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Abstract

Threeyearsof large-scald?DE-constrainedptimizationresearctanddevelopmentare
summarizedn this report. We have develgpedan optimizatian framework for 3 levels of
SAND optimization and developeda powerful PDE prototyping tool. The optimizatbn
algorithns have beeninterfacedandtestedon CVD problemsusinga chemicallyreacting
fluid flow simulata resultingin an orderof magnitude reductionin computetime over a
blackboxmethod.Sandias simulaton ernvironmentis reviewedby characterizinggachdis-
cipline andidentifying a possilte targetlevel of optimization. BecauseSAND algorithrrs
aredifficult to teston actualproduction codes,a symbolicsimulabr (Sundancejvasde-
velopedandinterfacedwith areduced-spacgequentiauadratiqorogrammingramework
(rSQP++)to provide a PDE prototypng ervironment. The power of Sundance/rSQP+is
demonstratedly applyingoptimizationto a seriesof differentPDE-basegroblems In ad-
dition, we shov themeritsof SAND method$y comparingsevenlevels of optimizatian for
asource-inversian problemusingSundancandrSQP++.Algorithmic resultsarediscussed
for hierarchicalcontrol methods.The designof aninterior point quadraticprogramming
solveris presented.
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Chapter 1

Intr oduction

This reportpresentghe resultsof a three-yearesearchprojectto investgatealgorithns
andsoftwarefor the solution of optimization problemsconstrainedy partial differential
equationgPDE). We refer to theseproblemsas PDE-constrainedptimizationproblems,
or PDECO.Ouremphasisiasbeenon developing algorithmsfor large-scalgproblemsand
theuseof parallelcomputers.

Several examplesof PDECOareoptimal estimaton of materialparametersgiven ex-
perimentaldataand a physical model; optimal designof a device given a simulator and
thedefinitionof anobjectve; nondestrudve detectionof defectsanddeterminatiorof the
sourceof a contaminantgivena flow anddispersiormodel. All of theseproblemsexhibit
large numbersof stateanddesignvariablesandcanbe statedn the generaform

minirlrtlize fy,u)

subjectto: c(y, u) = 0 (PDECO)

whereu is thesetof parameterso bedeterminedndy is thevectorof “state” variablesor
the PDE systenrepresentetly theconstraini:(y, u) = 0. Theobjectvefunctionmeasures
the discrepang thatwe wish to reduceor, in otherproblems the designcriteriawe wish
to improve. In this report,we concentraten equalityconstraintspur work on inequality
constraintgs lesswell developed. We assumehat given ary value of the parametersy,
we cancomputethe correspondingtatevariablesy.

Two generalapproachesor solving suchproblemsare available. The first is to use
an existing PDE solver for the constraintdo computey asa function of v andevaluate
f(y(u),u). Thisapproachreferredto asthe “black-box” approachis easyto usebecause
it requiresno modificationto an existing PDE simuator, but restrictsthe choiceof opti-
mizationalgorithmto thosethatareslowly corvergentfor PDECOtype problems.Ideally,

11



we would lik e to usea methodthatcorvergesquickly to the optimum value,but rapidcon-
vergenceusuallyrequiresthe computatiorof the gradientof the objective function f with
respectto . The compuation of this gradient,however, requiresthe knowledgeof the
derivative of y(u) with respecto u andthis informationis not often availablefrom mary
traditional PDE solvers. Furthermorejt is often extremelydifficult, if notimpossble as
a practicalmatter to modify the PDE solver to computethis information. For theseand
otherreasongdetailedin chapter2) black-boxmethodsaretypically restrictedto smaller
sizeproblemsjn particularsmalkr designspaces.

Thesecondoossbility is alreadysuggestd by theabove discussionnamely to modify
the PDE solver to obtainthe neededgradient,sensitvity, and adjointinformation. The
ability to do this opensup a wide variety of more efficient optimization techniquesand
providesthe tools to addressnuch larger problems. The demonstratiorof the power of
this approachwasthe major thrustof our work. The conclusionto draw is thatPDE and
simulation softwareshouldbe designedvith optimizatian in mind to enablethis power to
beappliedto themary interestingandimportantSNL problemsdescribedelov. Onefacet
of our researcthasbeento develop a PDE framework that gives optimizationalgorithns
unprecedentedontroloverthe PDE processes.

Black-boxmethodsarealsoreferredio asnestedanalysisanddesign(NAND) andchar
acterizethe majority of currentSNL approachesThe ability to interfaceseamlesslyvith
ary simulatian codeis anobvious key strengthof theblack-boxmethodsand,coupledwith
arangeof algoritrmsandframewnorks,suchDAK OTA [37, 38, 39], have beenableto solve
comple engineeringdesignproblems As notedabove, however, mary limitationsto this
stratgy remain, but the continuedexistenceof PDE codesfor which gradientinforma-
tion is not availablehasspurredotherresearchat SNL in patternsearchmethoddo try to
improve theefficiency of thesesolversfor problemswyherethereareno otherchoiceqg57].

Optimization methodghatareableto obtaingradient,adjoint,andsensitvity informa-
tion from the PDE solver canoftenbeevenmoresuccessfuby notrequiringexactsolution
of theconstrainequationsateachiteration. Thisis especiallymportantin problemsw~vhere
the PDE constraintsarenonlinear In suchcasesthe constraing areonly completelysat-
isfiedin thelimit ascornvergenceto the optimal parameterss achieved. Thusthis strateyy
is calledsimultaneousnalysisanddesign(SAND) [94] [83]. Thesemethodshave great
potentialfor solving large PDECOproblems.Therearemary assumptnsassociateavith
theapplicationof SAND algorithns to productionsimulation codesandprobablythe most
obvious disadantages the implemenation costnecessaryo equip PDE solvers with the
necessaryacilities to computegradientinformation. NeverthelessPDECO may be the
only optionto addresdarge designspaces.
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1.1 Stateof the Field

To putourwork into context, we briefly surwey the historicaldevelopnentandcurrentstate
of algorithnms andsoftwarefor PDECO.

1.1.1 Algorithms and applications

Severalareaf researcthave motivatedthedevelopmentof PDEconstraineaptimizaton,
including shapeoptimizaton in computaibnal fluid dynamcs|[2] [8] [43] [44] [21] [22]

materialinversonin geophysts[81] [82] [3], dataassimilatonin regionalweathermpredic-
tion modeling[124] [74], structuraloptimizaton [86] [92] [93], and control of chemical
processefl7]. A completediscussia of all the aforementionedliscipinesis beyondthe
scopeof the report. Shapeoptimizationin computatbnal fluid dynamics(CFD), however,

hasamguablymadethelargestcontritutionstowarddirectandadjointsensitvities, whichis

oneof theimportantpiecesof information neededy SAND algorithms andwe therefore
provide a brief backgroundf somekey developments.

In generalthe shapeoptimizationproblemfor CFD is extremely expensve sincethe
standardsoluion approachrequiresthe completesolution of compuationally expensve
flow equationgor eachoptimizationiteration. Pironeatfirst studedderivatve-basedghape
optimizationusingthe adjointformulation for minimum dragfor both Stokesandincom-
pressibleNavier-Stokesflow [90]. Jamesorappliedthe adjointmethodto shapeoptimiza-
tion usingthe Eulerequationg62]. Numerougesultshave sincebeenpublishedon shape
optimization[79] [5] [6] [7] [14] [32], including compressibléNavier-Stokes simulations
shapeoptimizaton of threedimensonalwings[75] . Differentsolution procedurehave
beenattemptedo try to improve the corvergenceof shapeoptimizaton algorithms. A
“one-shot-methad was introducedearly in the 1990 which usedmulti-grid methods
wherethe optimization and forward problemswere solved with differentlevels of grid
fidelity [114]. Typically, the optimizationproblemsweresolvedon coarsemeshesThese
methodsstill requiredcompletecorvergenceof the flow codefor eachoptimizationiter-
ation, but could be consideredhefirst attempttoward SAND methods.Theresultwasa
significantreductionof the overall solutiontime.

SAND wasintrodwcedin the early eightiesand nineties[52] [94] [83] andhasdevel-
opedmomentumasthestate-of-the-amnethoalogyfor optimizationof large-scalesimula-
tion problems.Significantresultshave beengeneratedor SAND method, in particularfor
theserialcasg2] [61] [8] [43] [114][12] [67]. Lessrapidadvanceshave beenmadein the
areaof parallelPDE-constrainedptimization. The primary reasorfor this slow progress
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is thatforward simulation codedevelopmenthasonly recentlyreacheda high level of ma-
turity. Combinedwith the continung growth in compuger capabilitiesjarge-scalePDECO
for parallelapplicationsis now animportant areaof researci44] [20] [21] [22]. Most
paralleldevelopments however, involve specialtysimulaton codesconnectedo tailored
optimizationmethodstherebyavoiding someof theinterfacingissueghatareencountered
with legagy productioncodes.One of our primary goalswasto addresgheseinterfacing
issuesandalthoughinterfacingremaingproblematt, we have madesignificantprogressn
our softwaretoolsandgeneralunderstandingf productionPDE simulatas.

Transiensimuationposeg/etanothetevel of difficulty to large-scald®’DE-constrained
optimization. One of the main obstacless the efficient calculationof sensitvities in a
time-steppng schemdor large designspaces Several approachesanbe consideredpne
of which is to utilize sensitvity calculationsfor differentiablealgebraicequationgDAE)
for reduced-gradierdalculations By corvertinga PDE systemto DAES, variousmethods,
suchasmultiple shooting canusedto discretizein time[89] [46]. Eventhoughlarge DAE
systemscanbe solved, thesemethod arelimited to small numberof designparameters.
Foralargenumberof desigrnvariablesadjointsensitvity in transiensimuationshave been
consideredbut arenotefficientbecausef thelarge storagerequirementsThisresultsfrom
theneedo integratebackwardin timeto calculateheadjointvector whichrequiresstorage
of theforwardproblems soluion ateverytime step[64] [53]. A recentandmostpromisig
resultfrom Akcelik et al [3] demongrateda full spaceGauss-Neton methodin which
they efficiently solved a 2.1 million variableinversian problemusingthe transientwave
equation.Finally, work in the areaof time decomposithn and control alsohasproduced
promising algorithis andresults[54].

1.1.2 Software

While progresshasbeenmadein developing algorithns for PDECO,the spreadof these
algorithns to productionsoftware hasbeenslow becauseof the tight coupling required
betweenoptimizer and PDE simuation software. Althoughlittle work hasbeendoneon
softwareframevorksfor PDE-constrainedptimizationand,with theexceptionof thework
presentedn this report, virtually no work hasbeendoneon object-orientedramenorks
for PDECO,several attemptshave beenmadeto collect PDECOalgorithmsin libraries
(Veltistoand TRICE) [21] [22] [34]. An encouragindrendis thatoptimizationcodesare
startingto be written in termsof flexible linear algebrainterfacessuchas PETSc[9], the
EquationSolver Interface(ESI) [103], theHilbert ClassLibrary (HCL) [51], rSQP++10],
Trilinos [55] andthe Trilinos Solver Frameavork (TSF) [56]. Similarly on the PDE sim-
ulation side, the stateof the art is evolving away from codesspecializedo a particular
discipline and toward general-purposéramenorks suchas SIERRA and Nevada[111].
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Identifying the additionalchangego the designof both optimization software and PDE
simulatorsthatwill berequiredfor theuseof PDECOhasbeenamajorfocusof thisLDRD
project.

1.2 Accomplishmentsof this Projed

1.2.1 Classificationof PDECO Problems

Large-scalePDE-constrainedptimization comesin mary forms andthe variety of algo-
rithms and interfacing mechanismgresentsa complex rangeof optionsfor a heteroge-
neoussimulaton environmentsuchas the one that exists at SNL. To achieve a general
approactor SAND optimizationfor alargerangeof simulation codess alofty challenge,
becausédy definition SAND methodsleveragethe linear algebraof the simulaton code
andthereforeeachinterfaceneedso be customdesigned.This researctprojectaddresses
theseinterfacing problemsthrougha variety of softwaretools and establisles a system-
atic nomenclatee andapproachor the consideratiorof SAND optimization. Chapter2
will introducea sequencef levels of couplingbetweenPDE solver and optimizer, with
Level 0 beingthemostlooselycoupledandLevel 6 beingthe mosttightly coupledandpo-
tentiallyyielding thehighestperformanceCurrently mostSandiaapplicationsarecapable
of LevelsO and1l only.

Chapter2 containsa discussio of the mathematal foundationsof PDECO,and a
systematt enumeratiorof the levels at which PDE and optimizatbon codescan be cou-
pled. Briefly, Level 0 is the mostloosely coupledblack-boxalgorithm and Level 6 is
the mosttightly coupledfull-spacealgorithm,which potentally yieldsthe highestperfor
mance. Currently mostSandiaPDE applicationsare capableof Levels0 and1 only. In
Chapter3 we discussthe generalsimulaton ervironmentat Sandiaand possibiities for
PDECOin variousdisciplines. In Chapter7 we shav performanceresultsfor different
levelsof PDECO.

1.2.2 Software Development

Software is a major challengein PDECO, and much of our work hasbeento develop
softwaretoolsthatwill aid the explorationof researchdeasin PDECO,provide guidance
for future developrrent of production-qualig PDECOcapability and provide immediate
PDECO capability for Sandiaproblems. Thesetools have beendesignedrom the start
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with PDECOandinteroperabilityin mind. We have developed:

e A softwareframewnork (rSQP++) for solving reduced-spaceDECOproblems.

e A softwareframenork (Split/O3D)for solving full-spaceandinequality-congained
PDECOproblems.

e A PDE simulaton componentystem(Sundance}hat is capableof providing the
additioral operationgequiredby themorestronglycoupledlevels of PDECO.

¢ AninterfacebetweenSQP++andanexisting productionPDEcode MPSalsayhich
allows SAND capabilitythroughLevel 4.

All of thesetools have beenimplementedn C++, all inter operatevia the Trilinoslinear
algebracomponentsandall have parallelcapability

1.2.3 Numerical Experiments

We have conductechumericalexperimentsto evaluatethe differentlevels of PDECO.In
Chapter5, we shawv resultsof Level 4 (c.f. Chapter2) coupling betweenthe rSQP++
optimizeranda Sandiaproductioncode,MPSalsa.This resultedin an orderof magnitude
speedupelative to a Level 1 “black box” method. Theseexperimentshave alsogivenus
insight into the accurag requiredin Jacobiancalculations. In Chapter7, we presenta
suney of PDECOproblemssolved usingrSQP++andSundanceBecauseof Sundances
very flexible nature,we have beenableto explore all levels of couplingfor PDECO;as
with MPSalsagoingto Level 4 yieldsanorderof magnitule speedupelative to Level 1,
andthengoingto thehighestdegreeof coupling(atthis point, possibleonly throughusing
Sundancasthe PDE solver), Level 6 yieldsa furtherorderof magnitudespeedugbeyond
Level 4. Figurel.1and1.2 shav the resultsof a numericalexperimentsolving a source
inversionproblemconstrainedoy a corvection diffusion problem. Large differencesn
numericalefficienciescanbe be obseredateachlevel of optimizaton.

1.2.4 Hierarchical Control

Although not originally part of the proposal,an interestirg classof problemsarosethat
we spentsometime considering.In particular it often occursin applicationghatthereis
morethanoneobjective. The so-called‘'multi-objective” optimizatian problemhassome
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specialpropertiesvhenthe constraintarePDEs.Supposefor example,onewantsto drill
awell into anaquiferto helpin preventingcontaminantérom enteringa city watersystem.
Theprimaryobjectiveis to reducethe contamirantsin the systembelown a giventhreshold.
Secondarybjectives mayincludeminimizing cost,minimizingthetimeto completionand
minimizing the amountof watertaken out of theaquifer Thereis no singleway to handle
the multi-objective problem,but, building on work donein thearea,we wereableto shav
how a formulation, called“hierarchicalcontrol; thattakesinto accountanorderingof the
objectves canyield soluionsthataresignificantly smoothermandthusmoreusefulin mary
applications Thiswork is describedn Chapter8 wherewe demonstraté¢he effectiveness
of ourfull-spaceSAND approachon a problemwith significantinequalityconstrains.

1.3 Conclusionsand Recanmendaions

With theincreasingpower of ourmassvely parallelcompuing platformsandtheincreasing
sophistcationof our PDE-basedimulatonscomesanincreasingdemandor optimizaton
procedureshatcanexploit thispowerto improve designssignificantly to controlprocesses
better andto solve comple< inversionproblemamorerapidly. As we have indicatedabove,
traditional, NAND approacheto solve PDECOproblemsarenot up to thetaskandtradi-
tional PDE solversarenotdesignedvith optimizationin mind andthusaredifficult to use
with fastermethods.The majorresultof this researctprojectis a demongtationthatthe
potentialspeedupesultingfrom modernSAND approachesanbeachiered. Thisdemon-
strationwasmadepossibleby developing a powerful PDE ervironmentandtwo adwvanced
optimizationcodeswhichwereto nontrivial problems For SNL to realizefully this poten-
tial will requirechangesn how SNL developsits simulationcodesandPDE solvers. The
following recommendatisaddressheseissues.

1.3.1 Recommendations

1. Becauseof the large speedugresultingfrom sensitvities and SAND optimizaton,
futuresimulatas andPDE solversshoutl bedesignedvith optimizationin mindand,
in particular with enhancementthat include gradients,sensitvities, and adjoins.
Thesefeaturesaredifficult to addasanafterthought Along thesesamelines, Sierra
andNevadashouldbe extendedo includethesecapabilities

2. rISQP++andSplit/O3Dshouldbefurtherdevelopedandalsointerfacedwith DAK OTA.
DAKOQOTA is alreadyinterfacedwith SIERRA, andwill eventwally be interfacedto
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Nevada,sotherSQP++/Split/O30nterfaceto DAK OTA will facilitatePDECOwith
SIERRAandNevada.

. Thedevelopmentof Sundancesa prototyping andrapid developmentervironment
for parallelPDECOshouldbe continued.In addition,the possbility of interfacing
the Sundanceymbolic problemdefinitioncapabilitywith SierraandNevadashould
beexploredasa pathto providingimproved PDECOcapabilityto thoseframeworks.

. SNL shouldemphasizehe developnent of framevorks andtoolsin C++ in atrue
object-orientednanner Developersshouldbe encouragedo exploit existing frame-
works suchasDAKQOTA, rSQP+, Trilinos, and TSF andto developinter-operable
components

. Incorporatethe sensitvity procedureshatwe have demongatedwith MPSalsanto
on-goingprojectssuchasXyce andPremo.

. Extendthe researchand tools begun hereto transientproblems,inequality con-
straints,andreal-timeoptimization.

. Apply PDECOtechnologyto homelandsecurityapplicatiors suchasimproving the
responseo chemical/biolgical/radiologicalattackson facilities, water distribution
networks,andurbanfacilities.
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Figure 1.1. Numerical Resultsfor Sourcelnversionfor Corvec
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Chapter 2

Mathematical Overview: Sensitvities
and Levelsof Optimization

2.1 Overview

An introducton of the appropriatemathematicss presentedo emphasizeéhe important
linear algebraiccomponentshat are necessaryor interfacingvariouslevels of optimiza-
tion methodsThisdiscusgn is primarily designedo providethe PDE developer with the
fundamentaknowledgefor consideringnoreefficient waysof solving optimizationprob-
lems. Optimization method are classifiedinto two main cateyories,NAND and SAND,
eachof which are further broken down to additional levels. The optimizatian levels de-
fine differentinterfacesfor achieving higherefficiency. The calculationof the derivatves
(sensitvities) of “state” variableswith respecto “design”variabless acrucial steptoward
more efficient levels of optimization using so-calledreduced-spacenethods The incor
porationof differenttypesof sensitvities determinewhich levels of NAND and SAND
optimizationarepossibé.

We considerequality-congstinednonlineamprogramgNLPs) of theform

min  f(y,u) (2.1.1)
Y,u

st e(y,u)=0 (2.1.2)
where:
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y € R™

u € R™

fly,u) : Rm*™m) 4 R
c(y,u) : RMwHme) 4 R,

Equation(2.1.2)representa setof nonlinearsimulaton equationsvhichwereferto as
theconstaints In thisnotationc(y, v) is avectorfunctionwhereeachcomponent;; (y, u),
j = 1...n,, represents nonlinearscalarfunction of the variablesy andu. Here,u are
often calledthe design(or control,inversion)variableswhile y arereferredto asthe state
(or simuation) variables. Note that the numberof statey anddesignu variablesaren,,
andn, respectrely. A typical simulation coderequiresthat the userspecifythe design
variablesu andthenthe squaresetof equations:(y,u) = 0 is solvedfor y. In the opti-
mizationproblemin (2.1.1)—(2.1.2) f(y, u) is a functionthat we seekto minimize while
satisfyingthe constraintsthis functionis calledthe objectivefunctionor justthe objective
In an optimization problem,the designvariablesu areleft asunknovns which aredeter
mined,alongwith thestategy, in thesoluion of (2.1.1)—(2.1.2)In someapplicationareas,
the partitionirg into stateanddesignvariablesis fixed andknown a priori, while in other
applicationareaghe selectionrmaybearbitrary

Herewe discusgheissuesnvolvedin modifying anexisting simulationcodeor devel-
opinganew codethatcanbe usedto solve optimizationproblemsefficiently usingvarious
levelsof gradient-basedhethods

Thedevelopmenteffort requiredto implementthe neededunctionalityfor asimulaton
codeto be usedin a gradient-basedptimizationalgorithmvariesdependingon the level
of optimizationmethod.Thegoalof thisdiscussn is to be preciseaboutwhattherequire-
mentsare for a simulaton codefor differentlevels of intrusive optimization. We define
intrusive optimizationasmethodghatrequiremoreinformationfrom the simulationcode
andmay requiremoreeffort to interface.We startwith sensitvities for thelower-level op-
timization method andthenmove onto thesensitvities for themoreinvasive, higherlevel
methods. This discusgn shouldgive the readersomeideawhat the expectedimprove-
mentsin performanceanbeby goingto higherlevel optimizaton methods An additional
goal of this treatments to motivate simulaton applicationdevelopersto considerthe po-
tential of higherlevel optimization methodsandto studyoptimization methodsn further
detail. Referenxcesaremadeto morethoroughdiscussonsof specificoptimizationmethods
andresultsfrom variousapplicationareador theinterestedeader

We shouldalso mentian that all of the variouslevels of optimization methodsthat
are discussecere can also handleextra constraintsheyond the stateconstrains shovn
in (2.1.2).Fromthe standpoinbf anapplication developer thesensitvity requirementsor
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theseextraconstraintarethesameasfor theobjective function. In generalthesametypes
of computaibnsthatmustbe performedfor the objective functionmustalsobe performed
for the extra constraints The handlingof theseextra constraintss not describechere,but

is describedn the contet of reduced-spacB8QPin Section4.1.3.

2.2 Implicit State Solution and Constraint Sensitvities

The setof nonlinearequations:(y, u) = 0 canbe solvedfor y usinga variety of methods.
Usingthesoluion methodit is possibé to defineanimplicit function

y=y(u), st.c(y,u) = 0. (2.2.3)

The definition in (2.2.3) simdy implies that for arny reasonableselectionof the design
variablesu, the solution methodcan computethe statesy. Note that evaluatng this im-
plicit functionrequiresacompletesimulationor “analysis”to be performedoy thesolution
method.The costof performingthe analysismayonly beanO(n,) computatio in a best-
case-scenaridyut for mary applicationsthe compleity of the analysissolution is much
worse.

In the remainderof this section,we derive the sensitvities of the statesy with respect
to thedesigns: asrelatedthroughtheimplicit function(2.2.3).We begin with afirst-order
Taylor expanson of ¢(y, u) about(yg, ug) givenby

dc 0

c
c(y, u) = c(yo, ug) + a—yéy + %(M + O(|18y|]*) + O(||6u|*) (2.2.4)

where:

3—; is asquareR"™-by-R™ Jacobiarmatrix evaluatedat (yo, uo)
% is arectangulaiR™-by-R"* Jacobiammatrix evaluatedat (yq, u).

In this notation,the Jacobiamatrix 3—5 is definedelement-wises

oc dc; .
- =—,forj=1...n,,l=1...n,.
<8y)(j,l) By, J y y

If the matrix % existsandis nonsngularthenthe implicit functiontheorem([80, B.9]
stateghatthe impﬁlicit functionin (2.2.3)existsandis well definedin a neighborhod of
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a solution (yo, ug). In someapplicatiors, the matrlx < is alwaysnonsinglar in regions
of interest. In otherapplicationareaswherethe selectlonof stateanddesignvariablesis
arbitrary the variablesare partitionedinto statesanddesignsasedon the non-singuérity
of g—;. Note that the only requiremenftor the latter caseis for the Jacobiarof ¢(y, u) to
befull rank. In any casewe will assumdor theremainderof this discusson that, for the
given selectionof statesand designsthe matrlx |s nonsinglar for every point (y, u)

consideredy anoptimizationalgorithm The non sngIarlty of @ allows usto compute
arelationshp betweenchangesn y with changesn u. If we requwethattheresidualnot
changgi.e.c(y, u) = ¢(yo, uo)) thenfor sufficiently smalléy anddu thehigherorderterms
canbeignoredand(2.2.4)gives

oc oc

sy + Lou = 2.2.
5,00+ g0u="0 (2.2.5)

If % is nonsingilar thenwe cansolve (2.2.5)for
Y

oy=—— —ou. (2.2.6)

The matrix in (2.2.6) representshe sensitvity of y with respectto v (for ¢(y,u) =

constanf which defines
8y dc ' oc

ou_ Oy Ou
We referto the matrix g—z in (2.2.7)asthedirectsensitiviy matrix.

(2.2.7)

2.3 NAND

Now considerhow the above canbe usedto help solve optimization problemsof theform
(2.1.1)—(2.1.2). The implicit function y(u) allows the nonlinearelimination of the state
variablesy andthe constrains ¢(y, u) = 0 to form thereducedbjectivefunction

flu) = fly(u),u). (2.3.8)

This nonlineareliminationleavesthefollowing unconstrainedptimizationproblemin the

spaceof the designvariablesonly: X
min f(u). (2.3.9)

The unconstrainedptimization problemin (2.3.9) can be solved using a variety of
methodsNotethateachevaluationof f(u) requiresthe evaluationof y(u) whichinvolves
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acompletesimulationor analysigo solvec(y, u) = 0 for y. Thereforeacompleteanalysis
is nestednsideof eachoptimization or designiteration. Optimizaton approachesf this
typearebroadlycategorizedasnestedanalysisanddesignor NAND.

NAND optimization approacheshat do not compue gradientswill be referredto as
level-0 approachesind, as mentionedin the chapterl, are generallyrestrictedto search
methods.Thesewill notbediscussedurtherhere.As we will seebelow, thereareseveral
higherlevel approachethatusesensitvities (i.e. derivatives).

