e. a minimum character-
istic volume, and time. The positive effect of spatial averaging has already been observed,
but the effect of temporal averaging has yet to be evaluated. Also, Hardy’s technique can
only be applied to particular types of atomic interactions. A more generalized approach
needs to be developed.
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Chapter 7

Eringen’s Micropolar Continuum
Formulation

7.1 Motivation

Our goal will be to perform a similar formulation to Hardy’s for equating a continuum
with an atomistic system, using a micropolar continuum instead of the standard non-polar
one. The purpose of this exercise will be to derive expressions for continuum quantities of
stress, deformation and temperature that require fewer assumptions about the form of the
inter-atomic forces than the assumptions Hardy himself makes [10, 18]. As pointed out in
chapter 6, these assumptions constrain the inter-atomic potentials to be only certain types,
e.g. pair and EAM. Non-central potentials, such as the 3-body Stillinger-Weber, did not
qualify under these assumptions. It is our hope that the addition of degrees of freedom to
the continuum model will require less constraints on these potentials.

7.2 Kinematics of a micromorphic continuum

As in the chapter 6, we consider a continuum body B to go from some original, reference
configuration at time zero, By, to a new configuration at a later time ¢, B;. A material point
on By is described by the vector X, and it’s location on B; at a later time ¢ is given by the
transformation x = x(X,t). A micromorphic continuum, as it is called by Eringen [19, 7], is
a continuum in which each material point x actually represents the center of mass of a small
volume unit, nevertheless named a macrovolume. This macrovolume is composed of a finite
number of microvolumes, each with it’s own center of mass:

N
AV =] ave,
a=1
and each microvolume (o = 1,2,..., N) is designated by its own center of mass x*. Here,

we use the ‘| J’ symbol to denote that all the microvolumes make-up the macrovolume, but
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that the total amount of macrovolume is not merely the sum of the individual microvolumes.
Each microvolume center of mass x* can be expressed in terms of the macrovolume’s center
of mass x and a relative position vector £%,

x* =x+ €% (7.1)
This relation also holds at time zero, in the reference configuration,

X =X + 87 | (7.2)
As before, the transformation of X to x is determined by the deformation gradient F = 86—;2,

or in index notation, F;; = 63%, where i,J = 1,2,3. To transform the relative position vector
of a microvolume from Z* to £%, Eringen assumes a homogeneous transformation,

£ =x(X1) - E%, (7.3)

where X is called the microdeformation gradient and, like F, is a tensor.

The velocities and accelerations of the microvolumes can also be expressed as center of
mass terms plus relative motion terms. For example,
_ Dx* __8x+D£°‘ _
Dt o8t Dt

So, the velocity of microvolume « is

(07

v [o4

VX BT =vaxoxT £
v¥=v+ur-E£° (7.4)

where v = x - X! is known as the microgyration tensor. A similar procedure can be done
for the acceleration of a microvolume, resulting in the expression

a*=a+a- £, (7.5)

whereax=v +v-v.

7.3 Kinematics of a micropolar continuum

At this time, it becomes desirable to express equations (7.1) - (7.5) in index notation. As
shown above for the deformation gradient, we use lower-case roman letters for components
in the current configuration and upper-case roman letters for components in the reference
configuration. These equations are:

o Te!

zy = i+

X? = Xr+ E?
a —c

& = XisE7
a B~ = —1)

v, = vt V’U&j v Vi = Xk (X Kj
a a J—

a;, = a; -+ amé} y Qi = Vij + Viquj

62



7.3. KINEMATICS OF A MICROPOLAR CONTINUUM

Recall, for expressions in which the same index appears twice, summation is implied: axby =
a1b1 -+ agbg -+ a3b3.

