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Abstract

Threeyearsof large-scalePDE-constrainedoptimizationresearchanddevelopmentare
summarizedin this report. We have developedanoptimization framework for 3 levelsof
SAND optimization anddevelopeda powerful PDE prototyping tool. The optimization
algorithms have beeninterfacedandtestedon CVD problemsusinga chemicallyreacting
fluid flow simulator resultingin an orderof magnitudereductionin computetime over a
blackboxmethod.Sandia’ssimulationenvironmentis reviewedby characterizingeachdis-
cipline andidentifying a possible target level of optimization. BecauseSAND algorithms
aredifficult to teston actualproduction codes,a symbolicsimulator (Sundance)wasde-
velopedandinterfacedwith areduced-spacesequentialquadraticprogrammingframework
(rSQP++)to provide a PDEprototyping environment.Thepower of Sundance/rSQP++is
demonstratedby applyingoptimizationto aseriesof differentPDE-basedproblems. In ad-
dition,weshow themeritsof SAND methodsby comparingsevenlevelsof optimization for
asource-inversion problemusingSundanceandrSQP++.Algorithmic resultsarediscussed
for hierarchicalcontrol methods.The designof an interior point quadraticprogramming
solver is presented.
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Chapter 1

Intr oduction

This reportpresentsthe resultsof a three-yearresearchproject to investigatealgorithms
andsoftwarefor the solution of optimization problemsconstrainedby partial differential
equations(PDE).We refer to theseproblemsasPDE-constrainedoptimizationproblems,
or PDECO.Our emphasishasbeenondevelopingalgorithmsfor large-scaleproblemsand
theuseof parallelcomputers.

Severalexamplesof PDECOareoptimal estimation of materialparameters,givenex-
perimentaldataanda physical model; optimal designof a device given a simulator and
thedefinitionof anobjective;nondestructivedetectionof defects;anddeterminationof the
sourceof a contaminant, givena flow anddispersionmodel.All of theseproblemsexhibit
largenumbersof stateanddesignvariablesandcanbestatedin thegeneralform©Î¨�¦8¨R©ª¨RÏ)¬ÑÐdÒnÓ]ÔYÕ�ÖÓ]ÔYÕ

subjectto: × ÒbÓ�ÔYÕ�Ö0¸ � Ò$ØÚÙÜÛÞÝÚßàÖ
where

Õ
is thesetof parametersto bedeterminedand

Ó
is thevectorof “state”variablesfor

thePDEsystemrepresentedby theconstraint× ÒbÓ�ÔKÕ3Öd¸ �
. Theobjectivefunctionmeasures

thediscrepancy thatwe wish to reduceor, in otherproblems,thedesigncriteriawe wish
to improve. In this report,we concentrateon equalityconstraints;our work on inequality
constraintsis lesswell developed. We assumethat given any valueof the parameters,

Õ
,

wecancomputethecorrespondingstatevariables
Ó
.

Two generalapproachesfor solving suchproblemsareavailable. The first is to use
an existing PDE solver for the constraintsto compute

Ó
asa function of

Õ
andevaluateÐ0ÒbÓ/ÒbÕ3Ö
ÔYÕ�Ö

. This approach,referredto asthe“black-box” approach,is easyto usebecause
it requiresno modificationto an existing PDE simulator, but restrictsthe choiceof opti-
mizationalgorithmto thosethatareslowly convergentfor PDECOtypeproblems.Ideally,
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wewould like to useamethodthatconvergesquickly to theoptimumvalue,but rapidcon-
vergenceusuallyrequiresthecomputationof thegradientof theobjective function

Ð
with

respectto
Õ

. The computation of this gradient,however, requiresthe knowledgeof the
derivative of

Ó3ÒnÕ�Ö
with respectto

Õ
andthis informationis not oftenavailablefrom many

traditionalPDE solvers. Furthermore,it is often extremelydifficult, if not impossible as
a practicalmatter, to modify the PDE solver to computethis information. For theseand
otherreasons(detailedin chapter2) black-boxmethodsaretypically restrictedto smaller
sizeproblems,in particularsmaller designspaces.

Thesecondpossibility is alreadysuggestedby theabovediscussion, namely, to modify
the PDE solver to obtain the neededgradient,sensitivity, andadjoint information. The
ability to do this opensup a wide variety of moreefficient optimization techniquesand
providesthe tools to addressmuchlarger problems. The demonstrationof the power of
this approachwasthemajor thrustof our work. Theconclusionto draw is thatPDEand
simulationsoftwareshouldbedesignedwith optimization in mind to enablethis power to
beappliedto themany interestingandimportantSNL problemsdescribedbelow. Onefacet
of our researchhasbeento developa PDEframework thatgivesoptimizationalgorithms
unprecedentedcontrolover thePDEprocesses.

Black-boxmethodsarealsoreferredto asnestedanalysisanddesign(NAND) andchar-
acterizethemajority of currentSNL approaches.Theability to interfaceseamlesslywith
any simulation codeis anobviouskey strengthof theblack-boxmethodsand,coupledwith
arangeof algorithmsandframeworks,suchDAKOTA [37,38,39], havebeenableto solve
complex engineeringdesignproblems. As notedabove,however, many limitationsto this
strategy remain,but the continuedexistenceof PDE codesfor which gradientinforma-
tion is not availablehasspurredotherresearchat SNL in patternsearchmethodsto try to
improve theefficiency of thesesolversfor problemswheretherearenootherchoices[57].

Optimization methodsthatareableto obtaingradient,adjoint,andsensitivity informa-
tion from thePDEsolvercanoftenbeevenmoresuccessfulby notrequiringexactsolution
of theconstraintequationsateachiteration.Thisis especiallyimportantin problemswhere
thePDEconstraintsarenonlinear. In suchcases,theconstraints areonly completelysat-
isfiedin thelimit asconvergenceto theoptimal parametersis achieved. Thusthis strategy
is calledsimultaneousanalysisanddesign(SAND) [94] [83]. Thesemethodshave great
potentialfor solving largePDECOproblems.Therearemany assumptionsassociatedwith
theapplicationof SAND algorithms to productionsimulationcodesandprobablythemost
obviousdisadvantageis the implementationcostnecessaryto equipPDEsolvers with the
necessaryfacilities to computegradientinformation. Nevertheless,PDECOmay be the
only optionto addresslargedesignspaces.
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1.1 Stateof the Field

To putourwork into context, webriefly survey thehistoricaldevelopmentandcurrentstate
of algorithms andsoftwarefor PDECO.

1.1.1 Algorithms and applications

Severalareasof researchhavemotivatedthedevelopmentof PDEconstrainedoptimization,
includingshapeoptimization in computational fluid dynamics [2] [8] [43] [44] [21] [22]
materialinversionin geophysics[81] [82] [3], dataassimilation in regionalweatherpredic-
tion modeling[124] [74], structuraloptimization [86] [92] [93], andcontrol of chemical
processes[17]. A completediscussion of all theaforementioneddisciplinesis beyondthe
scopeof thereport.Shapeoptimizationin computationalfluid dynamics(CFD), however,
hasarguablymadethelargestcontributionstowarddirectandadjointsensitivities,which is
oneof theimportantpiecesof information neededby SAND algorithms, andwe therefore
provideabrief backgroundof somekey developments.

In general,the shapeoptimizationproblemfor CFD is extremelyexpensive sincethe
standardsolution approachrequiresthe completesolutionof computationally expensive
flow equationsfor eachoptimizationiteration.Pironeaufirst studiedderivative-basedshape
optimizationusingtheadjoint formulation for minimum dragfor bothStokesandincom-
pressibleNavier-Stokesflow [90]. Jamesonappliedtheadjointmethodto shapeoptimiza-
tion usingtheEulerequations[62]. Numerousresultshave sincebeenpublishedon shape
optimization[79] [5] [6] [7] [14] [32], includingcompressibleNavier-Stokessimulations
shapeoptimization of threedimensional wings [75] . Dif ferentsolution procedureshave
beenattemptedto try to improve the convergenceof shapeoptimization algorithms. A
“one-shot-method” was introducedearly in the 1990’s which usedmulti-grid methods
wherethe optimization and forward problemswere solved with different levels of grid
fidelity [114]. Typically, theoptimizationproblemsweresolvedoncoarsermeshes.These
methodsstill requiredcompleteconvergenceof the flow codefor eachoptimizationiter-
ation,but couldbe consideredthefirst attempttowardSAND methods.The resultwasa
significantreductionof theoverallsolutiontime.

SAND wasintroducedin theearlyeightiesandnineties[52] [94] [83] andhasdevel-
opedmomentumasthestate-of-the-artmethodologyfor optimizationof large-scalesimula-
tion problems.Significantresultshavebeengeneratedfor SAND methods,in particularfor
theserialcase[2] [61] [8] [43] [114] [12] [67]. Lessrapidadvanceshavebeenmadein the
areaof parallelPDE-constrainedoptimization. Theprimaryreasonfor this slow progress
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is thatforwardsimulationcodedevelopmenthasonly recentlyreacheda high level of ma-
turity. Combinedwith thecontinuinggrowth in computer capabilities,large-scalePDECO
for parallelapplicationsis now an important areaof research[44] [20] [21] [22]. Most
paralleldevelopments,however, involve specialtysimulation codesconnectedto tailored
optimizationmethods,therebyavoidingsomeof theinterfacingissuesthatareencountered
with legacy productioncodes.Oneof our primarygoalswasto addresstheseinterfacing
issues,andalthoughinterfacingremainsproblematic, wehavemadesignificantprogressin
oursoftwaretoolsandgeneralunderstandingof productionPDEsimulators.

Transientsimulationposesyetanotherlevelof difficulty to large-scalePDE-constrained
optimization. One of the main obstaclesis the efficient calculationof sensitivities in a
time-stepping schemefor largedesignspaces.Severalapproachescanbeconsidered,one
of which is to utilize sensitivity calculationsfor differentiablealgebraicequations(DAE)
for reduced-gradientcalculations.By convertingaPDEsystemto DAEs,variousmethods,
suchasmultiple shooting, canusedto discretizein time[89] [46]. EventhoughlargeDAE
systemscanbe solved, thesemethods arelimited to small numberof designparameters.
Foralargenumberof designvariables,adjointsensitivity in transientsimulationshavebeen
consideredbut arenotefficientbecauseof thelargestoragerequirements.Thisresultsfrom
theneedto integratebackwardin timetocalculatetheadjointvector, whichrequiresstorage
of theforwardproblem’ssolution ateverytimestep[64] [53]. A recentandmostpromising
result from Akcelik et al [3] demonstrateda full spaceGauss-Newton methodin which
they efficiently solved a 2.1 milli on variableinversion problemusingthe transientwave
equation.Finally, work in the areaof time decomposition andcontrol alsohasproduced
promisingalgorithms andresults[54].

1.1.2 Software

While progresshasbeenmadein developing algorithms for PDECO,thespreadof these
algorithms to productionsoftwarehasbeenslow becauseof the tight coupling required
betweenoptimizer andPDE simulation software. Although litt le work hasbeendoneon
softwareframeworksfor PDE-constrainedoptimizationand,with theexceptionof thework
presentedin this report,virtually no work hasbeendoneon object-orientedframeworks
for PDECO,several attemptshave beenmadeto collect PDECOalgorithmsin libraries
(VeltistoandTRICE) [21] [22] [34]. An encouragingtrendis thatoptimizationcodesare
startingto bewritten in termsof flexible linearalgebrainterfacessuchasPETSc[9], the
EquationSolver Interface(ESI) [103], theHilbert ClassLibrary (HCL) [51], rSQP++[10],
Trilinos [55] andthe Trili nosSolver Framework (TSF) [56]. Similarly on the PDE sim-
ulation side, the stateof the art is evolving away from codesspecializedto a particular
discipline and toward general-purposeframeworks suchas SIERRA and Nevada[111].
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Identifying the additionalchangesto the designof both optimization softwareandPDE
simulatorsthatwill berequiredfor theuseof PDECOhasbeenamajorfocusof thisLDRD
project.

1.2 Accomplishmentsof this Project

1.2.1 Classificationof PDECO Problems

Large-scalePDE-constrainedoptimization comesin many forms andthe varietyof algo-
rithms and interfacingmechanismspresentsa complex rangeof optionsfor a heteroge-
neoussimulation environmentsuchas the one that exists at SNL. To achieve a general
approachfor SAND optimizationfor a largerangeof simulation codesis a lofty challenge,
becauseby definition SAND methodsleveragethe linear algebraof the simulation code
andthereforeeachinterfaceneedsto becustomdesigned.This researchprojectaddresses
theseinterfacingproblemsthrougha variety of software tools andestablishesa system-
atic nomenclature andapproachfor the considerationof SAND optimization. Chapter2
will introducea sequenceof levels of couplingbetweenPDE solver andoptimizer, with
Level 0 beingthemostlooselycoupledandLevel 6 beingthemosttightly coupledandpo-
tentiallyyieldingthehighestperformance.Currently, mostSandiaapplicationsarecapable
of Levels0 and1 only.

Chapter2 containsa discussion of the mathematical foundationsof PDECO,and a
systematic enumerationof the levels at which PDE andoptimization codescanbe cou-
pled. Briefly, Level 0 is the most loosely coupledblack-boxalgorithm and Level 6 is
themosttightly coupledfull-spacealgorithm,which potentially yieldsthehighestperfor-
mance.Currently, mostSandiaPDE applicationsarecapableof Levels 0 and1 only. In
Chapter3 we discussthe generalsimulation environmentat Sandiaandpossibilities for
PDECOin variousdisciplines. In Chapter7 we show performanceresultsfor different
levelsof PDECO.

1.2.2 SoftwareDevelopment

Software is a major challengein PDECO,and much of our work hasbeento develop
softwaretoolsthatwill aid theexplorationof researchideasin PDECO,provide guidance
for future development of production-quality PDECOcapability, andprovide immediate
PDECOcapability for Sandiaproblems. Thesetools have beendesignedfrom the start
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with PDECOandinteroperabilityin mind. Wehavedeveloped:

á A softwareframework (rSQP++) for solving reduced-spacePDECOproblems.á A softwareframework (Split/O3D)for solving full-spaceandinequality-constrained
PDECOproblems.á A PDE simulation componentsystem(Sundance)that is capableof providing the
additional operationsrequiredby themorestronglycoupledlevels of PDECO.á An interfacebetweenrSQP++andanexistingproductionPDEcode,MPSalsa,which
allowsSAND capabilitythroughLevel 4.

All of thesetoolshave beenimplementedin C++, all inter operatevia the Trili noslinear
algebracomponents,andall haveparallelcapability.

1.2.3 Numerical Experiments

We have conductednumericalexperimentsto evaluatethe differentlevelsof PDECO.In
Chapter5, we show resultsof Level 4 (c.f. Chapter2) coupling betweenthe rSQP++
optimizeranda Sandiaproductioncode,MPSalsa.This resultedin anorderof magnitude
speeduprelative to a Level 1 “black box” method.Theseexperimentshave alsogivenus
insight into the accuracy requiredin Jacobiancalculations. In Chapter7, we presenta
survey of PDECOproblemssolvedusingrSQP++andSundance.Becauseof Sundance’s
very flexible nature,we have beenable to explore all levels of couplingfor PDECO;as
with MPSalsa,goingto Level 4 yieldsanorderof magnitudespeeduprelative to Level 1,
andthengoingto thehighestdegreeof coupling(at thispoint,possibleonly throughusing
SundanceasthePDEsolver), Level 6 yieldsa furtherorderof magnitudespeedupbeyond
Level 4. Figure1.1 and1.2 show the resultsof a numericalexperimentsolving a source
inversionproblemconstrainedby a convectiondiffusion problem. Large differencesin
numericalefficienciescanbebeobservedateachlevel of optimization.

1.2.4 Hierar chical Control

Although not originally part of the proposal,an interesting classof problemsarosethat
we spentsometime considering.In particular, it oftenoccursin applicationsthat thereis
morethanoneobjective. Theso-called“multi-objective” optimization problemhassome
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specialpropertieswhentheconstraintsarePDEs.Suppose,for example,onewantsto drill
awell into anaquiferto helpin preventingcontaminantsfrom enteringacity watersystem.
Theprimaryobjective is to reducethecontaminantsin thesystembelow agiventhreshold.
Secondaryobjectivesmayincludeminimizingcost,minimizingthetimetocompletion,and
minimizing theamountof watertakenoutof theaquifer. Thereis no singleway to handle
themulti-objectiveproblem,but, building on work donein thearea,we wereableto show
how a formulation,called“hierarchicalcontrol,” thattakesinto accountanorderingof the
objectivescanyield solutionsthataresignificantlysmootherandthusmoreusefulin many
applications. This work is describedin Chapter8 wherewe demonstratetheeffectiveness
of our full-spaceSAND approachonaproblemwith significantinequalityconstraints.

1.3 Conclusionsand Recommendations

With theincreasingpowerof ourmassivelyparallelcomputingplatformsandtheincreasing
sophisticationof ourPDE-basedsimulationscomesanincreasingdemandfor optimization
proceduresthatcanexploit thispowerto improvedesignssignificantly, to controlprocesses
better, andto solvecomplex inversionproblemsmorerapidly. As wehaveindicatedabove,
traditional,NAND approachesto solve PDECOproblemsarenot up to thetaskandtradi-
tionalPDEsolversarenotdesignedwith optimizationin mindandthusaredifficult to use
with fastermethods.Themajor resultof this researchprojectis a demonstration that the
potentialspeedupresultingfrom modernSAND approachescanbeachieved.Thisdemon-
strationwasmadepossibleby developing a powerful PDEenvironmentandtwo advanced
optimizationcodes,whichwereto nontrivial problems. For SNL to realizefully thispoten-
tial will requirechangesin how SNL developsits simulationcodesandPDEsolvers.The
following recommendations addresstheseissues.

1.3.1 Recommendations

1. Becauseof the large speedupresultingfrom sensitivities andSAND optimization,
futuresimulatorsandPDEsolversshould bedesignedwith optimizationin mindand,
in particular, with enhancementsthat includegradients,sensitivities, andadjoints.
Thesefeaturesaredifficult to addasanafterthought.Along thesesamelines,Sierra
andNevadashouldbeextendedto includethesecapabilities.

2. rSQP++andSplit/O3Dshouldbefurtherdevelopedandalsointerfacedwith DAKOTA.
DAKOTA is alreadyinterfacedwith SIERRA, andwill eventually be interfacedto
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Nevada,sotherSQP++/Split/O3Dinterfaceto DAKOTA will facilitatePDECOwith
SIERRAandNevada.

3. Thedevelopmentof Sundanceasa prototyping andrapiddevelopmentenvironment
for parallelPDECOshouldbe continued.In addition,the possibility of interfacing
theSundancesymbolic problemdefinitioncapabilitywith SierraandNevadashould
beexploredasapathto providingimproved PDECOcapabilityto thoseframeworks.

4. SNL shouldemphasizethe development of frameworks andtools in C++ in a true
object-orientedmanner. Developersshouldbeencouragedto exploit existing frame-
workssuchasDAKOTA, rSQP++, Trilinos, andTSF andto develop inter-operable
components.

5. Incorporatethesensitivity proceduresthatwe have demonstratedwith MPSalsainto
on-goingprojectssuchasXyceandPremo.

6. Extend the researchand tools begun here to transientproblems,inequality con-
straints,andreal-timeoptimization.

7. Apply PDECOtechnologyto homelandsecurityapplications suchasimproving the
responseto chemical/biological/radiologicalattackson facilities,waterdistribution
networks,andurbanfacilities.

18



0

5000

10000

15000

20000

25000

30000

35000

0 50 100 150 200

Number of grid and design values

W
a

ll 
cl

o
ck

 t
im

e
 (

se
c)

Level 0

Level 1

Level 2

Level 3

Level 5

Level 4

Figure 1.1. Numerical Resultsfor SourceInversionfor Convec-

tion Diffusion for levels0-5

19



0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

0 50 100 150 200

Number of grid and design variables

W
a

ll 
c
lo

c
k
 t
im

e
  
(s

e
c
)

Level 6

Level 5

Level 3

Figure 1.2. Numerical Resultsfor SourceInversionfor Convec-

tion Diffusion levels3-6

20



Chapter 2

Mathematical Overview: Sensitivities
and Levelsof Optimization

2.1 Overview

An introduction of the appropriatemathematicsis presentedto emphasizethe important
linear algebraiccomponentsthat arenecessaryfor interfacingvariouslevelsof optimiza-
tion methods.Thisdiscussion is primarily designedto providethePDEdeveloperwith the
fundamentalknowledgefor consideringmoreefficient waysof solving optimizationprob-
lems. Optimization methods areclassifiedinto two main categories,NAND andSAND,
eachof which are further broken down to additional levels. The optimization levels de-
fine differentinterfacesfor achieving higherefficiency. Thecalculationof thederivatives
(sensitivities)of “state”variableswith respectto “design”variablesis acrucialsteptoward
moreefficient levels of optimization usingso-calledreduced-spacemethods. The incor-
porationof different typesof sensitivities determinewhich levels of NAND andSAND
optimizationarepossible.

We considerequality-constrainednonlinearprograms(NLPs)of theform

©ª¨R¦â�ã ä ÐdÒnÓ]ÔYÕ�Ö
(2.1.1)

s.t. × ÒnÓ]ÔYÕ�Öd¸ �
(2.1.2)

where:
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Ó¼å
IR æ	çÕèå
IR æ éÐ0ÒbÓ�ÔKÕ3Ö5ê

IR ë&æ çYì æ	é�íTî IR× ÒnÓ]ÔYÕ�ÖËê
IR ë&æ çKì æ é�í î IR æ ç ½

Equation(2.1.2)representsasetof nonlinearsimulation equationswhichwereferto as
theconstraints. In thisnotation,× ÒnÓ]ÔYÕ�Ö is avectorfunctionwhereeachcomponent× ï ÒbÓ�ÔYÕ�Ö ,ð ¸ ¢E½	½	½#ñ â , representsa nonlinearscalarfunctionof the variables

Ó
and

Õ
. Here,

Õ
are

oftencalledthedesign(or control, inversion)variableswhile
Ó

arereferredto asthestate
(or simulation) variables.Note that the numberof state

Ó
anddesign

Õ
variablesare

ñ â
and

ñ ä respectively. A typical simulation coderequiresthat the userspecify the design
variables

Õ
andthenthe squaresetof equations× ÒbÓ�ÔKÕ3ÖÚ¸ �

is solved for
Ó
. In the opti-

mizationproblemin (2.1.1)–(2.1.2),
Ð0ÒnÓ]ÔYÕ�Ö

is a functionthatwe seekto minimize while
satisfyingtheconstraints; this functionis calledtheobjectivefunctionor just theobjective.
In an optimizationproblem,thedesignvariables

Õ
areleft asunknowns which aredeter-

mined,alongwith thestates
Ó
, in thesolution of (2.1.1)–(2.1.2).In someapplicationareas,

thepartitioning into stateanddesignvariablesis fixedandknown a priori, while in other
applicationareastheselectionmaybearbitrary.

Herewediscusstheissuesinvolvedin modifyinganexistingsimulationcodeor devel-
opinganew codethatcanbeusedto solveoptimizationproblemsefficiently usingvarious
levelsof gradient-basedmethods.

Thedevelopmenteffort requiredto implementtheneededfunctionalityfor asimulation
codeto beusedin a gradient-basedoptimizationalgorithmvariesdependingon the level
of optimizationmethod.Thegoalof thisdiscussion is to bepreciseaboutwhattherequire-
mentsare for a simulation codefor different levels of intrusive optimization. We define
intrusive optimizationasmethodsthatrequiremoreinformationfrom thesimulationcode
andmayrequiremoreeffort to interface.We startwith sensitivities for thelower-level op-
timizationmethodsandthenmoveonto thesensitivitiesfor themoreinvasive,higher-level
methods.This discussion shouldgive the readersomeideawhat the expectedimprove-
mentsin performancecanbeby goingto higher-level optimizationmethods.An additional
goalof this treatmentis to motivatesimulation applicationdevelopersto considerthepo-
tentialof higher-level optimizationmethodsandto studyoptimizationmethodsin further
detail.Referencesaremadeto morethoroughdiscussionsof specificoptimizationmethods
andresultsfrom variousapplicationareasfor theinterestedreader.

We shouldalso mention that all of the various levels of optimization methodsthat
are discussedherecan also handleextra constraintsbeyond the stateconstraints shown
in (2.1.2).Fromthestandpointof anapplication developer, thesensitivity requirementsfor
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theseextraconstraintsarethesameasfor theobjectivefunction.In general,thesametypes
of computationsthatmustbeperformedfor theobjective functionmustalsobeperformed
for theextra constraints. Thehandlingof theseextra constraintsis not describedhere,but
is describedin thecontext of reduced-spaceSQPin Section4.1.3.

2.2 Implic it StateSolution and Constraint Sensitivities

Thesetof nonlinearequations× ÒbÓ�ÔKÕ3Ö5¸ �
canbesolvedfor

Ó
usinga varietyof methods.

Usingthesolution methodit is possible to defineanimplicit functionÓò¸óÓ3ÒnÕ�Ö�Ô
s.t. × ÒnÓ]ÔYÕ�Ö0¸ ��½

(2.2.3)

The definition in (2.2.3) simply implies that for any reasonableselectionof the design
variables

Õ
, the solution methodcancomputethe states

Ó
. Note that evaluating this im-

plicit functionrequiresacompletesimulationor “analysis”to beperformedby thesolution
method.Thecostof performingtheanalysismayonly bean

ßôÒ ñ â Ö computation in abest-
case-scenario,but for many applicationsthe complexity of the analysissolution is much
worse.

In theremainderof this section,we derive thesensitivities of thestates
Ó

with respect
to thedesigns

Õ
asrelatedthroughtheimplicit function(2.2.3).Webegin with afirst-order

Taylorexpansionof × ÒnÓ]ÔYÕ�Ö about
ÒnÓ!õ ÔYÕSõ
Ö

givenby

× ÒnÓ]ÔYÕ�Ö0¸ × ÒnÓ=õ	ÔYÕSõ�Ö É÷ö ×ö Ó^ø Ó É�ö ×ö Õ5ø Õ É ßôÒ
ùRù ø Ó�ùRù Á Ö É ßÜÒ�ùRù ø ÕUùRù Á Ö (2.2.4)

where: ú�ûú â is asquareIR æ ç -by-IR æ ç Jacobianmatrixevaluatedat
ÒnÓ!õ ÔYÕSõ
Öú
ûú ä is a rectangularIR æ ç -by-IR æ	é Jacobianmatrixevaluatedat

ÒnÓ!õ ÔYÕSõ
Ö
.

In thisnotation,theJacobianmatrix
ú
ûú â is definedelement-wiseasü ö ×ö Ódý ë ï ã þ í ¸ÿö ×�ïö Ó þ , for

ð ¸ ¢E½	½ ½#ñ â Ô��3¸ ¢E½	½	½#ñ â ½
If thematrix

ú
ûú â existsandis nonsingularthenthe implicit functiontheorem[80, B.9]
statesthat the implicit function in (2.2.3)existsandis well definedin a neighborhood of
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a solution
ÒnÓgõ	ÔYÕSõ�Ö

. In someapplications, the matrix
ú
ûú â is alwaysnonsingular in regions

of interest. In otherapplicationareaswherethe selectionof stateanddesignvariablesis
arbitrary, thevariablesarepartitionedinto statesanddesignsbasedon thenon-singularity
of

ú
ûú â . Note that the only requirementfor the latter caseis for the Jacobianof × ÒnÓ]ÔYÕ�Ö to
befull rank. In any case,we will assumefor theremainderof this discussion that,for the
given selectionof statesanddesigns, the matrix

ú
ûú â is nonsingular for every point
ÒnÓ]ÔYÕ�Ö

consideredby anoptimizationalgorithm. Thenon-singularity of
ú�ûú â allows usto compute

a relationship betweenchangesin
Ó

with changesin
Õ
. If we requirethat theresidualnot

change(i.e. × ÒbÓ�ÔKÕ3Öd¸ × ÒnÓ2õ ÔYÕSõ
Ö ) thenfor sufficiently small ø Ó and ø Õ thehigherorderterms
canbeignoredand(2.2.4)gives ö ×ö Ódø Ó É»ö ×ö ÕËø Õ¯¸ ��½

(2.2.5)

If
ú
ûú â is nonsingular thenwecansolve (2.2.5)for

ø Óò¸��sö ×ö Ó � Â ö ×ö Õ ø Õ ½ (2.2.6)

The matrix in (2.2.6) representsthe sensitivity of
Ó

with respectto
Õ

(for × ÒbÓ�ÔKÕ3ÖÎ¸
constant) whichdefines ö Óö Õ�� � ö ×ö Ó � Â ö ×ö Õ ½

(2.2.7)

Wereferto thematrix
ú âú ä in (2.2.7)asthedirectsensitivity matrix.

2.3 NAND

Now considerhow theabove canbeusedto helpsolveoptimization problemsof theform
(2.1.1)–(2.1.2).The implicit function

Ó3ÒnÕ�Ö
allows the nonlinearelimination of the state

variables
Ó

andtheconstraints × ÒnÓ]ÔYÕ�Ö0¸ �
to form thereducedobjectivefunction�Ð0ÒnÕ�Ö � Ð0ÒbÓ/ÒbÕ3Ö
ÔYÕ�Ö ½

(2.3.8)

Thisnonlineareliminationleavesthefollowing unconstrainedoptimizationproblemin the
spaceof thedesignvariablesonly:

min
�Ð^ÒnÕ�Ö ½

(2.3.9)

The unconstrainedoptimization problemin (2.3.9) can be solved usinga variety of
methods.Notethateachevaluationof

�Ð0ÒbÕ3Ö
requirestheevaluationof

Ó3ÒnÕ�Ö
which involves
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acompletesimulationor analysisto solve × ÒbÓ�ÔYÕ�Ö0¸ �
for

Ó
. Therefore,acompleteanalysis

is nestedinsideof eachoptimizationor designiteration. Optimization approachesof this
typearebroadlycategorizedasnestedanalysisanddesignor NAND.

NAND optimization approachesthat do not compute gradientswill be referredto as
level-0 approachesand,asmentionedin the chapter1, aregenerallyrestrictedto search
methods.Thesewill notbediscussedfurtherhere.As we will seebelow, thereareseveral
higher-level approachesthatusesensitivities (i.e. derivatives).

Gradient-basedoptimizationmethodsfor (2.3.9)requirethecomputationof thereduced
gradient ö �Ðö Õ å

IR
Â	� æ	é ½ (2.3.10)

Thereareseveralrelatively fastoptimizationmethodsthatrely onlyonthereducedgradient
in (2.3.10)suchasquasi-Newtonmethods (i.e.BFGS[85, Chapter8]). Thesemethodscan
achieve superlinearratesof convergencewhen

Õ
is of moderatedimension. A general

outlinefor theseoptimizationalgorithms is givennext in Algorithm 2.3.1.

Algorithm 2.3.1 : Outline for NAND Algorithmsfor UnconstrainedOptimization

1. Initial ization: Choosetolerance 
 å
IR andtheinitial guess

Õdõ�å
IR æ é , set � ¸ �

2. Sensitivity computation: Computethereducedgradient
ú
��ú ä at

Ó ¸óÓ3ÒnÕ��)Ö
ÔYÕ¯¸óÕ��
3. Convergencecheck: If

ùRù ú���ú ä ùRù�� 
 thenstop,solution found!

4. Stepcomputation: Computeø Õèå
IR æ	é s.t.

ú
��ú ä ø Õ�� �
5. Globalization:Find steplength � thatensuresprogressto thesolution

6. Updatetheestimateof thesolution:Õ�� ì Â ¸ Õ�� É � ø Õ� ¸ � É ¢
gotostep2

A simple choicefor the stepcomputation in step4 of Algorithm 2.3.1is the steepest

descentdirection ø ÕÜ¸�� ú ��ú ä � for which therequireddescentpropertyholds

ö �Ðö Õ ø Õ¯¸�� ö �Ðö Õ ö �Ðö Õ � � �
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if
ú ��ú ä��¸ �

. Most quasi-Newton methodscomputea searchdirection ø Õ by maintaining a

positive-definitematrix � andthencomputing ø Õ¯¸�� � � Â ú
��ú ä � (whichis alsoeasyto show
hasthedescentproperty).

The simplest way to computethe reducedgradientis to usefinite differences. For
example,usingone-sidedfinite differences,eachcomponentof the reducedgradientcan
beapproximatedas� ö �Ðö Õ��! #" ÐdÒnÓ3ÒnÕ�� É%$YÇ  Ö
ÔYÕ�� É&$YÇ  Ö'�ÊÐ0ÒnÓ3ÒnÕ��)Ö�ÔYÕ�� Ö$ Ô)(^¸ ¢E½	½	½#ñ ä ½ (2.3.11)

NAND optimizationapproachesthatusefinite differencesasin (2.3.11)will bereferredto
aslevel-1approaches.

2.3.1 Exact ReducedGradients

Themajordrawbackof optimization approachesthat rely on thefinite-differencereduced
gradientin (2.3.11)is that

ñ ä analysesarerequiredperoptimizationiterationandtheaccu-
racy of thecomputedoptimalsolutionis degradedbecauseof thetruncationerrorinvolved
with finite differences.

An alternative approachis to computethe reducedgradientin a more efficient and
accuratemanner. Theexactreducedgradientof

�Ð0ÒbÕ�ÖU¸ Ð0ÒbÓ/ÒbÕ3Ö
ÔYÕ�Ö
is

ö �Ðö Õ ¸ÿö Ðö Ó ö Óö Õ É ö Ðö Õ (2.3.12)

where: ú �ú â is a IR
Â	� æ	ç row vectorof thegradientw.r.t.

Ó
evaluatedat

ÒnÓ*�=ÔYÕ�� Öú �ú ä is a IR
Â	� æ	é row vectorof thegradientw.r.t.

Õ
evaluatedat

ÒbÓ+�NÔYÕ��	Ö
and

ú âú ä is thedirectsensitivity matrixdefinedin (2.2.7).By substituting(2.2.7)into (2.3.12)
weobtain ö �Ðö Õ ¸��Îö Ðö Ó ö ×ö Ó � Â ö ×ö Õ É ö Ðö Õ ½

(2.3.13)

Thefirst termin (2.3.13)canbecomputedin oneof two ways. Thefirst approach,called
thedirectsensitivityapproach, is to computethedirect sensitivity matrix

ú âú ä ¸,� ú
ûú â � Â ú
ûú ä
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first and thencomputethe product
ú �ú â ú âú ä . The advantageof this approachis that many

simulation codesare alreadysetupto solve for linear systemswith
ú
ûú â sincethey usea

Newton-type methodto solve theanalysisproblem.Thedisadvantageof thedirectsensi-
tivity approachis that to form

ú âú ä ,
ñ ä linearsystemsmustbesolvedwith theJacobian

ú
ûú â
for eachcolumnof

ú
ûú ä asa right-handside. This is generallya greatimprovementover
thefinite-differencereducedgradientin that thesolution of a

ñ ä linearsystemswith
ú
ûú â is

cheaperthana full simulationto evaluate
Ó3ÒnÕ�Ö

andtheresultingreducedgradientis much
moreaccurate.Optimization algorithmsthat usethis direct sensitivity NAND approach
will bereferredto aslevel-2optimizationmethods.

Thesecondapproachfor evaluating (2.3.13),calledtheadjoint sensitivity approach, is
to compute - ¸ ö ×ö Ó � � ö Ðö Ó � å

IR æ ç (2.3.14)

first, followed by the formationof the product

- � ú
ûú ä . The columnvector

-
is calledthe

vectorof adjoint variables(or the Lagrangemultipliers, see(2.4.16)). The advantageof
this approachis that only a singlesolve with the matrix

ú
ûú â � is requiredto compute the
exact reducedgradient. This removes the

ßôÒ ñ ä ) complexities of the level-1 and level-
2 optimization approaches.However, at leastonecompleteanalysisis still requiredper
optimizationiterationto compute

Óò¸ Ó/ÒbÕ
�)Ö
in step2 of Algorithm2.3.1.Thedisadvantage

of the adjoint sensitivities approachis that simulation codeswhich solve linear systems
with theNewton Jacobian

ú
ûú â maynot beableto solve a linearsystemefficiently with its
transpose.It canbeamajorundertakingto reviseasimulationcodetosolvewith transposed
systems,especiallyif theJacobianis a parallelobject.NAND approachesthatuseadjoint
sensitivitieswill becategorizedaslevel-3optimizationmethods.

2.4 SAND

To thispointwehaveonly consideredNAND optimizationapproachesthatrequireat least
onefull simulation problem × ÒnÓ]ÔYÕ�Öl¸ �

be solvedat every optimization iteration. There
arealsooptimizationapproachesstartingwith aninitial guess(

Ó8õ
,
ÕSõ

) where × ÒbÓ=õ	ÔYÕSõ
Ö �¸ �
that will solve the simulation (analysis)problemandthe optimization (design)problems
simultaneously. Thesehigher-leveloptimizationapproachesarereferred toassimultaneous
analysisanddesignor SAND. Many of the SAND approachesrequirethe samereduced
gradientin (2.3.13). We refer to SAND methodsthat usedirect sensitivities as level-4
methodsand thosethat useadjoint sensitivities as level-5 methods. In addition to the
reducedgradient,level-4andlevel-5 SAND methods alsorequirethatthesimulation code
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(now to bereferredto astheapplication) beableto computeNewtonstepsof theform

ø Ó/. ¸ ö ×ö Ó � Â × (2.4.15)

where
ú
ûú â � Â and × aretheJacobianandtheresidualof theconstraints× ÒnÓ]ÔYÕ�Ö computedat

the currentestimateof the solution
ÒnÓ��=ÔYÕ�� Ö

. This is usuallynot a very difficult extra re-
quirementgiventherequirementsfor thereducedgradient.In additionto therequirement
thatthereducedgradient

ú
��ú ä vanishes,SAND methodsmustalsoberesponsible for solving× ÒnÓ]ÔYÕ�ÖÚ¸ �
to an acceptabletolerance.The conditionthat

ùRù × ÒnÓ]ÔYÕ�Ö�ù�ù (where
ù�ù ½ ùRù

is some
norm)mustbereducedbelow asmalltoleranceis known asthefeasibility condition. When
we saythatanoptimizationstepimprovesfeasibility, we meanthat it decreasesthe infea-
sibility

ù�ù × ÒnÓ]ÔYÕ�Ö�ù�ù . In additionto designvariables
Õ
, SAND methodsmustalsoexplicitly

handlethestates
Ó

asoptimizationvariables.Thenumberof statevariables
ñ â canbevery

largeandthishasasignificantimpacton themethodsandimplementationapproachesthat
canbeusedfor SAND methods.In someapplications(e.g.thoserequiringtime-dependent
simulations), the amountof storagejust neededto storevectorsof size

ñ â can exhaust
theRAM of evenhigh-endsupercomputers. Algorithm 2.4.1givestheoutlinefor a basic
level-4/level-5SAND method.

Algorithm 2.4.1 : Outline of a BasicLevel-4/Level-5SAND OptimizationAlgorithm

1. Initial ization: Choosetolerances 
 û Ô 
 � å
IR and the initial guess

Ó[õ å
IR æ	ç andÕSõHå

IR æ é , set � ¸ �
2. Sensitivity computation: Computethe reducedgradient

ú ��ú ä and the residual × atÒbÓ/�NÔYÕ��	Ö
3. Convergencecheck: If

ùRù ú���ú ä ùRù�� 
 � and
ù�ù × ùRù�� 
 û thenstop,solution found!

4. Stepcomputation:

(a) Feasiblity step:ComputeNewtonstep ø Ó�. ¸ ú
ûú â � Â × at
ÒbÓ*�NÔYÕ�� Ö

(b) Optimality step:Computeø Õèå
IR æ	é s.t.

ú
��ú ä ø Õ�� �
5. Globalization:Find steplength � thatensuresprogressto thesolution

6. Updatetheestimateof thesolution:Ó0� ì Â ¸ Ó/� É �21 ø Ó/. É ú âú ä ø Õ#3Õ�� ì Â ¸ Õ�� É � ø Õ� ¸ � É ¢
gotostep2
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Note that Algorithm 2.4.1hasthe samebasicstepsasAlgorithm 2.3.1andthat these
stepsarecommonto many optimization algorithms. However, thefirst majordifferenceis
thatthereducedgradientcomputedin step2 is computedat thecurrentestimateof theso-
lution

Ó*�
insteadof thefully convergedsolution

Óª¸óÓ/ÒbÕ�� Ö
asin Algorithm 2.3.1.Another

majordifferenceis theexplicit handlingof thestatevariables
Ó

andtheconstraints× . Thisis
seenin thesensitivity computation andtheconvergencecheck.Thesamemethodsthatcan
beusedin a NAND algorithmto compute ø Õ , suchassteepestdescentandquasi-Newton,
canalsobe usedin step4b. While the globalizationmethodusedin a NAND algorithm
maybefairly simple,moresophisticatedglobalizationstrategiesareneededfor SAND and
thesestrategiesmayhave to beapplication dependent.Thelastmajordistinction to point
out betweenAlgorithm 2.3.1and2.4.1is theupdateof thestatevariables

Ó
in step6. It is

easyto seethattheupdated
Ó+� ì Â satisfiesthelinearizedconstraintsshown in (2.2.4)(with

the higher-order termsdroppedout and setting × ÒnÓ]ÔYÕ�Ö ¸ �
and ø Óó¸ ÒnÓ4� ì Â �óÓ/�6Ö65 � ).

Therefore,oneiterationof Algorithm 2.4.1is essentiallya Newton iterationfor theequa-
tions × ÒnÓ]ÔYÕ�ÖÞ¸ �

whereboth
Ó

and
Õ

aremodified. Hence,many SAND methodsshow
quadraticratesof localconvergencein theconstraints(whichis commonfor Newtonmeth-
ods).

Whatdifferentiatesa level-4 from a level-5 SAND methodin Algorithm 2.4.1is how
the reducedgradientin step2 andthe updatefor the statesin step6 arecomputed.The
SAND algorithmshown in Algorithm 2.4.1 is essentiallyequivalent to a reduced-space
SQPmethodthatusesa coordinatevariable-reductionnull-spacedecomposition (seeSec-
tion 4.1.3).While thereareotherexamplesof level-4 andlevel-5SAND methodsthanthe
oneshown in Algorithm 2.4.1,themajor typesof computationsremainsthesame(i.e. in-
tialization, sensitivity computation, convergencecheck,stepcomputation andglobaliza-
tion).

It hasbeenshown in many differentapplication areasthatlevel-5 optimizationmethods
can computea solution for optimization problemsof the form in (2.1.1)–(2.1.2)at cost
which is a smallmultiple of thecostof solvinga singleanalysisproblem × ÒbÓ�ÔYÕ�ÖH¸ �

for
NLPs with a moderatenumberof designvariables(i.e.

ñ ä ¸ ßÜÒ ¢6�g� Ö
). However, these

methods,which usequasi-Newton or similar techniques(for step4b in Algorithm 2.4.1),
generallyrequiremoreandmoreoptimizationiterationsto solveanNLP asthenumberof
designvariables

ñ ä is increased.The total numberof optimizationiterationsrequiredto
reachanacceptablesolution toleranceis generally

ßÜÒ#Ò ñ ä Ö87:90;dÖ where�=< . is somenumber
greaterthan0 but generallylessthan2.
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2.4.1 Full NewtonSAND

All of thelevel-2 throughlevel-5optimization methods only requirefirst derivativesin the
form of the Jacobianmatrices >@?>�A and >@?>�B andobjective gradients >DC>�A and >EC>�B . However, if
secondderivativesfor theconstraintsandobjective functionareavailable,thenpotentially
more efficient higher-level optimization methodsare available. Before discussingthese
higher-level methodsandtherequirementsfrom applicationcodeswemustfirst presentthe
formaloptimality conditions for asolutionto (2.1.1)–(2.1.2).

We begin with thedefinitionof animportantaggregatefunctioncalledtheLagrangian
givenby FHGJI�KML
K@N�OQPSRQGTI#KML#O#UVNXW#Y/GTI#KML#O

(2.4.16)

where: N[Z
IR \^] is thevectorof Lagrangemultipliers.

Giventhedefinitionof theLagrangian,theoptimality conditions(alsoknown astheKKT
conditions [85]) statethat the following are necessaryrequirementsfor the solution of
(2.1.1)–(2.1.2):_ F_ I ¸

_ R_ I UVN W _ Y_ I ¸a`
(2.4.17)

_ F_ L ¸
_ R_ L UVNXW _ Y_ L ¸b`

(2.4.18)
_ F_ N ¸ Y0GJI�KML#O ¸b` ½

(2.4.19)

All SAND methodsseekasolution of thissetof nonlinearequations.Notethat(2.4.17)
canbesolvedfor

N
andthensubstitutedinto (2.4.18),yieldingthedefinitionof thereduced

gradientin (2.3.13).Therefore,theoptimality conditionsin (2.4.17)and(2.4.18)areequiv-
alentto >
cC>�B ¸b`

.

The systemof nonlinearequationsin (2.4.17)–(2.4.19)canbe solvedusingNewton’s
methodwhichhasthefollowing linearsubproblem(known astheKKT system)def >Egih>�A g >Egjh>�A	>�B W >@?>�A W>Egih>�A6>�B >Dgih>�B g >@?>�B W>E?>�A >@?>�B

kmln dfpo Io Lo N kn ¸�q def >@h>�A W>@h>�B WY kmln ½
(2.4.20)
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The above Hessiansof the Lagrangianfunction arecompositesof the following Hessian
matricesfor theobjectiveandtheconstraints:_sr R_ I r Z

IR \^]ut0\^]_ r R_ I _ L Z
IR \ ] t0\^v_sr R_ L r Z

IR \ v t0\ v (2.4.21)

_sr Y8w_ I r Z
IR \ ] t0\ ]_sr Y6w_ I _ L Z
IR \u]^t0\ v_sr Y8w_ L r Z

IR \uv0t0\^v
xzyyyyyyyy{yyyyyyyy|~}

¸�� ½	½ ½	� A ½ (2.4.22)

Optimizationmethodsthatusesecondderivatives,or approximationsto them,will beclas-
sified as level-6 methods.Theseoptimizationmethodsareamongthemostsophisticated
gradient-basedmethodsdevelopedto dateand continueto be a topic of active research
throughoutthescientificcommunity. Thegeneraloutlinefor a level-6SAND optimization
methodis givenin Algorithm 2.4.2.

Algorithm 2.4.2 : Outline of a Level-6SAND Optimization Algorithm

1. Initial ization: Choosetolerances � ? K � A K � B Z IR and the initial guess
I4��Z

IR \^] ,L��HZ
IR \ v and

N��HZ
IR \u] , set � ¸b`

2. Sensitivity computation: Compute>@h>�A , >@h>�B > g h>�A g , > g h>�A	>�B , > g h>�B g and
Y

at
GTI*��KML��^O

3. Convergencecheck: If ��� >@h>�A ���)�,� A , ��� >@h>�B ���)��� B and ��� Y ���)��� ? thenstop,solution
found!

4. Stepcomputation: SolvetheKKT systemin (2.4.20)for
G o I�K o L=K o N�O

5. Globalization:Find steplength � thatensuresprogressto thesolution

6. Updatetheestimateof thesolution:I0���#� ¸ I/��U � o I
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L����#� ¸ L���U � o LNs���#� ¸ Ns��U � o N� ¸ � U �
gotostep2

Notethata level-6 SAND methodmustalsomaintainestimatesof theLagrangemulti-
pliersin additionto estimatesof thestates

I
andthedesigns

L
. Level-4andlevel-5SAND

methodsusuallydonotneedaninitial guessfor
N
�

anddonotmaintainestimatesof
N
. The

sameglobalizationstrategiesusedin level-4 andlevel-5 SAND methodscanbeused,un-
altered,in a level-6 SAND method.In many applicationsareas,theselevel-6 optimization
methodsare quadraticallyconvergent with algorithmic complexities that scaleindepen-
dently of the numberof designvariables

� B [20]. Oneof the main disadvantagesof this
level of invasivenessis that it is difficult for many differenttypesof applicationcodesto
generateaccuratesecondderivativesin a reasonablyefficientmanner. Therefore,therecan
bea largedevelopmentoverheadandcomputationalexpenseinvolvedin applyinglevel-6
methods.TheKKT systemin (2.4.20)is expensive to solveandits solution is abottleneck
in a level-6SAND method.Therefore,themostcritical partof a level-6SAND methodis
how theKKT systemin (2.4.20)is solvedandtherearemany differentdirectanditerative
approaches;thebestapproachis, of course,applicationdependent.

2.5 Implementation Issuesand Summary

In this section,we discussseveral issuesthat relateto the implementationof sensitivities,
theoveralloptimizationmethodcomplexities/scalabilities,andtheinterfacetooptimization
methods.First the7 levelsof optimizationaresummarizedbelow:

Level 0 is a NAND nongradient“black box” approachwherethe optimizer doesnot
requireany informationfrom thePDEcodeotherthantheobjective functionvalueperop-
timization iteration. This zerolevel is perfectlysuitedfor simulation problemsandcodes
thatarecomplex anddo not calculateexactJacobiansanddo not requiretheinvestigation
of largedesignspaces.Level0 maybetheonly optionfor PDEcodeswherethecomplexity
of thephysicsprecludesthecalculationof analyticderivativesandwherestandardapprox-
imations arepoor. The interfacingcostis minimal, becausemostblack-boxmethodscan
communicatethroughthefile system.

Level 1 is a NAND gradient-based“black box” approachwheretheoptimizerrequires
that thePDEcodecomputetheobjective functionvalueandthegradientperoptimization
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iteration. The gradientis typically calculatedusinga finite differencemethod. Level 1
is suitedfor simulation codesthat arecomplex, but smoothenoughto allow reasonable
accuracy in the finite differencecalculation. Level 1 is also suitablefor problemsthat
poseaninsurmountablesoftwarechallengeand/ordo not requiretheinvestigationof large
designspaces.Similar to level 0 approaches,theinterfacingeffort is minimal.

Level 2 is a NAND gradient-basedmethodthatusesdirectsensitivities from thesimu-
lation code. Therearea few simulation codesat Sandiathatcalculatedirectsensitivities.
Black-boxapproachescan typically take advantageof thesesensitivities to calculatethe
objectivefunctiongradient.Thecostof thiscalculationis morethanrepaidby thefactthat
no extra simulationsareneeded,unlike theuseof finite differences.Besidesthecomputa-
tionalefficiency, directsensitivitiesaremoreaccurate,whichresultsin afasterconvergence
rateandbettersolutions. Thelevel of effort to developdirectsensitivities is highly depen-
denton thedesignof thesimulationcode.However, it is theobviousfirst stepto improve
efficiency andtheobviousfirst steptowardSAND optimization.As explainedin chapter2,
mostsimulationcodesarealreadydesignedto solve thelinearsystemandtheimplementa-
tion of directsensitivities requiressolvingthissystemwith differentright handsides.

Level 3 is a NAND gradient-basedmethodthatusesadjointsensitivities from thesim-
ulationcode.Black-boxapproachescanagaintake advantageof thesesensitivities to cal-
culatethereducedgradientof theobjective function. Therearesignificantcomputational
savingsbecauseit requiresonly onesolutioninvolving thetransposesystemof theJacobian
of the forwardsimulation(independentof thenumberof designvariables

� B ). Similar to
directsensitivities, theadjointmethodproducesaccurategradients.Theeffort to develop
direct sensitivities is highly dependenton thedesignof thesimulationcode. If thesimu-
lation codehasaccessto theJacobianfor the forwardsimulationandthesimulation code
solverscanbeusedon thetransposeof theJacobian,thentheimplementationis relatively
inexpensiveandstraightforward.Theadjointformulationis anecessarysteptowardSAND
optimizationmethods.Oncetheadjointvectorcanbecalculated,aconsiderableamountof
theimplementationeffort is completefor aSAND method.

Level 4 is a SAND gradient-basedmethoddependenton direct sensitivities. The im-
plementation effort associatedwith direct sensitivities is the sameasdescribedfor level
2. Insteadof passingthis informationto a black-boxoptimizer, it is passeddirectly to al-
gorithmscloselycoupledto thesimulation. Additional implementationeffort is therefore
involved to make useof a closelycoupledalgorithm. The extent of the effort depends
highly onhow amenableacodeis to couplingwith otheralgorithms.

Level 5 is a SAND gradient-basedmethodthat is dependenton the “adjoint formu-
lation”. Thesealgorithms requirethe solution of systemsinvolving the transposeof the
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stateJacobian.This methodis similar to level 3, exceptthat for a nonlinearproblemit is
considerablymoreefficient.

Level 6 is knownasthefull-spacemethod[20] andhasthemostcomputationalpotential
for very largedesignspaces.Thelevel of intrusivenessis thehighestasa resultof having
to assembleandsolve the full KKT systemor the relatedQP subproblem. A full-space
algorithmgenerallyrequiresthecalculationor approximationof secondderivativesin the
form of Hessianmatrices.

It is very importantto understandthe implicationsof computing an accuratereduced
gradientin (2.3.13)that is usedin level-2 throughlevel-5 methodsandhow this differs
from the way that simulation codesareusually implemented.In a simulation codethat
usesNewton’s methodto solve

Y/GTI#K	L��MO ¸[`
, it is not critical thatexactsolveswith >E?>�A be

performed,evennearthesolution. All that is requiredis a solution that improvesfeasibil-
ity (i.e. decreases��� Y0GJI�KML#O ��� ). Therefore,many advancedsimulation codesaredesignedto
computeapproximateJacobians(i.e.operatorsplitting andotherinexactmethods) to make
thecomputation of thesolutionscheaper. For optimization this is generallyunacceptable.
Any significanterror in the Jacobianswill be reflectedin the reducedgradient. In other
words,inaccurateJacobianinformationis reflectedin inaccuratesolutions to theoptimiza-
tion problem. This alsoappliesto the Jacobianmatrix >@?>�B . While a simulation codemay
bedesignedto useexactJacobiansandto solve linearsystemsaccuratelywith >@?>@A andmay

even be able to solve systems involving >@?>�A W accurately, sucha codeis certainlynot de-

signedto computeefficient sensitivities for thedesignvariables >@?>�B . This matrix >@?>�B canbe
approximatedusingfinite differences,but thiswill potentially imposeanadditional � G � B O
costper optimizationiteration,even for the level-3 adjoint sensitivity approach.In addi-
tion, thissensitivity matrixmustbeexact(or asaccurateaspossible)or thewrongreduced
gradientis computed. In sometypesof applications,thedevelopmenteffort andcomputa-
tional resourcesrequiredto compute >@?>�B canbequitesmall,while in otherareascomputing
thismatrixcanbedifficult and/orexpensive.

While exactfirst derivativesareessentialfor level2-5methods,exactsecondderivatives
for level-6 methodsarenot ascritical sincesecondderivativesdo not alter theoptimality
conditions, but only the efficiency of the optimizationalgorithm. Quasi-Newton approx-
imations, for example,may not be accurateat all, but they have drasticallyreducedthe
computational timeonmany problems[85, Chapter10]).

In general,goingfrom onelevel of optimizationmethodto thenext, interfacinga sim-
ulation codegetsmoredifficult, but the resultingoptimization algorithmbecomesmore
efficient. Therefore,the real trade-off usuallybetweendifferent levels of intrusive opti-
mizationis that of developer (i.e. human)resourcesversuscomputationalresources.For
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applicationswith fewerdesignvariables,level-5methodsmayactuallybefasterthanlevel-
6 methodsbecauseof thecostof computing (or approximating)andusingsecondderiva-
tives. For many otherapplications,reductionsin computationaltime (which may not be
verysignificant)donot justify thesometimessubstantial investmentin developerresources
neededto implementa level-6 method. However, in caseswith large numbersof design
variables,level-6 methodsoffer theonly hopeof beingableto solvedifficult optimization
problemsusingreasonableamountof computing resources.

Tables2.1and2.2summarizethevariouslevels of intrusive optimizationandthegen-
eralrequirementsfrom simulationcodesfor NAND andSAND optimizationmethods.One
of the moresignificantpiecesof informationin thesetablesis the specificrequirements
from simulationcodesto beusedwith a particularlevel of intrusive optimization. Theap-
plicationrequirementsin eachtableareadditive. For example,all of therequirementsfor
level-2methodsareincludedin therequirementsfor level-3 methods. However, theavail-
ability of aquantity from alower-level methodin ahigher-level methoddoesnotmeanthat
thatquantity will actuallybecomputed.For example,theability to computethedirectsen-
sitivity matrix >�A>@B in a level-5 methoddoesnotmeanthatthis matrix is actuallycomputed.
To compute >@A>�B in a level-5methoddefeatsthewholepurposeof theadjointcomputation.

Note that the complexity per optimization iterationand the generalnumberof opti-
mization iterationsfor level-2 methodsis the sameasfor level-4 methodsandthe same
comparisonappliesfor level-3andlevel-5methods. Thedifferenceis thatthehigher-level
methodshave a smallerconstantthanthe lower-level methodsandtheseconstantsarenot
shown in � G ½ ½ ½ O notation. The ratio of NAND versesSAND solution timeswill beappli-
cationdependent,but therecanbe an orderof magnitude differenceor morewith many
applicationsfor variousreasonsthatwecannotdiscussin detailhere.In otherapplications,
thedifferencesin performancewill besmaller.

The last issueis how the requirementslisted in Tables2.1 and2.2 canbe met by an
applicationcodeandhow this functionalitycanbeusedby anoptimizationalgorithm.One
of the major complications is that thesesimulation codesrun in a variety of computing
environmentsthat rangefrom simpleserialsingle-processprogramsto massively parallel
programs.Furthermore,theway thata linearsystemis solvedmayvarygreatlyamongap-
plicationareas.In someapplicationareas,directsparsesolversmaybepreferable(e.g.in
chemicalprocesssimulation)while massively parallelpreconditionedKrylov-subspaceit-
erative solvers (e.g. in many PDE simulators) are the preferred methods. Or the linear
adjointequationin (2.3.14)couldbesolved usinga nonmatrix-basedmethod(e.g.usinga
time-steppingadjointsolver). Matrix operatorinvocationscanalsobeperformedin avari-
ety of waysusingdifferentdatastructures.In addition, specializeddatastructurescanbe
usedin many applicationareasandcangreatlyimprove performance.Therefore,a linear
algebrainterfacethatis flexible enoughto allow for all of thisvariability is key to success-
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Optimization

level

Application requirements

(additive betweenlevels)

Approximate

complexity per

optimization

iteration

Approximate

numberof

optimization

iterations

level-0

Evaluation of objective�����X�����
, see(2.1.1)

Analysis solution�s�����
, see(2.2.3) � ��� A � B � polynomial to

exponential in� B
level-1 Smoothnessof

�����X�����
and

�s����� � ��� A � B � � ����� B �j� 9/; �
level-2

Evaluation of direct sensitivity matrix>�A>�B , see(2.2.7)

Evaluation of objective gradients>EC>�A and >EC>�B , see(2.3.12) � ��� A � B � � ����� B � � 9/; �
level-3

Computation of adjoints��� >@?>�A � W >EC>�A W , see(2.3.14) � ��� A � � ����� B �j� 9/; �
Table 2.1. Summaryof level-0 to level-3 NAND optimization

methods.
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Optimization

level

Application requirements

(additive betweenlevels)

Approximate

complexity per

optimization

iteration

Approximate

numberof

optimization

iterations

level-4

Evaluation of objective�����X�����
, see(2.1.1)

Evaluation of constraintsresidual¡ ���X����� , see(2.1.2)

Evaluation of direct sensitivity matrix>�A>�B , see(2.2.7)

Evaluation of objective gradients>EC>�A and >EC>�B , see(2.3.12)

Evaluation of Newton step¢ � � >E?>�A�� � ¡ ���X����� , see(2.4.15)

� ��� A � B � � ����� B � � 9/; �

level-5

Action of >@?>�A4� � on arbitrary vectors,

see(2.4.15)

Action of >@?>�A � W on arbitrary vectors,

see(2.3.14)

Action of >@?>�B on arbitrary vectors

Action of >@?>�B W on arbitrary vectors

� ��� A � � ����� B �j� 9/; �

level-6

Evaluation of (or matrix-vector prod-

uctswith) Hessians>Egi?�£>�A g , >Egi?¤£>�A6>@B , >Egi?¤£>�B g , for ¥ �§¦©¨�¨�¨ � A , see

(2.4.22)> g C>�A g , > g C>�A6>�B , > g C>�B g , see(2.4.21)
� ��� A � � � ¦ �

Table 2.2. Summaryof level-4 to level-6 SAND optimization

methods.
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fully beingableto interfaceanadvancedsimulationcodeto ageneralpurposeoptimization
algorithm. Thedetailsof onesuchinterfacearedescribedin Section4.2.3.
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Chapter 3

PDE Envir onment

3.1 Overview

The engineeringcommunity hasa critical needto simulatecomplex physicsand,for the
last few decades,hasdevelopednumerousproductionsimulation codesto addresshigh
fidelity problems.Most of thesecodeshave beenparallelizedandscaleto hundredsand
someto thousandsof processors.This monumental developmentandparallelizationeffort
hasconsumeddevelopersfor the last tenyearswith thesomewhatunfortunateabsenceof
any capabilitiesto addressSAND optimization,althoughsomecodescanproducelimited
sensitivity information,which aspreviously discussedis an initial requirementfor SAND
optimization.Theuseof NAND methodsin combination with largescalePDEsimulation
codesare limited to order ten designvariablesfor the foreseeablefuture assumingthe
currenttrendsin computerhardwaregrowth do not change.PDECOis thereforea critical
development strategy for thoseinterestedin the combinationof large designspaceand
gradientbasedoptimization of large scalecomplex problems. Using the seven levels of
optimization,wereview thedifferentsimulationdisciplinesfor SNL andattemptto identify
appropriateoptimizationlevels.