Gradient-basedptimizationmethoddor (2.3.9)requirethecompuationof thereduced
gradient

O ¢ gixm, (2.3.10)
ou

Thereareseveralrelatively fastoptimizationmethodghatrely only onthereducedyradient
in (2.3.10)suchasquasi-Nevton method (i.e. BFGS[85, Chapte8]). Thesemethodsan
achiese superlinearratesof corvergencewhenw is of moderatedimension A general
outlinefor theseoptimizaton algorithns is givennext in Algorithm 2.3.1.

Algorithm 2.3.1 : Outline for NAND Algorithmsfor Unconstained Optimizaton

1. Initialization: Chooseolerancen € IR andtheinitial guessu, € R™, setk =0
2. Sensitiviy computation Computethereducedyradient g—f aty = y(ug), u = ug

3. Corvemgenceched: If Hg—iH < n thenstop,soluion found!

4. Stepcomputation Computedu € R™ s.t. 3_55“ <0
5. Globalization: Find steplengtha thatensuesprogressto the soluion

6. Updatethe estimateof the solution:
Upy1 = Up + @ Ou
k=k+1
gotostep2

A simpe choicefor the stepcomputaibn in step4 of Algorithm 2.3.1is the steepest

;T
descentlirectiondu = —% for which therequireddescenpropertyholds

~ ~ AT
of . 0f0f
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if g—i # 0. Most quasi-Nevton methodscomputea searchdirectiondu by maintainng a

;T
positive-definitematrix B andthencomputngdu = —B—l% (whichis alsoeasyto show
hasthedescenproperty).

The simplestway to computethe reducedgradientis to usefinite differences. For
example,usingone-sidedinite differencesgachcomponenbf the reducedgradientcan
be approximateds

—= i =1...0, 2.3.11
5 - ) 0 n ( )

2

(af> Pt een) ui + ee) — f(y(us), u)

NAND optimizationapproacheghatusefinite differencesasin (2.3.11)will bereferredto
aslevel-1approaches.

2.3.1 Exact ReducedGradients

The majordravbackof optimizatian approacheshatrely on thefinite-differencereduced
gradientin (2.3.11)is thatn, analysesrerequiredperoptimizationiterationandtheaccu-
racy of thecomputedptimalsolutionis degradedbecausef thetruncationerrorinvolved

with finite differences.

An alternatve approachis to computethe reducedgradientin a more efficient and
accuratemanner Theexactreducedgradientof f(u) = f(y(u), u) is

of _afoy  of

= = 2.3.12
Oou Oydu Ou ( )

where:

&L is aR"™™ row vectorof thegradientw.r.t. y evaluatedat (yx, ux)

% is aR"™ row vectorof thegradientw.r.t. u evaluatedat (i, uy)

andg—g is thedirectsensitvity matrixdefinedin (2.2.7).By substititing (2.2.7)into (2.3.12)
we obtain .
of _ _9foeoc , of
ou  Oydy Ou Ou
Thefirst termin (2.3.13)canbe computedn oneof two ways. Thefirst approachcalled

the direct sensitivityapproad, is to computethe direct sensitvity matrix g—z = —3—5_1%

(2.3.13)

26



first and then computethe product%%. The advantageof this approachis that mary

simulation codesare alreadysetupto solwve for linear systemswith g—; sincethey usea
Newton-type methodto solve the analysisproblem. The disadwarntageof the direct sensi-
tivity approachs thatto form g—z, n, linear systemamustbe solved with theJacobiang—;

for eachcolumn of % asa right-handside. This is generallya greatimprovementover
thefinite-differencereducedgradientin thatthe solutian of an,, linearsystemswith g—; is
cheapethana full simulationto evaluatey(u) andtheresultingreducedgradientis much
more accurate. Optimizatian algorithmsthat usethis direct sensitvity NAND approach
will bereferredto aslevel-2 optimizaton methods.

The secondapproactfor evaluating (2.3.13),calledthe adjoint sensitvity apprach, is
to compute
N
oy Oy

first, followed by the formation of the product)\Tg—Z. The columnvector \ is calledthe
vectorof adjoint variables(or the Lagrangemultipliers, see(2.4.16)). The advantageof
this approachis that only a single solve with the matrix g—;T is requiredto compue the
exact reducedgradient. This removes the O(n,,) compleities of the level-1 and level-
2 optimization approaches However, at leastone completeanalysisis still requiredper
optimizationiterationto computey = y(u) in step2 of Algorithm 2.3.1. Thedisadwantage
of the adjoint sensitvities approachis that simulation codeswhich solve linear systems
with the Newton Jacobiang—; may not be ableto solve a linear systemefficiently with its
transposelt canbeamajorundertakingo reviseasimuationcodeto solvewith transposed
systemsespeciallyif the Jacobiaris a parallelobject. NAND approacheghatuseadjoint
sensitvitieswill be cateyorizedaslevel-3 optimizaton methods.

€ Rv (2.3.14)

2.4 SAND

To this pointwe have only consideredNAND optimizationapproachethatrequireatleast
onefull simulaton problemc(y,u) = 0 be solved at every optimizationiteration. There
arealsooptimizationapproachestartingwith aninitial guesyg,uq) wherec(yo, uo) # 0
thatwill solve the simulaton (analysis)problemandthe optimization (design)problems
simukaneouslyThesehigherlevel optimizationapproachearereferred to assimultareous
analysisand designor SAND. Many of the SAND approachesequirethe samereduced
gradientin (2.3.13). We refer to SAND methodsthat usedirect sensitvities as level-4
methodsand thosethat use adjoint sensitvities as level-5 methods. In addition to the
reducedgradientlevel-4 andlevel-5 SAND method alsorequirethatthe simulaton code
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(now to bereferredto asthe applicatior) be ableto computeNewton stepsof theform

-1
oyny = % C (2.4.15)
Ay

Whereg—;f1 andc arethe Jacobiarandthe residualof the constraints:(y, ©) computedat
the currentestimate of the solution (y, ux). Thisis usuallynot a very difficult extra re-
quirementgiventhe requirementsor the reducedgradient.In additionto the requirement
thatthereducedgradient% vanishesSAND methodsnustalsoberesponsit# for solving
c(y,u) = 0 to anacceptabldolerance.The conditionthat ||c(y, u)|| (where]|.|| is some
norm)mustbereducedelon asmalltolerancas known asthefeasibilty condition. When
we saythatan optimization stepimprovesfeasibility, we meanthatit decreasethe infea-
sibility ||c(y,w)||. In additionto designvariablesu, SAND methodsmustalsoexplicitly
handlethe stategy asoptimizationvariables.The numberof statevariablesn, canbevery
large andthis hasa significantimpacton the methodsandimplementationapproacheghat
canbeusedfor SAND methodsln someapplicationge.g.thoserequiringtime-dependent
simulations), the amountof storagejust neededo storevectorsof sizen, canexhaust
the RAM of evenhigh-endsupercompurs. Algorithm 2.4.1givesthe outline for a basic
level-4/evel-5 SAND method.

Algorithm 2.4.1 : Outline of a BasicLevel-4/Level-5SAND OptimizationAlgorithm
1. Initialization: Choosetolerancesn.,n; € R andtheinitial guessy, € R"™ and
ug € R™, setk =0

2. Sensitiviy computatbon: Computethe reducedgradient 3—5 and the residualc at
(yka uk)

3. Corvemgenceched: If Hg—iH < ny and||c|| < n. thenstop,solution found!
4. Stepcomputation

(a) Feasiblity step: ComputeNewtonstepdyy = g—;‘lc at (yx, u)

(b) Optimality step:Computedu € IR™ s.t.g—iéu <0
5. Globalization: Find steplengtha thatensuesprogressto the soluion

6. Updatethe estimateof the solution:
Yer1 = Yi + o (dyn + %516)
Uk+1 = Ug + du
k=k+1
gotostep2
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Note that Algorithm 2.4.1 hasthe samebasicstepsas Algorithm 2.3.1andthatthese
stepsarecommonto mary optimizaton algorithms However, thefirst majordifferenceis
thatthereducedgradientcomputedn step2 is computecat the currentestimateof the so-
lution y;, insteadof thefully corvergedsoluion y = y(uy) asin Algorithm 2.3.1. Another
majordifferencas theexplicit handlingof thestatevariablesy andtheconstraintg. Thisis
seenn thesensitvity computatio andthe corvergencecheck.The samemethodghatcan
beusedin aNAND algorithmto comput du, suchassteepestiescenandquasi-Nevton,
canalsobe usedin step4b. While the globalizationmethodusedin a NAND algorithm
maybefairly simple, moresophisicatedglobalizationstratgiesareneededor SAND and
thesestratgyiesmay have to be application dependentThe last major distinction to point
out betweenAlgorithm 2.3.1and?2.4.1is the updateof the statevariablesy in step6. It is
easyto seethatthe updatedy;; satisfieghelinearizedconstraintshavn in (2.2.4)(with
the higherordertermsdroppedout and settinge(y,u) = 0 anddy = (yxs1 — Yx)/ ).
Thereforeoneiterationof Algorithm 2.4.1is essentiallya Newton iterationfor the equa-
tionsc(y,u) = 0 wherebothy andu aremodified. Hence,mary SAND methodsshav
guadratiaatesof local corvergencen theconstraintgwhichis commonfor Newton meth-
ods).

Whatdifferentiatesa level-4 from a level-5 SAND methodin Algorithm 2.4.1is how
the reducedgradientin step2 andthe updatefor the statesin step6 are computed. The
SAND algorithmshawn in Algorithm 2.4.1is essentiallyequvalentto a reduced-space
SQPmethodthatusesa coordinatevariable-reductiomull-spacedecompodion (seeSec-
tion 4.1.3). While thereareotherexamplesof level-4 andlevel-5 SAND methodghanthe
oneshawn in Algorithm 2.4.1,the majortypesof computaibnsremainsthe same(i.e. in-
tialization sensitvity computation corvergencecheck, stepcompuation and globaliza-
tion).

It hasbeenshownn in mary differentapplication areaghatlevel-5 optimizationmethods
can computea solution for optimization problemsof the form in (2.1.1)—(2.1.2)at cost
which is a small multiple of the costof solving a singleanalysisprobleme(y, u) = 0 for
NLPs with a moderatenumberof designvariables(i.e. n, = O(100)). However, these
methodswhich usequasi-Nevton or similar techniquegfor step4bin Algorithm 2.4.1),
generallyrequiremoreandmoreoptimizationiterationsto solve anNLP asthe numberof
designvariablesn,, is increased.The total numberof optimizationiterationsrequiredto
reachanacceptablsoluion tolerances generallyO((n,,)*?~ ) whereaqy is somenumber
greaterthanO but generallylessthan?2.
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2.4.1 Full Newton SAND

All of thelevel-2 throughlevel-5 optimization method only requirefirst derivativesin the
form of the Jacobiarmatrices% andg—z andobjective gradients% and %. However, if

secondlerivativesfor the constraintsandobjective functionareavailable,thenpotentialy

more efficient higherlevel optimization methodsare available. Before discussinghese
higherlevel methodsandtherequirement$rom applicationcodeswve mustfirst presenthe
formal optimality conditiors for a solutionto (2.1.1)—(2.1.2).

We begin with the definitionof animportantaggreyatefunctioncalledthe Lagrangian
givenby
L(y,u,A) = f(y,u) + A" e(y, u) (2.4.16)

where:
A € R™ isthevectorof Lagrange multipliers.

Giventhedefinitionof the Lagrangianthe optimality conditions(alsoknown asthe KKT
conditiors [85]) statethat the following are necessaryequirementgor the solution of
(2.1.1)—(2.1.2):

oL o1 + arde

oL _ _ 2.4.17
Jy Oy 0y 0 ( )
oL 9of (p0c _

> = + A e = 0 (2.4.18)
oL

gz _ -0 2.4.1
o c(y,u) =0 ( 9)

All SAND methodsseeka soluion of thissetof nonlinearequationsNotethat(2.4.17)
canbesolvedfor A andthensubstitdedinto (2.4.18) yielding thedefinitionof thereduced
gradientin (2.3.13).Thereforetheoptimality conditionsin (2.4.17)and(2.4.18)areequi-

alentto 9. = 0.

The systemof nonlinearequationsn (2.4.17)—(2.4.19¢anbe solved usingNewton’s
methodwhich hasthefollowing linear subproblen{known asthe KKT system)

°L o2 T @T 5 B_LT
Oy? dydu Ay [ Y ] oy

L 2L acT ou | =—| aLT |. (2.4.20)
Oydu Ou? Ou du

& dc oA c

oy ou
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The above Hessianf the Lagrangianfunction are compositesof the following Hessian
matricesfor the objective andthe constraints

)
g_yé R
2 2.4.21
of e RMWwxn ( )
dyou
2
% E Rnuxnu
3\
2
% c R
Y
§2§j c RUxm > j=1...m,. (2.4.22)
you
aQCj R™ XM
oue © )

Optimizationmethodghatusesecondierivatives,or approximationgo them,will beclas-
sified aslevel-6 methods.Theseoptimizationmethodsare amongthe mostsophisicated
gradient-basednethodsdevelopedto dateand continueto be a topic of active research
throughouthe scientificcommuniy. The generabutlinefor alevel-6 SAND optimizaton
methodis givenin Algorithm 2.4.2.

Algorithm 2.4.2 : Outline of a Level-6 SAND Optimizaton Algorithm

1. Initialization: Choosetolerancesn,,n,,7, € R andtheinitial guessy, € R",
up € R™ and )\, € R™, setk =0

2. Sensitiviy computation Compute3Z, - ‘3275, g;—al'u, 8L andc at (yx, u)

3. Convemgenceched: If [|52| < n,, ||5:]| < 7. and||c|| < 7. thenstop,solution
found!

4. Stepcomputation Solvethe KKT systemin (2.4.20)for (dy, du, 6\)
5. Globalization: Find steplengtha thatensuesprogressto the soluion

6. Updatethe estimateof the solution:
Yk+1 = Yk + @ dy
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Upr1 = Ug + @ oU
)‘k+1 = /\k + ad
k=k+1
gotostep?2

Notethatalevel-6 SAND methodmustalsomaintainestimatesof the Lagrangemulti-
pliersin additionto estimate®f the stategy andthedesignsu. Level-4 andlevel-5 SAND
methodsusuallydo notneedaninitial guesdor A\, anddo notmaintainestimatesof A. The
sameglobalizationstratgjiesusedin level-4 andlevel-5 SAND methodscanbe used,un-
altered,in alevel-6 SAND method.In mary applicationsareastheselevel-6 optimizaton
methodsare quadraticallycorvergent with algorithnmic compleities that scaleindepen-
dently of the numberof designvariablesn, [20]. Oneof the maindisadwantagesf this
level of invasivenesss thatit is difficult for mary differenttypesof applicationcodesto
generataccuratesecondderiativesin areasonablefficient manner Thereforetherecan
be a large developnent overheadand computatbnal expensenvolvedin applyinglevel-6
methodsThe KKT systemin (2.4.20)is expensve to solve andits solution is a bottleneck
in alevel-6 SAND method.Therefore the mostcritical partof a level-6 SAND methodis
how the KKT systemin (2.4.20)is solvedandtherearemary differentdirectanditerative
approacheghebestapproachs, of course applicationdependent.

2.5 Implementation Issuesand Summary

In this section,we discussseveralissueghatrelateto the implemenation of sensitvities,
theoveralloptimizationmethodcompleities/scalabilies,andtheinterfaceto optimization
methodsFirstthe 7 levelsof optimizationaresumnarizedbelow:

Level 0 is a NAND nongradientblack box” approachwherethe optimizer doesnot
requireary informationfrom the PDE codeotherthanthe objectwve functionvalueperop-
timization iteration. This zerolevel is perfectlysuitedfor simulatian problemsandcodes
thatarecomplex anddo not calculateexact Jacobiansnddo not requirethe investgation
of largedesignspacesLevel 0 maybetheonly optionfor PDEcodesvherethecompleity
of thephystsprecludeghe calculationof analyticdervativesandwherestandarcapprox-
imatiors arepoor. The interfacingcostis minimal, becausenostblack-boxmethodscan
communcatethroughthefile system.

Level 1isaNAND gradient-basetblack box” approachwherethe optimizerrequires
thatthe PDE codecomputethe objective functionvalueandthe gradientper optimizaton
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iteration. The gradientis typically calculatedusinga finite differencemethod. Level 1
is suitedfor simulaton codesthat are comple, but smoothenoughto allow reasonable
accurag in the finite differencecalculation. Level 1 is also suitablefor problemsthat
poseaninsurnmountablesoftwarechallengeand/ordo notrequirethe investgationof large
designspacesSimilarto level 0 approachegheinterfacingeffort is minimal.

Level 2 is aNAND gradient-basethethodthatusesdirectsensitvities from the simu-
lation code. Therearea few simulation codesat Sandiathat calculatedirect sensitvities.
Black-boxapproachesantypically take advantageof thesesensitvities to calculatethe
objectve functiongradient.The costof this calculationis morethanrepaidby thefactthat
no extra simulationsareneededunlike the useof finite differencesBesideshe computa-
tionalefficiency, directsensitvitiesaremoreaccuratewhichresultsn afastercorvergence
rateandbettersolutians. Thelevel of effort to developdirectsensitvitiesis highly depen-
denton the designof the simulationcode. However, it is the obviousfirst stepto improve
efficiency andtheobviousfirst steptoward SAND optimization.As explainedin chapter2,
mostsimulationcodesarealreadydesignedo solve thelinearsystemandtheimplementa-
tion of directsensitvities requiressolvingthis systemwith differentright handsides.

Level 3isaNAND gradient-basethethodthatusesadjointsensitvities from the sim-
ulationcode.Black-boxapproachesanagaintake advantageof thesesensitvities to cal-
culatethe reducedgradientof the objective function. Thereare significant computatonal
savingsbecausé requiresonly onesolutioninvolving thetransposesystenof the Jacobian
of the forward simulation (independenof the numberof designvariablesn,,). Similarto
directsensitvities, the adjointmethodproducesaccurategradients.The effort to develop
directsensitvities is highly dependenbn the designof the simulation code. If the simu-
lation codehasaccesdo the Jacobiarfor the forward simulation andthe simulatian code
solverscanbe usedon thetranspos®f the Jacobianthentheimplementationis relatively
inexpensve andstraightforvard. Theadjointformulationis a necessargteptoward SAND
optimizationmethods Oncetheadjointvectorcanbecalculateda considerabl@mountof
theimplementatioreffort is completefor a SAND method.

Level 4 is a SAND gradient-basedhethoddependenbn direct sensitvities. Theim-
plementatia effort associatedvith direct sensitvities is the sameas describedor level
2. Insteadof passinghis informationto a black-boxoptimizer, it is passediirectly to al-
gorithmscloselycoupledto the simulaton. Additionalimplemenétion effort is therefore
involved to make useof a closely coupledalgorithm The extent of the effort depends
highly on how amenable codeis to couplingwith otheralgorithrrs.

Level 5 is a SAND gradient-basednethodthat is dependenbn the “adjoint formu-
lation”. Thesealgorithns requirethe solution of systemsnvolving the transposeof the
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stateJacobian.This methodis similar to level 3, exceptthatfor a nonlinearproblemit is
considerablynoreefficient.

Level 6is known asthefull-spacemethod20] andhasthemostcomputaibnal potential
for very large designspacesThe level of intrusvenesss the highestasa resultof having
to assembleandsolve the full KKT systemor the relatedQP subproblem A full-space
algorithmgenerallyrequiresthe calculationor approximatiorof secondderiativesin the
form of Hessiarmatrices.

It is very importantto understandhe implicationsof compuing an accuratereduced
gradientin (2.3.13)thatis usedin level-2 throughlevel5 methodsand how this differs
from the way that simulaton codesare usuallyimplemented.In a simuation codethat
usesNewton's methodto solve ¢(y, ug) = 0, it is not critical thatexact solveswith g—; be
performedevennearthe solution. All thatis requiredis a soluion thatimprovesfeasibil-
ity (i.e. decreasefc(y, u)||). Thereforemary advancedsimuation codesaredesignedo
computeapproximatelacobiangi.e. operatorsplitting andotherinexactmethod) to make
the computatbn of the solutionscheaper For optimizaton this is generallyunacceptable.
Any significanterror in the Jacobiansill be reflectedin the reducedgradient. In other
words,inaccuratelacobiannformationis reflectedn inaccuratsolutiorsto theoptimiza-
tion problem. This alsoappliesto the Jacoblarmatrlx . While a simulatbn codemay
be designedo useexactJacobiansandto solve I|nearsystemaccuratelleth Je andmay

even be ableto solve systens |nvoIV|ng accuratelysucha codeis certalnly not de-

signedto computeefﬁmentsensnwtlesfor thedeS|gnvar|abIes . This matrix 2¢ 5. canbe
approximatedisingfinite differencesbut thiswill potentally i |mposean additioral O(n,,)

costper optimizationiteration,evenfor the level-3 adjointsensitvity approach.In addi-
tion, this sensitvity matrix mustbe exact(or asaccurateaspossble) or thewrongreduced
gradientis compued. In sometypesof applicationsthe developrenteffort andcomputa-
tional resourcesequiredto compute% canbequitesmall,while in otherareascomputng

this matrix canbedifficult and/orexpensve.

While exactfirst dervativesareessentiafor level 2-5methodsexactsecondierivatves
for level-6 methodsare not ascritical sincesecondderivativesdo not alter the optimality
conditiors, but only the efficiency of the optimizationalgorithm. Quasi-Nevton approx-
imatiors, for example,may not be accurateat all, but they have drasticallyreducedthe
computatimal time on mary problemg85, Chapterl0]).

In generalgoingfrom onelevel of optimization methodto the next, interfacinga sim-
ulation codegetsmore difficult, but the resultingoptimizaton algorithm becomesnore
efficient. Therefore,the real trade-of usually betweendifferentlevels of intrusive opti-
mizationis that of developer (i.e. human)resourcesersuscomputationatesources.For
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applicationswith fewer designvariables)evel-5methodsnayactuallybefasterthanlevel-
6 methodshecausef the costof computirg (or approxinmating) andusingsecondderiva-
tives. For mary otherapplicationsreductionsn compuationaltime (which may not be
very significant)do notjustify thesometimesubstanal invesmentin developerresources
neededo implementa level-6 method. However, in caseswith large numbersof design
variablesJeve-6 methodsoffer the only hopeof beingableto solve difficult optimizaton
problemsusingreasonableamountof computirg resources.

Tables2.1and?2.2 sumnarizethe variouslevels of intrusive optimizationandthe gen-
eralrequirementérom simulatoncodedor NAND andSAND optimizationmethodsOne
of the more significantpiecesof informationin thesetablesis the specificrequirements
from simulation codesto be usedwith a particularlevel of intrusive optimization. Theap-
plicationrequirements$n eachtableareadditive. For example,all of the requirementgor
level-2 methodsareincludedin the requirementsor level-3 methods However, the avail-
ability of aquantiy from alower-level methodin a higherlevel methoddoesnot meanthat
thatquantiy will actuallybecomputedFor example theability to computethedirectsen-
sitivity matrix % in alevel-5 methoddoesnot meanthatthis matrix is actuallycomputed.
To compue g—g in alevel-5 methoddefeatgshe whole purposeof the adjointcomputatbn.

Note that the compleity per optimization iteration and the generalnumberof opti-
mizationiterationsfor level-2 methodsis the sameasfor level-4 methodsand the same
comparisorappliesfor level-3 andlevel-5 method. Thedifferenceis thatthe higherleve
methodshave a smallerconstanthanthe lower-level methodsandtheseconstantarenot
shavn in O(...) notation. The ratio of NAND versesSAND soluion timeswill be appli-
cationdependentbut therecanbe an order of magnitude differenceor morewith mary
applicationdor variousreasonshatwe cannotdiscussn detailhere.In otherapplicatiors,
thedifferencesn performancewill besmaller

The lastissueis how the requirementsisted in Tables2.1 and2.2 canbe metby an
applicationcodeandhow thisfunctionalitycanbeusedby anoptimizationalgorithm.One
of the major complicatonsis that thesesimuation codesrun in a variety of computing
ervironmentsthat rangefrom simpleserialsingle-procesgprogramsto massvely parallel
programs Furthermoretheway thata linearsystems solvedmayvary greatlyamongap-
plicationareas.In someapplicationareasdirectsparsesolversmay be preferablge.g.in
chemicalprocesssimulation) while massvely parallelpreconditione&rylov-subpaceit-
eratve solvers (e.g.in mary PDE simuators) are the preferral methods Or the linear
adjointequationin (2.3.14)could be solved usinga nonmatrix-basedhethod(e.g.usinga
time-steppng adjointsolver). Matrix operatolinvocationscanalsobe performedn a vari-
ety of waysusingdifferentdatastructures.ln addition, specializeddatastructuresanbe
usedin mary applicationareasandcangreatlyimprove performance.Thereforea linear
algebrainterfacethatis flexible enoughto allow for all of this variability is key to success-
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Approximate

Approximate

Optimizafon Application requrements compleity per numberof
level (addtive betweerlevels) optimization optimization
iteraon iterations
Evaluaion of objedive .
polynomial to
J(y,u), see(2.1.1) exporentialin
level-0 Analysis solution O(nyn) P
y(u), see(2.2.3) Mt
level-1 Smoothnesof f(y,u) andy(u) O(nyny) O((ny)®en)
Evaluaton of dired sensitvity matrix
% see(2.2.7)
- «
level-2 Evaluaion of objedive gradents O(nyna) O((nu)*e™)
5L andgl, see(2.3.12)
Computaion of adjants
level-3 \ = 9 —TﬁT, see(2.3.14 O(ny) O((ny)®eN)

T 9y by

Table 2.1. Summaryof level-0 to level-3 NAND optimization

method.

36




Optimizaton
level

Application requrements
(addtive betweenevels)

Approximate
compleity per
optimizaion
iteraion

Approximate
numberof
optimization
iterations

level-4

Evaluaion of objedive

fy,u), see(2.1.1)

Evaluaion of congraintsresidal
c(y,u), see(2.1.2)

Evaluaion of dired sensitvity matrix
% see(2.2.7)

Evaluaion of objedive gradents

5L and9l, see(2.3.12)

Evaluaion of Newton step

oy = g—;ilc(y, u), see(2.4.19

O((n)*eN)

level-5

Action of 3_571 on arbitrary vectas,
see(2.4.15)

Action of g—g_T on arhtrary vectas,
see(2.3.14)

Action of ¢ on arbitrary vectors
Action of %T onarbitrary vectos

O((nu)*e™)

level-6

Evaluaion of (or matrix-vector prod
uctswith) Hessiars

82¢: 02c¢.: 02¢.: .