A micropolar continuum is a micromorphic continuum in which the microdeformation
gradient x,; represents a rigid body rotation. Hence,

(X—I)Ki = Xik > xt=x" (7.6)

This allows the microgyration tensor to take a simpler form. Consider:

Xis (1) 3o = Xis X s = Oin
Taking the time derivatives of both sides,
D Dié;y
Z . =% _y
Dt {Xisxnrs} Dt
XigXks + XigXrs =0
Vig + Vg = 0
Vik = = Vi
This result shows that for a micropolar material, the microgyration tensor is skew-symmetric
and can be represented by an equivalent vector,
1

Vik = —€ikmWm  , Wm = —§empq1/pq, (7.7)

where w is called the microgyration vector. The symbol ¢;;; is known as the permutation
operator and has the properties,
€123 = €231 = €312 =1
€132 = €321 = €913 = —1
=0 ifi=jorj=kork=x1
The appearance of equation (7.7) reveals why index notation was used instead of direct
vector notation. Equation (7.7) can be used to simplify equations (7.4) and (7.5),
vy = v + 3585
=0; — eijmwmgjo"
= U; 4 E,memé‘;l
Hence,
v§ = U + €imiwm€y , VI=v 4w x £ (7.8)
For the acceleration of microvolume o,
D
a“=a+ — {w x &°
= {w x €7
—at+wx&+wxé

a’=a+wx€+wx (wxEg (7.9)
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7.4 Mass and inertia

As stated above each macrovolume consists of a finite number of microvolumes. Total mass
of the macrovolume, m, is equivalent to the summation of the masses of the microvolumes,

N
m = E m®
a=1
This expression is true in either the reference configuration,

N
m = pAV = pFAV®,

a=]1
or the current configuration,
N
m = pAY = ZpaAV"‘.
a=1
The property of mass is often called inertia, or resistance to translational motion when acted
upon by a force. Since each macrovolume has rotational degrees of freedom defined by the

microgyration vector, they also have rotational inertia or moment of inertia. Eringen calls
this property micro-inertia and defines it as

N
polk AV =Y piEREFAV (7.10)

a=1

for the reference configuration and

N
pimnAV = Z pagfngsAva (711)

a=]1
for the current configuration. The relation between the micro-inertia tensors Ik and i, is
imn = XmrlkLX.r- Eringen also defines two additional micro-inertia tensors,

JKL = IQQ5KL - IKL (7.12)

and
ikt = g0kt — inr- (7.13)

For our purposes, it will be necessary to consider the product of mass density and micro-
inertia as a separate quantity known as mass-micro-inertia, defined in the current configu-
ration as

N
: 1 E : acopa
Kst = Plst = Kl} m fs ét . (714)
a=1
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As before, a secondary mass-micro-inertia can be defined as

N
: 1 (s Q (oWt
Ast = Pl = AV E m® (Ep€mbst — E0&) = KmmOst — Kt (7.15)
a=1

The use of the mass-micro-inertia tensors k and A will become evident when these inertia
tensors are used within the framework of the Hardy formulation for atomistic systems. When
the microvolumes are considered to be atoms, it makes more sense to consider the mass of
a given atom and it’s inertia contribution to the center of mass of a group of atoms rather
than consider the “density” of the atom.

7.5 Balance laws

For a micropolar continuum, there are five balance laws to consider: mass, micro-inertia,
linear momentum, angular momentum and energy. The laws for mass and linear momentum
appear the same as before,

) a ‘
—8_,; + -a—m—k (p'l)k) =0 (7'16)
and 9 (ovy) P
J

For the balance of linear momentum expression, please note that the Cauchy stress tensor,

Ojk, is no longer a symmetric tensor, thus o, ; # ox;;. The Hardy formulation has the

convention of labeling the quantity pv as the (linear) momentum density p. When equating

the continuum and atomistic regions, Hardy defines the meanings of p and p and calculates

v =p/p.