BeforecategorizingSNLsimulationcodes,additional issuesregardingsimulationcodes
needto bediscussed:

1. Implicit vs explicit - The moreefficient methodsassumethat the solution mech-
anismis implicit and that a Jacobianis formed so that Newton’s methodcan be
applied. Explicit codesdependon usingsolutions from the previous time stepand
Jacobiansarenever formed.
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2. Exact or inexact Jacobian - The theoreticaloptimality conditions requirethat the
Jacobianis exact.Robustnessof theoptimizationalgorithmdependsontheaccuracy
of thegradientcalculations. Any useof approximationscouldsignificantlyaffect the
solution. Nevertheless, usefulsolutionshave beenobtainedfor many problemswith
finite-difference,or otherapproximate,gradients.

3. Transient vs steady state - Although methodshave beendevelopedfor transient
PDECO,significantefficiency problemsstill needto beresolvedfor thegeneralop-
timizationalgorithms.

4. Continuum or non-continuum - SAND methodsrequiresmoothproblems;to date,
thereis no reasonableway for non-continuumcodesto take advantageof SAND
basedtechnologies.A classicexampleof non-continuum methodsis thedirectsim-
ulationMonte Carlotechnique[18] [4] [77].

5. Level of multi-ph ysics- Couplingdifferenttypesof physicscodescreatesdifficult
issuesfor thehigherlevelSANDmethods.Issuessuchasexplicit solutionprocedures
andoperatorsplitting aremajorhindrancesto SAND methods.

6. PDE smoothness- Gradientmethodsrequiresmoothbehavior. Applicationsinvolv-
ing chemicalreactionsandstatechangestypically makeuseof databaseinformation
andimposeadditionalnon-differentiablefunctions.Anotherexamplethatgivesrise
to nondifferentiabilities is thegainor lossof materialduringthecourseof thecom-
putations.

3.2 SandiaApplicationsand Classifications

At Sandia,a large rangeof complex simulation codeshave beendevelopedto addressa
varietyof highfidelity, complex physicsproblemsin theareaof structuraldynamics,solid
mechanics,thermal/radiationtransport,computationalfluid dynamics,fire, shockphysics
andelectricalsimulation. The scopeof providing large-scaleoptimization capabilitiesto
this engineeringcommunity in anefficient andpracticalfashionis considerableandcon-
tinuesto beasourcefor futureresearch.

Thefollowingsectionsdiscussgeneralcharacteristicsfor eachdisciplineandanattempt
is madeto identify thepotentialoptimizationlevel.
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3.2.1 Structural Dynamics

Finite-elementstructural-dynamics simulation capabilitieshave beendevelopedthat are
ableto performstaticanalysis,directimplicit transientanalysis,eigenvalueanalysis,modal
superposition-basedfrequency response,andtransientresponse.Nonlinearcapabilitiesare
currentlybeingdeveloped.Shapeoptimization problemsaretheultimatedesigntarget for
structuraldynamicsand at Sandiathereare a multitude of structuraldesignchallenges.
The structuralintegrity of electronicpackagesfor re-entryvehiclesis an exampleof an
importantdesignproblem.Although thenumberof designparametersareon theorderof
ahundred,asmoresophisticationto thestructuraldesignis added,thedesireto investigate
largerdesignspaceswill increase.

Staticanalysiswith nonlinearmaterialbehavior is anotheraspectof structuraldynamics
thatcanbenefitfrom aSAND formulation.So-calledinversion techniquesto find themost
likely materialsin amediumis apotentialareaof interestthatcouldleadto largenumberof
designvariables.However, theultimategoalfor structuraldynamicsis shapeoptimization
whereSAND methodscanhave a significant impact. Developing efficient optimization
methodsfor transientproblemsremainasignificantresearchchallenge.

3.2.2 Solid Mechanics

Nonlinearsolidmechanicsis fundamentalfor investigatingmanufacturingandgeomechan-
ical issues.Finite-elementcodeshave beendevelopedthatcanhandlelargedeformations,
temperaturedependency, andquasi-staticmechanicsproblemsin threedimensions.A ma-
terial model for elasticand isothermalelastic-plasticbehavior with combinedkinematic
andisotropichardeningis available. An eightnodeLagrangianuniform-strainelementis
employedwith hourglassstiffnessto control thezero-energy modes.Highly nonlinearef-
fectsincludematerialnonlinearities,geometricnonlinearitiesdueto large rotations, large
strains,andsurfacesthatslide relative to eachother. Elementbirth anddeathalgorithms
areavailableto handlemanufacturingsituationswherematerialis eitheraddedor removed,
suchas solderingand milli ng. Contactbetweensurfacescan also be modeledwith or
without friction, which allows for simulating many difficult processes,suchasconnector
insertion.

In additionto manufacturingexamples,thesecodesareusedto modelgeologicalsys-
temssubjectto a variety of stresses.The Yuca Mountainnuclearstoragefacility is an
examplewherethemaximumsafetymargins for stressesneedto becalculatedasa func-
tion of variousdeformationsto thestoragefacility andasa functionof variousloadsonto
thefacility.
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Although significant optimization issuesexist in solid mechanicsin addition to large
designspaces,therea numberof issuesthat prevents considerationof intrusive methods.
Perhapsthemostobvious impedimentto SAND methodsis the fact thatsolid mechanics
codesdonotfor aJacobiananduseanexplicit pseudotimestepping schemeto convergeto
asolution. Nondifferentialquantitiesasa resultof severematerialdeformationalsoposes
a problem.Theremaybesomepossibilities for calculatingdirectsensitivities for a subset
of problems,but presumablythis would requirerestructuringthe typical solid mechanics
code.Certainly, birth/deathalgorithmsarenotdifferentiableandwouldrequireacomplete
new approach.

3.2.3 Thermal

Thermalsimulation capabilitieshandleanalysisof systemsin which thetransportof ther-
mal energy occursprimarily througha conductionprocess.This nonlinear, finite element,
multi-dimensionalcapabilityhasbeenextendedto handlesolid phasechemicalreactions
andradiationtransfer. A steady-state,nonlinearthermalproblemwithouta chemicalreac-
tion is well suitedfor any SAND level optimizationscheme.However, theusualdifficulties
areassociatedwith themulti-coupledphysicsandtransientanalysis.

3.2.4 Computational Fluid Dynamics

3.2.4.1 CompressibleFluid Flow

Compressiblefluid mechanicscodesareneededto simulateaccuratelythe aerodynamics
for subsonic,transonicand supersonicflight. Many configurationsand flight situations
cannotbeadequatelytestedbecauseof high Machnumbers,high Reynoldsnumbers,and
enthalpy conditions. Aerodynamicsimulationscalculatepressures,shearstressfields,and
forcesandmomentsexertedon a structureby thesurroundingcompressiblefluids. If the
assumptionsfor arigid bodyfail, thestructuralresponseof thesystemneedsto beincluded.
This is often an explicit couplingandthereforea difficult issuefor SAND optimization.
However, therearenumerousdesignproblemsin compressible fluid flow, suchassteady-
stateEuler-based,shapeoptimizationthatcantake advantageof any level of optimization
method.A potentialproblemwith compressible fluid flow problemsis that the preferred
solutionmechanismis eithermatrix-freeor pseudotime-stepping with multi-grid methods.
TheJacobianis not formedandsensitivitiescannotbeeasilycalculated.

As a resultof this LDRD project,developmentof anadjoint formulationis underway
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for Sandia’s new compressible fluid flow code.Thegoalis to initially conductshapeopti-
mizationwith thesteadystateEulerequations.An adjointformulation for theRoescheme
hasbeendevelopedanda forwardNewtonbasedsolution is forthcoming.

3.2.4.2 Dir ectSimulation Monte Carlo

Computational fluid flow dynamicslocally refinesthe simulation meshin an attemptto
resolve small-scalephenomena.However, hydrodynamic formulationsbreakdown asthe
grid spacingapproachesthe molecularscale. Direct Simulation Monte Carlo (DSMC)
methods[18, 4, 77] areusedasan alternative to continuum formulations. In DSMC, the
stateof thesystemis givenby theposition andvelocitiesof particles,but theprocessde-
couplesthemovementfrom collisionsandchemistry. First of all theparticlesaremoved
within a timestepalongagrid independently of eachother. At theendof thetimestepthe
particlesaresampledin eachgrid cell to determinecollisionbehavior andspeciesdistribu-
tionsusingprobabilistic techniques.At SNL,DSMChasbeenusedto simulatelow-density
applicationswith Knudsennumbersontheorderof 0.2subjectedto electromagneticfields.
Numerousotherexamplesin theliteraturecanbefound[1, 107].

Clearly the lack of a continuumprevents the useof standardSAND methodsandan
entiresimulationneedsto besolved for any aspectsof anoptimizationalgorithm to occur.
Sensitivity informationwill alsobedifficult to acquireby meansotherthantheuseof finite
differences.

At SNL therearelarge designcodesthat predict the affectsof certaingeometrieson
thebehavior of rarefiedgases.Thesehigh-fidelityproblemsarecomputationallyintensive;
applyingshapeoptimization,evenwith a smallnumberof designparameters,requiresan
enormousamountof computationalresources.

3.2.4.3 IncompressibleFluid Flow

Several Navier-Stokescodeshave beendevelopedto solve a numberof complex design
problems.We describeonesuchcodein Chapter5 for a chemicalvapordepositionreac-
tor problem. The generalNavier-StokesCFD simulator is well suitedto take advantage
of SAND optimizationmethods.EventhoughseveralNavier-Stokescodeshave beenex-
tendedto includechemistry, turbulence,moving interfaces,andelasto-viscoplastic mate-
rials, greatcarehasbeentaken to includecapabilitiesto form a full andexact Jacobian.
Thesecodesarecomplicated,however, anda level 6 interfacemayrequireacompleterevi-
sion. Level-5 optimizationis possible sincetheJacobianin accessibleandthesolution of
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systemsusingits transposeis available.

3.2.5 Fir e

Thefire environmentsimulationsoftwaredevelopmentprojectis directedatprovidingsim-
ulationsfor both openlarge-scalepool fires and building enclosurefires. One classof
codesincludesturbulence,buoyantly drivenincompressibleflow, heattransfer, masstrans-
fer, combustion, soot formation, andabsorptioncoefficient modeling. Anotherclassof
codesrepresenttheparticipating-mediathermalradiationmechanics.Thesefire codesrank
assomeof themorecomplex codesandaremostlydevelopedwith explicit solution meth-
odsto couplemulti-physics, includeapproximationsfor differentphysics processes,use
inexactNewtonmethods,andaccommodatethelossof material.

Theoretically, animplicit couplingof thedifferentphysicscouldmakeafire simulation
acandidatefor higherlevelsof optimization.Thecomplexity of suchasimulationsuggests
complex designproblemsandcomputeintensivesimulations.However, themostproblem-
aticissueassociatedwith fire simulationis thelossof material.As in solidmechanics,these
algorithms arenot differentiable.Evenassuminglossof materialis not an issue, thecur-
rentexplicit coupling still preventstheuseof levels 3 or higher. Level 2 methodscouldbe
consideredbut wouldrequirecrosssensitivitiesto accommodatethemany differentphysics
components. The calculationof crosssensitivities for multiple physicscomponentsis an
activeareaof research.

3.2.6 ShockPhysics

ShockPhysicsis handledthroughafamily of codesthatmodelcomplex multi-dimensional,
multi-materialproblemsthatarecharacterizedby largedeformationsand/orstrongshocks.
The solutionstrategy consistsof a two-step,second-orderaccurateEulerianalgorithmto
solve the mass,momentum, andenergy conservation equations.Modelsexist for com-
puting materialstrength,fracture,porosity, andhigh-explosive detonation and initiation.
Theproblemsthatcanbeanalyzedincludepenetrationandperforation,compression, high
explosive detonationand initiation phenomena,andhypervelocity impact. Strongshock
simulationsrequiresophisticatedandaccuratemodelsof the thermodynamic behavior of
materials.Phasechanges,nonlinearbehavior, andfracturesareimportantto predictbehav-
ior accurately. Equation-of-statepackagesareusedto predictphasechanges.

Morerecently, Lagrangiansolidmechanicscapabilitiesweredevelopedto includearbi-
trary meshconnectivity, superiorartificial viscosity, andimprovedmaterialmodels.Prob-
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lemscanbesolvedusingLagrangian,Eulerian,or anarbitraryLagrangian-Eulerian(ALE)
meshthat is basedon a linearfinite-elementformulation andmayhave arbitraryconnec-
tivity amongtheelements.

Many issuesneedto be addressedto implementany intrusive optimizationalgorithm
for Shockphysics codes,including transientanalysis,non-smooth behavior, explicit solu-
tion procedures,materialadditionanddeletionmechanisms.Similar issuesexist asin fire
simulation.

3.2.7 Electrical Simulation

A substantial numberof electricalsimulationsareconductedatSandiaandacommonprob-
lem is to matchexperimentaldatafrom a network of circuits to thesesimulations. Capa-
biliti esto solvevery largecircuit problemsarecurrentlybeingdeveloped.This effort will
supportanalysisof circuit phenomenaat a varietyof abstractionlevels, including device-
level, analogsignals, digital signals, and mixed signals. Although electricalsimulation
shouldbe smooth, old device modelshave beenknown to uselimiter processesthat are
non-differentiable.Typically, large-scaleelectricalsimulation consistsof milli onsof de-
viceseachof whichcanhostat leastonedesignparameter. Therefore,electricalsimulation
is a reasonablygoodSAND optimizationcandidateprovidedthedevice modelissuescan
beresolvedandalsoprovidedoptimizationmethodsto handletransientmodelsefficiently
can be developed. Algorithms to handletransientprocessesare available, but they are
memoryandstorageintensive sincethey requirea large numberof designvariablesand
largenumberof timesteps.

Thesolutionapproachgeneratesnonlinearsystemsof DAEsandusesNewton’smethod
to solve theresultingnonlinearequations.ThusXycegeneratesaJacobiansimilar to those
requiredby PDE-basedsimulationsandtheoreticallyadjointsensitivitiescanbecalculated.
Similarly to compressiblefluid, additional sensitivity developmentis underway to develop
higheroptimization levelscapabilities.

3.2.8 Geophysics

Geophysics haslong beenthesourceof large inversion problemsthataresolved to iden-
tify materialsandrelatedpropertiesandto detecttargets. Eachof theseproblemsdeals
with largenumberof design/inversionparameters.They areoftensolvedin thefrequency
domaintherebyavoiding theissuesrelatedto transientphenomena.Considerableresearch
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hasbeenconductedat Sandiato solve inversion problemsand,although thesolution pro-
ceduresarenot entirely alongthe samelines describedin this report,thesecodesdo use
Gauss-Newtonmethodsandconjugate gradientsolvers[81] [82].

Seismicinversion, structuralinversion,andsourceinversionareall importantproblems
thatareamenableto thehighestlevel SAND methods. In fact, thestate-of-the-artSAND
methodshave beenappliedto a seismicinversion problemwhere2.1 mill ion inversion
parameterswereusedfor a transientsimulation [3]. Theseproblemsareimplicit, they use
exact Jacobians,andcanbe solved in eithersteady-stateor transientmode. In addition,
they aresinglephysicsandtheir solutionsaresmooth.

3.2.9 Observations& Strategies

Severalconclusions havebeendrawn from our review of theSandiaPDEenvironment:

1. A wide rangeof physics aresimulatedby a variety of methodsincorporatingboth
linearandnonlinearsolvers. An increasingnumberof complex design,control,and
inversion problems,involving a largenumberof design/control/inversion parameters
demandefficientoptimizationmethods.

2. Mostof thecritical Sandiasimulationcodesrunin parallelandthusnew optimization
algorithms needto bedesignedwith large-scaleparallelismin mind.

3. Thepredominantprogramming languageis C++; we stronglysupportthecontinued
developmentof frameworks,algorithms,andtoolsin C++.

4. High-fidelity, multi-physicssimulationsarecrucialto solveSandia’sscienceanden-
gineeringproblems. The initial stepto createa multi-physicscapability is to use
explicit solvers. However, asdiscussedabove, this createsdifficulties for a SAND
optimizationmethod.Thustheuseof implicit methodsneedsto beexplored.

5. TransientsimulationdominatestheproblemspaceatSandiaandSAND optimization
methodsfor transientproblemsneedto beinvestigated.

6. Individualforwardsimulatorsarebeingconsolidatedinto two principalframeworks,
namely, SIERRAandNevada.Optimizationmethodsandinterfacesneedto becon-
sideredaspartof theseframeworks.

AlthoughimplementingPDECOrequiresa customdesignandanindividualapproach
to eachsimulation code,it hasbeenour goal to developmethods, algorithms, andframe-
works that can be leveragedin other PDE simulation codes. Assuming that sensitivity
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informationis availablefrom thesimulationcodesandthesimulationcodeconformsto the
SAND assumptions,wehavedevelopedaframework calledrSQP++thatcanbeinterfaced
with mostcodes.The strengthof this state-of-artobjectorientedcodeis that algorithms
canbemodifiedvery quickly to adaptto theneedsof theoptimization problem. In addi-
tion,wehaveinterfacedthiscodeto aPDEprototypingcode(Sundance)sothatalgorithms
canbe easilytestedfor a rangeof PDE systems.The next few chaptersarededicatedto
describingtherSQP++framework, Sundance,anda full-spaceSQPmethodthat relieson
solvingquadraticprograms.
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Chapter 4

rSQP++ Framework

Describedhereinisanew object-oriented(OO)framework for buildingsuccessivequadratic
programmingAlgorithms, calledrSQP++, currently implemented in C++. The goalsfor
rSQP++arequitelofty. TherSQP++framework is designedto incorporatemany different
SQPalgorithms andto allow externalconfigurationof specializedlinear algebraobjects
suchasvectors,matricesandlinearsolvers. Data-structureindependencehasbeenrecog-
nizedasan important featuremissingin currentoptimizationsoftware[123]. In addition,
it is possiblefor anadvanceduserto modify theSQPalgorithms to meetotherspecialized
needswithout having to touchany of the default sourcecodewithin the rSQP++frame-
work.

Successive quadraticprogramming(SQP)methodsareattractive mainly becausethey
generallyrequirethe fewestnumberof functionandgradientevaluationsto solve a prob-
lem ascomparedto otheroptimization methods [105]. Anotherattractivepropertyof SQP
methodsis thatthestructureof theunderlying NLP canbeexploitedmoreeffectively than
othermethods[118]. A variationof SQP, known asreduced-spaceSQP(rSQP),workswell
for NLPswheretherearefew degreesof freedom(dof) (seeSection4.1.1)andmany con-
straints.Quasi-Newton methodsfor approximatingthereducedHessianof theLagrangian
arealsoveryefficientfor NLPswith few dof. Anotheradvantageof rSQPis thatthedecom-
position usedfor theequalityconstraints only requiressolveswith a basisof theJacobian
(andpossibly its transpose)of theconstraints(seeSection4.1.3).
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4.1 Mathematical Background for SQP

4.1.1 Nonlinear Program (NLP) Formulation

TheSQPalgorithms implementedwith rSQP++solveNLPsin thestandardform:

min
RQG«ª#O

(4.1.1)

s.t.
Y/G«ª#O ¸b`

(4.1.2)ª h � ª � ª#¬ (4.1.3)

where: ª
K	ª h K	ª#¬­Z­®RQG«ª#O°¯±®­²
IRY0GTª#O°¯³®´²¶µ® ·

IR \µ~·
IR ¸ .

Above, we have beenvery carefulto definevectorspacesfor therelevantvectorsand
nonlinearoperators.In general,only vectorsfrom the samevectorspacearecompatible
and can participatein linear algebraoperations. Mathematically, the only requirement
for thecompatibility of real-valuedvectorspacesshouldbethat thedimensionsmatchup
andthat thesameinnerproductsareused.However, having thesamedimensionality will
not be sufficient to allow the compatibility of vectorsfrom differentvectorspacesin the
implementation.Thevectorspacesbecomevery important laterwhentheNLP interfaces
andtheimplementationof rSQP++is discussedin moredetail(seeSection4.2.3.2).

We assumethat the operators
R'GTª#O

and
Y	w0G«ª#O

for }
¸ � ½	½ ½6¹

in (4.1.1)–(4.1.2)are
nonlinearfunctionswith atleastsecond-ordercontinuousderivatives.TherSQPalgorithms
describedlateronly requirefirst-orderderivativeinformationfor

RQG«ª#O
and

YMw0G«ª#O
in theform

of a vector º RQGTª#O anda matrix º Y0GTª#O respectively. The inequalityconstraintsin (4.1.3)
mayhave lower boundsequalto

q±»
and/orupperboundsequalto

U »
. Theabsencesof

someof theseboundscanbeexploitedby many SQPalgorithms.
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It is verydesirablefor thefunctions
RQGTª#O

and
Y/G«ª#O

to at leastbedefined(i.e.noNaNor
Inf returnvalues)everywherein thesetdefinedby therelaxedvariablebounds

ª h q o �ª � ª#¬¼U o
. Here,

o
(seethemethodmax var bounds viol() in theNLP interface

in Section4.2.3.2)is a relaxation(i.e. wiggle room) that the usercan set to allow the
optimizationalgorithmto compute

R'GTª#O
,
Y0GTª#O

and ½ G«ª#O outsidethestrict variableboundsª h � ª � ª#¬
in order to computefinite differencesandthe like. The SQPalgorithms

will never evaluate
RQGTª#O

and
Y0GTª#O

outsidethis relaxedregion. This is animporantissueto
considerwhendeveloping themodelfor theNLP.

The Lagrangianfunction
FHGjN�K@¾ h K�¾/¬©O (andthe Lagrangemultipliers (

N
,
¾ h , ¾/¬ )) and

its gradientandHessianfor thisNLP are

FHGTª
K�N
K@¾ h K�¾/¬©OÀ¿ Á�RQGTª#O�U&N�W#Y0GTª#O
UV¾+Wh GTª h q ª#O
UV¾+W¬ GTª q ª#¬ÂOÄÃSZ
IR (4.1.4)ºÆÅ FHG«ª
K@N
K�¾�OÇ¿SÈ º RQG«ª#O�U º Y/G«ª#O	NÉU&¾�Ê�Z´®

(4.1.5)º rÅ�Å FHGTª
K�N#O)¿­Ë º r RQGTª#O�U ¸Ì w	Í#� N©Î w	Ï º r Y8w�GTª#O�ÐÑZ~® � ® (4.1.6)

where: º RQGTª#O°¯³®´² ®º Y/G«ª#O�¿ÀÒ º Y^�uGTª#O º Y r G«ª#O ½ ½	½ º Y ¸ GTª#O!Ó ¯³®~² ® � µº r Y6w�GTª#O°¯³®´² ® � ® , for }
¿ � ½	½	½8¹N[ZÔµ¾ÕPS¾/¬ q ¾ h Z­®

.

Above, we usethe notation
N
Î w	Ï

with the subscriptin parenthesesto denotethe } th

componentof thevectorandto differentiatethis from asimplemathaccent.Also, º Y/G«ª#O°¯®Ö² ® � µ is usedto denotea nonlinearoperator(thegradientof theequalityconstraintsº Y0GTª#O in this case)that mapsfrom the vectorspace
®

to a matrix space
® � µ wherethe

columnsandrows in this matrix spacelie in thevectorspaces
®

and
µ

respectively. The

returnedmatrix object × ¿ º Y�Z­® � µ definesa linear operatorwhere Ø ¿ ×ÇÙ maps

vectorsfrom Ù Z%µ to Ø ZÚ® . The transposedmatrix object × W definesa linearoperator

whereØ ¿ × W Ù mapsvectorsfrom Ù ZÛ® to Ø ZÜµ .
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Notehow thevectorandmatrixspacesin theaboveexpressionsmatchup. For example,

thevectorsandmatricesin (4.1.5)canbereplacedby their vectorandmatrixspacesasÈ º R'GTª#O�U º Y/G«ª#O	NÉU&¾�ÊÞÝ È0®ßUbGj® � µ
O�µàU&®áÊ±Ý ® ½
Thecompatibility of vectorsandmatricesin linearalgebraoperationsis determinedby

the compatibility of the associatedvectorspaces.At all times,we mustknow to which

vectoror matrixspacea linearalgebraquantitybelongs.

Given the definition of the Lagrangianandits derivativesin (4.1.4)–(4.1.6),the first-

andsecond-ordernecessaryKKT optimality conditions[80] for a solution
G«ªãâ^K@N�âDK@¾Xâh K@¾Xâ¬ O

to (4.1.1)–(4.1.3) aregivenin (4.1.7)–(4.1.13).Therearefour differentcategoriesof opti-

mality conditionsshown here: linear dependenceof gradients(4.1.7),feasibility (4.1.8)–

(4.1.9),non-negativity of lagrangemultipliers for inequalities (4.1.10),complementarity

(4.1.11)–(4.1.12), andcurvature(4.1.13).

ºäÅ FHGTª â K@N â K@¾ â O)¿ º RQG«ª â O�U º Y0GTª â O	N â U&¾ â ¿ ` (4.1.7)Y0GTª â O)¿ `
(4.1.8)ª h � ª â � ª#¬ (4.1.9)Gå¾ h O â K:Gå¾/¬©O âHæ ` (4.1.10)Gj¾ h O â ÎèçéÏ G	G«ª h OMÎèçmÏ q GTª â OMÎèçéÏåOê¿ ` K for ë ¿ � ½	½	½8�

(4.1.11)Gå¾/¬©O â ÎèçéÏ G	G«ª â O ÎìçéÏ q G«ª#¬©O ÎìçéÏ O)¿ ` K
for ë ¿ � ½	½ ½6�

(4.1.12)í W º rÅ�Å FHGTª â K@N â O í æ ` K for all feasibledirections
í Z­® ½

(4.1.13)

Sufficientconditionsfor optimality requirethatstrongerassumptionsbemadeaboutthe

NLP (e.g.constraintqualificationon
Y0GTª#O

andperhapsconditions on third-ordercurvature

in casè is obtainedin (4.1.13)).

To solve a NLP, a SQPalgorithmmustfirst be suppliedan initial guessfor the un-

known variables
ª#�

andin somecasesalsotheLagrangemultipliers
N©�

and
¾��

. Theopti-

mizationalgorithmsimplementedin rSQP++generallyrequirethat
ª
�

satisfythevariable
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boundsin (4.1.3),andif not, theelementsof
ª
�

areforcedin bounds. Thematrix º Y/G«ª#O
is abstractedbehinda setof object-orientedinterfaces. The rSQPalgorithmonly needs

to performmatrix-vector multiplication with º Y0GTª#O andsolve for a square,nonsingular

basisof º Y/G«ª#O throughaBasisSystem interface.Theimplementationof º Y/G«ª#O is com-

pletelyabstractedaway from theoptimizationalgorithm.A simpler interfaceto NLPshas

alsobeendevelopedwherethematrix º Y0GTª#O is never representedeven implicitly (i.e. no

matrix-vectorproducts)andonly specificquantitiesaresuppliedto therSQPalgorithm (see

the“TailoredApproach”in [104] andthe“direct sensitivity” NLP interfaceonpage81).

4.1.2 SuccessiveQuadratic Programming (SQP)

A popularclassof methodsfor solving NLPs is successive quadraticprogramming

(SQP)[26]. An SQPmethodis equivalent,in many cases,to applyingNewton’smethodto

solve theoptimality conditionsrepresentedby (4.1.7)–(4.1.8).At eachNewton iteration �
for (4.1.7)–(4.1.8),thelinearsubproblem(alsoknown astheKKT system)takestheformîÜï ×× W ð î íí+ñ ð ¿ q î ºÆÅ FY ð (4.1.14)

where: í ¿�ª����#� q ª��VZ­®í+ñ ¿bN��M�#� q Ns�%Z[µï ò º rÅ�Å FHGTª��/K@N��uOóZ­® � ®× ¿ º Y/G«ª��:O2Z´® � µYô¿�Y/G«ª��ÄOóZÔµ
.

The Newton matrix in (4.1.14)is known as the KKT matrix. By substituting
íÂñ ¿Ns���#� q N��

into (4.1.14)andsimplifying, this linearsystembecomesequivalentto theopti-

mality conditionsof thefollowingQP
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min õ W í U � ö r í W ï í
(4.1.15)

s.t. × W í U&Yô¿ ` (4.1.16)

where: õ ¿ º RQG«ª��^OÛZ­® ½
Theadvantageof theQPformulationovertheNewtonlinear-systemformulation is that

inequalityconstraintscanbedirectlyaddedto theQPandarelaxationcanbedefinedwhich

yieldsthefollowing QP

min õ W í U � ö r í W ï í U&÷ÔG � O (4.1.17)

s.t. × W í UaG �Hq � O8Yô¿ ` (4.1.18)ª h q ª�� � í � ª#¬ q ª�� (4.1.19)` �ø�ù� �
(4.1.20)

where: ÷ÔG � OÛZ IR
²

IR.

Nearthesolutionof theNLP, thesetof active constraintsfor (4.1.17)–(4.1.20)will be

thesameastheoptimal active-setfor theNLP in (4.1.1)–(4.1.3)[85, Theorem18.1].

The relaxationof the QP shown in (4.1.17)–(4.1.20) is only oneform of a relaxation

but hastheessentialproperties.Notethat thesolution � ¿ �
and

í ¿ `
is alwaysfeasible

by construction.The penaltyfunction
÷ÔG � O is eithera linear or quadraticterm whereif>Eú Îèû	Ï> û � ûMÍ�� is sufficiently large thenanunrelaxedsolution(i.e. � ¿ `

) will beobtainedif a

feasibleregion for theoriginal QPexists. For example, thepenaltytermmaytake a form

suchas
÷ÔG � O)¿ßGýü÷SO � or

÷ÔG � O)¿ßG³ü÷SODG � U � ö r � r O where
ü÷

is a largeconstantoftencalled

“big M.”
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Oncea new estimateof the solution (
ªÂ���#�

,
N��M�#�

,
¾����#�

) is computed,the error in the

optimality conditions(4.1.7)–(4.1.9)is checked. If theseKKT errorsarewithin somespec-

ified tolerance,thealgorithmis terminatedwith theoptimal solution. If theKKT error is

too large, the NLP functionsandgradientsarethencomputed at the new point
ª
���#�

and

anotherQPsubproblem(4.1.17)–(4.1.20)is solvedwhich generatesanotherstep
í

andso

on. This algorithmis continueduntil a solutionis foundor thealgorithmrunsinto trouble

(therecanbemany causesfor algorithmfailure),or it is prematurelyterminatedbecauseit

is takingtoo long(i.e.maximumnumberof iterationsor runtimeis exceeded).

Theiteratesgeneratedfrom
ª��M�#�H¿�ª���U í

aregenerallyonly guaranteedto converge

to a local solution to thefirst-orderKKT conditions whencloseto thesolution. Therefore,

globalization methodsareusedto insure(givena few, sometimesstrong,assumptionsare

satisfied)theSQPalgorithmwill convergeto a local solution from remotestartingpoints.

Onepopularclassof globalization methodsarelinesearchmethods.In alinesearchmethod,

oncethestep
í

is computedfrom theQPsubproblem,alinesearchprocedureis usedto find

a steplength � suchthat
ªÂ���#�2¿ ª��!U � í gives sufficient reductionin the value of a

merit function þ G«ª#���#�6O ÿ þ G«ª��^O . A merit function is usedto balancea trade-off between

minimizing the objective function
R'GTª#O

andreducingthe error in the constraints
Y0GTª#O

. A

commonly usedmerit functionis the
� �

definedby

þ���� GTª#O)¿ R'GTª#O�U�� ��� Y0GTª#O ��� � (4.1.21)

where
�

is a penaltyparameterthat is adjustedto insuredescentalongthe SQPstepª���U � í for �	� ` . An alternative linesearchbasedona“filter” hasalsobeenimplemented

whichgenerallyperformsbetteranddoesnot requirethemaintenanceof a penaltyparam-

eter
�

[122] . Otherglobalization methodssuchastrust region (usinga merit functionor

thefilter) canalsobeappliedto SQP.

BecauseSQPis essentiallyequivalentto applyingNewton’s methodto theoptimality

conditions, it canbe shown to be quadraticallyconvergentnearthe solution of the NLP

[84]. It is this fast rateof convergencethat makesSQPthe methodof choicefor many

applications. However, therearemany theoreticalandpracticaldetailsthatneedto becon-

sidered.Onedifficulty is that in orderto achieve quadraticconvergencetheexactHessian
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of the Lagrangian
ï

is needed,which requiresexact second-orderinformation º r RQG«ª#O
and º r Y8w/G«ª#O , }

¿ � ½	½	½6¹
. For many NLP applications,secondderivativesarenot readily

availableand it is too expensive and/orinaccurateto compute themnumerically. Other

difficulties with SQPincludehow to dealwith an indefiniteHessian
ï

. Also, for large

problems,thefull QPsubproblemin (4.1.17)–(4.1.20)canbeextremelyexpensive to solve

directly. Theseandotherdifficultieshave motivatedtheresearchof large-scaledecompo-

sitionmethodsfor SQP. Oneclassof thesemethodsis reduced-space(or reduced-Hessian)

SQP, or rSQPfor short.

4.1.3 Reduced-SpaceSuccessiveQuadratic Programming (rSQP)

In a rSQPmethod,thefull-spaceQPsubproblem(4.1.17)–(4.1.20)is decomposedinto

two smallersubproblemsthat,in many cases,areeasierto solve. To seehow this is done,

first a null-spacedecomposition [85, Section18.3] is computedfor somelinearly indepen-

dentsetof thelinearizedequalityconstraints×�
 Z�® � µ 
 where
Y 
 GTª#O Zaµ 
 Z IR � arethe

decomposedand
Y B G«ª#OóZÔµ B Z IR

Î ¸ � � Ï aretheundecomposedequalityconstraintsand

Y0GTª#O)¿ î Y 
 G«ª#OY B GTª#O ð Z�µ 
�
 µ B ¿©Ý º Y0GTª��^O�¿ Ò º Y 
 GTª��^O º Y B G«ª��ÄO Ó ¿ Ò ×�
 × B Ó ZÛ® � G µ 
�
 µ B O ½
(4.1.22)

Above, the vectorspace
µb¿´µ 
�
 µ B denotesa concatenatedvectorspace(alsoknown

asa productof vectorspaces)with a dimension which is thesumof theconstituentvector

spaces� µ � ¿ � µ 
�� U � µ B � ¿��
U G ¹ q �*OÇ¿ ¹ . Thisdecomposition is definedby anull-space

matrix � andamatrix � with thefollowing properties:

� Z­® ��� s.t.
G ×�
 O W � ¿ `� Z´® � � s.t.
Ò � � Ó is nonsingular

(4.1.23)

where: � ·
IR

Î \ � � Ï� ·
IR � .
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It is importantto distinguishthespaces� and � from thethematrices� and � . The

null-spacematrix � Z~® � � is a linearoperatorthatmapsvectorsfrom thespace
L­Z �

to vectorsin thespaceof theunknowns � ¿ � L Z ®
. Thematrix � Z ® � � is a linear

operatorthatmapsvectorsfrom thespace
L´Z � to vectorsin thespaceof theunknowns� ¿ � L Z­®

.

In many presentationsof reduced-spaceSQP, thematrix � is referredto asthe“range-

space”matrix sinceseveralpopularchoicesof thismatrix form a basisfor therangespace

of ×�
 . However, notethatthematrix � neednotbea truebasismatrix for therangespace

of ×�
 in orderto satisfythenonsingularity propertyin (4.1.23). For this reason,herethe

matrix � will bereferredto asthe“quasi-range-space”matrix to make thisdistinction.

By using(4.1.23),thesearchdirection
í

canbebrokendown into
í ¿ÔG � q � O �ôÙ A U ��Ù�� ,

whereÙ A Z � andÙ�� Z � aretheknown asthequasi-normal(or quasi-rangespace)and

tangential(or null space)stepsrespectively. By substituting
í ¿ G �±q � O � Ù A U ��Ù�� into

(4.1.17)–(4.1.20) weobtainthequasi-normal (4.1.24)andtargential(4.1.25)–(4.1.27)sub-

problems.In (4.1.25), �¼� �
is a dampingparameterwhich canbeusedto insuredescent

of themerit function þ G«ªÂ�M�#��U � í O .
Quasi-Normal (Quasi-Range-Space)SubproblemÙ A ¿ q�� � � Y 
 Z � (4.1.24)

where:
� P �¤G ×�
 O W �"! ZÔµ 
+� � (nonsingular via (4.1.23)).

Tangential (Range-Space) Subproblem (Relaxed)

min
G õ � U �$# O�W Ù�� U � ö r Ù W � � � W ï �%! Ù�� UV÷ÔG � O (4.1.25)

s.t. &'�iÙ�� UaG �ôq � O8Lù¿ ` (4.1.26)( h ����Ù�� q G �ôÙ A O � � ( ¬ (4.1.27)
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where: õ � P � W õ Z �# P � W ï �ôÙ A Z �� Z IR&)� P �¤G × B O W �%! ZÔµ B � �& A P*�¤G × B O W ��! ZÔµ B � �LùP & A Ù A U%Y B Z µ B( h Paª h q ª�� q �HÙ A Z­®
( ¬¼Pbª#¬ q ª�� q �HÙ A Z´®

.

By usingthisdecomposition, theLagrangemultipliers
N 
 for thedecomposedequality

constraints(
G ×+
 O W í U!Y 
 ¿ ` ) donotneedtobecomputedin ordertoproducesteps

í ¿ßG ��q� O �HÙ A U �)Ù�� . However, thesemultiplierscanbeusedto determinethepenaltyparameter
�

for themerit function[85, page544]or to computetheLagrangianfunction.Alternatively,

a multiplier-freemethodfor computing
�

hasbeendevelopedandtestedwith goodresults

[104]. In any case,it is usefulto computethesemultipliersat thesolutionof theNLP since

they give thesensitivity of theobjective function to thoseconstraints[80, page436]. An

expressionfor computing
N 
 canbederivedby applying(4.1.23)to � W º FHGTª
K�N
K@¾XO to yieldN 
 ¿ q�� � W-, � W'G õ UV¾�O
UaG & A OiWÂN B/. ZÔµ 
 ½ (4.1.28)

Therearemany detailsthat needto be worked out in order to implementa rSQPal-

gorithm andthereareopportunities for a lot of variability. Someof the moresignificant

decisionsthatneedto bemadeare:how to computethenull-spacedecomposition thatde-

finesthematrices� , � ,
�

, &'� and & A , andhow thereducedHessian� W ï � andthecross

term # in (4.1.25)arecalculated(or approximated).

Thereareseveraldifferentwaysto compute decomposition matrices� and � thatsat-

isfy (4.1.23)[105]. For small-scalerSQP, anorthonormal� and � ( � W � ¿ `
, � W � ¿10 ,� W � ¿20 ) canbecomputedusingaQRfactorizationof ×3
 [84]. Thisdecompositiongives

riseto rSQPalgorithmswith many desirableproperties.However, usingaQRfactorization

when ×�
 is of very largedimensionis prohibitively expensive. Therefore,otherchoicesfor
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� and � have beeninvestigatedthataremoreappropriatefor large-scalerSQP. Methods

that aremorecomputationally tractablearebasedon a variable-reductiondecomposition

[105]. In a variable-reductiondecomposition, thevariablesarepartitionedinto dependentª54
andindependent

ª56
sets

ª54 Z~®74
(4.1.29)ª86 Z~®96
(4.1.30)ª ¿ î ª54ª86 ð Z~®74 
 ®96 (4.1.31)

(4.1.32)

where: ®74 ·
IR �®96�·
IR \ � �

suchthat theJacobianof theconstraints× W is partitionedasshown in (4.1.33)where:
is a square,nonsingular matrix known asthebasismatrix. Thevariables

ª'4
and

ª86
are

alsocalledstateanddesign(or controls)variables[20] in someapplicationsor basicand

nonbasicvariables[78] in others. What is important aboutthis partitioning of variables

is that the
ª;4

variablesdefinethe selectionof the basismatrix
:

, nothingmore. Some

typesof optimization algorithms give moresignificanceto this partitioning of variables

(for example, in MINOS [78] thebasicvariablesarealsovariablesthatarenotat anactive

bound)howevernoextra significancecanbeattributedhere.

Thisbasisselectionisusedtodefineavariable-reductionnull-spacematrix � in (4.1.34)

whichalsodetermines&<� in (4.1.35).

Variable-Reduction Partitioning

× W ¿ î G ×�
 O WG × B O W%ð ¿ î : => ? ð (4.1.33)
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where: : ZÔµ 
+� ®74 (nonsingular)= Z µ 
+� ®96> Z[µ B � ®74? ZÔµ B � ®76 .
Variable-Reduction Null-SpaceMatrix

� P î q : � � =0 ð (4.1.34)

&)� ¿ ?bq@> : � � = (4.1.35)

Therearemany choicesfor thequasi-range-spacematrix � thatsatisfy(4.1.23).Two

relatively computationally inexpensive choicesarethecoordinateandorthogonaldecom-

positionsshown below.

Coordinate Variable-Reduction Null-SpaceDecomposition

� P î 0 ` ð (4.1.36)� ¿ :
(4.1.37)& A ¿ >
(4.1.38)

Orthogonal Variable-Reduction Null-SpaceDecomposition

� P î 0
= W : � W%ð (4.1.39)

� ¿ : GA0 U : � � =B= W : � W O (4.1.40)& A ¿ > q@? = W : � W (4.1.41)
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Theorthogonaldecomposition ( � W � ¿ `
, � W �DC¿E0 , � W �FC¿G0 ) definedin (4.1.34)–

(4.1.35)and(4.1.39)–(4.1.41) is morenumericallystablethanthecoordinatedecomposi-

tion andhasotherdesirablepropertiesin thecontext of rSQP[105]. However, theamount

of denselinear algebrarequiredto computethe factorizationsneededto solve for linear

systemswith
�

in (4.1.40)is � G6G � q �/O r �*O floating point operations(flops) which can

dominatethe costof the algorithm for larger
G � q �/O

. Therefore,for larger
G � q �*O

, the

coordinatedecomposition ( � W �HC¿ `
, � W �IC¿ 0 , � W �JC¿ 0 ) definedin (4.1.34)–(4.1.35)

and(4.1.36)–(4.1.38)is preferred becauseit is cheaperbut the downside is that it is also

moresusceptibleto problemsassociatedwith a poorselectionof dependentvariables.Ill-

conditioning in thebasismatrix
:

canresultwith greatlydegradedperformanceandeven

leadto failureof anrSQPalgorithm. Seetheoption range space matrix in Section

4.3.1.1.

Anotherimportantdecisionis how to computethereducedHessian� W ï � . For many

NLPs, second-derivative information is not available to computethe Hessianof the La-

grangian
ï

directly. In thesecases,first-derivativeinformationcanbeusedto approximateK ò � W ï � usingquasi-Newtonmethods(e.g.BFGS) [84]. When
G � q �/O

is small,
K

is

smallandcheapto update.Undertheproperconditionstheresulting quasi-Newton rSQP

algorithmhasa superlinearrateof local convergence(evenusing # = 0 in (4.1.25))[15].

Evenwhen
G � q �*O

is large,limited-memoryquasi-Newton methodscanstill beused,but

thepriceonepaysis in only beingableto achievealinearrateof convergence(with asmall

rateconstanthopefully). For someapplicationareas,goodapproximations of theHessianï
areavailableandmayhave specializedproperties(i.e. structure)thatmakescomputing

theexactreducedHessian
K ¿ � W ï � computationally feasible(i.e. seeNMPC in [10]).

Seetheoptionsexact reduced hessia n andquasi newto n in Section4.3.1.1.

In additionto variations that affect the convergencebehavior of the rSQPalgorithm,

suchasnull-spacedecompositions,approximationsusedfor thereducedHessianandmany

differenttypesof merit functionsandglobalization methods, therearealsomany different

implementationoptions. For example, linearsystemssuchas(4.1.24)canbesolvedusing

director iterativesolversandthereducedQPsubproblemin (4.1.25)–(4.1.27)canbesolved

usingavarietyof methods(activesetvs. interiorpoint) andsoftware[106].
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Null-Space Decompositions for Z and Y Reduced Hessian Approximations for B

QP Cross Term Approximations for w

Globalization

Merit Functions

L1 Augmented LagrangianPowell’s L1

Line Search Trust Region

Merit Func TRFilter LS Filter TRMerit Func LS

Variable Reduction

Orthogonal Coordinate

Orthonormal QR Quasi-Newton B

BFGS

Dense BFGS Limited Memory BFGS

SR1

Exact B Finite-Diff B

w = 0 Exact w Broyden w Finite-Diff w

Figure 4.1. UML analysis classdiagram: Differentalgorithmic

optionsfor rSQP

Figure4.1summarizesfivedifferentcategoriesof algorithmic optionsfor a rSQPalgo-

rithm, many of whichweredescribedabove. Thissetof categoriesandtheoptionsin each

category is by no meanscompleteandmayotheroptionshave beendevelopedandwill be

developed in the future. In general,any option canbe selectedindependentlyfrom each

category and form a valid algorithmwith uniqueproperties. An exceptionis that merit

functionsarenotusedby theFilter line-searchandtrust-regionglobalizationmethodssoit

makesnosenseto selectamerit functionwhenusingaFilter method.While somepermu-

tationsof optionsarenot reasonable(i.e finite-difference# with anexactreducedHessianK
), many permutationsare. Justthis setof optionscanproduce480 distinctly different

algorithms thatmayperformverydifferentlyonany particularNLP.

4.1.4 General Inequalitiesand Slack Variables

Up to this point, only simple variableboundsin (4.1.3)have beenconsideredandthe

SQP/rSQPalgorithmshavebeenpresentedin thiscontext. However, theactualunderlying
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NLP mayincludegeneralinequalitiesandtake theform

min LRQG Lª#O (4.1.42)

s.t. LY/G Lª#O)¿ ` (4.1.43)L½ h �EL½ G LªÂO �EL½ ¬ (4.1.44)

Lª h � Lª � Lª#¬ (4.1.45)

where: Lª=K Lª h K Lª#¬­Z L®LRQG«ª#O°¯ L®­²
IRLY0GTª#O°¯ L®´² LµL½ GTª#O°¯ L®´² LML½ h K L½ h Z LML® Z

IR N\Lµ~Z
IR N¸LM Z
IR N¸'O .

NLPswith generalinequalitiesareconvertedinto thestandardform by theaddition of

slackvariables LP (see(4.1.49)).After theaddition of theslackvariables,theconcatenated

variablesandconstraintsarethenpermuted(usingpermutationmatricesQäÅ and Q ? ) into

theorderingof (4.1.1)–(4.1.3).Theexactmapping from(4.1.42)–(4.1.45)to (4.1.1)–(4.1.3)

is givenbelow
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ª ¿ Q Å î Lª LP ð (4.1.46)ª h ¿ Q Å î Lª hL½ h ð (4.1.47)ª#¬ ¿ Q Å î Lª BL½ B ð (4.1.48)Y0GTª#OÀ¿ Q ? î LY/G Lª#OL½ G Lª#O q LP ð (4.1.49)

Herewe considerthe implicationsof theabove transformationin thecontext of rSQP

algorithms.

Noteif QÞÅ ¿20 and Q ? ¿20 thatthematrix º Y takestheform:

º Y ¿ î º LY º L½q 0 ð (4.1.50)

Onequestionto ask is how the Lagrangemultipliers for the original constraintscan

be extractedfrom the optimal solution
GTª
K@N�K@¾�O

that satisfiesthe optimality conditionsin

(4.1.7)–(4.1.13)?First, considerthe linear dependenceof gradientsoptimality condition

for theNLP formulation in (4.1.42)–(4.1.45)

º NÅ LFýG Lª â K LN â K LN�6 â K L¾ â O)¿ º LR'G Lª â O�U º LY0G Lª â O LN â U º L½ G Lª â O LN86 â U L¾ â ¿ ` ½ (4.1.51)

To seehow theLagrangemultiples
N©â

and
¾Xâ

canbe usedto compute LN�â , LN�6 â and L¾Xâ
onesimply hasto substitute(4.1.46)and(4.1.49)with QÕÅ ¿R0 and Q ? ¿20 into (4.1.7)and

expandasfollows
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ºäÅ FHGTª
K@N�K@¾�OÀ¿ º RÕU º YDNÉUV¾¿ î ºSLR` ð U î º LY ºBL½q 0 ð î N N?N NT ð U î ¾ NÅ¾ NU ð¿ î ºSLRÕU º LYDN N? U ºVL½ N NT UV¾ NÅq N NT U&¾ NU ð ½ (4.1.52)

By comparing(4.1.51)and(4.1.52)it is clearthatthemappingis LN ¿aN N? , LN�6 ¿bN NT ¿ ¾ NU
and L¾p¿ ¾ NÅ . For arbitrary Q Å and Q ? it is alsoeasyto performthemappingof thesolution.

What is interestingabout(4.1.52)is that it saysthat for generalinequalities L½ w0G Lª#O that

arenot active at the solution (i.e.
Gj¾ NU O Î w6Ï ¿ `

), the Lagrangemultiplier for the converted

equalityconstraint
GjN NT O Î w	Ï will be zero. This meansthat theseconvertedinequalities can

be eliminatedfrom the problemand not impact the solution, which is expected. Zero

multiplier valuesmeansthat constraintswill not impact the optimality conditions or the

Hessianof theLagrangian.

The basisselectionshown in (4.1.22)and(4.1.31)is determinedby the permutation

matricesQÞÅ and Q ? andthesepermutationmatricescanbepartitionedasfollows:

Q Å ¿ î QÞÅ 4Q Å 6 ð (4.1.53)

Q ? ¿ î Q ? 4Q ? ¬ ð ½ (4.1.54)

A valid basisselectioncanalwaysbedeterminedby simply including all of theslacksLP in the full basisand thenfinding a sub-basisfor º LY . To show how this canbe done,

supposethat º LY is full rank andthe permutationmatrix
G LQÞÅ O W ¿ Ò G LQÞÅ 4 O W G LQÞÅ 6 O W Ó

selectsa basis L: ¿ G º LYDO W G LQÞÅ 4QO W . Thenthefollowing basisselectionfor thetransformed
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NLP (with Q ? ¿20 ) couldalwaysbeusedregardlessof thepropertiesor implementationofº L½
Q Å ¿ def LQ Å 4 0

LQ Å 6
k ln (4.1.55)

: ¿ î G LQÞÅ 4 º LYuO WG LQ Å 4 ºVL½ O W q 0 ð (4.1.56)

= ¿ î G LQÞÅ 6 º LYuO WG LQ Å 6 º L½ O W ð ½ (4.1.57)

Notice thatbasismatrix in (4.1.56)is lower block triangularwith non-singularblocks

on the diagonal. It is thereforestraightforward to solve for linearsystemswith this basis

matrix. In fact,thedirectsensitivity matrix W ¿ q : � � = takestheform

W ¿ q î G LQÞÅ 4 º LYuO � W G LQ Å 6 º LYDO WG LQÞÅ 4 ºVL½ O W G LQÞÅ 4 º LYuO � W G LQ Å 6 º LYDO W q G LQÞÅ 6 ºVL½ O W%ð ½ (4.1.58)

Thestructureof (4.1.58)is significantin thecontext of active-setQPsolversthatsolve

thereducedQPsubproblemin (4.1.25)–(4.1.27) usinga variable-reductionnull-spacede-

composition. Therowsof W correspondingtogeneralinequalityconstraintsonlyhavetobe

computedif theslackfor theconstraintis at abound.Also notethattheabovetransforma-

tion doesnot increasethenumberof degreesof freedomof theNLP since
� q ¹ ¿ L� q L¹ .

All of this meansthataddinggeneralinequalitiesto a NLP impartslitt le extra costfor the

rSQPalgorithmaslongastheseconstraintsarenotactive.

For reasonsof stability andalgorithmefficiency, it may be desirableto keepat least

someof theslackvariablesoutof thebasisandthiscanbeaccommodatedalsobut is more

complex to describe.

Most of the stepsin a SQPalgorithmdo not needto know that therearegeneralin-

equalitiesin theunderlyingNLP formulationbut somestepsdo(i.e.globalizationmethods
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andbasisselection).Therefore,thosestepsin a SQPalgorithmthatneedaccessto this in-

formationareallowedto accesstheunderlying NLP in a limitedmanner(seetheDoxygen

documentation for theclassNLPInterf acePack:: NLP).

4.2 Softwaredesignof rSQP++

TherSQP++ framework is implementedin C++ usingadvancedobject-orientedsoftware

engineeringprinciples. However, to solve certaintypesof NLPs with rSQP++doesnot

requireany deepknowledgeof object-orientation or C++. Exampleprogramscanbesimple

copiedandmodified.

4.2.1 An Object-Oriented Approachto SQP

4.2.1.1 Moti vation for Object-Oriented Methods

Most numericalsoftware(optimization, nonlinearequationsetc.) consistsof an iterative

algorithmthat primarily involvessimpleandcommonlinear algebraoperations.Mathe-

maticiansusea precisenotationfor theselinearalgebraoperationswhenthey describean

algorithm. For example,
Iá¿ × ª denotesmatrix-vector multiplication irrespective of the

specialpropertiesof thematrix × or thevectors
I

and
ª
. Suchelegantandconciseabstrac-

tionsareusuallylost, however, whenthealgorithmis implemented in mostprogramming

environmentsandimplementationdetailssuchassparsedatastructuresobscurethe con-

ceptualsimplicity of the operationsbeingperformed.Currently it seemsthat developers

haveto choosebetweeneasyto useinterpretiveenvironmentsor moretraditionalcompiled

languages.Interpretive environmentslike Matlab c
X

arepopularwith userssincethe ab-

stractionsthey provideareverysimilar to thoseusedin themathematicalformulation[33].

Theproblemwith interpretive languageslike Matlab is that they arenot asefficient or as

flexible asmoregeneralpurposecompiled languages.Whenthesealgorithms areimple-

mentedin acompiledprocedurallanguage,likeFortran,thesyntaxis muchmoreverbose,

difficult to read,andproneto codingmistakes. Every datastructureis seenin intimate

detailandthesedetailscanobscurewhatmaybeanotherwisesimplealgorithm.While the
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level of abstractionprovidedby environmentslike Matlab is very useful,moreelaborate

datastructuresandoperationsareneededto handleproblemswith specialstructureand

computing environments.

Modernsoftwareengineeringmodelinganddevelopmentmethods,collectively known

asObject-OrientedTechnology(OOT), canprovidemuchmorepowerful abstractiontools

[97], [96]. In addition to abstractinglinearalgebraoperations,Object-OrientedProgram-

ming (OOP) languageslike C++ canbe usedto abstractany specialtype of quantityor

operation.Also OOT canbeusedto abstractlargerchunksof analgorithmandprovide for

greaterreuse.While newer versionsof Matlab supportsomeaspectsof OOT, its propri-

etarynatureandits loosetyping aremajordisadvantages.A newly standardizedgraphical

languagefor OOT is the Unified Modeling Language(UML) [96]. The UML is usedto

describemany partsof rSQP++.AppendixF providesaveryshortoverview to theUML.

Thereareprimarily two advantagesto usingdataabstraction:it improvesthe clarity

of the program,and it allows the implementation of the operationsto be changedand

optimizedwithout affecting thedesignof theapplicationor evenrequiringrecompilation

of muchof the code. The conceptsof OOT anddataabstractionarediscussedin more

detaillaterin thecontext of rSQP.

4.2.1.2 Challengesin DesigningImplementations for Numerical SQPAlgorithms

Therearemany typesof challengesin trying to build a framework for SQP(aswell asfor

many othernumericalareas)thatallowsfor maximalsharingof code,andat thesametime

is understandableandextensible. Specifically, threetypesof variability will bediscussed.

First, we needto comeup with a way of modelingand implementing iterative algo-

rithms,suchasSQP, thatwill allow for stepsto bereusedbetweenrelatedalgorithmsand

for existing algorithms to be extended. This type of higher-level algorithmic modeling

andimplementationis neededto make thestepsin our rSQPalgorithmsmoreindependent

so that they areeasierto maintainandto reuse.A framework calledGeneral Itera-

tionPac k hasbeendevelopedfor thesetypesof iterative algorithmsandservesasthe

backbonefor rSQP++.
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Thesecondtypeof variability to dealwith is in allowing for differentimplementations

of variouspartsof therSQPalgorithm. Therearemany exampleswheredifferentimple-

mentationoptions arepossible andthe bestchoicewill dependon the generalproperties

(i.e. sizesof
�
,
¹

, and
� q �

etc.)of theNLP beingsolved.

An exampleis themethodusedto implementthenull-spacematrix � in (4.1.34).One

option,referredto asthedirect (or explicit) factorization,is to compute W ¿ q : � � = up

front. This methodrequires
G � q �/O

solveswith the basismatrix
:

andalsothe storage

of a dense
� 
 G � q �*O matrix W . Later, however, the tasksof performingmatrix-vector

productsof the form � W õ and �)Ù�� , andbuilding the inequalityconstraintsin (4.1.27)are

implementedusingtheprecomputeddensematrix W . Therefore,no furthersolveswith the

basismatrix
:

arerequired.Theotheroption,calledtheadjoint(or implicit) factorization,

is to define � implicitly andthento computeproductslike � W õ ¿ q = W G : � W õ A O)U õ B .Whentherearefew active variablebounds(i.e. # active bounds= nact
ÿÞÿ,G � q �/O

), the

adjointfactorizationis guaranteedto requirefewer solveswith
:

anddemandlessstorage

thanthedirect factorization.However, it is difficult to determinethebestchoicea priori.

Seetheoptionnull space matrix in Section4.3.1.1.

Anotherexample is the implementationof the Quasi-Newton reducedHessian
K ò

� W ï � . Thechoicefor whetherto store
K

directly or its factorization(andwhatform of

the factorization)dependson the choiceof QP solver usedto solve (4.1.25)–(4.1.27). If

therearea lot of degreesof freedom(
G � q �/O

is large) thenstoringandmanipulatingthe

densefactorsof
K

will becometoo expensive andthereforea limited-memoryimplemen-

tationmaybepreferred.Seetheoptionquasi newton in Section4.3.1.1.

Yet anotherexampleof variability in implementationoptions is in allowing for dif-

ferent implementationsof the QP solver as describedin Section4.2.6 (Seethe option

qp solver ).

A third sourceof variability is in how to exploit thespecialpropertiesof anapplication

area.Issuesrelatedto themanagementof variousalgorithmic andimplementation options

aremoreof a concernto thedevelopersandimplementorsof theoptimizationalgorithms

thanto theusersof thealgorithms.As longasanappropriateinterfaceis availablefor user

to selectvariousoptions(seeSection4.3.1.1),theunderlying complexity is not really their

concern.However, whatis aconcernto advancedusersof optimizationsoftwareis adesire
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to tailor thenumericallinearalgebrato thespecificpropertiesof theirpotentiallyveryspe-

cializedapplicationarea.Datastructures,linearsolversandevencomputingenvironments

(i.e.parallelprocessingusingMPI) canbespecializedfor many applications.For example,

a NLP mayhave constraintswherethebasisof theJacobian
:

is block diagonal.There-

fore, linearsystemscanbe solvedby working with the blocksseparatelyandpossiblyin

parallel.Examplesof thesetypesof NLPsincludeMulti-PeriodDesign(MPD) [118] and

ParameterEstimationandDataReconciliation(PEDR)[116]. Anotherexampleof a spe-

cializedNLP is onewheretheconstraintsarecomprisedof discretizedPartial Dif ferential

Equations(PDEs).For thesetypesof constraints, iterative solvershave beendevelopedto

efficiently solve for linear systemswith the basisof the Jacobian
:

. Abstractinterfaces

for matricesandlinear solvershave beendevelopedthat allow the rSQPalgorithmto be

independentof theimplementationof theseoperations.Theabstractionsthatallow for this

variability aredescribedin Section4.2.3.1.

For someNLPs,thematrix º Y/G«ª#�ÄO cannot evenbeformedimplicitly (i.e. no matrix-

vectorproducts).And, linearsystemswith thebasisof theJacobian
:

in (4.1.33)cannotbe

solvedwith arbitraryright handsides.Or, solveswith
: W

arenotpossible (see[104]). For

thesetypesof NLPs,aspecial“direct sensitivity” interfacehasbeendeveloped(seeSection

4.2.3.2). For a “direct sensitivity” NLP, the numberof algorithmic and implementation

optionsis greatlyconstrainedandis thereforeanexampleof additionalcomplexity created

by theinteractionof all threetypesof variability.

Abstractinterfacesto vectorsandmatriceshave beendevelopedandaredescribedin

Section4.2.3.1thatserve asthefoundationfor facilitatingthetypeof implementationand

NLP specificlinear algebravariability describedabove. In addition, theseabstractinter-

facesalsohelpmanagesomeof thealgorithmic variability suchasthechoiceof different

null-spacedecompositions.

4.2.2 High-Level Object Diagram for rSQP++

Therearemany differentwaysto presentrSQP++. Here,we take a top-down approach

wherewestartwith thebasicsandwork ourwaydown into moredetail.Thisdiscussion is

designedto helpthereaderto appreciatehow acomplex or specializedNLP is solved using
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aNLP
Y
aClient
Y

aBasisSystem
Y
: rSQPppSolver


: rSQPAlgo


: AlgorithmStep


aDecompositionSystem
Y

: rSQPState


: IterQuantity


aAlgoConfig
Y

Figure 4.2. UML object diagram : Coursegrained object dia-

gramfor rSQP++

rSQP++.