3yt Budar gud o 101 = 1...ny, see
(2.4.29

a2f o%f o
a_g/;' i och, see(2.4.2])
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fully beingableto interfaceanadvancedsimulationcodeto agenerapurposeoptimizaton
algorithm Thedetailsof onesuchinterfacearedescribedn Sectiord.2.3.
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Chapter 3

PDE Environment

3.1 Overview

The engineeringcommuniy hasa critical needto simulatecomple physicsand, for the
last few decadeshasdevelopednumerousproductionsimulation codesto addresshigh
fidelity problems. Most of thesecodeshave beenparallelizedand scaleto hundredsand
someto thousandsof processorsThis monumenrdl developnmentandparallelizationeffort
hasconsumedievelopersfor the lasttenyearswith the somavhat unfortunateabsencef
ary capabilitesto addressSAND optimization, althoughsomecodescanproducelimited
sensitvity information,which aspreviously discusseds aninitial requiremenfor SAND
optimization. Theuseof NAND methodsn combinatiom with large scalePDE simulaton
codesare limited to order ten designvariablesfor the foreseeablduture assumingthe
currenttrendsin computethardwaregrowth do not change PDECOis thereforea critical
development stratgyy for thoseinterestedin the combinationof large designspaceand
gradientbasedoptimizaton of large scalecomple« problems. Using the seven levels of
optimization,wereview thedifferentsimulationdisciplinesfor SNL andattempto identify
appropriateoptimizationlevels.

BeforecategorizingSNL simulatoncodesadditioral issuegegardingsimulationcodes
needto bediscussed:

1. Implicit vs explicit - The more efficient methodsassumehat the solution mech-
anismis implicit and that a Jacobianis formed so that Newton’s methodcan be
applied. Explicit codesdependon using soluions from the previoustime stepand
Jacobiansreneverformed.
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2. Exact or inexact Jacobian - The theoreticaloptimality conditions requirethatthe
Jacobians exact. Rohustnes®f the optimizationalgorithmdepend®ntheaccurag
of thegradientcalculations Any useof approximatnscouldsignificantly affectthe
solution. Neverthelessusefulsoluions have beenobtainedfor mary problemswith
finite-difference pr otherapproxinate,gradients.

3. Transient vs steady state - Although methodshave beendevelopedfor transient
PDECO,significantefficiency problemsstill needto beresohedfor the generalop-
timizationalgorithns.

4. Continuum or non-cortinuum - SAND methodgequiresmoothproblemsto date,
thereis no reasonablevay for non-continuumcodesto take advantageof SAND
basedechnologes. A classicexampleof non-continum methodss thedirectsim-
ulationMonte Carlotechniqud18] [4] [77].

5. Level of multi-physics- Couplingdifferenttypesof physicscodescreatedifficult
issuedor thehigherlevel SAND methodslssuesuchasexplicit solutionprocedures
andoperatorsplitting aremajorhindranceso SAND methods.

6. PDE smoothness Gradientmethodsequiresmoothbehaior. Applicationsinvolv-
ing chemicalreactionsandstatechangedypically make useof databasénformation
andimpaoseadditionalnon-differentablefunctions. Anotherexamplethatgivesrise
to nondifferentiabilities is the gain or lossof materialduringthe courseof the com-
putatiors.

3.2 SandiaApplications and Classfications

At Sandia,a large rangeof comple simulation codeshave beendevelopedto addressa
varietyof high fidelity, complex physicsproblemsn the areaof structuraldynamicssolid
mechanicsthermal/radiatiortransport,computatbnal fluid dynamics fire, shockphyscs
andelectricalsimulaton. The scopeof providing large-scaleoptimization capabilitesto
this engineeringcommuniy in an efficient and practicalfashionis considerablendcon-
tinuesto bea sourcefor futureresearch.

Thefollowingsectiongiscusgyeneratharacteristicfor eachdisciplineandanattempt
is madeto identify the potentialoptimizationlevel.
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3.2.1 Structural Dynamics

Finite-elementstructural-dynanus simulaton capabilitieshave beendevelopedthat are
ableto performstaticanalysisdirectimplicit transientanalysisgigervalueanalysismodal
superpositn-basedrequeny responseandtransienresponseNonlinearcapabilitesare
currentlybeingdevelgped. Shapeoptimizatian problemsarethe ultimatedesigntargetfor
structuraldynamicsand at Sandiathere are a multitude of structuraldesignchallenges.
The structuralintegrity of electronicpackagedor re-entryvehiclesis an exampleof an
importantdesignproblem. Although the numberof designparametersre on the orderof
ahundredasmoresophistcationto the structuraldesignis addedthe desireto investigate
largerdesignspacewill increase.

Staticanalysiswvith nonlineamaterialbehaior is anotheaspecbf structuraldynamics
thatcanbenefittrom a SAND formulation.So-callednversontechniqueso find the most
likely materialan amediumis apotentialareaof interestthatcouldleadto largenumberof
designvariables.However, the ultimategoalfor structuraldynamicss shapeoptimizaton
where SAND methodscan have a significantimpact. Develagping efficient optimizaton
methoddor transientproblemsemainasignificantresearcrchallenge.

3.2.2 Solid Mechanics

Nonlinearsolid mechanicss fundamentafor investgatingmanufcturingandgeomechan-
ical issues.Finite-elementodeshave beendevelopedthatcanhandlelarge deformations,
temperaturelependeng andquasi-statianechanicproblemsn threedimensons. A ma-
terial modelfor elasticandisothermalelastic-plastidoehaior with combinedkinematic
andisotropichardenings available. An eightnodeLagrangianuniform-strainelementis
emplogyedwith houglassstiffnessto controlthe zero-enegy modes.Highly nonlinearef-
fectsincludematerialnonlinearities,geometricnonlinearitiesdueto large rotations large
strains,andsurfacesthatslide relative to eachother Elementbirth anddeathalgorithis
areavailableto handlemanufcturingsituatonswherematerialis eitheraddedor removed,
suchas solderingand milling. Contactbetweensurfacescan also be modeledwith or
without friction, which allows for simulating mary difficult processessuchasconnector
insertion.

In additionto manufcturingexamples thesecodesare usedto modelgeologicalsys-
temssubjectto a variety of stresses.The Yuca Mountain nuclearstoragefacility is an
examplewherethe maximumsafetymaiginsfor stressesieedto be calculatedasa func-
tion of variousdeformationgo the storagefacility andasa function of variousloadsonto
thefacility.
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Although significant optimization issuesexist in solid mechanicsn additian to large
designspacestherea numberof issuesthat prevens consideratiorof intrusve methods.
Perhapghe mostobviousimpedmentto SAND methodss the fact that solid mechanics
codesdo notfor a Jacobiaranduseanexplicit pseuddime steppimg schemeo corvergeto
asolution Nondifferentialquantitesasaresultof severematerialdeformationalsoposes
aproblem.Theremaybe somepossibilties for calculatingdirectsensitvities for a subset
of problems but presumablythis would requirerestructuringthe typical solid mechanics
code.Certainly birth/deathalgorithmsarenot differentiableandwould requirea complete
new approach.

3.2.3 Thermal

Thermalsimuation capabilitieshandleanalysisof systemsn which the transportof ther
mal enegy occursprimarily througha conductionprocess.This nonlinear finite element,
multi-dimensionakapability hasbeenextendedto handlesolid phasechemicalreactions
andradiationtransfer A steady-statajonlinearthermalproblemwithouta chemicalreac-
tionis well suitedfor any SAND level optimizaton schemeHowever, theusualdifficulties
areassociateavith the multi-coupledphysicsandtransientanalysis.

3.2.4 Computational Fluid Dynamics
3.2.4.1 CompressibleFluid Flow

Compressibldluid mechanicxodesare neededo simulateaccuratelythe aerodynamics
for subsonic transonicand supersonidlight. Many configurationsand flight situations
cannotbe adequatelyestedbecausef high Mach numbershigh Reynoldsnumbersand
enthally conditions. Aerodynamicsimulationscalculatepressuresshearstresgields, and
forcesandmomentsexertedon a structureby the surroundingcompressibldluids. If the
assumptbnsfor arigid bodyfail, thestructurakesponsef thesystermeeddo beincluded.
This is often an explicit couplingandthereforea difficult issuefor SAND optimizaton.
However, therearenumerougdesignproblemsin compressild fluid flow, suchassteady-
stateEulerbasedshapeoptimizationthatcantake advantageof ary level of optimizaton
method. A potentialproblemwith compressile fluid flow problemsis thatthe preferred
solution mechanisnis eithermatrix-freeor pseuddime-steppig with multi-grid methods.
The Jacobians notformedandsensitvities cannotbe easilycalculated.

As aresultof this LDRD project,developmentof an adjointformulationis undervay
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for Sandias nev compressit# fluid flow code.Thegoalis to initially conductshapeopti-
mizationwith the steadystateEulerequationsAn adjointformulatian for the Roescheme
hasbeendevelopedanda forward Newton basedsolution is forthcoming.

3.2.4.2 DirectSimulation Monte Carlo

Computatioal fluid flow dynamicslocally refinesthe simulation meshin an attemptto
resole small-scalgphenomenaHowever, hydrodynani formulationsbreakdown asthe
grid spacingapproacheshe molecularscale. Direct Simulation Monte Carlo (DSMC)
methodq18, 4, 77] areusedasan alternatve to continwum formulations. In DSMC, the
stateof the systemis given by the position andvelocitiesof particles,but the procesgle-
couplesthe movementfrom collisionsandchemistry First of all the particlesare moved
within atime stepalonga grid independenyl of eachother At theendof thetime stepthe
particlesaresampledn eachgrid cell to determinecollision behaior andspeciedistribu-
tionsusingprobabilistt techniquesAt SNL, DSMC hasbeenusedio simulatelow-densty
applicationsvith Knudsemumbersontheorderof 0.2 subjectedo electromagnetifields.
Numerousotherexampksin theliteraturecanbefound[1, 107].

Clearly the lack of a continuumprevens the useof standardSAND methodsandan
entiresimulationneedgo be solved for any aspectof anoptimizationalgorithm to occut
Sensitvity informationwill alsobedifficult to acquireby meanstherthantheuseof finite
differences.

At SNL therearelarge designcodesthat predictthe affects of certaingeometrieson
thebehaior of rarefedgasesThesehigh-fidelity problemsarecompuationallyintensve;
applyingshapeoptimization, evenwith a smallnumberof designparametersiequiresan
enormousamountof compuationalresources.

3.2.4.3 IncompressibleFluid Flow

Several Navier-Stokes codeshave beendevelopedto solve a numberof complex design
problems.We describeone suchcodein Chapters for a chemicalvapordepositionreac-
tor problem. The generalNavier-Stokes CFD simulator is well suitedto take advantage
of SAND optimization methods.Eventhoughseveral Navier-Stokes codeshave beenex-
tendedto include chemistry turbulence,moving interfaces,and elasto-viscolastic mate-
rials, greatcarehasbeentaken to include capabilitiesto form a full and exact Jacobian.
Thesecodesarecomplicatedhowever, andalevel 6 interfacemayrequirea completerevi-
sion. Level-5 optimizationis possilte sincethe Jacobiarnn accessiblendthe soluion of
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systemasusingits transposeés available.

3.25 Fire

Thefire environmentsimulationsoftwaredevelopnentprojectis directedat providing sim-
ulationsfor both openlarge-scalepool fires and building enclosurefires. One classof
codesncludesturbulence buoyantly drivenincompressitd flow, heattransfer massrans-
fer, comhusion, sootformation, and absorptioncoeficient modeling. Another classof
codegepresentheparticipatirg-mediathermalradiationmechanicsThesefire codesank
assomeof themorecomplex codesandaremostly developedwith explicit solution meth-
odsto couplemulti-physics, include approximationsfor differentphyscs processesyse
inexactNewton methodsandaccommodatéhelossof material.

Theoreticallyanimplicit couplingof thedifferentphysicscouldmake afire simulaton
acandidatdor higherlevels of optimization. Thecompleity of suchasimuationsuggests
comple designproblemsandcomputeintensve simulations.However, the mostproblem-
aticissueassociateith fire simulatonis thelossof material.As in solidmechanicsthese
algorithns arenot differentiable.Evenassumingossof materialis notanissue, the cur-
rentexplicit couplirg still preventsthe useof levels 3 or higher Level 2 methodscouldbe
consideredbut wouldrequirecrosssensitvitiesto accommodateéhemary differentphyscs
components The calculationof crosssensitvities for multiple physicscomponentss an
active areaof research.

3.2.6 ShockPhysics

ShockPhysicss handledhroughafamily of codeghatmodelcomplex multi-dimensional,
multi-materialproblemshatarecharacterizetby large deformationsnd/orstrongshocks.
The solutionstratgy consistsof a two-step,second-ordeaccurateEulerianalgorithmto

solve the mass,momentum and enegy conseration equations. Models exist for com-
puting materialstrength,fracture, porosiy, and high-explosive detonatio and initiation.

Theproblemsthatcanbe analyzedncludepenetratiorandperforation,compressiophigh

explosive detonationandinitiation phenomenaand hypenelocity impact. Strongshock
simulationsrequiresophsticatedand accuratemodelsof the thermodynant behaior of

materials Phasehangesnonlinearbehaior, andfracturesareimportantto predictbehar-

ior accurately Equation-of-stat@ackagesreusedto predictphasechanges.

Morerecently Lagrangiarsolid mechanicgapabilitiesveredevelopedto includearbi-
trary meshconnectwity, superiorartificial viscosiy, andimproved materialmodels.Prob-
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lemscanbesolvedusingLagrangianEulerian,or anarbitraryLagrangian-EuleriafALE)
meshthatis basedon a linear finite-elementformulation and may have arbitrary connec-
tivity amongthe elements.

Marny issuesneedto be addressedo implementary intrusive optimizationalgorithm
for Shockphyscs codes,ncluding transientanalysishon-smodh behaior, explicit solu-
tion proceduresmaterialadditionanddeletionmechanismsSimilar issuesexist asin fire
simulation.

3.2.7 Electrical Simulation

A substantil numberof electricalsimulationsareconductedit Sandisandacommonprob-
lem is to matchexperimentaldatafrom a network of circuitsto thesesimulations. Capa-
biliti esto solve very large circuit problemsarecurrentlybeingdevelgped. This effort will
supportanalysisof circuit phenonenaat a variety of abstractiodevels including device-
level, analogsignals digital signals and mixed signals. Although electricalsimulaton
shouldbe smooh, old device modelshave beenknown to uselimiter processeshatare
non-differentiable. Typically, large-scaleelectricalsimuation consistsof millionsof de-
viceseachof which canhostatleastonedesignparameterTherefore glectricalsimulaton
is areasonablygood SAND optimizationcandidateprovided the device modelissuescan
beresohedandalsoprovided optimization methodgo handletransienimodelsefficiently
can be developed. Algorithms to handletransientprocessesre available, but they are
memoryand storageintensve sincethey requirea large numberof designvariablesand
large numberof time steps.

Thesolutionapproaclgeneratesonlinearsystem®f DAEsandusedNewton’smethod
to solve theresultingnonlinearequationsThusXyce generates Jacobiarsimilar to those
requiredby PDE-basedimuationsandtheoreticallyadjointsensitvities canbecalculated.
Similarly to compressibldluid, additional sensitvity developnentis undervay to develop
higheroptimizatian levelscapabilities.

3.2.8 Geoplysics

Geophysis haslong beenthe sourceof large inverson problemsthatare solvedto iden-
tify materialsandrelatedpropertiesandto detecttargets. Eachof theseproblemsdeals
with large numberof design/iwversionparametersThey areoftensolvedin thefrequeny
domaintherebyavoiding theissuegelatedto transienjpphenomenaConsiderableesearch
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hasbeenconductecht Sandiato solve inversbn problemsand,althoudh the solution pro-
ceduresare not entirely alongthe samelines describedn this report,thesecodesdo use
Gauss-Nerton methodsandconjugag gradientsolvers[81] [82].

Seismicdnversion structuralinversion,andsourcenversionareall importantproblems
thatareamenabldo the highestlevel SAND method. In fact, the state-of-the-arSAND
methodshave beenappliedto a seismicinversian problemwhere2.1 million inverson
parametersvereusedfor atransientsimulation [3]. Theseproblemsareimplicit, they use
exact Jacobiansand canbe solved in either steady-stat®r transientmode. In addition,
they aresingle physicsandtheir solutonsaresmooth.

3.2.9 Observations & Strategies

Severalconclusioms have beendravn from our review of the SandiaPDE ervironment:

1. A wide rangeof physts are simulatedby a variety of methodsincorporatingboth
linearandnonlinearsolvers. An increasinghumberof complex design,control,and
inversian problemsjnvolving alarge numberof design/contrdinversian parameters
demancdcefficient optimizationmethods

2. Mostof thecritical Sandiassimulatoncodesunin parallelandthusnew optimization
algorithns needto be designedvith large-scalgarallelismin mind.

3. Thepredominanprogrammig languageas C++; we stronglysupportthe continued
develogpmentof frameworks,algorithms,andtoolsin C++.

4. High-fidelity, multi-physicssimulatonsarecrucialto solve Sandias scienceanden-
gineeringproblems The initial stepto createa multi-physicscapability is to use
explicit solvers. However, asdiscussedbove, this createdifficulties for a SAND
optimizationmethod.Thusthe useof implicit methodsneedgo be explored.

5. Transiensimulaton dominatesheproblemspaceat SandiaandSAND optimizaton
methoddor transienfproblemsneedto beinvegigated.

6. Individualforward simulatorsarebeingconsoldatedinto two principalframewvorks,
namely SIERRAandNevada.Optimizationmethodsandinterfacesneedto be con-
sideredaspartof theseframenorks.

AlthoughimplementingPDECOrequiresa customdesignandanindividualapproach
to eachsimuation code,it hasbeenour goalto develop methodsalgorithns, andframe-
works that can be leveragedin other PDE simulaton codes. Assumirg that sensitvity
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informationis availablefrom the simulationcodesandthe simulationcodeconformsto the
SAND assumpbns,we have developedaframewvork calledrSQP++thatcanbeinterfaced
with mostcodes. The strengthof this state-of-artobjectorientedcodeis that algorithns
canbe modifiedvery quickly to adaptto the needsof the optimizaton problem. In addi-
tion, we have interfacedthis codeto a PDE prototypng code(Sundance3othatalgorithns
canbe easilytestedfor a rangeof PDE systems.The next few chaptersare dedicatedo
describingthe rSQP++frameawvork, Sundanceanda full-spaceSQPmethodthatrelieson
solvingquadraticprograms.
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Chapter 4

rSQP++ Framework

Describechereinis anew object-orientedOO) framework for building successie quadratic
programmingAlgorithms calledrSQP++ currentlyimplemenédin C++. The goalsfor
rSQP++arequitelofty. TherSQP++framework is designedo incorporatemary different
SQPalgorithms andto allow external configurationof specializedinear algebraobjects
suchasvectors matricesandlinear solvers. Data-structuréndependenchasbeenrecog-
nizedasanimporiantfeaturemissingin currentoptimizationsoftware[123]. In addition,
it is possiblefor anadwvanceduserto modify the SQPalgorithns to meetotherspecialized
needswithout having to touchary of the default sourcecodewithin the rSQP++frame-
work.

Successie quadraticporogramming(SQP)methodsare attractve mainly becausehey
generallyrequirethe fewestnumberof function andgradientevaluatonsto solve a prob-
lem ascomparedo otheroptimizaton method [105]. Anotherattractve propertyof SQP
methodss thatthe structureof the underlyirg NLP canbe exploited moreeffectively than
othermethodg118]. A variationof SQR known asreduced-spac8QP(rSQP) workswell
for NLPswheretherearefew degreesof freedom(dof) (seeSectiond.1.1)andmary con-
straints.Quasi-Nevton methoddor approximatingthe reducedHessiarof the Lagrangian
arealsovery efficientfor NLPswith few dof. Anotheradvantageof rSQPis thatthedecom-
position usedfor the equalityconstraing only requiressolveswith a basisof the Jacobian
(andpossiby its transposedf the constraintgseeSection4.1.3).
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4.1 Mathematical Background for SQP

4.1.1 Nonlinear Program (NLP) Formulation

The SQPalgorithrrs implementedwith rSQP++solve NLPsin the standardorm:

min  f(z) (4.1.1)
st. ¢(z)=0 (4.1.2)
zp Sz <2y (4.1.3)

where:
r,rp, 0y € X
flx): X =R
cx): X > C
X CR"
CCR™

Above, we have beenvery carefulto definevectorspacedor the relevantvectorsand
nonlinearoperators.In general,only vectorsfrom the samevector spaceare compatible
and can participatein linear algebraoperations. Mathematically the only requirement
for the compatibilty of real-valuedvectorspaceshouldbe thatthe dimensons matchup
andthatthe sameinner productsareused.However, having the samedimensionaly will
not be sufficient to allow the compatiblity of vectorsfrom differentvectorspacesn the
implenmentation. The vectorspacedecomevery importantlaterwhenthe NLP interfaces
andtheimplementatbn of rSQP++is discussedn moredetail (seeSectiord.2.3.2).

We assumethat the operatorsf(z) andc¢;(z) for j = 1...m in (4.1.1)—(4.1.2)are
nonlinearfunctionswith atleastsecond-ordecontinuausderivatives. TherSQPalgorithis
describedateronly requirefirst-orderderivative informationfor f(x) andc;(z) in theform
of avectorV f(z) anda matrix Vc¢(z) respectrely. The inequalityconstraintsn (4.1.3)
may have lower boundsequalto —oo and/orupperboundsequalto +oo. Theabsencesf
someof theseboundscanbe exploited by mary SQPalgorithns.
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It is very desirablégfor thefunctionsf(z) andc(z) to atleastbedefined(i.e.noNaN or
Inf returnvalues)everywherein the setdefinedby the relaxed variableboundsz;, — § <
z < zy + 6. Here,§ (seethe methodmaxvar _bounds viol()  in the NLP interface
in Section4.2.3.2)is a relaxation(i.e. wiggle room) that the usercan setto allow the
optimizationalgorithmto computef(x), ¢(z) andh(x) outsidethe strict variablebounds
z;, < x < zy in orderto computefinite differencesandthe like. The SQPalgorithns
will never evaluate f(z) andc(x) outsidethis relaxedregion. Thisis animporantissueto
considemwhendeveloping themodelfor the NLP.

The Lagrangianfunction L(\, vz, vy) (andthe Lagrangemultipliers (A, vz, vy)) and
its gradientandHessiarfor thisNLP are

L(z, \vp,vy) = {f(@)+ N e(x)+vi(zr—2)+ 1z —2r)} € R (4.1.4)

VoL(z, A\, v) ={Vf(z)+Ve(x)A\+v} € X (4.1.5)
V2, L(z,\) = {VZf(x)Jrf:A(j)V?cj(x)} € X|x (4.1.6)
where:
Viz): X - X
Ve(x) = [ Vei(z) Ve(z) ... Vep(x) ] : X > X|C
Vici(z): X = X|X ,forj=1...m
AecC

v=vy—v € X.

Above, we usethe notation \(; with the subscriptin parentheseto denotethe j th
componenbf thevectorandto differentiatethis from a simplemathaccentAlso, Ve(z) :
X — X|C is usedto denotea nonlinearoperator(the gradientof the equalityconstraints
Ve(z) in this case)that mapsfrom the vectorspaceX’ to a matrix spaceX’|C wherethe
columnsandrows in this matrix spacdie in the vectorspacest andC respectiely. The
returnedmatrix object A = V¢ € X|C definesa linear operatorwhereq = Ap maps
vectorsfromp € C to ¢ € X. Thetransposednatrix object A” definesa linear operator
whereq = ATp mapsvectorsfromp € X toq € C.
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Notehow thevectorandmatrix spacesn theabove expressionsnatchup. For example,
thevectorsandmatricesin (4.1.5)canbereplacedy their vectorandmatrix spacess

(VF(z) + Ve(@)A + v} = {X + (X[C)C + X} = X,

Thecompatibilty of vectorsandmatricesn linearalgebraoperationss determinedy
the compatibilty of the associatedrector spaces.At all times, we mustknow to which
vectoror matrix spacea linearalgebraguantitybelongs.

Giventhe definition of the Lagrangianandits derivativesin (4.1.4)—(4.1.6)the first-
andsecond-ordenecessarKKT optimaliy conditions[80] for asoluion (z*, \*, v}, v;)
to (4.1.1)—(4.1.3aregivenin (4.1.7)—(4.1.13) Therearefour differentcategoriesof opti-
mality conditonsshawvn here: linear dependencef gradientg4.1.7),feasibility (4.1.8)—
(4.1.9), non-ngyaivity of lagrangemultipliers for inequalites (4.1.10),complemerdrity
(4.1.11)—(4.1.1¢ andcunvature(4.1.13).

V. L(z*, X, v*) =V f(z*) + Ve(z")\ +v* =0 (4.1.7)

c(z*) =0 (4.1.8)

rp < 2" <y (4.1.9)

(v)*, () >0 (4.1.10)

(vp)p((zr) — (2%)@) =0, fori=1...n (4.1.11)

()i (%)@ — (zv)@) =0, fori=1...n (4.1.12)

d" V2 L(z*,\*)d > 0, for all feasibledirectionsd € X. (4.1.13)

Sufficientconditionsfor optimality requirethatstrongeassumpbnsbemadeaboutthe
NLP (e.g.constraintgualificationon ¢(z) andperhapsonditiors on third-ordercurvature
in case is obtainedn (4.1.13)).

To solve a NLP, a SQP algorithm mustfirst be suppliedan initial guessfor the un-
known variablesr, andin somecasesalsothe Lagrangemultipliers Ay andv,. The opti-
mizationalgorithmsimplementedn rSQP++generallyrequirethat z, satisfythe variable
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boundsin (4.1.3),andif not, the elementf z, areforcedin bounds The matrix Ve(x)

is abstracteehinda setof object-orientednterfaces. The rSQP algorithmonly needs
to perform matrix-vector multiplication with Ve(z) and solve for a square,nonshgular
basisof Ve(z) throughaBasi sSyst eminterface. Theimplementatn of V¢(z) iscom-
pletely abstractedway from the optimizationalgorithm. A simpler interfaceto NLPshas
alsobeendevelopedwherethe matrix Ve(x) is never represente@venimplicitly (i.e. no
matrix-vectorproductslandonly specificquantitesaresuppliedo therSQPalgorithm (see
the“TailoredApproach”in [104] andthe“direct sensitvity” NLP interfaceon page81).