Eringen derives the balance of micro-inertia using the micro-inertia tensor j,;. His ex-

pression is _
D,
Dt

This expression can be re-written by expanding the material derivative 1% = 562 + vi%, and

by adding the quantity zero in the form of j,; times equation (7.16). The final form of this

relation is

(fkprjlp + Elprjkp) wr = 0.

oA 0
E’C—l = —‘5:17_ (Aklvm) - (ekpr)\lp + €lpr>\kp) Wr. (718)
Eringen derives the balance of angular momentum in the following form,
Dsi  Opy,
p—Dt— = 3:;; + €kmnOmn + PCk-

The quantity s; is known as the intrinsic spin vector and s; = jwi. i 1S known as
the couple stress tensor and is representative of stresses inside a body created by traction
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moments applied to the surface of the body, just as the Cauchy stress tensor is related to
traction forces applied to the surface. This macrovolume may also be experiencing body
couples, ¢, just as it is subjected to body forces, bi. It can be shown that

Dsk _ 8(Aklwl) (9
Por =" T . (Arwivm)

and the balance of angular momentum can be re-cast as

B(Aklwl) - 8
ot OZm

(Bmk — Ae1WiUm) + €kmnOmn + PCk- (7.19)

To be consistent with the Hardy formulation, we can label the quantity A-w as the angular
momentum density £. It will be our intention to define A and £ in terms of atomic quantities
and calculate the continuum field w (x,t) as w = A1 - £,

The balance of energy is written by Eringen as

D+ K 0
P (Dt ) = 8xk (Ukl’Ul + Hiqq — qk) +p (ijj + crwy + h) .

In this expression, h is the internal source of heat per unit mass, q is the heat flux per
unit mass, € is considered the macrovolume’s internal energy per unit mass, and K is the
volume’s kinetic energy per unit mass and is defined as

K = cupvp + swjjjpwk-

1
2 2

If we redefine quantities to per unit volume, é = p (e + K) = @ + 2pvpvi + TwiAjrwi + t,
where 7 is potential energy per unit volume and ¢ is thermal energy per unit volume, then
the energy balance law can be re-cast as

0é 0 5
5 = B TR oy = Qe = @) + 2 (bt + ik + R). (7.20)

We now have our five balance laws along with three defined variables:
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. % _ _ 0
mass:  2f = —zo- (pvk)
. . s o . o
micro-inertia: = —5> (AkiVm) — (EkprAip + €prAip) Wr

linear momentum: %%’2 = 5‘% (oK — pvjvg) + pbr
angular momentum: %’“ = E?: (umk — )\klwlvm) + €mnOmn + PCk
R 3 R
energy: % = Bzr (Orvr + Mrgwq — Q. — évk) + p (brvr + chwi + h)

linear momentum density: pp = pvg
angular momentum density: £ = Agqw,

energy density: & =4+ 2pvvr + 5w\ jrwe + t

7.6 Preface to Hardy formulation

The only assumptions made for the theory reviewed in this write-up have been the as-
sumption of micropolar behavior, i.e. the microvolume deformation consists of a rigid body
rotation relative to the center of mass of the macrovolume, and that the microvolumes do
not have any rotational degrees of freedom about their own centers of mass. For our pur-
poses where the microvolumes represent neutrally-charged atoms, these degrees of freedom
do not exist. The deformation behavior of the macrovolume is generally nonlinear, and no
constitutive models have yet been used.

We defer the development of a Hardy-like formulation for a micropolar continuum to a
future publication. However, before such a formulation can be performed, it is important to
note the specific meaning of the independent variable x. For the macrovolume it represents,
it is the center of mass of all the contributing microvolumes. Let us select a spatial position
x’. Each atom has it’s own localization function ¥ (x® — x’), which can also be considered a
“window” function, i.e. within a sub-volume centered around x’, any atoms for which % # 0
influence continuum properties ‘measured’ at that point. However, there is no guarantee
that x’ also corresponds to the center of mass, x, of the set of atoms “visible” within that
sub-volume. Hence, the balance laws shown above cannot be used directly to determine
continuum fields at the point x’. Also, the quantities of A and £ must be re-calculated for
positions that are off the center of mass by using the parallel axis theorem. It is clear that
we must proceed carefully when developing expressions using a Hardy-like approach.
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