Figure4.2 shows a high-level objectdiagramof a rSQP++application,readyto solve

auser-definedNLP. TheNLP objectaNLP is createdby theuseranddefinesthefunctions

andgradientsfor the NLP to be solved (seeSection4.2.3.2). Closelyassociatedwith a

NLP is aBasisSystem object.TheBasisSystem objectis usedto implementthese-

lectionof thebasismatrix
:

. ThisBasisSystem objectis usedby a variable-reduction

null-spacedecomposition (seeSection4.2.5). EachNLP object is expectedto supplya

BasisSystem object. TheNLP andBasisSystem objectscollaboratewith theopti-

mizationalgorithmthougha setof abstractlinearalgebrainterfaces(seeSection4.2.3.1).

By creatinga specializedNLP subclass(and the associatedlinear algebraandBasis-

System subclasses)the implementation of all of the major linear algebracomputations

canbemanagedin a rSQPalgorithm. This includeshaving full freedomto choosethedata

structuresfor all of thevectorsandthematrices× ,
:

,
=

andhow nearlyevery linearalge-

braoperationis performed.This alsoincludestheability to usefully transparentparallel
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linearalgebraon a parallelcomputereven thoughnoneof thecorerSQP++codehasany

conceptof parallelism.

OnceauserhasdevelopedNLP andBasisSystem classesfor theirspecializedappli-

cation,aNLP objectcanbepassedonto arSQPppSolver object.TherSQPppSolver

classis aconvenient“f acade”[42] thatbringstogethermany differentcomponentsthatare

neededto build a completeoptimizationalgorithmin a way that is transparentto theuser.

The rSQPppSol ver objectwill instantiatean optimization algorithm(given a default

or a user-definedconfigurationobject)andwill thensolve theNLP, returningthesolution

(or partial solutionon failure) to the NLP objectitself. Figure4.2 alsoshows the course

grainedlayout of a rSQP++algorithm. An advancedusercansolve even the mostcom-

plex specializedNLP without needingto understandhow thesealgorithmic objectswork

togetherto implementanoptimizationalgorithm. Understandingtheunderlyingalgorith-

mic framework is only necessaryif theoptimizationalgorithmsneedto bemodified. The

foundationfor thealgorithmic framework is discussedin Section4.2.4.A completeexam-

ple of a simplebut very specializedNLP thatoverridesall of thelinearalgebraoperations

is describedin Section4.4.

While rSQP++offerscompleteflexibili ty to solve many differenttypesof specialized

NLPsin diverseapplicationareassuchasdynamicoptimizationandcontrol[16] andPDES

[19] it canalsobe usedto solve moregenericNLPs suchasaresupportedby modeling

systemslike GAMS [29] or AMPL [41]. For serial NLPs which can computeexplicit

Jacobianentriesfor × , a userneedsto to createa subclassof NLPSeria lPreproce s-

sExplJa c anddefinetheproblemfunctionsandderivatives. For thesetypesof NLPs,a

defaultBasisSystem subclassis alreadydefinedwhichusesasparsedirectlinearsolver

to implementall of therequiredfunctionality.

Figure4.3 shows a UML packagediagramof all of themajorpackagesthatmake up

rSQP++.At thevery least,eachpackagerepresentsoneor morelibrariesandthepackage

dependenciesalsoshow thelibrary dependencies.In many cases,eachpackageis actuallya

C++ namespace (e.g.namespace Abstract LinAlgPac k
È

...
Ê
) andselected

classesandmethodsareimportedintohigherlevelpackageswith C++using declarations.

Thefollowing arevery brief descriptionsof eachpackage.Thepackagesaredescribedin

moredetailin Sections4.2.3–4.2.5 andin AppendixC.

71



MemMngPack

AbstractLinAlgPack

LinAlgPack

SparseLinAlgPack

SparseSolverPackNLPInterfacePack

ConstrainedOptimizationPack

RTOpPack

<<frameWork>>

ReducedSpaceSQPPack

<<frameWork>>

GeneralIterationPack

<<import>>

<<import>>

<<import>>

<<import>>

<<import>>
<<import>>

<<import>><<import>>

Figure 4.3. UML package diagram : Packages making up

rSQP++

MemMngPack containsbasic(yet advanced)memorymanagementfoundationalcode

suchassmartreferencecountedpointersandfactoryinterfaces(seeAppendix8.8). These

classesprovideaconsistentmemorymanagementstylethatis flexible andresultsin robust

code.Without this foundation, muchof thefunctionality in rSQP++wouldhavebeenvery

difficult to implementcorrectlyandsafely.

RTOpPack is comprisedof anadvancedlow-level interfacefor vectorreduction/transformation

operatorsthatallows the developmentof high-level linear algebrainterfacesandnumeri-

cal algorithms(i.e. rSQP++). Thebasiclow-level operatorinterfaceis calledRTOpwhich

allows the development of arbitraryuser-definedvectoroperators.The designof this in-

terfacewascritical to the development of rSQP++in a way that allows full exploitation

of a parallelcomputer andspecializedapplicationwithout requiringrSQP++to have any
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conceptof parallelconstructs.The advancedconceptsbehindthe designof RTOpPack

aredescribedin moredetail in [10].

AbstractL inAlgPack is afull-featuredsetof interfacesto linearalgebraquantities

suchasvectorsandmatrices(or linearoperators).A vectorinterfaceis thefoundationfor

all numericalapplicationsandprovidessomeof the greatestchallengesfrom an object-

orienteddesignpoint of view. The vectorinterfacein Abstrac tLinAlgPa ck is built

on the foundationof RTOpPack andallows theefficient developmentof many advanced

typesof optimization algorithms. Therearebasicinterfacesfor general,symmetric and

nonsingular matrices.TheBasisSystem interfacementionedabove is alsoincludein

this package.Theselinearalgebrainterfacesaredevoid of any concreteimplementations

andformthefoundationfor all thelinearalgebracomputationsin rSQP++. Theseinterfaces

aredescribedin moredetailalongwith theNLP interfacesin Section4.2.3

LinAlgPac k containsconcretedatatypesfor denseBLAS-compatiblelinearalgebra.

Part of this packageis a portableC++ interfaceto a FortranBLAS library. This package

forms the foundationfor all denseserial linear algebradatastructuresandcomputations

thattakeplacein rSQP++.

SparseLin AlgPack includesmany differentimplementationsof linearalgebrain-

terfacesdefinedin Abstrac tLinAlgPa ck for serialapplications.In additionto a de-

fault serialvectorclass,denseandsparsematrix classesarealsoprovided. Severalother

importantmatrix interfacesarealsodeclaredthatareusefulin circumstanceswhereserial

linear algebraquantities aremixed with moregeneral(i.e. parallel) linear algebraimple-

mentations. The implementationsand the interfacesincludedin this packageprovide a

(nearly) completelinear algebrafoundationfor the development of any advancedopti-

mizationalgorithm.

SparseSol verPack provides interfacesto direct serial linear solvers, subclasses

for several popularimplementations(suchasseveral Harwell solvers andSuperLU)and

includesasubclassof BasisSystem thatusesoneof thesedirectsolvers.

NLPInterf acePack definesthebasicNLP interfacesthatareneededto implement

variousoptimizationalgorithms(particularlySQPmethods). Thesebasicinterfacescom-

municateto an optimization algorithm throughlinear algebraquantitiesusing the Ab-
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stractL inAlgPack interface.Thesebasicinterfacesaredescribedalongwith thelin-

earalgebrainterfacesin Section4.2.3.This packagealsocontainsseveralNLP nodesub-

classesfor common typesof NLPs. Thesesubclassesmake it very easyto implementa

serialNLP.

Constrain edOptimiz ationPac k is amixedcollectionof severaldifferenttypes

of interfacesandimplementations.Someof themajorinterfacesandimplementationsde-

fined in this packageare for null-spacedecompositions, QP solvers,merit functionsand

genericline searches.

GeneralIt erationPa ck is a framework for developing iterative algorithms. Any

type of iterative algorithmcanbe developedand thereis no specializationfor numerics

in thepackage.This framework providesthebackbonefor all rSQP++optimizationalgo-

rithmsandis describedin moredetail in Section4.2.4

ReducedSp aceSQPPack is the highestlevel package(namespace)in rSQP++. It

containsall of therSQPspecificclassesandcontainsthebasicinfrastructurefor building

rSQP++algorithms(suchasstepclasses)aswell asotherutiliti es. Also includedarethe

rSQPppSolver facadeclassandtwo built-in configurationclassesfor active-setrSQP

(rSQPAlgo ConfigMa maJama) andinterior-pointrSQP(Algo Confi gIP ). Basicin-

teractionwith a rSQP++algorithm througha rSQPppSolver objectis describedin the

Doxygendocumentation startingat

RSQPPPBASEDOC/ReducedSpaceS QPPack/ht ml/index. html

It is not importantthattheuserunderstandthedeatilsof all of thesepackagesbut some

packagesareof moreinterestto anadvanceduserandthesepackagesaredescribednext.

Someof theotherpackagesaredescribedin AppendixC. For detailson theinstallationof

rSQP++,seeAppendixB.

4.2.3 Overview of NLP and Linear Algebra Interfaces

All of thehigh-level optimizationcodein rSQP++is designedto allow arbitraryimplemen-

tationsof the linear algebraobjects. It is the NLP objectthat definesthe basisfor all of
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the linearalgebraby exposinga setof abstract“f actories”[42] for creatinglinearalgebra

objects.Beforethespecificsof theNLP interfacesaredescribed,thebasiclinearalgebra

interfacesarediscussedfirst. Theseare the interfacesthat allow rSQP++to utilize fully

parallellinearalgebrain acompletelytransparentmanner.

4.2.3.1 Overview of AbstractLinAlgPack: Interfaces to Linear Algebra

Figure4.4shows a UML classdiagramof thebasiclinearalgebraabstractions.Thefoun-

dationfor all the linear algebrais in vectorspaces.A vectorspaceobject is represented

thoughan abstractinterfacecalledVectorSpace. A VectorSpace object primar-

ily actsasan “abstractfactory” [42] andcreatesvectorsfrom the vectorspaceusingthe

create member() method.VectorSpace objectscanalsobeusedto checkfor com-

patibility using the is compatible() method. Every VectorSpace object hasa

dimension. Thereforea VectorSpace objectcannot be usedto representan infinite-

dimensional vectorspace. This is not a seriouslimitation sinceall vectorsmusthave a

finite dimensionwhenimplementedin acomputer. Justbecausetwo vectorsfrom different

vectorspaceshave the samedimension doesnot imply that the implementationswill be

compatible.For example,distributedparallelvectorsmayhave thesameglobaldimension

but thevectorelementsmaybedistributedto processorsdifferently(we saythatthey have

different“maps”). This is animportantconceptto remember.

Vectorimplementationsareabstractedbehindinterfaces.Thebasicvectorinterfacesare

brokenup into two levels: VectorWithOp andVectorWithOpMutable. TheVec-

torWithOp interfaceis animmutableinterfacewherevectorobjectscannot bechanged

by theclient. TheVectorWithOpMutable interfaceextendstheVectorWithOp in-

terfacein allowing clients to changethe elementsin the vector. Thesevector interfaces

arevery powerful andallow theclient to performmany differenttypesof operations.The

foundationof all vector functionality is the ability to allow clientsto apply user-defined

RTOpoperatorswhich performarbitraryreductionsandtransformations(seethemethods

apply reduction(...) andapply transformation(...)1). The ability to

1Note thatbothapply reduction(...) andapply transformation(...) canperform re-

ductions andreturn reduction objectsreduct obj . Assumingthatonly apply reduction(...) can

perform a reduction is a common misunderstanding.The differencesbetweenthesetwo methods is subtle
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create_member() : VectorWithOpMutable
Z
is_compatible(in  : VectorSpace) : bool


dim

[ VectorSpace


apply_reduction(in op, in ..., inout reduct_obj)
\
sub_view(in  : Range1D) : VectorWithOp
] VectorWithOp


apply_transformation(in op, in ..., inout reduct_obj)
\
sub_view(in  : Range1D) : VectorWithOpMutable
] VectorWithOpMutable
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Figure 4.4. UML class diagram : Abstr actL inAlg Pack ,

abstractinterfaces to linear algebra

write thesetypesof user-definedoperatorsis critical to the implementation of advanced

optimizationalgorithms. A singleoperatorapplicationmethodis the only methodthat a

vectorimplementation is requiredto provide (in additionto sometrivial methods suchas

returningthedimensionof thevector)whichmakesit fairly easyto addanew vectorimple-

mentation.In additionto allowingclientsto applyRTOpoperators,theothermajorfeature

is the ability to createarbitrarysubviews of a vector (usingthesub view() methods)

asabstractvectorobjects. This is an importantfeaturein that it allows the optimization

algorithmto accessthedependent(i.e. state)andindependent(i.e. design)variablessepa-

rately (in additionto any otherarbitraryrangeof vectorelements).Supportfor subviews

is supported by default by every vectorimplementationthroughdefault view classes(see

the classVectorW ithOpMuta bleSubvi ew) that rely only on the RTOpapplication

methods.Thelastbit of majorfunctionality is theability of theclient to extractanexplicit

andthereadershouldconsultthetheDoxygendocumentationfor moredetails.
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view of a subsetof thevectorelements.This is neededin a few partsof anoptimization

algorithmfor suchtasksasdensequasi-Newton updatingof the reducedHessianandthe

implementationof thecompactLBFGSmatrix. Asidefrom vectorsbeingimportantin their

own right, vectorsarealsothe major type of datathat is communicatedbetweenhigher-

level interfacessuchas linear operators(i.e. matrices)andfunction evaluators (i.e. NLP

interfaces).

The basicmatrix (i.e. linear operator)interfacesare also shown in Figure 4.4. The

MatrixWithOp interfaceis for generalrectangularmatrices.Associatedwith any Ma-

trixWithOp object is a column spaceand a row spaceshown as space cols and

space rows respectively in the figure. Sincecolumnandrow VectorSpace objects

haveafinite dimension, this impliesthateverymatrixobjectalsohasfinite row andcolumn

dimensions. Therefore,thesematrix interfacescannot be usedto representan infinite-

dimensional linearoperator. Notethatall finite-dimensional linearoperatorscanberepre-

sentedasamatrix (which is unique)sothedistinctionbetweenafinite-dimensional matrix

anda finite-dimensional linearoperatoris insignificant. Thecolumnandrow spacesof a

matrix objectidentify the vectorspacesfor vectorsthat arecompatiblewith thecolumns

androws of thematrix respectively. For example, if thematrix i is representedasaMa-

trixWithOp objectthenthe vectors j and k would have to lie in the columnandrow

spacesrespectively for thematrix-vectorproductjml�i�k .
Thesematrix interfacesgo beyondwhatmostotherabstractmatrix/linear-operatorin-

terfaceshave attempted.Otherabstractlinear-operatorinterfacesonly allow the applica-

tionsof jnl2i%k or thetranspose(adjoint) jnl�i3o8k for vector-vectormappings.EveryMa-

trixWithOp objectcanprovidearbitrarysubviewsasMatrixWithOp objectsthrough

thesub view(...) methods.Thesemethodshave default implementationsbasedon

defaultview classeswhicharefundamentallysupportedby theability to takearbitrarysub-

view of vectors.This ability to createthesesubviews is critical in orderto accessthebasis

matricesin (4.1.33)givena JacobianobjectGc for prq . Thesematrix interfacesalsoallow

muchmoregeneraltypesof linearalgebraoperations.ThematrixMatrixWithOp inter-

faceallows theclient to performlevel 1, 2 and3 BLAS operations(seeAppendixE for a

discussion of theconvention for namingfunctionsfor linearalgebraoperations)
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Oneof thesignificantaspectsof theselinearalgebraoperationsis thatanabstractMa-

trixWithOp objectcanappearon the left-hand-side.This addsa whole setof issues

(i.e. multipledispatch[76, Item 31]) thatarenotpresentin otherlinearalgebrainterfaces.

The matrix interfacesassumethat the matrix operatoror the transposeof the matrix

operatorcanbe applied. Therefore,a correctMatrixWithOp implementationmustbe

ableto performthe transposedaswell asthenon-transposedoperation.This requirement

is importantwhentheNLP interfacesarediscussedlater.

Severalspecializationsof theMatrixWithOp interfacearealsorequiredin orderto

implement advancedoptimization algorithms. All symmetric matricesareabstractedby

theMatrixSymWithOp interface.This interfaceis requiredin orderfor theoperation

� l2s�t�uxw K y�tvuxwAi+y�t�uxw K o y{z@} �

to be guaranteedto maintainthe symmetry of the matrix
�

. Note that a symmetric

matrix requiresthat thecolumnandrow spacesbethesamewhich is shown by theUML

constraint� ... � in Figure4.4.

The specializationMatrixWithOpNonsingular is for nonsingular squarematri-

cesthat can be usedto solve for linear systems. As a result, the level 2 and 3 BLAS

operations
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aresupported.The solution of linear systems representedby theseoperationscanbe

implementedin anumberof differentways.A directfactorizationfollowedby backsolves

or alternatively a preconditionediterative solver (i.e. GMRESor someotherKrylov sub-

spacemethod)couldbeused.Or, a morespecializedsolutionprocesscouldbeemployed

which is tailoredto thespecialpropertiesof thematrix (i.e.bandedmatrices).

ThelastmajormatrixinterfaceMatrixSymWithOpNonsingular is for symmetric

nonsingular matrices.This interfaceallows theimplementationof theoperation

� l�s�tvuxw K y�t�uxw�i�����y�tvuxw K o y
andguaranteesthat

�
will beasymmetricmatrix.

A moredetaileddiscussion of thesebasiclinearalgebrainterfacescanbefoundin the

Doxygendocumentation.

A major part of a rSQPalgorithm,basedon a variable-reductionnull-spacedecom-

position (seeSection4.2.5), is the selectionof a basis. The fundamentalabstractionfor

this taskis BasisSystem (asfirst introducedin Figure4.2). Theupdate basis()

methodtakestherectangularJacobianGc ( prq ) andreturnsaMatrixWithOpNonsin-

gular objectfor thebasismatrix
�

. This interfaceassumesthatthevariablesarealready

sortedaccordingto (4.1.31).For many applications,theselectionof thebasisis known a

priori (e.g.PDE-constrainedoptimization). For otherapplications, it is not clearwhat the

bestbasisselectionshouldbe. For thelattertypeof application, thebasisselectioncanbe

performedon-the-flyandresultin oneor moredifferentbasisselectionsduringthecourse
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of a rSQPalgorithm. TheBasisSystemPerm specializationsupportsthis type of dy-

namicbasisselectionandallows clientsto eitheraskthe basis-systemobject for a good

basisselection(select basis()) or cantell thebasis-systemobjectwhatbasisto use

(select basis()). The selectionof dependentk~� andindependentk�� variablesand

theselectionof thedecomposedq��/w�k�y andundecomposedq��|w�k�y constraintsis represented

by Permutation objectswhich arepassedto and from theseinterfacemethods. The

protocolfor handlingbasischangesis somewhatcomplicatedandis beyondthescopeof

thisdiscussion.

4.2.3.2 Overview of NLPInterfacePack: Interfaces to Nonlinear Programs

Thehierarchyof NLP interfacesthatall rSQP++optimization algorithmsarebasedon is

shown in Figure4.5.TheseNLP interfacesactprimarily asevaluators for thefunctionsand

gradientsthatdefinetheNLP. Theseinterfacesrepresentthevariouslevelsof intrusiveness

into anapplicationarea.

Thebase-level NLP interfaceis calledNLP anddefinesthenonlinearprogram.An NLP

objectdefinesthevectorspacesfor thevariables� andtheconstraints� asVectorSpace

objectsspace x andspace c respectively. TheNLP interfaceallowsaccessto theinitial

guessof thesolution k;� andtheboundsk5� and k�� asVectorWithOp objectsx init ,

xl andxu respectively.

TheNLP interfaceallows clientsto evaluatejust the zero-orderquantities �<w�k�y�� IR

and q�w�k�y-��� asscalarandVectorWithOpMutable objectsrespectively. Many dif-

ferentstepsin anoptimization algorithmdo not requiresensitivities for theproblemfunc-

tions.Examplesincludeseveraldifferentline searchandtrustregionglobalization methods

(i.e. Filter andexactmerit function). Nongradient-basedoptimizationmethodscouldalso

beimplementedthroughthis interfacebut smoothnessandcontinuity of thevariablesand

functionsis assumedby default. Note that this interfaceis the sameasa NAND (nested

analysisanddesign)approachif thereareno equalityconstraints (i.e. removedusingnon-

linear elimination). The NLP interfacecanalsobe usedfor unconstrainedoptimization

(i.e. � ����l2� l�¡ ) or for asystemof nonlinearequations(i.e. ���¢�/l2£¤l*� �9��l2� ).

The next level of NLP interfaceis NLPObjGradient. This interfacesimply adds
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calc_f(in x)
¥
calc_c(in x)
¥
x_init : VectorWithOp
¦
xl : VectorWithOp
¦
xu : VectorWithOp
¦

NLP

§

calc_Gf(in x)
¥ NLPObjGradient

§

calc_Gc(in x)
¥NLPFirstOrderInfo

calc_point(in x, out f, out c, out Gf, out py, out D)
¥ NLPFirstOrderDirect


§

calc_HL(in x, in lambda)
¥ NLPSecondOrderInfo


space_x
¨
space_c
¨

AbstractLinAlgPack::

©

BasisSystem


basis_sys

ª

AbstractLinAlgPack::

©

VectorSpace


Figure 4.5. UML classdiagram : NLPI nter faceP ack , ab-

stract interfacesto nonliner programs

the ability to computethe gradientof the objective function p��<w�k�y«�2� asa Vector-

WithOpMutable objectGf . For many applications, it is far easierandlessexpensive

to computesensitivities for the objective function than it is for the constraints.That is

why this functionalityis consideredmoregeneralthansensitivities for theconstraintsand

is thereforehigherin the inheritancehierarchythaninterfacesthe includesensitivities forprq .
Sensitivities for the constraintsp«q arebroken up into two separateinterfaces.These

interfacesrepresentthecapabilitiesof theunderlyingapplicationcode.Themostgeneral

(from thestandpoint of theoptimizationalgorithm)interfaceis NLPFirstOrderInfo.

This NLP interfaceassumesthat the applicationcan, at the very least, form and main-

tain a MatrixWithOp objectGc for thegradientof theconstriantsprq . Recallthat this

implies that operationsof the form ¬ l prq o�­ and ¬*l p«q ­ can both be performed

with arbitraryvectors.Note thatwhile operationsof the form ¬®l¯prq°o ­ canbeapprox-

imatedusingdirectionalfinite differences(i.e. prq�o ­ l²±´³¶µm·�¸7��w¹q�w�kBz»º ­ y½¼¾q�w�k�y¿y�À�ºvy ),
operationsof the form ¬El prq ­ can not, so this interfacecan not simply be approxi-
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matedusingfinite differences.A NLPFirstOrderInfo objectcanoptionally supply

a BasisSystem object that is specializedfor application’s Gc matrix object. By im-

plementingtheNLPFirstOrderInfo interface(with the associatedVectorSpace,

MatrixW ithOp andBasisSystem subclasses),the critical linear algebracomputa-

tionscanbeperformedin a rSQPalgorithm.SeeSection4.2.5for adescription of how the

variable-reductionnull-spacedecompositionsuseaBasisSystem objectto defineall of

therequireddecomposition matrices.An exampleof averystructuredNLP is describedin

Section4.4whereall of thelinearalgebraobjectsarespecializedfor theNLP.

For applicationsthat can not satisfy the NLPFirstOrderInfo interface, there is

theNLPFirstOrderDirect interface.As thenameimplies, theNLPFirstOrder-

Direct interfaceonly requiresthedirectsensitivity matrix ÁÂlÃ¼ � ����Ä andthesolution

to the Newton linear systemsu5Å�l � ��� q . With usuallyminor modifications,almostany

applicationcodethatusesaNewtonmethodfor theforwardsolutioncanbeusedto imple-

menttheNLPFirstOrderDirect interface(seeChapter5 for anexampleapplication).

Both theorthogonal andthecoordinatevariable-reductionnull-spacedecompositionscan

beimplementedwith just thequantities ÁÆlE¼ � ��� Ä andu�Å%l � ��� q .
Finally, themostadvancedNLP interfacedefinedis NLPSecondOrderInfo. This

NLP interfaceallows theoptimizationalgorithmto compute aMatrixSymWithOp ma-

trix objectHL for theHessianof theLagrangianÇ l1pÉÈÊvÊ�Ë l1p«Èv�<w�k�y�z«Ì�ÍÎ¿Ï �ÑÐ Î pnÈvq Î w�k�y .
How this Hessianmatrix objectis usedcanvary greatly. This matrix objectcanbe used

to computetheexact reducedHessian
K lÓÒ�o;ÇÃÒ or canbeusedto form the full KKT

matrix. Many otherpossibilities exist but thebestapproachwill bevery muchapplication

dependent.

TheNLP, NLPFirstOrderDirect, NLPFirstOrderInfo andNLPSecond-

OrderInfo interfacesrepresentfour different levels of invasivenessto the application.

TheNLP interfacewithout equalityconstraintscanusedto implementa basicNAND op-

timization algorithmwhile on the otherextremetheNLPSecondOrderInfo interface

canbe usedto implementa fully coupledinvasive SAND methodwith accessto second

derivatives.
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4.2.4 Overview of GeneralIterationPack : Framework for Gen-

eral Iterati veAlgorithms

GeneralIt erationPa ck is a framework for building iterativealgorithms in C++.

Thisframework isnotspecifictonumericalapplicationsandcanbeusedfor any application

areawhereit maybeuseful.Thechallengesin building sucha framework arein trying to

keepthestepsandothercomponentsin thealgorithmasdecoupledaspossiblesothatthey

canbereusedin many differentrelatedalgorithms.

To illustratethe designandthe underlyingconcepts,considerthe iterative algorithm

shown in Figure4.6. In suchan algorithm,quantities computedin onestepareusedby

oneor moreothersteps.In theexample,the iterationquantitiesare k , u , Ô , and Õ . These

quantities may representanything from scalarsto vectorsor matricesall the way up to

arbitrarily complex objects. Suchalgorithms mustbe initializedbeforethey canbe run

asshown in theexample.Oncesomeminimum initializationis completed,thealgorithm

startsto run. The averageiteration is executedsequentially from step1 to step4 and

thenloopsbackto step1 againwith the iterationcounter Ö incrementedby one. During

someiterations,however, oneor moreminor loopsbetweensteps2 and3 mayberequired.

The stepsin the algorithmaredependenton the othersteps(at leastimplicitly) through

commoniterationquantities.For example,steps2, 3 and4 all accesstheiterationquantityÔ . Stepsmayalsohavealgorithmiccontroldependenciesrequiredto performminor loops.

In the example,steps2 and3 are involved in a minor loop andthis suggestssometype

of dependency betweenthem. The last type of dependency that exists is also between

stepsandthe iterationquantitiesthatareupdatedor accessedandis relatedto thestorage

requirementsfor iterationquantities.For example,step1 only requiresonestoragelocation

for u to updateu8× , while step2 requiresdualstoragefor u (u5× andu�× ��� ) in orderto updateÔ × . Supposestep1 wereimplemented long beforestep2. In this case,it mayhave been

assumedthatonly onestoragelocationwasneededfor u . Whenstep2 is laterimplemented,

will step1 have to be modifiedto accommodatethe additional storagelocations?Many

implementationtechniqueswould requirethecodeimplementing step1 to bemodifiedin

thiscase,therebycouplingstep1 to step2 aswell asto theimplementationof theiteration

quantity u . Finally, theremustbesometerminationcriteria for thealgorithm. This check
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Step 1
pk = f1(xk)

Major Loop/ xk = xo
Star t

Step 2
qk = f2(pk,pk-1)

Step 3
rk = f3(qk)

[ rk < ρ  ]
   / pk =  f3’(rk,pk)

Step 4
xk+1 = f4 (qk,rk)

[ rk ≥ ρ  ]

Minor Loop

Finish

[ f4’(xk+1) < ε  ] / k = k+1
[ f4’(xk+1) ≥ ε  ]

Figure 4.6. UML Activity Diagram: Exampleiterative algo-

rithm

for terminationoccursafterstep4 is completedin theexample.

Figure4.7 shows a UML 2 diagramfor the Gener alIterati onPack framework.

At the centerof the framework is an Algori thm object. Associatedwith an Algo-

rithm objectareoneor moreAlgorithmStep objectswhereeachis identifiedby a

uniquename(step name). Stepobjects,which areinstantiations of subclassesof Al-

gorithmStep, implementthestepsin thealgorithm. Usingobjectsto representa sub-

algorithmis a well known OO designpattern(seethe“Strategy” patternin [42]). Iteration

quantities are abstractedbehindthe IterQuantity interfaceandare aggregatedinto

a single Algorith mState object. The Algorithm State object actsas a central

repositoryfor thesequantities. Individual IterQuantity objectsare identified by a

uniquename(iq name). Aggregating all of the iterationquantitiesinto onecentrallo-

cationhelpsto remove thedatadependenciesbetweenStepobjects.TheStepobjectsuse

2TheUML [96] hasa conventionfor thenamesof classesandobjectswhich is usedin this paper. The

namesof concreteclassesusethefont ConcreteCla ss . This is alsothefont usedfor objects.An object

is an instantiationof a concrete class. Abstractclassnames, as well as abstractoperation names,are in

italics suchasAbstractClass andAbstractClass::operation(...). While a concreteclass

mayhave directobject instantiations,anabstractclass(interface)maynot (i.e. becausetheseclassesalways

haveoneor moreundefinedabstractoperation).
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theIterQuantityAccess<...> interfaceto updateandaccessiterationquantities.

Theoperationset k(offset) is calledto updatea quantity for thespecificiterationk

+ offset, while get k(offset) is usedto accessa quantityalreadyupdated.Such

an interfaceto iterationquantitiesrelievesStepobjectsfrom having to know if a quantity

requiressingleor multiplestorage.Soin thepreviousmentionedscenariofor ourexample

algorithm, whentheclassfor step2 is implementedafterstep1, theclassfor step1 would

not have to bemodifiedat all or evenrecompiled.Also, theoperationget k(offset)

validatesthatthequantitywasindeedupdatedfor theiterationk + offset. Thisfeature

hasbeeninvaluableduringthedevelopmentof rSQP++in catchingmistakesin algorithm

logic and/orimplementation. Finally, anAlgorithmTrack objectis usedto outputin-

termediateinformationaboutthealgorithm by examiningtheAlgorit hmState object.

By creatinga subclassof AlgorithmTrack, clientscaneasilymonitor theprogressof

an algorithm. If moresophisticatedmonitoring andcontrolof an algorithmby the client

is required,additionalStepobjectscanbe insertedinto an alreadypreformedalgorithm.

In addition,an algorithmcanbealteredwhile it is runningby addingandremoving Step

objects,therebyallowing it to beadaptedfor changingneeds.

Figure4.8 shows an objectdiagramfor the examplealgorithmin Figure4.6. In this

diagram,theiterationquantitiesareshown aggregatedinside theAlgorit hmState ob-

ject wherethe link qualifiernamesaregivenfor eachquantity. Theconcretetypeof each

of thesequantitiesis IterQua ntityAcce ssContigu ous<...> which providesse-

quentialstoragefor successive iterations.

Thisdesignalsoallowsfor distributedalgorithmic control.Algorithm controlis shared

betweentheAlgorithm andAlgorithmStep objects.TheAlgorit hmobjectis re-

sponsible for executing stepssequentially(from Step1 to Step4 in our example).Algo-

rithmStep objectsareresponsible for initialing minor loopsthroughtheAlgorit hm

object(Step3 initiatestheMinor Loopin theexample).Figure4.9showsaUML collabora-

tion diagramillustrating how algorithmcontrolis implementedfor ourexamplealgorithm.

Thescenarioshown is for two majoriterations( Ö«l2¡ÑØ�Ù ) wheretheminor loop is executed

oncein thefirst ( Örl�¡ ) iteration.

Thedetailsfor the interfacesandthecollaborations betweentheobjectsin this frame-

work aredocumentedin theDoxygengenerateddocumentationstartingin thefile
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A l g o r i t h m

«configuration»
...
«start algorithm»
do_algorithm()
«runtime configuration»
...
«algorithmic control»
do_step_next(step_name)
terminate(bool)

A l g o r i t h m S t a t e

A l g o r i t h m T r a c k

output_iteration(:A lg o r i t h m &)
output_final(:Algorithm&, algo_return

A l g o r i t h m S t e p

do_step(...):bool

name():string&
next_iteration()

I te r Q u a n t i t y

next_iteration()
iter_quant(iq_name):IterQuantity&

set_k(offset:int):T_info&
get_k(offset:int):const T_info&

I te r Q u a n t i t y A c c e s s

T_info

0,1

1

1

- Central hub for algorithm
- Executes steps along major loop

- St rategy  interface
- Performs computations
- Initiates minor loops

- Central Repository for
Iteration Quantities

General Iterat ion Pack

step_name

iq_name

- Encapsulates iteration
quantit ies for one or more
iterations
- Hides knowledge of storage
requirements
- Runtime checks for updates

*

*

- Interface for outputting
information about the algorithm
during each iteration

* 0,1

Figure 4.7. UML Class Diagram: GeneralI tera -

tion Pack : An object-orientedframework for building iterative

algorithms
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 : C o n c r e t e T r a c k

:  C o n c r e t e S t e p 1

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

"Step1"

"x"

:  A l g o r i t h m

:  C o n c r e t e S t e p 2"Step2"

:  C o n c r e t e S t e p 3"Step3"

:  C o n c r e t e S t e p 4"Step4"

:  A l g o r i t h m S t a t e

"p"

"q"

"r"

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

s tate

t rack

Figure 4.8. UML Object Diagram: Instantiations (objects)of

GeneralI terat ionP ack classesfor theexamplealgorithmin

Figure4.6
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algo: Algorithm

Step1 Step2

Step3

Step4track

1: do_algorithm() →

state: AlgorithmState

1.8: next_iteration() ↓

1.2: do_step(algo,2) ↑
1.4: do_step(algo,2) ↑
1.10: do_step(algo,2) ↑

1.3: do_step(algo,3) →
1.3.1: do_step_next("Step2") ←
1.5: do_step(algo,3) →
1.11: do_step(algo,3) →

1.7: output_iteration(algo) ↓
1.13: output_final(algo
            ,TERMINATE_TRUE) ↓

1.6: do_step(algo,4) ↓
1.12: do_step(algo,4) ↓
1.12.1: terminate(true) ↑

1.1: do_step(algo,1) ↑
1.9: do_step(algo,1) ↑

Figure 4.9. UML Collaboration Diagram: Scenariofor the

examplealgorithm in Figure4.6

RSQPPPBASEDOC/GeneralIterat ionPack/h tml/index .html

4.2.5 Overview of Interfaces for Null-SpaceDecompositions

An importantcomputation in a rSQPalgorithm is the null-spacedecomposition usedto

projectthefull-spaceQPsubprobleminto thereducedspace.In rSQP++, thedecomposi-

tion matricesÒ , Ú , Û<Ü and Û)Å in (4.1.23),(4.1.26)–(4.1.27)arerepresentedby Matrix-

WithOp objectswhile thenonsingularmatrix Ý in ((4.1.24)is representedby aMatrix-

WithOpNonsingular object. Oncethesematrix objectsareinitialized for thecurrent

iteration,the restof the rSQP++algorithmcanbe implementedby interactingonly with

thesematricesthroughtheMatrixWithOp andMatrixWithOpNonsingular inter-

faces.ThebasicinterfacethatarSQP++algorithmusesto constructthematricesÒ , Ú , ÛÞÜ ,ÛxÅ and Ý from thematrix i isDecompositionSystem. Thisinterface,aswell asmore

specializedinterfacesfor variable-reductiondecompositions,is shown in Figure4.10.

TheDecompositionSystem interfacehasanoperationcalledupdate decomp(...)

whichtherSQP++algorithmcallstoupdatethedecompositionmatrices.TheDecomposition-

System interface also exposesa set of factory objects(not shown in the figure) that
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update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)
ß DecompositionSystem


DecompositionSystemVarReduct


update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)
à
update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)
ß DecompositionSystemVarReductImp


update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)
à DecompositionSystemOrthonormal

á

+update_basis(in Gc, out C, out D, out ...)
â AbstractLinAlgPack::

ã

BasisSystem

äbasis_sys


å

update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)
à DecompositionSystemCoordinate

á

update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)
à DecompositionSystemOrthogonal

á

Figure 4.10. UML Class Diagram: Inheritancehierarchy for

null-spacedecompositions

cancreatematrix objectsfor æ , ç , è , é�ê and é�ë that arecompatiblewith the concrete

decomposition-systemobject.

DecompositionSystemVarReduct is a specializedinterface that all variable-

reductiondecompositions inherit from. DecompositionSystemVarReductImp is

animplementationnodesubclassthatprovidesacommonimplementationthatall variable-

reductiondecompositionscanshare.Thismatrixsubclassdefinesthefactoryobjectsfor æ
and é�ê . Thekey to makingthevariable-reductiondecomposition subclassesindependent

of thespecialpropertiesof theunderlyingNLP andlinearsolveris to useaBasisSystem

objectwhich takescareof thebasishandling. TheBasisSystem objectprovidesaccess

to the basismatrix ì as a MatrixWithOpNonsingular object as well as the ma-

trices í , î , and ï asMatrixWithOp objects. Given a BasisSystem object, the

DecompositionSystemVarReductImp subclasscanfully definethenull-spacema-

trix æ in (4.1.34)andtheprojectedmatrix é�ê in (4.1.35).Thissubclassperformsall of the

interactionwith theBasisSystem objectto form thebasismatrices.However, this sub-

classcannotdefinethematrixobjectsfor ç , è and é�ë sincethesedependonthedefinition

of thequasi-range-spacematrix ç . Thecomputationof thesematrix objectsaredeferred

to subclassesthroughthepure-virtualmethodupdate matrices(...). This method
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passesthebasismatrix objectsfor ì , í , î , ï andpotentiallythedirectsensitivity matrix

objectfor ð to thesubclasswhich thenreturnsupdatedmatrixobjectsfor ç , è and é�ë .
Thecoordinatedecomposition definedin (4.1.36)–(4.1.38) is implementedby thesub-

classDecompositionSystemCoordinate. The implementationof this subclassis

verysimpleas è1ñ�ì , é'ò½ñ�î .

Theorthogonaldecomposition definedin (4.1.39)–(4.1.41)is implementedby thesub-

classDecompositionSystemOrthogonal. The implementation if this subclassis

more complex becauseof the more complicateddefinitionsof ç , è , and éóò . Seethe

Doxygendocumentation for this subclassfor moredetailson how thesematricesareim-

plemented.

ThelastdecompositionsystemsubclassisDecompositionSystemOrthonormal

which implementsa differenttypeof null-spacedecomposition basedon a QR factoriza-

tion. The linearalgebraperformedin this classusesdensecomputationsandis therefore

only applicableto smallserialNLPs.

Sincethenull-spacedecomposition is suchanimportantpartof a rSQPalgorithmit is

veryimportantto validatethatdecomposition matricesæ , ç , è , é�ô and é)ò obey thecorrect

properties.ThetestclassDecomposi tionSyste mTester hasbeendevelopedfor this

purpose.Thetestsperformedby thisclassdonotsignificantlyincreasethetotalruntimefor

theapplicationandcanbeperformedon eventhelargestandmostdifficult problems.The

testsperformed,of course,catchgrossprogrammingandothererrorsbut arealsosensitive

to ill conditioning in the problem. If any of the testsfail, the overall rSQPalgorithm

is terminated.This classacceptsmany differentoptions that control the level of output

producedto the rSQPppJournal. out file (seetheoptionsgroupDecomposition-

SystemT ester ).

The decomposition systeminterfacesandsubclassesarepart of the package(names-

pace)Constrain edOptimiz ationPack andaredocumentedin theDoxygencollec-

tion startingin

RSQPPPBASEDOC/ConstrainedOp timizatio nPack/htm l/index.h tml
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4.2.6 Interfaces to Quadratic Programming Solvers

Anothervery importantnumericalcomputation in a rSQPalgorithmis thesolution to the

reduced-spaceQP subproblemin (4.1.25)–(4.1.27). In order to decouplethe rSQPcode

away from the QP solver usedto solve the QP subproblem,an abstractinterfaceto QP

solverscalledQPSolverRelaxed hasbeendeveloped. The QPSolverRelaxed is

very generalandhasseenapplication in areasotherthanSQP(suchasMPC in [11]). The

QPsolvedby this interfaceis of theform

õrö´÷ø�ù IR ú�û ü ý8þ+ÿ�����;þ�ý���þ+ÿ��
	���
 (4.2.59)

s.t.
�������

(4.2.60)þ����Rþ��Rþ��
(4.2.61)� ��������	 î 
 þ�� �!��� � � (4.2.62)����	 ï 
 þ�ÿ"	$#%� ��
'& ñ"( (4.2.63)

where: þ*)vþ � ) þ �,+
IR - û�.)'� � +

IR�
	���
 +
IR / IR

ü + IR -°û� ñ � ý0+ IR -°û213-°û���4	 î 
 + IR 576 ú 13- û� � ) � � )!� + IR 586 ú���4	 ï 
 + IR 579;:<13- û& +
IR 579;:

As shown in (4.2.59)–(4.2.63),a very simplerelaxationof theconstraintsis built into

the formulation. The form of this relaxationis biasedtoward usein a SQPalgorithm.

Theform of thefunction
�
	=�>


in theobjective (4.2.59)is specifiedby thesubclassesthat

implementthisinterface.An appropriateform of thisfunctionfor aconvex QPsolvermight
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be
�
	���
 ñ 	��<ÿ � ���?� � 
�@� , where

@�
is a largeconstant.For aQPsolvercapableof handling

an indefiniteHessian,
�
	=�>
 ñ ��@� , when

@�
is a largeconstant,maybea betterchoice.

No matterhow thefunction
�
	=�>


is defined,aslongas
þ�	A�
	=�>
B
'��þ�	���
DCFE?G�E'H

is sufficiently

large,then
�

will beat its lowerbound
� ñ � � (

� � ñI( usually) in (4.2.60)if anunrelaxed

feasibleregionexits for (4.2.61)–(4.2.63).

The methodQPSolverRelaxed::solve qp(...) is called to passthe argu-

mentsdefiningthe QP to the QP solver andto returnthe solution. If the solution is not

found,thena partialsolution will bereturnedandsomeinformationasto thestatusof the

returnedpoint will begiven(i.e. dualfeasible,primal feasible,etc.). Theproblemvectors

ü , � , & , þ � , þ � , � � and � � arerepresentedasVectorWit hOp objects.Whatmakesthis

interfacedifferentfrom otherQPinterfaces,suchasdescribedin [115], is thatthedefining

matrixobjectsarerepresentedthroughtheabstractinterfacesMatrixSymWithOp for the

Hessian
�

andMatrixWithOp for theJacobianmatricesî and ï . In thisway, theclient

(i.e. therSQPalgorithmin thecaseof rSQP++)neednotknow aboutthespecialproperties

of theHessianor theJacobianmatricesor how theQPis solved.

ForsomeQPsolversthatimplementtheQPSolverRelaxed interface,suchasQPOPT

andQPSOL,interactionwith thematrices
�

, î and ï throughtheMatrixWithOp inter-

faceis all thatis neededto solvetheQPin areasonablyefficientmanner(with respectto the

specificsolver). However, most implementations of theQPSolverRelaxed interface

cannot efficiently solve the QP with just the interfaceprovided throughMatrixSym-

WithOp andMatrixWithOp. For many of theseQPsolversubclasses,morespecialized

matrix interfacesmustbe supportedby matrix objectsfor
�

, î and/or ï . For example,

thesubclassfor QPKWIK [106] mustbeableto extract thedenseinverseof theCholesky

factor of the Hessian
�

. In order to do this, the matrix object for
�

must supportthe

MatrixExtractInvCholFactor interface. Therefore,to useQPKWIK efficiently,

theHessian
�

is usuallystoredandmanipulatedusingthedenseinverseof theCholesky

factor. For otherQPsolvers, otherlessintrusive matrix interfacesareall thatarerequired.

For example,with QPSchur(see[10] ) theQPcanbeefficiently solved if
�

supports the

MatrixSymWithOpNonsingular interface.Otherapproachesfor solvingtheQPde-

fined in (4.2.59)–(4.2.63)with QPSchurandthe interfacesthat the HessianandJacobian

matrixobjectsmustsupportarediscussedin [10].
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In addition to passingin thematricesandvectorsthatdefinetheQP, theclient canalso

passin initial guessesfor the solution
þ

(primal variables)and the Lagrangemultipliers

(dual variables)for the simple bound J , generalinequality K andgeneralequality L con-

straints. Given goodestimatesfor the primal anddual variables,an active-setQP solver

canfind thesolution in very few iterations.

At the time of this writing, QPSolverRelaxed subclasseshave beendeveloped

for QPOPT(QPSolve rRelaxedQ POPT) [47], QPSOL(QPSolverR elaxedQP SOL)

[45], QPKWIK (QPSolv erRelaxed QPKWIK) [106], LOQO (QPSolverRe laxed-

LOQO) [117] andQPSchur(QPSolverR elaxedQPS chur ) [10].

The realvariability amongdifferenttypesof QPsis in the form of theHessian
�

and

Jacobianî and ï matrices.By definingasingleinterfacefor QPsolvers,mostof thesame

codethatsetsup theQP vectors,calls thesolver, andinterpretsthe returnedsolution can

bereusedfor many differentQPsolver implementations.UsingthisQPinterfacemakesit

relatively easyto swapQPsolversin andoutof rSQP++.

Anothermajoradvantageto having a singleinterfaceto many differentQP solversis

thatit waspossibleto implementatestingclasscalledQPSolverR elaxedTes ter . The

methodQPSolv erRelaxed Tester::c heck optimalit y conditi ons(...) checks

theoptimality conditionsof theQP, definedin (4.2.59)–(4.2.63),giventhesolution(or par-

tial solution) returnedfrom QPSolverRelaxed::solve qp(...). It is critical to

stresshow importantthis testingclassis andhasbeenfor easingthedevelopmentof new

QPsolversubclassesandin regressiontestingexisting QPsolvers. In addition,this testing

methodcomputesthe relative errors in the optimality conditions and is useful in deter-

mining how much loss of precisionhasoccurreddue to roundoff and ill conditioning.

This helpsto diagnosewhena QP solver may be unstableor whenthe QP beingsolved

is very ill conditioned. A lot of work hasgoneinto thedevelopmentof theQPSolve r-

Relaxed Tester testingclass,andthiswork canbeleveragedwheneveranew QPsolver

implementationis created.
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4.3 Configurations for rSQP++

An algorithm configurationobject, as shown in Figure 4.2, is requiredto build a valid

rSQP++algorithmandto initialize it beforethe algorithmis run. This is wherea lot of

thecomplexity involvedwith a rSQP++algorithmoccurs.Theindividualstepobjectsused

to build thealgorithm generallyareverycompactandperformsimpler, well definedtasks.

Most of thesestepobjectsarebuilt to befairly autonomouswith litt le specificknowledge

aboutothersteps.For the mostpart, Stepobjectscommunicatewith eachotherthrough

theiterationquantitiesthat they have in common. BecausetheindividualStepobjectsare

decoupled,they canbe usedandreusedin many relatedrSQP++algorithms. However,

as is the casewith any non-trivial application,the total complexity of the software is as

greator greaterthan the complexity of the algorithmit is implementing. This increase

in overall complexity is unavoidable. Whathasmadeobject-orientedmethodssuccessful

in so many areasis that this overall complexity is decomposedinto manageablechunks

thatmostof uscancomprehend.Thereis a continuous strugglein softwaremodeling and

designbetweenmoreencapsulationto make entitiesappearsimpleron theoutsideverses

lessencapsulationwith finer-grainedobjectsthat aremoreflexible but arealsoharderto

dealwith andunderstandasawhole. It is ouraimto implementalgorithms in rSQP++that

strikea reasonablebalancebetweensimplicity andflexibil ity.

Onceanalgorithmis configured(i.e. Stepobjectshave beenaddedto the rSQPAl go

object, and iteration quantity objectshave beenaddedto the rSQPSt ate object) it is

largely self contained. Automatic garbagecollection is usedextensively in the form of

smartreference countedpointers(seethe classref count ptr<...> in Section8.8).

Thesesmartpointersallow thealgorithmto bemodified(Stepanditerationquantityobjects

to beaddedandremoved)with minimaldangerof causingamemoryleakor othermemory

usageproblemoftenassociatedwith developmentin C andC++.

A universalrSQP++solver encapsulationclasscalledrSQPppSolver hasbeende-

velopedthathidesmany of thedetailsof usingaconfigurationobjectto setupandalgorithm

andthensolveaNLP. Thisencapsulationclassusesanalgorithmconfigurationclasscalled

rSQPAlg o ConfigMa maJama (seeSection4.3.1) as the default but other configura-

tionscanbeusedaswell. TheclassrSQPppSolver providessimpleaccessto a rSQP++

solverandshouldbeusedby eventhemostadvanceduserastheentrypoint to rSQP++.
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Doxygengenerateddocumentationfor muchof whatis discussedherebeginsin thefile

RSQPPPBASEDOC/ht ml/index. html .

It is importantto stresswhata radicaldeparturefrom typical algorithmic implementa-

tion methodsthat this designrepresents.In a typical numericalcodethatsupportsseveral

differentoptions, eachpartof thealgorithmis augmentedwith “if ” statements or “select-

case”control structuresthat implement the logic for thedifferentoptions. Adding a new

option to thesetypesof codesrequiresaddinganother“else if ” or “case” clause. If the

codealreadysupports many differentoptions, thentheexisting “if ” or “select-case”logic

maybefairly complex andadeveloper maybefearful (andrightly so)to addanew option

without understanding all of the logic in all of the existing “if ” or “select-case”control

structures.Now considerthedesignusedfor rSQP++.All of thecomplicatedlogic usedto

sortout theuser-specifiedoptionsis containedin theconfigurationobject.However, once

the configurationobjectconstructsan algorithm, that algorithmis usuallymuchsimpler

sinceit doesnothave to considerall of thepossibleoptions andtherearefar fewer control

structuresfor differentalgorithmic options. As a result,it is mucheasierfor a developer

to reasonaboutwhat the algorithmdoesandhow to modify it to meetmorespecialized

needs.All of this canbe donewithout having to know very muchat all aboutthe ugly

configurationobjectthatwasusedto configurethealgorithm.

4.3.1 MamaJamaConfigurations

Thereis a rSQP++classcalledrSQPAlgo ConfigMa maJamathat is usedto configure

many relatedreduced-spaceSQPalgorithms. This single configurationclasswas used

duringmuchalgorithmdevelopmentandcontinuesto bemodifiedandenhanced.Thename

“MamaJama”wasusedfor a completelack of somethingmoreappropriateandis meant

to signify that this is a do-all configurationclass.In the future,morespecializedrSQP++

algorithms will most likely be modifications of the algorithms constructedby objectsof

thisconfigurationclassor initially basedon its sourcecode.
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4.3.1.1 Solver options

Variousoptions canbesetin a flexible anduserfriendly format(seetheclassOption s-

FromStr eam in Appendix8.8). Optionsareclusteredinto different “options groups”.

An exampleexcerptfrom anoptionsfile is shown in Appendix8.8. Theseandmany other

optionsmaybeincludedin therSQPpp.opt file.

The full setof options thatcanbe usedwith rSQPppSolver andthe “MamaJama”

configurationis describedin theDoxygendocumentationstartingin thefile

RSQPPPBASEDOC/ReducedSpaceS QPPack/ht ml/rSQPpp Solver*.h tml

DocumentingrSQP++is a major taskandthis issueis discussedin moredetail in the

next section.

4.3.1.2 Documentation,Algorithm Description and Iteration Output

Oneof thegreatestchallengesin developing softwareof any kind is in maintaining docu-

mentation.Thisis especiallyaproblemwith softwaredevelopedin aresearchenvironment.

Withoutgooddocumentation,softwarecanbeverydifficult to understandandmaintain.In

additionto theDoxygengenerateddocumentation, whichis veryeffective in describingin-

terfacesandotherspecifications,thereis alsoa needto documentthemoredynamicparts

of anoptimizationalgorithm.Highly flexible anddynamicsoftware,which rSQP++is de-

signedto be,canbevery hardto understandjust by looking at thesourcecodeandstatic

documentation.

A problemthat often occurswith numericalresearchcodesis that the algorithmde-

scribedin somepaperis not whatis actuallyimplementedin thesoftware.This cancause

greatconfusionlateron whensomeoneelsetriesto maintainthecode.Someof thesedis-

crepanciesareonlyminorimplementationissueswhileothersseriouslyimpactthebehavior

of thealgorithm.

Primarily, two featureshavebeenimplementedtoaidin thedocumentationof arSQP++

algorithm: theconfiguredalgorithmdescription canbeprintedout beforethealgorithmis

96



run,andinformationis outputabouta runningalgorithm.

Thefirst featureis thata printoutof a configuredrSQP++algorithmcanbeproduced

by settingtheoption rSQPppSolver::pri nt algo = true in rSQPpp.opt,where

this is shorthandfor theprint algo optionin therSQPppSolver optionsgroup.With

thisoptionsetto true , thealgorithmdescriptionis printedto therSQPppAlgo.out file

beforethealgorithmis run. Thealgorithmis printedusingMatlab-like syntax.Theiden-

tifier namesfor iterationquantitiesusedin this printout arelargely thesameasusedin the

sourcecode.Thereis averycarefulmappingbetweenthenamesusedin themathematical

notationof the SQPalgorithmandthe identifiersusedin the sourcecodeandalgorithm

printout. This mappingfor identifiers is given in AppendixA. Eachiteration-quantity

namein thealgorithmprintouthas’ k’ , ’ kp1’ or ’ km1’ appendedto theendof it to

designatethe iteration,
	AM>


,
	NMrÿO#P


or
	AMQ�R#D


respectively, for which it wascalculated.

Muchof thedifficulty in understandinganalgorithm, whetherin mathematical notationor

implementedin sourcecode,is knowing preciselywhat a quantityrepresents.By using

a carefulmappingof namesandidentifiers,it is mucheasierto understandandmaintain

numericalsoftware.

Thisalgorithmprintoutis put togetherby therSQPAl go object(throughfunctionality

in thebaseclassGenera lIteratio nPack::Al gorithm ) aswell astheAlgorithm-

Step objects. Eachstepis responsible for printing out its own part of the algorithm.

The code for producingthis output is included in the samesourcefile as eachof the

do step(...) functionsfor eachAlgorithmStep subclass.Therefore,this docu-

mentationis decoupledfrom otherstepsasmuchastheimplementationcodeis, andmain-

tainingthedocumentation is moreurgentsinceit is in thesamesourcefile. An exampleof

this printout for a rSQPalgorithmis shown in Appendix8.8. EachStepobjectis givena

namethatotherstepsreferto it by (to initiateminor loopsfor instance).Also, thenameof

theconcretesubclasswhichimplementseachstepis includedasaguideto helptrackdown

theimplementations.

Many of theoptionsspecifiedin theinput file areshown in theprintedalgorithm.The

usercanthereforestudythealgorithmprintoutto seewhateffectsomeof theoptionshave.

Forexample,theoptionrSQPSolve rClientIn terface:: opt tol is shown in step

5 (“CheckConvergence”)in Appendix8.8. Someof the options determinethe algorithm
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configuration,which affects what stepsare included,how stepsare set up and in what

orderthey areincluded. Theseoption namesarenot specificallyshown in the algorithm

printout.For example, theoptionrSQPAlgo Confi gMamaJama::max dof quasi-

newton dense determineswhen the algorithm configurationwill switch from using

denseBFGSto usinglimited-memoryBFGSbut this identifiernamemax dof quasi-

newton dense is not shown anywherein thelisting. However, theconfigurationobject

canprint outashortlog (to therSQPppAlg o.out file) to show theuserthelogic for how

theseoptionsimpacttheconfigurationof thealgorithm.

In addition to this printed algorithm, output can be sentto a journal file rSQPpp-

Journal .out while thealgorithmis run to displayinformationabouteachstep’s com-

putations. Thenamesgivento quantities in thejournaloutputarethesameasin thealgo-

rithm printout. The level of outputis determinedby the option rSQPSolverClien t-

Interfa ce::journ al print level andthevaluePRINT ALGORITHMSTEPSis

usuallythemostappropriateanddoesnot produceexcessive output. Lower outputlevels

canbesetfor generatinglessoutputfor fasterexecution timeswhile higheroutputlevels

canbesetto generatelotsof information thatis usefulin debuggingor for otherpurposes.

SeeAppendix8.8for anexampleof this typeof printout.

A moredetailedlookattheoutputfilesrSQPppAlg o.out andrSQPppJournal.ou t

is givenin Section4.5in thecontext of aspecificexampleNLP.

4.3.1.3 Algorithm Summary and Timing

In addition to the more detailedinformation that can be printed to the file rSQPpp-

Journal .out , summaryinformation abouteachrSQP++ iterationis printedto the file

rSQPppSummary.ou t . Also, if theoptionrSQPppSolver::alg o timing = true

is set,thenthisfile will alsogetasummarytableof therun-timesandstatisticsfor eachstep.

Thesetimingsareprintedout in tabular formatgiving thetime, in seconds,eachstepcon-

sumedfor eachiterationaswell asthesumof thetimesof all thesteps.Thebottomof the

tablegivesstepstatistics: thetotal timefor eachstepfor all theiterations(total(se c) ),

theaveragesteptime per iteration(av(sec)/ k ), theminimum steptime (min(se c) ),

themaximumsteptime(max(sec) ) andthetotalpercentageof timeeachstepconsumed
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(%total ). SeeAppendix8.8for anexampleof a rSQPppSummary.o ut file.

This timing informationcanbe usedto determinewherethe bottlenecksarein an al-

gorithmfor a particularNLP. Of coursefor very smallNLPstheruntimeis dominatedby

overheadandnot numericalcomputations so the timing of small problemsis not terribly

interesting.

Lessdetailedinformation can also be printed to the consolethroughthe rSQPpp-

Solver class(seeAppendix8.8).

A moredetailedlook at theconsoleoutputandtheoutputfile rSQPppSummary.o ut

is givenin Section4.5in thecontext of aspecificexampleNLP.

4.3.1.4 Algorithm and NLP Testingand Validation

Many computationsareperformedin order to solve a nonlinearprogram(NLP) usinga

numericaloptimizationmethod.If thereis a significanterror(programmingbug or round-

off errors)in any stepof thecomputation, thenumericalalgorithmwill notbeableto solve

theNLP, or at leastnotto asatisfactorytolerance.Whenausergoesto solveauser-defined

NLP andtheoptimizationalgorithmfails or thesolution founddoesnot seemreasonable,

the user is left to wonderwhat went wrong. Could the NLP be codedincorrectly? Is

therea bug in the optimization software that hasgoneup till now undetected?For any

non-trivial NLP or optimizationalgorithmit is very difficult to diagnosesucha problem,

especiallyif the useris not an expert in optimization. Even if the useris an expert, the

typical investigativeprocessis still very tediousandtimeconsuming.

Fortunately, it ispossibletovalidatetheconsistency of theNLP implementation(i.e.gra-

dientsareconsistentwith functionevaluations)aswell asmany of themajorstepsof the

optimizationalgorithm.Suchtestscanbeimplementedin a way that theaddedcost(run-

time andstorage)is of only thesameorderasthecomputationsthemselves andtherefore

arenot prohibitively expensive. Thereareseveralpossible sourcesfor sucherrors.These

sourcesof errors,from themostlikely to the leastlikely areerrorsin theNLP implemen-

tationanduserspecializedpartsof theoptimizationalgorithm(e.g.a specializedBasis-

System object),errorsin the coreoptimizationcode,or even errorsin the compilersor
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runtimeenvironments used.

Therearemany ways to make a mistake in codingthe NLP interface. For instance,

assumingtheuser’sunderlyingNLP modelis valid (i.e. continuousanddifferentiable),the

usermayhavemadeamistake in writing thecodethatcomputes
&S	=T.