4.1.2 Successie Quadratic Programming (SQP)

A popularclassof methodsfor solving NLPs is successie quadraticprogramming
(SQP)[26]. An SQPmethodis equivalent,in mary casesto applyingNewton's methodto
solve the optimality conditionsrepresentetdy (4.1.7)—(4.1.8) At eachNewton iterationk
for (4.1.7)—(4.1.8)thelinearsubproblen{alsoknown asthe KKT system)}akestheform

w A

AT

d VL
" ] = —[ : ] (4.1.14)

where:
d=2xy1 —xp € X
dy=Xey1 — M\ € C
W~ Vi L(zg, Ar) € X|X
A =Ve(xg) € X|C
c=c(zy) € C.

The Newton matrix in (4.1.14)is known asthe KKT matrix. By substiuting d, =
Aet1 — A into (4.1.14)andsimdifying, thislinearsystembecome®quialentto the opti-
mality conditionsof the following QP
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min  g'd+ hd"Wd (4.1.15)
st. ATd+c=0 (4.1.16)

where:
g=Vf(zy) € X.

Theadwantageof the QPformulationoverthe Newton linearsystenformulationis that
inequalityconstraint€anbedirectlyaddedo the QP andarelaxationcanbedefinedwhich
yieldsthefollowing QP

min  g'd+ hd"Wd+ M(n) (4.1.17)
st. ATd+(1—-n)c=0 (4.1.18)
T — Ty S dSSEU—SEk (4119)
0<n<1 (4.1.20)
where:

M(n) € R—R.

Nearthe solutionof the NLP, the setof active constraintdor (4.1.17)—(4.1.20ill be
the sameasthe optimal active-setfor the NLP in (4.1.1)—(4.1.3]85, Theoreml18.1].

The relaxationof the QP showvn in (4.1.17)—(4.1.Q) is only oneform of a relaxation
but hasthe essentiaproperties.Note thatthe solutionn = 1 andd = 0 is alwaysfeasible
by construction. The penaltyfunction M (n) is eithera linear or quadraticterm whereif
aj‘g—7§”)|n:0 is sufficiently large thenan unrelaxed solution(i.e. n = 0) will be obtainedif a
feasibleregion for the original QP exists. For exampk, the penaltyterm may take a form
suchasM (n) = (M)n or M(n) = (M)(n+ Y%n?) wherelM is alargeconstanbftencalled

“big M.”
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Oncea new estimateof the solution (zx,1, Axy1, Yky1) IS cOmputedthe errorin the
optimalty conditions(4.1.7)—(4.1.9)s checled. If theseKKT errorsarewithin somespec-
ified tolerancethe algorithmis terminatedwith the optimal soluion. If the KKT erroris
too large, the NLP functionsandgradientsarethencompued at the new point z,,; and
anotherQP subproblem(4.1.17)—(4.1.20js solvedwhich generateganotherstepd andso
on. This algorithmis continueduntil a solutionis found or the algorithmrunsinto trouble
(therecanbe mary causedor algorithmfailure),or it is prematurelyterminatedbecauset
is takingtoo long (i.e. maximumnumberof iterationsor runtimeis exceeded).

Theiteratesgeneratedrom x;.1 = z; + d aregenerallyonly guaranteedio corverge
to alocal soluion to thefirst-orderKKT conditiors whencloseto the solution. Therefore,
globalization methodsareusedto insure(given a few, sometimesstrong,assumptiasare
satisfied)the SQPalgorithmwill corvergeto alocal solutian from remotestartingpoints.
Onepopularclassof globalization method arelinesearchmethodsin alinesearchmethod,
oncethestepd is computedrom the QP subprobém,alinesearchprocedures usedto find
a steplengtha suchthatz,,; = zx + ad gives sufficient reductionin the value of a
meritfunction ¢(xx1) < ¢(xx). A merit functionis usedto balancea trade-of between
minimizing the objectie function f(z) andreducingthe errorin the constrains ¢(z). A
commony usedmeritfunctionis the/; definedby

e (2) = f(z) + plle(2)]x (4.1.21)

whereu is a penaltyparametethatis adjustedo insuredescentalongthe SQP step
xr, + ad for o > 0. An alternatve linesearchbasedn a“filter” hasalsobeenimplemented
which generallyperformsbetteranddoesnot requirethe maintenancef a penaltyparam-
etery [122] . Otherglobalization methodssuchastrustregion (usinga merit functionor
thefilter) canalsobeappliedto SQP

BecauseSQPis essentiallyequivalentto applyingNewton’s methodto the optimaliy
conditiors, it canbe showvn to be quadraticallycorvergentnearthe soluion of the NLP
[84]. It is this fastrate of corvergencethat makes SQPthe methodof choicefor mary
applications However, therearemary theoreticabndpracticaldetailsthatneedto becon-
sidered.Onedifficulty is thatin orderto achieve quadraticcorvergencethe exact Hessian
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of the Lagrangiani¥ is neededwhich requiresexact second-ordeinformation V2 f(z)
andVZc;(z), j = 1...m. For mary NLP applicationssecondderivativesare not readily
availableandit is too expensve and/orinaccurateto compue themnumerically Other
difficulties with SQPinclude how to dealwith anindefinite HessianW. Also, for large
problemsthefull QP subprobémin (4.1.17)—(4.1.20yanbeextremelyexpensve to solve
directly. Theseandotherdifficulties have motivatedthe researchof large-scaladecompo-
sition methoddor SQP Oneclassof thesemethodss reduced-spacgr reduced-Hessian)
SQR or rSQPfor short.

4.1.3 ReducedSpaceSuccessie Quadratic Programming (rSQP)

In arSQPmethod thefull-spaceQP subprobém (4.1.17)—(4.1.20)s decomposedto
two smallersubproblemshat,in mary casesareeasierto solve. To seehow thisis done,
first a null-spacedecomposibn [85, Section18.3]is computedor somelinearly indepen-
dentsetof thelinearizedequalityconstraintsd, € X|C; wherecy(z) € C; € R" arethe
decomposedndc,(z) € C, € R ™) aretheundecomposd equalityconstraintsand

c(z) = [ Cd(x; ] € CyxC, = Vc(xg) = | Vea(zr) Veu(wr) } = [ Ay A, } € X|(CyxC,).

CulT

(4.1.22)
Above, the vectorspaceC = C; x C, denotesa concatenateaector space(alsoknown
asa productof vectorspacesyvith adimensim whichis the sumof the constitientvector
spacesC| = |Cy4| +|Cu| = 7+ (m —r) = m. Thisdecompodion is definedby anull-space
matrix Z andamatrix Y with the following properties:

7 € X|Z st (A)TZ=0

. . (4.1.23)
Y € X|Y st [ Y Z] is nonsirgular

where:
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It is importantto distinguishthe spacesZ and) from thethe matricesZ andY. The
null-spacematrix 7 € X|Z is alinearoperatorthatmapsvectorsfrom thespaceu € Z
to vectorsin the spaceof theunknovnsv = Zu € X. ThematrixY € X|)Y isalinear
operatorthatmapsvectorsfrom thespaceu € Y to vectorsin the spaceof theunknovns
v=Yu € X.

In mary presentationsf reduced-spac8QR thematrix Y is referredto asthe“range-
space”matrix sinceseveral popularchoicesof this matrix form a basisfor therangespace
of A4. However, notethatthe matrix Y neednot be a true basismatrix for therangespace
of A4 in orderto satisfythe nonsingudrity propertyin (4.1.23). For this reasonherethe
matrix Y will bereferredto asthe“quasi-range-spaceahatrix to make this distinction.

By using(4.1.23) thesearcldirectiond canbebrokendownintod = (1—-7)Yp,+Zp,,
wherep, € Y andp, € Z aretheknown asthequasi-norma(or quasi-rangepaceynd
tangential(or null space)stepsrespectiely. By substititingd = (1 — n)Yp, + Zp, into
(4.1.17)—(4.1.2Dpwe obtainthe quasi-normal (4.1.24)andtargential(4.1.25)—(4.1.273ub-
problems.In (4.1.25),( < 1 is adampingparametewhich canbe usedto insuredescent
of themeritfunctiong(zx1 + ad).

Quasi-Normal (Quasi-Range-Spacepubproblem

py=—R'cg €Y (4.1.24)
where:R = [(4,)"Y] € C4|Y (nonsingudrvia (4.1.23)).

Tangential (Range-Spacg Subproblem (Relaxed)

min (¢ + Cw)p, + hpl [ZT"W Z]p, + M (n) (4.1.25)
st. Up.+(1—-nu=0 (4.1.26)
b < Zp, — (Ypy)n < by (4.1.27)
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where:

g =2"qg € Z
w=Z"WYp, € Z
¢ €R

U.=[(A)"Z] € Cu|Z2
Uy = [(Au)TY] € Cu‘y
u=Uypy +c, € C,
bp=xp—x,—-Yp, € X
by =2y —xr—Yp, € X.

By usingthis decompositin, the Lagrangemultipliers A\ ; for thedecomposeéquality
constraint§(A4)? d+c, = 0) donotneedo becomputedn orderto producesteps] = (1—
n)Y p, + Zp,. However, thesemultiplierscanbeusedto determinghe penaltyparametep
for themeritfunction[85, page544]or to computethe Lagrangiarfunction. Alternatiely,
amultiplier-free methodfor computingu hasbeendevelopedandtestedwith goodresults
[104]. In ary caseijt is usefulto computethesemultipliersatthe solutionof the NLP since
they give the sensitvity of the objective functionto thoseconstraintd80, page436]. An
expressiorfor computing); canbederivedby applying(4.1.23)to Y7V L(z, A, v) toyield

M=-RT(Y"(g+v)+ (U)"\) € Ca (4.1.28)

Thereare mary detailsthat needto be worked out in orderto implementa rSQPal-
gorithm andthereare opportunites for a lot of variability. Someof the more significant
decisionghatneedto be madeare: how to computethe null-spacedecompodion thatde-
finesthematricesZ, Y, R, U, andU,, andhow thereducedHessianZ” W Z andthecross
termw in (4.1.25)arecalculatedor approximated).

Thereareseveral differentwaysto compue decomposion matricesZ andY thatsat-
isfy (4.1.23)[105]. For small-scaleSQP anorthonormalZ andY (Z7Y =0, 277 =1,
YTY = I) canbecomputedisinga QR factorizatiorof A, [84]. Thisdecompositin gives
riseto rSQPalgorithmswith mary desirablgroperties However, usinga QR factorization
whenAy is of verylargedimensonis prohibitively expensve. Therefore ptherchoicesor
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7 andY have beeninvestigatedthat are more appropriatefor large-scaleeSQP Methods
that are more computatbnally tractableare basedon a variable-reductiordecompositn
[105]. In avariable-reductiomecompositn, the variablesare partitionedinto dependent
zp andindependent; sets

D € XD (4129)
Ty € X (4130)
z= [xD ] € XXX, (4.1.31)
X
(4.1.32)
where:
Xp C R"
XI g Rn—r

suchthatthe Jacobiarof the constraintsA” is partitionedasshavn in (4.1.33)where
C'is asquarenonsinglar matrix knovn asthe basismatrix. The variablesz , andx; are
alsocalledstateanddesign(or controls)variables[20] in someapplicationsor basicand
nonbasicvariables[78] in others. Whatis important aboutthis partitionirg of variables
is thatthe zp variablesdefinethe selectionof the basismatrix C, nothingmore. Some
typesof optimizaton algorithns give more significanceto this partitioring of variables
(for exampk, in MINOS [78] the basicvariablesarealsovariableshatarenotatanactive
bound)however no extra significancecanbeattributed here.

Thisbasisselectioris usedto defineavariable-reductiomull-spacematrix Z in (4.1.34)
whichalsodetermined/, in (4.1.35).

Variable-Reduction Partitioning

C N
E F

(4.1.33)




where:
C € CqlXp (nonsinglar)
N € Cy|&;
E € C,|Xp
F e C,|A;.

Variable-Reduction Null-SpaceMatrix

-1
Z = CI N] (4.1.34)
U = F-EC'N (4.1.35)

Therearemary choicesfor the quasi-range-spaaeatrix Y thatsatisfy(4.1.23). Two
relatively compuationally inexpensve choicesarethe coordinateandorthogonaldecom-
positonsshavn below.

Coordinate Variable-Reduction Null-Space Decomposition

Y = é] (4.1.36)
R = C (4.1.37)
U, = E (4.1.38)
Orthogonal Variable-Reduction Null-SpaceDecomposition
B I
Y = NTO-T (4.1.39)
R = C(I+C7'NN'C™™) (4.1.40)
U, = E—FN'C™" (4.1.41)
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Theorthogonaldecompositn (Z7Y = 0, ZTZ # I, Y'Y # I) definedin (4.1.34)—
(4.1.35)and(4.1.39)—(4.1.4) is morenumericallystablethanthe coordinatedecomposi-
tion andhasotherdesirablepropertiesn the context of rSQP[105]. However, theamount
of denselinear algebrarequiredto computethe factorizationsneededo solve for linear
systemswith R in (4.1.40)is O((n — r)?r) floating point operations(flops) which can
dominatethe costof the algorithm for larger (n — r). Therefore for larger (n — r), the
coordinatedecomposion (Z1Y # 0, ZTZ # I, YTY # I) definedin (4.1.34)—(4.1.35)
and(4.1.36)—(4.1.38])s preferral becauset is cheapeibut the downside is thatit is also
moresusceptibléo problemsassociatedavith a poor selectionof dependentariables.lll-
conditioring in the basismatrix C' canresultwith greatlydegradedperformanceandeven
leadto failure of anrSQPalgorithm Seetheoptionrange _space _matrix in Section
4.3.1.1.

Anotherimportantdecisionis how to computethereducedHessianZ? W Z. For mary
NLPs, second-devative informatian is not available to computethe Hessianof the La-
grangiani¥ directly. In thesecasesfirst-dervative informationcanbeusedto approximate
B ~ Z"W Z usingquasi-Nevton methodge.g.BFGS) [84]. When(n — r) is small, B is
smallandcheapto update.Underthe properconditionsthe resultirg quasi-Nevton rSQP
algorithmhasa superlinearate of local cornvergence(evenusingw = 0 in (4.1.25))[15].
Evenwhen(n — r) is large, limited-memoryquasi-Nevton methodscanstill be used,but
thepriceonepaysis in only beingableto achieve alinearrateof corvergence(with asmall
rate constanhopefully). For someapplicationareasgoodapproximatios of the Hessian
W areavailableandmay have specializedpropertieq(i.e. structure)thatmakescomputng
theexactreducedHessianB = Z7W Z computatbnally feasible(i.e. seeNMPC in [10]).
Seetheoptionsexact _reduced _hessia n andquasi _newto n in Sectior4.3.1.1.

In additionto variatiors that affect the corvergencebehaior of the rSQPalgorithm
suchasnull-spacaedecompositins,approximatbnsusedfor thereducedHessiarandmary
differenttypesof merit functionsandglobalization method, therearealsomary different
implenmentationoptions For exampk, linear systemsuchas(4.1.24)canbe solvedusing
director iterative solversandthereducedQPsubprobémin (4.1.25)—(4.127) canbesolved
usingavariety of methodqactive setvs. interior point) andsoftware[106].
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| Null-Space Decompositions for Z and Y | | Reduced Hessian Approximations for B |

B

[ T ]
| Variable Reduction | | Orthonormal QR | | Quasi-Newton B | | Exact B || Finite Diff B |

| Orthogonal || Coordinate | BFGS
| QP Cross Term Approximations for w | | DenseBFGS || Limited Memory BFGS |
I I I ]
| w=0 || Exact w | | Broyden w | | Finite-Diff w | Globalization
| 1
L1 | Powell'sL1 || Augmented Lagrangian | | Merit FuncLS || Filter LS || Merit Func TR || Filter TR |

Figure 4.1. UML andysis classdiagr.am: Differentalgorithmic
optionsfor rSQP

Figure4.1lsummarizesive differentcategoriesof algorithmt optionsfor arSQPalgo-
rithm, mary of whichweredescribedabove. This setof cateyoriesandthe optionsin each
categyory is by no meansompleteandmay otheroptionshave beendeveloped andwill be
developedin the future. In general,arny option canbe selectedndependentlyfrom each
categgory and form a valid algorithmwith uniqueproperties. An exceptionis that merit
functionsarenotusedby the Filter line-searchandtrust-region globalzationmethodssoit
makesno sensdo selecta meritfunctionwhenusinga Filter method.While somepermu-
tationsof optionsarenotreasonabléi.e finite-differencew with anexactreducedHessian
B), mary permutatnsare. Justthis setof optionscan produce480 distinctly different
algorithns thatmay performvery differentlyon ary particularNLP.

4.1.4 Generallnequalitiesand Slack Variables

Up to this point, only simde variableboundsin (4.1.3) have beenconsideredcandthe
SQP/rSQRalgorithrmshave beenpresentedh this context. However, theactualunderlying

61



NLP mayincludegenerainequalitesandtake theform

min  f(%) (4.1.42)
st ¢ 0 (4.1.43)
hy < h(Z) < hy (4.1.44)

< ¥y (4.1.45)

where:

NLPswith generalinequalitiesare corvertedinto the standardorm by the additian of
slackvariabless (see(4.1.49)). After the addition of the slackvariablesthe concatenated
variablesand constraintsare thenpermutedusing permutationmatrices@, and@.) into
theorderingof (4.1.1)—(4.1.3)Theexactmappirg from (4.1.42)—(4.1.45)0 (4.1.1)—(4.1.3)
is givenbelow
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T = Qq x] (4.1.46)
S
- jL -
tr = Qg i (4.1.47)
ry = Qg z“ (4.1.48)
[ o)
clz) = Q. 71(:%)—5] (4.1.49)

Herewe considerthe implicationsof the above transformatiorin the contect of rSQP
algorithns.

Noteif @, = I andQ. = I thatthematrix V¢ takestheform:

vé Vh

o (4.1.50)

Ve =

One questionto askis how the Lagrangemultipliers for the original constraintscan
be extractedfrom the optimal solution (z, A, v) that satisfiesthe optimalty conditionsin
(4.1.7)—(4.1.13)?First, considerthe linear dependencef gradientsoptimality condition
for the NLP formulationiin (4.1.42)—(4.145)

)

VaL(#*, X, X, 0%) = V() 4+ V(@)X + VRE)A, + 7 = 0. (4.1.51)

To seehow the Lagrangemultiples \* andv* canbe usedto computeﬂ*, X andv*
onesimpl hasto substitite (4.1.46)and(4.1.49)with @, = I and@. = I into (4.1.7)and
expandasfollows
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V.L(z,\,v) = Vf+Vel+v

R Vé VR || e 4| v

- 0 -1 A, vy

_ | VIV + VAN + vy (4.1.52)
I =\, + vy

By comparing4.1.51)and(4.1.52)it is clearthatthemappingis A = s, A; = \; = vs
andr = vy. For arbitrary@, and@. it is alsoeasyto performthe mappingof the solution.
What is interestingabout(4.1.52)is that it saysthat for generalinequalites 71]-(5:) that
arenot actie at the soluion (i.e. (vs);) = 0), the Lagrangemultiplier for the corverted
equality constraint();) ;) will be zero. This meansthatthesecorvertedinequalites can
be eliminatedfrom the problemand not impactthe soluion, which is expected. Zero
multiplier valuesmeansthat constraintswill not impactthe optimality conditiors or the
Hessiarof the Lagrangian.

The basisselectionshavn in (4.1.22)and (4.1.31)is determinedby the permutatbn
matrices), and@. andthesepermutatbn matricescanbe partitionedasfollows:

[ QzD
. 4.1.53
% = | o7 ] (4.1.53)
| QCD
. = . 4.1.54
% = | QcU] (4.1.54)

A valid basisselectioncanalwaysbe determinedy simply including all of the slacks
§ in the full basisandthenfinding a sub-basidor V¢. To shav how this can be done,
supposehat V¢ is full rank andthe permutationmatrix (Q,)” = | (Qep)” (Qar)”
selectsabasisC' = (V&)T(Q,p)”. Thenthefollowing basisselectionfor the transformed
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NLP (with Q. = I) couldalwaysbe usedregardlesof the propertiesor implemenation of
Vh

-QmD -|

Q. = I (4.1.55)
L Qw[ J
7 AT

C = ((gzg;))T _I] (4.1.56)
T \T

N = ((g;fg;))T] (4.1.57)

Notice thatbasismatrix in (4.1.56)is lower block triangularwith non-singulamblocks
on the diagonal. It is thereforestraightforvard to solve for linear systemswith this basis
matrix. In fact,thedirectsensitvity matrix D = —C~! N takestheform

D=- [ Qv T (@Qu VT e |- (4.1.58)
(QepVh) (QzpVE) T (QerVE)T —(QurVR)"

Thestructureof (4.1.58)is significantin the context of active-setQP solversthatsolve
thereducedQP subproblenin (4.1.25)—(4.127) usinga variable-reductiomull-spacede-
compositon. Therowsof D correspondingo generainequalityconstraint®nly haveto be
computedf theslackfor the constrainis atabound.Also notethatthe above transforma-
tion doesnotincreaseéhe numberof degreesof freedomof theNLP sincen —m = n — m.
All of this meanghataddinggenerainequalitesto a NLP impartslittle extra costfor the
rSQPalgorithmaslong astheseconstraintarenot active.

For reason=f stability and algorithmefficiengy, it may be desirableto keepat least
someof theslackvariablesout of the basisandthis canbeaccommodatedlsobut is more
complec to describe.

Most of the stepsin a SQPalgorithmdo not needto know thatthereare generalin-
equalitiesn theunderlyingNLP formulationbut somestepsdo (i.e. globalzationmethods
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andbasisselection).Therefore thosestepsn a SQPalgorithmthatneedaccesgo thisin-
formationareallowedto accessheunderlyirg NLP in alimited manner(seethe Doxygen
documentatio for theclassNLPInterf acePack:: NLP).

4.2 Software designof rSQP++

TherSQP+ framavork is implementedn C++ usingadvancedobject-orientedsoftware
engineeringprinciples. However, to solve certaintypesof NLPs with rSQP++doesnot
requireary deepknowledgeof object-orientatia or C++. Exampleprogramsanbesimple
copiedandmodified.

4.2.1 An Object-Oriented Approachto SQP
4.2.1.1 Motivation for Object-Oriented Methods

Most numericalsoftware (optimizaton, nonlinearequationsetc.) consistsof aniterative
algorithmthat primarily involves simpleand commonlinear algebraoperations.Mathe-
maticiansusea precisenotationfor theselinear algebraoperationsvhenthey describean
algorithm For example,y = Ax denotesmatrix-vecta multiplicationirrespectve of the
specialpropertiesof thematrix A or thevectorsy andz. Suchelegantandconciseabstrac-
tionsareusuallylost, however, whenthe algorithmis implemenéd in mostprogrammig
ervironmentsandimplementationdetailssuchas sparsedatastructuresobscurethe con-
ceptualsimpicity of the operationseing performed. Currentlyit seemghat developers
have to choosebetweereasyto useinterpretve ervironmentsor moretraditionalcompiled
languages.Interpretve ervironmentslike Matlab®© are popularwith userssincethe ab-
stractionghey providearevery similar to thoseusedin the mathematicalormulation[33].
The problemwith interpretie languagedike Matlabis thatthey arenot asefficientor as
flexible asmore generalpurposecompiled languages Whenthesealgorithns areimple-
mentedn acompiledproceduralanguagelik e Fortran,the syntaxis muchmoreverbose,
difficult to read,and proneto coding mistakes. Every datastructureis seenin intimate
detailandthesedetailscanobscurevhatmaybeanotherwisesimple algorithm.While the
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level of abstractiorprovidedby ervironmentslike Matlabis very useful, more elaborate
datastructuresand operationsare neededto handleproblemswith specialstructureand
computirg ervironments

Modernsoftwareengineeringnodelinganddevelopnmentmethodsgcollectively known
asObject-Oriented’echnology(OQOT), canprovide muchmorepowerful abstractiortools
[97], [96]. In addition to abstractindinear algebraoperationsQObject-Oriented®rogram-
ming (OOP) languagesdike C++ can be usedto abstractany specialtype of quantity or
operation.Also OOT canbeusedto abstractargerchunksof analgorithmandprovide for
greaterreuse. While newer versionsof Matlab supportsomeaspectof OOT, its propri-
etarynatureandits loosetyping aremajordisadwartages.A newly standardizegraphical
languagédor OQOT is the Unified Modeling Languagg(UML) [96]. The UML is usedto
describemary partsof rSQP++.AppendixF providesa very shortoverview to the UML.

Thereare primarily two advantagedo using dataabstraction:it improvesthe clarity
of the program,and it allows the implementatn of the operationsto be changedand
optimizedwithout affecting the designof the applicationor evenrequiringrecompilaton
of much of the code. The conceptsof OOT and dataabstractionare discussedn more
detaillaterin the context of rSQP

4.2.1.2 Challengesin Designinglmplementations for Numerical SQP Algorithms

Therearemary typesof challengesn trying to build a framewvork for SQP(aswell asfor
mary othernumericalareas}hatallows for maximalsharingof code, andatthesametime
is understandablandextensibk. Specificdly, threetypesof variability will bediscussed.

First, we needto comeup with a way of modelingandimplemening iterative algo-
rithms, suchas SQR thatwill allow for stepsto be reusedetweerrelatedalgorithmsand
for existing algorithms to be extended. This type of higherlevel algorithmic modeling
andimplementationis neededo make the stepsin our rSQPalgorithmsmoreindependent
sothatthey are easierto maintainandto reuse. A framework called General ltera-
tionPac k hasbeendevelopedfor thesetypesof iterative algorithmsand senesasthe
backbondor rSQP++.
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Thesecondype of variabiity to dealwith is in allowing for differentimplementations
of variouspartsof the rSQPalgorithm. Thereare mary exampleswheredifferentimple-
mentationoptions are possibé andthe bestchoicewill dependon the generalproperties
(i.e.sizesof n, m, andn — r etc.) of theNLP beingsolved

An exampleis the methodusedto implenentthe null-spacematrix Z in (4.1.34).0One
option, referredto asthe direct (or explicit) factorization,s to compue D = —C !N up
front. This methodrequires(n — r) solveswith the basismatrix C' andalsothe storage
of adenser x (n — r) matrix D. Later, however, the tasksof performingmatrix-vector
productsof theform Z7 ¢ and Zp,, andbuilding the inequalityconstraintsn (4.1.27)are
implenmentedusingthe precomputediensamatrix D. Thereforeno furthersolveswith the
basismatrix C' arerequired.Theotheroption,calledtheadjoint(or implicit) factorization,
is to define Z implicitly andthento computeproductslike Z7g = —NT(C~Tg¥) + g,.
Whentherearefew active variablebounds(i.e. # active bounds= nact<< (n — r)), the
adjointfactorizationis guaranteedo requirefewer solveswith C anddemandessstorage
thanthe directfactorization.However, it is difficult to determinethe bestchoicea priori.
Seetheoptionnull _space _matrix in Sectiord.3.1.1.