, U 	�T.
 , V &S	�T.
 and/orVWU 	=T.
 . Supposethe gradientof the constraints matrix VWU is not calculatedin somere-

gions.Thematrix VWU maybeusedby a genericBasisSystem objectto find andfactor

thebasismatrix ì andtherefore,theentirealgorithmwould beaffected. To validate VWU ,
theentirematrix couldbecomputedby finite differencesof courseandthencomparedto

the VWU computedby the NLP interface,but this would be far too expensive in runtime

( X 	�Y[Z\
 ) andstorage( X 	�Y.Z\
 ) costsfor larger NLPs. Computing eachindividual com-

ponentof the gradientsby finite differencesis an option but it mustbe explicitly turned

on (seetheoptionNLPFirstD erivative sTester:: fd testin g method ). As a

compromise, by default, directionalfinite differencingcanbeusedto show that V�U is not

calculatedproperly, but cannot strictly prove that VWU is completelycorrect. This works

as follows. The optimization algorithm asksthe NLP interface to compute VWU3] at the

point
T ] . Then,at the samepoint

T ] , for a randomvector ^ , the matrix-vector productVWU 	=T ] 
 ^ is approximated,usingcentralfinite differencesfor instance,as VWU 	=T ] 
 ^�_a` � ñ	 U 	=T ] ÿcb ^ 
d� U 	=T ] �eb ^ 
'
'�gfhb where
b _ # (�i�j . Thenthematrixvectorproduct̀

� ñIVWU�]<^
is computedusingthe VWUk] matrix objectcomputedby theNLP interfaceandtheresultant

vectors̀ � and ` � is thencompared.Evenif theuserdoesanexemplary job of implementing

theNLP interface,thecomputed̀ � and ` � vectorswill not beexactly equal(i.e. ` �mlñn` � )
dueto unavoidableround-off errors.Therefore,weneedsometypeof measureof how well` � and ` � compare.For everysuchtestin rSQP++therearedefinederror(error tol ) and

warning(warning tol ) tolerancesthatareadjustable by theuserbut aregivenreason-

abledefaultvalues.Any relativeerrorgreaterthanerror tol will causetheoptimization

algorithmto beterminatedwith anerrormessage.Any relative errorgreaterthanwarn-

ing tol will causeawarningmessageto beprintedto thejournalfile to warntheuserof

somepossibleproblems.For example,relativeerrorsgreaterthanwarnin g tol =
# (�i � �

but smallerthanerror tol =
# (*i�o mayconcernus,but thealgorithmstill maybeable

to solve the NLP. The finite-differencetestingof the NLP interfacecanbe controlledby

settingoptionsin theNLPFirstD erivativ esTester andCalcFin iteDiffPr od

optionsgroupsasshown in Appendix8.8. Testingthe NLP’s interfaceat just onepoint,

suchasthe initial guess
Tqp

, is not sufficient to validatethe NLP interface. For example,
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supposewehaveaconstraintU � p 	�T.
 ñ Tdr� with sdU � p � s Td� ñIt T �� . If thederivativewascoded

as sdU � p � s Td� ñut Td� by accident,thiswouldappearexactly correctat thepoints
Tq� ñu( andTd� ñ # but wouldnotbecorrectfor any othervaluesof

T[�
. Therefore,it is importantto test

theNLP interfaceat every SQPiterationif onereally wantsto validatetheNLP interface.

Of course,just becausethe NLP interfaceis consistent, doesnot meanit implementsthe

modeltheuserhadin mind,but this is a differentmatter. If theNLP is unbounded,infea-

sibleor otherwiseill posed,theSQPalgorithmwill determinethis (but theerrormessage

producedby thealgorithmmaynotbeableto stateexactlywhattheproblemis).

Every majorcomputationin a rSQPalgorithmcanbevalidated,at leastpartially, with

littl e extra cost. For example,an interfacethat is usedto solve for a linear system
T ñv i � � suchas the MatrixWithOpNonsingular can be checked by computing w ñv T

and then comparingw to
�
. The interfacescan also be validatedfor the null-space

decomposition (seeDecompositionSyst emTester in Section4.2.5)andQPsolver

(seeQPSolve rRelaxedT ester in Section4.2.6)objects. Sincesophisticatedusers

cancomein andreplaceany of theseobjects,it is a goodideato beableto testeverything

thatcanrealisticallybe testedwhenever thecorrectnessof thealgorithm is in questionor

new objectsarebeingintegratedandtested.Much of this testingcodeis alreadyin place

in rSQP++, but moreis neededfor morecompletevalidation.

Suchcarefultestingandvalidationcodecansavea lot of debuggingtimeandalsohelp

avoid reportingincorrectresultswhichcanbeembarrassingin anacademicresearchsetting

or costlyin businesssetting.Testingandvalidationis nosmallmatterandshould betaken

seriously, especiallyin adynamicenvironmentwith lotsof variability like rSQP++.

4.3.1.5 Debugging

Whenever softwareis involved,theneedfor debuggingis unavoidable.Whena new user

attemptsto solve a NLP usingrSQP++,the most likely bugswill be in the NLP imple-

mentationthat theuserhasto provide. Here,somestrategiesfor debuggingarediscussed

thatshouldhelpauserto trackdown bugsassociatedwith theNLP implementationandfix

themasquickly aspossible. Therearemany differenttypesof errorsthat canoccurand

goinginto all of thesetypesof errorswould requirea longdiscussion. However, below are
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a few of themorecommontypesof errorsthatareworthmentioning.

1. Segmentationfault do to runtime memorymanagementerror.

2. A linearalgebraincompatibility exceptionis thrown.

3. Gradientsof problemfunctionsdo not matchfunction values(i.e. finite-difference

testingfailed).

4. Algorithm prematurelyterminateddueto somealgorithmic error.

5. Unexpectedor unreasonablesolution is found.

Segmentationfaultsor thrown exceptionsaresomeof theeasiest(or thehardest)bugs

to track down. Thesearealmostalwayscausedby someprogramming error andarenot

relatedto the validity of the mathematical formulation for the NLP being implemented.

Theothererrorsareharderto trackdown andareusuallycausedby a malformedNLP.

The easiestof theseerrorsto track down is whena gradientof the objective or con-

straintsdoesnotmatchthefunctionvalueto anacceptabletolerance.It is this typeof error

thatis discussedhere.Debugginga largeNLP with lotsof variablesandconstraintsis gen-

erallyverydifficult. Therefore,seriousdebuggingshouldbeperformedonthesmallestand

simplestexamplethatdoesnot exhibit thecorrector expectedbehavior. For example,the

smallestpossible meshsizeanddiscretizationmethodshouldbeusedfor a scalableNLP

suchasa PDE solver usingthe finite-elementmethod. Assuming that a problemcanbe

derived that is sufficiently small (i.e.
Y8)?Z xyf ( ) herearethe stepsto follow in orderto

diagnoseaproblemwith theNLP formulation. First, theinitial point for theNLP needsto

bedumpedto thefile rSQPppJo urnal.out andeachcomponentof thegradienthasto

becheckedindependently(i.e.component-wise).To dothis,settheoptionsNLPTeste r-

::print all=true andNLPFirst Derivativ esTester: :fd testi ng method= FD COMPUTE ALL.

Thiswill causetheprint outof theinitial guess
T p

(xinit ), thebounds
T � (xl ),

T � (xu ),

the valueof the objective
&8	=T p 


(f ), constraints U 	=T p 
 (c ), the gradientsof the objectiveV &8	=Tdpz
 (Gf ), constraintsVWU 	=T.pz
 (Gc) andtherelative error in every gradientcomponent.

From this information it will be easyto seewhich componentof V &S	=T�pz
 or VWU 	=Tdpz
 is

causingtheproblem.
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4.4 Examples NLP subclasses

ThereareseveralexampleNLP projectsthatcomewith thebasedistribution of rSQP++.

Severalof theincludedexampleprojectsimplementthefollowing simpleNLP

min
� �=�?T ý T

(4.4.64)

s.t. UB{7ñ T { 	=Tq| {'} -P~ ���.��#D
8��# ( Tq| {'} -k~ ��� ñI( ) for �mñ #��k�k�$Y��gf�� (4.4.65)

This scalableNLP has
	=Y���Z\
 ñ Y��hf ñ Z degreesof freedomandis referredto

asexample#2 in [115] and [104]. This NLP hasvery specializedstructureanda valid

selectionof dependentandindependentvariablesis straightforward to find. Selectingthe

first
Z

variablesas dependentvariablesgives the following definitionsof the basisand

nonbasismatrices

ì ñ
������
T 5 } � ��# T 5 } ����#

. . . T 5 } 5 ��#
������� (4.4.66)

í ñ
������
T � ��# ( Td����# (

. . . T 5 ��# (
� ����� (4.4.67)

which bothhappento bediagonalmatrices.Also, theexactHessianof theLagrangian�
andthe reducedHessianof the Lagrangian� (usinga variable-reductiondecomposi-

tion) take thesimple forms
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� ñ �0� �� ý ��� (4.4.68)� ñ í ý ì i ý ì i � í � � ì i � í � í ý ì i ý � ÿ � (4.4.69)

where � is a diagonalmatrix with components
	 � 
2| {�� { � ñ�L | { � for � ñ #��k�k�BZ . Note

thatthereducedHessian� in (4.4.69)is alsoadiagonalmatrix.

ThisNLP andits specificstructureareof nopracticalinterestbut thisNLP is sufficient

asa simpleexampleto show how rSQP++canbe usedto fully exploit the structureof a

classof NLPsfrom aspecializedapplicationarea.

Threedifferentimplementationsof this NLP aredescribed.Thefirst NLP subclassis

derivedfromthegenericNLPSeria lPreproce ssExplJac nodesubclass.Thisexam-

pleNLP subclassis includedto show how thisgenericNLP interfacesubclasscanbeused

andto providea contrastto themorespecializedimplementations.Thelasttwo NLP sub-

classesderivedirectly from theNLPFirstOrderInfo andNLPFirstOrderDirect

interfacesanddemonstratehow to exploit thestructureandpropertiesof a NLP.

This first NLP subclassis calledExampl eNLPSeria lPreproce ssExplJac and

thesourcecodefor thisprojectcanbefoundat

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPSeri alPreproc essExplJ ac .

ThefilesExampleN LPSerialP reprocess ExplJac.h andExample NLPSerial -

Preproc essExplJa c.cpp containthe declarationsanddefinitionsfor the NLP sub-

classandthefile ExampleNL PSerialP reprocess ExplJacMa in.cpp containsthe

simple driver programthatusesa rSQPppSolver objectto solve theNLP.

The secondtwo NLP subclassesare called Example NLPFirstO rderInfo and

Example NLPFirstO rderDirec t . Both of thesesubclassesderive from a nodesub-

classExample NLPObjGra dient which implements thebulk of thecommonfunction-

ality. The Exampl eNLPObjGr adient subclasstakesa VectorSpace objectasan

argumentin its constructor. UsingthissingleVectorSpace objectthisentireNLP’s im-
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plementation canbe defined. This vectorspaceis usedto definethe spaces��� , ��� and�
which happento all be thesamefor this NLP. A composite vector-spaceobjectof type

VectorS paceCompositeStd is usedfor the space� ñ����u ¡��� . A Specialized

RTOpoperatoris usedto implementthe the constraintsresidualcomputationin (4.4.65).

Notethattheobjectivein (4.4.64)issimplyadotproductfor whichadefaultRTOpoperator

alreadyexists.

TheNLPsubclassExampleN LPFirstOr derInfo derivesfromNLPFirstOrder-

Info andExampl eNLPObjGr adient . A specializedBasisSystem subclasscalled

Example BasisSyst emderivesfromthestandardbasis-systemsubclassBasisSyst em-

Composi teStd . TheBasisSy stemCompositeStd subclassimplementstheBasis-

System interface for the casewhere the matrix object Gc is simply an aggregate of

a MatrixWithOpNonsingular matrix object for C and a MatrixWithOp matrix

object for N. For the NLP, the standardmatrix subclassMatrixSym DiagonalS td is

usedfor the matricesì and í sincethey arediagonal. The only functionality that the

Example BasisSyst emsubclassaddsis thespecializedformationof thedirectsensitiv-

ity matrix ðÓñ � ì i � í which is alsodiagonalfor thissimpleNLP andis alsorepresented

usinga MatrixS ymDiagona lStd object.Thecomputation of thediagonalvectorsforì and í is alsoperformedby a specializedRTOpoperatorobject. Thecompletesource

codefor thisexamplecanbefoundat

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderInf o.

ThelastNLP subclassExampleNLPFirs tOrderDir ect derivesfromNLPFirst-

OrderDirect andExampleN LPObjGrad ient . Thissubclassimplementsthecalc point(...)

methodto computethediagonaldirect-sensitivity matrix ðÆñ � ì\i � í . Again,thisdirect-

sensitivity matrix is implementedasa MatrixS ymDiagona lStd object.For complete

sourcecode,seethedirectory

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderDir ect .

SincetheinterfacesNLPFirstOrderInfo andBasisSystem canbeimplemented

easilyfor theNLP in (4.4.64)–(4.4.65) therewasreallynopracticalpurposefor implement-

ing theNLPFirstOrderDirect interfacesinceit providesonly a subsetof the func-

tionality. The only purposefor implementingthe Exampl eNLPFirst OrderDire ct
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¢ ¢¤£m¥ ¦¨§ Wall Clock Time (sec) Scalability

2,000 1,000 1 0.21 1.00

2,000 1,000 2 0.27 2.57

2,000 1,000 4 0.53 10.10

20,000 10,000 1 1.50 1.00

20,000 10,000 2 0.96 1.28

20,000 10,000 4 0.75 2.00

200,000 100,000 1 21.00 1.00

200,000 100,000 2 11.00 1.05

200,000 100,000 4 5.60 1.07

2,000,000 1,000,000 1 190.00 1.00

2,000,000 1,000,000 2 93.00 0.97

2,000,000 1,000,000 4 47.00 0.98

Table 4.1. CPU times and scalability for the exampleNLP in

(4.4.64)–(4.4.65) where¦8§ is thenumberof processorsand’Scal-

ability’ is the wall-clock CPU time multiplied by the numberof

processorsdividedby theCPUtime for oneprocessor.

subclasswas to provide a simple completeexample for theNLPFirstOrderDirect

interface.

All of the linearalgebrafor theseNLP subclassis basedon a singleVectorSpace

objectasmentionedabove. Therefore,any validVectorSpace objectcanbeusedalong

with thevectorsit creates.As a result,serial,parallelor othervectorimplementationscan

easilybe used. TheseNLP subclasseshave beenusedvariousserialandparallel vector

implementations.

Table4.1showstheCPUtimesandscalabilitiesfor usinganexampleparallelVector-

Space class(usingMPI) onadistributed-memoryBeowulf cluster. TheexampleNLP was

runwith badinitial guessesandthenumberof rSQPiterationswascutoff at100in orderto

getconsistenttimings. TherSQPalgorithm useda limited-memoryBFGSapproximation

[31] with very goodparallelscalability. As a result,all of thelinearalgebracomputations
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for this simpleNLP areall fully scalable.Herewe definescalability as the ratio of the

wall-clock CPU time multiplied by the numberof processorsdivided by the wall-clock

time for runningthe problemon only oneprocessor. Given this definition,perfectscala-

bility is 1.00whichsimply meansthatif wedouble thenumberof processors,thebestthat

wecanusuallyhopefor is to have thewall-clock timehalved.Thetimings in Table4.1are

typical for scalableparallelprograms.Whenthe amountof computationversescommu-

nicationis small, the communicationtendsto dominatewhich is seenfor vectorsof sizeZ ñ Ye�©Z ñ #h) (h(h( wherethereis actuallyanoverall slowdown asmoreprocessorsare

utilized. However, for vectorsof size
Z ñ Yc��Z ñ # ( ) (h(h( we seea definitespeedup

asmoreprocessorsareaddedbut thescalability is lessthanperfect.Whenthesizeof the

vectorsareincreasedto
Z ñ Y\�©Z ñ # (g( ) (h(h( , thealgorithmshows almostperfectscal-

ability. Note that 25,000unknowns per processors(i.e. for í § ñ«ª ) is consideredsmall

for PDEsimulatorsthatuseparalleliterativesolvers. Finally, for very largevectorsof sizeZ ñ Y¬�­Z ñ #h) (h(g( ) (h(h( , thetimingsshow betterthanperfectscalability(i.e. ( �¯®±°¤xI#h� (h( )
whichcanalsobeseenin otherparallelprogramsfrom timeto time(usuallydoto cacheor

otherhardwareissues).

Note that all of the linear algebraoperationsfor this simple exampleNLP arevector

operationswhich offer the worst computation to communicationratios. Therefore,these

resultsrepresentthe worst-casescenariofor rSQP++with respectto parallel scalability.

For morepracticalapplications,theamountof computationperprocessis muchhigherand

thereforetheseapplicationsshow betteroverall scalability for smallerproblemsizes.

Theseresultsshow that therSQP++framework impartsvery litt le serialoverheadand

thereforeallows for the implementation of very scalableoptimization algorithms for ap-

plication areaswhereparallelismcan be exploited (e.g. PDE constrainedoptimization).

Therefore,the burdenis completelyon the developersof applicationsandparallel linear

algebralibrariesto achievescalability.

4.5 Detailed Descriptions of Input and Output Files

In this section,a detaileddescriptionof the input andoutput to rSQP++is given. Here

it is assumedthat a NLP subclassis developedand a driver programhasbeenwritten
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asexplainedin the examples(seeAppendixB for a descriptionof addinga new project

to the build system). For this discussion, we will usethe includedexampleNLP called

Example NLPBanded whichprojectis locatedat

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPBand ed .

This is a fairly simple NLP that is designedto allow the independentscalingof
Y

andZ
sothatbasicserialalgorithmscalabilitiescanbetested.For a moredetaileddescription

of thisNLP seetheDoxygengenerateddocumentationat

RSQPPPBASEDOC/ExampleNLPBan ded/html/ index.htm l .

Beforesolving this NLP a workingdirectoryneedsto becreatedto storetheinputand

outputfiles asfollows

$ mkdir $RSQPPP_BASE_DIR/ tests/Exa mpleNLPBanded

$ cd $RSQPPP_BASE_DIR/tests/E xampleNLP Banded

Thenext stepis to createa symbolic link to theprebuilt executable.Assumingthetest

suitefor thereleaseversionwasbuilt this link canbecreatedasfollows

$ ln -s $RSQPPP_BASE_DIR/i nter media te/E xampleNLP Banded/

rele ase/ solve _exa mple_ nlp .

The optionsfile rSQPpp.opt needsto be created(using emacs for instance)as

shown in Appendix8.8. Note that mostof the options arecommentedout andmostof

thosethatarenotareat thedefault values.

ExecutingNLP createsoutputto theconsoleandtheoutputfiles rSQPppAl go.out ,

rSQPppSummary.ou t andrSQPppJournal.o ut whichareshown in AppendixD.

4.5.1 Output to Console

Theconsoleoutputshown in Appendix8.8 is generatedby a defaultAlgorithmTrack

objectof typerSQPTr ackConsol eStd whichisautomaticallyinsertedby therSQPpp-
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Solver object. Thefirst thing printedis thesizeof theNLP wheren = 30400 is the

total numberof variables,m = 30000 is thetotal numberof equalityconstraintsandnz

= 59991 0 is thenumberof nonzerosin theJacobianV�U (Gc) for this example.Next, a

tablecontainingsummary information for eachiterationis printed. Eachcolumnin this

tablehasthefollowingmeaning² k : TheSQPiterationcount.Thiscountstartsfrom zerosothetotal numberof SQP

iterationsin oneplusthefinal k .² f : Thevalueof theobjective function
&S	=T.


at currentestimate of thesolution
T ]² ||c||s : Thescaledresidualof thenormof theequalityconstraintsU 	=T.
 at current

estimateof the solution
T ] . The scalingis determinedby the convergencecheck

(seestep6 in Appendix8.8 & 8.8) andthis valueis actuallyequalto the iteration

quantityfeas kkt err (seethefile rSQPppAl go.out ). This is theerrorthatis

comparedto thetolerancerSQPSolverClien tInterfac e::feas tol in the

convergencecheck.Theunscaledconstraintnormcanbeviewedin themoredetailed

iterationsummary tableprintedin thefile rSQPppSummary. out .² ||rGL||s : The scalednorm of the reducedgradientof the Lagrangianæ ý V´³Dµ
at currentestimateof thesolution

T ] . Thescalingis determinedby theconvergence

check(seestep6 in Appendix 8.8 & 8.8) and this value is actually equal to the

iterationquantity opt kkt err (seethefile rSQPppAlg o.out ). This is theerror

that is comparedto the tolerancerSQPSolverClie ntInterfa ce::opt tol

in the convergencecheck. The unscalednorm canbe viewed in the moredetailed

summary tableprintedin thefile rSQPppSummary. out .² QN : Thisfield indicateswhetheraquansi-Newtonupdateof thereducedHessianwas

performedor not. Thefollowing arethepossiblevalues:

– IN : Reinitialized(usuallyto identity � )
– DU : A dampenedupdatewasperformed

– UP : An undampedupdatewasperformed

– SK : Theupdatewasskippedonpurpose
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– IS : Theupdatewasskippedbecauseit wasindefinite² #act : Numberof active constraintsin the QP subproblem. This field only has

meaningfor an active-setalgorithms. For interior-point algorithms, this will just

equalthe numberof boundedvariablesanddoesnot provide any interestinginfor-

mation.² ||Ypy||2 : The
C¶C·�=C;C¸�

norm of the quasi-normalcontribution
	 ç � ò 
 ] . This norm

gives asenseof how largethefeasibility stepsare.² ||Zpz||2 : The
C;C¹��C¶Cº�

normof thetangentialcontribution
	 æ � ô 
 ] . This normgives

asenseof how largetheoptimality stepsare.² ||d||inf : The
C;C·�=C;Cº»

normof the total step
þ ]rñ 	 ç � ò 
 ] ÿO	 æ � ô 
 ] . This norm

gives asenseof how largethefull SQPstepsarein
T
.² alpha : The steplengthtaken along

T ]!} � ñ T ] ÿI¼'þ ] . A steplengthof
¼ ñ½(

representsa major event in the algorithmsuchasa line searchfailure followed by

the selectionof a new basisor a QP failure followed by a reinitialization of the

reducedHessian.A smallnumberfor
¼

indicatesthatmany backtrackingline search

iterationswhererequiredandis an indicationthat thecomputedsearchdirection
þ ]

is apoordirection.

After theiterationsummaryis printed,theCPUtimeis given in Total time . This is

theCPUtime that is consumedfrom the time that the rSQPTra ckConsole Std object

is createdup until the time that the final stateof the algorithm is reported. Therefore,

this CPU time maycontainmorethanjust theexecutiontime of thealgorithm. For more

detailedbuilt-in timings,seethetableat theendof thefile rSQPppSummary.o ut .

Following the total runtime,the number of functionandgradientevaluationsis given

for the objective andthe constraints(i.e. 96 evaluations of
&S	=T.


and U 	=T.
 and15 evalua-

tions of V &S	=T.
 and VWU 	=T.
 ). Note that the reasonthereis an excessive number of func-

tion evaluationsis thattheoptionsrSQPppSol ver::test nlp = true andrSQP-

SolverC lientInte rface::ch eck resul ts = true arebeingusedwhich re-

sultsin many finite-differencecomputationsfor varioustests.Theresultsfrom somethese

testsareshown in thefile rSQPppJournal.o ut in Appendix8.8. If theseoptionsareset
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to false thenthenumberof functionevaluationscomedown to only 20 for thisexample

NLP.

Below, themajortypesof outputthatarewritten to eachoutputfile arediscussed.The

purposeof this discussionis to familiarizetheuserwith thecontentsof thesefiles andto

givehintsof whereto look for acertaintypesof information. Muchof theoutputproduced

by rSQP++is omittedfrom thefiles includedin Appendix8.8–8.8for thesakeof space.

Beforegoing into thedetailsof eachindividual file, first a few generalcommentsare

made.At thetop of every outputfile is a headerthatbriefly describesthegeneralpurpose

of theoutputfile. This headeris followedby anechoof theoptionsform theOption s-

FromSte amobject.Theseoptionsincludethosesetin theinputfile rSQPpp. opt or by

someothermeans(e.g.in theexecutableor onthecommandline). Thepurposeof echoing

the options in eachfile is to help recordwhat the settingwerethatwereusedto produce

the outputin the file. Of coursethe outputis alsoinfluencedby otherfactors(e.g.other

command-lineoptions,propertiesof thespecificNLP beingsolvedetc.)andthereforethese

optionsdonotdeterminethecompletebehavior of thesoftware.

4.5.2 Output to rSQpppAlgo.out

After theinitial headerandtheechoedoptions

*********** ************* ************* ************** ************* ****

*** Algorithm informatio n output ***

*** ***

*** Below, information about how the the rSQP++ algorithm is ***

*** setup is given and is followed by detailed printouts of the ***

*** contents of the algorithm state object (i.e. iteratio n ***

*** quantities) and the algorithm descriptio n printout ***

*** (if the option rSQPppSolver ::print_algo = true is set). ***

*********** ************* ************* ************** ************* ****

*** Echoing input options ...

...

theconcretetypeof theconfigurationobjectisprinted(in thiscase’clas s Reduced -

SpaceSQPPack::rS QPAlgo ConfigM amaJama’ ) followed by a headerproduced
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by theconfigurationobjectit self. Thenext few linesof outputsimply tracessomeof the

taskstheconfigurationobjectperforms.For example, theline

Detected that NLP object supports the NLPFirstOrder Info interfac e!

statesthattheconfigurationobjecthasdetectedthattheuser’s NLP supports theNLP-

FirstOrderInfo interfacewhichwill determinewhattypeof algorithmwill beconfig-

ured.Thisdetectionisperformedusingthebuild-indynamic cast<. ..> C++operator.

The next bit of outputgivesthe logic for how the configurationobjectdecideswhich

featuresto usewith thegivenNLP. For example,theoutput

range_space _matrix == AUTO:

(n-r)ˆ2*r = (400)ˆ2 * 30000 = 5050327 04 > max_dof_q uasi_newton_d enseˆ2 = (500)ˆ2 = 250000

setting range_spa ce_matrix = COORDINATE

shows that the X 	'	=Ym��¾g
 � ¾g
 flopsrequiredfor theorthogonal variable-reductionnull-

spacedecomposition exceedsnumberof flopsfor thedensequasi-newton updateandthere-

fore thecoordinatedecomposition will beused.Similar logic is usedto determineif dense

quasi-Newtonor a limited-memoryapproximationwill beusedby thealgorithm.

Laterin thefile, theoutputline

Configuring an algorithm for a nonlinear equality constra ined NLP ( m > 0 && mI == 0 && num_bounded_x == 0) ...

statesthatanalgorithmwill beconfiguredfor aNLP withoutany inequality constraints.

This type of outputshows how a configurationobjectcantailor the algorithmit con-

structsto thespecificdemandsof theNLP beingsolved. This is a fundamentaldifference

from the way that mostnumericalsoftware is written. In mostnumericalsoftware, the

codeis written with switch statementsfor every possible option that is supported,mak-

ing the codehard to develop andunderstand.In rSQP++, the complexity of supporting

a largesetof optionsis first-and-foremosthandledby differentobjectconfigurations.No

matterhow complex thelogic is thatis usedto setupanalgorithm, theresultantconfigured

algorithmbecomesamuchsimplerself-containedentity thatis easierto understand.
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The remainderof the rSQPppAlgo.opt file givesdetailson the configuredalgo-

rithm. Thefirst bit of information is a list of stepobjectsthat the rSQPppAlgo objectis

configuredwith alongwith thenamesof theconcreteclassesusedto implementthesteps.

Thisoutputbegins with

*** Algorithm Steps ***

1. "EvalNew Point"

(class ReducedSpaceS QPPack::EvalN ewPointStd_Ste p)

...

This list of Stepobjectsis followedby a listingof theiterationquantities

*** Iteration Quantities ***

...

thathave beenaddedto theAlgorit hmState object.Theseiterationquantitiesare

of more interestto algorithmdevelopersbut they alsoshow the list of possibleiteration

quantitiesthatanadvancedusercouldqueryin a user-definedAlgorithm Track object

thatis passedto therSQPppSolver object.

Neartheendof the rSQPppJournal.ou t file is a fairly detaileddescriptionof the

configuredalgorithm, step-by-step,in a Matlab-like format.Thepurposeof this algorithm

descriptionis to documentthe major aspectsof the algorithm in a way that the user(or

algorithmdeveloper) shouldbeableto reasonaboutthe implementedalgorithm. A short

sub-algorithm is output for eachstepobject. Eachstepobjectshows all of the iteration

quantities that it accessesandupdates.For example,the null-spacecontribution Zpz k

is computedfirst in step ¿ 7. "NullSpa ceStep" À beforeit canbe usedto compute

the full directiond k in step ¿ 8. "CalcD FromYPYZPZ" À . This typeof information

is very helpful in determiningwhat orderquantitiesmustbe computedin andwhat the

dependenciesare.

The last stepin the algorithmprintout is alwaysthe step"Major Loop" which is

animplicit stepthatsimply statesthelogic build in to theAlgorit hmclassfor perform-

ing themajor loop (i.e. transitioning form
M

to
M�ÿu#

) andin prematurelyterminating the

algorithmif themaximum numberof iterationsor themaximumruntimeis exceeded.
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Thevery lastpartof thisfile containsthefollowing

*********** ************* ************* ************** ************

Warning, the following options groups where not accessed.

An options group may not be accessed if it is not looked for

or if an "optiona l" options group was looked from and the user

spelled it incorrectly:

Here,thenameof any optiongroupthatwasspecifiedin thefile rSQPpp.opt (or by

someothermeans)thatwasnot readby someobjectis printed. In this example,all of the

specifiedoptionsgroupswherereadby at leastoneobjectduringalgorithmconfiguration.

The purposeof this printout is to show any optionsgroupsthat may have beenspelled

incorrectlyor werejust not readfor somereason.Noneof the option from any of these

printedoptionsgroupshadany influenceon thealgorithmwhatsoever. This information

helpsauserto avoid thefrustratingsituationwhereanoptionis changedbut thealgorithm

runsunaltered.If thereis ever any questionasto why anoptiondid not seemto have the

desiredeffect, this outputin thethetextttrSQPppAlgo.outfile is thefirst placeto look for

anexplanation.

4.5.3 Output to rSQpppSummary.out

Thefile rSQpppSummary.o ut is usuallythefirst placeto look (aftertheconsoleoutput

asdescribedabove) to investigatetheruntimebehavior of a configuredalgorithm.

After theinitial headerandechoedoptionsareprintedtheresultsof theNLP testing(if

rSQPppSolver::te st nlp=tr ue) is given. This is followedby a tablewhereeach

line is a summary of eachiteration.Eachcolumnof this tableis describedin theDoxygen

documentation for thetrackclassrSQPSummaryStd . Thesummary tableis followedby

a printoutof thenumberof functionevaluationsandthe total solutiontime (just asin the

consoleoutput).

TherSQpppSummary.out file alsoproducesatable(if rSQPppSolver::pri nt algo

= true ) of theCPUtimesperstep,per iteration. This output beginswith the following

headeranda list of majorsteps
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*********** ************* ************* *

*** Algorithm step CPU times (sec) ***

Step names

----------

1) "EvalNew Point"

...

Thesearethesamestepsthatareprintedin therSQPppAl go.out file.

The tablethat follows this makes it easyto determinewhich stepobjectsandwhich

computationsareconsumingthemostCPUtime. This typeof grosstiming is very impor-

tant in determiningwherethe bottlenecksareoccurringandwhat stepsrequirethe most

attentionfor aparticularNLP. Notethattheinformationproducedin thistablesupplements

traditionalprofile timingsthatareproducedbut tools like gprof . For example,thesame

linear solver may be calledin several differentstepsandthe profiler outputmay make it

difficult to determinein whatstepsmostof thesolves wherebeingperformed.In this ex-

ampleNLP, for theoptionsused,thebulk of theruntime(83.93%)is consumedby thestep¿ 1) "EvalNew Point" À . By looking in the rSQPppAlg o.out file, it is easyto see

thatthemajorcomputations in thisstepis theevaluationof thefunctionsandthegradients

of theNLP andtheformationof thedecomposition matrices.By comparingiterationsk=0

andk=1 onecanseethattheruntimedropsdramaticallyfrom 18.96secondsto only 2.xxx

secondsfor subsequentiterations.Therefore,onecouldquickly infer thattheinitialization

that goeson in this stepis quite significant. Furtherinvestigation would reveal that the

dominatetime in thisstepis consumedby thedirectsparsesolver (MA28 in thiscase)and

theinitial analyze-and-factorusedto selectthebasisis adominatecost.

4.5.4 Output to rSQpppJournal.out

Theoutputfile rSQpppJournal.o ut containsdetailed,step-by-step,iteration-by-iteration

output for a runningalgorithm. The algorithm descriptionin the output file rSQPpp-

Algo.ou t is very helpful in understanding the journaloutput. Dependingon theoutput

level for theoptionrSQPSolve rClientIn terface:: journal print level set

in rSQPpp.opt this output can be fairly minimal (i.e. PRINT ALGORITHMSTEPS)

or dumpeverything(i.e. PRINT ITERATION QUANTITIES). Theoutputshown in Ap-
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pendix8.8 is the outputlevel PRINT ALGORITHMSTEPSandthereforethe amountof

output is independentof the NLP size which is usually the most appropriatelevel (un-

lessdebugging). For smallNLPs,settingthelevel to PRINT ITERATION QUANTITIES

usuallyproducesenoughoutputfor debuggingthatopeninganddebuggeris unnecessary

in many cases.

After theheaderandtheechoedoptionsareprinted,thetracefrom theinitial NLP test-

ing is given(if rSQPppSolver::t est nlp=tr ue). Thefirst partof thetestingoutput

is thebasictestsontheVectorSpace objectsreturnedfrom theNLP interface.Morede-

tailedoutputfor thesevector-spacetestscanbeproducedby settingoptionsin theoptions

groupVectorS paceTeste r (seethe Doxygendocumentation). Following the basic

testsof the vector-spaceobjectsandthe vectorobjects(which arecreatedby the vector-

spaceobjects)arefinished,othersimple testsareperformedwhich basicallycomprisea

unit testfor theNLP interface. Following this simple unit test,the derivative objectsGf

andGc computedby theNLPFirstOrderInfo arecheckedagainstthefunctionsf and

c usingdirectionalfinite differencing.Thisoutputshows thefollowing relativeerrorsfor a

singlerandomdirection

rel_err(Gf’ *y,FDGf’*y) = rel_err(6.53 040559e+002,6. 53040559e+002 ) = 1.9347756 5e-011

rel_err(sum (Gc’*y),sum(F DGc’*y)) = rel_err(2 .20905038e+00 8,2.20905038e+ 008) = 1.37878129e-0 13

Thisoutputshowsthatthefinite-differencedirectionalproductsagreewith theanalytic

directionalproductsby approximately 10 and12 significantdigits for Gf andGc respec-

tively. Suchahighaccuracy for thefinite-differenceproductsis a resultof thefourth-order

four-point finite differencingthat is usedby default. To setdifferent(andcheaper)finite-

differencingstrategies seethe options group CalcF initeDiff Prod (seeAppendix

8.8).

After the initial NLP testingcompletes(successfully),the rSQPalgorithmis started

with theline

*** Starting rSQP iterations ...

Mostof theoutputproducedfor thisexampleNLP is omittedfor thesakeof spaceand

theoutputthatis includedis usedto pointoutseveralimportantitems.
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First notethateachstepprintsout somebasiclogic andsomeinformationfor mostof

the iterationquantitiesthat arecomputed.For example,"Eval NewPoint" prints out

theobjective functionvaluef k andtheinfinitely normsof thegradientof thegradientof

the objective Gf k andthe constraintsc k . The numberof significantdigits printedfor

floating point numbersin the journal output is controlledby the option rSQPSolve r-

ClientI nterface: :journal print digits (which is 6 by default).

Notethatif rSQPSolverClien tInterfac e::check resul ts=true thatthe

"EvalNe wPoint" stepwill performfinite-differencetestsof theNLP gradientsfor each

rSQPiteration. Also note that the resultsare slightly different than for the initial NLP

testingsincea differentrandomdirectionalvectoris generated.This time therelative er-

ror for the gradientof the objective Gf is greaterthan the default warning toleranceof

NLPFirs tDerivati vesTester ::warning tol=1e-1 0. This resultedin thefol-

lowing warningbeingprinted

For Gf, there were 1 warning toleranc e

violations out of num_fd_direct ions = 1 computation s of FDGf’*y and

the maximum violation was 4.408797e-0 10 > Gf_waring _tol =

1.000000e-0 10

If therelativeerrorhadbeengreaterthanNLPFirst Derivativ esTester: :error tol ,

thenanerrormessagewould have beenprintedandthealgorithmwould have beentermi-

nated. For somedifficult ill-conditionedNLPs, the finite-differencetestsmay fail even

thoughthereis not a programming bug. Eithertheerror tolerancecanbeincreasedor the

testscanbeturnedof all togetherin thesecases.

Thelastimportantdetailtopointoutis theconvergencecheckin step¿ 5: "Check Convergen ce" .

Theoutput

(0) 5: "CheckConv ergence"

scale_opt_f actor = 1.000000e+00 0 (scale_opt_ error_by = SCALE_BY_ONE)

scale_feas_ factor = 1.000000e+0 00 (scale_fea s_error_by = SCALE_BY_ONE)

scale_comp_ factor = 1.000000e+0 00 (scale_com p_error_by = SCALE_BY_ONE)

opt_scale_f actor = 1.100000e+00 1 (scale_opt_ error_by_Gf = true)

opt_kkt_err _k = 1.230623e+00 2 > opt_tol = 1.000000e-0 08

feas_kkt_er r_k = 1.208973e+00 7 > feas_tol = 1.000000e-0 10

comp_kkt_er r_k = 0.000000e+00 0 < comp_tol = 1.000000e-0 06
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step_err = 0.000000e+00 0 < step_tol = 1.000000e-0 02

Have not found the solution yet, have to keep going :-(

shows exactly how optimality and feasibility errorsare computedand how they are

comparedto the convergencetolerancesopt tol and feas tol thataresetin theop-

tionsgrouprSQPSol verClient Interface . Seethestep"CheckC onvergenc e"

in theprintedalgorithmdescriptionin thefile rSQPppAlgo.out in Appendix8.8for the

detailson how eachof thesequantitiesarecomputedandcomparethesecomputederrors

to thecolumns||c|| s and||rGL|| s in theconsoleoutputasshown in Appendix8.8.

Thefinial convergencecheckin iterationk=13 shows thefinal KKT errors

opt_kkt_err _k = 3.273859e-01 2 < opt_tol = 1.000000e-0 08

feas_kkt_er r_k = 1.518593e-01 2 < feas_tol = 1.000000e-0 10

comp_kkt_er r_k = 0.000000e+00 0 < comp_tol = 1.000000e-0 06

step_err = 0.000000e+00 0 < step_tol = 1.000000e-0 02

Jackpot! Found the solution!!! !!! (k = 13)

andthenthealgorithmis terminatedandtheoptimal solution is communicatedto the

NLP object.
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Chapter 5

MPSalsa/rSQP++ Interface and Results

5.1 Intr oduction

Our first prototyping projectconsistedof interfacinga rSQPalgorithmto a chemicallyre-

actingflow simulatorin anattemptto solveanoptimizationproblemfor aChemicalVapor

Deposition (CVD) reactor. We selectedchemicallyreactingfluid flow becauseboth the

simulationandoptimizationhave very large-scalepotential. In additionthis problemdid

not requiretransientmodeling.Theinitial designprobleminvolvedonly a single velocity

valueasthedesignparameter.

Consideringthat very littl e information exists about interfacing rSQPalgorithmsto

largeandmassively parallelproductioncodes,theprimarygoalwasto identify issuesas-

sociatedwith interfacing intrusive algorithms to existing parallelproductioncodes. Our

strategy wasto startassimple aspossibleandthenconsiderhigherlevelsof optimization.

We thereforestartedwith the directapproach.(level 4). We werenot ableto completely

develop the adjoint interfacebut we could not conveniently solve the transposeJacobian

matrixwithin thecode.

Smallnumberof designvariableshavebeentestedin serialandparallel.For theparallel

implementation,rSQPis duplicatedon eachprocessand that causeslimited scalability.

rSQP++hassincethenbeenmodified andhasdemonstratedgoodscalability asshown in
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table4.1.

5.2 CVD Reactor Optimization Problem

The rotatingdisk reactoris a commonconfigurationfor performingChemicalVaporDe-

position (CVD) of thin films, including many important semiconducting materials. The

optimizationproblemformulatedin this paperis generatedfrom the work of Sandiare-

searchersattempting to improve thedesignof the inlet of a rotatingdisk CVD reactorfor

usein growing thin films of Gallium Nitride (
��Á í ).

��Á í is usedin blue light emitting

diodesandotherphotonicdevices.Thequalityof theelectronicdevice is highly dependent

on theuniformity of thegrowth rateat differentpositionsin thereactor. Weareattempting

to usesimulationsandoptimizationalgorithmsto determineif anew reactor, designedwith

a restrictedinlet for reducingthecostsof reactantgases,canachievehighly uniform
�ÂÁ í

film growth.

Thefinite elementmeshfor thebaseshapeof thereactoris shown in Figure5.1(a).

This is an axisymmetric (2D) model,wherethe left sideis the axis of symmetry. A

mixture of trimethylgallium, ammonia,andhydrogen gases(
��Á�	 ì�Ã r 
 r , íeÃ r , and Ã � )

enterthe top of the reactor, flow over the disk, which is heated,andthenflow down the

annularregion out the bottomof the mesh.At the heateddisk, the
��Á�	 ìÂÃ r 
 r and íeÃ r

reactto deposita
�ÂÁ í film andreleasethreemoleculesof methane( ìÂÃ�Ä ). Thissimplified

mechanismhasbeenshown to work well in modeling
��Á í film uniformitiessincethe

growth rate is predominantly transportlimited [88]. This meshdepictsa restrictedinlet

design,wherethetopof thereactorhasasmallerradiusthanthelowerpartof thereactor.

Themainparameterusedin this paperis the inlet velocity of thegases,Å . Two addi-

tional parametersin this modeldefinetheshapeof the inlet, namelytheShoulderRadius

andShoulderHeight,which definetheposition wherethemeshtransitionsfrom the inlet

radiusto thelargerreactorradius.Themeshis movedalgebraicallyandcontinuously asa

functionof thesegeometricdesignparameters.Figure5.1(b)showshow themeshchanges

for a decreasedshoulderradius,andFigure5.1(c)shows how themeshdeformscontinu-

ously for largervaluesof theshoulderradiusandshoulder height. If theoptimum occurs
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(a)

(b)

(c)

Figure 5.1. Threedifferentmeshesfor therestrictedinlet design

of the rotating disk reactor areshown: (a) thebaselinecase mesh

wherethe shoulder radiusis above the edgeof the disk and the

height is half of theinlet height; (b) a meshwhentheshoulderra-

diusparameteris decreased; (c) a meshwheretheshoulder radius

andheight arebothincreasedabove thebasecase.
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too far away from wherethe initial meshis generated,it would beappropriateto remesh

thenew geometryfrom scratch.

The objective function measuresthe uniformity of the growth rateof Æ Á�Ç over the

disk. We chosean µ�È normoveran µÊÉFË'Ì normsothattheobjective is continuousandhasa

continuousderivative. Sincethe Í¨È normhadverysmallvaluesoverarangeof parameters,

thelog wastaken.Thefinal form of theobjective functionis

ObjectiveFunction Î"ÏaÎ�Ð�ÑPÒ[ÓAÔÊÕaÖ�×kØ�Ù*Ú�Û�Ü (5.2.1)

where ÔÊÕ is thestandarddeviationsquaredandis definedasÔÊÕyÎ ×Ç�Ý�Þ*ßà áãâ Ú Ó Ò
ádä Ò3å$æ$çÒgå�æ$ç Ü Èkè (5.2.2)

Here
Ç�Ý

is thenumberof nodeson thesurface,Ò á is thegrowth rateof Æ�é Ç atnodeê , andÒ3å$æ$ç is theaveragegrowth rate.

5.3 Numerical Methods

5.3.1 ReactingFlow Simulation

The governing equationsand numericalmethodssummarizedin this sectionhave been

implementedin the MPSalsacomputercode,developedat SandiaNationalLaboratories.

Morecompletedescriptions of thecodeandcapabilitiescanbefoundin thefollowing ref-

erences[108], [100], [109], [101], [88], [40]. Thefundamentalconservationequationsfor

momentum,heat,andmasstransferarepresentedfor areactingflow application.Theequa-

tions for fluid flow consistof the incompressible Navier-Stokesequationsfor a variable-

densityfluid andthe continuity equation,which expressconservation of momentumand

totalmass.Thesteady-statemomentumequationtakestheform:ë Ó u ìîíïÜ u ä íRì T

ä ë g Î"Ø�ð (5.3.3)

whereu is the velocity vector, ë is the mixture density, andg is gravity vector. T is the

stresstensorfor aNewtonianfluid:

T Î äòñ I

äRóô[õ ÓNíRì u Ü I Ö õ�ö í u Ö¡í u ÷dø (5.3.4)
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Here

ñ
is theisotropic hydrodynamicpressure,õ is themixtureviscosity, andI is theunity

tensor. Thetotalmassbalanceis givenby:íRì�Ó ë u Ü�ÎIØ (5.3.5)

Thedensitydependson the local temperatureandcomposition via the idealgaslaw. For

non-dilutesystems,themulticomponentformulationis used:

ë Î ñ7ù Þ>úà ûBâ Ú4ü û!ý­ûþ�ÿ ð (5.3.6)

where

ñ�ù
is thethermodynamic pressure,

þ
is thegasconstant,

ÿ
is thetemperature,

ýïû
is

themolefractionof the ����� species,ü û is themolecularweightof the ����� species,and
Ç��

is thenumberof gas-phasespecies(which is � for themodelin thispaper.

Thesteady-stateenergy conservation equationis givenas:ë
	�
� Ó u ìòíWÜ ÿ ÎuíRì�Ó��.í ÿ Ü ä Ô8ð (5.3.7)

where 	�
� is the mixture heatcapacityand � is the mixture thermalconductivity. The

last termon theright handside Ô is thesourcetermdueto theheatof reaction,which is

negligibleundertheprocessconditions in thisexampleproblem.

Thespeciesmassbalanceequationis solvedfor
Ç��

-1 species:ë Ó u ìòíWÜ����2ÜÊÎuíRì j � Ö ü ���� � for ��ÎO×hð èkè2è ð Ç�� -1 ð (5.3.8)

where � û is the massfraction of the � ��� species,j � is the flux of species� relative to the

massaveragedvelocity u and �� � is the molar rateof productionof species� from gas-

phasereactions.A specialspeciesequation,which enforcesthesumof themassfractions

to equalone,replacesoneof thespeciesbalances(usuallythespecieswith thelargestmass

fraction):Þ>úà � â Ú ���îÎO× for �WÎ Ç�� (5.3.9)
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Thediffusiveflux term(MulticomponentDixon-LewisFormulation) includestransportdue

to bothconcentrationgradientsandthermaldiffusion (Soreteffect):

j � Î ë ��� � ×ý � ü Þ>úà û��â � ü û Õ
� û í ý­û¨ä Õ ÷�ë ��� í ÿÿ�� (5.3.10)

Where

ý�û
is themolefractionof species� , Õ � û is theordinarymulticomponentdiffusion

coefficient, and Õ ÷� is the thermaldiffusioncoefficient. ü is themeanmolecularweight

of themixturegivenby: ü Î Þ úà � â Ú ý � ü �îÎ ×Þ úà � â Ú ���ü �
(5.3.11)

Theconversionbetweenmass( �!� )andmole(

ý � ) fractionsis:���îÎ ü �ü
ý � (5.3.12)

At thedisksurface,surfacechemicalreactionstakeplace.In generalthesecanbevery

complicated,but for this modelproblemthereactionhasbeenshown to beapproximated

very well by a transportlimited model. In this case,the growth rateof Æ�é Ç on the sur-

face(aswell astheconsumption of Æ�é�Ó ��" # Ü # and
Ç "$#

, andtheproductionof
�%"$&

) is

proportionalto theconcentrationof trimethylgallium ( Æ�é�Ó ��"'# Ü # ) at thesurface.

In general,thenumerousphysicalpropertiesin theabove equationsaredependenton

the local temperatureandcomposition. In theMPSalsacode,we usetheChemkinlibrary

and databaseformat to obtain thesephysical properties. Thesetermsadd considerable

nonlinearityto theproblem.

Theabovesystemof ( coupledPDEs(for unknownsu ) , u * , u + , ñ ,
ÿ

, �!, å.-0/21�35463 , �!/21�7 ,� Þ 1!3 and �!1!8 ) aresolvedwith theMPSalsacode.MPSalsausesa Galerkin/least-squares

finite elementmethod[109] to discretizetheseequationsover the spatialdomain. While

thiscodeis designedfor generalunstructuredmeshesin 2D and3D, andrunsonmassively

parallelcomputers,this applicationis 2D, usesthemeshshown in Figure5.1(a),andwas

runonasingleprocessorworkstation. Thediscretizedsystemcontains
óhó ØhØgØ unknowns.

A fully coupledNewton’s methodis usedto robustly calculatesteady-statesolutions.

While analytic Jacobianentriesare supplied for derivativeswith respectto the solution
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variablesandthe density, derivativesof the otherphysical propertiesareonly calculated

with thenumericalJacobianoption. This optionusesfirst orderfinite differencingon the

elementlevel. Theresultinglinearsystemat eachiterationis solvedusingtheAztecpack-

ageof parallel,preconditionediterative solvers. In this paper, we exclusively usedanILU

preconditionerandtheGMRESsolverwith norestarts.OnasingleprocessorSGIworksta-

tion, a typicalmatrix formulationrequired( secondsfor theinexactanalyticJacobianand(:9 secondsto calculatethe (nearly)exact finite differencenumericalJacobian.A typical

linearsolverequired�±Ø seconds.

Parametercontinuation methodshave beenimplementedin MPSalsavia theLOCA li-

brary[99], [102]. LOCA includesanarclengthcontinuationalgorithmfor trackingsolution

branchesevenwhenthey go aroundturningpoints(folds). As will beseenin Section5.4,

this is a powerful tool for uncovering solution multiplicity. In addition, a turning point

trackingalgorithmhasbeenimplementedto directlydelineatetheregionof multiplicity as

afunctionof asecondparameter. A complementarytool for performinglinearizedstability

analysisby approximating thefew rightmosteigenvaluesof thelinearizedtime dependent

problemhasalsobeensuccessfullyimplemented[69], [102], [30].

5.4 Results

5.4.1 OneParameter Model

The first resultsare shown in Figure 5.2 for the one parametersystem. Here the inlet

velocity ; is thedesignparameterwhile theShoulderRadiusandShoulderHeightparam-

etersareheldfixedat 9 è ô:< and
< è Ø:= asin Figure5.1(a). Startingat a velocity of ;�Î ó Ø

(cm/sec),a simple continuation rundown to a velocityof ; Î?> showeda clearminimum

near ; Î ×h× è > andObjectiveFunction ÏRÎ ä 9 è ( .
Two runsof this problemusingtherSQPoptimizer wereperformed.For this run, the

exactnumericalJacobianwasused,andup to
<

secondordercorrectionstepsperiteration

wereallowed. Thelinearsolver tolerancewassetat a relative residualreductionof ×kØ Ù�@ .
Whenstartingat ; Î ó Ø andconvergedPDE constraints,the optimizerconvergedin × <
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Figure 5.2. Resultsfor a 1 parameter continuation run (bold

line), showingthe Objective Function as a function of the inlet

velocity of thereactantgases.Two results for therSQPoptimizer

areshown, wheretherun starting at ACBEDGF (circle symbols with

connectingarrow) converged to theexpectedlocal minimumwhile

therunstarting at AHBJILK (squaresymbolswith connectingarrow)

converged to a point not seenon thecontinuation run.
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Figure 5.3. Radialprofilesof thesurfacedeposition rateat three

differentsolutions: theinitial guess at AMBNILK , andthefinal solu-

tionsfrom thetwo optimizationruns at AOBHDPDLQSRUT and AHBJVWQXKPK .
iterationstoapointat ;aÎE( è ØhØ andÏaÎ ä 9 è ô 9 (in about3hourscomputetime). However,

whenstartingat ; ÎO×L� andwith a convergedsteady-statesolution, theoptimizerreached

the minimum at ; Î ×h× è 9Y> and Ï Î ä 9 è (:9Y> in ×L� iterations.As canbe seenin Figure

5.2, the first run doesnot appearto even be on the solution branchof converged PDE

constraints.

Threedeposition profilesasa functionof radialposition areshown in Figure5.3. The

profile at the initial conditionsof ; Î ó Ø hasa minimum growth rateat the centerand

hasa = è <WZ nonuniformity. The solution found by the optimizer at ; Î ×h× è 9Y> , that also

appearsto betheminimumfrom thecontinuation run,showsamuchflatterprofilewith an

internalmaximum,andanoverallnonuniformity of × è ó Z . Theothersolution foundby the

optimizerat ;0Î[( è ØhØ hasa very similar shape,a smaller overall growth rate,anda × è = Z
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Figure 5.4. Results for a 1 parameter continuation run with arc

length continuation and linearized stability analysis are shown.

The dashed lines representunstablesolution branches. The sym-

bolsshow theresultsof thetwo optimizationrunsfrom Figure5.2.

nonuniformity. Growth ratenonuniformities in theneighborhoodof × è Ø Z aredesirable.

Subsequentparametercontinuation and linearizedstability analysiscalculationsre-

vealedthat this solution is indeeda solution to the PDE constraints,yet a solution that

is linearly unstable.The resultsof an arc lengthparametercontinuation run with linear

stability determinations areshown in Figure5.4. Thedashedline indicatedphysicallyun-

stablesolutions while the solid lines are locally stable. Onecanseethat thereare three

local minima in theobjective function,only oneof which is linearly stable.Over a large

rangeof inlet velocities, 9 è ×h×�\C;]\I× < è =:9 , therearethreesolutionsthatexist at thesame

parametervalues.TherSQPoptimizer, whenstartedat ; Î ó Ø , jumped into thebasinof

attractionfor a localminimum at ; Î^( è ØhØ . Thephysicalbasisfor themultiplicity is well

understood.Recirculationflow cellscandevelopasa resultof thebuoyancy force of the

heatedreactorsurface.
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Figure 5.5. Results of turning point continuation runs showing

how the region of multiplicity identified in Figure5.4 changesas

a function thegeometric Shoulder Radiusparameter.

5.4.2 Thr eeParameter Model

The oneparametermodelshowed that it is imperative to be awareof solutionmultiplic-

ity andunstablesolution branches.Continuationrunson the turning pointsdefiningthe

boundariesof multiplicity wereperformedto seehow the region of multiplicity changes

asa function of the additionalgeometricparameters.The effect of ShoulderRadiuson

the multiplicity region is shown in Figure5.5, andthe effect of ShoulderHeight on the

regionof multiplicity is shown in Figure5.6. Theresultsshow thatthemaximum velocity

wheremultiplicity occurshasadirectdependenceon theShoulderRadiusandis relatively

insensitive to the ShoulderHeight. The minimum velocity wheremultiplicity occursis

insensitive to theShoulderRadiusbut hasaninversedependenceon theShoulderHeight.
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Figure 5.6. Results of turning point continuation runs showing

how the region of multiplicity identified in Figure5.4 changesas

a function thegeometric Shoulder Heightparameter.

130



Figure 5.7. A comparison of the 3-parameteroptimization run

after RLK iterationsandthe1-parameterrun,startedat thesamecon-

ditions,which convergedafter DGF iterations.

A single three-parameteroptimization run was performed,startingat the samecon-

ditions wherethe one-parameterrun that converged to the stableminimum wasstarted:

Velocity Î ×L� è Ø , ShoulderRadiusÎ_9 è ô:< , andtheShoulderHeight Î < è Ø:= . Therun was

performedwith up to
<

secondordercorrectionstepsperoptimization iteration. After 9gØ
iterations,theobjective functionhadbeendrivendown to Ï Î ä 9 è ô ó , which is notaslow

asthe Ï Î ä 9 è (:9:> achievedin the1 parameteroptimization.Possiblereasonsfor this are

that the three-parametermodelis converging to a local minimum or that thesingularities

in theregionarecausingconvergenceproblems.Futurerunswill needto bemadeto fully

understandthispreliminaryresult.Theresultof thethree-parameterrun is comparedto the

one-parameterrun in Figure5.7.
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Figure 5.8. A comparison of F runs for the 1-parametermodel,

comparing exact andinexactJacobians, andwith andwithout sec-

ondorder correction steps(S.O.C.).

5.4.3 Effectsof JacobianInexactnessand SecondOrder Corr ections

To test the effectsof inexactnessin the JacobianandSecondOrderCorrectionStepson

theconvergenceof theoptimizationalgorithm, threemorerunsof the1-parametermodel

wereperformed.Theseall startedat ; ÎO×L� for comparisonwith thesuccessfuloptimiza-

tion run, which wascomputedwith a full numericalJacobianandup to
<

secondorder

correctionstepsperiteration.Theresultsareshown in Figure5.8.

In the first additionalrun, the analytic (inexact) Jacobianwas used,and the second

ordercorrectionswereretained.ThisJacobianleavesout thederivativesof all thephysical

propertieswith respectto the local state(temperatureand composition), only including

the correctdensitydependence.The Figureshows that this run convergesvisibly to the

sameoptimum astheoriginal case,both in iteration ×h× , though theoriginal casereached

theoptimum in ×L� iterationsandthe inexactcasefailedto meettheconvergencecriterion
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after �±Ø iterations.Two morerunswereperformedwherenosecondordercorrectionsteps

wereallowed.Therunwith theinexactJacobianconvergedvisibly to theoptimum after =:9
iterationsthoughhadnot convergedwithin thetoleranceafter ×PØhØ iterations.Therun with

theexactnumericalJacobianwithoutsecondordercorrectionshadnotyetconvergedto the

optimum andwasprematurelystoppedafter × ó Ø iterations,surprisingly performingworse

thantherunwith theinexactJacobian.

For this problem,MPSalsarequired (:9 secondsto fill the full numericalJacobianas

comparedto only ( secondsfor the analyticJacobian,while an iterative linear solve re-

quiredapproximately�±Ø seconds.Therunswith secondordercorrectionsrequired,on av-

erage,
<

linearsolvesperiteration,while therunswithoutsecondordercorrectionsrequired

exactly
ó

linearsolvesperiteration.Thereforefor thisproblem,thequickestnumericalap-

proachfor visibly reachingtheoptimumwasusingtheinexactanalyticJacobianandwith

the secondordercorrectionsteps.The runswith the inexact Jacobiandid not trigger the

convergencetolerancesetin thealgorithm,andthereforeperformedmany wastediterations

aftervisibly reachingtheoptimum. Sincetherearenumerousapproximationsin themodel,

particularlywith thechemistrymechanisms,theoptimum needsonly beconvergedto two

digitsof accuracy.

5.5 Optimization problem- SourceInversion

The rSQP/MPSalsa codewasalsousedto investigatesourceinversion problems.Poten-

tial applicationof this problemis chemical/biological/radiological attackson our nation’s

infrastructure,suchaswaterdistribution systems,large facilities,andurbanareas.Given

concentrationdataat several sensorlocationswithin a facility, the goal is to determine

theoriginal locationandmagnitudeof theattacksubjectto Navier Stokesfluid flow. We

assumethatchemicaltransportfollows diffusive behavior andthereforewe useheatasa

chemicalsource,andtemperatureaschemicalconcentrations.Even thoughthis applica-

tion isarealtimeoptimizationproblem,ourinitial developmenteffortswereconfinedto the

steadystateproblem.Two modelswereinvestigated,thefirst wasa simple box geometry

andthesecondwasa two dimensionalmodelemulatingactualairportterminaldimensions

andoperatingconditions.
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Figure5.9 shows the box geometrythat wasinitially usedto testour inversionalgo-

rithms. Theleft figureshows theconvective steamlines,enteringat thetop left (Dirichlet

condition) andleaving atthebottomright (appropriateoutflow conditions). Theright figure

shows thediffusionbehavior asa resultof introducingthreesourcesmarkedon thesideof

theboxwith their relativemagnitudes.

Prior to conductingtheinverseproblem,theforwardproblemwasexecutedto calculate

theconcentrationvaluesatvariouspointsin theboxgeometry, markedwith a red“x”. The

concentrationsat these25sensorlocationswerethenusedto solvethefollowing optimiza-

tion problem:

A forwardproblemwassolvedusingMPSalsawith a 1600elementfinite elementdis-

cretization.This led to 1681constraintsfor thediscretizedNavier StokesPDE.Threeout

of 16 fluxesweresetnonzero(of magnitudes1,2, and5 asseenin thefigure)andsensor

datawasrecorded.Thenthe inverseproblemwassolvedfrom a trivial initial guessusing

rSQP/MPSalsaasfollows:

minimize: ×ó `à.áEacb5dfe Óhg ä g á Ü2Óji ä ilk?Ü Ènm�o (5.5.13)

subjectto i3Óhp4ð.qqÜÊÎIØ where i representstheNavier Stokesequations(section5.3.1).

The16fluxesconvergedto thevaluessetin theforwardproblemin 88rSQPiterations.

Becauseof our investment and experiencein PDE constrainedoptimization applied

to CVD reactors,this prototype problemwassolvedwithin 2 daysof first discussing the

potentialof rSQP/MPSalsaasacounter-terrorismcapability.

A morecomplex geometryandparametervalueswastestedto emulatetheconditions

of anairportfacility. Figure5.10shows a 2D representationof anactualtwo-storyairport

terminal.Thismodelrepresentedonesixthof theterminal,whichwascontrolledby a sin-

gle HVAC system.Themodelproblemusedrealisticdimensionsof a terminal,properties

of air, diffusioncoefficient for ÔÊÏsr (a commontracerfor experiments).Flow rateswere

variedbut did approachreasonableconditions.

Theproblemwasformulatedthesameastheboxproblemabove,exceptthattwo of the

134



Figure 5.9. Sourceinversionof convection-diffusion in a box

geometry. This was out initial prototype problem for sourcein-

version of chem/bio/rad attack scenarios. Theleft box showscon-

vective streamlinesandtheright box shows thediffusive behavior

with thered“x” markersdenoting sensorlocations
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air flow velocitiesenteringthissectionof theterminal(from down thehall) wereleft asun-

knowns. ThismeantthatthenonlinearNavier-StokesPDE’s, in additionto theconvection-

diffusion equation,were part of the constraints. In later runs, a one-equation(Spalart-

Almaras)turbulencemodelwassolved in conjunctionwith theseequations.In our first

prototype,only threelocationsalongthe bottomfloor wereselectedascandidatesource

locations,leadingto atotalof
<

designvariables.Tensensorlocationswerepicked(seered

x ’s in thebottomfigure).

A finite elementdiscretizationof the PDE’s led to over
ó ØhØhØgØhØ algebraicconstraints

for the5-parameteroptimizationproblem.Onerunranfor 2 hourson64processorsof the

RossCPlantmachineandsuccessfullyreducedtheobjectivefunction3ordersof magnitude

from asimple initial guess.