Another exampk is the implementationof the Quasi-Nevton reducedHessianB ~
ZT'W Z. The choicefor whetherto store B directly or its factorization(andwhatform of
the factorization)dependson the choiceof QP solver usedto solve (4.1.25)—(4.1.2) If
therearea lot of degreesof freedom((n — r) is large) thenstoringand manipulatingthe
densefactorsof B will becomeoo expensve andthereforea limited-memoryimplemen-
tationmaybe preferred.Seetheoptionquasi _newton in Section4.3.1.1.

Yet anotherexampleof variability in implementationoptions is in allowing for dif-
ferentimplementationf the QP solver as describedin Section4.2.6 (Seethe option
gp _solver ).

A third sourceof variability is in how to exploit the specialpropertiesof anapplication
area.lssuegelatedto the managememf variousalgorithnmic andimplementatbn options
aremoreof a concernto the developersandimplemenors of the optimizationalgorithrs
thanto theusersof thealgorithms.As long asanappropriaténterfaceis availablefor user
to selectvariousoptions(seeSectiord4.3.1.1) the underlyirg compleity is notreally their
concernHowever, whatis aconcerno advancedusersof optimizaton softwareis adesire
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to tailor thenumericalinearalgebrato the specificpropertieof their potentiallyvery spe-
cializedapplicationarea.Datastructureslinearsolversandevencomputingervironmens
(i.e. parallelprocessingisingMPI) canbe specializedor mary applicationsFor example,
a NLP may have constraintsvherethe basisof the JacobiarC' is block diagonal. There-
fore, linear systemscanbe solved by working with the blocksseparatelyand possiblyin
parallel. Examplesof thesetypesof NLPsinclude Multi-Period Design(MPD) [118] and
ParametelEstimation and DataReconciliation(PEDR)[116]. Anotherexampleof a spe-
cializedNLP is onewherethe constraintsarecomprisedof discretizedPartial Differential
EquationgPDESs). For thesetypesof constraintsiterative solvershave beendevelopedto
efficiently solve for linear systemswith the basisof the JacobianC. Abstractinterfaces
for matricesandlinear solvers have beendevelopedthat allow the rSQPalgorithmto be
independentf theimplemenationof theseoperationsTheabstractionshatallow for this
variability aredescribedn Sectiord.2.3.1.

For someNLPs, the matrix V¢(z,) cannot evenbe formedimplicitly (i.e. no matrix-
vectorproducts) And, linearsystemsvith thebasisof theJacobiarC' in (4.1.33)cannotbe
solvedwith arbitraryright handsides.Or, solveswith C7 arenot possble (see[104]). For
thesetypesof NLPs,aspecialdirect sensitvity” interfacehasbeendeveloped(seeSection
4.2.3.2). For a “direct sensitvity” NLP, the numberof algorithmc and implementation
optionsis greatlyconstrainecndis thereforeanexampleof additionalcompleity created
by theinteractionof all threetypesof variability.

Abstractinterfacesto vectorsand matriceshave beendevelopedandare describedn
Section4.2.3.1thatsene asthe foundationfor facilitatingthe type of implementatiorand
NLP specificlinear algebravariability describedabove. In addition theseabstracinter-
facesalsohelp managesomeof the algorithmic variability suchasthe choiceof different
null-spacedecompositins.

4.2.2 High-Level Object Diagram for rSQP++

Thereare mary differentwaysto presentrSQP++ Here, we take a top-davn approach
wherewe startwith the basicsandwork ourway down into moredetail. This discussbn is
designedo helpthereadetto appreciatdiow acomplex or specializedNLP is solved using
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Figure 4.2. UML objed diagram: Coursegraired objed dia-
gramfor rSQP++

rSQP++.

Figure4.2 shaws a high-level objectdiagramof a rSQP++application,readyto solve
auserdefinedNLP. TheNLP objectaNLP is createdby the useranddefinesthefunctions
andgradientsfor the NLP to be solved (seeSection4.2.3.2). Closely associatedvith a
NLP isaBasi sSyst emobject. TheBasi sSyst emobjectis usedto implementthe se-
lectionof the basismatrix C. ThisBasi sSyst emobjectis usedby a variable-reduction
null-spacedecompodgion (seeSection4.2.5). EachNLP objectis expectedto supplya
Basi sSyst emobject. The NLP andBasi sSyst emobjectscollaboratewith the opti-
mizationalgorithmthougha setof abstractinearalgebrainterfaces(seeSection4.2.3.1).
By creatinga specialized\LP subclasqandthe associatedinear algebraand Basi s-
Syst emsubclassesthe implementatbn of all of the major linear algebracomputatios
canbemanagedn arSQPalgorithm Thisincludeshaving full freedomto choosehedata
structuredor all of thevectorsandthematricesA, C, N andhow nearlyeverylinearalge-
bra operationis performed. This alsoincludesthe ability to usefully transparenparallel
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linearalgebraon a parallelcomputereventhoughnoneof the corerSQP++codehasary
concepiof parallelism

OnceauserhasdevelopedNLP andBasi sSyst emclassedor theirspecializedppli-
cation,aNLP objectcanbepasseanto arSQPppSolver object. TherSQPppSolver
classis acorvenient“facade[42] thatbringstogethemary differentcomponentshatare
neededo build a completeoptimizationalgorithmin away thatis transparento the user
The rSQPppSol ver objectwill instantiatean optimization algorithm (given a default
or a userdefinedconfigurationobject)andwill thensolve the NLP, returningthe solution
(or partial solutionon failure) to the NLP objectitself. Figure4.2 alsoshaws the course
grainedlayout of a rSQP++algorithm. An adwancedusercansolve eventhe mostcom-
plex specialized\NLP without needingto understandow thesealgorithnic objectswork
togetherto implementan optimization algorithm Understandinghe underlyingalgorith-
mic framework is only necessaryf the optimizationalgorithmsneedto be modified. The
foundationfor thealgorithmc framework is discussedh Section4.2.4.A completeexam-
ple of asimplebut very specializedNLP thatoverridesall of thelinearalgebraoperations
is describedn Section4.4.

While rSQP++offers completeflexibility to solve mary differenttypesof specialized
NLPsin diverseapplicationareasuchasdynamicoptimizationandcontrol[16] andPDES
[19] it canalsobe usedto solve moregenericNLPs suchas are supportedoy modeling
systemdike GAMS [29] or AMPL [41]. For serial NLPs which can computeexplicit
Jacobiarentriesfor A, auserneeddo to createa subclas®©f NLPSeria IPreproce s-
sExplJa c anddefinethe problemfunctionsandderiatives. For thesetypesof NLPs, a
defaultBasi sSyst emsubclasss alreadydefinedwhichusesa sparsealirectlinearsolver
to implementall of the requiredfunctionality.

Figure4.3 shovs a UML packagediagramof all of the major packageshat make up
rSQP++.At thevery least,eachpackageaepresenteneor morelibrariesandthe package
dependenciealsoshow thelibrary dependenciesn mary caseseachpackagaes actuallya
C++namespace (e.g.namespace Abstract LinAlgPac k { ... })andselected
classesndmethodsareimportedinto higherlevel packagesvith C++using declarations.
Thefollowing arevery brief description®f eachpackage.The packagesredescribedn
moredetailin Sections4.2.3—4.25 andin AppendixC.
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Figure 4.3. UML package diagran : Package making up
rSQP++

MemMngPak containsbasic(yet advanced)memorymanagemenfoundationalcode
suchassmartreferencecountedpointersandfactoryinterfaces(seeAppendix8.8). These
classeprovide aconsisentmemorymanagemerdtylethatis flexible andresultsin robust
code.Withoutthis foundatian, muchof thefunctionality in rSQP++would have beenvery
difficult to implementcorrectlyandsafely

RTOpPackis comprisedf anadwancedow-leve interfacefor vectorreduction/transformtion
operatorghat allows the developmentof high-level linear algebrainterfacesand numeri-
calalgorithms(i.e. rSQP+4). Thebasiclow-level operatorinterfaceis calledRTOpwhich
allows the developrrent of arbitrary userdefinedvectoroperators.The designof this in-
terfacewascritical to the developnent of rSQP++in a way that allows full exploitation
of a parallelcompuer and specializedapplicationwithout requiringrSQP++to have ary
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conceptof parallelconstructs. The advancedconceptsehindthe designof RTOpPak
aredescribedn moredetailin [10].

AbstractL inAlgPack isafull-featuredsetof interfacego linearalgebraguantites
suchasvectorsandmatrices(or linearoperators) A vectorinterfaceis the foundationfor
all numericalapplicationsand provides someof the greatesichallengedrom an object-
orienteddesignpoint of view. The vectorinterfacein Abstrac tLinAlgPa ck is built
on the foundationof RTOpPack andallows the efficient developmentof mary adwvanced
typesof optimization algorithns. Thereare basicinterfacesfor general,symmetic and
nonsinglar matrices. The Basi sSyst eminterfacementicmmedabove is alsoincludein
this package.Theselinear algebrainterfacesare devoid of any concretemplementations
andform thefoundatiorfor all thelinearalgebracompuationsin rSQP+-. Thesanterfaces
aredescribedn moredetailalongwith the NLP interfacesin Sectior4.2.3

LinAlgPac k containsconcretadatatypesfor denseBLAS-compatibldinearalgebra.
Part of this packagds a portableC++ interfaceto a FortranBLAS library. This package
forms the foundationfor all denseseriallinear algebradatastructuresand computatios
thattake placein rSQP++.

SparseLin AlgPack includesmary differentimplementation®f linearalgebrain-
terfacesdefinedin Abstrac tLinAlgPa ck for serialapplications.In additionto a de-
fault serialvectorclass,denseand sparsematrix classesare alsoprovided. Several other
importantmatrix interfacesarealsodeclaredhatareusefulin circumstancesvhereserial
linear algebraquantites are mixed with more general(i.e. parallel) linear algebraimple-
mentations The implementationsand the interfacesincludedin this packageprovide a

(nearly) completelinear algebrafoundationfor the development of any advancedopti-
mizationalgorithm

SparseSol verPack providesinterfacesto direct serial linear solvers, subclasses
for several popularimplemenations(suchas several Harwell solvers and SuperLU)and
includesasubclas®f Basi sSyst emthatusesoneof thesedirectsolvers

NLPInterf acePack defineshebasicNLP interfacesthatareneededo implement
variousoptimization algorithms(particularly SQPmethod$. Thesebasicinterfacescom-
municateto an optimization algorithm throughlinear algebraquantitiesusing the Ab-
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stractL inAlgPack interface. Thesebasicinterfacesaredescribedalongwith thelin-
earalgebrainterfacesin Section4.2.3. This packagealsocontainsseveral NLP nodesub-
classedor comma typesof NLPs. Thesesubclassemake it very easyto implementa
serialNLP.

Constrain edOptimiz ationPac k isamixedcollectionof severaldifferenttypes
of interfacesandimplemenations. Someof the majorinterfacesandimplemenationsde-
finedin this packageare for null-sppcedecomposibns, QP solvers, merit functionsand
genericline searches.

Generallt erationPa ck is aframework for developing iterative algorithns. Any
type of iterative algorithm canbe developed andthereis no specializationfor numerics
in the package This framework providesthe backbonéfor all rSQP++optimizationalgo-
rithmsandis describedn moredetailin Sectiord.2.4

ReducedSp aceSQPPack is the highestlevel package(namespace)n rSQP++. It
containsall of therSQPspecificclassesandcontainsthe basicinfrastructurefor building
rSQP++algorithms(suchasstepclassespswell asotherutilities. Also includedarethe
rSQPppSolver facadeclassandtwo built-in configurationclassedor active-setrSQP
(rSQPAIgo _ConfigMa maJamg andinterior-pointrSQP(Algo _Confi gIP ). Basicin-
teractionwith a rSQP++algorithm througha rSQPppSolver objectis describedn the
Doxygendocumentatio startingat

RSQPPEBASEDOC/ReducedSpaceS QPPack/ht ml/index. html

It is notimportantthatthe userunderstandhe deatilsof all of thesepackaged¥ut some
packagesre of moreinterestto an advanceduserandthesepackagesredescribecdhext.
Someof theotherpackagesredescribedn AppendixC. For detailson theinstallation of
rSQP++,seeAppendixB.

4.2.3 Overview of NLP and Linear Algebra Interfaces

All of thehigh-level optimizationcodein rSQP++s designedo allow arbitraryimplemen-
tationsof the linear algebraobjects. It is the NLP objectthat definesthe basisfor all of
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thelinearalgebraby exposinga setof abstract'f actories”[42] for creatinglinearalgebra
objects. Beforethe specificsof the NLP interfacesare describedthe basiclinearalgebra
interfacesare discussedirst. Theseare the interfacesthatallow rSQP++to utilize fully
parallellinearalgebrain a completelytransparenmanner

4.2.3.1 Overview of Abst r act Li nAl gPack: Interfacesto Linear Algebra

Figure4.4shovs a UML classdiagramof the basiclinearalgebraabstractionsThe foun-
dationfor all the linear algebrais in vectorspaces.A vectorspaceobjectis represented
thoughan abstractinterface called Vect or Space. A Vect or Space objectprimar
ily actsasan “abstractfactory” [42] andcreatesvectorsfrom the vectorspaceusingthe
cr eat e_nenber () method.Vect or Space objectscanalsobeusedto checkfor com-
patibility usingthei s_conpati bl e() method Every Vect or Space objecthasa
dimensim. Thereforea Vect or Space objectcannot be usedto represenan infinite-
dimensimal vector space. This is not a seriouslimitation sinceall vectorsmusthave a
finite dimensionwhenimplementedin acomputer Justbecauseéwo vectorsfrom different
vector spaceshave the samedimenson doesnot imply that the implemenationswill be
compatible For example distributed parallelvectorsmay have the sameglobaldimenson
but thevectorelementsnay bedistributedto processorslifferently (we saythatthey have
different*maps”). Thisis animportantconcepto remember

Vectorimplemenationsareabstractedehindinterfaces.Thebasicvectorinterfacesare
brokenup into two levels: Vect or Wt hQp andVect or Wt hQpMut abl e. TheVec-
t or Wt hQp interfaceis animmutableinterfacewherevectorobjectscannot be changed
by theclient. TheVect or Wt hOpMut abl e interfaceextendsthe Vect or Wt hQp in-
terfacein allowing clientsto changethe elementsn the vector Thesevectorinterfaces
arevery powerful andallow the clientto performmary differenttypesof operations.The
foundationof all vectorfunctionality is the ability to allow clientsto apply userdefined
RTOpoperatorsvhich performarbitraryreductionsandtransformationgseethe methods
appl yreduction(...) andapplytransformation(...)1). Theability to

Notethatbothappl y r educti on(...) andapplytransformation(...) canperfam re-
ductiors andretum reductiao objectsreduct _obj . Assumingthatonly appl y r eduction(...) can
perfam a reductia is a comma misundestanding. The differencedetweernthesetwo method is subtle
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Figure 4.4. UML class diagram: Abstr actL inAlg Pack,
abstactinterfacesto linear algelra

write thesetypesof userdefinedoperatorgs critical to the implemenétion of advanced
optimizationalgorithns. A single operatorapplicationmethodis the only methodthata
vectorimplemenationis requiredto provide (in additionto sometrivial method suchas
returningthedimensiorof thevector)whichmalkesit fairly easyto addanew vectorimple-
mentation.In additionto allowing clientsto apply RTOpoperatorsthe othermajorfeature
is the ability to createarbitrary subviews of a vector (usingthe sub_vi ew() methods)
asabstractvectorobjects. This is animportantfeaturein thatit allows the optimization
algorithmto accesghe dependen(i.e. state)andindependen(i.e. design)variablessepa-
rately (in additionto any otherarbitraryrangeof vectorelements).Supportfor subviews
is suppored by default by every vectorimplementationthroughdefault view classegsee
the classVectorW ithOpMuta bleSubvi ew) thatrely only on the RTOpapplication
methods.Thelastbit of majorfunctionalily is theability of theclientto extractanexplicit

andthereadershouldconsultthethe Doxygendocurnentationfor moredetails.
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view of a subsetf the vectorelements.This is neededn a few partsof an optimizaton
algorithmfor suchtasksasdensequasi-Nevton updatingof the reducedHessianandthe
implementationof thecompacLBFGSmatrix. Asidefrom vectorsbeingimportantin their
own right, vectorsare alsothe major type of datathatis communcatedbetweenhigher
level interfacessuchaslinear operatorgi.e. matrices)and function evaluatas (i.e. NLP
interfaces).

The basicmatrix (i.e. linear operator)interfacesare also shovn in Figure4.4. The
Mat ri xXW t hOp interfaceis for generalrectangulamatrices.Associatedvith arny Ma-
tri xXWthQp objectis a columnspaceand a row spaceshavn as space cols and
space _rows respectrely in thefigure. Sincecolumnandrow Vect or Space objects
have afinite dimenson, thisimpliesthatevery matrix objectalsohasfinite row andcolumn
dimensims. Therefore,thesematrix interfacescan not be usedto represenan infinite-
dimensimal linear operator Notethatall finite-dimensioal linearoperatorcanberepre-
sentedasa matrix (whichis unique)sothedistinction betweerafinite-dimensioal matrix
anda finite-dimensimal linear operatoris insignificant. The columnandrow spacef a
matrix objectidentify the vectorspacedor vectorsthat are compatiblewith the columns
androws of the matrix respectrely. For exampk, if thematrix A is representedsa Ma-
tri xXW t hOp objectthenthe vectorsy andx would have to lie in the columnandrow
spacesgespectiely for the matrix-vectorproducty = Ax.

Thesematrix interfacesgo beyond what mostotherabstractmatrix/linearoperatorin-
terfaceshave attempted.Otherabstractinearoperatorinterfacesonly allow the applica-
tionsof y = Az orthetransposéadijoint)y = Az for vectorvectormappingsEvery Ma-
tri xXW t hOp objectcanprovide arbitrarysultviews asMat r i xXW t hQp objectsthrough
thesub_vi em .. .) methods.Thesemethodshave defaultimplemenationsbasedon
defaultview classesvhich arefundamentallysupportedy theability to take arbitrarysub-
view of vectors.This ability to createthesesubviews is critical in orderto accesshe basis
matricesin (4.1.33)givena JacobiarobjectGc for Ve. Thesematrix interfacesalsoallow
muchmoregeneraktypesof linearalgebraoperationsThematrix Mat r i xXW t hQp inter-
faceallows theclientto performlevel 1, 2 and3 BLAS operationgseeAppendixE for a
discussia of the corvention for namingfunctionsfor linearalgebraoperations)
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B = aop(A)+ B

y = aop(A)z+ By
C = aop(A)op(B)+ 5C.

Oneof the significantaspect®f thesdinearalgebraoperationgs thatanabstractva-
tri xXWt hOp objectcanappearon the left-hand-side. This addsa whole setof issues
(i.e. multiple dispatch 76, Item 31]) thatarenot presentn otherlinearalgebrainterfaces.

The matrix interfacesassumethat the matrix operatoror the transposeof the matrix
operatorcanbe applied. Therefore,a correctMat r i xXW t hQp implementatiormustbe
ableto performthetransposedswell asthe non-transposedperation.This requirement
is importantwhenthe NLP interfacesarediscussedater.

Several specialization®f the Mat r i xXW t hQp interfacearealsorequiredin orderto
implement advancedoptimization algorithns. All symmetre matricesare abstractedy
theMat r i xSymW t hQp interface.Thisinterfaceis requiredin orderfor the operation

C = aop(B) op(A) op(B") + 5C

to be guaranteedo maintainthe symnetry of the matrix C. Note thata symmetric
matrix requiresthatthe columnandrow spacede the samewhich is shovn by the UML
constrain{... } in Figure4.4.

The specializationvat r i xXW t hOpNonsi ngul ar is for nonsinguar squarematri-
cesthat can be usedto solve for linear systens. As a result, the level 2 and 3 BLAS
operations
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y = op(A )z
aop(A~") op(B)
C = aop(B)op(A™)

Q
|

are supported.The solution of linear systens representedby theseoperationscanbe
implementedin anumberof differentways.A directfactorizatiorfollowedby backsolves
or alternatvely a preconditionedterative solver (i.e. GMRES or someotherKrylov sub-
spacemethod)couldbe used.Or, a morespecializedsolutionprocessould be employed
whichis tailoredto the specialpropertiesof the matrix (i.e. bandedmatrices).

ThelastmajormatrixinterfaceMat r i xSymAN t hQpNonsi ngul ar isfor symmetric
nonsinglar matrices.This interfaceallows theimplemenéationof the operation

C = aop(B)op(A™") op(B")

andguaranteethatC' will bea symmetricmatrix.

A moredetaileddiscus#on of thesebasiclinearalgebrainterfacescanbe foundin the
Doxygendocumentatio.

A major part of a rSQP algorithm, basedon a variable-reductiomull-spacedecom-
position (seeSection4.2.5),is the selectionof a basis. The fundamentabbstractiorfor
this taskis Basi sSyst em (asfirst introducedin Figure4.2). Theupdat e basi s()
methodtakesthe rectanguladacobiarGc (V¢) andreturnsaMat r i xXW t hOpNonsi n-
gul ar objectfor thebasismatrix C. Thisinterfaceassumeghatthevariablesarealready
sortedaccordingto (4.1.31). For mary applicationsthe selectionof the basisis known a
priori (e.g.PDE-constrainedptimization). For otherapplicationsit is not clearwhatthe
bestbasisselectionshouldbe. For the lattertype of applicatian, the basisselectioncanbe
performedon-the-flyandresultin oneor moredifferentbasisselectionsluringthe course

79



of arSQPalgorithm The Basi sSyst enPer mspecializatiorsupportshis type of dy-
namic basisselectionandallows clientsto eitheraskthe basis-systenobjectfor a good
basisselection(sel ect _basi s()) or cantell the basis-sysm objectwhat basisto use
(sel ect _basi s()). The selectionof dependent: , andindependent:; variablesand
the selectionof the decomposed,(z) andundecomposed, (z) constraintss represented
by Per mut at i on objectswhich are passedo andfrom theseinterfacemethod. The
protocolfor handlingbasischangess someavhat complicatedandis beyond the scopeof
thisdiscusson.

4.2.3.2 Overview of NLPI nt er f acePack: Interfacesto Nonlinear Programs

The hierarchyof NLP interfacesthatall rSQP++optimizatian algorithmsarebasedon is
shovnin Figure4.5. TheseNLP interfacesactprimarily asevaluatas for thefunctionsand
gradientghatdefinethe NLP. Theseanterfacesrepresenthevariouslevelsof intrusveness
into anapplicationarea.

Thebase-lgel NLP interfaceis calledNLP anddefineghenonlinearprogram.An NLP
objectdefineghevectorspacesor thevariablest andtheconstraint€ asVect or Space
objectsspace x andspace _c respectrely. TheNLP interfaceallowsaccesso theinitial
guessof the solution zy andtheboundsz;, andz;; asVect or W t hOp objectsx _init
xI andxu respectiely.

The NLP interfaceallows clientsto evaluatejust the zero-orderquantites f(z) € R
andc(z) € C asscalarandVect or Wt hOpMut abl e objectsrespectidly. Many dif-
ferentstepsin anoptimizaton algorithmdo not requiresensitvities for the problemfunc-
tions. Examplesncludeseveraldifferentline searchandtrustregion globalization methods
(i.e. Filter andexact merit function). Nongradient-basedptimizationmethodscould also
be implementedhroughthis interfacebut smoothessandcontinuty of the variablesand
functionsis assumedy default. Note thatthis interfaceis the sameasa NAND (nested
analysisanddesign)approachf thereareno equalityconstrains (i.e. removed usingnon-
linear elimination). The NLP interface can also be usedfor unconstraineaptimizaton
(i.e.|C| = m = 0) or for asystemof nonlinearequationgi.e. |X| = n = |C| = m).

The next level of NLP interfaceis NLPObj Gr adi ent . This interfacesimply adds
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NLP

X_init : VectorWithOp
x| : VectorWithOp

xu : VectorWithOp
calc_f(in x)
calc_c(in x)
Zﬁ space_c space_x
NLPObjGradient AbstractLinAlgPack:: VectorSpace
calc_Gf(in x)
NLPFirstOrderinfo NLPFirstOrderDirect
calc_Ge(in x) calc_point(in x, out f, out ¢, out Gf, out py, out D)

% basis_sys

NLPSecondOrderinfo
calc_HL(in x, in lambda) [AbstractLinAlgPack:: BasisSystem

Figure 4.5. UML classdiagram: NLPInter faceP ack, ab-
strad interfacesto norliner programs

the ability to computethe gradientof the objective functionV f(xz) € X asaVect or -
W t hOpMut abl e objectGf. For mary applicationsit is far easierandlessexpensve
to computesensitvities for the objectve function thanit is for the constraints. That is
why this functionalityis considerednoregenerathansensitvities for the constraintsand
is thereforehigherin the inheritancehierarchythaninterfacesthe include sensitvities for
Ve.

Sensitvities for the constraintsVe are broken up into two separatenterfaces. These
interfacesrepresenthe capabilitiesof the underlyingapplicationcode. The mostgeneral
(from the standpant of the optimization algorithm)interfaceis NLPFi r st Or der | nf o.
This NLP interface assumeghat the applicationcan, at the very least,form and main-
tainaMat ri xXW t hQp objectGc for the gradientof the constriantsVe. Recallthatthis
implies that operationsof the form u = Ve’ v andu = Vew canboth be performed
with arbitraryvectors. Note thatwhile operationsof the form . = VeTv canbe approx-
imatedusing directionalfinite differenceg(i.e. Vcl'v = lim_,o(c(z + ev) — c(x))/¢)),
operationsof the form v = Vcwv cannot, so this interface can not simply be approxi-
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matedusingfinite differences.A NLPFi r st Or der | nf o objectcanoptionally supply
a Basi sSyst emobjectthatis specializedfor applicationls Gc matrix object. By im-

plementingthe NLPFi r st Or der | nf o interface (with the associated/ect or Space,

MatrixW ithOp andBasi sSyst em subclasses)the critical linear algebracomputa-
tionscanbeperformedn arSQPalgorithm.SeeSection4.2.5for a descriptim of how the
variable-reductiomull-spacedecomposittnsusea Basi s Syst emobjectto defineall of

therequireddecompogion matrices. An exampleof a very structured\LP is describedn

Sectiond.4whereall of thelinearalgebraobjectsarespecializedor the NLP.

For applicationsthat can not satisfy the NLPFi r st Or der | nf o interface,thereis
theNLPFi r st Or der D r ect interface. As the nameimplies,the NLPFi r st Or der -
Di r ect interfaceonly requireghedirectsensitvity matrix D = —C'~' N andthesolution
to the Newton linear systems,, = C'*c. With usuallyminor modifications,almostary
applicationcodethatusesa Newton methodfor theforwardsolutioncanbe usedto imple-
menttheNLPFi r st Or der D r ect interface(seeChapter5 for anexampleapplication).
Both the orthogaal andthe coordinatevariable-reductiomull-spacedecompogions can
beimplementedwith justthequantites D = —C~'N andp, = C~'c.