Much was learnedfrom this prototypeproblem. For the optimization problem,this

direct sensitivity approachusedherecould work well up to 20 designvariables,but an

adjoint sensitivity approachwould be preferredto allow for numerouscandidatesensor

locations.Allowing flow ratesasdesignvariableswasa big step,sinceit invokedseveral

couplednonlinearPDEsas constraintsinsteadof one linear convection-diffusion PDE.

Issuesthatwerenot facedin this prototypeproblemare(1) solvingthe transientproblem

and(2) dealingwith noisysensordata.

From a modelingstandpoint, several areashave beenidentified where future work

would beneededto continuethis effort. Oneis dealingwith high Reynoldsnumbers(tur-

bulence)for air in the large domains.A secondis a new interfacefor choosing potential

sourcelocations,sinceour methodof meshingthemindividually andassigning a sideset

ID is not adequatelyflexible or scalable.Anotheris dealingwith agents(suchasanthrax

particles)thatrequireextensions to theNavier Stokesequations.

5.6 Conclusions,Stability, Interface& Validation

Solutionmultiplicity of nonlinear steady-stateproblemsmustbe recognizedandcanbe

diagnosedusingstability analysistools. The techniquein this paperof tracking the re-

gion of multiplicity is not scalableto larger numbersof designparameters,and is more
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Figure 5.10. Sourceinversion 2D cross-sectional model of a

two-story airport facility. The top figure shows flow streamlines,

themiddlefigureshows concentrationsof anagent beingreleased

from two locations along the bottom floor, and the third shows

thetensensor locationsandconcentration profilesfrom adifferent

sourcevalues.

expensive thantheoptimizationcalculations.At a minimum,thestability of thecandidate

optimum mustbecheckedwith a linearstability analysistool. Concerninginexactnessin

theJacobianmatrix,andtheeffectof secondordercorrectionsteps,wehavegatheredsome

evidence.For this run, it appearsthatinexactnessin theJacobiandoesnotseriouslyhinder

convergence,particularlyif secondordercorrectionstepsareused.

Severalconclusionscanbedrawn from interfacingarSQPalgorithmto acompletefluid

flow simulator. Calculatingsensitivities is perhapsthesinglemostimportantmodification

to a simulation codefor PDECO.Oncea sensitivity capabilityexists, the interfaceto a

rSQPalgorithm is trivial. As a resultof the MPSalsaproject,several sensitivity projects

have beeninitiatedwith new simulationdevelopments.In addition,a researchprojecthas

beenstartedto investigatemethodsto handletransientoptimization problemsefficiently.

Anotherveryimportantconclusionis thatconductingalgorithmic researchwith large-scale

simulationcodesis verydifficult. TherSQPalgorithmscanbetestedonsmallsystems, but

to validateour algorithmsacrossmany PDE-basedproblemsis not practical,especiallyif

thatmeansinterfacingwith productionandcumbersomesimulation codes.Toaddressthese
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problemswe have developed a symbolic simulation capabilityandinterfacedit with our

rSQPalgorithms. Thenext two chaptersprovide a descriptionof SundanceandSundance

coupledto rSQP++.
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Chapter 6

Sundance

Traditional PDEcodessolveoneof aspecificclassof PDEswith litt le hopeof obtainingthe

gradients,adjoints, or Hessiansneededfor PDECO.Evenwith modernPDE frameworks

suchasSIERRAandNevada,it will requireconsiderabledevelopmenteffort toobtainthese

quantities. Thus,for optimizationwith existing PDEcodes,onemustusethePDEsolver

asa “black box,” andwearerestrictedto relatively inefficientLevel-0or Level-1methods.

SincePDE-constrainedoptimizationrequirescapabilitiesbeyondthoseavailable in tra-

ditional PDEcodes,we have developeda PDEsolver systemthathasbeendesignedfrom

thegroundupwith large-scalePDE-constrainedoptimizationin mind. Thissystem,called

Sundance,acceptsasystemof coupledPDEsandboundaryconditionswritten in symbolic

form thatis closeto thenotationin whichascientistor engineerwouldnormallywrite them

with pencil andpaper. Eachfunction or variationappearingin this symbolic description

is annotatedwith a specificationof thefinite-elementbasiswith which thatobjectwill be

discretized.This information, alongwith amesh,is thenusedby Sundanceto assemblethe

implied discretizedoperators.At this point, theusercouldsimply askSundanceto solve

the system,or it could requestcertainevaluations to be made. Thesesymbolic capabili-

tiesmake Sundancea powerful rapidprototypingandalgorithmic researchtool, however,

for presentpurposestherealpower of Sundance’s symbolic interfaceis that thesymbolic

expressionscomprisingthe PDE andboundaryconditions canbe differentiatedallowing

automatedderivationof gradientsandHessiansasneededin PDECO.We mustemphasize
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thatfor performancereasons,thehigh-level objectsusedfor problemspecificationarenot

usedfor numericalcalculations.Rather, they areusedto marshala setof internalobjects

thatcanbeusedfor efficient calculations.

Sundancehasbeendeveloped usinga component-oriented design. Abstractconcepts

suchaslinear solvers,basisfunctions,quadraturerules,or reorderingschemes(to name

just a few) arerepresentedin termsof abstractinterfaces.A particularrealizationof such

a concept,for instanceanAztecsolver, is thenimplementedasa concretetypeandcanbe

pluggedinto theSundancesystemvia the interface. This designhastwo key advantages.

First,it makesSundancehighly extensible,sincedeveloperscanaddnew componentswith-

out modifying thecoreof Sundance.Second,it allows theuseof thehighest-performance

third-partycomponentswith Sundance.Sundancedoesnot have built-in meshers,solvers,

or visualizationcapabilities;rather, it usesthird-partycomponentsfor all of thosetasks.

In this chapterwe will startwith an introductoryexampleillustratingbasicSundance

syntax. We will thengive an overview of the corecomponentsof Sundance,with code

examplesasnew capabilitiesareintroduced.Simpleexamplesof theuseof Sundancefor

a linear PDECOproblem,a nonlinearPDE,anda transientPDE aregivenhere. Further

examplesof the useof Sundancein nontrivial, nonlinearPDECOproblemsaregiven in

Chapter7. For a comprehensivepresentationof Sundance’s capabilitiesandfurtherexam-

plesof forwardproblems, seetheSundanceUser’s Guide[72].

6.1 An intr oductory example

We begin with a simple exampleof a forward problemthat will show basicSundance

components. ConsiderthePoissonequationwith aunit sourceí ÈGt Î × (6.1.1)

on therectangleö Ø�ð?Ø3ø - ö ×hð ó ø . Thesidesof therectanglewill belabeledleft, right, bottom,

top. For boundaryconditions,wewill chooseì left HomogeneousNeumann,í t u 	 v ÎIØ
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ì bottom Dirichlet, t Î ÚÈ pdÈì right Robin, t Ö�í w uyxz Î #È Ö|{#ì top Neumann,í t}u!xz Îa×U~ ô
It is easyto checkthatthesolution is t Î ×ó p È Ö ×ô!� è (6.1.2)

Thesolution is in thesubspacespannedby second-orderLagrangepolynomials, so if we

choosethatasourbasisfamily wecanexpectto obtaintheexactsolution. Wecancompute

theerrornormat theendof thecalculationasacheckthatthecodeis workingproperly.

This is a simpleproblem,but it in fact requriesmostof thecomponentsusedby Sun-

danceto domorecomplex problems.

6.1.1 Step-by-stepexplanation

We start with a step-by-stepwalkthroughof the codefor solving the Poissonproblem.

Whenfinished,therewill beasummaryandthenthecompletePoissonsolver codewill be

listedfor reference.

6.1.1.1 Boilerplate

A dull but essentialfirst stepis to show theboilerplateC++ commonto nearlyevery Sun-
dancecode:

#include "Sundanc e.h"

int main(int argc, void** argv)

{

try

{

Sundance::i nit(argc, argv);

/*
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* code body goes here

*/

}

catch(exc eption& e)

{

Sundance:: handleExceptio n(__FILE__, e);

}

Sundance: :finalize();

}

Thebodyof thecode– everythingelsewediscusshere– goesin placeof thecomment

code body goes here .

6.1.1.2 Getting the mesh

Sundanceusesa Mesh objectto representa discretizationof theproblemdomain.There

aretwo waysto getaMesh object:ì Createit usingSundance’s built-in meshgenerationcapability. This is limited to

meshingverysimpledomainssuchasrectangles.ì Readameshthathasbeenproducedusingathird-partymeshgenerator. TheMeshReader

classprovidesaninterfacefor readingarbitraryfile formats.

For thissimple problem,wecanuseSundanceto generatethemesh.

MeshGenerat or mesher = new RectangleM esher(0.0, 1.0, nx, 0.0, 2.0, ny);

Mesh mesh = mesher.build Mesh();

If youknow alittle C++– justenoughto bedangerous– youmightthink it oddthatthe

resultof thenew operator, whichreturnsapointer, isbeingassignedtoaMeshGenerator

objectwhich is – apparently– nota pointer. That’s nota typo: theMeshGenerator ob-

ject is a handle classthat storesand managesthe pointer to the Rectangle Mesher

object. Handleclassesareusedthroughout user-level Sundancecode,andamongother

thingsrelieveyouof theneedto worry aboutmemorymanagement.
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6.1.1.3 Defining coordinate functions

In thePoissonexample,theboundaryconditionsinvolvefunctionsof thecoordinatesp and� . Wewill createobjectsto representthecoordinatefunctionsp and � .
Expr x = new CoordExpr(0 );

Expr y = new CoordExpr(1 );

You have probablyguessedthat the integer argumentto theCoord Expr constructor

givesthecoordinatedirection:0 for p , 1 for � , 2 for � .
Thecoordinatefunctionsarewrappedin Expr handleobjects.ClassExpr is usedfor

all symbolic objectsin Sundance.Expr s canbe operatedon with the usualmathemati-

cal operators.With our coordinatefunctionsrepresentedasExpr objects,we canbuild

complicatedfunctionsof position.

6.1.1.4 Defining the cell sets

We’ve alreadyreada mesh. We needa way to specifywhere on the meshequationsor

boundaryconditionsare to be applied. Sundanceusesa CellSet object to represent

subregions of a geometricdomain. A CellSe t canbe any collectionof meshcells, for

exampleablockof maximalcells,asetof boundaryedges,or asetof points.

TheCellS et classhasa subset() methodthatcanbeusedasa “filter” that iden-

tifies cellsthatarein asubsetdefinedby theargumentsto thesubset method.

We will applydifferentboundaryconditionson the four sidesof the rectangle,sowe

will wantfour CellSet s,onefor eachside.We first createa cell setobjectfor theentire

boundary,

CellSet boundary = new Boundary CellSet();

andthenwefind thefour sidesassubsetsof theboundarycell set.Thefour sidesof the

rectanglecanbespecifiedwith logical operationson coordinateexpressions, asshown in

thefollowing code:
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CellSet left = boundary. subset( x == 0.0 );

CellSet right = boundary .subset( x == 1.0 );

CellSet bottom = boundary.subse t( y == 0.0 );

CellSet top = boundary.s ubset( y == 2.0 );

6.1.1.5 Creatinga discretefunction

We will usediscretefunctionsseveral placesin this problem. A discretefunction takes

asa constructorargumenta vectorspaceobjectthatspecifiesthemesh,basis,andvector

representationto beusedin discretizingthefunction.

Thefirst stepis to createa vectorspacefactoryobjectthattells uswhatkind of vector

representationwill beused.We’ll usePetravectors,sowecreateaPetraVect orType .

TSFVectorTy pe petra = new PetraVector Type();

We cannow createa Sundance VectorSpa ce containing the mesh,a basis(2nd

orderLagrangein thiscase)andthevectorspacefactory.

TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(me sh, new Lagrange(2), petra);

Finally, we can creatediscretefunctionsto representthe sourceterm q0Î × è Ø and

the expression
#È Ö�{# that appearsin the right BC. Note that there’s no particularneed

to usediscretefunctionsfor thoseterms;we do soheresimply to provide anexampleof

constructinga discretefunction.

Expr f = new DiscreteFun ction(discret eSpace, 1.0);

Expr rightBCExpr = new Discrete Function(disc reteSpace, 1.5 + y/3.0);

6.1.1.6 Defining unknown and test functions

We’ll use2ndorderpiecewiseLagrangeinterpolationto representourunknown solution t .
With a Galerkinmethodwe definea testfunction � usingthesamebasisastheunknown.

Expressionsrepresentingthetestandunknown functionsaredefinedeasily:
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Expr v = new TestFunctio n(new Lagrang e(2));

Expr u = new UnknownFunc tion(new Lagrange(2) );

6.1.1.7 Creating the gradient operator

The gradientoperatoris formedby makinga List containingthe partial differentiation

operatorsin the p and � directions.

Expr dx = new Derivative (0);

Expr dy = new Derivative (1);

Expr grad = List(dx, dy);

Thegradientthusdefinedis treatedasa vectorwith respectto theoverloadedmultipli-

cationoperatorusedto apply thegradient,so thatanoperationsuchasgrad*u expands

correctlyto � dx*u, dy*u � .
6.1.1.8 Writing the weak form

Wewill usetheGalerkinmethodto constructaweakform. Begin by multiplying Poisson’s

equationEquation6.1.1by a testfunction � andintegratingä a d ��í È t ä a d ��q\Î"Ø è (6.1.3)

The next stepis to integrateby parts,which hasthe effectsof lowering the orderof dif-

ferentiation(andthusrelaxingthe differentiability requirementson the unknown andtest

functions)andalsomakingtheboundaryflux. Theresultingweakform isä a d í�� u í t ä a d ��q´Ö ac� d ��í w u!xz Î�Ø (6.1.4)

and we will require that this equationhold for any test function � in the spaceof 2nd

order Lagrangeinterpolants on our mesh. The boundaryterm gives us a way to apply

certainboundaryconditions:wecanapplytheNeumannandRobinBCsby substitutingan

appropriatevaluefor í w usxz in theboundaryterm. Referringto theboundaryconditions

aboveandourdefinitionof thediscretefunctionrightBCEx pr , theweakform is written

in Sundanceas
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Expr poisson = Integral( -(grad*v)*(gr ad*u) - f*v)

+ Integral(t op, v/3.0)

+ Integral(r ight, v*(rightBCExpr - u));

NoticethatthehomogeneousBC on theleft sidedoesnotneedto bewrittenexplicitly

becausethatboundarytermis zero.

6.1.1.9 Writing the essentialBCs

Theweakform containsthephysicsin thebodyof thedomainplustheNeumannandRobin

boundaryconditions.Westill needto applytheDirichlet boundaryconditiononthebottom

edge,whichwedowith anEssenti alBC object

EssentialBC bc = EssentialBC(bo ttom, v*(u - 0.5*x*x));

The first argumentgives the region on which the boundaryconditionholds,and the

secondgivesanexpression that is to besetto zero. Notice that thereis a testfunction in

theBC; this identifiestherow spaceonwhich theBC is to beapplied.

6.1.1.10 Creating the linear problem object

A Stati cLinearPr oblem objectcontainseverything thatis neededto assembleadis-

creteapproximation to our PDE:a mesh,a weakform, boundaryconditions,specification

of testandunknown functions,andaspecificationof thelow-level matrixandvectorrepre-

sentationto beused.All of this informationis givento theconstructorto createa problem

object

StaticLinea rProblem prob(mesh, poisson, bc, v, u, petra);

It mayseemunnecessaryto providev andu asconstructorargumentshere;afterall, the

testandunknown functionscouldbededucedfrom theweakform. In morecomplex prob-

lemswith vector-valued unknowns,however, we will want to specifythe orderin which
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the differentunknowns andtest functionsappear, andwe may want to groupunknowns

and test functionsinto blocks to createa block linear system. Suchconsiderationscan

make a greatdifferencein theperformanceof linearsolvers for someproblems.The test

andunknown slots in the linear problemconstructorareusedto passinformationabout

the function orderingandblocking to the linear problem; thesefeatureswill be usedin

subsequentexamples.

6.1.1.11 Specifying the solver

A goodchoiceof solver for this problemis BICGSTAB with ILU preconditioning. We’ll

uselevel 2 preconditioning, andaskfor a convergencetoleranceof ×PØ Ù ×�� within
< ØhØ iter-

ations.

TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory (2);

TSFLinearSo lver solver = new BICGSTABSolver(precond , 1.e-14, 500);

6.1.1.12 Solving the problem

Thesyntaxof Sundancemakesthenext steplook simpler thanit really is:

Expr soln = prob.solve(s olver);

What is happeningunderthe hoodis that the problemobjectprob builds a stiffness

matrix andloadvector, feedsthatmatrix andvectorinto the linearsolver solver . If all

goeswell, asolutionvectoris returnedfrom thesolver, andthatsolution vectoris captured

into adiscretefunctionwrappedin theexpressionobjectsoln .

6.1.1.13 Viewing the solution

Wenext write thesolutionin a form suitable for viewingby Matlab.

FieldWriter writer = new MatlabWriter ("heat2D.dat") ;

writer.writ eScalar(mesh, "temperature ", soln);
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6.1.1.14 Checking the error norm

Finally, we compareto theexactsolution by computing theerrornorm. Thesolution has

beenreturnedasaSundanceexpression,sowecanform anexpressionfor theerror

Expr exactSoln = 0.5*x*x + y/3.0;

Expr error = exactSoln - soln;

andthentake the Í È norm

double errorNorm = error.norm() ;

6.1.2 Completecodefor the poissonproblem

#include "Sundanc e.h"

/** \example heat2D.cpp

* Solve Poisson’ s equation with a unit source term on the

* rectangl e [0,1] x [0, 2] with the following boundary conditio ns:

*

* Left: Natural, du/dx = 0

* Bottom: Dirichlet, u= 0.5 xˆ2

* Right: Robin, u + du/dx = 3/2 + y/3

* Top: Neumann, du/dy = 1/3

*

* The solution is u(x,y) = 0.5*xˆ2 + y/3.

*

* This problem can be solved exactly in the space of second-ord er polynomial s.

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(argc, argv);

/* create a simple mesh on the rectangle */

int nx = 20;

int ny = 20;

MeshGenerat or mesher = new RectangleMe sher(0.0, 1.0, nx, 0.0, 2.0, ny);

Mesh mesh = mesher.getMes h();

/* define coordina te functions for x and y coordina tes */
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Expr x = new CoordExpr(0) ;

Expr y = new CoordExpr(1) ;

/* define cells sets for each of the four sides of the rectangle */

CellSet boundary = new Boundary CellSet();

CellSet left = boundary.s ubset( x == 0.0 );

CellSet right = boundary. subset( x == 1.0 );

CellSet bottom = boundary .subset( y == 0.0 );

CellSet top = boundary.su bset( y == 2.0 );

/* Create a vector space factory, used to

* specify the low-level linear algebra representat ion */

TSFVectorTy pe petra = new PetraVectorT ype();

/* create a discrete space on the mesh */

TSFVectorSp ace discreteSp ace = new SundanceVe ctorSpace(mes h, new Lagrange(2), petra);

/* We’ll use a discrete functio n to represent the

* source term, providing a test

* of our ability to evaluate discrete functions on maximal cells */

Expr f = new DiscreteFunc tion(discrete Space, 1.0);

/* We’ll use a discrete functio n to represent the imposed

* boundary value on the right-hand boundary. This provides a

* test of our ability to evaluate discrete functio ns on

* lower-di mensional cells. */

Expr rightBCExpr = new Discrete Function(discr eteSpace, 1.5 + y/3.0);

/* create symbolic objects for test and unknown functions */

Expr v = new TestFunction (new Lagrange (2));

Expr u = new UnknownFunct ion(new Lagrange(2)) ;

/* create symbolic differential operators */

Expr dx = new Derivative( 0);

Expr dy = new Derivative( 1);

Expr grad = List(dx, dy);

/* Write symbolic weak equation and Neumann and Robin BCs */

Expr poisson = Integral(- (grad*v)*(gra d*u) - f*v, new GaussianQu adrature(2))

+ Integra l(top, v/3.0) + Integral(ri ght, v*(right BCExpr - u));

/* Write essential BCs:

* Bottom: u=xˆ2

*/

EssentialBC bc = Essentia lBC(bottom, v*(u - 0.5*x*x ),

new GaussianQuad rature(4));

/* Assemble everything into a problem object, with a specificatio n that
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* Petra be used as the low-lev el linear algebra represent ation */

StaticLinea rProblem prob(mesh, poisson, bc, v, u, petra);

/* create a preconditione r and solver */

TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory( 1);

TSFLinearSo lver solver = new BICGSTABSolver(precond , 1.e-14, 500);

/* solve the problem and return the solution as a symbolic object */

Expr soln = prob.solve(so lver);

/* write to matlab */

FieldWriter writer = new MatlabWriter( "heat2D.dat") ;

writer.writ eField(soln);

/* compare to known solution */

Expr exactSoln = 0.5*x*x + y/3.0;

// compute the norm of the error

double errorNorm = (soln-exactS oln).norm(2);

double tolerance = 1.0e-9;

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE__);

}

Sundance: :finalize();

}

6.2 A PDE-constrainedoptimization example

Wenow show asimpleexampleof how to useSundanceto setupanoptimizationproblem

with a PDE constraint. Considerthe Poissonequationwith sourcetermsparameterized

with adesignvariable � , í ÈGt Î à � ��������������p è (6.2.5)

A simple optimizationproblemis to choose� suchthat the statefunction t is a goodfit

to a target function 	t . This target-fittingproblemcanbeposedasa least-squaresproblem
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with objective function q8Ó��SÜÊÎ ×ó acd Ó t Ój�SÜ ä 	t Ü È Ö þ ó à � � È� (6.2.6)

where
þ

setsthecontrolcost.As written,wecouldsolvethisproblemwith apatternsearch

methodin whichwesolve6.2.5for t ateachfunctionevaluation.Alternatively, wecanlet

thestatesbecomeindependentvariables,but imposeequation6.2.5asa constraint.In that

case,wehaveaLagrangianÍîÓ��¨ð t ð.�.ÜÊÎ ×ó a d Ó t ä 	t Ü È Ö þ ó à � � È� ä a d í t u í � ä à � ��� a d ������������p (6.2.7)

where � is a Lagrangemultiplier. The necessarycondition for solving the optimization

problemis thatthevariationsof theLagrangianwith respectto � , t , and � areall zero.

Thisexample is aquadraticprogramwith anequalityconstraint,andthesolution is ob-

tainedwith asinglelinearsolveof theKKT system.However, theKKT systemis indefinite

andis mostefficiently solvedusingablockSchurcomplementmethod.

6.2.1 Sundanceproblemspecification

With Sundance,all we needdo to posethis problemis to write theLagrangianusingSun-

dancesymbolic objects.

Notethat in this problem,thestatevariable t andLagrangemultiplier � areunknown

functionsdefinedwith afinite-elementbasis.However, thedesignparametersareunknown

“global” parameters,definedindependentlyof the mesh. In Sundance,mesh-basedun-

knownsareUnknownFunction expressionsubtypesandglobalunknownsareUnknownParameter

expressionsubtypes.Tooptimizeperformancein parallel,Sundanceimposestherestriction

thatall globalunknownsmustappearin aseparateblock from any meshedunknowns; that

block is thenreplicatedacrossprocessorswhile blockscontainingmeshedunknowns are

distributed. Matrix blocksmappingbetweentheglobalunknown spaceanda meshedun-

known spaceareimplementedwith multivectors,in whicheachrow (or column,depending

on theorientationof theblock) is a distributedvector. Thespecificationof theunknowns

andblockstructurefor thisproblemis donewith thefollowingSundancecode:
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Expr u = new UnknownFunction(new Lagrange( 2));

Expr v = u.variation() ;

Expr lambda = new UnknownFunc tion(new Lagrange(2) );

Expr mu = lambda.varia tion();

Expr alpha1 = new UnknownPara meter();

Expr alpha2 = new UnknownPara meter();

Expr alpha3 = new UnknownPara meter();

Expr alpha = List(alph a1, alpha2, alpha3);

Expr beta = alpha.vari ation();

TSFVector Type petra = new PetraVect orType();

TSFVector Type dense = new DenseSeri alVectorType() ;

TSFArray< Block> unks = tuple(Block( alpha, dense), Block(u, lambda, petra));

TSFArray< Block> vars = tuple(Block( beta, dense), Block(mu, v, petra));

Oncethe unknownshave beenspecified,we canwrite out the objective function and

Lagrangianin symbolic form:

Expr objectiveF unction = 0.5*Integr al(pow(u-targe t, 2.0))

+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFu nction - Integral((d x*u)*(dx*lamb da))

- Integra l(lambda*forci ng);

Theequationsetcanbeobtainedby takingsymbolicvariations of theLagrangian.

Expr eqn = lagrangian. variation(Lis t(u, lambda, alpha)) ;

We will solve thesystemusinga Schurcomplementsolver, usingTSF’s block manip-

ulationcapabilities.Theuser-level codeto specifya Schurcomplementsolver for a2 by 2

blocksystemis

TSFPrecon ditionerFacto ry prec = new ILUKPrecondit ionerFactory( 1);

TSFLinear Solver innerSolver = new BICGSTABSolver(1.0e-1 2, 1000);

TSFLinear Solver outerSolver = new BICGSTABSolver(1.0e-1 0, 1000);

TSFLinear Solver solver = new SchurCompleme ntSolver(inne rSolver, outerSolver );
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Finally, weshow completesourcecodefor thePDE-constrainedoptimizationexample.

#include "Sundanc e.h"

/**

*

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(&argc, &argv);

/*

Create a mesh object. In this example, we will use a built-in method

to create a uniform mesh on the unit line. In more realistic problems

we would use a mesher to create a mesh, and then read the mesh using

a MeshReader object.

*/

int n = 10;

const double pi = 4.0*atan(1.0) ;

MeshGenerat or mesher = new LineMesher( 0.0, pi, n);

Mesh mesh = mesher.getMes h().getSubmes h();

/* Define a symbolic object to represent the x coordinate function. */

Expr x = new CoordExpr(0) ;

Expr psi = List(sin(x), sin(2.0 *x), sin(3.0*x ));

Expr target = sin(x);

/*

* Define a cell set that contains all boundary cells

*/

CellSet boundary = new Boundary CellSet();

/*

* Define a cell set that includes all cells at position x=0.

*/

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );

/*

* Define a cell set that includes all cells at position x=1.

*/

CellSet right = boundary. subset( fabs(x - pi) < 1.0e-10 );
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/*

Define an unknown function and its variatio n. The constructor

argument is the basis family with which the function will be

represent ed, in this case second-ord er Lagrange (nodal) polynomials.

*/

Expr u = new UnknownFunct ion(new Lagrange(2)) ;

Expr v = u.variati on();

Expr lambda = new UnknownFuncti on(new Lagrange(2));

Expr mu = lambda.v ariation();

Expr alpha1 = new UnknownParameter();

Expr alpha2 = new UnknownParameter();

Expr alpha3 = new UnknownParameter();

Expr alpha = List(alpha1, alpha2, alpha3);

Expr beta = alpha.variati on();

TSFVectorTy pe petra = new PetraVectorT ype();

TSFVectorTy pe dense = new DenseSerialV ectorType();

TSFArray<Bl ock> unks = tuple(Bl ock(alpha, dense), Block(u, lambda, petra));

TSFArray<Bl ock> vars = tuple(Bl ock(beta, dense), Block(mu, v, petra));

Expr forcing = alpha * psi;

/*

Define the differentiat ion operator of order 1 in direction 0.

*/

Expr dx = new Derivative( 0);

Expr objectiveFunc tion = 0.5*Integral( pow(u-target, 2.0))

+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFunc tion - Integral((dx* u)*(dx*lambda) )

- Integra l(lambda*forci ng);

Expr eqn = lagrangian.var iation(List(u , lambda, alpha));

/*

Now specify the boundary conditions on the left and right CellSets.

*/

EssentialBC bc =

Essential BC(left, u*mu + v*lambda) && EssentialBC (right, u*mu + v*lambda);
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/*

Create a solver object: stablized biconjuga te gradient solver

*/

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);

TSFLinearSo lver innerSolv er = new BICGSTABSolver(1.0e-12, 1000);

TSFLinearSo lver outerSolv er = new BICGSTABSolver(1.0e-10, 1000);

TSFLinearSo lver solver = new SchurComplementSolver( innerSolver, outerSo lver);

/*

Combine the geometry, the variationa l form, the BCs, and the solver

to form a complete problem.

*/

StaticLinea rProblem prob(mesh, eqn, bc, vars, unks);

prob.printR owMaps();

mesh.printC ells();

/*

solve the problem, obtaining the solution as a (discrete ) Expr object

*/

Expr soln = prob.solve(so lver);

/*

write the solution in a form readable by matlab

*/

FieldWriter writer = new MatlabWriter( );

cerr << "u" << endl;

writer.writ eField(soln[1] [0]);

cerr << "lambda" << endl;

writer.writ eField(soln[1] [1]);

cerr << soln[0] << endl;

/*

compute the error and represe nt as a discrete function

*/

Expr exactSoln = sin(x);

/*

compute the norm of the error

*/

double errorNorm = (soln[1][0] - exactSoln).n orm(2);

double tolerance = 1.0e-10;

/*

decide if the error is within tolerance
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*/

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

Testing::ti meStamp(__FILE __, __DATE__, __TIME__);

}

catch(exc eption& e)

{

TSFOut::pri ntln(e.what()) ;

Testing::cr ash(__FILE__);

Testing::ti meStamp(__FILE __, __DATE__, __TIME__);

}

Sundance: :finalize();

}

6.3 Symbolic components

6.3.1 Constantexpressions

Thesimplesttypeof Expr to createis aconstantreal-valuedExpr, for example:

Expr solarMass = 2.0e33; // mass of the Sun in grams

Any constantthatappearsin anexpression, for exampletheconstant
ó è Ø in theexpres-

sionbelow,

Expr f = 2.0*g;

will alsobeturnedinto a constant-valuedexpression.It is importantto understandthat

oncecreatedandusedin an expression,a constant’s valueis immutable. If you want to

changetheconstant,youshouldinsteadusea Parameter .

6.3.2 Parameter expressions

Oftenyouwill form aPDEwith parametersthatwill changeduringthecourseof acalcula-

tion. For example,in a time-marchingproblemboththetime andthetimestepcanchange
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from stepto step.Or, youmaywantto runafluid flow simulationatseveraldifferentvalues

of theReynoldsnumber. To includein your equationa parameterthat is constantin space

but canchangewith time or someotherway, you shouldrepresentthat parameterwith a

Parameterexpression.

Expr time = new Paramete r(0.0);

for (int i=0; i<10; i++)

{

cerr << time << ‘‘ ‘‘ << sin(pi*tim e) << endl;

// update the time

time.setV alue(time.val ue() + 0.1);

}

Theaboveassumesthattheparameteris known. However, in someproblemsaparame-

termightbeanunknown to bedeterminedin thecourseof solvingaproblem;for instance,

it couldbea designparameterto bedeterminedthroughoptimization. In thatcase,usean

UnknownParameter , describedin section6.3.6.

6.3.3 Coordinate expressions

CoordEx pr is an expressionsubtype that is hardwiredto compute the valueof a given

coordinate.For example,the following constructsan Expr that representsthecoordinate

on thezeroth( p ) axis:

Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Sucha coordinateexpression canbe usedto definesimple position-dependentfunc-

tions,for example

Expr f = sin(x) + 1/4.0*sin(2.0 *x) + 1/8.0*sin(3.0* x);
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6.3.4 Differ ential operators

Thekey expressionsubtype for formingdifferentialoperatorsis theDeriv ative object,

representinga partialderivative in a givendirection.A Deriv ative is constructedwith

asingleintegerargumentgiving thedirectionof differentiation,for example,

Expr dx = new Derivative (0); // differentiat e with respect to 0 coordinate

Derivativesareappliedusingthemultiplication (* ) operator.

Sundanceexpressionobjectsareprogrammedto obey therulesof differentialcalculus.

For example,

Expr dx = new Derivative (0); // differentiat e with respect to 0 coordinate

Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Expr y = new CoordExpr(0 ); // represe nts y-coordina te value

Expr f = x*sin(x) + y*x;

Expr df = dx*f;

cout << df << endl; // prints sin(x) + x*cos(x) + y;

Differentiationof discretefunctionsrequiresspecialcare,andis discussedin 6.3.7.4

6.3.5 Testand unknown functions

Expressionsubtypes TestFunct ion and UnknownFunctio n are usedto represent

testandunknown functionsin weakPDEsandboundaryconditions. They areconstructed

with a BasisF amily objectwhich specifiesthe subspaceto which solutionsand test

functionsarerestricted.For example,

Expr T = new UnknownFunc tion(new Lagrange(1) );

Expr varT = new TestFunc tion(new Lagrange(1) );

constructsunknown andtestfunctionsthat live in thespacespannedby first-orderLa-

grangeinterpolates,i.e.,all piecewiselinearfunctions.
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6.3.6 Testand unknown parameters

ExpressionsubtypesTestParam eters andUnknownParameter areusedto repre-

senttestandunknown functionsthatareindependentof space.Their constructorstake no

arguments.See6.2.1for anexampleof theuseof testandunknown parameters.

6.3.7 Discretefunctions

Discretefunctionsrepresentthevalueof afield thathasbeendiscretizedonaspaceof basis

functions.Discretefunctionshaveanumberof importantuses:ì representingthesolutionof afinite-elementproblemì representingafield for whichnoanalyticalexpression is available

A discretefunctionobjectcanbecreatedin a numberof ways:by computing thevalueof

anexpressiononthenodesin amesh,by readingit from afile, or by “capturing”asolution

vectorinto adiscretefunction.

6.3.7.1 Creatinga scalar-valueddiscretefunction

To createa discretefunction,we first needto know thediscretespaceon which the func-

tion will be defined.The constructionof this spacerequiresat minimuma mesh,a basis

function,andavectortype.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily basis = new Lagrange(1);

TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(my Mesh, basis, petra);

Onceyouhaveadiscretespace,youcancreateadiscretefunctionasfollows:

Expr f = new DiscreteFun ction(discret eSpace, sin(x)*sin(y ));
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6.3.7.2 Creatinga vector-valued discretefunction

Discretefunctionsrepresentingvector-valuedfieldshavesomewrinklesthatareimportant

to understand.Considera discretefunction representinga two-componentvector field,wcÎ Ó t2� ð t { Ü . How is thevectorunderlyingthis functionstored?Onecanimaginecreating

two independentdiscretefunctions

Expr ux = new DiscreteFu nction(discre teSpace, sin(x)*sin( y));

Expr uy = new DiscreteFu nction(discre teSpace, cos(x)*cos( y));

andformingavector-valuedexpressionusingtheList operator,

Expr u = List(ux, uy);

This is well-definedSundancecode,but it is not usuallywhatyouwant. A calculation

will have improved performancedueto cacheefficiency if both functionsareaggregated

into asinglevector, with t!� and t { ateachcell listedtogether. To achievethisaggregation,

weneedto createadiscretespacecapableof representingvector-valuedfunctions.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily basis = new Lagrange(1);

TSFArray<Ba sisFamily> multiVari ableBasis = tuple(ba sis, basis);

TSFVectorSp ace multiVari ableDiscreteS pace

= new SundanceV ectorSpace(myM esh, multiVar iableBasis, petra);

Expr u = Discrete Function::disc retize(multiV ariableDiscre teSpace,

List(sin( x)*sin(y), cos(x)*co s(y)));

In many problems,it is necessaryto useamixedsetof basisfunctions.For example,in

theTaylor-Hooddiscretizationof theincompressible Navier-Stokesequations,thevelocity

componentsare representedwith 2nd orderpolynomials andthe pressurewith 1st order

polynomials.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily basis1 = new Lagrange(1);

BasisFamily basis2 = new Lagrange(2);

TSFArray<Ba sisFamily> multiVari ableBasis = tuple(ba sis2, basis2, basis1);

TSFVectorSp ace multiVari ableDiscreteS pace

= new SundanceV ectorSpace(myM esh, multiVar iableBasis, petra);

Expr uAndP = DiscreteFun ction::discre tize(multiVari ableDiscreteS pace,

List(y, x, 0.0));
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6.3.7.3 Readinga discretefunction

Many meshfile formatshave theability to storefield dataalongwith themesh.This field

datacanbeassociatedwith elementsor with nodes,dependingon theapplicationandthe

physicalmeaningof thefield. Differentmeshfile formatwill index fieldsin differentways;

for example,theExodusformatassociatesnameswith fields,while Shewchuk’s Triangle

format simply lists attributes. Generally, we canlook up fields by eithera nameor by a

numberindicatingthepositionin anattributelist. Someexamplesfollow:

MeshReader reader = new ShewchukMeshReader(‘‘myMesh ’’);

Expr temperature = reader.getNo dalField(0);

Expr velocity = reader.g etNodalField( 1, 2, 3)

Expr pressure = reader.g etElementalFi eld(4)

MeshReader reader = new ExodusMeshRea der(‘‘myMesh.e xo’’);

Expr pressure = reader.g etElementalFi eld(‘‘pressure ’’);

Expr velocity = reader.g etNodalField( ‘‘ux’’, ‘‘uy’’, ‘‘uz’’)

Expr temperature = reader.getNo dalField(‘‘te mperature’’);

6.3.7.4 Derivativesof discretefunction

Many basisfunctionsusedin finite elementscalculationsareonly piecewisedifferentiable:

thefunctionis continuouseverywhereanddifferentiablein theinteriorof eachcell, but the

derivative is not definedat boundariesbetweencells. Suchbasisfunctions,andfunctions

representedwith them,aresaidto have
� Û continuity. Sincethederivative of sucha func-

tion will not be continuousat elementboundaries,the derivative of a
� Û function is not

necessarily
� Û . Thus,thederivativeof adiscretefunctiondefinedwith aparticulardiscrete

spacecannotberepresentedexactly with anotherdiscretefunctiondefinedwith thatsame

space.

For thisreason,it is impossibleto createdirectlyadiscretefunctionfrom thederivative

of anotherdiscretefunction.Thefollowingwill resultin a runtimeerror:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));

Expr dfdx = new Discrete Function(disc reteSpace, dx*f);
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If q is a
� Û function, it is possibleto integrate derivativesof q . The integral is well-

definedsincethe region on which q is nondifferentiable have no volume. Numerically,

it is usuallypossible to do suchintegralsbecausethequadraturepointsareusuallyin the

interiorsof cells. So it’ s perfectlysensible, andquitecommon,to write a weakPDEthat

includesderivativesof discretefunctions.

Whatisnotpossibleis toobtainpointwisevaluesof thederivativeof adiscretefunction.

This is not a commonoperationduringthesolution of a PDE,but you mayoftenwant to

seederivative valuesduring postprocessingand analysis. Becausepointwise valuesare

not available,it is impossible to createdirectly a discretefunction from the derivative of

anotherdiscretefunction.

Thefollowingwill resultin a runtime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));

Expr dfdx = new Discrete Function(disc reteSpace, dx*f);

If you really wantto look at pointwisederivativevalues,thebestthatcanbedoneis to

approximatethederivativeby projectinginto a
� Û space.Therearemany waysto do this;

oneof the mostcommonis a least-squaresprojection,in which you choosecoefficients

suchasto minimize thesquaredresidual.

This is a commonenoughoperationthatSundancehasa predefinedmethodfor least-

squaresprojection:

// f0 is a discrete function

Expr gradF = L2Projectio n(discreteSpa ce, List(dx, dy)*f0) ;

Notethatsincethisoperationrequiresthesolutionof alinearsystem,it is time-consuming.

Again, it usuallyneedsto bedoneonly asa postprocessingstep.

Finally, it shouldbe pointedout that the differencebetweena derivative and its Í%È
projectionwill decreaseasthefunctionbecomessmoother. For thisreason,the Í�È residual

of aderivativecanbeusedasanerrorestimator.
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6.3.8 Cell property functions

In someproblems,you will needan expression to representpropertiesof a meshcell.

For example,stabilization methodssuchasSUPGhave termsinvolving � , the local mesh

spacing.In someproblems,anexplicit expressionfor aboundarynormalis needed.

The local meshspacingcan be obtainedusinga CellDiame terExpr , createdas

follows.

Expr h = new CellDiamete rExpr();

Similarly, the outward normalof a boundarycell is given by a CellNorm alExpr ,

constructedas

Expr n = new CellNormalE xpr();

6.4 Geometric components

6.4.1 Meshes

Sundancecanuseunstructured meshesin 1, 2, or 3 dimensions. To Sundance,a Mesh

objectis a connectedcomplex of cells. A zero-cell is a point. A maximal cells is defined

with dimensionequalto thespatialdimensionof themesh.Eachfacetof amaximalcell is

itself a cell, andsoondown to zerocells.Everydiscretegeometricentity in Sundanceis a

cell; thereis nodistinction between“elements”,“edges”,and“nodes”.All arerepresented

by Cell objects.

Sundancecurrentlysupportsthefollowing cell types:ì zero-cells:pointsì one-cells:lines
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ì two-cells:trianglesandquadrilaterals(“quads”)ì three-cells:tetrahedra(“tets”) andhexahedra(“bricks” or “hexes”)

Thesystemfor representingcellsis extensible,sothatanadvancedusercanaddadditional

cell typessuchasprisms.

Mostof themethodsof theMesh classarefor Sundance’s internaluseandwill almost

never appearat the userlevel. You will sometimeswork with Cell objectsdirectly, for

instancewhenprobingthevalueof a functionat apointduringpostprocessing.

6.4.1.1 Mesh I/O

Therearealmostasmany meshfile formatsasthereareengineers,andit wouldbefoolishto

try to build supportfor file I/O directly into theMesh object.Sundanceusesanextensible

MeshReader classheirarchyto provideaninterfacefor readingfrom meshformats.The

currentversionof Sundancesupportsreadersfor threemeshformats: a native Sundance

text format,Shewchuk’s Triangleformat,andSandia’s ExodusII format. If you want to

supportsomeothermeshformatyouwill haveto implementyourownMeshReaderBase

subtype.

Using a MeshReader is very simple. You createa MeshReader objectasa han-

dle to an appropriatesubtype,and then you call the readMe sh() methodto return a

Mesh object. Thefollowing codereadsa meshin Shewchuk’s Triangleformat from files

tBird.1 .poly andtBird.1 .ele :

MeshReader reader = new ShewchukMeshReader("tBird.1 ");

Mesh mesh = reader.getMe sh();

Similarly, to write ameshto Triangleformatonedoes

MeshWriter writer = new ShewchukMeshWriter("myMesh" );

writer.writ eMesh();
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6.4.1.2 Meshgenerator interface

ClassMeshGenerator providesan interfacefor meshgenerators,andthereareimple-

mentationsfor building several simple meshtypes. In principle it would be possibleto

connecta powerful third-partymeshgeneratorto Sundancethroughthe meshgenerator

interface,but it is generallysimplerto have themesherwrite themeshto a file which can

bereadby aMeshReader object.

Themostcommonuseof MeshGenerator is to build toy meshesfor testproblems.

Thethreebuilt-in MeshGenerator subtypesareì LineMes her meshesa lineì Rectang leMesher meshesa rectanglewith trianglesì Rectang lerQuadMe sher meshesa rectanglewith quadrilaterals

6.4.2 Cell sets

A CellSe t object is usedto definea set of cells on which an equationor boundary

condition is to be applied. A CellSet canbe definedindependently of any particular

mesh;insteadof a list of cells, it is a condition or set of condition that can be usedto

extracta list of cellsfrom a mesh.

6.4.2.1 The setof all maximal cells

TheMaximalC ellSet objectidentifiesall maximalcellsin amesh.Theconstructorhas

noarguments:

CellSet maxCells = new MaximalC ellSet();
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6.4.2.2 The setof all boundary cells

A BoundaryCellSe t objectidentifiesall boundarycellsof dimension � ä × . For ex-

ample,in a3D problemaBoundaryCellSet will containall 2D cellson theboundary,

but not linesor pointsthathappento lie on theboundary.

Theconstructorhasnoarguments:

CellSet boundaryC ells = new BoundaryC ellSet();

6.4.2.3 Defining subsets

Givenacell set,wecanusethesubset() methodto defineaconditionthatcanextracta

subsetof theoriginal cell set.Theconditioncanbea mathematical equationor inequality

thatmustbesatisfiedby any cell to beacceptedinto theset,or it canbea stringlabel. In

“real world” problemsthe mostcommoncondition for defininga cell setwill be a label

thatis associatedwith thecellsby thecodethatproducedthemesh.

CellSet boundary = new Boundary CellSet();

CellSet wall = boundary. subset(‘‘wall ’’);

CellSet arc = boundary.s ubset(x*x + y*y == 1.0 && x < 0.5);

6.4.2.4 Logical operationson cell sets

Cell setscanbecreatedby doingsetoperations– unionandintersection– on two or more

existing cell sets. Union andintersectionarerepresentedby the overloadedaddition(+)

andlogicalAND (&&) operators.
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6.5 Discretization

6.5.1 Basisfamilies

Everyunknown field or testfunctionin aSundanceproblemmustbegivenabasisfamily .

Currently, theonly basisfamiliessupportedin SundancearetheLagrangefamily and

the Serendipityfamily. LagrangebasisfunctionsuseLagrangeinterpolation about the

element’s nodes.Serendipitybasisfunctionsarespecializedto quadrilateral(“quad”) and

hexahedral(“brick”) cells;they requirefunctionvaluesoncornerandedgenodesonly, not

on faceor centernodes.

6.5.2 Quadratur e families

The integrals in a Sundanceweakform aredoneby numericalintegration, or quadrature.

What is relevantto user-level Sundancecodeis how onecanspecifya suiteof quadrature

rulesto beusedfor agiven weakform. Noticethatit will notsufficeto specifyaquadrature

rule, becausea given termmaybeintegratedon severaldifferentcell types.For example,

a meshmaycontainbothquadcellsandtrianglecells,andthetwo differentcell typeswill

requiretwo different quadraturerules. What is neededis a specificationof a family of

quadraturerulesratherthanasingle rule. Theuser-level specifierof a family of quadrature

rulesis theQuadratu reFamily object.ThebuildQ uadrature Points() method

of Quadrat ureFamily returnsa setof quadraturepoints andweightsappropriateto a

given cell type. The userpicks a quadraturefamily by selectingthe appropriatesubtype

of Quadr atureFami lyBase and supplying the desiredconstructorarguments. For

example,

QuadratureF amily gauss4 = new Gaussia nQuadrature(4) ;

createsan object that canproducea 4-th orderGaussianquadraturerule for any cell

type.
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6.5.2.1 Gaussian Quadratur e

Gaussianquadraturerulesspecifybothpoints andweightsto give optimal accuracy for all

polynomials througha given degree. Gaussianquadraturerulesfor a line canbe derived

from thepropertiesof theLegendrepolynomials;seeany textbook on numericalanalysis

for a discussion. Gaussianquadraturerulesfor quadrilateralsandbrickscanbeformedas

“tensorproducts”of line rules.Thedevelopmentof Gaussianquadraturerulesfor triangles

andtetrahedrais anongoingresearcharea;anonlineliteraturesurvey through1998canbe

found at Steve Vavasis’ quadratureandcubaturepage1. SymmetricGaussianquadrature

rulesthroughmoderateorderhave beendeveloped for trianglesby Dunavant[36] andfor

tetrahedraby Jinyun[63]. A summaryof the quadraturerules that will be generatedby

Sundance’s Gaussi anQuadrat ure objectis givenin thetablebelow.

Cell type Available orders Reference Comments

Line all e.g.Hughes[59]

Triangle 1-12 Dunavant[36] Orders3,7,and11havenegativeweights.

Quad any Tensorprojectof two line rules.

Tet 1-6 Jinyun[63] Order3 hasanegativeweight.

Brick any Tensorprojectof threeline rules.

6.5.3 Upwinding

Sundancehasno built-in upwindingcapability, however, it is straightforwardto useexist-

ing Sundancecomponentsto doupwindingvia thestreamwiseupwindingPetrov-Galerkin

(SUPG)method.

6.5.4 Specification of row and column spaceordering

Theorderin which equationsandunknownsarewritten canmake a differencein theper-

formanceof a linearsolver, andin keepingwith thegoalof flexibility, Sundancegivesyou

1http://www.cs.cornell.edu/home/vavasis/quad.html
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theability to specifythisordering.In orderto understandhow Sundance’s orderingspeci-

ficationworks,let’s look into how Sundancedecidesunknown andequationnumbering.

Givena meshanda setof unknowns,theSundancediscretizationenginewill traverse

the meshonemaximalcell at a time andfind all unknowns associatedwith that cell and

its facets.In a problemwith multiple unknowns, sayvelocity, pressure,andtemperature,

therecanbe morethanoneunknown associatedwith a cell; if so, the unknowns areas-

signedin the order that their associatedUnknownFunction objectsare listed in the

StaticL inearProb lem constructor. This schemegivesus two ways to control the

unknown ordering:ì Cell ordering specifiestheorderin which cellsareencounteredasthemeshis tra-

versed.ì Function ordering specifiestheorderin which differentfunctionsarelistedwithin

asinglecell.

6.5.4.1 Cell ordering

Cell orderingis controlledby giving the linearproblemconstructora CellReo rderer

object.Currently, therearetwo subtypesof CellReo rderer ,ì RCMCell Reorderer usesthe reverseCuthill-McKeereorderingalgorithm (e.g.,

Saad[98]). The RCM algorithm is a modifiedbreadth-firstsearchwith desirable

behavior duringmatrix factoring.ì Identit yCellReor derer usesthe original orderingusedby the mesh,i.e., it

doesno reordering.

The default is RCMCell Reorderer , and it is a goodgeneralchoice. You might use

Identit yCellReor derer in caseswhereyour meshalreadyhasa favorablecell or-

dering,saving the(small)expenseof doinganunnecessaryreordering.

The cell reorderingsystemis extensible; your favorite reorderingalgorithm can be

addedto Sundanceby writing anew CellReor derer subtype.
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Thesamecell reorderingschemeis usedfor equationnumbering(rows) andunknown

numbering(columns). Thus,cell reorderingsarealwayssymmetric.

6.5.4.2 Function ordering

Functionorderingis controlledby the order in which testor unknown functionsappear

in the linear problemconstructor. For example,if ux , uy , andp areunknowns we can

order them as: List(ux , uy, p) , or as List(p, ux, uy) or any of the other

permutations. A list with thedesiredorderingis givento theStaticLi nearProbl em

constructor,

StaticLinea rProblem problem(mes h, eqn, bc, List(vx, vy, q), List(ux,

uy, p), vecType);

Notice that the testfunctionsneednot have the sameorderingastheir corresponding

unknowns: anonsymmetricorderingsuchas

StaticLinea rProblem problem(mes h, eqn, bc, List(vx, vy, q), List(p,

ux, uy), vecType) ;

is possible.

6.5.5 Block structuring

It is possible to groupunknowns andequationsinto blocks, in which casethe stiffness

matrix becomesa block matrix with eachblock beingan independentobject. Sundance’s

blockingcapabilitymakespossible theuseof blocksolversandpreconditioners.

Aswith functionordering,blockstructuringisspecifiedbyorganizationof theunknown

andtestfunctionargumentsto theStaticLi nearProbl emconstructor.

Array<Block > unkBlocks = List(Block(L ist(U, V), petraType ), Block(P, petraTyp e));
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6.6 Boundary conditions

Therearemany waysto apply boundaryconditions(BCs) in a finite elementsimulation,

andSundanceis designedto be flexible in methodsof applyingBCs. To begin with, the

way a BC getswritten dependsstronglyon the way the weakproblemhasbeenformu-

lated;for example,BCswill bewrittenquitedifferentlyin least-squaresformulationsthan

in Galerkinformulations.For thepurposesof user-level Sundancecode,themostimpor-

tantclassificationof boundaryconditionsis thedistinction betweenBCs thatadd into an

expressionandBCsthatreplaceanexpression. BCsthataddin to anexpressionaresimply

incorporatedinto an Integr al object,while replacement-typeboundaryconditionsare

specifiedusingEssenti alBC objects.In Sundance,geometricsubdomainsareidentified

usingCellSet objects.ThesurfaceonwhichaBC is to beappliedis specifiedby passing

asanargumenttheCellSet representingthatsurface.

6.7 Problemmanipulation

Oneof themostpowerful featuresof Sundanceis theability to automatetranformationsof

problems.

6.7.1 Linearization

It is possible to have Sundanceautomatethe linearizationof a nonlinearequation. Au-

tomatedlinearizationis restrictedto full Newton linearization; alternative linearization

schemessuchasOseenmustbedoneby hand.

The lineariz ation(u, u0) methods of Expr andEssenti alBC areusedto

returna new linearexpressionor BC. Linearizationis alwaysdoneaboutan initial guess

u0 , whichmustbeadiscretefunctionwith thesamestructureastheunknown argumentu.

Thenew expressionhasanew unknown functionfor theNewtonstep,or differential,which

will have thesamestructureastheoriginal unknown u. Calling lineariz ation() on

a linearexpressionsimply obtainsthesamelinearexpression,but in termsof theNewton

171



stepfor theoriginal unknown. Notethat if either thePDEor BC arenonlinear, bothmust

belinearizedin orderto transformbothinto equationsfor theNewtonstep.

6.7.1.1 Example: Poisson-BoltzmannEquation

For example,thePoisson-Boltzmannequationa í t}u í$� Ö���� Ù�� Î"Ø (6.7.8)

with boundaryconditions t Ó��G�:�>Ü�Î t�  / (6.7.9)

canbelinearizedasfollows.

Expr eqn = Integral((gra d*u)*(grad*v) + exp(-u)*v);

EssentialBC bc = EssentialBC(to p, (u - uBC)*v);

Expr linearizedEq n = eqn.linear ization(u, u0);

EssentialBC linearizedBC = bc.lineari zation(u, u0);

The resultingexpressionandBC areequationsfor the Newton step,accessibleasan

unknown functionthroughthediffer ential() methodon theoriginalunknown,

Expr du = u.diffe rential();

Completecodefor the solution of the Poisson-Boltzmann equation(6.7.8) is shown

below.

#include "Sundanc e.h"

/** \example inlinePoiss onBoltzmann1D .cpp

* Solve the Poisson-Bol tzmann equation \f$\nablaˆ2 u = eˆ-u$ on the unit

* line with boundary condition s:

* Left: Natural, du/dx=0

* Right: Dirichl et u = 2 log(cosh(1/ sqrt(2)))

*

* The solution is 2 log(cosh(x /sqrt(2))).

*
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* The problem is nonlinear, so we use Newton’s method to iterate

* towards a solution.

*

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(&argc, &argv);

/* create a simple mesh on the unit line */

double L=1.0;

int n = 10;

MeshGenerat or mesher = new Partitioned LineMesher(0. 0, L, n);

Mesh mesh = mesher.getMes h();

/* define an expression represe nting the x-coordina te function */

Expr x = new CoordExpr(0) ;

/* create a cell set representi ng the right boundar y */

CellSet boundary = new Boundary CellSet();

CellSet right = boundary. subset( x == L );

/* create a discrete space on the mesh */

TSFVectorSp ace discreteSp ace

= new SundanceVe ctorSpace(mes h, new Lagrange(2));

/* create an expression for the initial guess. This will be reused as the

* starting point for each newton step. Assume u(x)=x as an initial

* guess, and discretize it.

*/

Expr u0 = new DiscreteFun ction(discret eSpace, x);

/* create symbolic objects for test and unknown functions. At each newton

* step we will solve a lineari zed equation for a step du, so our

* unknown is du. */

Expr u = new UnknownFunct ion(new Lagrange(2), "du");

Expr v = new TestFunction (new Lagrange (2), "du");

/* create a differential operator representin g the x-derivative. */

Expr dx = new Derivative( 0);

/* lineariz ed weak equation for the step du */

Expr nonlinearEqn = Integral((d x*u)*(dx*v) + v*exp(-u));

Expr linearizedEqn = nonlinearE qn.linearizati on(u, u0);

Expr du = u.differ ential();

/* Dirichle t boundary condition */

double uBC = 2.0*log(cosh (L/sqrt(2.0)) );
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EssentialBC bc = Essentia lBC(right, (u-uBC)*v ) ;

EssentialBC linearizedBC = bc.lineariz ation(u, u0);

/* linear problem for the step du */

StaticLinea rProblem prob(mesh, linearizedEqn, linearizedBC , v, du);

/* create linear solver */

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);

TSFLinearSo lver solver = new BICGSTABSolver(1.0e-12 , 1000);

NewtonLinea rization newton(prob , u0, solver);

Expr soln = newton.solve( NewtonSolver( solver, 8, 1.0e-12, 1.0e-12));

// compare to exact solution

Expr exactSoln = 2.0*log( cosh(x/sqrt(2 .0)));

Expr error = new Discrete Function(disc reteSpace, soln-exac tSoln);

/* write to matlab */

string filename = "pb1D." + TSF::toStr ing(MPIComm:: world().getRan k())

+ ".dat";

FieldWriter writer = new MatlabWriter( filename);

writer.writ eField(soln);

// compute the norm of the error

double errorNorm = (exactSoln - soln).norm(2) ;

double tolerance = 1.0e-4;

TSFOut::pri ntf("error = %g\n", errorNorm);

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE__);

}

Sundance: :finalize();

}

6.7.2 Variations

Automatedcalculationof variations canbe useful in a numberof ways. For PDEsthat

canbederivedfrom a variationalprinciple,Sundance’s variationalcapabilitycanbeused

to derive thePDE.A particularlyinterestingapplicationof this is to derive a FOSLSdis-

cretizationfrom aleast-squaresfunctional.Anotherimportantuseof automatedvariational
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calculationsis to obtainthefirst-ordernecessaryconditionsfor optimality.

An exampleof theuseof thevariati on() methodto obtainfirst-orderoptimality

conditions for aPDE-constrainedoptimizationproblemwasshown in section6.2.

6.7.3 Sensitivities: Gradients and Hessians

With someoptimizationalgorithms,wewill wantto evaluatethegradientor Hessianof an

objective functionwith respectto afield t or parameter� . In Sundance,this is doneusing

thedirect Sensitivi ty methodof Expr .

6.8 Linear Algebra and Solvers

Therearemany high-quality numericallinearalgebrapackagesin use,soSundanceis de-

signedtoallow third-partylinearalgebrapackagesto beimportedasplugins.All numerical

linearalgebrain Sundanceis doneusingtheTrili nosSolverFramework (TSF),andtheTSF

in turnsupportspluginsof third-partytypes.

Userspecificationof alinearalgebrarepresentationisdonebymeansof aTSFVecto rType

object. This objectknows how to build a vectorspacegivena meshandsetof functions,

andthevectorspacein turnknowshow to build a vectorof theappropriatetype.

6.9 Transient problems

Currently, Sundancehasnohigh-level supportfor transientsimulations.However, it is not

difficult to codesimpletimestepping schemesdirectly in Sundance.

ConsiderCrank-Nicolson(BE) timediscretizationfor thetransientheatequation.If we

discretizein time but leavespaceundiscretizedfor themoment,thestepfrom t á to t á�¡ Ú is
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givenby thePDE t á�¡ Ú ä t á Î ×ó eU¢¤£ í$¥ t á�¡ Ú Ö¡í$¥ t á6¦ (6.9.10)

plusassociatedBCs.Wecannow solvethisequationusingSundance,andthesolutionmay

beusedasthestartingvaluefor thenext step.

#include "Sundanc e.h"

/**

* \example timeStepHeat 1D.cpp

*

* This example shows how to do timestepping in Sundance. We solve the

* transien t heat equation in one dimension using Crank-N icolson time

* discreti zation. The time discretiz ation is done at the symbolic level.

* Spatial discretizatio n is done via StaticLinearP roblem, yielding system

* matrices and vectors that can be used to march the problem in time.

*

* We solve the heat equation u_xx = u_t with boundary condition s

* u(0)=u(1 )=0 and initial conditions u(x,t=0)=sin( pi x). The solution

* is u(x,t)=exp( -piˆ2 t) sin(pi x).

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(&argc, &argv);

/* create a simple mesh on the unit line */

int n = 100;

MeshGenerat or mesher = new LineMesher( 0.0, 0.5, n);

Mesh mesh = mesher.getMes h();

/* create unknown and variation al functions */

Expr delU = new TestFunct ion(new Lagrange(1)) ;

Expr U = new UnknownFunct ion(new Lagrange(1)) ;

/* create a differentiati on operator */

Expr dx = new Derivative( 0);

/* the initial conditions will be u0(x,t=0) = sin(pi*x).

* create a coordinate expressi on to represen t x, then

* create sin(pi*x ), and then project it onto a discrete function . */

Expr x = new CoordExpr(0) ;

double pi = 4.0*atan(1.0) ;

TSFVectorSp ace discreteSp ace

= new SundanceVe ctorSpace(mes h, new Lagrange(1));
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Expr u0 = new DiscreteFun ction(discret eSpace, sin(pi*x));

/*

set up crank-ni colson stepping with timestep = 0.02. The time

discreti zation is done at the symbolic level, yielding

an elliptic problem that we solve repeated ly for the updated

solution at each time level.

*/

double deltaT = 0.02;

Expr cnStep = delU*(U - u0) + deltaT*( dx*delU)*(dx* (U + u0)/2.0);

Expr eqn = Integral(cnSte p);

/* Define BCs to be zero at both ends */

CellSet boundary = new Boundary CellSet();

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );

CellSet right = boundary. subset( fabs(x - 1.0) < 1.0e-10 );

EssentialBC bc = Essentia lBC(left, delU*U);

/* create a solver object */

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);

TSFLinearSo lver solver = new BICGSTABSolver(prec, 1.0e-14, 300);

/*

put the time-discretiz ed eqn into a StaticLinear Problem object

which will do the spatial discretiz ation.