Finally, the mostadvancedNLP interfacedefinedis NLPSecondOr der | nf 0. This
NLP interfaceallows the optimization algorithmto compue a Mat r i xSymW t hOp ma-
trix objectHL for theHessiarof theLagrangiaV = V3, L = V?f(z)+3_7 | A\;VZ¢;(x).
How this Hessianmatrix objectis usedcanvary greatly This matrix objectcanbe used
to computethe exactreducedHessianB = ZTW Z or canbe usedto form the full KKT
matrix. Many otherpossililities exist but the bestapproachwill be very muchapplication
dependent.

The NLP, NLPFi rst Order Di rect, NLPFi r st Or der | nf o andNLPSecond-
O der I nf o interfacesrepresentour differentlevels of invasvenesgo the application.
The NLP interfacewithout equalityconstraintcanusedto implementa basicNAND op-
timization algorithmwhile on the otherextremethe NLPSecondOr der | nf o interface

canbe usedto implementa fully coupledinvasve SAND methodwith accesgo second
derivatives.
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4.2.4 OverviewofGeneral I terationPack : Framework for Gen-
eral Iterati ve Algorithms

Generallt erationPa ck is aframeawork for building iterative algorithns in C++.
Thisframeawork is notspecificto numericalpplicatiors andcanbeusedfor any application
areawhereit may be useful. The challengesn building sucha framework arein trying to
keepthe stepsandothercomponentin thealgorithmasdecoupledaspossiblesothatthey
canbereusedn mary differentrelatedalgorithns.

To illustrate the designand the underlyingconcepts considerthe iterative algorithm
shavn in Figure4.6. In suchan algorithm, quantites computedin one stepare usedby
oneor moreothersteps.In the example,theiterationquantitesarez, p, ¢, andr. These
guantites may representarything from scalarsto vectorsor matricesall the way up to
arbitrarily complex objects. Suchalgorithns mustbe initialized beforethey canbe run
asshawn in the example. Oncesomeminimum initializationis completedthe algorithm
startsto run. The averageiterationis executedsequentiajl from step 1 to step4 and
thenloopsbackto stepl againwith the iterationcounterk incrementedyy one. During
someiterations however, oneor moreminorloopsbetweersteps2 and3 mayberequired.
The stepsin the algorithmare dependenbn the other steps(at leastimplicitly) through
commoniterationquantites. For example,steps2, 3 and4 all accesgheiterationquantity
g. Stepsmayalsohave algorithmiccontroldependenciesequiredto performminor loops.
In the example,steps2 and 3 areinvolved in a minor loop andthis suggestsometype
of dependeng betweenthem. The last type of dependeng that exists is also between
stepsandtheiterationquantitiesthat are updatedor accesseandis relatedto the storage
requirementsgor iterationquantities For example stepl only requiresonestoragdocation
for p to updatep®, while step2 requiresdual storagefor p (p* andp*~!) in orderto update
¢*. Supposestepl wereimplemenéd long beforestep2. In this case,it may have been
assumedhatonly onestoragdocationwasneededor p. Whenstep2 is laterimplenmented,
will stepl have to be modifiedto accommodaté¢he additioral storagelocations? Many
implementationtechniquesvould requirethe codeimplemening stepl to be modifiedin
this casetherebycouplingstepl to step2 aswell asto theimplementatiorof theiteration
guantityp. Finally, theremustbe someterminationcriteriafor the algorithm. This check
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Figure 4.6. UML Activity Diagram: Exampleiterative algo-
rithm

for terminationoccursafterstep4 is completedn theexample.

Figure 4.7 showvs a UML? diagramfor the Gener allterati onPack framework.
At the centerof the framework is an Algori thm object. Associatedwith an Algo-
rithm objectareoneor moreAl gori t hntSt ep objectswhereeachis identifiedby a
uniqguename(step _name). Stepobjects,which areinstantiatims of subclassesf Al -
gori t hnt ep, implementthe stepsin the algorithm Using objectsto represent sub-
algorithmis awell known OO designpattern(seethe “Strategy” patternin [42]). Iteration
guantites are abstractedbehindthe | t er Quant i ty interfaceand are aggr@atedinto
a single Algorith mState object. The Algorithm State objectactsasa central
repositoryfor thesequantities. Individual | t er Quant i t y objectsare identifiedby a
uniquename(iq _-name). Aggregating all of the iterationquantitiesinto one centrallo-
cationhelpsto remove the datadependenciebetweenStepobjects. The Stepobjectsuse

2The UML [96] hasa corventionfor the namesof classesandobjectswhich is usedin this pape. The
namesf concreteclassesisethefont ConcreteCla ss. Thisis alsothe font usedfor objects.An object
is an instantiationof a conaete class. Abstractclassnames, aswell as abstractopeation names,arein
italics suchasAbst ract C ass andAbstract O ass: : operation(...). While aconceteclass
may have directobjed instantiatios, anabstractlass(intefface)maynot (i.e. becaus¢heseclasseslways
have oneor moreundefinedabstracopeation).
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thel t er Quanti t yAccess<. .. > interfaceto updateand accessteration quantites.
Theoperationset _k( of f set) is calledto updatea quantity for the specificiterationk
+ of f set, while get k( of f set) is usedto accessa quantityalreadyupdated.Such
aninterfaceto iterationquantitesrelieves Stepobjectsfrom having to know if a quantity
requiressingleor multiple storage Soin the previous mentonedscenaridor our example
algorithm whentheclassfor step2 is implementedafter stepl, the classfor stepl would
not have to be modifiedat all or evenrecompiled.Also, the operationget k( of f set)
validateghatthequantitywasindeedupdatedor theiterationk + of f set . Thisfeature
hasbeeninvaluableduring the developmentof rSQP++in catchingmistakesin algorithm
logic and/orimplementatbn. Finally, anAl gor i t hmlr ack objectis usedto outputin-
termediaténformationaboutthe algorithm by examiningthe Algorit  hmState object.
By creatinga subclas®f Al gor i t hmlr ack, clientscaneasilymonita the progresof
analgorithm. If more sophisicatedmonitoring and control of an algorithmby the client
is required,additional Stepobjectscanbe insertedinto an alreadypreformedalgorithm
In addition,an algorithmcanbe alteredwhile it is runningby addingandremoving Step
objects therebyallowingit to beadaptedor changingneeds.

Figure 4.8 shavs an objectdiagramfor the examplealgorithmin Figure4.6. In this
diagram theiterationquantitesareshavn aggreyatedinside the Algorit  hmState ob-
jectwherethelink qualifiernamesaregivenfor eachquantity The concretetype of each
of thesequantitiess IterQua ntityAcce ssContigu ous<...>  which providesse-
guentialstoragefor successk iterations.

This designalsoallows for distributedalgorithmtc control. Algorithm controlis shared
betweerthe Algorithm  andAl gor i t hntSt ep objects.The Algorit  hmobijectis re-
sponsilte for executng stepssequentially(from Stepl to Step4 in our example).Al go-
rithntt ep objectsareresponsit# for initialing minor loopsthroughthe Algorit  hm
object(Step3initiatestheMinor Loopin theexample).Figure4.9shovsaUML collabora-
tion diagramillustrating how algorithmcontrolis implementedor our exampk algorithm
Thescenarishavn is for two majoriterations(k = 0, 1) wheretheminor loopis executed
oncein thefirst (k = 0) iteration.

The detailsfor theinterfacesandthe collaboratios betweerthe objectsin this frame-
work aredocumentedhn the Doxygengeneratedlocumentatiorstartingin thefile
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Generallteration Pack

Algorithm

«configuration»

«start algorithm»
do_algorithm()
«runtime configuration»

«algorithmic control»
do_step_next(step_name)

[step name k

- Executes steps

- Central hub for algorithm

along major loop

step_name @

*

terminate(bool)

Algorithm Step

do_step(...):bool

g

Algorithm State

next_iteration()
iter_quant(ig_name):lterQuantity&

0,1

IterQuantity

name():string&
next_iteration()

G

AlgorithmTrack

- Strategy interface

output_iteration(:Algorithm &)

- Performs computations
- Initiates minor loops

output_final(:Algorithm&, algo_return

- Interface for outputting
information about the algorithm
during each iteration

- Central Repository for
Iteration Quantities

IterQuantityAccess

set_k(offset:int):T_info&
get_k(offset:int):const T_info&

- Encapsulates iteration
quantities for one or more
iterations

- Hides knowledge of storage
requirements

- Runtime checks for updates

Figure 4.7.

UML Class Diagram:

Generall tera -

tion Pack: An objed-orientedframenork for building iteratve

algarithms
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&l—' . ConcreteStepl

"Step2" : ConcreteStep2

: Algorithm. "Step3" : ConcreteStep3

ﬂl—' . ConcreteStep4

| track |
| _~ConcreteTrack

state

. AlgorithmState

II—)I . IterQuantityAccessContinuous<...> |
Il—)I . IterQuantityAccessContinuous<...> |
Il—)I . IterQuantityAccessContinuous<...> |
:|—>| . IterQuantityAccessContinuous<...> |

Figure 4.8. UML Object Diagram: Instartiations (objects) of
Generall terat ionP ack classfor theexamplealgorithmin
Figure4.6
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Stepl ‘ Step2.

1.1: do_step(algo,1) 1 1.2: do_step(algo,2) t
1.9: do_step(algo,1) 1 1.4: do_step(algo,2) t
1.10: do_step(algo,2) t
|
1: do_algorithm() -
—_— algo: Algorithm } Step3
1.3: do_step(algo,3) -
1.3.1: do_step_next("Step2") ~

1.5: do_step(algo,3) -
1.11: do_step(algo,3) -

1.7: output_iteration(algo) |

1.13: output_final(algo 1.6: do_step(algo.4) |

state: AlgorithmState ‘ ‘ track Step4

Figure 4.9. UML Collaboration Diagram: Scenariofor the
examplealgarithm in Figure4.6

RSQPPBEBASEDOC/Geneallterat ionPack/h tml/index .html

4.2.5 Overview of Interfacesfor Null-SpaceDecompositions

An importantcomputatbn in a rSQP algorithm is the null-spacedecompogion usedto
projectthefull-spaceQP subproblemnto the reducedspace.ln rSQP++ the decomposi-
tion matricesZ, Y, U, andU, in (4.1.23),(4.1.26)—(4.1.27arerepresentethy Mat r i x-
W t hQp objectswhile thenonsngularmatrix R in ((4.1.24)is representeddy aMat r i x-
W t hOpNonsi ngul ar object. Oncethesematrix objectsareinitialized for the current
iteration, the restof the rSQP++algorithmcanbe implementedoy interactingonly with
thesematriceghroughtheMat ri xW t hQp andMat ri xXW t hQpNonsi ngul ar inter-
faces.ThebasicinterfacethatarSQP++algorithmusedo constructhematrices?, Y, U,,
U, andR fromthematrix A is Deconposi t i onSyst em Thisinterface,aswell asmore
specializednterfacesfor variable-reductiomlecompodgions,is shovn in Figure4.10.

TheDeconposi t i onSyst eminterfacehasanoperatiorcalledupdat e deconp(. . .)
whichtherSQP++algorithmcallsto updatehedecomposibn matrices.TheDeconposi t i on-
Syst eminterface also exposesa set of factory objects(not shavn in the figure) that
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DecompositionSystem

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)

DecompositionSystemVarReduct |

DecompositionSystemOrthonormal

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)

DecompositionSystemVarReductimp
update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy) —| basis_sys 3 - = -
update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy) AbstractLinAlgPack:: BasisSystem

j|} +update_basis(in Gc, out C, out D, out ...)

DecompositionSystemCoordinate DecompositionSystemOrthogonal

update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy) update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)

Figure 4.10. UML Class Diagram: Inheritancehierarchy for
null-spacedemmpositons

cancreatematrix objectsfor 7, Y, R, Uz andUy thatare compatiblewith the concrete
decomposibn-systenobject.

Deconposi ti onSyst enVar Reduct is a specializedinterfacethat all variable-
reductiondecomposibns inherit from. Deconposi ti onSyst enVar Reduct | np is
animplemenationnodesubclasshatprovidesacommonimplemenationthatall variable-
reductiondecompogionscanshare.This matrix subclasslefinesthefactoryobjectsfor Z
andUz. Thekey to makingthe variable-reductiomlecomposion subclassesmdependent
of thespeciabropertieof theunderlyingNLP andlinearsolveristo useaBasi sSyst em
objectwhich takescareof the basishandling TheBasi sSyst emobjectprovidesaccess
to the basismatrix C' asa Mat ri xXW t hOpNonsi ngul ar objectaswell asthe ma-
trices N, E, and F' asMat ri xXWt hQp objects. Given a Basi sSyst em object, the
Deconposi ti onSyst enVar Reduct | np subclasganfully definethenull-spacema-
trix Z in (4.1.34)andthe projectedmatrix Uz in (4.1.35).This subclasperformsall of the
interactionwith theBasi sSyst emobjectto form the basismatrices.However, this sub-
classcannotdefinethematrixobjectsfor Y, R andUy sincethesedependnthedefinition
of the quasi-range-spaamatrix Y. The computationof thesematrix objectsaredeferred
to subclassethroughthe pure-virtualmethodupdat e mat ri ces(. .. ). Thismethod

89



passeshebasismatrix objectsfor C, N, E, F' andpotentiallythe directsensitvity matrix
objectfor D to the subclassvhich thenreturnsupdatedmatrix objectsfor Y, R andUy.

The coordinatedecomposibn definedin (4.1.36)—(4.138) is implementedy the sub-
classDeconposi ti onSyst entCoor di nat e. Theimplementationof this subclasss
verysimpleaskR = C, U, = E.

Theorthogonadecompogion definedin (4.1.39)—(4.1.41)s implementedby the sub-
classDeconposi ti onSyst entrt hogonal . The implementabn if this subclasss
more complex becauseof the more complicateddefinitionsof Y, R, andU,. Seethe
Doxygendocumentatn for this subclasgor more detailson how thesematricesareim-
plemented.

Thelastdecompositia systensubclasss Deconposi t i onSyst emOr t honor nal
which implementsa differenttype of null-spacedecomposibn basedon a QR factoriza-
tion. Thelinearalgebraperformedin this classusesdensecompuationsandis therefore
only applicableto smallserialNLPs.

Sincethenull-spacedecompodion is suchanimportantpartof arSQPalgorithmit is
veryimportantto validatethatdecompodion matricesZ, Y, R, U, andU, obey thecorrect
propertiesThetestclassDecomposi tionSyste mTester hasbeendevelgpedfor this
purpose Thetestsperformedoy this classdo notsignificantlyincreasehetotal runtime for
theapplicationandcanbe performedon eventhe largestandmostdifficult problems.The
testsperformed, of course catchgrossprogrammng andothererrorsbut arealsosensitve
to ill conditining in the problem. If any of the testsfail, the overall rSQP algorithm
is terminated. This classacceptamary different optiors that control the level of output
producedo therSQPppJournal. out file (seethe optionsgroupDecomposition-
SystemT ester ).

The decomposibn systeminterfacesand subclasseare part of the packagg(hames-
pace)Constrain edOptimiz ationPack andaredocumentedh the Doxygencollec-
tion startingin

RSQPPBEBASEDOC/ConstrainedOp timizatio  nPack/htm l/index.h  tml
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4.2.6 Interfacesto Quadratic Programming Solvers

Anothervery importantnumericalcomputaton in a rSQPalgorithmis the solutian to the
reduced-spac®P subproblemin (4.1.25)—(4.127). In orderto decouplethe rSQP code
away from the QP solver usedto solve the QP subprobleman abstractinterfaceto QP
solvers called QPSol ver Rel axed hasbeendeveloped. The QPSol ver Rel axed is
very generalandhasseenapplication in areasotherthanSQP(suchasMPC in [11]). The
QP solvedby thisinterfaceis of theform

min  ¢'d+ %hd"Gd+ M(n) (4.2.59)
de R™
st. nt<n (4.2.60)
db<d<d’ (4.2.61)
el < op(E)d —bn < €Y (4.2.62)
op(F)d+(1—-n)f=0 (4.2.63)
where:
d,dt, dV € R™
n,n" € R
Mn) € R - R
g € R

G=G" € R"* ™
op(FE) € R™nxnd
el, eV, b € R™in
op(F) € RMeaxnd
f € R«

As showvn in (4.2.59)—(4.263), a very simplerelaxationof the constraintgs built into
the formulation. The form of this relaxationis biasedtoward usein a SQP algorithm
Theform of thefunction M (n) in the objective (4.2.59)is specifiedby the subclassethat
implenentthisinterface.An appropriatdorm of thisfunctionfor acorvex QPsolvermight
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beM(n) = (n+1/2772)J\7[, wherel is alargeconstantFor a QP solver capableof handling
anindefiniteHessian, M (n) = nM, when M is alarge constantmay be a betterchoice.
No matterhow thefunction M (n) is defined,aslongasd(M (n))/d(n)|,_,. is sufficiently
large,thenn will beatits lower boundn = n’ (n* = 0 usually) in (4.2.60)if anunrelaxed
feasibleregion exits for (4.2.61)—(4.2.63).

The methodQPSol ver Rel axed: : sol ve gp(...) is calledto passthe argu-
mentsdefiningthe QP to the QP solver andto returnthe solution. If the soluion is not
found,thena partial solution will bereturnedandsomeinformationasto the statusof the
returnedpointwill begiven(i.e. dualfeasible primal feasible,etc.). The problemvectors
g, b, f,dl, dY, el andeV arerepresentedsVectorWit hOp objects. What makesthis
interfacedifferentfrom otherQP interfaces suchasdescribedn [115], is thatthe defining
matrix objectsarerepresentethroughtheabstracinterfacegvat r i xSymW t hQp for the
HessianG andMat ri xXW t hOp for the JacobiammatricesE and F'. In thisway, theclient
(i.e.therSQPalgorithmin the caseof rSQP++)neednotknow aboutthespecialproperties
of theHessiaror the Jacobiammatricesor how the QPis solved.

For someQPsolversthatimplementheQPSol ver Rel axed interface,suchasQPOPT
andQPSOL interactionwith thematricesz, F andF throughtheMat r i XW t hQp inter-
faceis all thatis neededo solvetheQPin areasonablefficient mannerwith respecto the
specificsolver). However, mostimplementabns of the QPSol ver Rel axed interface
cannot efficiently solve the QP with just the interface provided throughMat r i xSym
W t hCp andMat ri xXW t hQp. For mary of theseQP solver subclassesnorespecialized
matrix interfacesmustbe supportedoy matrix objectsfor G, E and/orF'. For example,
the subclasgor QPKWIK [106] mustbe ableto extractthe denseanverseof the Cholesky
factor of the HessianG. In orderto do this, the matrix objectfor G must supportthe
Mat ri xExt ract | nvChol Fact or interface. Therefore,to useQPKWIK efficiently,
the HessianGG is usuallystoredand manipulatedusingthe densenverseof the Choleslk
factor For otherQP solvers otherlessintrusive matrixinterfacesareall thatarerequired.
For example,with QPSchuir(see[10] ) the QP canbe efficiently solved if G suppors the
Mat ri xSymW t hQpNonsi ngul ar interface.Otherapproachefor solvingthe QP de-
finedin (4.2.59)—(4.2.63yith QPSchurandthe interfacesthat the Hessianand Jacobian
matrix objectsmustsupportarediscussedn [10].
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In addition to passingn the matricesandvectorsthatdefinethe QP, theclient canalso
passin initial guessegor the solutiond (primal variables)and the Lagrangemultipliers
(dualvariables)for the simde boundv, generalinequality x andgeneralequality A con-
straints. Given good estimaés for the primal and dual variables,an actve-set QP solver
canfind the solutionin very few iterations.

At the time of this writing, QPSol ver Rel axed subclassetiave beendeveloped
for QPOPT(QPSolve rRelaxedQ POPT) [47], QPSOL(QPSolverR elaxedQP SOL)
[45], QPKWIK (QPSolv erRelaxed QPKWIK [106], LOQO (QPSolverRe laxed-
LOQO[117] andQPSchu(QPSolverR elaxedQPS chur ) [10].

Therealvariability amongdifferenttypesof QPsis in the form of the HessianGG and
Jacobian® andF' matrices By defininga singleinterfacefor QP solvers,mostof thesame
codethat setsup the QP vectors,calls the solver, andinterpretsthe returnedsoluion can
bereusedor mary differentQP solver implementationsUsingthis QP interfacemalesit
relatvely easyto swap QP solversin andoutof rSQP++

Anothermajor advantageto having a singleinterfaceto mary differentQP solwversis
thatit waspossibleo implementatestingclasscalledQPSolverR elaxedTes ter . The
methodQPSolv erRelaxed Tester::c  heck optimalit y _conditi ons(...) checks
the optimality conditiors of the QR, definedin (4.2.59)—(4.2.63)giventhe solution (or par
tial solution returnedfrom QPSol ver Rel axed: : sol ve qp(...). It is critical to
stresshow importantthis testingclassis andhasbeenfor easingthe developnentof new
QP solver subclasseandin regressiortestingexisting QP solvers In addition,thistesting
methodcomputesthe relative errorsin the optimality conditions andis usefulin deter
mining how muchlossof precisionhasoccurreddue to round off andill conditionng.
This helpsto diagnosewhena QP solver may be unstableor whenthe QP beingsolved
is veryill conditioned. A lot of work hasgoneinto the developmentof the QPSolve r-
Relaxed Tester testingclassandthiswork canbeleveragedvhenareranew QPsolver
implementationis created.
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4.3 Configurationsfor rSQP++

An algorithm configurationobject, as shovn in Figure 4.2, is requiredto build a valid

rSQP++algorithmandto initialize it beforethe algorithmis run. This is wherea lot of

thecomplity involvedwith arSQP++algorithmoccurs.Theindividual stepobjectsused
to build the algorithm generallyarevery compactandperformsimper, well definedtasks.
Most of thesestepobjectsarebuilt to befairly autononouswith little specificknowledge
aboutothersteps. For the mostpart, Stepobjectscommunicatewith eachotherthrough
theiterationquantitesthatthey have in common Becausedhe individual Stepobjectsare
decoupledthey canbe usedandreusedin mary relatedrSQP++algorithns. However,

asis the casewith ary non-trivial application,the total compleity of the softwareis as
greator greaterthanthe compleity of the algorithmit is implementng. This increase
in overall compleity is unavoidable. Whathasmadeobject-orientednethodssuccessful
in so mary areasis that this overall compleity is decomposedto manageablehunks
thatmostof uscancomprehendThereis a continuos strugglein softwaremodelng and

designbetweenmoreencapsulatioio make entitiesappearsimpleron the outsideverses
lessencapsulationwith finer-grainedobjectsthat are moreflexible but are alsoharderto

dealwith andunderstanésawhole. It is ouraimto implementalgorithns in rSQP++that

strike areasonabl®alancebetweersimplicity andflexibility.

Onceanalgorithmis configured(i.e. Stepobjectshave beenaddedto the rSQPAI go
object, and iteration quantity objectshave beenaddedto the rSQPState object)it is
largely self contained. Automatic garbagecollectionis usedextensvely in the form of
smartreferene countedpointers(seethe classref _count _ptr<...> in Section8.8).
Thesesmartpointersallow thealgorithmto bemodified (Stepanditerationquantityobjects
to beaddedandremoved)with minimal dangerof causinga memoryleakor othermemory
usageproblemoftenassociateavith developmentin C andC++.

A universalrSQP++solver encapsulatiorlasscalledrSQPppSolver hasbeende-
velopedhathidesmary of thedetailsof usinga configuratiorobjectto setupandalgorithm
andthensolve aNLP. Thisencapsulatioslassusesanalgorithmconfiguratiorclasscalled
rSQPAIg o _ConfigMa maJdama (seeSection4.3.1) as the default but other configura-
tionscanbeusedaswell. TheclassrSQPppSolver providessimpleaccesso arSQP++
solver andshouldbe usedby eventhe mostadwanceduserasthe entrypointto rSQP+-.
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Doxygengeneratediocumentatiofior muchof whatis discussedherebeginsin thefile
RSQPPBEBASEDOC/ht ml/index. html .

It is importantto stresswhata radicaldeparturdrom typical algorithrmic implementa-
tion methodghatthis designrepresentsin a typical numericalcodethat supportsseveral
differentoptiors, eachpartof the algorithmis augmentedvith “if ” statemergor “select-
case”control structureghatimplementthe logic for the differentoptions Adding a new
option to thesetypesof codesrequiresaddinganother‘elseif” or “case” clause. If the
codealreadysuppors mary differentoptiors, thenthe existing “if ” or “select-case’logic
maybefairly complex anda developer maybefearful (andrightly so)to adda new option
without understanatg all of the logic in all of the existing “if ” or “select-case’control
structuresNow considetthedesignusedfor rSQP++.All of thecomplicatedogic usedto
sortout the userspecifiedoptionsis containedn the configurationobject. However, once
the configurationobject constructsan algorithm that algorithmis usually much simpler
sinceit doesnot have to considerall of the possibleoptiors andtherearefar fewer control
structuredor differentalgorithnic options As aresult,it is mucheasierfor a developer
to reasonaboutwhat the algorithmdoesand how to modify it to meetmore specialized
needs.All of this canbe donewithout having to know very muchat all aboutthe ugly
configurationobjectthatwasusedto configurethe algorithm.

4.3.1 MamaJdama Configurations

Thereis arSQP++classcalledrSQPAIgo _ConfigMa maJamathatis usedto configure
mary relatedreduced-spac&QP algorithns. This single configurationclasswas used
duringmuchalgorithmdevelopmentandcontinuego bemodified andenhancedThename
“MamaJama’wasusedfor a completelack of somethingmore appropriateandis meant
to signify thatthisis a do-all configurationclass.In the future, morespecialized SQP++
algorithns will mostlikely be modificatiors of the algorithns constructedy objectsof
this configurationclassor initially basednits sourcecode.
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4.3.1.1 Solwer options

Variousoptiors canbesetin aflexible anduserfriendly format (seethe classOption s-
FromStr eamin Appendix8.8). Optionsare clusteredinto different“options groups”.
An exampleexcerptfrom anoptionsfile is shavn in Appendix8.8. Theseandmary other
optionsmaybeincludedin therSQPpp.opt file.

Thefull setof optiors thatcanbe usedwith rSQPppSolver andthe “MamaJama
configurations describedn the Doxygendocumentatiorstartingin thefile

RSQPPEBASEDOC/ReducedSpaceS QPPack/ht ml/rSQPpp Solver*.h tml

Documenting SQP++is a major taskandthis issueis discussedn moredetailin the
next section.