*/

StaticLinea rProblem prob(mesh, eqn, bc, delU, U);

/*

Now, loop over timesteps, solving the elliptic problem for u at each

step. At the end of each step, assign the solution solnU into u0.

Because Exprs are stored by reference, the updating of u0 propagates

to the copies of u0 in the equation set and in the

StaticLi nearProblem. The same StaticLinear Problem can be reused

at all timestep s.

*/

int nSteps = 100;

for (int i=0; i<nSteps; i++)

{

/* solve the problem */

Expr soln = prob.solv e(solver);

TSFVect or solnVec;

soln.ge tVector(solnVe c);

u0.setV ector(solnVec) ;

/* write the solution at step i to a file */

char fName[20] ;

sprintf (fName, "timeStepHea t%d.dat", i);

ofstrea m of(fName);
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FieldWr iter writer = new MatlabWri ter(fName);

writer. writeField(u0) ;

cerr << "[" << i << "]";

/* flush the matrix and RHS values */

prob.fl ushMatrixValue s();

}

cerr << endl;

/* compute the exact solution and the error */

double tFinal = nSteps * deltaT;

Expr exactSoln = exp(-pi* pi*tFinal) * sin(pi*x);

/*

compute the norm of the error

*/

double errorNorm = (exactSoln-u 0).norm(2);

double tolerance = 1.0e-4;

/*

decide if the error is within tolerance

*/

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE__);

}

Sundance: :finalize();

}
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Chapter 7

SundanceOptimization Survey

7.1 Sundance-rSQP++ Inter face

Herewedescribethebasicsof asoftwareinterfacethatallowsrSQP++to solve(possiblyin

parallel)PDE-constrainedoptimizationproblemsthataremodeledusingSundance.Oneof

therequirementsfor this interfacewasthatit shouldbeaseasyaspossible(andrequireas

littl e new codeaspossible) to prototypea new optimizationapplication.Thereareseveral

differentaspectsto a Sundance-rSQP++ applicationthatarelogically independentof each

otherandthesoftwarestructurereflectsthis separationof concerns.Beforegoinginto the

specificsof thesoftwarestructure,we describethedifferentindependentcomponentsthat

have to bedealtwith. A few of theseindependentcomponentsare(1) thestatementof the

PDE-constrainedoptimizationproblem,(2) thelinearalgebraimplementation,and(3) how

theoptimizationproblemis solved.

The basic linear algebraimplementationsusedby a Sundanceapplicationis deter-

minedby anabstractTSF:: TSFVectorType object. For example,asshown in Chap-

ter 6, everySundance ::Discret eFunction andSundance ::StaticL inear-

Problem objectmusthaveaTSFVectorType objectpassedinto theirconstructors. By

parameterizinga Sundanceapplicationwith a TSFVectorType objectanda compati-

bleTSF:: TSFLinearSolver object,thespecificationof thelinearalgebraimplemen-

tationsis completelydetermined.The interfaceNLPInte rfacePack :: Sundance-
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ProblemFactory (or SPF for short)hasbeendefinedto abstractthe SundancePDE-

constrainedoptimizationformation. TheSPF interfaceallows thedevelopmentof a Sun-

danceoptimization formulationthat is independentof the linear algebraimplementation

andthiscomponentis discussedin Section7.1.2.

Anothercritical partof theSundance-rSQP++interfaceis the linearalgebrainterface.

SundanceusestheTrilinosSolverFramework (TSF) asits abstractinterfaceto linearalge-

brain muchthesameway thatrSQP++usesAbstractL inAlgPack (ALAP for short).

BothTSFandALAPsupportRTOpoperatorsandhaveaverysimilar objectmodel(bothare

basedonHCL [51], but with ALAP to a lesserextent)soit wasfairly trivial to developthe

“Adapter”[42] subclassestoputALAPinterfacesonTSF linearalgebraobjects.Thedetails

of this ALAP-TSF interfacearediscussedin Section7.1.1. Theparticularsof thesebasic

linear algebrainterfacesarenot of muchconcernto individualsthat simply want to use

Sundance-rSQP++ to prototypePDE-constrainedoptimizationproblems.To relieve basic

usersfor theconcernsaboutlinearalgebraimplementationsusedby Sundance,by asimple

concreteC++ classcalledNLPInter facePack: :Sundance LinAlgFac tory (see

Figure7.2) hasbeendeveloped that automatesthe tasksof allowing usersto selectbasic

optionsandof creatingcompatibleTSFVectorType andTSF::TSFLinearSolver

objectsthat areusedby a specificSPF objectto definethe Sundanceoptimizationprob-

lem. Theexamplemainprogramin Section7.1.4shows how this classis usedto specify

thelinearalgebrafor aSundance-rSQP++optimizationproblem.

Finally, oncethe linear algebraimplementationsand the PDE optimization problem

have beendefined,the last componentto specify is the optimizationalgorithm. This is

whererSQP++comesin. The primary interfaceto rSQP++is throughthe abstractbase

classNLPInt erfacePac k:: NLPFirstOrderInfo (seeSection4.2.3.2).Thesub-

classNLPInter facePack: :NLPSunda nce implements this interfacefor Sundance

optimizationproblems.Thedetailsof theNLPSundance subclassaredescribedin Sec-

tion 7.1.2.
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Figure 7.1. UML class diagram :

Abst ract LinAl gPackTSF, Adapter subclassesfor ALAP-

TSF interface

7.1.1 AbstractLinAlgPack-TSF Linear Algebra interface

TheSundance-rSQP++ interfaceusestheexplicit partitioningof variablesinto statesand

controlsasshown in Chapter2. In order to implementthe Sundance-rSQP++ interface,

vector-spaceobjectsfor thestateandcontrolvariables,ageneralmatrixobjectfor thesub-

Jacobianfor thecontrols «n¬«.­ or ® anda non-singular matrixobjectfor thesub-Jacobianof

thestates «n¬«.¯ or ° areall needed.Figure7.1 shows a UML classdiagramfor theadapter

subclassesrequiredfor theALAP-TSF interface.Theseinterfaceclassesarecollectedinto

a separateprojectlibrary calledAbstrac tLinAlgPa ckTSF . Theseadapterclassesare

verystraightforwardandrequirelittle explanationbut somesimple commentsarein order.

TheVectorWithOpMutableTSF adaptersimplyforwardsRTOpoperatorsthrough

theapply reduction(...) andapply transformation(...) methodson to

the aggregateTSFVectorBase object(througha TSFVecto r handleobject). That is

basically the extent of this subclass.Throughtheseoperatormethods(which have the

samebasicimplementation)all of theadvancedfeaturesof therSQP++algorithmscanbe
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implementedthroughspecializedRTOpobjects.

TheVectorSpaceTSF adapterusesthecreateMember() methodof the aggre-

gateTSFVectorSpaceBase objectto implementthecreate member() methodand

returnsaVector WithOpMut ableTSF with anembeddedTSF vectorobject.

TheMatrixWithOpTSF adaptersimply forwardsthevectorarguments(after some

dynamiccastingto get the TSF objects)from the Vp StMtV(...) methodon to the

TSFLinearOperatorBase objectthoughitsapply(...) orapplyAdjoint(...)

methods(dependingon thevalueof thetransposeargument).

Since the TSFLinearOperatorBase interface definesthe methodsapplyIn-

verse(...) andapplyInverseAdjoint(...), it wouldseemthattheeveryTSF-

LinearOperatorBase objectshouldbeabletosupporttheMatrixWithOpNonsingular

interfacebut this is not thecase.Instead,thesubclassMatrixWithOpNonsingular-

TSF is neededwhich requiresaTSFLinearSolverBase objectto solve for linearsys-

temsin themethodV InvMtV(...). Theinversemethodsof ontheTSFoperatorobject

areignoredsincethereis noguaranteethatthey will beimplementedfor aparticularlinear

operatorobject.Thiswasanimportantconceptthatwasdiscoveredduringthedevelopment

of theSundance-rSQP++interface.

Seethe Doxygendocumentation for the packageAbstra ctLinAlgP ackTSF for

moredetailson thisALAP-TSF interface.

7.1.2 NLPSundance: Interface betweenSundancePDE-Constrained

Optimization Problemsand rSQP++

Figure7.2showsthebasicinterfacesandsubclassesthatmakeuptheSundance-rSQP++ in-

terface.Userscreatesubclassesof theSPF interfaceto implementanew PDE-constrained

optimizationproblem. A SPF object,alongwith TSFVectorType andTSFLinea r-

Solver objects,arepassedto theconstructorof theNLP subclassNLPSundance .

ThecreateProblem(...) methodof theSPF objectiscalledby theNLPSundance

objecttocreateSundance::Stat icLinearP roblem andSundanceObjecti ve-
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Figure7.2. UML class diagram: Sundance-rSQP++interface

Functio n objects. The StaticLi nearProbl em object is usedto representthe set

of under-determinednonlinear constraints½¿¾jÀ�ÁGÂ!Ã shown in (2.1.2). Associatedwith a

StaticL inearProb lem objectmustbeaSundanc e::Expr object(calledx initia l

in the figure), that containsthe Sundancediscretefunctionswith the initial guessfor the

statesandcontrols.Thesediscretefunctionsmustbeusedto form thevariationalequations

for thePDEconstraints.Thesetupof theStaticLi nearProb lem objectmustbedone

in a specificway in order to be usedwith NLPSundance which is shown in the below

exampleprogram.

TheclassSundance Objective Function is notabuilt-in Sundanceclassbut was

developed for the Sundance-rSQP++interfaceto encapsulatehow the objective function

andits gradientsarecomputed.The concreteSPF objectcreatesa Sundance ::Expr

objectthatrepresentstheobjectivefunction(seeSection7.1.4for anexample)andit is this
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expressionobject that getsembeddedin the SundanceObjecti veFunctio n object

thatis returnedto theNLPSundance object.

TheNLPSundance objectextractsTSFVector objectsfromtheSundance::Expr

objectx initial for theinitial guessfor thestatesandthecontrolsas

x_initital[ 0].getVector( states_vec);

x_initital[ 1].getVector( controls_vec) ;

andthenbuilds a Abstrac tLinAlgPa ck::Vecto rSpaceCompositeStd ob-

ject for theconcatenationof thespacesof thestatesandthecontrols

states_spc = states_ve c.getSpace();

controls_sp c = controls_ vec.getSpace( );

into a singleAbstr actLinAlg Pack:: VectorSpace object. Much of the ma-

chinery for handling the mapping from differentspacesandvectorsfor the statesÀ and

the controls Â to a singlespaceandvectorfor the variablesÄ�ÅCÆ Ç À Å Â ÅÉÈ is imple-

mentedby thesameAbstractL inAlgPack ::BasisSy stemCompositeStd sub-

classusedby thesimple exampleNLP describedin Section7.1.4. This basis-systemsub-

classalsohandlesthe formationof a Abstract LinAlgPac k:: MatrixWithOp ob-

ject for thegradientmatrixGc ( Ê�½ ).
7.1.3 PDE Constraints

Herewecarefullyspellouthow theconstraintsmustbemodeledusingSundanceto form a

StaticL inearProb lem objectthatis returnedfromSPF::createProblem(...).

What is requiredis that thediscretefunctionsfor thesolution variablesandtheunknown

functionsbe blocked into singlevectorsfor the statesandcontrols. For example, if Ë , Ì
and Í aretheunknown (i.e. Sundance: :UnknownF unction ) statevariablesand Î , Ï
aretheunknown controlvariables,thenthesevariablesmustbecombinedinto stateÀ and

control Â variablesas
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This is requiredso that the TSFLine arOperato r Jacobianobject Jac returned

from Jac = StaticLi nearProbl em::getOp erator() is a block matrix where

C = Jac.getB lock(0,0) is thebasismatrixobjectfor thestateswhileN = Jac.getBl ock(0,1)

is thenon-basismatrixobjectfor thecontrols.SeetheDoxygendocumentationfor theclass

SPF for detailson theassertionsfor theconstraintsobject.

Theexampleprogramin Section7.1.4shows how this blocking is donein thesimple

caseof singleunknown variablesfor thestatesandcontrols.Blockingof multiple variables

for statesandcontrolsis shown in the2-D Burger’s example.

7.1.4 ExampleSundance-rSQP++Application

In this section,we describethe solution of the following PDE-constrainedoptimization

problemthatis modeledby the1-D Poisson-Boltzmanequation

min Û ÜÞÝ «nß�à ¾hÂ}áãâÂ�Ã Üåä Ûçæ2èÜ]Ý «nß ¾�é Ü Ã (7.1.1)

s.t. Ê Ü Â}á�ê æ ­ ÆEë on ì (7.1.2)Âs¾hÄ!ÃÚÆEé on í�ì (7.1.3)

where ì]ÆïîSð2Á.ñGò , âÂ is the target valueof the stateon the right boundaryí�ì�ó , é is a

boundarycontrol function,and ô is anobjective weightingtermthatbalancesthecontrol

185



objective (for Â ) with theregularizationterm(for é ). Theheaderfile for theSundance-

ProblemFactory subclassfor thisproblemis shown below.

01 // /////////// ////////////// ///////////// ///////////// ////////////// //

02 // SPFPoissonB oltzman1D.h

03

04 #ifndef SPF_POISSONBOLTZMAN1D_H

05 #define SPF_POISSONBOLTZMAN1D_H

06

07 #include "SundancePro blemFactory.h "

08 #include "RTOpPack/in clude/RTOp_co nfig.h"

09 #include "NewtonSolve r.h"

10

11 namespac e NLPInterfac ePack {

12

14

24 class SPFPoiss onBoltzman1D: public SundanceProbl emFactory

25 {

26 public:

27

29

31 SPFPoisson Boltzman1D(

32 value_type left, value_typ e right, int n, value_type uRight

33 ,value_type uGuess, value_type aGuess, value_t ype obj_wgt

34 );

35

38

40 void createProble m(

41 const TSF::TSFVector Type &vec_typ e

42 ,MemMngPack:: ref_count_ptr <Sundance::Sta ticLinearProb lem> *constri ants

43 ,MemMngPack:: ref_count_ptr <SundanceObjec tiveFunction> *obj_fun c

44 ,Expr *x_initi al

45 ) const;

47 const Mesh& getMesh() const;

49 const CellSet& controlsC ellSet() const;

50

52

53 private:

54 Mesh mesh_;

55 Expr coord_x_;

56 CellSet boundary_ ;

57 CellSet right_;

58 CellSet left_;

59 value_type uRight_;

60 value_type uGuess_;

61 value_type aGuess_;

62 value_type obj_wgt_;

63 };

64

65 } // end NLPInterface Pack
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66

67 #endif

Note that theheaderfile SPFPois sonBoltzm an1D.h is basicallyjust boiler-plate

codewith theexceptionof someof theprivate datamemberson lines54–62.Theinterest-

ing codecomesin thesourcefile which is shown below.

01 // /////////// ////////////// ///////////// ///////////// ////////////// //

02 // SPFPoissonB oltzman1D.cpp

03

04 #include "../include/ SPFPoissonBol tzman1D.h"

05 #include "Partitioned LineMesher.h"

06

07 namespac e NLPInterfac ePack {

08

09 SPFPoiss onBoltzman1D: :SPFPoissonBo ltzman1D(

10 value_type left, value_type right, int n, value_ty pe uRight

11 ,value_typ e uGuess, value_type aGuess, value_type obj_wgt

12 )

13 :coord_x_( new CoordExpr (0)), uRight_(uRight ), uGuess_(uG uess)

14 ,aGuess_(a Guess), obj_wgt_(obj _wgt)

15 {

16 #ifdef RTOp_USE_MPI

17 MeshGenera tor mesher = new Partitione dLineMesher(l eft, right, n);

18 mesh_ = mesher.ge tMesh();

19 #else

20 MeshGenera tor mesher = new LineMesher (left, right, n);

21 mesh_ = mesher.ge tMesh();

22 #endif

23 // Define cell sets for the boundry and left and right edges

24 boundary_ = new Boundary CellSet();

25 left_ = boundary_.su bset( fabs(coord_x_ - left) < 1.0e-10 );

26 right_ = boundary_.su bset( fabs(coord_x_ - right) < 1.0e-10 );

27 }

28

29 void SPFPoisso nBoltzman1D::c reateProblem(

30 const TSF::TSFVec torType &vec_type

31 ,MemMngPack::ref_count_p tr<Sundance:: StaticLinearP roblem> *constraints

32 ,MemMngPack::ref_count_p tr<SundanceOb jectiveFuncti on> *obj_func

33 ,Expr *x_initial

34 ) const

35 {

36 namespace mmp = MemMngPack;

37 using Sundance::L ist;

38

39 // Dimensi on of the finite-ele ment basis functions used

40 const int u_basis_dim = 1, a_basis_di m = 1;
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41

42 // Discret e state space on the entire mesh and discrete control space on boundary

43 TSFVectorS pace discreteS tateSpace

44 = new SundanceVector Space(mesh_, new Lagrange( u_basis_dim), vec_type);

45 TSFVectorS pace discreteC ontrolSpace

46 = new SundanceVector Space(mesh_, new Lagrange( a_basis_dim), boundary_, vec_type) ;

47

48 // Express ion for the initial state and controls which are also used for the linearization

49 Expr u0 = new DiscreteFunc tion(discreteS tateSpace, uGuess_, "u0");

50 Expr alpha0 = new DiscreteFunc tion(discreteC ontrolSpace, aGuess_, "alpha0");

51

52 // Create the initial point for the optimize r

53 *x_initial = List(u0, alpha0);

54

55 // Test and unknown functions for the state and control

56 Expr u = new UnknownFuncti on(new Lagrange(u_ba sis_dim), "u");

57 Expr alpha = new UnknownFuncti on(new Lagrange(a_ba sis_dim), "alpha");

58 Expr v = u.variation ();

59

60 // Nonline ar state equation and boundary condition s

61 Expr dx = new Derivative (0);

62 Expr nonlinearSta teEqn = (dx*(u))*(dx *v) + v*exp(- u);

63 EssentialB C nonlinearBC = EssentialBC ( boundary_, (u-alpha)*v, new GaussianQu adrature(1) ) ;

64

65 // Integra ted linearized state equation and boundary conditions

66 Expr linearizedSt ateEqn = nonlinearSt ateEqn.linear ization( List(u,alph a), *x_initial );

67 EssentialB C bc = nonlinearBC.l inearization( List(u,alpha) , *x_initial );

68 Expr eqn = Integral(line arizedStateEq n, new GaussianQuadr ature(4));

69

70 // Arrange test and (Newton) unknowns into [state, control] blocks

71 Expr du = u.differential (), dAlpha = alpha.differe ntial();

72 TSFArray<B lock> unkBlock s = tuple(Blo ck(du, vec_type), Block(dAl pha, vec_type ));

73 TSFArray<B lock> varBlock s = tuple(Blo ck(v, vec_typ e));

74

75 // Create the static linear problem for the step [du, dAlpha]

76 *constrain ts = mmp::rcp( new StaticLi nearProblem(m esh_, eqn, bc, varBlocks, unkBlock s) );

77

78 // Define the objective function.

79 const Expr obj_func_expr

80 = Integral(ri ght_,0.5*obj_ wgt_*(u-uRight _)*(u-uRight_ )) // Control objective

81 + Integral(bo undary_,0.5*( 1.0 - obj_wgt_ )*alpha*alpha ); // Regular ization

82 *obj_func = mmp::rcp(

83 new SundanceObjectiveFunct ion(

84 obj_func_ expr, mesh_, u, alpha ) );

85

86 }

...

98 } // end NLPInterface Pack

Lines9–27in this sourcefile containtheconstructorwhich acceptstheparametersfor
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theproblemandthensetsup themeshandthecell setsfor theboundariesof interest.The

inputparametersfor thisproblemarethedomain(left andright ) thenumberof finite

elements(n), the target valuefor the state(uRight ), the guessfor the stateandcontrol

(uGuess andaGuess ) andtheobjective functionwieght (obj wgt ). On lines17-18the

meshis setup for parallelexecutionwhile lines 20–21setup for serialexecution. The

boundarycell setsarespecifiedon lines24–26.

Themostimportantpartof thissubclassisof coursetheimplementationof thecreate -

Problem (...) methodthatbeginson line 29. Thedimensions of thefinite-elementba-

sisfunctionsarespecifiedat thetopof thefunctiononline 40. Next, theTSFvectorspaces

are definedfor the statesand controlson lines 43–46. Note that the input vec type

argumentis usedas part of the definition for thesevector spaceswhich determinesthe

implementationsfor the vectors. Also notethat the spacefor the control alpha is only

definedon theboundaryasshown in line 46andnotover theentiredomain.This is avery

usefulfeaturethatallows greatflexibilit y in definingwhatdatacanbedeterminedby the

optimizerandwhatdatacanbespecifiedup front. Given theseTSF vectorspaceobjects,

thediscretefunctionsfor thestatesandthecontrolsaredefinedonlines49–50andaresup-

plied with initial guesses.Thesediscretefunctionsrepresentthe currentestimatefor the

solution andareusedastheunknowns in theoptimizationproblem. Later, thesediscrete

functionsareusedto definethe linearizedequations.On line 53, the initial guessfor the

statesandcontrolsis packedinto anexpressionx initial which is laterreturnedto the

NLPSundance object.

Lines 56–63definethe set of nonlinearequations(stateequation(7.1.2) on line 62

and the boundarycondition (7.1.3) on line 63). What makes this set of equationsdif-

ferent from for a standardSundanceproblemis that a test function is only definedfor

the stateson line 58 andnot for the controlswhich resultsin a setof under-determined

equations.This setof nonlinearequationsmustbe linearizedandthis is doneusingthe

lineari zation(.. .) methodon lines66–67. The linearizedstateequationis then

integratedover theentiredomainon line 68.

Now that the linearizedstateequationsandboundaryconditionshave beendefinedas

Sundanceexpressions, we musttell Sundanceto properlyblock thevariablesasdescribed

in Section7.1.3.This is doneon lines72–73.Notethattheblockedunknown variablesare
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the Newton stepsdu anddAlpha andnot the original unknowns u andalpha usedto

definethe nonlinearequations.Finally, theStaticLin earProble mobjectis created

on line 76 for thelinearizedstateequationandboundaryconditions.This is theconstraints

objectthatis returnedto theNLPSundance objectwhich is usedto compute theresidual

for thenonlinearconstraints(which happensto be thenegative TSF vectorreturnedfrom

the getRHS() method)andthe Jacobian(which is returnedfor the getOper ator()

method).

Thefinal partof thecreate Problem(. ..) methodis thedefinitionof theobjective

functionon lines79–84.First, theexpressionfor theobjective functionis definedon lines

80-81.Notethedomainsthattheobjectivetermsareintegratedover andhow they compare

to (7.1.1).Thisexpressionfor theobjectiveispassedinto theconstructorfor aSundanc e-

Objecti veFunctio n objecton lines82–84.Note that this constructormustbegiven

themeshobjectandtheunknown functionsusedto definethestatesandthecontrols.The

constraintobjectconstrai nts and the objective-functionobjectobj func are then

returnedto the calling NLPSundance objectalongwith the initial guessx initia l .

Thediscretefunctionsembeddedin thex initi al expression objectaremanipulatedby

the NLPSundance object in order to computethe constraintresidualandJacobianand

differentiterates.

The last pieceof usercodeto write for this optimization problemis the main driver

program.Thisprogramis shown in thebelow sourcefile.

01 // ////////// ////////////// ///////////// ///////////// ////////

02 // NLPPoisson Boltzman1DMain .cpp

03

04 #include <iostream>

05 #include "../include /SundanceNLPS olver.h"

06 #include "../include /SPFPoissonBo ltzman1D.h"

07 #include "../include /SundanceLinA lgFactory.h"

08

09 int main(int argc, char* argv[] ) {

10

11 namespace NLPIP == NLPInterfa cePack;

12 using CommandLineProcessorPac k::CommandLine Processor;

13

14 int prog_return; // return code

15

16 // Step 1: Initialize Sundanc e (i.e. MPI)

17 NLPIP::Su ndanceNLPSolve r::init();
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18 Sundance: :init(&argc, (void** *)&argv);

19

20 try {

21

22 NLPIP::Sunda nceNLPSolver sundance _nlp_solver;

23 NLPIP::Sunda nceLinAlgFact ory lin_alg_ fcty;

24

25 // Step 2: Read in input

26

27 double left = 0.0;

28 double right = 1.0;

29 int n = 2;

30 double uRight = 2.0*log( cosh(right/sqr t(2.0)));

31 double uGuess = 0.1;

32 double aGuess = 0.2;

33 double obj_wgt = 0.99;

34

35 CommandLineProcessor command_li ne_processor;

36

37 command_line _processor.se t_option( "left", &left, "x at the left boundary" );

38 command_line _processor.se t_option( "right", &right, "x at the right boundary" );

39 command_line _processor.se t_option( "n", &n, "Number of finite elements" );

40 command_line _processor.se t_option( "uRight",& uRight, "Value at the right boundary" );

41 command_line _processor.se t_option( "uGuess",& uGuess, "The Guess for u" );

42 command_line _processor.se t_option( "aGuess",& aGuess, "The Guess for a" );

43 command_line _processor.se t_option( "obj_wgt", &obj_wgt,"[0,1 ] Wieghting for u or a (1.0: all u, 0.0: all a)" );

44 lin_alg_fcty .setup_comman d_line_process or( &command_line_processo r );

45 sundance_nlp _solver.setup _command_line_ processor( &command_line_processo r );

46

47 CommandLineProcessor::EPa rseCommandLine Return

48 parse_re turn = command_line_ processor.par se_command_lin e(argc,argv,& std::cerr);

49

50 if( parse_re turn != CommandLineProcessor::PAR SE_SUCCESSFULL)

51 return parse_re turn;

52

53 // Step 3: create the linear algebra components

54 TSF::TSFVect orType vec_type;

55 TSF::TSFLine arSolver linear_sol ver;

56 lin_alg_fcty .get_lin_alg_ components( &vec_typ e, &linear_sol ver );

57

58 // Step 4: Create the SundancePr oblemFactory

59 NLPIP::SPFPo issonBoltzman 1D probfac(lef t,right,n,uRi ght,uGuess,aG uess,obj_wgt);

60

61 // Step 5: Solve the NLP (or the forward problem)

62 prog_return = sundance_nl p_solver.solve (vec_type, MemMngPack::rcp(&probf ac,false), &linear_s olver );

63

64 }// end try

65 catch( const std::excep tion& except ) {

66 cerr << "\nCaught as std::except ion : " << except.wh at() << std::endl;

67 prog_return = -1; // ToDo: return proper enum!

68 }
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69

70 // Step 6: Finalize Sundance (i.e. MPI)

71 Sundance: :finalize();

72

73 return prog_retu rn;

74 }

As with any Sundanceapplication,Sundanc e::init( ...) and Sundanc e-

::final ize() mustbe calledasshown on lines18 and71. The next sectionof code

(lines27–51in thetry block)performstheinputof thecommand-lineparametersfor the

optimizationproblemthatarepassedinto theconstructorfor theSPFPoissonBolt zman-

1D objectthat is createdon line 59. Command-lineoptionsfor theSundanceL inAlg-

Factory objectdeclaredon line 23 areinsertedinto thecommand-lineprocessorobject

online 44aftertheapplicationspecificoptions. Theseoptionsarereadfrom thecommand-

line on line 48. Optionsarealsoprocessedfor a Sundance NLPSolver objectwhich

controlsa lot of the default behavior that is independentof the particularproblembeing

solved.To seeall of thevalid command-lineoptions, theoption--help canbespecified

on the commandline andwill causethe programto print a help message,which for this

executableis

Usage: ./sundance _nlp_bolt [options]

options:

--help Prints this help message

--left double x at the left boundary

(default: --left=0)

--right double x at the right boundary

(default: --right=1 )

--n int Number of finite elements

(default: --n=2)

--uRight double Value at the right boundary

(default: --uRight= 0.463163)

--uGuess double The Guess for u

(default: --uGuess= 0.1)

--aGuess double The Guess for a

(default: --aGuess= 0.2)

--obj_wgt double [0,1] Wieghting for u or a (1.0: all u, 0.0: all a)

(default: --obj_wgt =0.99)

--use-pet ra bool Determine if Petra (parallel) or serial (LAPACK) linear algebra is used

--use-ser ial (default: --use-pet ra)

--use-azt ec bool Determine if Aztec or the default BICGSTAB solver is used

--use-bic gstab (default: --use-bic gstab)

--ilu_fil l int Fill-in factor for ILU

(default: --ilu_fil l=1)
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--ilu_ove rlap int Overlap for ILU

(default: --ilu_ove rlap=1)

--iter_so lve_tol double Solve tolerance for iterative solver

(default: --iter_so lve_tol=1e-10)

--iter_so lve_maxiter int Maximum number of iteratio ns for iterative solver

(default: --iter_so lve_maxiter=50 00)

--do-opti mization bool Determine if optimization or simulation problem is solved

--do-simu lation (default: --do-opti mization)

--root-pr ocess int Index (zero-based) of the root process

(default: --root-pr ocess=0)

--states- guess-file string Filename where initial guess for states data is stored (same format as ’states-s ol-file’)

(default: --states- guess-file="")

--control s-guess-file string Filename where initial guess for states data is stored (same format as ’controls -sol-file’)

(default: --control s-guess-file=" ")

--states- sol-file string Filename where solution for states data is written (flat values only)

(default: --states- sol-file="")

--control s-sol-file string Filename where solution for contorls data is written (flat values only)

(default: --control s-sol-file="")

--states- matlab-sol-fi le string Filename where solution for states data is written (matlab format)

(default: --states- matlab-sol-fil e="")

--control s-matlab-sol- file string Filename where solution for contorls data is written (matlab format)

(default: --control s-matlab-sol-f ile="")

--max_nl_ iter double Simulation maximum number of nonlinear iterations

(default: --max_nl_ iter=1000)

--resid_t ol double Simulation toleranc e (in the ||.||2 norm) for the constraint s

(default: --resid_t ol=1e-08)

--compute -gradient bool Compute the reduced gradient or not

--no-comp ute-gradient (default: --no-comp ute-gradient)

--use-adj oints bool Compute the reduced gradient with adjoints or direct sensitivities

--use-dir ect (default: --use-dir ect)

Oncethecommand-lineoptionsarereadin, thelinearalgebraimplementationsselected

by the useron the command-line arecreatedon lines 54–56. By usinga Sundanc e-

LinAlgF actory object,every Sundanceoptimizationproblemcanautomatically sup-

portnew linearalgebraoptionswhenever they areadded.

After thelinearalgebraimplementationshavebeendefinedandtheconcreteSundance-

ProblemFactory objecthasbeeninitialized,therestof thecoderequiredto solve the

optimization problemis exactly the samefor every application. This common code is

encapsulatedin a helperobjectof type SundanceNLPSolv er which is calledon line

62. This helperclasscareof creatinga NLPSundance object (which in turn calls the

createP roblem(.. .) methodon the SundanceProblemFactory object) and

thenpassesthis NLP objecton to a rSQPppSolver objectwhich attemptsto solve the

optimizationproblem. A statusvalue(program return ) is then is returnedfrom the
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maindriver programto theshell. Any exceptionsthatarethrow (thatarenot caughtelse-

where)will becaughtandreportedto std::ce rr on lines65–68.

7.1.5 The SundanceNLPSolver helper class

TheSundanceNLPSol ver classdoesmorethanjust solve theNLP. It alsoalsoallows

any SundanceProblemFactory object to be usedto solve the forward simulation

problemwhere the control variablesare fixed at the initial guess. The above example

Possion-Boltzmanprogram,or any of the otherexampleprograms,canbe usedto solve

theforwardproblemby selectingthecommand-lineargument--do-simu lation . This

will resultin thesimulationonly beingperformedwith thefinial objective functionvalue

beingoutput to a file callednle sol file.out . In this mode,thereducedgradientat

theconvergedsimulationcanalsobecomputedbysettingtheoption--comp ute-gradi ent .

Theoptions-use-a djoints and--use-di rect selecttheadjointversesthedirect

sensitivity methodsfor computing this reducedgradientrespectively. Theadjointmethod

is by far themostefficient.

Theability to do theforwardsimulationandto computeexactreducedgradients(using

both the adjoint and the direct approaches)allows any Sundance/rSQP++application to

alsobeusedin lower-level NAND methods suchasdescribedin Chapter2.

7.2 ExampleSundanceOptimi zation Application -

SourceInversion of a Convection Diffusion System

Several forward problemsfrom the Sundancetestdirectoryhave beenconvertedto opti-

mizationproblemsto test the rSQP++interface. The direct andadjoint interfaceswere

testedonaheattransfer, Burgers,andaconvectiondiffusionproblem.More in depthanal-

yseswereconductedusingasourceinversion problemconstrainedby convection-diffusion

equations.In additionto testingtherSQP++/Sundanceinterface,theobjective of this ex-

ercisewas to presentnumericalefficienciesassociatedwith all 7 levels of optimization,

anddemonstratethis formulation to solve the“chemical/biologicalattackon a largefacil-
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ity” problem,similar to thework donewith MPSalsa.However, in this casewe testedthe

inversionproblemwith largenumbersof inversionparameters.

By specifyingalimitednumberof statevaluesatvariouspointsin thedomainastargets,

aleast-squaresformulationconstrainedby aconvection-diffusionPDEis usedto determine

the locationof the original source(s)on the boundary. In the caseof chemicaldiffusion,

thesestatevaluescouldbeconcentrationsandin thecaseof heatdiffusion thesestatevalues

couldbetemperatures.We obtainfrom a forwardsimulation 16 “sensor”locationsout of

1600grid points as targets,which are thenusedin the inversionproblem. Sincethis is

an ill-posed problem,a regularizationterm needsto be addedto the objective function.

Threeobviousoptionscanbeconsidered:thesquareof õ , thesquareof Ê õ andfinally the

squarerootof Ê}õ . Unfortunatelyasaresultof animplementationlimitation,theboundary

inversioncannot make useof gradientbasedtermsfor the regularizationand therefore

thenumericalexperimentswereconductedwith thesquareof õ . Our formulationallows

locatingthesourcetermanywhereononeof theboundaries(i.e. öå÷ ):

ø�ù�ú¬üû ý þÿ ������ ß�� ¾	� á
� � Ãl¾�½ áJ½��nÃ Ü ä�
 ÿ ����� õ Ü (7.2.4)

s.t. á����$½ ä Ê�½���� ÆCëcÁ in ì (7.2.5)í�½í�� ÆEëcÁ on ö�� (7.2.6)½¤ÆEëcÁ on ö � (7.2.7)½¤Æ^õ�Á on ö�÷ (7.2.8)

where: Ö Î�!Î ¯ × Æ Ö ¾ á#" ä À Ãl¾$" ä À Ãë ×ìOÆ&%�¾hÄ�ÁGÀcÃ('�¾5á�"*)HÄ+) ä "ÞÃ-, ¾5á�".)CÀ/) ä "ÞÃ10ö ��Æ&%�¾�Ä�ÁGÀcÃ2'�¾ á#"3)MÄ4) ä "ÞÃ-, ¾jÀ�Æ á�"45 À
Æ ä "ÞÃ60ö � Æ�%�¾hÄ�Á�À Ã2'�¾�Ä'Æ ä "ÞÃ , ¾5á�"*)MÀ7) ä "ÞÃ60ö�÷ Æ&%�¾hÄ�Á�À Ã2'�¾�Ä'Æ á#"ÞÃ , ¾ á#"*)MÀ7) ä "ÞÃ60
where � ¾	� á*� � Ã is a deltafunction that specifiesthe locationof the sensors,½ is the
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vectorof calculatedstatevalue(concentrations),½ � is thevectorof concentrationmeasure-

ments(or targets),
 is theregularizationparameterwhich is setto 1E-5for our numerical

experiments, õ is thesource/inversion term, � is thediffusivity constant,and � is theve-

locity field. Thevelocity field is given for this problemandmakes(7.2.5)linear in ½ and

thereforenoNewtoniterationsarerequiredto convergeto thesolutionfor theforwardprob-

lem. Figure7.3shows theforwardsimulation on a 40x40grid (i.e. �8! Æ:9Yë and � ¯ Æ�9Yë
finite elementsperdimension) for aGaussian-likesourceon theleft boundary.

Figure7.4shows thesolution for theinversionproblemdefinedin (7.2.4)–(7.2.8)on a

40x40grid. The rSQPalgorithmwasableto successfullysolve theproblemandrecover

theentireprofile. Smalloscillationson theboundaryareobservedwhich maybereduced

by choosinga different regularizationterm. Additional experimentswere conductedto

evaluatedifferentregularizationtermsandarepresentedin the next section. The sensor

datausedfor this NLP wastaken from a 160x160forwardproblemwith thesamesource

shown in Figure7.3.

Thesourceinversionproblemwasusedto demonstratethenumericalefficienciesof the

7 optimizationlevelsby invertingfor theboundarysourceusingdifferentgrid resolutions.

For levels1-3weusedrSQP++throughtheDAKOTA framework andfor levels4 and5 we

usedthe rSQP++/Sundanceinterface. Level 6 wasnot solved for the boundaryinversion

problembecauseof implementationlimitations. Insteadan inversion problemwassolved

using the full spacemethodwhereinversion parametersare locatedwithin the domain.

As theformulationin (7.2.8)suggests, thenumberof inversionparametersscaleswith the

sizeof theboundary. Thenumericalexperimentwasconductedon a Pentium4, 2.1 GHz

processorandeven thoughSundanceand rSQP++are parallel capable,the experiments

wererunserially. Eachoptimizationlevel wasusedto completetheinversion for agrid size

of 10x10,20x20,40x40,80x80,anda 160x160 grid. Thenumberof inversionparameters

matchedthesizeof thegrid dimensionof a singlesidedboundary(10, 20,40,80and160

inversionparameters).The convergencecriteria is controlled by varioustolerances,but

in our experimentwe chooseto matchobjective functionsascloselyaspossible. Table

7.1 shows theobjective functionvaluesandCPUtimesfor variouslevelsof optimization

methods. As expected,the lower-level optimization methodsare not able to efficiently

drive theobjectivevaluedown to levelscomparableto thehigher-level methods.

196



−4

−2

0

2

4

−4

−2

0

2

4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Figure7.3. Forwardsimulation for 40x40 boundarysource
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Figure7.4. Inversionfor 40x40 boundarysource
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Figure7.5 shows graphicallythe numericalresults. Level 0 useda local coordinate

patternsearchandit is the leastefficient algorithmfor this problem. Thesemethodsare

obviously not preferred for smoothanddifferentiableprocessesbut we have includethe

resultsfor completeness. Level 1 shows a considerableimprovementover level 0 asa re-

sult of usinggradientinformation. Direct sensitivities for both NAND andSAND show

significantimprovementsover level 1 becausethereducedgradientsfor level 1 arecalcu-

lated throughfinite differenceswhich requiresthe convergenceof a simulation for each

inversionparameter. Calculatingreducedgradientswith directsensitivities avoidsthis nu-

mericaloverhead.AdditionalseperationbetweenNAND andSAND methodsusingdirect

sensitivitiescanbeexpectedif thishadbeenanon-linearproblem.

The adjoint sensitivities areby far the mostefficient methodto calculatethe reduced

gradient.Thereis a significantdifferencebetweenNAND andSAND becauseof thesim-

ulationoverheadthatNAND incursateachoptimizationiteration.Thisdifferenceis better

observedin Figure7.6.Onewouldexpectthatanon-linearsimulationproblemwouldincur

additionalNewtoniterationswhichwouldaddto theNAND expensefor eachoptimization

iterationandthe gapbetweenlevels 3 and5 would be even greater. Estimatedtimesfor

level 6 arepresentedthat equalsthreetimesthe forward simulation cost. This is a con-

servativeestimateconsideringthefull spaceinversionof a40x40grid with 1600inversion

parametersrequiredlessthan10secondsto converge.

Theexactvalueof èÜ Ý ��� õ Ü for thesourceshown in Figure7.3is 1.1788(to fivesignif-

icantfigures).Therefore,for 
 Æ þ<; þ ë æ>= , theminimumvalueof theobjectivefunctionin

(7.2.4)thatcanbeobtainedfor a perfectinversion is þ Ù þ�?A@B@/;�þ ë æ>= . Theactualobjective

functionvaluemustalwaysbelargerthanthissincetheregularizationtermcausesthesolu-

tion to perturbthesensormatchingtermin (7.2.4)resultingin anoverallelevatedobjective

function. Without the regularizationterm, the theoreticalobjective functionvalueshould

be nearzero. This explainswhy the objective function valuefor discretizationof 40x40

andlargerobtainanobjectivevalueof þ Ù þC@D; þ ë æ>= which is lessthanonepercentoff from

theperfectinversionvalueof þ Ù þC?E@B@F; þ ë æ>= .
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Method G�H-I#GKJ�I èML GKHNI�GKJOI Ü L GKHNI�GKJ�I#P L GKHNI#GKJ�IRQ L GKHNI�GKJ�I èMSTL
Sim 0.591 2.119 8.214 32.831 134.396

L-0 Inv 13974.8 31239.3 - - -

L-1 Inv 1278.63 1642.32 5385.14 27128.3 -

L-2 Inv 58.5 182.5 293.4 1840.8 22003.2

L-3 Inv 55.1 165.8 465.8 882.8 3620.4

L-4 Inv 9.47 17.32 55.87 835.65 13911

L-5 Inv 8.6 13.0 26.6 151.1 986.5

Method G�H-I#GKJ�I èML GKHNI�GKJOI Ü L GKHNI�GKJ�I#P L GKHNI#GKJ�IRQ L GKHNI�GKJ�I èMSTL
Sim - - - - -

L-0 Inv 7.79e-2 5.94e-2 - - -

L-1 Inv 9.41e-3 2.52e-5 1.89e-5 1.79e-5 -

L-2 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5

L-3 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5

L-4 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

L-5 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

Table7.1. Summaryof CPUtimes/ objective functionvalues for

source-inversionon a boundary.

0

5000

10000

15000

20000

25000

30000

35000

0 50 100 150 200

Number of grid and design values

W
a

ll 
cl

o
ck

 t
im

e
 (

se
c)

Level 0

Level 1

Level 2

Level 3

Level 5

Level 4

Figure 7.5. Numerical Resultsfor SourceInversionfor Convec-

tion Diffusion for levels0-5

199



0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

0 50 100 150 200

Number of grid and design variables

W
a

ll 
c
lo

c
k
 t
im

e
  
(s

e
c
)

Level 6

Level 5

Level 3

Figure 7.6. Numerical Resultsfor SourceInversionfor Convec-

tion Diffusion levels3-6

200



7.2.1 Inverseproblemformulation

We investigatea full spacesolutionmethods (level 6) usingthesourceinversionproblem

wheretheinversionparameteris locatedanywherein thedomain.We formulatetheprob-

lemasfollows: ø�ù�úý þÿ ���� � ß � ¾U� áV� � Ãl¾�½ á�½ � Ã ÜOW ì ä�
 ÿ � ßYX ¾�õ�Ã W ì
subjectto:á����$½ ä Ê�½2�K� ä õ Æ ëcÁ in ì Áí�½íZ� Æ ëcÁ on ö ��Á½ ÆEëcÁ on ö�� Ù (7.2.9)

The X ¾�õ�Ã termin thesecondpartof theobjectivefunctionis aregularizationfunctional,

with 
 astheregularizationparameter. If theerrorwasmeasuredthroughoutthedomain,

no regularizationis needed,the inverseproblemcanin factbeseenasa matchingcontrol

problem—which is known to have a uniquesolution for smallPecletnumbers.However,

discretemeasurementsimply multiple solutions,andthussomeregularizationis necessary.

Possiblefunctionalsfor X ¾[�0Ã are:Ý ß õ Ü W ì (7.2.10)Ý ß Ê}õ7�çÊ}õ W ì (7.2.11)Ý ß ¾�Ê}õ7�çÊ}õ�ÃB\] W ì Ù (7.2.12)

We usethefollowingnotation:ð�¾ õ è Ánõ Ü Ã2' Æ � ß � Ê}õ è �PÊ}õ Ü W ì Á ¾�õ è Ánõ Ü Ã�' Æ � ß õ è õ Ü W ì Á ¾ õ è Ánõ Ü Ã � ' Æ ��� õ è õ Ü W ö
TheLagrangianfunctionalthatcorrespondsto (7.2.9)is givenby:^ ¾�½UÁnõ�Á6_!Ã`' Æ þÿ ��� � ß�� ¾	� áV� � Ã�¾j½ á�½a�GÃ Ü W ì ä 
 ÿ ¾�õ�ÁnõyÃä ð�¾b_�Á.½lÃ ä ¾ Ê�½2�K�ÞÁ6_�Ã ä ¾�õ�Á6_�Ã (7.2.13)
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Assumingthattheregularizationtermfor theinversionforce õ isgivenby (7.2.10)theweak

formulationfor theoptimality conditions(Karush-Kuhn-Tuckerconditions)of (7.2.9)is the

following: Find õ�Á.½UÁ6_�Á�ced è ¾�ì Ã suchthatð�¾	f�Á.½lÃ ä ¾ Ê ½��a� Ágf¤Ã ä ¾ õ�Ágf¤ÃÚÆEë�Áih�f*cjd è ¾jì Ã��� ¾ � ¾U� á
� � Ãl¾�½ áJ½��nÃif Ã ä ð�¾	f�Á6_�Ã ä ¾�ÊkfV�a� Á1_!ÃÚÆEë�Áih�f*cjd è ¾jì Ã
 ¾	f�Á.õ�Ã ä ¾	f�Á1_!ÃÚÆEë�Á h�flced è ¾�ì Ã Ù (7.2.14)

7.2.2 Algorithm

Thereareseveralwaysto solvetheoptimality conditions.rSQP++usesablock-elimination

procedureto solve(7.2.14).Given õ first solve for mnOo f#p1maq ä o Ê/m2�K�`prf2q ä o õOprf2qÚÆEë�p[h�f*ced è o ì<q�s
thensolve ��� o � o � áV� � q o m átm � q[f�q ä nOo f�p6_�q ä o ÊFfV�K�`p6_�qÚÆ ë�pih�f*ced è o ì<q
for _ ; andfinally solve 
 o f#p.õuq ä o f#p6_OqÚÆEë�p-h�flced è o ì<q Ù
to updateõ . Theblock-eliminationhasbeenusedasapreconditioner for (7.2.14).Herewe

solve theresultingKKT conditionssimultaneously:

ÐÑÒ7vxw	w vxw ý y Å wv ý wzv ýný y Å ýy w y ý {
Ó ÔÕ}|~� ~�

� ��
� ~�~��� á |~� ~�

� w ä y/�w �� ý ä y � ý ��
� ~�~� Ù (7.2.15)

7.2.3 Numerical Experiments

Variousexperimentswereconductedusingthis full spaceformulation including theeval-

uationof regularizationterms,numberof sensors,andnumber of sources.Both the total
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variationandTikhonov regularizationwereevaluated andfor our sourceselectionsboth

wereableto recover theoriginalsourceat similar levelsof quality. Thetotal variationreg-

ularizationhowever, makestheobjective functionnonlinearwhich thenrequiresaNewton

method.BecausetheTikhonov regularizationtermmakestheobjectivefunctionlinearand

therebyrequiringnoNewton iterations,weusedTikhonov for all of ourexperiments.

The full space(level 6) methodis the mostefficient in comparisonto levels 0 to 5.

Eventhoughwe donothave aconsistentcomparisonandif we couldgeneratea boundary

inversionproblemusingfull spacemethods,it would most likely not be asnumerically

taxingasthefull domaininversionproblem.Thefull domaininversion problemconverged

under10 secondswhereaslevel 2, 3, 4, and5 for theboundaryinversionproblemfor the

samesizegrid (but with smallernumberof inversionparameters)convergedin 293,465,

55,and26secondsrespectively.

Figures7.7and7.8show resultsfor usingdifferentnumberof sensors.
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Chapter 8

Split, O3D and Hierar chical Control

8.1 Overview

Split is a full-spacesequentialquadraticprogramming(SQP)algorithmfor generallarge-

scalenonlinearprogrammingproblems.As notedabove,SQPmethodsproceedby forming

at eachmajorstepaquadraticprogramming (QP)approximation to thegeneralproblemat

thecurrentiterate.Thesolutionof this QPprovidesa stepto adjustthevariablesandthe

associatedLagrangemultipliers. Thus,animportantpartof any successfulSQPalgorithm

is a robustQPsolver. In thischapter, we concentrateonO3D,our interior-point QPsolver

that hasmany advantagesfor this particularapplication. We alsobriefly describeSplit.

Finally, we discussour approachto formulatingcertaincontrolproblemswherethereare

multipleobjectives,leadingto anovel classof hierarchicalcontrolproblems.Ourformula-

tion yieldsmorepracticalanswersthantraditionalapproaches,i.e., our answerstendto be

smoother andmorerobust.

An importantpart of our researchin SQPmethods was the designanddevelopment

of software to implementthesemethods. Both Split andO3D were implementedto be

compatiblewith SundanceandTrilinos (TSF) andthusbe able to take advantageof the

unprecentedcontrolof thePDEsystemsthatSundanceprovides.Earlierin thisproject,we

experimentedwith a Java implementationandtheuseof “proxy vectors.” Although these

experimentsdid notwork ashoped,wereporton thiswork andtheconclusionsthatwecan
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draw from them.

8.2 O3D

Although quadraticprogramsarisein independentapplications,the primary emphasisin

this reportis their appearanceasastepgeneratorfor thesolution of generalnonlinearpro-

grammingproblems. In this context, thereexist numerousfeaturesof an algorithm for

solvingquadraticprogramsthatwouldbeparticularlyuseful,but wouldnotnecessarilybe

of valuein a stand-alonesolver. This statementis especiallytrue in the large scalecase

whereproceduresthatapproximatethesolution canleadto substantial efficiencies.Here,

weexaminetheissuesof (approximately)solvinglargescalequadraticprogrammingprob-

lemsin thecontext of thesequentialquadraticprogramming (SQP)algorithmfor solving

generalnonlinearprogrammingproblems.

Thegeneralnonlinearprogrammingproblemcanbetakento beof theform�k�������k��������o	� q�
subjectto: � o	� q�� �� oU� q � � oM�+�Y� q

where ��� �¢¡¤£ �+¥ , � �¦�7¡¤£ �7§`¨ and
� �¦�7¡©£ �7§«ª . At eachstepof the

SQPalgorithma quadraticprogramming approximationto o$�¬�Y� q is constructedandits

solution is usedasa stepto improve thecurrentiterate. More specificallywe constructa

quadraticprogramof theform

�k���­�®�/�®��� mr¯M°²± ¥³ ° ¯$´ °°
subjectto: µR°²±·¶ � �¸ °²±·¹ � � o ´ � q

where °Dº � ¡ , ´ º � ¡¼»A¡ , µ�º � §Y¨g»A¡ , ¶#º � §`¨ , ¸ º � §«ªa»A¡ , and ¹/º � §«ª .
Let ½ o	� p6¾-pr¿ q � ��o	� q-±.¾ ¯ � oU� q-±·¿ ¯ � oU� q
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betheLagrangianof oM�+�Y� q with multipliers ¾+º �¬§`¨ and ¿jº �7§«ª . If thecurrentiterate

is ��À thenthecorrespondencebetweeno$�¬�Y� q and o ´ � q is asfollows:m � Á ��oU��À qµ � Á � o	��À q¶ � � oU��À q¸ � Á � o	��À q¹ � � oU� À q
and ´ is asymmetricapproximation to theHessianof theLagrangianat oU� À p1¾ À pr¿ À q .

Thesubproblemo ´ � q is approximatelysolved to yield thestep ° À andthenext iterate

is calculatedby ��À1Â�¥ � ��À ±.Ã8° À
where Ã is thesteplength To guaranteeconvergenceÃ mustbechosencarefully. Typically

a merit function is usedto guidethis choice.A merit function is a scalar-valuedfunction

whosereductionimpliesprogresstowardsto solution. Thusan importantfactor in usingo ´ � q as a stepgeneratoris to ensurethat approximatesolutionsare suchthat they are

descentdirectionson themerit function. (See[26] for a morecompletediscussionof the

generalissuesconcerningSQPmethods.)

Thereare numerousissuesto considerin solving o ´ � q and the resolution of these

issuesdependson whetheror not o ´ � q is to be solved asa stand-aloneproblemor asa

subproblem. First, for a solution to exist, the constraintsmustbe consistent, i.e., there

mustbe at leaston point ° suchthat all of the constraintsaresatisfied.If theconstraints

of a stand-aloneproblemareinconsistent, thenit sufficesfor a solver simply to reportthis

factbackto theuser. In thecontext of SQP, however, it is oftenthecasethatsubproblems

areinconsistent,soa proceduremustbedevisedto usethesubproblemto createa descent

directionfor themerit function.Evenif theconstraintsareconsistent, thereis noguarantee

thata feasiblepointwill begiven, soa “phaseI” proceduremustalsobeprovided.

Anotherconsiderationis the natureof ´ . If ´ is positive definite, thenthe solution

of o ´ � q is unique. Otherwise,multiple local minima may exist andthe questionarises

of which solution is desired.Furthermore,if ´ is indefinite(or negative definite)andthe
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feasibleset is not bounded,thentheremay exist unboundedsolutions. When o ´ � q is a

subproblemfor SQP, it is reasonableto assumethata solution that is too largewill not be

of interestsinceonewould expectthat o ´ � q would only be a reasonableapproximation

for o$�+�Y� q in a relatively smallregionabout�NÀ . Fromacomputationalpointof view, if ´
is indefinite,thendirectionsof negativecurvaturemaybepossibleto constructandexploit.

Finally, ´ maybein theform of aquasi-Newton updateor alimitedmemoryquasi-Newton

updatein whichcaseit will representedasa low rankupdateof ascaledidentitymatrix.

A quadraticprogramsolver for a stand-aloneproblemwould probablyonly returnthe

solution � � andtheassociatedmultipliers,alongwith anindication of whichof theinequal-

ity constraintsareactive. Thiswould in turn requireproceduresto estimate themultipliers

andconvergencecriteria to halt the iteration. For a subproblem solver, thereneedto be

additionalfeaturesto controlthesolution process.In particular, asnotedabove, thelength

of thestepmaybe important,e.g.,in trust-region algorithms, andthereit is importantto

have reasonableestimatesof themultiplierswhenthesolver is terminatedsincetheseare

often usedin constructingapproximationsto the Hessianof the Lagrangian.In addition,

several different termination criteria may be neededand,asnotedabove, a procedureto

produceadescentstepon themerit functionevenif theconstraintsareinconsistent.

Dif ferentSQPalgorithmscanbeconstructedthat favor certainapplicationsandthese

factorsinfluencethechoiceof underlyingquadraticprogramsolvers. For example, appli-

cationswith a largenumberof highly nonlinearinequality constraintsshouldprobablybe

handleddifferentlyfrom applicationswith only mildly nonlinearconstraints.Similarly, the

algebraicstructureof problemswith a largenumberof equalityconstraints might receive

specialconsideration.The applicationsalsoaccountfor structurein the gradientsof the

constraintsandin the Hessianof the Lagrangian.In large scaleproblems,this structure

oftenneedsto beconsideredcarefullybothin theformulationof theproblemandin theso-

lution techniques.For example, in thecontrolof partialdifferentialequationsonecantrade

off the sizeof the problemwith the nonlinearityof the problem,i.e., onecansometimes

constructavery large,but mildly nonlinearproblemor asmaller, but morenonlinearone.

We areprimarily concernedwith applicationsin which thereis a largenumberof non-

linear inequalityconstraints.First, we briefly discusssomefeaturesandpropertiesof QP

solversthataffect theirusein theSQPsetting. We thendescribetheinterior-pointmethod,
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ÄÆÅEÇ
, andits propertiesthatshow it to bea goodcandidatefor a stepgeneratorin anSQP

algorithm. Next, we suggestenhancementsof
ÄÈÅBÇ

that improve theperformanceandro-

bustnessof the basicalgorithm. Finally, we discussits implementation andpreliminary

numericalresults.

In light of theabove discussionof the typesof quadraticprogramming problemsthat

arisein o$�¬�`� q applications,we briefly review heretheissuesthatshouldbeaddressedin

designingaQPsolver thatcanbeusedasastepgeneratorfor SQP.

8.2.1 The Constraints

Theproperhandling of theconstraintshasa profoundeffect on many otheraspectsof the

algorithm. In this discusion, we assumethat the constraintsareconsistent;inconsistent

constraintsarediscussedundertheheadingof earlyterminationbelow.

First, thereis certainlyno guaranteethataninitial feasiblepoint will begiven. Thusa

PhaseI proceduretocomputeonemustbespecified.Typicallysuchaprocedureusesa“BigÉ
” methodwhereinthefeasibleregion is enlargedto enclosetheinitial approximationto

thesolution andthenshrunkto its originalsizein thecourseof thesubsequentcalculations.

If sucha methodis used,thenthe sizeof
É

, the initial sizeof the associated“artificial

variable,” the natureof theenlargement(i.e., shouldall of the constraintsbe changed,or

just a few), and the procedureto ensurethat the artificial variable is reduced,must be

specified.Theissuesin terminating thealgorithmwhile still in PhaseI aresimilar to those

in thecaseof inconsistentconstraintsandarediscussedbelow.

Althougha given initial point maybe infeasible,it is possible that it is “close” to the

optimal solution. Sucha situation is calleda “warm start.” Interior-point methodshave

usuallynotbeenamenableto takingadvantageof warmstarts,but significantsavingsmay

be possibleif suchinformation could be exploited. We intend to investigate this issue

further.
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8.2.2 Multiplier Estimates

Estimating themultipliersisaparticularlydifficult problemfor primalmethods,i.e.,primal-

dualmethods would seemto have anobviousadvantage.In thecaseof nonconvex prob-

lems,however, thisadvantageis notsoclear. Theissueis to designamethodto estimatethe

multipliers thatgivesreasonableapproximationswhenfar from theoptimalsolution, and

doessoat reasonablecomputationalcost.Degenerateconstraints,a commonoccurancein

largescaleproblems, give riseto nonuniquemultipliersanda lack of strict complimentar-

ity, but degeneracy itself typically doesnot posea difficulty for interior-pointmethods.In

primal methods,estimating the multipliers requiresa determinationof which constraints

areactiveat thesolution. This is notaneasytask.Our approachfor this is to useso-called

“Tapiaindicators”to estimatetheactiveset,followedby aparticularysimple interior-point

methodon the dual problem. We have implementedthis idea and have recordedsome

excellent resultson somehighly degenerateproblems,including problemswith equality

constraintswhereweareguaranteedto havedegeneracy.

8.2.3 Early Termination

All of theaboveconsiderationsareexacerabedby thepossibility of earlyterminationof the

algorithm. For thesolution to beusefulin theSQPsetting,it mustbesuchthatit leadsto a

descentdirectionon themerit function. It is ofteneasierto show thattheoptimal solution

hastherequireddescentpropertiesthanthatanapproximatesolutiondoes.A majorcause

of this is that whenfar from the optimal solution, thedeterminationof the active setand

theassociatedmultipliers is especiallyproblematic.This is evenmoredifficult in thecase

of nonconvex problems.Theeffect of poormultiplier estimatesis to createdifficulties in

theSQPalgorithmwhichusestheseestimatesfor calculationsinvolving theLagrangian.

In order to terminateearly, the algorithm must have a set of criteria for testingthe

adequacy of the currentapproximation. Standardconvergencecriteria may be adequate

for obtaining a highly accuratesolution, but maynot be particularlygoodat determining

theadequacy of moreremotesolutions. For example,poormultiplier estimatesmaymay

causea goodapproximate solution to appearto be muchpoorer. Criteria for termination

mayincludeasimple testto terminateif thelengthof thesolution exceedsacertainlength.
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Suchaproceduremayallow usefulstepsin unboundedproblems.

8.2.4 Computational Issues

The overriding concernfor any QP solver that is to be usedas a stepgeneratoris that

the it be computationally efficient. Most of the work in solving o ´ � q usingan interior-

point methodis in thesolution of theunderlying linearsystemof equations. Usingdirect

factorizationmethodsis quite efficient aslong asthe linear systemsarenot too large. If

largerproblemsareto besolved,theniterativemethodsmustbeconsidered.Issuesof how

to preconditionthesesystems andhow accuratelythey mustbe solved remainto be ad-

dressed.Our implementation usingTSFfacillitatesexperimentationwith iterativemethods

and,moreimportantly, with preconditioners.

8.2.5 Recenteringin O3D

Recenteringin O3D is an attemptto prevent the early iteratesfrom stayingtoo closeto

theboundaryof thefeasibleregionandthussignificantlyslowing thealgorithm. Complete

recenteringinvolvesmoving thecurrentiterateasfar aspossibletowardsthecenterof the

polytope alongthe level curve correspondingto thecurrentiterate.Becausedoingthis in

the full spaceis prohibitively expensive, we haddevelopeda methodbasedon doing the

recenteringin a subspace,in the samespirit as
ÄÆÅBÇ

itself. Although this procedurehad

often reducedthe number of iterationsmodestlyin early testproblems,it did not appear

to beeffective on theproblemsarisingfrom PDEconstraints.Thereasonsfor this arenot

entirelyclear, andseveralattemptsto improve this procedurewerenot successful.These

attemptsincludedconstructingthesubspacetobeorthogonalto the3-dimensionalsubspace

generatedby themain
ÄÆÅEÇ

algorithmandincreasingthedimensionto four or five.