4.3.1.2 Documentation,Algorithm Description and Iteration Output

Oneof the greatesthallengesn developing softwareof ary kind is in maintainirg docu-
mentation.Thisis especiallya problemwith softwaredevelopedn aresearcternvironment.
Withoutgooddocumentatn, softwarecanbevery difficult to understandndmaintain.In
additionto the Doxygengeneratedlocumentatiopwhichis very effective in describingn-
terfacesandotherspecificationsthereis alsoa needto documenthe moredynamicparts
of anoptimizationalgorithm.Highly flexible anddynamicsoftware,which rSQP++is de-
signedto be, canbe very hardto understangust by looking at the sourcecodeandstatic
documentatio.

A problemthat often occurswith numericalresearchcodesis that the algorithmde-
scribedin somepaperis notwhatis actuallyimplenmentedin the software. This cancause
greatconfusionlateron whensomeoneelsetriesto maintainthe code. Someof thesedis-
crepancieareonly minorimplementatnissuesvhile othersseriouslyimpactthebehaior
of thealgorithm.

Primarily, two featurehave beenmplementedo aidin thedocumerditionof arSQP++
algorithm the configuredalgorithmdescriptiom canbe printedout beforethe algorithmis
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run, andinformationis outputabouta runningalgorithm

Thefirst featureis thata printoutof a configuredrSQP++algorithmcanbe produced
by settingthe optionrSQPppSolver::pri nt algo = true in rSQPpp.optwhere
thisis shorthandor theprint _algo optionintherSQPppSolver optionsgroup.With
thisoptionsettotrue , thealgorithmdescriptions printedto therSQPppAlgo.out file
beforethe algorithmis run. The algorithmis printedusingMatlab-like syntax. Theiden-
tifier namedor iterationquantitiesusedin this printou arelargely the sameasusedin the
sourcecode.Thereis avery carefulmappingbetweerthe namesusedin the mathematical
notationof the SQPalgorithmandthe identifiersusedin the sourcecodeand algorithm
printout. This mappingfor identifiersis given in AppendixA. Eachiteration-quanty
namein thealgorithmprintouthas’ k' ,” kpl' or’ kml' appendedo theendof it to
designateheiteration, (k), (k + 1) or (k — 1) respectiely, for which it wascalculated.
Much of thedifficulty in understandingnalgorithm whetherin mathematal notationor
implementedin sourcecode,is knowing preciselywhat a quantity represents By using
a carefulmappingof namesandidentifiers,it is mucheasierto understandind maintain
numericalsoftware.

This algorithmprintoutis puttogetheby therSQPAI go object(throughfunctionalty
in thebaseclassGenera llteratio nPack::Al gorithm )aswellastheAl gorithm
St ep objects. Eachstepis responsilke for printing out its own part of the algorithm
The codefor producingthis outputis includedin the samesourcefile as eachof the
do _step(...) functionsfor eachAl gori t hnSt ep subclass.Therefore,this docu-
mentations decoupledrom otherstepsasmuchastheimplemenationcodeis, andmain-
tainingthe documentatio is moreurgentsinceit is in the samesourcefile. An exampleof
this printoutfor a rSQPalgorithmis shavn in Appendix8.8. EachStepobjectis givena
namethatotherstepsreferto it by (to initiate minorloopsfor instance).Also, the nameof
theconcretesubclassvhichimplemens eachstepis includedasaguideto helptrackdown
theimplementations.

Many of the optionsspecifiedin theinputfile areshavn in the printedalgorithm. The
usercanthereforestudythealgorithmprintoutto seewhateffect someof the optionshave.
Forexample theoptionrSQPSolve rClientin  terface::  opt tol isshavnin step
5 (“CheckCorwvergence”)in Appendix8.8. Someof the options determinethe algorithm
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configuration,which affects what stepsare included, how stepsare setup andin what
orderthey areincluded. Theseoption namesare not specificallyshavn in the algorithm
printout. For exampk, theoptionrSQPAIgo _Confi gMamaJamamax _dof quasi-
_newton _dense determineswhen the algorithm configurationwill switch from using
denseBFGSto usinglimited-memory BFGS but this identifier namemax_dof _quasi-
_newton _dense is notshowvn anywherein thelisting. However, the configurationobject
canprintoutashortlog (to therSQPppAlg o.out file) to shav theuserthelogic for how
theseoptionsimpactthe configurationof thealgorithm.

In additionto this printed algorithm outputcan be sentto a journal file rSQPpp-
Journal .out while thealgorithmis runto displayinformationabouteachsteps com-
putations The nameggivento quantitesin thejournaloutputarethe sameasin the algo-
rithm printou. The level of outputis determinedby the option rSQPSolverClien  t-
Interfa ce:journ al print _level andthevaluePRINT ALGORITHMSTEPSIs
usuallythe mostappropriateanddoesnot produceexcessve output. Lower outputlevels
canbe setfor generatingessoutputfor fasterexecuton timeswhile higheroutputlevels
canbesetto generatdots of information thatis usefulin detuggingor for otherpurposes.
SeeAppendix8.8for anexampleof this type of printout.

A moredetailedook attheoutputfilesrSQPppAIlg o.out andrSQPppJournal.ou t
is givenin Section4.5in the context of a specificexampleNLP.

4.3.1.3 Algorithm Summary and Timing

In addition to the more detailedinformation that can be printed to the file rSQPpp-
Journal .out , summaryinformation abouteachrSQP+ iterationis printedto the file
rSQPppSummary.ou t . Also, if theoptionrSQPppSolver::alg o timing = true
is set,thenthisfile will alsogetasummarytableof therun-timesandstatisticfor eachstep.
Thesetimingsareprintedoutin takular formatgiving thetime, in secondseachstepcon-
sumedfor eachiterationaswell asthe sumof thetimesof all the steps.The bottomof the
tablegivesstepstatistcs: thetotal time for eachstepfor all theiterations(total(se  c) ),
the averagesteptime periteration(av(sec)/ k), the minimum steptime (min(se c) ),
themaximum steptime (max(sec) ) andthetotal percentagef time eachstepconsumed
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(%total ). SeeAppendix8.8for anexampleof arSQPppSummary.o ut file.

This timing informationcanbe usedto determinewherethe bottlenecksarein anal-
gorithmfor a particularNLP. Of coursefor very smallNLPstheruntimeis dominatedby
overheadandnot numericalcomputatias so the timing of small problemsis not terribly
interesting.

Lessdetailedinformation can also be printedto the consolethroughthe rSQPpp-
Solver class(seeAppendix8.8).

A moredetailedook atthe consoleoutputandthe outputfile rSQPppSummary.o ut
is givenin Section4.5in the context of a specificexampleNLP.

4.3.1.4 Algorithm and NLP Testingand Validation

Many computationsare performedin orderto solve a nonlinearprogram(NLP) usinga
numericaloptimizationmethod.If thereis a significanterror (programmingoug or round-
off errors)in ary stepof thecomputaton, thenumericalalgorithmwill notbeableto solve
theNLP, or atleastnotto asatishctorytolerance Whenausergoesto solve a userdefined
NLP andthe optimizationalgorithmfails or the solution found doesnot seemreasonable,
the useris left to wonderwhat wentwrong. Could the NLP be codedincorrectly? Is
therea bug in the optimization software that hasgoneup till now undetected?For ary
non-trivial NLP or optimizationalgorithmit is very difficult to diagnosesucha problem,
especiallyif the useris not an expertin optimization. Evenif the useris an expert, the
typicalinvestpgative processs still very tediousandtime consumng.

Fortunatelyit is possibleo validatetheconsisteng of theNLP implementation(i.e.gra-
dientsare consistenwith function evaluatons)aswell asmary of the major stepsof the
optimizationalgorithm. Suchtestscanbe implementedn a way thatthe addedcost(run-
time andstorage)is of only the sameorderasthe computatbnsthemseles andtherefore
arenot prohibitively expensve. Thereareseveral possibé sourcedor sucherrors. These
sourcef errors,from the mostlikely to the leastlikely areerrorsin the NLP implemen-
tationanduserspecializedartsof the optimizationalgorithm(e.g.a specializedBasi s-
Syst emobject),errorsin the core optimizationcode,or even errorsin the compilersor
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runtimeervironmens used.

Thereare mary waysto make a mistale in codingthe NLP interface. For instance,
assumingheusers underlyingNLP modelis valid (i.e. continuos anddifferentiable)the
usermay have madea mistake in writing the codethatcomputesf(z), ¢(z), V f(x) and/or
Ve(z). Supposehe gradientof the constraing matrix Ve is not calculatedin somere-
gions. Thematrix V¢ maybe usedby a genericBasi sSyst emobjectto find andfactor
the basismatrix C' andtherefore the entirealgorithmwould be affected. To validateVe,
the entirematrix could be computedby finite differencesof courseandthencomparedo
the Vc computedby the NLP interface, but this would be far too expensve in runtime
(O(nm)) andstorage(O(nm)) costsfor larger NLPs. Computng eachindividual com-
ponentof the gradientsby finite differenceds an option but it mustbe explicitly turned
on (seetheoptionNLPFirstD erivative  sTester:: fd testin g_method). Asa
compromig, by default, directionalfinite differencingcanbe usedto showv that Ve is not
calculatedproperly but cannot strictly prove that Ve is completelycorrect. This works
asfollows. The optimization algorithm asksthe NLP interfaceto computeVe, at the
point z;. Then, at the samepoint z, for a randomvectorwv, the matrix-vecor product
Ve(z)v is approximatedysingcentralfinite differencedor instanceasVe(zy)v =~ t; =
(c(zg + hv) — c(zr — hv))/2h whereh =~ 10~°. Thenthematrix vectorproductty = Vv
is computedusingthe V¢, matrix objectcomputedoy the NLP interfaceandtheresultant
vectorst; andt, isthencomparedEvenif theuserdoesanexenplary job of implementng
the NLP interface,the computedt; andi, vectorswill not be exactly equal(i.e. t; # t5)
dueto unavoidableround-of errors.Thereforewe needsometype of measuref how well
t; andt, compareFor every suchtestin rSQP++therearedefinederror(error _tol ) and
warning(warning _tol ) toleranceghatareadjustabé by the userbut aregivenreason-
abledefaultvalues.Any relative errorgreatetthanerror _tol will causeheoptimizaton
algorithmto be terminatedwith an errormessageAny relative error greaterthanwarn-
ing _tol will causeawarningmessagé#o be printedto thejournalfile to warntheuserof
somepossibé problems.For example relative errorsgreaterthanwarnin g_tol =10-"2
but smallerthanerror _tol = 10~% mayconcernus,but the algorithmstill may be able
to solve the NLP. The finite-differencetestingof the NLP interfacecanbe controlledby
settingoptionsin theNLPFirstD erivativ  esTester andCalcFin iteDiffPr od
optionsgroupsasshavn in Appendix8.8. Testingthe NLP’s interfaceat just one point,
suchastheinitial guessz?, is not sufficient to validatethe NLP interface. For example,
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supposeve haveaconstraint;,(z) = z3 with dc;o/dzo = 323. If thederivativewascoded
asdcyy/0r, = 3z4 by accidentthis would appearexactly correctat the pointsz, = 0 and

x9 = 1 butwould notbecorrectfor ary othervaluesof x,. Thereforejt isimportantto test

the NLP interfaceat every SQPiterationif onereally wantsto validatethe NLP interface.

Of course just becausahe NLP interfaceis consistentdoesnot meanit implementshe

modelthe userhadin mind, but this is a differentmatter If the NLP is unboundedinfea-

sible or otherwiseill posedthe SQPalgorithmwill determinethis (but the error message
producedoy the algorithmmay notbe ableto stateexactly whatthe problemis).

Every majorcomputationn arSQPalgorithmcanbe validated,at leastpartially, with
littl e extra cost. For example,an interfacethatis usedto solve for a linear systemz =
A~'b suchasthe Mat ri xW t hOQpNonsi ngul ar canbe checled by computingg =
Az andthencomparingg to b. The interfacescan also be validatedfor the null-space
decomposion (seeDecompositionSyst  emTester in Section4.2.5)and QP solver
(seeQPSolve rRelaxedT ester in Section4.2.6) objects. Sincesophistcatedusers
cancomein andreplaceary of theseobjects,it is agoodideato beableto testeverything
thatcanrealisticallybe testedwhenerer the correctnessf the algorithm is in questionor
new objectsarebeingintegratedandtested.Much of this testingcodeis alreadyin place
in rSQP++ but moreis neededor morecompletevalidation.

Suchcarefultestingandvalidation codecansare alot of deluggingtime andalsohelp
avoid reportingincorrectresultswhich canbeembarrassing anacademicesearclsetting
or costlyin businesssetting. Testingandvalidationis no smallmatterandshoud betaken
seriously especiallyin adynamicernvironmentwith lots of variability like rSQP++.

4.3.1.5 Debugging

Wheneer softwareis involved, the needfor deluggingis unavoidable. Whena new user
attemptsto solve a NLP usingrSQP++,the mostlikely bugswill be in the NLP imple-
mentationthatthe userhasto provide. Here,somestratgjiesfor deluggingarediscussed
thatshouldhelpauserto trackdown bugsassociateavith the NLP implementatiorandfix
themasquickly aspossibé. Thereare mary differenttypesof errorsthatcanoccurand
goinginto all of thesetypesof errorswould requirea long discussionHowever, below are
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afew of themorecommontypesof errorsthatareworth mentionirg.

1. Sgmentatiorfault do to runtime memorymanagemengrror.
2. A linearalgebrancompatibility exceptionis thrown.

3. Gradientsof problemfunctionsdo not matchfunction values(i.e. finite-difference
testingfailed).

4. Algorithm prematurelyterminateddueto somealgorithmic error.

5. Unexpectedor unreasonablsoluion is found.

Segmentatiorfaultsor throwvn exceptionsaresomeof the easiestor the hardesthugs
to track down. Theseare almostalways causedoy someprogrammiig error andare not
relatedto the validity of the mathematial formulation for the NLP beingimplemented.
Theothererrorsareharderto trackdown andareusuallycausedy a malformedNLP.

The easiesof theseerrorsto track down is whena gradientof the objectve or con-
straintsdoesnot matchthe functionvalueto anacceptabléolerancelt is thistypeof error
thatis discussedhere.Debuggingalarge NLP with lots of variablesandconstraintss gen-
erally very difficult. Therefore seriousdeluggingshouldbeperformedonthe smallesiand
simplestexamplethat doesnot exhibit the corrector expectedoehaior. For example,the
smallestpossble meshsizeanddiscretizatiormethodshouldbe usedfor a scalableNLP
suchasa PDE solwer usingthe finite-elementmethod. Assumirg that a problemcanbe
derived thatis sufiiciently small (i.e. n, m < 20) herearethe stepsto follow in orderto
diagnosea problemwith the NLP formulation. First, theinitial pointfor the NLP needgo
bedumpedo thefile rSQPppJournal.out  andeachcomponentf the gradienthasto
bechecledindependentlyi.e.componenwise). To dothis, settheoptionsNLPTeste r-
cprint  _all=true  andNLPFirst Derivativ  esTester. :fd testi ng_method=FD.COMP
Thiswill causetheprint outof theinitial guesst? (xinit ), theboundsz, (Xl ), zy (xu),
the value of the objective f(z°) (f), constrains c¢(z°) (c), the gradientsof the objective
V f(2°) (Gf), constraintsVc(z?) (Gc) andtherelative errorin every gradientcomponent.
From this informationit will be easyto seewhich componentof V f(z°%) or V¢(z°) is
causinghe problem.
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4.4 Examples NLP subclasses

Thereare several exampleNLP projectsthat comewith the basedistribution of rSQP++.
Severalof theincludedexampleprojectsimplementthefollowing simpleNLP

min Yo'z (4.4.64)
S.t. Ccj = :Uj(:v(j+n/2) - 1) - 10$(j+n/2) =0, forj=1.. .n/2. (4.4.65)

This scalableNLP has(n — m) = n/2 = m degreesof freedomandis referredto
asexample#2in [115 and[104]. This NLP hasvery specializedstructureand a valid
selectionof dependenandindependentariablesis straightforvardto find. Selectingthe
first m variablesas dependentariablesgivesthe following definitionsof the basisand
nonbasisnatrices

Tm+1 — 1
Lo — 1
C = i _ (4.4.66)
Tm4+m — 1
ry — 10

To — 10
N = | (4.4.67)

Ty — 10

which bothhappeno be diagonalmatrices.Also, the exactHessiarof the Lagrangian
W andthe reducedHessianof the LagrangianB (usinga variable-reductiordecomposi-
tion) take the simgde forms
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I A
W o= 4.4.68
AT T ] ( )
B = NTCTCN—-ACIN—-NICTA+T (4.4.69)

whereA is a diagonalmatrix with componerd (A)(; ;) = A for j = 1...m. Note
thatthereducedHessianB in (4.4.69)is alsoa diagonalmatrix.

This NLP andits specificstructureareof no practicalinterestbut this NLP is sufficient
asa simpleexampleto shov how rSQP++canbe usedto fully exploit the structureof a
classof NLPsfrom a specializechpplicationarea.

Threedifferentimplemenationsof this NLP aredescribed.The first NLP subclasss
derivedfromthegeneridNLPSeria IPreproce ssExplJac nodesubclassThisexam-
ple NLP subclasss includedto shav how thisgenericNLP interfacesubclassanbeused
andto provide a contrasto the morespecializedmplemenéations. Thelasttwo NLP sub-
classeslervedirectlyfromtheNLPFi r st Or der | nf o andNLPFi r st Or der Di r ect
interfacesanddemonstratéow to exploit the structureandpropertiesof aNLP.

Thisfirst NLP subclasss calledExampl eNLPSeria |IPreproce ssExplJac and
the sourcecodefor this projectcanbefoundat

$RSQPP_BASEDIR/rSQ Ppp/examp les/Examp leNLPSeri alPreproc essExpld ac

ThefilesExampleN LPSerialP reprocess ExplJac.h andExample NLPSerial -
Preproc essExplJa c.cpp containthe declarationsanddefinitionsfor the NLP sub-
classandthefile ExampleNL PSerialP reprocess ExplJacMa in.cpp containghe
simple driver programthatusesarSQPppSolver objectto solvethe NLP.

The secondtwo NLP subclassesire called Example NLPFirstO rderinfo  and
Example NLPFirstO rderDirec t. Bothof thesesubclassederive from a nodesub-
classExample NLPObjGra dient whichimplemens the bulk of thecommonfunction-
ality. The Exampl eNLPObjGr adient subclasdakesa Vect or Space objectasan
argumentin its constructorUsingthis single Vect or Space objectthisentireNLP’sim-
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plementatia canbe defined. This vectorspaceis usedto definethe spacestp, A7 and

C which happento all be the samefor this NLP. A composie vectorspaceobjectof type

VectorS paceCompositeStd is usedfor the spaceX = Xp x X;. A Specialized
RTOpoperatoris usedto implementthe the constraintgesidualcomputationn (4.4.65).

Notethattheobjectivein (4.4.64)is simplyadotproductfor whichadefaultRTOpoperator
alreadyexists.

TheNLP subclasE&ExampleN LPFirstOr  derinfo  derivesfromNLPFi r st Or der -
| nf o andExampl eNLPObjGr adient . A specializeBasi sSyst emsubclasgalled
Example BasisSyst emdervesfromthestandardasis-systeraubclas8asisSyst em-
CompositeStd . TheBasisSy stemCompositeStd  subclassmplementgheBasi s-
Syst em interface for the casewhere the matrix object Gc is simply an aggrejate of
aMatri xWthQoNonsi ngul ar matrix objectfor Canda Mat ri xXW t hOp matrix
objectfor N. For the NLP, the standardmatrix subclasdMatrixSym DiagonalS td is
usedfor the matricesC' and NV sincethey are diagonal. The only functionality thatthe
Example BasisSyst emsubclassddss thespecializedormationof thedirectsensity-
ity matrix D = —C~' N whichis alsodiagonalfor this simpleNLP andis alsorepresented
usingaMatrixS ymbDiagona IStd object. The computatbn of the diagonalvectorsfor
C andN is alsoperformedby a specializedRTOpoperatorobject. The completesource
codefor thisexamplecanbefoundat

$RSQPP _BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderinf o.

ThelastNLP subclas&xampeNLPFirs tOrderDir ect derivesfromNLPFi r st -

O der Di rect andExampleN LPODbjGrad ient . Thissubclassmplementghecal ¢ point (.. .

methodto computethe diagonaldirect-sensitiity matrix D = —C ~!N. Again, thisdirect-
sensitvity matrix is implementedasa MatrixS ymbDiagona IStd object. For complete
sourcecode,seethedirectory

$RSQPP_BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderDir ect .

SincetheinterfaceNLPFi r st Or der | nf 0 andBasi sSyst emcanbeimplemented
easilyfor theNLP in (4.4.64)—(4.4.6) therewasreally no practicalpurposegor implement-
ing the NLPFi r st Or der Di r ect interfacesinceit providesonly a subsetof the func-
tionality. The only purposefor implementingthe Exampl eNLPFirst OrderDire ct
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n n—m | N, | Wall Clock Time (sec)| Scalabiity

2,000 1,000, 1 0.21 1.00
2,000 1,000, 2 0.27 2.57
2,000 1,000, 4 0.53 10.10
20,000 10,00 | 1 1.50 1.00
20,000 10,00 | 2 0.96 1.28
20,000 10,00 | 4 0.75 2.00
200000 100,0@| 1 21.00 1.00
200000 100,0m| 2 11.00 1.05
200000 100,0m| 4 5.60 1.07
2,00Q000| 1,000,000| 1 190.00 1.00
2,00Q000| 1,000,000| 2 93.00 0.97
2,00Q000| 1,000,000, 4 47.00 0.98

Table 4.1. CPU timesand scalalility for the exampleNLP in
(4.4.64—(4.4.65 whereN,, is thenumter of processos and’Scal-
ability’ is the wall-clock CPU time multiplied by the numberof

processorglividedby the CPUtime for oneprocessor
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subclassvasto provide a simple completeexampk for the NLPFi r st Or der Di r ect

All of thelinearalgebrafor theseNLP subclasss basedon a singleVect or Space
objectasmentionedabove. Thereforeany valid Vect or Space objectcanbeusedalong
with thevectorsit creates As aresult,serial,parallelor othervectorimplemenationscan
easilybe used. TheseNLP subclassetave beenusedvariousserialand parallel vector
implenmentations.

Table4.1shavsthe CPUtimesandscalabilitiefor usinganexampleparallelVect or -
Space class(usingMPI) onadistributed-nemoryBeowulf cluster Theexampk NLP was
runwith badinitial guesseandthenumberof rSQPiterationswascutoff at 100in orderto
getconsistentimings TherSQPalgorithm useda limited-memoryBFGSapproximaton
[31] with very goodparallelscalability As aresult,all of thelinearalgebracomputatios




for this simple NLP areall fully scalable.Herewe definescalabilty asthe ratio of the
wall-clock CPU time multiplied by the numberof processorslivided by the wall-clock
time for runningthe problemon only one processar Given this definition, perfectscala-
bility is 1.00which simdy meanghatif we doubk the numberof processorghebestthat
we canusuallyhopefor is to have thewall-clock time halved. Thetimingsin Table4.1are
typical for scalableparallelprograms.Whenthe amountof computationversescommu-
nicationis small, the communcationtendsto dominatewhich is seenfor vectorsof size
m = n —m = 1,000 wherethereis actuallyan overall slowvdown asmoreprocessorare
utilized. However, for vectorsof sizem = n — m = 10,000 we seea definite speedup
asmoreprocessorsreaddedbut the scalabiliy is lessthanperfect. Whenthe sizeof the
vectorsareincreasedo m = n — m = 100, 000, the algorithmshaws almostperfectscal-
ability. Note that25,000unknavns per processorgi.e. for N, = 4) is consideredsmall
for PDE simulatorsthatuseparalleliterative solvers. Finally, for very large vectorsof size
m = n—m = 1,000, 000, thetimingsshow betterthanperfectscalability(i.e.0.97 < 1.00)
which canalsobeseenin otherparallelprogramgrom timeto time (usuallydo to cacheor
otherhardwareissues).

Note thatall of the linear algebraoperationgor this simple exampleNLP are vector
operationswhich offer the worst compuation to communicationratios. Therefore these
resultsrepresenthe worst-casescenariofor rSQP++with respectto parallel scalability
For morepracticalapplicatiors, theamountof computatbn perprocesss muchhigherand
thereforetheseapplicationsshowv betteroverall scalabiliyy for smallerproblemsizes.

Theseresultsshawv thatthe rSQP++framenvork impartsvery little serialoverheadand
thereforeallows for the implementaton of very scalableoptimization algorithns for ap-
plication areaswhere parallelismcan be exploited (e.g. PDE constrainedptimization).
Therefore,the burdenis completelyon the developersof applicationsand parallellinear
algebrdibrariesto achieve scalability

4.5 Detailed Desciptions of Input and Output Files

In this section,a detaileddescriptionof the input and outputto rSQP++is given Here
it is assumedhat a NLP subclasss developedand a driver programhas beenwritten
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asexplainedin the examples(seeAppendixB for a descriptionof addinga new project
to the build systen). For this discussionwe will usethe includedexampleNLP called
Example NLPBanded which projectis locatedat

SRSQPP_BASEDIR/rSQ Ppp/examp les/Examp leNLPBand ed.

Thisis afairly simde NLP thatis designedo allow the independenscalingof n and
m Sothatbasicserialalgorithmscalabilitiescanbe tested.For a moredetaileddescription
of this NLP seethe Doxygengeneratediocumentatn at

RSQPPBEBASEDOC/ExanpleNLPBan ded/html/ index.htm | .

Beforesolving this NLP a working directoryneedgo be createdo storetheinputand
outputfiles asfollows

$ mkdir $RSQPPPBASE_DIR/tests/Exa mpleNLPBanded
$ cd $RSQPPPBASE_DIR/tests/E = xampleNLP Banded

Thenext stepis to createa symholic link to the prekuilt executable Assumingthetest
suitefor thereleaserersionwashuilt thislink canbe createdasfollows

$ In -s $RSQRPP_BASE DIR/i nter mediate/E xampleNLP Banded/
rele ase/ solve _example_nlp

The optionsfile rSQPpp.opt needsto be created(using emacs for instance)as
shavn in Appendix8.8. Note that mostof the options are commentedut and most of
thosethatarenotareatthedefaultvalues.

ExecutingNLP createutputto the consoleandthe outputfiles rSQPppAl go.out
rSQPppSummary.ou t andrSQPppJournal.o ut whichareshavnin AppendixD.