Wefinally developedanentirelynew approachwhichhasturnedoutto bemuchsimpler

andmuchmoreeffective. Themain ideais move alongtheNewton recenteringdirection

from thefull
ÄÆÅEÇ

stepuntil it intersectsthelevel curvecorrespondingto thecurrentvalue.

Using this ideahasprovedto bequiteeffective. Thecomputational costto form thestep

is a third that of the subspacerecenteringalgorithm andnever morethanoneiterationis
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neededascomparedto anaverageof five iterationsfor theold method.In two earlytests,

we foundunboundedsolutions afteronly a few iterationswhereastheold methodwasstill

makingslow progressafter1000iterations.Moretestinghereis necessaryto tunetheentire

algorithm.

8.2.6 The O3D AlgorithmÄÆÅEÇ
is a primal method, implying that it only operatesin the primal spaceanddoesso

by attempting to reducethe objective function. It doesthis by forming a 3-dimensional

approximation to o ´ � q that canbe easilysolved. In particular,
ÄÆÅBÇ

generatesthreein-

dependentdirectionsat the given feasiblepoint. Thesedirectionsandthe feasiblepoint

determinea3-dimensional affinespace.Thereducedo ´ � q is thentakento betheoriginalo ´ � q restrictedto this space.Thethree-dimensionalproblemis thensolvedandthenext

(strictly feasible)iterateis taken to be 99% of the distanceto the boundaryin this direc-

tion or to theminimum of thequadraticin this direction.Convergenceis checkedandthe

procedurerepeatedasnecessary. In discussing thedetails,we consideronly theinequality

constraintsin o ´ � q ; equalitiescanbeincludedby writing themastwo inequalities.

Weassumethataninitial strictly feasiblepoint °>Ê is givenandthatthealgorithmgener-

atesasequenceËÌ° ÀAÍ asfollows. Let Ë1Î�ÏÐp«Ñ ��Ò pKÓKÓ�Ó�p Å Í beasetof normalizedvectors(that

dependon ° À ) andset d À �lÔ À ´ ±Õµ ¯ o Ç À q ³ µ
where

Ç À is thediagonalmatrixwhoseÖ�×ÙØ diagonalcomponentis¹�Ú �:Ò�Û o µe° À ±.¶�q$Ú
and Ô À is a positive scalar. Denotingby � À the ÜÞÝ Å matrix whosecolumnsarethe Î�Ú we

set ß° À1Â�¥ � ° À ±.dÞà ¥À � À-á Ó
where á º �7â . Substituting this valueof

ß° À1Â�¥ into the o ´ � q we obtainthe3-dimensional

“baby” problem �k���­�®�/�®��� ßm ¯ á ± ¥³ á ¯ ß´ áá
subjectto:

ßµ á ± ß¶#�ã� (8.2.1)
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where ßm � � À d à ¥À o mY± ´ ° À q�pß¶ � µ¦° À ±.¶�pß´ � � ¯À d à ¥À ´ d à ¥À � À andßµ � µjdÞà ¥À � À (8.2.2)

The solutionprocedurefor (8.2.1) is discussed below; herewe simply assumethat a

solution, á À , is at hand.We form thecompositedirection ä � d à ¥À � À-á À andcomputethe

steplength Ã À accordingto Ã À ��åEægç �/�®�­���k���a��è�o °²±·Ã�ä�qÃ
and Ã À � �/�®� ËÌÃ À pKÓêéBé Í Ó
Wenow choosethenext iterateas ° À1Â�¥ � ° À ±·Ã À äëÓ

Thestandardconvergencetestsareasfollows: Thealgorithmis saidto haveconverged

on therelativeobjective functioncriterionifì è­o ° À1Â�¥ q«í è�o ° À q ìÒ ± ì è­o ° ÀrÂ�¥ q ì �ãîgïÐðÙÚ (8.2.3)

where îñïÐðÙÚ is appropriatelyset,usuallyaround Ò � à>ò . The algorithmis saidto have con-

vergedon therelativestepcriterionif� åÌóÏ ô ì o ° ÀrÂ�¥ q[Ï�í o ° À q[Ï ìÒ ± ì o ° À1Â�¥ qTÏ ìöõ ��îg÷ ×Ùø�ù (8.2.4)

where îr÷ ×Ùø�ù is appropriatelyset,typically at Ò � à>ú . Otherconvergencecriteria areusedin

conjunctionwith theprocedureto estimate themultipliers asdescribedin thenext section.

Thekey to theeffectivenessof
ÄÆÅEÇ

is, of course,thechoiceof thedirections,ÎOÏ . The

argumentsandderivationsof the directionsusedin
ÄÈÅBÇ

are the sameasthosegiven in

[27] and[35]. Theideasarebasedon consideringthemethodof centers[58] andderiving

thedifferentialequationthatdescribesthe trajectoryof thecenterpoints for a continuous
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versionof themethodof centers.Thefirst directionis thereforethetangentto thetrajectory

at thegivenfeasiblepoint (alsoknown asthe“dual affinedirection”)andis givenbyÎ ¥ � í o µ ¯ Ç ³ µ·± ´ ÛÌÔ q à ¥ o m�± ´ °Eq (8.2.5)

where Ô is interpretedastheresidualon theobjective function. For reasonsgiven in [27]

we take Ôû�ýüüüü
þ o m�± ´ °EqÐ¯ o mÿ± ´ °Aqo mÿ± ´ °Aq ¯ o µ ¯ Ç�� q � üüüü Ó

Theseconddirectionis theso-called“third-ordercorrection”to Î ¥ given by

Î ³ � o µ ¯ Ç ³ µ.± ´ ÛÌÔ q à ¥ §� À���¥ µ ¯ À��	� µ À Î ¥�
 ³� À o °Aq â�
 (8.2.6)

whereµ À is the � ×ÙØ row of µ .

Thethird directionis takenasoneof thefollowing. Whenthecurrentiterateis judged

to be“f ar” from thesolution,thedirectionis an“update”to Î ¥ basedon thefirst constraint

encounteredin thedirectionÎ ¥ . Let Ö betheindex of thisconstraint.ThenÎ�� � o µ ¯ Ç ³ µ·± ´ ÛÌÔ q à ¥ µ ¯Ú Ó (8.2.7)

If thecurrentiterateis judgedto be“close” to thesolution, thenthethird directionis based

on theNewtonrecenteringdirection.This directionconsistsof a linearcombination of the

directionÎ ¥ and Î�� � o µ ¯ Ç ³ µ·± ´ ÛÌÔ q à ¥ µ ¯ Ç�� Ó (8.2.8)

To completethis description,we needto specifyhow we decidebetweenthedirectionsÎ��
andÎ�� . We judgetheiteratesto becloseif bothof theaboveconvergencetestsaresatisfied

with a toleranceof � Ý Ò � à â .
Note thatall of thesedirectionscanbe computed by forming only one ÜtÝxÜ matrix.

Assumefor themomentthat this matrix is positive definite,which it will bein theconvex

case,i.e., when ´ is positive definite. In this caseÎ ¥ is alwaysa descentdirection for

the objective function andit is easyto show that the objective function is reducedin the

compositedirection.
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Thethree-dimensionalbabyproblem(8.2.1)issolvedbyasimpleinterior-pointmethod.

The point á � � is alwaysfeasibleby construction.Our procedureis to computethedi-

rectioncorrespondingto Î ¥ for thebabyproblemandto useit aloneto determinethenext

iterate.As above,weusethisdirectionto go99%of thedistanceto theboundaryor to the

minimum of theobjective functionin thatdirection.We usethesameconvergencecriteria

asabove and,asa practicalmatter, limit thenumberof iterations. Again, thematrix to be

factoredin forming Î ¥ maynotbepositivedefinite;we discussthis in thenext section.

8.2.7 Implementation and Preliminary Results

All of
ÄÆÅBÇ

is implementedusingC++ usinga style that is in conformancewith that of

SundanceandTrilinos/TSF. TSF, in particular, providesthe ideal framework for thecom-

plex vectorsandlinearoperatorsthatareneededby
ÄÈÅBÇ

. Therefore,the
ÄÈÅBÇ

algorithm

itself canbewritten in termsof genericoperatorsandvectorswith no concernneededfor

theunderlyingcomplexity.

To bemorespecific,considerthequadraticprogramto haveonly inequalityconstraints

(if thereareequalityconstraints,they canbewrittenastwo setsof inequality constraints)�k�������k����� m ¯ °²± ¥³ ° ¯$´ °°
subjectto: µR°²±·¶ � ��Ó o ´ � Û�� q

We take µ and ´ to beTSFLinearOperatorsand m and ¶ to beTSFVectors,with theonly

restrictionsbeingthosenecessaryto maintainconsistency of the operations,i.e., m and °
mustbefrom thesameTSFVectorSpace;¶ mustbein therangespaceof µ ; and ´ and µ
musthave thesamedomain.Theseareall checkedby TSF, thusensuringat compile time

thateverythingis consistent.Asidefrom theseconsistency requirements,theoperatorsmay

have arbitrarycomplexity. Thecodeto solve theproblemscanthusbegreatlysimplified,

sincethedetailsof thelinearalgebracanbehiddenin this abstraction.We illustratesome

of this complexity by describinghow a rathercomplicatedproblemcan be assembled.

To clarify the presentation,we us squarebracketsto indicatea “block” of a matrix. For

example, � � ��� � ¥ � ³ 
�
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representsablockmatrixwith oneblock. Thisblock, in turn, is a o Ò Ý��Bq blockmatrix. To

constructanobjectivefunction,weneeda linearoperator, say ´ ï��ÐÏ�� , andavector, say m�ï��ÐÏ�� .
Theseareconstructedby theuserandusedto createanO3DObjective. O3DObjective, in

turn, createsthe ´ matrix andthe m vectorthat
ÄÆÅBÇ

will useby “wrapping” thesein two

levelsof blocksasfollows: ´ � ��� ´ ï��ÐÏ�� 
�

and m � ��� m6ï��ÐÏ � 
!
 Ó
Note that the two levels of blocking will be consistentwith how the constraintsneedto

beconstructedto accomodateequalityconstraints, describednext.
ÄÆÅBÇ

allows a general

collectionof constraintsetsto be usedwhereeachsetconsistsof a linear operator, sayµ�ï��ÐÏ�� , anda vector, say ¶1ï��ÐÏ�� . Thesearepassedto constructaninstanceof O3DConstraint,

which wrapsthem in a block operator. Note that this allows equality constraintsto be

consistentwith inequalityconstaints, i.e., inequality constraintsareof theformµ ø � � µ#ï��ÐÏ�� 

andequalityconstraintsareof theformµ#Ï � " µ�ï��ÐÏ �í�µ�ï��ÐÏ���# p
sinceequalitiesarewritten astwo inequalities.Thefinal µ matrix is thena block with all

of thesets,i.e.,

µ �
$%%%%& � µ ¥'
� µ ³ 
...� µ À(


)+****,
wherethereare � setsof constraints. This structureallows someconstraintsto be con-

structedby Sundanceandothersto beconstructedby othermeans.This complexity, how-

ever, is never seendirectly by
ÄÆÅEÇ

. Thus the codeto set up a PDE constraintusing

Sundanceis somewhatcomplex, but only needsto bedoneonce.

As notedabove,themainwork in solvingaQPusing
ÄÈÅBÇ

is theformationandsolution

of thelinearsystemsof equationsof theform- µ ¯ Ç ³ µ·± ´ ÛÌÔ/. Î­Ï � � Ó
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Notethatformingthisoperatoris not feasiblein many largeproblems,sincethefill-in may

leadto a virtually densematrix. This will certainlybe the casein any problemwhere ´
is a quasi-Newton approximation. Thus,to solve suchsystems,we mustconsidertheuse

of “matrix-free” iterativemethods. Thisessentiallyimpliesthatwecanform matrix-vector

products,butwecannotgetaccessto individualelementsof thematrix. TSFallowstheeasy

creationof theoperator, while notactuallyforming it. Thuswe canuseconjugate gradient

or othermethodsto solvethesesystemsiteratively. Unfortunately, thesesystemsarepoorly

conditioned,andbecomemoresoasthesolution isneared,sothatpreconditioningbecomes

necessaryalmostimmediately. Wearecontinuingto persuestrategiesto preconditionthese

systemseffectively.

We have,however, beenableto solvesomeexampleproblemsthatshow theeffective-

nessof the full-space(SAND) approachon theseproblems. Oneexampleproblemis as

follows:

Considertherectangularreagon0 � � ��132 
 Ý � ��1 Ò 
 andlet 4 � Ë - � 11� . ì �4� � �52 Í .
Thedifferentialequationis givenby687 - � 1:9 . � � in 07 - � 1:9 . � � on ;<0>=?47 - � 11� . � À��A@� À���¥CB À�D �®� - � � .
wherewewish to choosetheparametersB À to forcethesolution to matcha giventargetas

closelyaspossible. Theparticularobjective functionwechooseis� � ¥³FEHGÊ - 7 - � 1KÓ � . íJI7 . ³ ¹ �
where I78K � - 2¬í � . Ó

We wereeasilyableto solve thisproblemusingSundanceto createall of theoperators

andvectorsona �E� Ý��E� grid. Giventhechoiceof finite elementmethodandusing � K �
thisresultedin afull-spaceproblemof 1686variableswith 3362constraints.

ÄÈÅBÇ
required

only 10 iterationsto solve thisproblem.
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8.3 Split

Split, anSQPmethoddesignedto work with
ÄÆÅBÇ

is describedin detailin [24]. Its features

include:L
It usesanaugmentedLagrangiantypeof merit function.

L
Any number of iterationsof

ÄÈÅBÇ
on thequadraticprogrammingsubproblemyields

a descentstepon themerit function.Thus
ÄÆÅBÇ

andSplit areideally suitedfor each

other.
L

A globalconvergencetheoryhasbeendevelopedandpublished.
L

An earlyimplementationhasbeenusedto solvemany interestingproblems.
L

It is flexible, allowing controlover theuseof perturbationsandtherateof approach-

ing feasibility. This is importantin someapplications wherewe have observedthat

betteranswersareobtainedby delayingtheapproachto feasibility.
L

Split doesnot requiremonotonic decreasein themerit function.

Themainadvantageof Split and
ÄÆÅBÇ

is thatthey provideacomplementarycapability

to rSQP++.Split/
ÄÈÅBÇ

is a full-spacemethodthathandlesproblemswith a largenumber

of inequalityconstraints,but it alsoallows theuseof in-betweenapproacheswheresome,

but notnecessarilyall of thestateequationsareoptimizationvariables.

Wehavenow aprototypeimplementationof Split in C++ usingTSF, implementedwith

thesamestrategy as
ÄÆÅBÇ

Ẇeplanto testthis in conjunctionwith
ÄÆÅBÇ

andSundancesoon.

8.4 Other Work

In this sectionwe briefly discusstheimplementationof
ÄÆÅEÇ

in Java andour ideason the

useof proxyvectors.First,wewantedto testtheuseof Java for implementinganontrivial

numericalalgorithm. We knew that therewould probablybe a significantperformance
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penaltydue to the way in which Java is implemented. To overcomethis problem,we

developed the ideaof “proxy vectors”and “proxy operators.” The conceptis that local

objectsusedby anoptimizeronthefront-endmachineareproxiesfor remoteobjectsliving

in a PDE codeon a back-endmachine. The front-endmachinecommunicateswith the

back-endmachinevia sockets.Thevectorobjectson thefront-endcontainonly references

to back-endvectorobjects;thevectorobjectson theback-endcontainactualvectordata,

possibly distributedover many processors.Methodinvocationon the front-endresultsin

a messagesentto theback-endinstructingit to executethesamemethodusingtheactual

vectors.Thesamemechanismcanbeusedfor proxyoperators.If anew vectoror operator

is needed,it is storedon theback-endwith a proxy createdon the front-end. If theresult

of anoperationis a scalar, it is retrunedto thefront-end,but if theresultis anothervector,

thenthe resultstayson theback-endwith only anmessagethat the resultwascompleted

returned.For example, if the front-endmachinerequeststhenormof a vector, that value

will be returned,but if the requestis to addtwo vectors,only a confirmationis returned.

Thus all messagesbetweenthe two machinesare short. See[28] for a more complete

discussion of thiswork.

We wereableto createa working proxy-vectorsystem,but thecommunicationdelays

createdanunacceptablepenaltyin thecomputations.Wedecidedthatthisapproachneeded

muchmorework to be successful,but that the resultswould probablynot be worth the

effort. Part of the effort would be to createan implementationof TSF in Java, andthis

doesnotseemto beagoodidea.Thus,we think thattheremaybea futurefor proxy linear

algebra,it will mostlikely befrom ourcurrentC++ implementations.

8.5 Hierar chical Control

Optimalcontrolproblemsconstitutean interestingcaseof PDE-basedoptimizationprob-

lems. Thereis a rich historyof work in this area,beginningwith thedevelopmentof the

calculusof variationsandwork in thecontrolof ordinarydifferentialequations.More re-

cently, researchershave begun to investigatethe control of PDEs(seethe survey papers

[49] and[50]). Instancesof thesetypesof problemsaboundin applications. Thusthede-

velopmentof efficient numericalmethodsfor thesolution of theseproblemshasalsobeen
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thesubjectof significantrecentresearch.

In thispaperwe examinea particularinstanceof optimal controlproblemswheremul-

tiple controlsseekto force behavior closeto multiple “targets” simultaneously. These

problemsbelongto the classof problemscalledmulticriteria optimization. Thereis no

uniquemathematical formulationof thesetypesof problems; indeeddifferentformulations

cangeneratecompletelydifferent“optima” solutions. In oneformulationthe problemis

posedasthe minimizationof a weightedsumof the deviations from the targetswith the

weightscorrespondingto an establishedpriority amongthe targets. (see[68]). Another

formulation, sometimesreferred to asgoal programminginsiststhata setof preferredtar-

getsbesatisfiedto within certaintolerancesandtheothersbereducedasmuchaspossible

within theseconstraints(see[60]). Both of theseapproachesinvolve thechoiceof a setof

weightsor tolerancesfor which theremaybe little theoreticalguidance.In the approach

that is employed in this paper, calledmultilevel optimization, the problemis modelled as

asa setof nestedoptimizationproblemsin which thesolutionsof the innerproblemsare

determinedusingthevariablesin theouterproblemsasparameters(see[120]).

Motivatedby specificengineeringapplications,suchasthosearisingin optimal well

placementin reservoir engineering,we investigatea meansof formulatinga classof opti-

mal controlproblemsin which thetargetscanbepartitionedinto categoriesof increasing

relative importance. This approach,basedon the work of von Stackelberg [121] in an

economiccontext, requiresthat thedeviationsfrom the leastimportanttargets,calledthe

“follo wer” targets,bedecreasedonly after thedeviationsfrom themostimportant targets,

calledthe“leader” targets,satisfyprescribedbounds. This typeof optimal controlproblem

hasbeentermedhierarchical control. Oneway of formulatingthis type of problemis in

termsof anestedoptimizationstructurein which, in an“inner minimization”, thefollower

targetsareminimized subjectto fixed valuesof certainof the control variablesandthen

an“outer minimization” is performedover theremainingcontrolvariablesto obtainopti-

mal leadertarget satisfaction. The resultingaccuracy on the follower targetsis therefore

determinedby andis subordinateto theoptimizationover the leadertargets.This typeof

bilevel optimization problemhasbeentheobjectof a greatdealof research(see[120] for

anexhaustivebibliography)in finite-dimensionaloptimizationandwasgivena theoretical

groundingin thework of Lions [70] for PDE-constrainedcontrolproblemswherethestate

equationswerea linear hyperbolicsystem.In this paper, we carry out the analysisfor a
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specificparabolicsystemandobtainpreliminarynumericalresultsthatwebelieveillustrate

thepromise of thisapproach.

8.6 Model Formulation

We are concernedwith a classof optimal control problemsin which thereare multiple

goalsthatareto besatisfied,i.e., a multicriteriacontrolproblem,andin which theunder-

lying statevariablesaregovernedby theparabolicpartialdifferentialequationwith mixed

boundaryconditions:9 × íNMO9 K � - � 13P . ±HQ - � 1RP . 1 - � 13P . º ´9 - � 11� . K ¶ Ê - � . 1 � ºS0�1 (8.6.9)9 - � 13P . K ¶ ¥ - � 13P . 1 - � 13P . ºS4 ¥ Ý - ��1RT . 1¹U9¹UV - � 1RP . K ¶ ³ - � 13P . 1 - � 13P . ºS4 ³ Ý - ��1RT . 1
where 0 is a boundedopensubsetof � ³ , TXWö� is finite, ´ K 0 Ý - ��13T . and 4 ¥ZY 4 ³
is the boundaryof 0 . We assumethat the functionsin the modelarewell-behaved, i.e.,� - � 13P . º � ³ - ��1RT\[:0 . 11¶ Ê - � . º � ³ - 0 . , and ¶[Ú - � 13P . º � ³ - ��13T][�0 . 1TÖ K Ò 1^� . Here M is a

stronglyelliptic operatorand Q - � 13P . representsthe actionof the controlson the system.

In particular, we considerthecasein which thereare � pointwisecontrols _ ¥ - P . 1KÓKÓ�Ó`1:_ À - P .locatedrespectively atthepoints B ¥ - P . 1�ÓKÓKÓ`1 B À - P . andthatfor agiven choiceof thecontrols,Q - � 13P . K À� Ú ��¥ _aÚ - P . ° - � í B Ú - P .R. Ó
Our goal is to formulateandsolve an optimization problemthat resultsin a selectionof

controls,includingboth time-dependentmagnitudesandlocations,that force thesolution

to theabovesystemat time T to be“close” to asetof targets,a ¥ 1KÓKÓKÓ(1�a À , eacha>Ú�º � ³ - 0 . ,while minimizingacostfunctional b - _c1 B . . In addition,asetof restrictionsonthelocation

of thesites,B Ú - P . 1TÖ K Ò 1KÓKÓ�Ó`16� , arepossible.

Obviously, it is generallyimpossibleto forceall of thetargetsto besatisfiedto within

somepreassignedtolerance(in fact,it is not alwayspossible to satisfyonetargetexactly).
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To formulateanoptimizationproblemthatcanbesolved,somepriority mustbeestablished

amongthe setof targets. A variety of methodshave beenproposedfor carryingout this

task. Onesuchformulation is obtainedby assigninga setof weightsto the targetsand

minimizing theweightedsumof deviationsfromthetargets.Thisproblemcanbeexpressed

in theform�/�®�­���k���a� b - _c1 B . ±ed ÀÚ ��¥gfih³kjml - 9 - � 1RT . íNa�Ú - � .A. ³ ¹ �D3n�oqp �(r(sts3uk� 9 × ívMw9 K � - � 1RP . ±eQ - � 13P . 1 - � 13P . º ´9 - � 1r� . K ¶ Ê - � . 1 � ºx0 -�y Ç .9 - � 1RP . K ¶ ¥ - � 13P . 1 - � 1RP . ºx4 ¥ Ý - ��13T .z'{z'| - � 13P . K ¶ ³ - � 1RP . 1 - � 13P . ºS4 ³ Ý - ��13T . 1
wherethe Ô Ú are the respective weightsassociatedwith the different targets. A second

approachis to assignacceptabledeviationsof the statevariablefrom eachof the targets

andexpressthesetolerancesasconstraintsin the optimizationproblem. In this casethe

problembecomes�/�®�­���k���a� b - _<1 B .DRn�oqp �`r}sZs:uk� 9 × íNMO9 K � - � 13P . ±HQ - � 1RP . 1 - � 13P . º ´9 - � 11� . K ¶ Ê - � . 1 � ºS09 - � 13P . K ¶ ¥ - � 13P . 1 - � 13P . ºS4 ¥ Ý - ��1RT .z'{z'| - � 13P . K ¶ ³ - � 13P . 1 - � 1RP . ºx4 ³ Ý - ��13T .jml - 9 - � 13T . íNa�Ú - � .A. ³ ¹ � �O~¼Úm1 Ö K Ò 1KÓKÓKÓ}16��Ó
In theseformulations,additionalconstraintson the controlscould be included. Eachof

theseformulations hascertaindrawbacks;in thefirst caseachoiceof weightsis necessary

withoutany a priori indicationof how thischoicewill affect thesolution; in thelattercase

it is difficult to specifythesmalltolerancesin suchawayasto avoid infeasibilities.

In this paperwe follow the work of von Stackelberg (see[121]) andLions (see[70])

andformulatetheproblemasahierarchical control problem.Thismeansthatweprioritize

thegoals,i.e.,specifyahierarchyof targets.Theleadingtargetis takento betheoneof the

highestpriority andtheoverriding taskof thecontrolproblemis to have thestatevariable

approximatethis targetasaccuratelyaspossible at P K T . Giventhis highestpriority, the

deviation from thetargetof next highestpriority is minimizedsubjectto thesatisfactionof
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this primarygoal. Thenthedeviation from the targetof thethird highestpriority is mini-

mizedsubjectto thecondition that thehighertargetsaresatisfactorily approximated,and

soon. This hierarchicalstructurerequiresa partition of thecontrolsandcontrol locations

into correspondinghierarchies.In someproblemstheremaybea naturalcorrespondence

but in othercasessomeflexibil ity in choosingthecontrolsis available.

For thispreliminarystudywepresumethatthereisasingleleadertarget,denoteda�� - � . ,anda singletargetof lower priority calledthefollower targetanddenoteda�� - � . . We also

assumethat thereare two controlsthat we arbitrarily partition into leaderand follower

controls,
- _�� - P . 1 B � - P .R. and

- _�� - P . 1 B � - P .3. , respectively. Additional follower targetsand

controlscanbeaddedwithoutfundamentallyaffectingthenatureof themodel.Thecontrol

problemweconsideris thenestedoptimizationproblem,denotedby (OP):

�/�®���R�U� � � b - _c1 B .D3n�oqp �(r(sZs3u/�
- � � � .

�������������������� �������������������

�k���q��� b - _<1 B .DRn�oqp �(r(sts:uF�
- � � Ò�.

���������� ���������
�k���q� � � { b - _c1 B . ± f �³�jml - 9 - � 13T . í�ac� - � .A. ³ ¹ �DRn�oqp �`r}sts:uF�9 × íNMO9 K � - � 1RP . ±eQ - � 13P . 1 - � 13P . º ´9 - � 11� . K ¶ Ê - � . 1 � ºS09 - � 13P . K ¶ ¥ - � 13P . 1 - � 13P . ºS4 ¥ Ý - ��13T . 1z'{z'| - � 13P . K ¶ ³ - � 1RP . 1 - � 13P . ºS4 ³ Ý - ��13T . 1jml - 9 - � 13T . íNac� - � .A. ³ ¹ � �O~� - B . �ã�

whereÔ � and ~ arefixedpositiveconstants,b - _c1 B . representsageneralconvex costfunc-

tion dependingon thecontrols,andthelastinequalitiesinvolving � �¼����£ � § represent

constraintson thelocationsof thecontrols.Theseinequalitiesmaybenonlinearandnon-

convex; for example,B � - P . and B � - P . mightbeconstrainedto beacertainminimal distance

apart.
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This problemis interpretedin the following manner. The control variables B ��1 B � ,

and _�� are held fixed and the inner problem(IP1) is solved to determinethe optimal

choicesfor _�� and 9 , thus theoreticallydetermining optimality functions _ �� - B ��1 B �F1:_�� .and 9 � - B �<1 B �Z1:_�� . . It is well known thattheproblem(IP1) hasa uniquesolution for fixedB ��1 B �F1 and _�� . Next, theseoptimality functionsaresubstitutedinto theobjective function

andthetargetconstraintfor thesecondinnerproblem,(IP2). Thenthis problemis solved

with B � and B � heldfixeddetermining anotheroptimality function _ �� - B �<1 B � . . Finally, the

outerproblem,(OP),now having theform�/�®���R�?� � � b - _ �� - B �<1 B � . 13_ �� - B �/1 B � . 1:_ �� - B ��1 B � . 1 B ��1 B � .D3n�o�p �`r(sFs:uk� � - B �c1 B � . �ã��1
is solved.Notethatthecostfunctioncanbethought of asaregularizationtermin theinner

problems,i.e., a term that is usedto guaranteethe existenceof a solution. However, it

alsohasa role asa generalobjective function to be minimizedto the extentpossible.In

this model,we have optimizedthevariables( B �<1 B � ) outside theoptimizationwith respect

to the othercontrol variablesandthe statevariablesin order to facilitate the solution of

the problem. As notedabove, in applicationsthe constraints on thesevariablescan be

nonlinearandnonconvex andif includedin the inneroptimizationproblemswould make

theseproblemsdifficult to solveandnegatetheadvantagesof thehierarchicalstructure.

Thetheoryunderlyingthehierarchicalcontrolproblemdefinedby thepairof problems

(IP1) and(IP2) hasbeenstudiedby Lions [70], albeit for a differentunderlyingPDEand

with boundarycontrols. Lionsshows thatasolutionexists for everypositive ~ althoughin

generalthe targetcannotbemetexactly ( ~ K � ); i.e., theproblemis approximatelycon-

trollable(seealsoGlowinski andLions [49, 50]). Theseexistenceproofsfor thesolutions

to the innerpair of optimizationproblemsgivenby Lions arenot constructive andhence

providenoblueprintastohow to obtainnumericalsolutions.Onenaturalapproachis to use

a variationalmethodto obtainthe optimality conditionsfor the innermostproblem(IP1)

andusetheseequationsasconstraintswhensolving (IP2). In the following we establish

theoptimality conditionsfor solving(IP1) andthendiscusshow to approach(IP2).

In ordertosimplify thenotationandmakethedevelopmentmoretransparentweassume

that b - _c1 B . K Ò� Ek�Ê - _ ³� - P . ±k_ ³� - P .R. ¹UP^1
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that M is theLaplacianoperator� , andthat theboundaryconditions areof theDirichlet

type. Extensions to moregeneralparabolicsystemsare straightforward in concept(but

mayrequiresignificantlymoreeffort to obtainnumericalsolutions).ThusourPDEhasthe

form 9 × ík�59 K � - � 1RP . ±k_�� - P . ° - � í B � - P .3. ±N_�� - P . ° - � í B � - P .3. 1 - � 13P . º (́8.6.10)9 - � 11� . K ¶ Ê - � . 1 � ºS0�1 (8.6.11)9 - � 1RP . K ¶ ¥ - � 13P . 1 - � 1RP . ºx4VÝ - ��13T . 1 (8.6.12)

where 4 is theboundaryof 0 .

Proposition 1. Let B ��1 B � , and _�� be fixed. If _�� and 9 areoptimal for (IP1) thenthere

existsadualfunction Î - � 13P . º � ³ - ��13T][ 0 . satisfying thePDEÎ × ±H�RÎ K ��1 - � 13P . º ´ (8.6.13)Î - � 13T . K í Ô � - 9 - � 13T . íNac� - � .R. 1 � ºS0�1 (8.6.14)Î - � 13P . K ��1 - � 13P . ºS4xÝ - ��13T . 1 (8.6.15)

and _�� is given by _�� - P . K Î - B � - P . 13P . Ó (8.6.16)

Proof: If _�� and 9 are optimal for (IP1) then the variationalequality for the objective

functionisE �Ê _�� - P . I_�� - P . ¹UPu± Ô � E l - 9 - � 13T . í�9�� - � .3. I� - � 13T . ¹ � K � (8.6.17)

for all admissible I_�� º � ³ - ��13T . and I� º � ³ - ��13T][�0 . . I_�� and I� areadmissible if they

satisfyI� × íN��I� K I_�� - P . ° - � í B � - P .R. 1 - � 13P . º ´ 1 (8.6.18)I� - � 11� . K ��1 � ºS0RÓ (8.6.19)I� - � 13P . K ��1 - � 13P . ºS4xÝ - ��13T . Ó (8.6.20)
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Multiplying (8.6.18)by Î - � 13P . , integratingover ´ , andapplyingGreen’s theoremgivesE�� - Î × ±k�RÎ . I� - P . ¹ � ¹?P ± E l - Î - � 13T . I� - � 13T . í+Î - � 11� . I� - � 11� .3. ¹ �± E � »q� Ê � ��� - Î - � 13P . ¹tI�¹UV - � 13P . í ¹CÎ¹UV - � 13P . I� - � 13P .3. ¹ � ¹UP(8.6.21)K E � I_�� - P . ° - � í B � - P .R. Î - � 1RP . ¹ � ¹?P
where

zz�| representsthenormalderivative. Using(8.6.13)–(8.6.15), and(8.6.18)–(8.6.20)

thisequationbecomesí Ô � E l - 9 - � 13T . íNa<� - � .R. I� - � 13T . ¹ � K Ek�Ê I_�� - P . Î - B � - P . 13P . ¹?P6Ó (8.6.22)

Equation(8.6.16) follows immediatelyfrom this last equationand the Euler equation,

(8.6.17).

Usingthesenecessaryconditions, thesecondinnerproblem(IP2) cannow bewritten�k����� � � { � ù j �Ê - _ ³� - P . ±eÎ - B � - P . 13P . ³ . ¹?PD3n�oqp �`r}sZs:uk� 9 × íN�59 K � - � 13P . ±N_�� - P . ° - � í B � - P .R.± Î - � 13P .R. ° - � í B � - P .3. 1 - � 13P . º ´9 - � 11� . K ¶ Ê - � . 1 � ºS0�19 - � 1RP . K ¶ ¥ - � 13P . 1 - � 13P . º�4
Ý - ��13T . 1Î × ±H�RÎ K ��1 - � 1RP . º ´ 1Î - � 13T . K í Ô � - 9 - � 13T . íNac� - � .3. 1 � ºS0�1Î - � 13P . K ��1 - � 1RP . ºx4
Ý - ��13T . 1j�l - 9 - � 13T . íNac� - � .A. ³ ¹ � � ~�1
with B � and B � fixed.

At this stagethereare several possibleapproaches.One approachwould be to in-

corporatethe control variablesB - P . directly into the problem(so in effect (IP2) becomes

(OP)) andsolve the resultingproblem. However, this approachseverely restrictsthe nu-

mericalmethodsthatwecanapplysincethestatevariableoccursin a nonlinearinequality
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constraint. For example,a reducedvariableapproachcould not be employed. Another

approachwould be to obtainthe optimality conditions for this problem(aswasdonefor

(IP1)) andthenusetheseconditions in the formulationof the outerproblem. If we take

thisapproachthenwe areforcedto includecomplementaryslacknessconditionsaspartof

thenecessaryconditionswhichis anaddednonlineardifficulty. Bothof thesemethodsalso

suffer from thefactthatana priori choiceof ~ is required.

As aresultof thesecomplications, wehavechosen,following Glowinski andLions(see

[49]) to includethe leadertargetgoalasa penaltytermin theobjective function. That is,

we reformulate(IP2) as�/�®�q���?� { � ù j �Ê - _ ³� - P . ±jÎ - B � - P . 13P . ³ ¹?P-± f �³�jml - 9 - � 13T . íNa<� - � .A. ³ ¹ �D3n�oqp �(r(sZs3u/� 9 × ík�59 K � - � 13P . ±k_�� - P . ° - � í B � - P .R. ±jÎ - � 13P .3. ° - � í B � - P .R. 1 - � 13P . º ´9 - � 1r� . K ¶ Ê - � . 1 � º�0�19 - � 13P . K ¶ ¥ - � 13P . 1 - � 13P . ºS4
Ý - ��13T . 1 -¡ �¢ Å .Î × ±H�RÎ K ��1 - � 13P . º ´ 1Î - � 13T . K í B � - 9 - � 13T . í�ac� - � .R. 1 � ºS0�1Î - � 13P . K ��1 - � 13P . ºS4xÝ - ��13T . 1
whereÔ � is aspecifiedconstant.By choosingÔ � sufficiently largewecan,in theory, force

thedeviation from the leadertarget to be lessthan ~ althoughsucha solution will not, in

general,bethesolution to theoriginalproblem(IP2).

We now derive theoptimality conditionsfor this reformulatedproblem.

Proposition 2. Let B � and B � befixed. If _�� , 9 , and Î areoptimal for theproblem(IP3)

givenabove,thenthereexist functions� - � 13P . and a - � 13P . in � ³ - ��13T>1:0 . satisfyinga × ±k��a K ��1 - � 1RP . º ´ (8.6.23)a - � 1RT . K í Ô � � - � 13T . í Ô � - 9 - � 13T . íNa<� - � .R. 1 � º�0�1 (8.6.24)a - � 13P . K ��1 - � 1RP . ºx4
Ý - ��13T . 1 (8.6.25)� × í�� � K í#° - � í B � . - Î - � 13P . íNa - � 13P .3. 1 - � 1RP . º ´ (8.6.26)� - � 11� . K ��1 � ºx0�1 (8.6.27)� - � 13P . K ��1 - � 1RP . ºx4
Ý - ��13T . 1 (8.6.28)
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and _�� is givenby _�� - P . K a - B � - P . 13P . 1�P�º - ��13T . Ó (8.6.29)

Proof: If _�� , 9 , andÎ areoptimalfor (IP3) thenthevariationalequationEk�Ê - _�� - P . I_�� - P . ±jÎ - B � - P . 13P . IÎ - B � - P . 1RP .3. ¹?P-± Ô � E l - 9 - � 13T . íNac� - � .3. I� - � 13T . ¹ � K �
(8.6.30)

mustbesatisfiedfor everyadmissible ( I_U��1�I� 1AIÎ ), i.e., for every ( I_��<1�I� 1cIÎ ) satisfyingI� × íN�vI� K I_��²° - � í B � - P .3. ±£IÎ - � 13P . ° - � í B � - P .R. 1 - � 13P . º ´ 1 (8.6.31)I� - � 11� . K ��1 � º�0�1 (8.6.32)I� - � 13P . K ��1 - � 1RP . ºx4
Ý - ��13T . 1 (8.6.33)IÎ × ±k�kIÎ K ��1 - � 1RP . º ´ 1 (8.6.34)IÎ - � 1RT . K í Ô �xI� - � 13T . 1 � ºx0�1 (8.6.35)IÎ - � 13P . K ��1 - � 1RP . ºx4
Ý - ��13T . Ó (8.6.36)

Now multiplying (8.6.31)by a - � 13P . and(8.6.34)by � - � 13P . , integratingover ´ , andagain

applyingGreen’s theorem,weobtainE�� - a × ±H�ea . I� - � 1RP . ¹ � ¹?P}± E l - a - � 13T . I� - � 13T . íNa - � 11� . I� - � 11� .3. ¹ �± E � »q� Ê � ��� - a - � 1RP . ¹tI�¹UV - � 13P . í ¹ca¹�V - � 1RP . I� - � 13P .R. ¹ � ¹?P (8.6.37)K E � - I_�� - � 13P . ° - � í B � - P .3. ±£IÎ - B � - P . 13P . ° - � í B � - P .R. a - � 1RP . ¹ � ¹?P
and E � - � × íN� � . IÎ - � 13P . ¹ � ¹?P ± E l - � - � 1RT . IÎ - � 13T . í � - � 1r� . IÎ - � 11� .3. ¹ �± E � »q� Ê � ��� - � - � 13P . ¹¤IÎ¹UV - � 13P . í ¹ �¹UV - � 13P . IÎ - � 13P .R. ¹ � ¹?P(8.6.38)K �
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UsingthevariousPDE’sandboundaryconditionsfor thefunctionsin (8.6.37)and(8.6.38)

wearriveat

í Ô � E l � - � 13T . I� - � 13T . ¹ � í Ô � E l - 9 - � 13T . íNac� - � .R. I� - � 13T . ¹ �K E �Ê - I_�� - P . a - B � - P . 13P . ±£IÎ - B � - P . 13P . a - B � - P . 13P .3. ¹?P6Ó(8.6.39)

andí E �Ê - Î - B � - P . 13P . íNa - B � - P . 1RP .3. IÎ - B � - P . 13P . ¹?P-± E l � - � 13T . IÎ - � 13T . ¹ � K ��Ó (8.6.40)

Using(8.6.35)andrerrangingthetermsin (8.6.40)yields

Ô � E l � - � 13T . I� - � 13T . ¹ � K E �Ê IÎ - B � - P . 13P . - Î - B � - P . 13P . í�a - B � - P . 13P .3. ¹?P6Ó (8.6.41)

Substituting this lastequationinto (8.6.39)yieldsthevariationalequation(8.6.30).

With thisderivationtheformulatedoptimizationproblem(OP)becomes�k�����R�?� � � ¥³¥j �Ê - Î - B � - P . 13P . ³ ±ka - B � - P . 13P . ³ . ¹?PN± f �³¦jml - 9 - � 13T . í�ac� - � .3. ³ ¹ �D3n�oqp �`r}sts:uF� �`§ n å sg��uB� D -�¨ Óª©�Ó Ò � . í -¡¨ Óª©�Ó Ò � .�`§ n å sg��uB� D -�¨ Óª©�Ó � Å . í -¡¨ Óª©�Ó��Aé .� - B . �ã��Ó
(8.6.42)

Several additionalcommentsneedto be madeconcerningthis formulation. First, the

relative sizesof the constantsÔ � and Ô � affect how accuratelythe different targetscan

be approximated.In order to approximatethe leadertarget asaccuratelyaspossible,Ô �
mustbemadelarge. However, theeffect of increasingits sizeis influencedby thesizeofÔ � . Thus,asin thefirst formulationof this section,(SD), with a singleobjective function

incorporatingboth targets,the magnitudesof Ô � and Ô � requiredto achieve the desired

targetdeviationsmustbedeterminedby experimentation. Ourpreliminarynumericalstud-

ieshave suggestedthat if both targetsarein theobjective functionandbothconstantsare

large,thentherecanbedifficulties in achieving convergenceto theoptimalsolution. One
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of thegoalsof thenumericalstudydescribedin thenext sectionwasto determinehow the

effectof differingscalesof magnitudeon thechoiceof theseleaderandfollowerconstants

affectedtheoptimalsolutions in thehierarchicalformulation. Secondly, it shouldbeem-

phasizedthatin orderto provideusefulresultstheoptimal controlgeneratedby themodel

mustbe implementable,e.g.,wildly oscillatingoptimalcontrolsareundesireable.Again

ourstudiesto datehave indicatedthatthecontrolsachievedin thehierarchicalformulation

arebetter-behavedthanthosefrom (SD) for largevaluesof theparameters.Both of these

conjecturesneedfurthertesting and,if possible, theoreticalgrounding.

Finally, it is clearthat this formulation of theproblemis fundamentallydifferentfrom

othermodels. As is well-documentedin the finite-dimensional casesof bilevel program-

ming, anoptimalsolution to a bilevel optimizationproblemneednot bea Paretooptimal

solution in the senseof multiobjective optimization (see[120]) andthereis no reasonto

assumethat this is not the casehere. Also, the inclusionof the follower control sites B �
aspart of the outeroptimization, ratherthanthe inner optimization problem,may seem

inconsistent. In formulatingthe problemin this manner, we wereagainmotivatedby an

effort to maketheproblemtractable;complicated(andpossibly nonconvex) inequality con-

straintsin thecontrollocationswouldseriouslydegradetheability to expressconciselythe

necessaryconditionsfor the inner problem. All of thesepointsspeakto the difficulty in

formulatingstateequationsandin solvinglargescalemulticriteria optimization problems.

Theresultspresentedhererepresentaninitial effort in thisdirection.

Weconcludethissectionby observingthathierarchicalcontrolmightprofitablybeused

to formulatea multitudeof importantscientificapplications. For example,in the areaof

oil reservoir simulation onecanformulateoptimalwell placementproblemsashierarchical

controlproblemswheredesiredwell productionsmight form mandatory(or leader)targets

while revenueor efficiency basedgoalsarea secondary(follower) targets. Problemsin

optimal airfoil designcan be viewed in a similar way with structuralconstraintsbeing

posedasleaderobjectivesandvorticity minimizing goalsbeingfollower targets.Remote

manipulator systems,like thoseemployed by space-craft,are requiredto solve optimal

controlproblemsrapidly. In someinstances,thesesystems mustaccomplisha goalwhile

maintaining prescribeddistancesfrom otherpiecesof machinery. Onecould formulatea

classof hierarchicalcontrolin whichleadertargetsincludeprimaryobjectivesandfollower

targetsmaintainminimalseparationfrom sensitivemachinerywheneverpossible.
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8.7 Numerical Results

In this sectionwe reporton somenumericalexperimentswe have run to testsomeof the

issuesraisedby the formulationof the hierarchicalcontrol problemgiven in the preced-

ing section(alsosee[25]). The problemaddressedis that of the precedingsectionwith

thedomain 0 takento be theunit squarewith theboundaryconditionschosento bezero.

Moreover, we have assumedthat thecontrolsitesarenot functionsof P but constant.We

don’t believe that thesesimplificationsprohibit us from makingpreliminaryassessments

abouttheprospectsfor this typeof formulation. In any case,we intendto continueexperi-

mention.

We hadseveralgoalsfor thesepreliminarynumericalexperiments. First we wantedto

determinethepossibility of efficiently solvingtheproblemin its hierarchicalformulation.

Second,wewantedto determinehow sensitivethesolutionswereto differentchoicesof the

constantsÔ � and Ô � andto comparetheseresultswith thoseobtainedby solvingtheprob-

lemwith asingleobjectivefunctioncontainingaweightedsumof thetargetdiscrepancies.

Finally, wewantedto ascertainif wecouldsolveaproblemwith nonconvex constraintson

thecontrollocations.

We begin by describingthe time discretization. Let � � be the number of time steps

desired,sothat �«P K �@A¬ . Wewill denotetheestimateof 9 at the Ü th timestepby 9 ¡ whereÜ K Ò Ó�ÓKÓ � � . If �®­ denotesthenumberof spatialstepsin the � ¥ andin the � ³ directions,

thespatialstepis denotedby
�

with
� K ¥@�¯ . Thediscreteapproximation to 9 is9 - Ü°�«P^1rÑ � 1ÐÖ � .t± 9 ¡Ï � Ú Ó

We follow the two-stepimplicit schemefor parabolicproblemsasoutlined in Glowinski

[48]. Accordingly, wedefine;A9;�P -R- Ük± Ò�. 6 P .t± Ò���«P�² Å 9 ¡KÂ�¥Ï � Ú í�³?9 ¡Ï � Ú ±k9 ¡ à ¥Ï � ÚO´ Ó
Experiencewith this timediscretizationhasledusto useit onstiff problemswhenweneed

to integrateto largevaluesof T . In suchcases,thefactthatit assuresunconditionalstability

andproducesanaccuracy to secondorderin timeamplyjustifiesthestoragecosts.

At eachtime stepwe mustsolve anelliptic problemto obtain 9 ¡CÂ�¥Ï � Ú . Thedomainis so

simplethatweusetheverycommon finite-elementtriangulationof 0 consistingof bisected
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squares.Thespaceof polynomialsof degree � Ò is usedto form a finite dimensional ap-

proximation to � ³ - 0 . and d ¥ - 0 . . More sophisticatedschemesarecertainlyavailablefor

both linear andnonlinearparabolicequations.However, for testing optimization formu-

lationsof the control problemhere,this simple numericalschemeis both adequateand

appropriate.For specificapplications,morespecializedor hybrid discretizationsmay be

calledfor (seefor example[66]).

Two targetstates,9?� - � . and 9�� - � . , areusedto testtheperformanceof theformulation

of the control problemfrom section3. While a myriad of test shapesare possible, we

chooseonespecificpairof testshapesthatillustratesbehavior seenin mostof ournumerical

experiments. The leadertarget shapeis a smooth function with a peakof approximately

1.3at thepoint � ¥ K Ò�Û Å 1 � ³ K Ò�Û � andthefollower is a pyramidwith a peakof unity at

thepoint � ¥ K ú¥ Ê 1 � ³ K ¥³ (seeFigures8.1and8.2). Specifically, thetargetfunctionsare

Figure8.1. Theleader target Figure 8.2. Thefollower target9�� - � . K Å � � ¥ � ³ - Ò í � ³ . - Ò í � ¥ . ³ 19�� - � . K � �/�®� Ë�� � ¥ ív³�1 Å íN� � ³ 1��¦í�� � ¥ 1^� � ³ ík� Í Ó (8.7.43)

Thesetestproblemsaresimilar to thoseusedto studyhierarchicalcontrolwith stationary

controls([13]).

As constraintson thecontrol locations,we requiredthat theparametersB � and B � be

constrainedto be containedinsidedisjoint balls. The leaderlocation, B � is constrained

to lie within the circle centeredat
- ¥� 1 ¥³ . wherethe follower locationis constrainedto lie
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within thecirclecenteredat
- â� 1 ¥³ . . Bothconstraintshaveradius��Ó Ò � sothatthetwo circles

donot intersect(seeFigure8.7).µ�¶¸·U¹q¶¸º»Z¼m½A¾ º ¼m¿ À ¼m¿�¿!¼mÁ ¶¸º»Z¼m½A¾ º ¼m¿

ÂÄÃ\ÅCÆ�Ç�ÅCÈ	ÉkÊCËÌÅCÇ:Í
Figure8.3. Geometricconstraints separatingthecontrols

Theoptimizationproblemthatarosefromourformulationwassolvedusingasequential

quadraticprogramming (SQP)algorithm. Thespecificsof thealgorithmarecontainedin

[24] anda theoreticalanalysisthatcanbefoundin [23].

Thenumericalresultsaresummarizedin Table8.1 togetherwith Figures8.4–8.9.The

first two columnsof of Table8.1give theproblemsize.Thevaluesof Ô � and Ô � aregiven

in the third column. The next two columnsgive the relative discrepancy betweenstate

variablesandtargetsin the � ³ norm.Thefinal two columnsof thetablereporton thenorm

of thecontrols.

Our problemformulationworkedwell with our numericaloptimization algorithm. In

numericalresultsnot presentedherewe wereableto solve problemswith valuesof Ô as

large as Ò Ó � Ò © and valuesapproachingmachineprecision. Here we concentrateon the

resultsfor morereasonablevaluesof Ô . In Figures8.4,8.6and8.8 thedottedanddashed

profilesrespectively denoteleaderandfollower targetprofilesalongtheline � ³ K ¥³ . The
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�]­ � � - Ô �C1 Ô � . Î 9�� í�9 Î � ª ÛcÎ 9�� Î � ª Î 9��Æí�9 Î � ª Û<Î 9�� Î � ª Î _�� Î Î _�� Î
64 32 (1.e+3,1.e+3) 2.395302 0.4873116 25.774 3.4065

64 32 (1.e+6,1.e+3) 2.181885 0.4978943 151.05 28.420

64 32 (1.e+3,1.e+6) 2.415231 0.2635630 34.279 448.49

128 32 (1.e+3,1.e+3) 2.371236 0.4732074 28.195 3.5591

128 32 (1.e+6,1.e+3) 2.200413 0.5009123 155.89 29.093

128 32 (1.e+3,1.e+6) 2.418927 0.2701232 34.861 449.12

Table8.1. Numerical Performance Summary

solid lines are the statevariable 9 at terminal time T K Ò alsoalong the line � ³ K ¥³ .
Clearly both the leaderandfollower targetswereapproximatelyattained.In Figures8.5,

8.7 and8.9 the leaderandfollower controls, _?� - P . and _�� - P . areshown for PÈº - ��1 Ò 
 , by

solid anddashedlines respectively. In Figure8.5 the total variationsin the two controls

arecomparablewhile in Figure8.9 thevalueof Ô � is largeenough,whencomparedwithÔ � , that theeffect of the leadercontrol is greatlydiminished.In fact the follower control

oscillatedsoviolently thatit eclipsedthebehavior of theleadercontrol.Finally, it is worth

notingthatfor thenumericalexamplespresentedhere,theoptimallocationof bothcontrols

wasinsidetheconstraintcircles.

Our numericalexperienceillustratedthatthedifficulty of theSQPalgorithmin solving

the hierarchicalproblemtestedhereincreasedwith the valuesof the penaltyparametersÔ � and Ô � . This fact is not surprising in light of the fact that similar behavior hasbeen

observedfor thecaseof hierarchicalcontrolof Burgers’Equation([65]).

8.8 Futur eResearch

The freedomto specifymultiple targetsis extremelyimportantfor many practicalprob-

lems. The high cost of solving multicriteria optimization problemssuggests that there

maybeinstanceswherehierarchicalcontrolproblemformulationscouldyield a computa-

tional advantagein an affordableway. We plan to investigatethe useof this formulation
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Figure8.5. Thecontrol variableswithÒ � Ð Ò � ÐÚÓ¸Õ×ÖFØSÙ
techniqueto attackmorecomplicatedphysicalphenomena,including thosemodeledby

nonlinearequations.Weanticipatetheideaswill befruitful whenformulatingproblemsof

optimalwell placement,contaminanttransport,andbioremediationamongothers.
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Figure 8.7. Thecontrol variableswith Ò � ÐÜÓ¸Õ×Ö¤Ø�Û and Ò �Ó¸Õ×ÖFØSÙ
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A rSQP++ Equation Summary and NomenclatureGuide

This is asummaryof themathematicalexpressions in anrSQPalgorithmandthequan-

tities in therSQP++implementation.This guideprovidesa precisemappingfrom mathe-

maticalquantitiesto identifiernamesusedin rSQP++.

Standard NLP Formulation

min � - � .
s.t. Þ - � . K �� � � � � ��ß

where: � 1 � ��1 ��ß º£à� - � . � à £ IRÞ -âá .äã à £æåà º IR çå º IR §

Lagrangian èêé Ï<ëRìcëîí � ëîí ß°ï Ð ð é Ï ï Ø ì �<ñ é Ï ïØ é í � ï � é Ï �]ò Ï ïØ é í ß°ï � é Ï ò Ï ß°ïóõô èêé Ï<ëRìcëîí ï Ð ó ð é Ï ï Ø ó ñ é Ï ï ì Ø íó ³ô�ô èÑé Ï�ëRì ï Ð ó ³ ð é Ï ï Ø §öÚ ��÷ ì Ú ó ³ ñ Ú é Ï ï
where: ìwøÔùí]úNí ß ò í � øüû

249



Full SpaceQP Subproblem (Relaxed)

min ý ��þ Ø ÷ ÿ�� þ�� � þ Ø�� é � ï
s.t. � � þ Ø é Ó ò � ï ñ Ð��Ï �\ò Ï
	�� þ �SÏ ß ò Ï
	

where: þ Ð Ï
	�
 ÷ ò Ï�	�øüûý Ð ó ð é Ï�	 ï øüû� Ð ó �ô�ô èêé Ï
	�ëRì�	 ï øüû�� û� é � ï ø IR � IR� Ð ó ñ é Ï�	 ï ø û�� ùñ Ð ñ é Ï�	 ï øÚù

Null-SpaceDecomposition� ø û�� � s.t.

é � z ï � � Ð��� øüû�� � s.t. � � ���
nonsingular� ú�� é � z ï � � � øÚù z � � nonsingular!#" ú�� é �%$ ï � �&� øÔù'$
� �! { ú�� é �%$ ï � ��� øÔù'$
� �þ Ð é Ó ò � ï �%( { Ø �)(�"

where: ( " ø*�,+ IR � ç.-�/ �( { ø0�1+ IR /
Quasi-Normal (Range-Space)Subproblem( { Ð ò � - ÷ ñ z ø0�

Tangential (Null-Space)Subproblem (Relaxed)

min ý �243 (
" Ø ÷ ÿ�� ( � "65 (
" Ø�� é � ï
s.t.

!#"7(
" Ø é Ó ò � ï98 Ð��: � � �;(
" ò é �<( { ï � � : ß
where:ý 2�3 ú é ý / Ø�=?> ï ø*�ý / ú � � ýÔø*�> ú � � �@�<( { øA�= ø IR50B � � �C� ø*�D� �!#" ú0� é �<$ ï � �&� øÚùE$
� �! { ú�� é �%$ ï � � � øÔùE$
� �8 ú ! { ( { Ø ñ $køÔù'$

: � ú�Ï �]ò Ï�	 ò �F( { øüû: ß úvÏ ß ò Ï
	 ò �<( { ø û
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Variable-Reduction Null-Space

Decompositions�<GIHKJ é �ML ï Gé �<$ ï GON HKJQP RS T N
where: P øÔùUL.� ûWV (nonsingular)R øÔùULX� ûZYS øÔù'$[� û VT øÔùE$
� ûZY

Coordinate

� úKJ ò P - ÷ R\ N� úKJ \� N� H P!#" H T ò S P - ÷ R!^] H S

Orthogonal_ ú ò P - ÷ R øüû V � ûZY� úKJ _ \ N� úKJ \ò _ G N� H P é \M` _a_ G ï!b" H Tc`dS _!#] H S ò T _ G
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Mathematical Notation Summary and rSQP++ Identifier Mapping

Mathematical rSQP++ Description

Iteratione ø \ 
 k Iteration counter for theSQPalgorithm

NLPf ø \ 
 n Numberof unknown variablesin gh ø \ 
 m Numberof equality constraintsin ikj�gmlû ø IR n spa ce x Vectorspace for gù�ø IR o spa ce c Vectorspace for ikj�gmlgüø û x Unknownvariablesg
p øüû xl Lower boundsfor variablesgmq øüû xu Upperboundsfor variablesr j�gml�� sNø IR f Objective function value at gýõúut r j�gml øüû Gf Gradient of theobjective function at gikj�gml�� skøÚù c General equality constraints evaluatedat g��úvtwikj�gml�� skø û�� ù Gc Gradient of ikj�gml evaluatedat g , twi<Hx� twizy|{�{�{}twi o �
Lagrangian~ øÚù lam bda Lagrangemultipliers for thegeneralequality constraints� øüû nu Lagrangemultipliers (sparse)for thevariable boundst�sk�%j�g�	?� ~ 	E� � 	�lø û GL Gradient of theLagrangian� út �s�s �%j�g�	.� ~ 	�lø û�� û HL Hessianof theLagrangian

SQP Stepþ øüû d Full SQPstepfor theunknownvariables, þ H�j�gk	�
 y l 
I� g
	� ø IR eta Relaxation variable for QPsubproblem

Null-Space Decomposition� ø \ 
 r Numberdecomposedequality constraintsin i�L����� � � ø \ �
 con deco mp Rangefor decomposedequalities i�L%H�iz� y�� /��� � ` ��� h � ø \ �
 con unde comp Rangefor undecomposed equalities i9$�Hvi � / 
 y�� o �ùUL�ø IR / spa ce c

.su b spa ce(

con deco mp)

Vectorspace for decomposedequalities i�L
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ù'$Nø IR
� o -�/�� spa ce c

.su b spa ce(

con unde comp)

Vectorspace for undecomposedequalities i�$
i�L%H�iz� y�� /�� øÔùUL c.s ub view (

con deco mp)

Vectorof decomposedequalitiesi�$�H�iz� / 
 y�� o � øÔù'$ c.s ub view (

con unde comp)

Vectorof undecomposedequalities� ø IR
� n -�/�� Z.s pace rows () Null space.Accessedfrom thematrix object Z.� ø IR / Y.s pace rows () Quasi-Rangespace.Accessedfrom thematrix object Y.� øüû�� � Z Null-spacematrix for j�tQi�Lzl G ( j�twi�L�l G � H � )� øüû�� � Y Quasi-range-spacematrix for j�twi�L�l G ([

�@�
] nonsingular)� H ��j�tQi�L�l G � �øÔù'L.� � R! " H ��j�twi $ l G �&�øÔù'$
� � Uz!^] H ��j�twi�$El G ���øÔù'$
� � Uy(
"�� � pz Tangential (null-space)step�;(
"����

Zpz Tangential (null-space)contribution to þ([]�� � py Quasi-normal(quasi-range-space)step�<([]c���
Ypy Quasi-norm (quasi-range-space)contribution to þý / H � G t r � � rGf Reduced gradientof theobjective function� G tQ� � � rGL Reduced gradientof theLagrangian> B � G �@�<( ] � � w Reduced QPcrossterm50B � G �C��� �D� � rHL Reduced Hessianof theLagrangian

Reduced QP Subproblemý 2�3�� j!ý / ` =?> l� � qp gra d Gradient for theReducedQPsubproblem= � IR zet a QPcrosstermdamping parameter (descentfor �^j�g6l )
Global Convergence  �

IR alp ha Steplength for g[	�
 y H�g
	 `   þ¡ � IR mu Penaltyparameter usedin themerit function �#j�g6l�#j�gml�� � � IR merit func nlp Merit function objectthat computes �#j�g6l�#j�gml�� s � IR phi Valueof themerit function �#j�gml at g
Variable Reduction Decomposition����� � �¢�0\ �
 var dep Rangefor dependentvariables g V H�g � y�� /��
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� � ` ��� f �£�0\ �
 var inde p Rangefor independent variables g.Y<H�g¤� / 
 y�� n �¥ s ��� � � P var Permuation for thevariablesfor current basis¥�¦ ��§ � § P equ Permuation for theconstraintsfor current basis� V �
IR / spa ce x

.su b spa ce(

var dep)

Vectorspace for dependent variables gzV� Y � IR
� n -�/�� spa ce x

.su b spa ce(

var inde p)

Vectorspace for independentvariables g Y
g�V ��� V x.s ub view (

var dep)

Vectorof dependentvariablesg
Y �A� Y x.s ub view (

var inde p)

Vectorof independent variablesP � t V i�L.j�g
	�l G� j4� G l � y�� /�¨ y�� /���©§ LE� � V C Nonsingular Jacobian submatrix (basis) for dependent

variables g V anddecomposedconstraints iªL.j�gml at g
	R � t Y i�L.j�g�	�l G� j4� G l � y�� /�¨ / 
 y�� n ��©§ L.� � Y N Jacobiansubmatrix for independentvariables g Y andde-

composedconstraints i9L.j�g6l at g
	S � t V i�$[j�g
	kl G� j4� G l � / 
 y�� o ¨ y�� /���©§ $
� � V E Jacobian submatrix for dependent variables g V andun-

decomposedconstraints iª$[j�g6l at g
	T � twY�i�$
j�g
	kl G� j4� G l«� / 
 y�� o ¨ / 
 y�� n ��©§ $
� � Y F Jacobiansubmatrix for independent variables g�Y andun-

decomposedconstraints iª$[j�g6l at g
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B Installat ion of rSQP++

TheC++ sourcecodefor rSQP++,its supporting packagesanda few simpleexamples

aredistributedasasinglesourcetree.Thebuild systemusesGNU makewhichis available

onLinux, Unix andevenMicrosoftWindows(usingcygwin). Thebuild systemis designed

primarily for development work and thereforenot as easyto install as with installation

methodsbasedonGNU automakeandautoconf.Thedistribution comesasagzipedtarfile

of the namerSQPpp.t ar.gz . To install the coredistribution (assuminga Linux/Unix

system),createabasedirectoryanduntarthesources.For example,assumingtheuseridis

joesmit h andthetar file is in Joe’shomedirectory, Joewouldperformthefollowing

$ mkdir /home/jo esmith/rS QPpp.base

$ cd /home/j oesmith/r SQPpp.ba se

$ tar -xzvf /home/joe smith/rS QPpp.tar. gz

An environmentvariableRSQPPPBASEDIR shouldthenbesetto thebasedirectory

for rSQP++asfollows(assumingthebash shellis beingused)

$ expor t RSQPPP_BASE_DIR=/home/joe smith/rSQ Ppp.base

This environmentvariable(aswell asa few others)is usedextensively by the build

systemandthetestsuite.

Theuntaredsourcetreeshouldlook like thefollowing

$RSQPPP_BASE_DIR/

|

-- rSQPpp/

|

|-- build

|

|-- core

| |
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| |-- AbstractL inAlgPack

| |

| ...

|

|-- design

|

|-- doc

|

|-- examples

| |

| |-- ExampleNL PBanded

| |

| ...

|

|-- design

|

|-- testing

For detailedup-to-dateinformationontheinstallationof rSQP++for variousplatforms,

seethefile

$RSQPPP BASEDIR/rSQ Ppp/README

TheaboveREADMEfile referencesseveralotherREADME files thatdescribethebuild

system,theDoxygendocumentation system, thetestsuiteandothertopics. The included

testsuiteis fairly extensiveandis selfchecking.Thetestsuiteshouldbuild andrunsuccess-

fully beforeany work with rSQP++attempted.Thetestsuiteis alsoextensible andallows

anadvanceduserto easilyaddnew testmodulesthatcanberunwith a singlecommand.

OncetheproperenvironmentvariablesaresetuptheDoxygengeneratedhtml pagescan

begenerated.Beforethedocumentation canbegenerated,theDoxygenconfigurationfiles

mustbesetup.To find outhow to do thisseethefile

$RSQPPP BASEDIR/rSQ Ppp/doc/R EADME.DOCUMENTATION.
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After the configurationfiles aresetupthe doxygendocumentation canbe build using

thescript

$RSQPPP BASEDIR/rSQ Ppp/build doc .

For mostusers,however, building the documentation locally is not necessaryaspre-

build documentationcanbefoundat

RSQPPPBASEDOC/html /index.ht ml

whereRSQPPP BASEDOC1 is theURL to therSQP++documentation website.

Although,usingDoxygenfor your own sourcecodecanbe very useful in helpingto

navigatethecode.

Thesimplestwayto getstartingin solvingacustomNLP usingrSQP++is to addanew

projectto the rSQP++ build system.Thereis a HowTo file that describesthe processof

addinganew projectto thebuild systemwhichcanbefoundat

$RSQPPP BASEDIR/rSQ Ppp/doc/H owTo.NewBuildProje ct .

UsingtherSQP++build systemis optionalasit is possible to simplyincludetheproper

Cppdirectivesin yourown build systemandthento link to precompiledrSQP++libraries

but thiswill bemuchmoreinvolved. UsingtherSQP++ build systemis mucheasier.

For simpler useof rSQP++,it is possibleto usethesolversthroughoneof theprebuilt

interfacesto modeling environments like AMPL (see???). See??? for a descriptionof

someexampleNLPsfor rSQP++.

1RSQPPPBASEDOC = http://dyn opt.cheme. cmu.edu/ros coe/rSQPpp/ doc
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C Descriptions of Indi vidual rSQP++ Packages

Misc : HeterogeneousCollection of Utilities

Misc is not a package(i.e. C++ namespace ) at all. Instead,it is just of heterogeneous

collectionof generalprogramming utili ties that really do not belongto any otherhigher

level packageexclusively. This packageis not shown in Figure4.3 but all of the other

packagesdependon componentsin Misc. Most of theseutili tiesfall into oneof two cate-

gories:memorymanagementandoptions setting.

Thereareseveral C++ classesto aid in memorymanagement.SinceC++ allows dy-

namicmemoryallocation,doesnothavegarbagecollection,andusespointersto raw mem-

ory, memorymanagementis oneof the moredifficult, if not the mostdifficult, aspectto

usingC++. By far, themostimportantutility classfor memorymanagementis MemMng-

Pack::r ef count ptr<T >. This is a templatedsmartreferencecountedpointerclass

modeledafterstd::au to ptr<T> andtheideasin [76]. Thecarefulandconsistentuse

of objectsof this classeffectively allow garbagecollectionin C++. Many otherstrategies

havebeenproposedfor automaticmemorymanagementin C++but thestyleusedby ref-

count ptr<T> is the mostflexible in many respects.This classforms the foundation

for all dynamic memorymanagementin rSQP++andits lower level packages.Thedevel-

opmentof thisclasshasbeenverysignificantandhasallowedthingsto bedonein rSQP++

thatwouldhavebeennearlyimpossibleto dootherwise.

While ref count ptr<T> is morethanadequatefor memorymanagementwhenall

thepeersknow at leastabaseclassof theobjectsto begarbagecollected,this is notalways

possible (unlikeJava [113], C++ doesnothaveauniversalbaseclasscalledObject from

which all otherclassesderive). For example,suppose onepeeris given a pointerto a row

of a dynamicallyallocatedmatrix while anotherpeeris given a pointer to a columnof

the samematrix. Also, supposethat for the sake of flexibilit y, thesesamepeersmay be

givenpointersto separatelyallocatedvectorsto use.In eachcase,onceeachof thepeersis

finishedusingthevectorsthey havebeengiven, it is importantthatthememoryis released

sothatamemoryleakdoesnotoccur. In thelattercase,onceapeerisfinishedwith avector,

theseparatelyallocatedbuffer of memoryshouldbereleased.This is doneindependently
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of theotherpeer. However, in theformercase,thedynamicallyallocatedmatrixshouldnot

bereleaseduntil bothof thepeersarefinishedusingvectorsfrom thismatrix.

So the basicideahereis that a client may be given an objectof onetype that is de-

pendenton someotherdynamicallyallocatedobject(s),but doesnot know how to prop-

erly releasememoryassociatedwith the object onceit hasfinishedusing it. To allow

this type of greaterflexibili ty in memorymanagement,the abstractinterfaceMemMng-

Pack:: ReleaseResource hasbeendefined.Theuseof this classis very simple. A

client is given an objecta of known type A to interactwith and a pointer r to a com-

panionReleaseResource object. Oncethe client is finishedusing the object a, it

calls delete r andthe overridden virtual destructorr->˜Rele aseResour ce() is

calledon an object that knows what to delete. A singlesubclassimplementation of the

ReleaseResource interfacecalledReleaseR esource ref count ptr hasbeen

implementedusingtheref count ptr<T> class.Whentheoverriddenvirtual function

Release Resource ref count ptr::˜Rel easeResou rce ref count ptr()

is called, it calls the destructoron the composite ref count ptr<T> memberptr

which callsdelete on theraw memoryto be released.This might seemlike muchado

aboutnothing but thesetwo classeshave beensufficient for all the (sometimescomplex)

memorymanagementin rSQP++.This importantconceptwasdesignedlate in thedevel-

opmentof rSQP++but hasallowedthecreationof somemuchmoreflexible softwaresince

its adoption.

While theclassesMemMngPack::ref count ptr<T> andMemMngPack:: Release-

Resource allow theflexible deletionof anobjector objectsafteraclient is finishedusing

them, they do not allow the flexible creationof objects. For this purpose,the interface

MemMngPack::AbstractFactory<T> hasbeendevelopedwhichis auniversaltem-

platedinterfacefor the “f actory” pattern[???]. The singlevirtual methodis create()

which returnsa ref count ptr<T> objectcontaining the allocatedobject. Thereis a

singlesubclass

namespace MemMngPack {

template <class T_itfc, class T_impl, class T_PostMod = PostModNothin g<T_impl>

,class T_Allocator = AllocatorNe w<T_impl> >

class AbstractFa ctoryStd : public AbsractFa ctory<T_itfc> ;

}
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whichis templatedontheinterfacetypeT itfc thatis representedby theAbstract-

Factory baseinterface,the concreteimplementationtype T impl , andalsoby policy

classesthatdeterminehow theunderlyingobjectis allocated(T PostMod ) andhow it is

modifiedafter allocation(T Alloc ator ). The policy classeshave default typeswhich

allocateusingnew (Allocato rNew<T impl> ) anddo no postmodificationafter the

initial construction(PostModNo thing<T impl> ). Using thesepolicy classeswith

the C++ templatemechanisms to createdifferent instantiationsallows completeflexibil-

ity in how objectsareallocatedandinitializedandthereforethe Abstr actFactor y-

Std<... > subclassis really theonly abstractfactorysubclassneeded.

Aside from the typeof generaldynamicmemorymanagementthat theC++ operators

new anddelete andtheC functionsmalloc (...) andfree(... ) weredesigned

for, thereis alsoa needfor generalworkspacethat is usedduring theexecution of a C++

function. In Fortran77, this type of memorymustbe explicitly passedinto a subroutine

andcluttersthe interface. In Fortran90, this type of memorycanbe createdon-the-fly

within asubroutine,but mostimplementationsallocatethismemoryfrom thestackandnot

theheap.TheFortran90 implementationof automaticworkspacehascausedproblemson

severalplatformswhenallocatinghugeamountsof data.Whatis neededis amoreflexible

meansto efficiently allocateandreleaseworkspaceusedin a function. For this purpose,

thetemplatedclassWorkspa cePack::W orkspace< T> hasbeendesigned.Objectsof

this type canonly be allocatedon the stack(i.e. operatorsnew anddelete have been

madeprivate andarenot definedasdiscussedin [76]) andmustbe given a referenceto

a Workspac ePack::Wo rkspaceSt ore objectwhich is usedto obtaina temporary

buffer of data.Thecurrentimplementationof Workspac eStore allocatesa largechunk

of memoryatoncefrom theoperatingsystemandthengives it outasneeded.Any memory

demandsbeyondthepreallocatedamountarehandledby new. TheWorkspac eStore

implementationalsokeepsstatisticsthatcanbeusedfor finetuningthememoryusagelater

on. Becauseof theorderthatC++createsanddestroysautomaticobjectsthatareputonthe

stack,theimplementationsof Workspa cePack:: Workspace <T> andWorkspac e-

Pack::W orkspaceS tore are very simpleand requireonly ¬�­«®?¯ overhead. This is

verydifferentfrom theoverheadthatcanoccurfrom usingmalloc(.. .) becauseof the

morecomplex taskstheoperatingsystemhasto performto managetheheap(i.e. regulate

fragmentationetc.) asdescribedin [110, Section8.6]. Seethefile Workspace Pack.h

for moredetails.
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Aggregationandcompositionaresocommonandthetasksof writing accessfunctions

anddatamembersfor C++ classeswith aggregateobjectsaresomonotonousthatprepro-

cessormacroshave beenwritten to automaticallyinsertall the neededdeclarations.The

macro

STANDARDMEMBERCOMPOSITION MEMBERS(type name,a ttribute name)

is usedto insert to declarationsfor a simplememberobjectof a concreteclasswith

valuesemantics.For example,options suchastolerances(i.e. type name = double ),

flags(i.e.type name = bool ) andmaximumiterationcounts(i.e.type name = int )

canbeincludedin a classinterfaceusingthis macro.This hasrelievedthewriting of a lot

of boilerplatecodethathadto bewrittenby handbefore.However, many objectsarepoly-

morphicanddonotusevaluesemantics(i.e. thosethatareinstantiationsof asubclass).For

composition relationships(i.e. memorymanagementobligationsassumed)for thesetypes

of objects(bothpolymorphic andnon-polymorphic)themacro

STANDARDCOMPOSITION MEMBERS(basetype name,obj name)

hasbeendefined.This macroinsertsthedeclarationsfor thememberaccessfunctions

andincludesaprivatedatamemberof typeref count ptr<baset ype name> to han-

dlethedynamicmemorymanagement.For thesetypesof compositeassociations,whenthe

client object is destroyed, the composite objectobj name may alsobe destroyed (if no

otherclientsareusingit) andref count ptr<T> takescareof this automatically. For

associationsthatarestrictly aggregate(i.e.noownershipof memoryis assumed)themacro

STANDARDAGGREGATION MEMBERS(basetype name,obj name)

is used.Thismacroinsertsaprivatedatamemberthatis asimplepointer.

AnotherveryusefulclassisOptio nsFromStr eamPack:: OptionsFr omStream .

This classallows optionsto be readfrom a text stream,which is formattedin a very hu-

manreadable,self documenting manner. Many of themajorclassesin rSQP++canaccept

optionsin this form. Theseoptions canbeincludedin afile or generatedin astringwithin

code. Strictly speaking,this is a weakly typedway to specifyoptions but therearea lot

of safeguardsthat make its usemoreor lessbulletproof. For example,seehow this text

streamis formattedin Section4.3.1.1. A lot morecould be said abouthow to usethe
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classOption sFromStre am from both a user’s anddeveloper’s point of view, but the

interestedusercanlook in thecodefor examples.
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D Samples of Input and Output for rSQP++

Here,portionsof theoutputgeneratedfor theexampleprogramExampleNLPBand ed

is given.Linesin theoutputconsistingof threedots

...

arefor partsof the outputthat have beenommited for the sake of space.This output

wasgeneratedusingthecommandline

$ ./solve_exam ple_nlp --nD=30000 --bw=10 --nI=400 --diag-scal=1e+4 --xo=10.0

andtheoptionsfile shown in Section8.8.Theoutputto theconsoleis shown in Section

8.8while exceptsfrom theoutputfiles rSQPppAlgo.out , rSQPppSummary.ou t and

rSQPppJournal.ou t areshown in Sections8.8–8.8.

Notethatthecontentof theoutputmaybedifferenta morecurrentversionof rSQP++

thantheoneusedatthetimeof thiswritting. However, thegenerallayoutof theinformation

will begenerallythesame.

Input file rSQPpp.opt

begin_options

options_group rSQPppSolver {

test_nlp = true; *** (default)

* test_nlp = false;

print_algo = true; *** (default)

* print_algo = false;

algo_timin g = true; *** (default)

* algo_timing = false;

configurat ion = mama_jama; *** (default)

* configuration = interior_po int;

}

options_group rSQPSolverClientIn terface {

* max_iter = 1000; *** (default?)

* max_iter = 3;

* max_run_time = 1e+10; *** (default?)

* opt_tol = 1e-6; *** (default?)

opt_tol = 1e-8; *** (default=1e-6)

* feas_tol = 1e-6; *** (default?)

feas_tol = 1e-10; *** (default=1e-6 )

* step_tol = 1e-2; *** (default?)

* journal_output_lev el = PRINT_NOTHING; * No output to journal from algorithm
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* journal_output_lev el = PRINT_BASIC_ALGORITHM_INFO; * O(1) information usually

journal_ou tput_level = PRINT_ALGORITHM_STEPS; * O(iter) output to journal (default)

* journal_output_lev el = PRINT_ACTIVE_SET; * O(iter*nact) output to journal

* journal_output_lev el = PRINT_VECTORS; * O(iter*n) output to journal (lots!)

* journal_output_lev el = PRINT_ITERATI ON_QUANTITIES; * O(iter*n*m) output to journal (big lots!)

* journal_print_digi ts = 6; *** (default?)

check_resu lts = true; *** (costly?)

* check_results = false; *** (default?)

}

options_group DecompositionSyste mStateStepBuilderS td {

null_space _matrix = AUTO; *** Let the solver decide (default)

* null_space_matrix = EXPLICIT; *** Store D = -inv(C)*N explicitly

* null_space_matrix = IMPLICIT; *** Perform operations implicity with C, N

range_spac e_matrix = AUTO; *** Let the algorithm decide dynamically (default)

* range_space_matrix = COORDINATE; *** Y = [ I; 0 ] (Cheaper computation ally)

* range_space_matrix = ORTHOGONAL; *** Y = [ I; -N’*inv(C’) ] (more stable)

max_dof_qu asi_newton_dense = 500; *** (default=-1, let the solver decide)

}

options_group rSQPAlgo_ConfigMam aJama {

quasi_newt on = AUTO; *** Let solver decide dynamical ly (default)

* quasi_newton = BFGS; *** Dense BFGS

* quasi_newton = LBFGS; *** Limited memory BFGS

* line_search_method = AUTO; *** Let the solver decide dynamically (default)

* line_search_method = NONE; *** Take full steps at every iteration

line_searc h_method = DIRECT; *** Use standard Armijo backtracking

* line_search_method = FILTER; *** Filter

}

options_group NLPTester {

* print_all = true;

print_all = false; *** (default)

}

options_group NLPFirstDerivative sTester {

* fd_testing_method = FD_COMPUTE_ALL;*** Compute all of the derivatives (O(m))

fd_testing _method = FD_DIRECTIONAL; *** Only compute along random directions (O(1))

num_fd_dir ections = 1; *** [fd_testing_method == DIRECTIONAL]

warning_to l = 1e-10;

error_tol = 1e-5;

}

options_group CalcFiniteDiffProd {

* fd_method_order = FD_ORDER_ONE; *** Use O(eps) one sided finite differences

* fd_method_order = FD_ORDER_TWO; *** Use O(epsˆ2) one sided finite differences

* fd_method_order = FD_ORDER_TWO_CENTRAL; *** Use O(epsˆ2) two sided central finite differences

* fd_method_order = FD_ORDER_TWO_AUTO; *** Uses FD_ORDER_TWO_CENTRAL or FD_ORDER_TWO

* fd_method_order = FD_ORDER_FOUR; *** Use O(epsˆ4) one sided finite differences

fd_method_ order = FD_ORDER_FOUR_CENTRAL;*** Use O(epsˆ4) two sided central finite differences

* fd_method_order = FD_ORDER_FOUR_AUTO; *** (default) Uses FD_ORDER_FOUR_CENTRALor FD_ORDER_FOUR

* fd_step_select = FD_STEP_ABSOLUTE; *** (default) Use absolute step size fd_step_size

* fd_step_select = FD_STEP_RELATIVE; *** Use relative step size fd_step_size * ||x||inf

* fd_step_size = -1.0; *** (default) Let the implementa tion decide

* fd_step_size_min = -1.0; *** (default) Let the implementation decide.

* fd_step_size_f = -1.0; *** (default) Let the implementation decide

* fd_step_size_c = -1.0; *** (default) Let the implementation decide

* fd_step_size_h = -1.0; *** (default) Let the implementation decide

}

end_options
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Consoleoutput

Thefollowing is outputto theconsole.

$ ./solve_exam ple_nlp.rel --nD=30000 --bw=10 --nI=400 --diag-scal=1 e+4 --xo=10.0

************** ******************

*** Start of rSQP Iterations ***

n = 30400, m = 30000, nz = 599910

k f ||c||s ||rGL||s QN #act ||Ypy||2 ||Zpz||2 ||d||inf alpha

---- --------- --------- --------- -- ---- -------- -------- -------- --------

0 1.5e+006 1.2e+007 1.2e+002 IN 0 2e+003 4e+005 2e+003 0.001

1 7.1e+005 1.1e+007 41 SK 0 1e+003 1e+005 6e+002 0.01

2 7.7e+004 3.7e+006 0.35 SK 0 2e+002 2e+002 6 1

3 3.2e+004 1.1e+006 0.23 SK 0 1e+002 8e+001 3 1

4 1.5e+004 3e+005 0.64 SK 0 6e+001 1e+002 6 1

5 4.4e+003 5.1e+004 2.4 SK 0 8e+001 4e+002 8 0.1

6 2.5e+003 3.3e+004 0.4 SK 0 3e+001 4e+001 2 1

7 8e+002 9.6e+003 0.03 SK 0 3e+001 1 0.2 1

8 4.5e+002 6e+002 0.6 SK 0 1 3e+001 2 1

9 0.78 1.2e+002 0.014 UP 0 1 0.1 0.01 1

k f ||c||s ||rGL||s QN #act ||Ypy||2 ||Zpz||2 ||d||inf alpha

---- --------- --------- --------- -- ---- -------- -------- -------- --------

10 0.012 3.3 0.019 SK 0 0.01 0.2 0.02 1

11 2.1e-007 0.12 8.7e-005 UP 0 0.0002 0.0006 9e-005 1

12 3.4e-015 2.1e-005 3.6e-008 UP 0 2e-008 8e-008 4e-008 1

---- --------- --------- --------- -- ----

13 6.3e-024 1.5e-012 3.3e-012 - - 1e-015 - -

Total time = 6e+001 sec

Jackpot! You have found the solution!!!!! !

Number of function evaluations:

-------------- -----------------

f(x) : 96

c(x) : 96

Gf(x) : 15

Gc(x) : 15

Solution Found!

Output file rSQPppAlgo.out

************** ****************** ****************** ***************** *

*** Algorithm information output ***

*** ***

*** Below, information about how the the rSQP++ algorithm is ***

*** setup is given and is followed by detailed printouts of the ***

*** contents of the algorithm state object (i.e. iteration ***

*** quantities ) and the algorithm description printout ***

*** (if the option rSQPppSolver: :print_algo = true is set). ***

************** ****************** ****************** ***************** *

*** Echoing input options ...

...
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*** Setting up to run rSQP++ on the NLP using a configurat ion object of type ’class ReducedSpa ceSQPPack::rSQPAlg o_ConfigMamaJama’ ...

************** ****************** ****************** ***************

*** rSQPAlgo_C onfigMamaJama configuration ***

*** ***

*** Here, summary information about how the algorithm is ***

*** configured is printed so that the user can see how the ***

*** properties of the NLP and the set options influence ***

*** how an algorithm is configured. ***

************** ****************** ****************** ***************

*** Creating the rSQPAlgo algo object ...

*** Setting the NLP and track objects to the algo object ...

*** Probing the NLP object for supported interfaces ...

Detected that NLP object supports the NLPFirstOrde rInfo interface!

range_space_ma trix == AUTO:

(n-r)ˆ2*r = (400)ˆ2 * 30000 = 505032704 > max_dof_quasi_ne wton_denseˆ2 = (500)ˆ2 = 250000

setting range_space_mat rix = COORDINATE

*** Setting option defaults for options not set by the user or determined some other way ...

null_space_mat rix_type == AUTO: Let the algorithm deside as it goes along

*** End setting default options

*** Sorting out some of the options given input options ...

...

quasi_newton == AUTO:

nlp.num_bounde d_x() == 0:

n-r = 400 <= max_dof_qu asi_newton_dense = 500:

setting quasi_newton == BFGS

...

*** Creating the state object and setting up iteration quantity objects ...

*** Creating and setting the step objects ...

Configuring an algorithm for a nonlinear equality constrained NLP ( m > 0 && mI == 0 && num_bounded_x == 0) ...

*** Algorithm Steps ***

1. "EvalNewPoi nt"

(class ReducedSpace SQPPack::EvalNewPo intStd_Step)

2. "RangeSpace Step"

(class ReducedSpace SQPPack::RangeSpac eStepStd_Step)

2.1. "CheckDecompositio nFromPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)

2.2. "CheckDecompositio nFromRPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromRPy_ Step)

2.3. "CheckDescentRange SpaceStep"

(class ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)

3. "ReducedGra dient"

(class ReducedSpace SQPPack::ReducedGr adientStd_Step)

4. "CalcReduce dGradLagrangian"

(class ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)

5. "CheckConve rgence"

(class ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)

6.-1. "CheckSkipBFGSUpd ate"

(class ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)

6. "ReducedHes sian"

(class ReducedSpace SQPPack::ReducedHe ssianSecantUpdate Std_Step)

7. "NullSpaceS tep"
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(class ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

8. "CalcDFromY PYZPZ"

(class ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)

9.-2. "LineSearchFullSt ep"

(class ReducedSpace SQPPack::LineSearc hFullStep_Step)

9.-1. "MeritFunc_Penalt yParamUpdate"

(class ReducedSpace SQPPack::MeritFunc _PenaltyParamUpda teMultFree_AddedSt ep)

9. "LineSearch "

(class ReducedSpace SQPPack::LineSearc hFailureNewDecomp ositionSelection_S tep)

*** NLP ***

class NLPInterfacePack: :ExampleNLPBanded

*** Iteration Quantities ***

...

*** Algorithm Description ***

1. "EvalNewPoi nt"

(class ReducedSpace SQPPack::EvalNewPo intStd_Step)

*** Evaluate the new point and update the range/null decomposit ion

if nlp is not initialized then initialize the nlp

if x is not updated for any k then set x_k = xinit

if m > 0 and Gc_k is not updated Gc_k = Gc(x_k) <: space_x|spac e_c

if mI > 0 Gh_k is not updated Gh_k = Gh(x_k) <: space_x|space_h

if m > 0 then

For Gc_k = [ Gc_k(:,equ_de comp), Gc_k(:,equ_ undecomp) ] where:

Gc_k(:,equ_deco mp) <: space_x|spa ce_c(equ_decomp) has full column rank r

Find:

Z_k <: space_x|space_nu ll s.t. Gc_k(:,equ_deco mp)’ * Z_k = 0

Y_k <: space_x|space_ra nge s.t. [Z_k Y_k] is nonsigular

R_k <: space_c(equ_deco mp)|space_range

s.t. R_k = Gc_k(:,eq u_decomp)’ * Y_k

if m > r : Uz_k <: space_c(equ_un decomp)|space_nul l

s.t. Uz_k = Gc_k(:,equ_undeco mp)’ * Z_k

if m > r : Uy_k <: space_c(equ_un decomp)|space_ran ge

s.t. Uy_k = Gc_k(:,equ_undeco mp)’ * Y_k

if mI > 0 : Vz_k <: space_h|space _null

s.t. Vz_k = Gh_k’ * Z_k

if mI > 0 : Vy_k <: space_h|space _range

s.t. Vy_k = Gh_k’ * Y_k

begin update decomposition (class ’class ReducedSpac eSQPPack::Decompos itionSystemHandler VarReductPerm_Stra tegy’)

*** Updating or selecting a new decomposit ion using a variable reduction

*** range/null decomposition object.

...

end update decomposition

if ( (decomp_sys_ testing==DST_TEST)

or (decomp_sys_ testing==DST_DEFAU LT and check_resu lts==true)

) then

check properties for Z_k, Y_k, R_k, Uz_k, Uy_k, Vz_k and Vy_k.

end

end

Gf_k = Gf(x_k) <: space_x

if m > 0 and c_k is not updated c_k = c(x_k) <: space_c

if mI > 0 and h_k is not updated h_k = h(x_k) <: space_h

if f_k is not updated f_k = f(x_k) <: REAL

if ( (fd_deriv_test ing==FD_TEST)

or (fd_deriv_test ing==FD_DEFAULT and check_results== true)

) then

check Gc_k (if m > 0), Gh_k (if mI > 0) and Gf_k by finite differences .

end

2. "RangeSpace Step"

(class ReducedSpace SQPPack::RangeSpac eStepStd_Step)

*** Calculate the range space step

py_k = - inv(R_k) * c_k(equ_decomp)
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Ypy_k = Y_k * py_k

2.1. "CheckDecompositio nFromPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)

...

2.2. "CheckDecompositio nFromRPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromRPy_ Step)

*** Try to detect when the decomposit ion is becomming illconditioned

...

2.3. "CheckDescentRange SpaceStep"

(class ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)

*** Check for descent in the decomposed equality constraints for the range space step

...

3. "ReducedGra dient"

(class ReducedSpace SQPPack::ReducedGr adientStd_Step)

*** Evaluate the reduced gradient of the objective funciton

rGf_k = Z_k’ * Gf_k

4. "CalcReduce dGradLagrangian"

(class ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)

*** Evaluate the reduced gradient of the Lagrangian

if nu_k is updated then

rGL_k = Z_k’ * (Gf_k + nu_k) + GcUP_k’ * lambda_k( equ_undecomp)

+ GhUP_k’ * lambdaI_k(ine qu_undecomp)

else

rGL_k = rGf_k + GcUP_k’ * lambda_k(equ_und ecomp)

+ GhUP_k’ * lambdaI_k(ine qu_undecomp)

end

5. "CheckConve rgence"

(class ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)

*** Check to see if the KKT error is small enough for convergence

if scale_(opt|feas| comp)_error_by == SCALE_BY_ONEthen

scale_(opt|feas |comp)_factor = 1.0

else if scale_(opt| feas|comp)_error_b y == SCALE_BY_NORM_2_X then

scale_(opt|feas |comp)_factor = 1.0 + norm_2(x_k)

else if scale_(opt| feas|comp)_error_b y == SCALE_BY_NORM_INF_X then

scale_(opt|feas |comp)_factor = 1.0 + norm_inf(x_k)

end

if scale_opt_error_ by_Gf == true then

opt_scale_facto r = 1.0 + norm_inf(Gf_k)

else

opt_scale_facto r = 1.0

end

opt_err = norm_inf(rGL_k)/op t_scale_factor

feas_err = norm_inf(c_k)

comp_err = max(i, nu(i)*(xu( i)-x(i)), -nu(i)*(x(i)-xl( i)))

opt_kkt_er r_k = opt_err/scal e_opt_factor

feas_kkt_e rr_k = feas_err/sc ale_feas_factor

comp_kkt_e rr_k = feas_err/sc ale_comp_factor

if d_k is updated then

step_err = max( |d_k(i)|/(1+|x_k( i)|), i=1..n )

else

step_err = 0

end

if opt_kkt_err_k < opt_tol

and feas_kkt_err_k < feas_tol

and step_err < step_tol then

report optimal x_k, lambda_k and nu_k to the nlp

terminate, the solution has beed found!

end

6.-1. "CheckSkipBFGSUpd ate"
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(class ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)

*** Check if we should do the BFGS update

...

6. "ReducedHes sian"

(class ReducedSpace SQPPack::ReducedHe ssianSecantUpdate Std_Step)

*** Calculate the reduced hessian of the Lagrangian rHL = Z’ * HL * Z

...

7. "NullSpaceS tep"

(class ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

*** Calculate the null space step by solving an unconstrainted QP

qp_grad_k = rGf_k + zeta_k * w_k

solve:

min qp_grad_k’ * pz_k + 1/2 * pz_k’ * rHL_k * pz_k

pz_k <: Rˆ(n-r)

Zpz_k = Z_k * pz_k

nu_k = 0

8. "CalcDFromY PYZPZ"

(class ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)

*** Calculates the search direction d from Ypy and Zpz

d_k = Ypy_k + Zpz_k

9.-2. "LineSearchFullSt ep"

(class ReducedSpace SQPPack::LineSearc hFullStep_Step)

if alpha_k is not updated then

alpha_k = 1.0

end

x_kp1 = x_k + alpha_k * d_k

f_kp1 = f(x_kp1)

c_kp1 = c(x_kp1)

9.-1. "MeritFunc_Penalt yParamUpdate"

(class ReducedSpace SQPPack::MeritFunc _PenaltyParamUpda teMultFree_AddedSt ep)

*** Update the penalty parameter for the merit function to ensure

*** a descent direction a directional derivatieve.

*** phi is a merit function object that uses the penalty parameter mu.

...

9. "LineSearch "

(class ReducedSpace SQPPack::LineSearc hFailureNewDecomp ositionSelection_S tep)

do line search step : class ReducedSpaceSQPPack::LineSearchDire ct_Step

*** Preform a line search along the full space search direction d_k.

Dphi_k = merit_func_nlp_ k.deriv()

if Dphi_k >= 0 then

throw line_search_fa ilure

end

phi_kp1 = merit_func_nlp _k.value(f_kp1,c_k p1,h_kp1,hl,hu)

phi_k = merit_func_nlp_k .value(f_k,c_k,h_k ,hl,hu)

begin direct line search (where phi = merit_func_n lp_k): "class ConstrainedOp timizationPack::Di rectLineSearchArmQ uad_Strategy"

*** start line search using the Armijo cord test and quadratic interpolat ion of alpha

...

end direct line search

if maximum number of linesearch iterations are exceeded then

throw line_search_fa ilure

end

end line search step

if thrown line_search_failur e then

if line search failed at the last iteration also then

throw line_search_failur e

end
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new decomposition selection : class ReducedSpaceSQPPack::NewDecomposit ionSelectionStd_St rategy

if k > max_iter then

terminate the algorithm

end

Select a new basis at current point

x_kp1 = x_k

alpha_k = 0

k=k+1

goto EvalNewPoi nt

end new decomposition selection

end

10. "Major Loop" :

if k >= max_iter then

terminate the algorithm

elseif run_time() >= max_run_time then

terminate the algorithm

else

k = k + 1

goto 1

end

************** ****************** ****************** *************

Warning, the following options groups where not accessed.

An options group may not be accessed if it is not looked for

or if an "optional" options group was looked from and the user

spelled it incorrectly:

Output file rSQPppSummary.out

************** ****************** ****************** ***************** *

*** Algorithm iteration summary output ***

*** ***

*** Below, a summary table of the SQP iterations is given as ***

*** well as a table of the CPU times for each step (if the ***

*** option rSQPppSolver ::algo_timing = true is set). ***

************** ****************** ****************** ***************** *

*** Echoing input options ...

...

*** Setting up to run rSQP++ on the NLP using a configurat ion object of type

’class ReducedSpace SQPPack::rSQPAlgo_ ConfigMamaJama’ ...

test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derInfo interface ...

... end testing of nlp

************** ******************

*** Start of rSQP Iterations ***

n = 30400, m = 30000, nz = 599910

k f ||Gf||inf ||c||inf ||rGL||inf quasi-Newton ...

---- ------------ ------------ ------------ ------------ ------------ ...

0 1.52e+006 10 1.20897e+007 1353.69 initialized ...

1 713384 11.7743 1.10232e+007 524.977 skiped ...

...
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12 3.37179e-015 3.63585e-008 2.08817e-005 3.63585e-008 updated ...

---- ------------ ------------ ------------ ------------ ------------ ...

13 6.34035e-024 3.27386e-012 1.51859e-012 3.27386e-012 - ...

Number of function evaluations:

-------------- -----------------

f(x) : 96

c(x) : 96

Gf(x) : 15

Gc(x) : 15

************** **********

**** Solution Found ****

total time = 61.9129 sec.

************** ****************** ******

*** Algorithm step CPU times (sec) ***

Step names

----------

1) "EvalNewPoi nt"

2) "RangeSpace Step"

3) "ReducedGra dient"

4) "CalcReduce dGradLagrangian"

5) "CheckConve rgence"

6) "ReducedHes sian"

7) "NullSpaceS tep"

8) "CalcDFromY PYZPZ"

9) "LineSearch "

10) Iteration total

steps 1...10 ->

iter k 1 2 3 4 5 6 7 8 9 10

-------- -------- -------- -------- -------- -------- -------- -------- -------- -------- --------

0 18.96 0.2031 0.1093 0.0001131 0.01497 0.2985 2.189 0.009146 0.2678 22.06

1 2.398 0.1752 0.11248.409e-005 0.002709 0.002098 0.1186 0.006983 0.294 3.111

2 2.399 0.1757 0.1116 7.99e-005 0.002728 0.002192 0.1183 0.007003 0.04079 2.857

3 2.421 0.175 0.11348.297e-005 0.002717 0.002115 0.1183 0.006929 0.04122 2.881

4 2.428 0.172 0.1108 7.99e-005 0.002711 0.02247 0.1181 0.006949 0.041 2.902

5 2.404 0.1748 0.1115 8.13e-005 0.002742 0.002087 0.1183 0.006936 0.07081 2.892

6 2.443 0.1714 0.1094 7.99e-005 0.002707 0.002139 0.1156 0.006912 0.0409 2.892

7 2.397 0.1747 0.1115 7.99e-005 0.002715 0.00211 0.1184 0.006978 0.04138 2.855

8 2.415 0.1749 0.11158.046e-005 0.002724 0.002148 0.141 0.007056 0.04127 2.896

9 2.403 0.1752 0.11158.102e-005 0.002751 0.3873 0.1167 0.006928 0.0412 3.244

10 2.42 0.1715 0.10928.185e-005 0.002711 0.002126 0.1159 0.006915 0.04102 2.869

11 2.416 0.1747 0.11148.269e-005 0.002704 0.02088 0.118 0.006951 0.04134 2.892

12 2.402 0.1753 0.11168.018e-005 0.02678 0.02145 0.1156 0.006994 0.04093 2.9

13 2.404 0.1749 0.11158.185e-005 0.008906 0 0 0 0 2.699

-------- -------- -------- -------- -------- -------- -------- -------- -------- -------- --------

total(sec) 50.32 2.468 1.557 0.001169 0.08058 0.7677 3.622 0.09268 1.044 59.95

av(sec)/k 3.594 0.1763 0.11128.351e-005 0.005756 0.05483 0.2587 0.00662 0.07455 4.282

min(sec) 2.397 0.1714 0.1092 7.99e-005 0.002704 0 0 0 0 2.699

max(sec) 18.96 0.2031 0.1134 0.0001131 0.02678 0.3873 2.189 0.009146 0.294 22.06

% total 83.93 4.118 2.596 0.00195 0.1344 1.281 6.041 0.1546 1.741 100

-------------- ----------------

total CPU time = 59.95 sec

...
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Output file rSQPppJournal.out

************** ****************** ****************** ***************** *

*** Algorithm iteration detailed journal output ***

*** ***

*** Below, detailed information about the SQP algorithm is given ***

*** while it is running. The amount of informatio n that is ***

*** produced can be specified using the option ***

*** rSQPSolver ClientInterface::j ournal_output_leve l (the default ***

*** is PRINT_NOTHING and produces no output) ***

************** ****************** ****************** ***************** *

*** Echoing input options ...

...

*** Setting up to run rSQP++ on the NLP using a configurat ion object of type

’class ReducedSpace SQPPack::rSQPAlgo_ ConfigMamaJama’ ...

test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derInfo interface ...

************** ****************** ******

*** test_nlp_f irst_order_info(.. .) ***

************** ****************** ******

Testing the vector spaces ...

Testing nlp->space_x() ...

nlp->space_x() checks out!

Testing nlp->space_c() ...

nlp->space_c() checks out!

************** ****************** ******

*** NLPTester: :test_interface(.. .) ***

************** ****************** ******

nlp->force_xin it_in_bounds(true)

nlp->initializ e(true)

*** Dimensions of the NLP

nlp->n() = 30400

nlp->m() = 30000

nlp->mI() = 0

*** Validate the dimensions of the vector spaces

check: nlp->space_x()-> dim() = 30400 == nlp->n() = 30400: true

check: nlp->space_c()-> dim() = 30000 == nlp->m() = 30000: true

check: nlp->space_h().g et() = 00000000 == NULL: true

||nlp->xinit() ||inf = 1.00000000 e+001

*** Validate that the initial starting point is in bounds ...

check: xl <= x <= xu : true

xinit is in bounds with { max |u| | xl <= x + u <= xu } -> -1.00000000e+050

check: num_bounded(nlp- >xl(),nlp->xu()) = 0 == nlp->num_bo unded_x() = 0: true

Getting the initial estimates for the Lagrange mutipliers ...

||lambda||inf = 0.00000000e+000

*** Evaluate the point xo ...

f(xo) = 1.52000000e+006
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||c(xo)||inf = 1.20897308e+007

*** Report this point to the NLP as suboptimal ...

*** Print the number of evaluations ...

nlp->num_f_eva ls() = 1

nlp->num_c_eva ls() = 1

Calling nlp->calc_Gc(.. .) at nlp->xinit() ...

Calling nlp->calc_Gf(.. .) at nlp->xinit() ...

Comparing products Gf’*y Gc’*y and/or Gh’*y with finite difference values FDGf’*y, FDGc’*y and/or FDGh’*y for random y’s ...

****

**** Random directional vector 1 ( ||y||_1 / n = 5.0074135 7e-001 )

***

rel_err(Gf’*y, FDGf’*y) = rel_err(6.530405 59e+002,6.5304055 9e+002) = 1.93477565e-011

rel_err(sum(Gc ’*y),sum(FDGc’*y)) = rel_err(2.20905 038e+008,2.209050 38e+008) = 1.37878129e-013

Congradulation s! All of the computed errors were within the specified error tolerance!

... end testing of nlp

************** ****************** ****

*** rSQPppSolv er::solve_nlp() ***

************** ****************** ****

*** Starting rSQP iterations ...

(0) 1: "EvalNewPoint"

x is not updated for any k so set x_k = nlp.xinit( ) ...

||x_k||inf = 1.000000e+ 001

Updating the decomposit ion ...

...

Printing the updated iteration quantities ...

f_k = 1.520000e+006

||Gf_k||inf = 1.000000e+001

||c_k||inf = 1.208973e+007

*** Checking derivative s by finite differences

Comparing products Gf’*y and/or Gc’*y with finite-differe nce values FDGf’*y and/or FDGc’*y for random y’s ...

****

**** Random directional vector 1 ( ||y||_1 / n = 4.995094e -001 )

***

rel_err(Gf’*y, FDGf’*y) = rel_err(1.959355 e+002,1.959355e+0 02) = 4.408797e-01 0

rel_err(sum(Gc ’*y),sum(FDGc’*y)) = rel_err(4.73714 7e+008,4.737147e+ 008) = 5.088320e-0 13

For Gf, there were 1 warning tolerance violations out of num_fd_dir ections = 1 computations of FDGf’*y

and the maximum violation was 4.408797e-0 10 > Gf_waring_to l = 1.000000e-010

Congradulation s! All of the computed errors were within the specified error tolerance!

(0) 2: "RangeSpaceStep"
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||py|| = 1.000000e+00 1

||Ypy||2 = 1.732051e+00 3

(0) 2.1: "CheckDecompos itionFromPy"

beta = ||py||/||c|| = 8.271483e- 007

(0) 2.2: "CheckDecompos itionFromRPy"

beta = ||(Gc(decomp)’*Y )*py_k + c_k(decomp)||inf / (||c_k(decomp)|| inf + small_number )

= 5.587935e-009 / (1.208973e+007 + 2.225074e- 308)

= 4.622051e-016

(0) 2.3: "CheckDescentR angeSpaceStep"

Gc_k exists; compute descent_c = c_k(equ_decomp)’* Gc_k(:,equ_decomp )’*Ypy_k ...

descent_c = -4.369965e+ 018

(0) 3: "ReducedGradient "

||rGf||inf = 1.353686e+ 003

(0) 4: "CalcReducedGrad Lagrangian"

||rGL_k||inf = 1.353686e+003

(0) 5: "CheckConvergenc e"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE)

scale_feas_fac tor = 1.000000e+00 0 (scale_feas_erro r_by = SCALE_BY_ONE)

scale_comp_fac tor = 1.000000e+00 0 (scale_comp_erro r_by = SCALE_BY_ONE)

opt_scale_fact or = 1.100000e+001 (scale_opt_error_ by_Gf = true)

opt_kkt_err_k = 1.230623e+002 > opt_tol = 1.000000e-00 8

feas_kkt_err_k = 1.208973e+007 > feas_tol = 1.000000e-01 0

comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6

step_err = 0.000000e+000 < step_tol = 1.000000e-00 2

Have not found the solution yet, have to keep going :-(

(0) 6.-1: "CheckSkipBFG SUpdate"

(0) 6: "ReducedHessian"

Basis changed. Reinitializing rHL_k = eye(n-r) ...

(0) 7: "NullSpaceStep"

||pz_k||inf = 1.353686e+003

||Zpz_k||2 = 4.271437e+005

(0) 8: "CalcDFromYPYZPZ "

(Ypy_k’*Zpz_k) /(||Ypy_k||2 * ||Zpz_k||2 + eps) = 9.979894e -001

||d||inf = 2.471247e+00 3

(0) 9.-2: "LineSearchFu llStep"

f_k = 1.520000e+ 006

||c_k||inf = 1.208973e+ 007

alpha_k = 1.000000e+ 000

||x_kp1||inf = 2.461247e+003

f_kp1 = 9.123131e+010

||c_kp1||inf = 4.579853e+013

(0) 9.-1: "MeritFunc_Pe naltyParamUpdate"
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Update the penalty parameter...

Not near solution, allowing reduction in mu ...

mu = 8.286385e-006

(0) 9: "LineSearch"

Begin definition of NLP merit function phi.value(f (x),c(x)):

*** Define L1 merit funciton (assumes Gc_k’*d_k + c_k = 0):

phi(f,c) = f + mu_k * norm(c,1)

Dphi(x_k,d _k) = Gf_k’ * d_k - mu * norm(c_k,1)

end definition of the NLP merit funciton

Dphi_k = -7.389329e+008

Starting Armijo Quadratic interpolation linesearch ...

Dphi_k = -7.38932862e+0 08

phi_k = 4.52030000e+006

itr alpha_k phi_kp1 phi_kp1-fr ac_phi

---- -------------- -- ------------ ---- ---------- ------

0 1.00000000e+0 00 1.14557884e +013 1.14557839e+013

1 1.00000000e-0 01 1.34428112e +010 1.34382983e+010

2 1.00000000e-0 02 2.53185818e +007 2.07990207e+007

3 1.31074052e-0 03 3.44902601e +006 -1.071177 14e+006

alpha_k = 1.310741e-003

||x_kp1||inf = 1.177433e+001

f_kp1 = 7.133842e+005

||c_kp1||inf = 1.102321e+007

phi_kp1 = 3.449026e+006

(1) 1: "EvalNewPoint"

...

(13) 5: "CheckConvergen ce"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE)

scale_feas_fac tor = 1.000000e+00 0 (scale_feas_erro r_by = SCALE_BY_ONE)

scale_comp_fac tor = 1.000000e+00 0 (scale_comp_erro r_by = SCALE_BY_ONE)

opt_scale_fact or = 1.000000e+000 (scale_opt_error_ by_Gf = true)

opt_kkt_err_k = 3.273859e-012 < opt_tol = 1.000000e-00 8

feas_kkt_err_k = 1.518593e-012 < feas_tol = 1.000000e-01 0

comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6

step_err = 0.000000e+000 < step_tol = 1.000000e-00 2

Jackpot! Found the solution!!!! !! (k = 13)
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E A Simple Convention for the Specification of Linear-

Algebra Function Prototypesin C++ using Vector and

Matrix Objects

A simple conventionfor the specificationof C++ function prototypesfor linear alge-

bra operationswith vectorsandmatricesis described.This convention leadsto function

prototypesthatarederiveddirectly from themathematicalexpressionsthemselves(andare

thereforeeasyto remember),allow for highly optimizedimplementations(throughinlin-

ing in C++),anddonot rely onany sophisticatedC++ techniquessothatevennoviceC++

programscanunderstandanddebug throughthecode.

Intr oduction

Linearalgebracomputationssuchasmatrix-vectormultiplicationandthesolutionof linear

systemsserveasthebuilding blocksfor numericalalgorithmsandconsumethemajorityof

theruntimeof numericalcodes.Theselinearalgebraabstractionstranscenddetailssuchas

matrixstorageformats(of which therearemany) andlinearsystemsolvercodes(sparseor

dense,director iterative). Primarylinearalgebraabstractionsincludevectorsandmatrices

and the operationsthat can be performedwith them. C++ abstractionsfor vectorsand

matricesabound.

Giventhatconvenientvectorandmatrix abstractionsaredefined,Vec andMat for in-

stance,thereis a needto implementBLAS-like linearalgebraoperations.GiventhatC++

hasoperatoroverloading, it wouldseemreasonableto implementtheseoperationsusinga

Matlabc
°

likenotation. For example,thematrix-vectormultiplication ±³²�±�´�µ G·¶ might

be representedin C++ with the statementy = y + trans( A) * x (the character’

cannot be usedfor transposesinceit is not a C++ operator).Matlab is seenby many in

thenumericalcomputational community to betheideal for therepresentationof linearal-

gebraoperationsusingonly ASCII characters[33]. The advantagesof suchan interface

areobvious. It is almostthesameasstandardmathematicalnotation,which makesit very

easyto matchthe implementation with theoperationfor theapplicationprogrammer, and

makesthe codemucheasierto understand.The primary disadvantagefor this in C++ is

279



that the straightforward implementation requiresa lot of overheadbecauseoperatorsare

implementedin a binary fashion.For example,for theoperationy = y + trans( A)

* x , a temporarymatrix ( ¸)¹ overhead)andtwo temporaryvectors( ºX¸ overhead)would

becreatedby thecompiler. Specifically, thecompilerwouldperformthefollowing opera-

tions:Mat t1 = trans (A); Vec t2 = t1 * x; Vec t3 = y + t2; y =

t3; . Attemptshave beenmadeto comeup with a strategy in C++ to implementopera-

tionslike y = y + trans(A) * x in a way wherelittl e overheadis requiredbeyond

a direct BLAS call [87]. It is relatively easyto implementtheseoperatorfunctionswith

only a litt le constant-timeoverheadfor asmallsetof linearalgebraoperations[112,pages

675-677]. However, for moreelaborateexpressions, a compile time expressionparsing

methodis needed.Somehave advocatedpreprocessingtools,while othershave lookedat

usingC++’s templatemechanisms[119], [87]. In any case,thesemethodsarecomplex and

not trivial to implement.Also, compilersarevery fickle with respectto methodsthatrely

on templates.Perhapsin the futurewhenmany C++ compilersimplement theANSI/ISO

C++ standard[112], suchmethodsmaybemoreportableandreliable. But for now, such

methodsarenot really appropriatefor generalapplicationdevelopment. Methodsbased

on runtime parsingarealsopossiblebut addmoreof a runtimepenalty. Aliasing is also

anotherbig problem. For example,supposewe allow usersto write expressions like the

following:

±»² ¶ ´u¼w´O½W¾ G ´O¿;±
An efficientparserthattriesto minimizetemporarieswill haveto scantheentireexpres-

sionandrealizethat ±À²�¿;± mustbeperformedfirst andthenno temporariesareneeded.

A naive parsermay perform ±C² ¶ first andthenresult in an incorrectevaluation. The

problemis that the moreefficient the parserthe morecomplicatedit is andthe harderit

will befor inexperiencedusersto debug throughthiscode.

Without usingoperatoroverloading to allow application codeto usesyntaxlike y =

y + trans(A) * x , how can linear algebraoperationsbe implementedefficiently?

Thesimple answeris to useregularfunctions(memberor non-member) inlined to call the

BLAS. For example,for the operation±u²Á±³´�µ G¤¶ , onemight provide a function like

add to multi ply transp ose(A,x,& y); . It is trivial to implementsuchafunction

280



Function Call

y += alpha * A’ * x Â Ã ÄWÅ ÆÇ Ç Ç ÇÈÇÈÇÉÇ Ç Ç Ç Ç
V Ê�Ë�Ì�Íp S t M t V ( &y, alpha, Ê Ë�Ì ÍA, trans, x ) Î�Ï Vp StMtV(&y,a lpha,A,tra ns,x)

Function Prototype
void Vp StMtV( Vec* vs lhs, double alpha

, const Mat& gms rhs1, BLAS Cpp::Tr ansp trans rhs1

, const Vec& vs rhs2);

FigureE.1. Exampleof thelinear algebranaming convention forÐ ` H  ^Ñ G g
to call theBLAS with no overheadif a goodinlining C++ compileris used.Theproblem

with usingfunctionsis thatit is difficult to comeupwith goodnamesthatuserscanremem-

ber. For example,the above operationhasbeencalledBlas Mat Vec Mult(...) in

LAPACK++ [91], vm multadd (...) in Meschach++[95], andmult(... ) in MTL

[73]. Evenknowing thenamesof thesefunctionsis not enough.You mustalsoknow the

ordertheargumentsgo in andhow arethey passed.

Convention for specifyingfunction prototypes

Herewe considera convention for constructing C++ function prototypes.The function

prototypesareconstructedaccordingto thisconvention wherethenameof thefunctionand

theorderof theargumentsis easilycomposedfrom themathematicalexpressionitself. To

illustratetheconvention, considertheoperation±³²0±M´�½Òµ G6¶ . First,rewrite theoperation

in theform ±m´�²�½Óµ G ¶ (this is well understoodby C, C++ andPerlprogrammers).Next,

translateinto Matlab-like notationasy += alpha*A’* x (exceptMatlabdoesnot have

theoperator+=). Finally, for Vec objectsy andx anda Mat objectA, the functioncall

and its prototypeare shown in Figure E.1. The type BLAS Cpp::Tran sp shown in

this function prototype is a simpleC++ enum with the valuesBLAS Cpp::tran s or

BLAS Cpp::no trans .
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Operation Character (Lower Case)

=(assignment,equals) (underscore)

+=(plusequals) p

+(addition,plus) p

- (subtraction,minus) m

* (multiplication,times) t

Operand Type Character (Upper Case) Ar gument(s)

Scalar S double

Vector V (rhs)const Vec&

(lhs)Vec*

Matrix M (rhs)const Mat&, Transp

(lhs)Mat*

Figure E.2. Namingconvention for linear algebra functions in

C++

FigureE.2givesa summaryof this convention.Given this convention, it is easyto go

backandforth betweenthemathematicalnotationandthefunctionprototype.For example,

considerthefollowing functioncall andits mathematicalexpression:

Mp StMtM( &C, alpha , A, no trans, B, trans )²bÔÕ ´À²�½Òµ�Ö£×
Onedifficulty with thisconvention is dealingwith Level-2andLevel-3 BLAS thathave

expressionssuchas:Õ ²A½ op­�µ�¯ op­9ÖD¯)´ ¿Ø.Ù�Ú.Û
?

Õ
(xGEMM)

Given ¿}Ü²K® we cannot simply rewrite theabove BLAS operationusing+=. To deal

with thisproblem,¿ is movedto theendof theargumentlist andhasadefault valueof 1.0

asshown below:
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Mp StMtM( &C, alpha , A, trans A, B, trans B , betaØ Ù�Ú Û
defau lt to 1.0

)

Only exact equivalents to the Level-2 and Level-3 BLAS needbe explicitly imple-

mented(i.e. Vp StMtV (...) andMp StMtM(...) ). Functionsfor simplerexpres-

sionscanbe generatedautomatically usingtemplatefunctions. As an example, consider

thefollowing linearalgebraoperationandits functioncall:±»²�µ ¶ (xGEMV ÝÞ±³²A½ op­ªµw¯ ¶ ´O¿;± )²bÔ
V MtV( &y, A, no trans, x )

In the above example, the templatefunction V MtV(...) can be inlined to call

Vp StMtV(... ) which in turncanbeinlinedto call theBLAS functionDGEMV(... ) .

Theuseof theseautomaticallygeneratedfunctionsmakestheapplicationcodemoreread-

ableandalsoallows for specializationof thesesimpleroperationslater if desired. The

implementationof theabovetemplate functionV MtV(...) is trivial andis givenbelow:

template<clas s M_t, class V_t>

inline void V_MtV(V_ t* y, const M_t& A, BLAS_Cpp::Tra nsp trans_A, const V_t& x)

{

Vp_StMtV( y, 1.0, A, no_trans , x, 0.0 );

}

Longerexpressionssuchas ±D²A½Óµß× ¶ ´dÖDà areeasilyhandledusingmultiple function

callssuchas:±»²A½Òµ�× ¶ ´@ÖDà²bÔ
V StMtV( &y, alpha, A, trans , x );

Vp MtV( &y, B, no trans, z );

Asstatedabove,only thebaseBLAS operationsVp StMtV(. ..) (e.g.xGEMV(... ) )

andMp StMtM(.. .) (e.g. xGEMM(...) ) mustbeimplementedfor thespecificvector

andmatrix typesVec andMat . For example,if thesearesimple encapulationsof BLAS

compatibleserialvectorsandmatrices(e.g. TNT style) thenthecall the theBLAS func-
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tions canbe written astemplatefunctionsfor all serialdensevectorandmatrix (column

oriented)classes.For example:

template< class M_t, class V_t>

inline void Vp_StMtV( V_t* y, double alpha, const M_t& A, BLAS_Cpp::T ransp trans_A

, const V_t& x, double beta = 1.0 )

{

DGEMV( trans_A == no_trans ? ’N’ : ’T’, rows(A), cols(A), alpha

,&A(1,1 ), &A(1,2) - &A(1,1) , &x(1), &x(2) - &x(1), beta

,&(*y)( 1), &(*y)(2) - &(*y)(1) );

}

Of coursethe above function would alsohave to handlethe caseswhererows( A)

and/orcols(A) was1 but thebasicideashouldbeclear. By calling rows(... ) and

cols(.. .) as nonmember functions, they can be overloadedto call the appropriate

memberfunctionson thematrixobjectsincethereis notstandard.

WhenVec andMat arepolymorphictypeswecanuseatrick to implementVp StMtV(.. .)

andMp StMtM(.. .) usingmemberfunctions.For example:

class Vec { ... }

...

class Mat {

public:

virtual void Vp_StMtV( V_t* y, double alpha, BLAS_Cpp::Tra nsp trans_A

, const V_t& x, double beta ) const = 0;

...

};

...

inline void Vp_StMtV( Vec* y, double alpha, const Mat& A, BLAS_Cpp::T ransp trans_A

, const Vec& x, double beta = 1.0 )

{

A.Vp_StMtV( y,alpha,trans_ A,x,beta);

}

Using theseinlinednon-memberfunctionsthereis no extra overheadbeyond the in-

avoidablevirtual function calls. In this way thereis consistentcalling of linear algebra

operationsirregardlesswhetherthevectorandmatrixobjectsareconcreteor abstract.
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Conclusions

In summary, this convention makesit easyto write out correctcallsto linearalgebraoper-

ationswithout having to resortto complex operatoroverloading techniques.After all, the

mainappealfor operatoroverloading is to make it easyfor usersto rememberhow thecall

linearalgebraoperationsandto makewrittencodeeasierto read.Theconventiondescribed

in this papermeetsbothof thesegoalsandalsoresultsin codethatis easyfor noviceC++

developersto understandanddebug. Debuggingcodecaneasilytake longerthanwriting it

in thefirst place.Whenconcreteabstractionsof denselinearalgebratypesareused,it was

shown thatthesefunctionsdo not have to impose any overheadbeyonddirectBLAS calls

if inlining is used.Whenpolymorphicvectorandmatrix typesareused,inlining to call the

virtual functionsalsoresultsin noextra overhead.
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F Unified Modeling Language(UML) Quick ReferenceGuide

The Unified Modeling Language(UML) is a newly standardizedgraphicallanguagefor

Object-Orientedmodeling(http://www.omg.org).

UML :  Types of Diagrams

Structural / Static Diagrams / Models

•  Class Diagrams (Object Diagrams) : Abstractions and relationships

•  Package Diagrams : Organizational Units

Dynamic / Behavioral Diagrams / Models

• Interaction Diagrams : Object interactions dur ing scenar ios

• Sequence Diagrams : Stresses sequences of events

• Collaboration Diagrams : Stresses object relationships

• Activity Diagrams (extended flowcharts) 

• State (Transition) Diagrams : State specific behavior of a class
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UML Structural Entities :  Classes and Objects

C l a s s N a m e

This is a note about this classattribute_name : type = init_value

operation(arg_name:type = init_value )

nam e
at t r ibu tes

op erat i ons

no te
l i nk

no te

o b j e c t N a m e  :  C l a s s N a m e

attribute_name :value

ob jec t name class name

:  C l a s s N a m e

c lass name

o b j e c t N a m e

ob jec t name Object
Object

C l a s s N a m e

nam e Class
C l a s s N a m e

operation(arg_name:type = init_value )

nam e

op erat i ons

Class

Class (General Form)

Object (General Form)

UML Structural Diagrams :  Class & Object with Relationships

q u a l i f i e r

C l a s s 1ass oc i at i on

C l a s s 2

D e r i v e d C l a s s 3

C l a s s 4

1

1...*

mul t ip li c i t y

gen eral i zat ion

dep end en cy

C l a s s 5

1...*

1

nav igat ion

com po s i t io n

S c h o o l

T e a c h e r

1

1...*

c lass d i ag ram

s o u t h M i d d l e  :  S c h o o l

J e n B o b

:  S c h o o l

:  T e a c h e r

ob j ec t d i ag ram
(exp li c i t )

ob j ec t d i ag ram
(general )

Class Diagram

Object Diagram

qual i f i ed
ass oc i at i on
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UML Structural Diagrams :  Packages Diagrams

C l a s s 1

C l a s s 2

1

Package1

1...*

Package Package Diagram

Package1

Package2

Package3

«import»

d e p e n d a n c y

s t e r e o t y p e

UML Dynamic Diagrams : Interaction Diagrams

o b j e c t 1  :  C l a s s 1

o b j e c t 3

o b j e c t 2Cl ient

1: operation1(...)  →

1.2: operation1(...)  ↓

operat ion n ame
di rec t i on

1.2.1: operation1(...)  →
1.2.1.1: operation2(...)  ←

ac to r

nam e

sequence number

1.1: operation1(...)  →

o b j e c t 1  :  C l a s s 1 o b j e c t 2 o b j e c t 3

Cl ient

operation1(...)

operation1(...)

operation1(...)

operation2(...)

l i fe l i ne
t i me

message

message

ac t i vat ion

operation1(...)

c a l l recuss ion

Coll aborat ion Diagram

Sequence Diagram
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