4.5.1 Output to Console

The consoleoutputshavn in Appendix8.8is generatedby a default Al gor i t hnilr ack
objectof typerSQPTrackConsol eStd whichisautomaticallyinsertedoytherSQPpp-
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Solver object. Thefirst thing printedis the sizeof the NLP wheren = 30400 is the
total numberof variablesm = 30000 is thetotal numberof equalityconstraintandnz
= 59991 0 is the numberof nonzerosn the JacobianV e (Gc) for this example. Next, a
table containingsumnary information for eachiterationis printed. Eachcolumnin this
tablehasthefollowing meaning

e k : TheSQPiterationcount. This countstartsfrom zerosothetotal numberof SQP
iterationsin oneplusthefinal k.

e f : Thevalueof the objective function f(x) at currentestimaé of the solution z

e | | c| | s : Thescaledresidualof the normof the equalityconstraints:(z) atcurrent
estimateof the soluion z,. The scalingis determinedby the corvergencecheck
(seestep6 in Appendix8.8 & 8.8) andthis valueis actually equalto the iteration
guantityfeas kkt _err (seethefile rSQPppAIl go.out ). Thisistheerrorthatis
comparedo thetolerancaSQPSolverClien  tinterfac  e::feas tol inthe
convergencecheck.Theunscaledonstrainnormcanbeviewedin themoredetailed
iterationsumnary tableprintedin thefile rSQPppSummary. out .

e | | rG| | s : Thescalednorm of the reducedgradientof the LagrangianZ?Vv,L
at currentestimateof the soluion x ;. Thescalingis determinedy the corvergence
check (seestep6 in Appendix 8.8 & 8.8) and this valueis actually equalto the
iterationquantiyy opt kkt _err (seethefile rSQPppAIlg o.out ). Thisistheerror
thatis comparedo thetolerancerSQPSolverClie  ntinterfa ~ ce::opt  _tol
in the corvergencecheck. The unscaledhorm canbe viewed in the more detailed
sumnary tableprintedin thefile rSQPppSummary. out .

e ON: Thisfield indicatesvhetheraquansi-N&ton updateof thereducedHessiarwas
performedor not. Thefollowing arethe possble values:
— | N: Reinitialized(usuallyto identity I)
— DU: A dampenedipdatewasperformed
— UP : An undampedipdatewasperformed

— SK: Theupdatewasskippedon purpose
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— | S: Theupdatewasskippedbecausét wasindefinite

e #act : Numberof active constraintdan the QP subprobém. This field only has
meaningfor an active-setalgorithms. For interior-point algorithms this will just
equalthe numberof boundedvariablesand doesnot provide ary interestinginfor-
mation.

e || Ypy||2: Thel|.||; normof the quasi-normaktontritution (Yp,),. This norm
gives asenseof how largethefeasibility stepsare.

e | | Zpz| | 2: The||.||2 normof thetangentiakontritution (Zp.),. Thisnormgives
asensef how largetheoptimality stepsare.

e [ [d|[|inf: The||.|| normof thetotal stepd, = (Yp,)r + (Zp.)r. Thisnorm
gives asenseof how largethefull SQPstepsarein .

e al pha : Thesteplengthtakenalongzy,1 = xx + adg. A steplengthof @ = 0
represent® major eventin the algorithmsuchasa line searchfailure followed by
the selectionof a new basisor a QP failure followed by a reinitialization of the
reducedHessian A smallnumberfor « indicateshatmary backtrackindine search
iterationswhererequiredandis anindicationthatthe computedsearchdirectiond,
is apoordirection.

After theiterationsummaryis printed,the CPUtimeis givenin Total time . Thisis
the CPUtime thatis consumedrom thetime thattherSQPTra ckConsole Std object
is createdup until the time that the final stateof the algorithmis reported. Therefore,
this CPU time may containmorethanjust the executiontime of the algorithm For more
detailedbuilt-in timings,seethetableattheendof thefile rSQPppSummary.o ut .

Following the total runtime,the numker of function and gradientevaluatonsis given
for the objective andthe constraintgi.e. 96 evaluatims of f(x) andc(z) and15 evalua-
tionsof V f(x) andVe¢(z)). Note thatthe reasonthereis an excessve numker of func-
tion evaluationsis thatthe optionsrSQPppSol ver::test nlp = true andrSQP-
SolverC lientinte rface::ch  eck resul ts = true arebeingusedwhich re-
sultsin mary finite-differencecomputatnsfor varioustests.Theresultsfrom somethese
testsareshavnin thefile rSQPppJournal.o  ut in Appendix8.8. If theseoptionsareset
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tofalse thenthenumberof functionevaluatonscomedown to only 20 for this example
NLP.

Below, the majortypesof outputthatarewritten to eachoutputfile arediscussedThe
purposeof this discussioris to familiarizethe userwith the contentsof thesefiles andto
give hintsof whereto look for a certaintypesof information Much of the outputproduced
by rSQP++is omittedfrom thefiles includedin Appendix8.8—8.8for the sale of space.

Before goinginto the detailsof eachindividual file, first a few generalcommentsare
made.At thetop of every outputfile is a headetthatbriefly describeshe generalpurpose
of the outputfile. This headeliis followed by anechoof the optionsform the Option s-
FromSte amobject. Theseoptionsincludethosesetin theinputfile rSQPpp. opt or by
someothermeange.g.in theexecutableor onthecommandine). The purposeof echoing
the optiors in eachfile is to help recordwhatthe settingwerethatwere usedto produce
the outputin thefile. Of coursethe outputis alsoinfluencedby otherfactors(e.g.other
command-ieoptions propertieof thespecificNLP beingsolvedetc.) andthereforehese
optionsdo notdetermineghe completebehaior of the software.

4.5.2 Output tor SQpppAl go. out

After theinitial heademndthe echoedptions

**  Algorithm  informatio n output ik
*kk *kk
***  Below, information about how the the rSQP++ algorithm is Fkk
** setup is given and is followed by detailed printouts of the  ***
** contents of the algorithm state object (i.e. iteratio n ok
*** - quantities) and the algorithm descriptio  n printout i
¥+ (if the option rSQPppSolver :print_algo = true is set). rkk

*kkk

**  Echoing input options

theconcretdypeof theconfiguratiorobjectis printed(in thiscaséclas s Reduced -
SpaceSQPPack::rS QPAIlgo _ConfigM amaJama’) followed by a headerproduced
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by the configurationobjectit self. The next few lines of outputsimdy tracessomeof the
tasksthe configurationobjectperforms.For exampk, theline

Detected that NLP object supports the NLPFirstOrder Info interfac el

stateghatthe configurationobjecthasdetectedhatthe users NLP suppors the NLP-
Fi r st Or der I nf o interfacewhichwill determinewvhattype of algorithmwill be config-
ured.Thisdetections performedusingthebuild-indynamic _cast<. ..> C++operator

The next bit of outputgivesthe logic for how the configurationobjectdecideswhich
featurego usewith the givenNLP. For example,the output

range_space _matrix == AUTO:
(n-r)"2*r = (400)’2 * 30000 = 5050327 04 > max_dof g uasi_newton_d ense’2 = (500)2 = 250000
setting range_spa ce_matrix = COORDINAE

shawvsthatthe O((n — r)?r) flopsrequiredfor the orthogoral variable-reductiomull-
spacedecompogion exceedswumberof flopsfor thedensejuasi-naiton updateandthere-
fore the coordinatedecomposion will beused.Similarlogic is usedto determindf dense
guasi-Nevton or a limited-memoryapproximatbn will be usedby thealgorithm.

Laterin thefile, the outputline

Configuring an algorithm for a nonlinear equality constra ined NLP ( m> 0 &% ml == 0 && num_bounded_x == C

stateghatanalgorithmwill beconfiguredor aNLP withoutary inequaliyy constraints.

This type of outputshavs how a configurationobjectcantailor the algorithmit con-
structsto the specificdemand®f the NLP beingsolved. Thisis a fundamentatlifference
from the way that mostnumericalsoftware is written. In mostnumericalsoftware, the
codeis written with switch statementgor every possibé option thatis supportedmak-
ing the codehardto develop andunderstand.In rSQP++ the complity of supportng
a large setof optionsis first-and-foremoshandledby differentobjectconfigurations.No
matterhow complex thelogic is thatis usedto setupanalgorithm theresultantconfigured
algorithmbecomes muchsimplerself-containeaentity thatis easierto understand.
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The remainderof the rSQPppAlgo.opt file givesdetailson the configuredalgo-
rithm. Thefirst bit of information is a list of stepobjectsthattherSQPppAlgo objectis
configuredwith alongwith the namesof the concreteclassesisedto implementthe steps.
This outputbegins with

**  Algorithm  Steps ***

1. "EvalNew Point"
(class  ReducedSpaceS QPPack::EvalN ewPointStd_Ste p)

Thislist of Stepobjectsis followedby a listing of theiterationquantities

**x |teration Quantities xhx

thathave beenaddedto the Algorit hmState object. Theseiterationquantitesare
of moreinterestto algorithmdevelopershut they alsoshaw the list of possibleiteration
guantitesthatanadvancedusercouldqueryin a userdefinedAlgorithm  Track object
thatis passedo therSQPppSolver object.

Nearthe endof therSQPppJournal.ou t file is afairly detaileddescriptionof the
configuredalgorithm step-by-stepin a Matlab-like format. The purposeof this algorithm
descriptionis to documentthe major aspectof the algorithm in a way that the user(or
algorithmdeveloper) shouldbe ableto reasonaboutthe implementedalgorithm. A short
sub-algoritln is outputfor eachstepobject. Eachstepobjectshaws all of the iteration
guantitesthatit accessesnd updates.For example,the null-spacecontritution Zpz k
is computedfirstin step{7.  "NullSpa ceStep" } beforeit canbe usedto compute
the full directiond k in step{8. "CalcD FromYPYZFZ" }. This type of information
is very helpful in determiningwhat order quantitiesmustbe computedin and what the
dependencieare.

The last stepin the algorithmprintoutis alwaysthe step”"Major Loop" whichis
animplicit stepthatsimply stateghelogic build in to the Algorit  hmclassfor perform-
ing the majorloop (i.e. transitionng form £ to £ + 1) andin prematurelyterminatng the
algorithmif the maximum numberof iterationsor the maximumruntimeis exceeded.
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Thevery lastpartof thisfile containghefollowing

Warning, the following options groups where not accessed.

An options group may not be accessed if it is not looked for
or if an "optiona I* options group was looked from and the user
spelled it incorrectly:

Here,the nameof ary optiongroupthatwasspecifiedin thefile rSQPpp.opt (or by
someothermeans)}hatwasnot readby someobjectis printed. In this example,all of the
specifiedoptionsgroupswherereadby at leastoneobjectduringalgorithmconfiguration.
The purposeof this printou is to shav any optionsgroupsthat may have beenspelled
incorrectly or werejust not readfor somereason.None of the optionfrom ary of these
printedoptionsgroupshadary influenceon the algorithmwhatso ever. This information
helpsa userto avoid thefrustratingsituationwhereanoptionis changedut the algorithm
runsunaltered.If thereis ever ary questionasto why anoptiondid not seemto have the
desiredeffect, this outputin the the textttrSQPppAlgo.oufile is thefirst placeto look for
anexplanatian.

4.5.3 Output tor SQoppSunmar y. out

Thefile rSQppp Summary.o ut is usuallythefirst placeto look (afterthe consoleoutput
asdescribedaborve) to investgatethe runtimebehaior of a configuredalgorithm

After theinitial headelandechoedptionsareprintedtheresultsof the NLP testing(if
rSQPppSolver::te st nlp=tr ue) is given. Thisis followed by a tablewhereeach
line is asummary of eachiteration. Eachcolumnof thistableis describedn the Doxygen
documentatio for thetrackclassrSQPSummaryStd . Thesumnary tableis followedby
a printoutof the numberof function evaluations andthe total solutiontime (just asin the
consoleoutput).

TherSQpppSummary.out file alsoproducestable(if rSQPppSolver::pri nt _algo
= true ) of the CPUtimesperstep,periteration. This outpu beginswith the following
headelandalist of majorsteps
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*

**  Algorithm  step CPUtimes (sec) ***

Step names

1) "EvalNew Point"

Thesearethe samestepsthatareprintedin therSQPppAl go.out file.

The table that follows this makesit easyto determinewhich stepobjectsandwhich
computatims areconsuminghe mostCPU time. This type of grosstiming is very impor-
tantin determiningwherethe bottlenecksare occurringand what stepsrequirethe most
attentionfor aparticularNLP. Notethattheinformationproducedn thistablesupplemers
traditionalprofile timingsthatare producedout toolslike gprof . For example,thesame
linear solver may be calledin several differentstepsandthe profiler outputmay malke it
difficult to determinen what stepsmostof the solves wherebeingperformed.In this ex-
ampleNLP, for the optionsused thebulk of theruntime (83.93%)is consumedy the step
{1) "EvalNew Point" }. By lookingin therSQPppAlg o.out file, it is easyto see
thatthe majorcomputatios in this stepis the evaluationof the functionsandthe gradients
of theNLP andtheformationof thedecompodion matrices By comparingterationsk=0
andk=1 onecanseethattheruntimedropsdramaticallyfrom 18.96second$o only 2.xxx
secondgor subsequenterations.Therefore onecouldquickly infer thattheinitialization
that goeson in this stepis quite significant. Furtherinvegigation would reveal that the
dominatetime in this stepis consumedy the directsparsesolver (MA28 in this case)and
theinitial analyze-anddctorusedto selectthe basisis adomiratecost.

4.5.4 Output tor SQoppJdour nal . out

Theoutputfile rSQpppJournal.o  ut containdetailed step-by-stepteration-by-iteratio
outputfor a runningalgorithm The algorithm descriptionin the outputfile rSQPpp-
Algo.ou t is very helpful in understandig the journaloutpu. Dependingon the output
level for theoptionrSQPSolve rClientin  terface::  journal print level set
in rSQPpp.opt this output can be fairly minimal (i.e. PRINT ALGORITHMSTEPS
or dumpeverything(i.e. PRINT_ITERATION _QUANTITIES). The outputshown in Ap-
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pendix8.8 is the outputlevel PRINT_ALGORITHMSTEPSandthereforethe amountof
outputis independenbdf the NLP size which is usually the mostappropriatelevel (un-
lessdehugging). For smallNLPs,settingthelevelto PRINT I TERATION QUANTITIES
usuallyproducessnoughoutputfor detuggingthat openinganddeluggeris unnecessary
in mary cases.

After theheaderndtheechoedptiors areprinted,thetracefrom theinitial NLP test-
ingis given(if rISQPppSolver::t  est nlp=tr ue). Thefirst partof thetestingoutput
is thebasictestsontheVect or Space objectsreturnedrom theNLP interface.More de-
tailed outputfor thesevectorspacetestscanbe producedoy settingoptionsin the options
groupVectorS paceTeste r (seethe Doxygendocumentatn). Following the basic
testsof the vectorspaceobjectsandthe vector objects(which are createdby the vector
spaceobjects)arefinished, other simde testsare performedwhich basicallycomprisea
unit testfor the NLP interface. Following this simple unit test, the derivative objectsGf
andGc computedoy theNLPFi r st Or der | nf o arechecledagainsthefunctionsf and
¢ usingdirectionalfinite differencing.This outputshavs thefollowing relative errorsfor a
singlerandomdirection

rel_err(Gf *y,FDGf*y) = rel_er(6.53  040559e+002,6. 53040559e+002 ) = 1.9347756 5e-011

rel_err(sum  (Gc*y),sum(F DGc™y)) = rel_err(2 .20905038e+00 8,2.20905038e+ 008) = 1.37878129e-0 13

This outputshowvs thatthefinite-differencedirectionalproductsagreewith theanalytic
directionalproductsby approximagly 10 and12 significantdigits for Gf andGc respec-
tively. Sucha highaccurag for thefinite-differenceproductss aresultof thefourth-order
four-point finite differencingthatis usedby default. To setdifferent(andcheaperinite-
differencingstratgies seethe options group CalcF initeDiff Prod (seeAppendix
8.8).

After the initial NLP testingcompleteg(successfully) the rSQP algorithmis started
with theline

*** Starting rSQP iterations

Most of the outputproducedor this exampleNLP is omittedfor the sale of spaceand
the outputthatis includedis usedto point out severalimportantitems
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First notethateachstepprints out somebasiclogic andsomeinformationfor mostof
the iteration quantitiesthat are computed. For example,"Eval NewPoint" prints out
the objectve functionvaluef _k andtheinfinitely normsof the gradientof the gradientof
the objectve Gf _k andthe constraintsc k. The numberof significantdigits printedfor
floating point numbersin the journal outputis controlledby the option rSQPSolve r-
Clientl nterface: :journal  _print _digits (whichis 6 by default).

Notethatif rSQPSolverClien tinterfac  e::check resul ts=true thatthe
"EvalNe wPoint" stepwill performfinite-differencetestsof the NLP gradientdor each
rSQPiteration. Also note that the resultsare slightly differentthanfor the initial NLP
testingsincea differentrandomdirectionalvectoris generated.This time therelatve er
ror for the gradientof the objectve Gf is greaterthanthe default warning toleranceof
NLPFirs tDerivati  vesTester :warning tol=1e-1 0. Thisresultedn thefol-
lowing warningbeingprinted

For Gf, there were 1 warning toleranc e

violations out of num_fd_direct ions = 1 computation s of FDGf*y and
the maximum violation was 4.408797e-0 10 > Gf waring _tol =
1.000000e-0 10

If therelatveerrorhadbeengreatethanNLPFirst Derivativ  esTester: :error ol ,
thenanerrormessagevould have beenprintedandthe algorithmwould have beentermi-
nated. For somedifficult ill-conditioned NLPs, the finite-differencetestsmay fail even
thoughthereis nota programmng bug. Eitherthe errortolerancecanbe increasedr the
testscanbeturnedof all togetherin thesecases.

Thelastimportantdetailto pointoutisthecorvergencecheckin step{5:  "Check Convergen ce"
Theoutput

(0) 5: "CheckConv ergence"

scale_opt_f actor = 1.000000e+00 O (scale_opt_ error_by = SCALE_BY ONE)
scale_feas_ factor 1.000000e+0 00 (scale_fea s_error_by SCALE_BY_ONE)
scale_comp_ factor 1.000000e+0 00 (scale_com p_error_by SCALE_BY_ONE)

opt_scale_f actor = 1.100000e+00 1 (scale_opt_  error_by Gf = true)
opt_kkt_err _k = 1.230623e+00 2 > opt_tol = 1.000000e-0 08
feas_kkt_er r_k = 1.208973e+00 7 > feas_tol = 1.000000e-0 10

comp_kkt_er r_k 0.000000e+00 0 < comp_tol = 1.000000e-0 06
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step_err = 0.000000e+00 0 < step_tol = 1.000000e-0 02

Have not found the solution yet, have to keep going :-(

shaws exactly how optimaliy and feasibility errorsare computedand how they are
comparedo the corvergencetoleranceopt _tol andfeas _tol thataresetin theop-
tionsgrouprSQPSol verClient Interface . Seethestep”"CheckC onvergenc e"
in theprintedalgorithmdescriptionn thefile rSQPppAlgo.out  in Appendix8.8for the
detailson how eachof thesequantitiesare computedand comparethesecomputederrors
tothecolumns||c|| s and||[rGL|| s intheconsoleoutputasshavnin Appendix8.8.

Thefinial convergencecheckin iterationk=13 shavsthefinal KKT errors

opt_kkt_err  _k = 3.273859%-01 2 < opt_tol = 1.000000e-0 08
feas_kkt_er r_k = 1.518593e-01 2 < feas_tol = 1.000000e-0 10
comp_kkt_er r_k = 0.000000e+00 0 < comp_tol = 1.000000e-0 06
step_err = 0.000000e+00 O < step_tol = 1.000000e-0 02
Jackpot! Found the solution!!! - (k = 13)

andthenthe algorithmis terminatedandthe optimal soluion is commurcatedto the
NLP object.
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Chapter 5

MPSalsafrSQP++ Interface and Results

5.1 Intr oduction

Ouir first prototypirg projectconsistedf interfacinga rSQPalgorithmto a chemicallyre-
actingflow simulatorin anattemptto solve anoptimizationproblemfor a ChemicalVapor
Deposition (CVD) reactor We selectedchemicallyreactingfluid flow becauseéoth the
simulation and optimizationhave very large-scalepotential. In additionthis problemdid
not requiretransientmodeling. Theinitial designprobleminvolvedonly a single velociy
valueasthedesignparameter

Consideringthat very littl e information exists aboutinterfacing rSQP algorithmsto
large andmassvely parallelproductioncodes the primary goal wasto identify issuesas-
sociatedwith interfacingintrusive algorithns to existing parallel productioncodes. Our
stratgy wasto startassimpe aspossibleandthenconsiderigherlevels of optimizaton.
We thereforestartedwith the directapproach.(level 4). We werenot ableto completely
develop the adjointinterface but we could not corvenienty solve the transposelacobian
matrix within thecode.

Smallnumberof desigrvariableshave beentestedn serialandparallel. For theparallel
implementation,rSQPis duplicatedon eachprocessand that causedimited scalability
rSQP++hassincethenbeenmodified andhasdemonstratedgoodscalabiliyy asshown in

119



table4.1.

5.2 CVD Reador Optimization Problem

Therotatingdisk reactoris a commonconfigurationfor performingChemicalVaporDe-
position (CVD) of thin films, including mary important semiconductig materials. The
optimization problemformulatedin this paperis generatedrom the work of Sandiare-
searchersttemptirg to improve the designof theinlet of a rotatingdisk CVD reactorfor
usein growing thin films of Gallium Nitride (GaN). GaN is usedin blue light emitting
diodesandotherphotonicdevices. Thequality of theelectronicdeviceis highly dependent
ontheuniformity of the growth rateat differentpositionsin thereactor We areattemptng
to usesimulationsandoptimizationalgorithns to determinaf anew reactor designedvith
arestrictednlet for reducingthe costsof reactangasesgcanachiese highly uniform GaN
film growth.

Thefinite elementmeshfor the baseshapeof thereactoris shavn in Figure5.1(a).

This is an axisymmetrt (2D) model, wherethe left sideis the axis of symnetry. A
mixture of trimethylgallium, ammonia,and hydrogen gaseGa(CH3)s, N Hs, and H,)
enterthe top of the reactor flow over the disk, which is heated andthenflow down the
annularregion out the bottomof the mesh. At the heateddisk, the Ga(C H3); and N H;
reactto depositaGaN film andreleaseghreemoleculesof methandC H,). Thissimplified
mechanismhasbeenshovn to work well in modelingGaN film uniformities sincethe
growth rateis predominang} transportlimited [88]. This meshdepictsa restrictedinlet
designwherethetop of thereactorhasa smallerradiusthanthelower partof thereactor

The mainparametewusedin this paperis the inlet velocity of the gases)’. Two addi-
tional parameterdn this modeldefinethe shapeof the inlet, namelythe ShoulderRadius
and ShoulderHeight, which definethe position wherethe meshtransitionsfrom theinlet
radiusto thelargerreactorradius. The meshis movedalgebraicallyandcontinuosly asa
functionof thesegeometriadesignparameterskigure5.1(b)shavs how themeshchanges
for a decreasedhoulderadius,andFigure5.1(c) shavs how the meshdeformscontinu-
ouslyfor larger valuesof the shoulderadiusandshoular height. If the optimum occurs
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Figure 5.1. Threedifferentmeshedor therestictedinlet design

of therotating disk reacbr areshowvn: (a) the basline case mesh
wherethe shouler radiusis above the edgeof the disk andthe
height is half of theinlet height; (b) a meshwhenthe shaulderra-
dius paraneteris decieased(c) ameshwherethe shouder radius

andheight arebothincreasedabove the basecase
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too far away from wherethe initial meshis generatedit would be appropriateo remesh
thenew geometryfrom scratch.

The objective function measureshe uniformity of the growth rate of GaN over the
disk. We chosean L? normover an L™ normsothatthe objective is continuousandhasa
continuouglerivative. Sincethe L? normhadvery smallvaluesoverarangeof parameters,
thelog wastaken. Thefinal form of the objectve functionis

Objective Function= F = log(SD + 107'9) (5.2.1)

whereS D is the standardleviation squaredandis definedas
N,
1 n

9i — Gave 9
D=— E e 2.2
S Nn i:l( Gave ) (5 )

Here N, is thenumberof nodesonthesurface,g; is thegrowth rateof GaN atnodei, and
Jave 1S the averagegrowth rate.

5.3 Numerical Methods

5.3.1 ReactingFlow Simulation

The governing equationsand numericalmethodssummarizedn this sectionhave been
implenentedin the MPSalsacomputercode,developed at SandiaNational Laboratories.
More completedescriptios of the codeandcapabilitiescanbefoundin thefollowing ref-
erenceg$108], [100], [109], [101], [88], [40]. Thefundamentatonserationequationdor
momentun, heat,andmasgransferarepresentedor areactingflow application.Theequa-
tions for fluid flow consistof the incompressile Navier-Stokes equationdor a variable-
densityfluid andthe continuty equationwhich expressconseration of momentumand
total mass.The steady-statenomentunequationtakestheform:

plUeViu—VeT — pg=0, (5.3.3)

whereu is the velocity vector p is the mixture density andg is gravity vector T is the
stresgensorfor a Newtonianfluid:

2
T=-Pl - §u(v e U)l + u[Vu+ VuT] (5.3.4)
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HereP is theisotropic hydrodynamicpressurey is themixtureviscosity andl is theunity
tensor Thetotal masshalanceds givenby:

Ve(pu)=0 (5.3.5)

The densitydependsn the local temperatureand composiiton via the ideal gaslaw. For
non-dilue systemsthe multicomponentformulationis used:

Ng
P,y WX,
_ =t
p - RT 7
wherePF, is thethermodynarit pressureR is thegasconstant]’ is thetemperatureX; is

themolefractionof the j* species}¥; is the molecularweightof the ;" speciesand N,
is thenumberof gas-phasspeciegwhichis 4 for themodelin this paper

(5.3.6)

Thesteady-statenegy conseration equations givenas:
pCr(Uue V)T =V o (A\VT) — S, (5.3.7)

where C‘p is the mixture heatcapacityand X is the mixture thermalconductvity. The
lastterm on theright handside S is the sourceterm dueto the heatof reaction,whichis
negligible underthe procesonditiors in this exampleproblem.

Thespeciesnassbalancesquationis solvedfor N,-1 species:
p(UeV)Y,)=Vej +Wew, fork=1,...,N,-1, (5.3.8)

whereY; is the massfraction of the j** speciesj, is the flux of speciest relative to the
massaveragedvelocity u andw;, is the molar rate of productionof speciest from gas-
phasereactions A specialspeciesquationwhich enforceghe sumof the massfractions
to equalone,replaceneof thespeciedalancegusuallythe speciewith thelargestmass
fraction):

NQ
Y V=1 fork=N, (5.3.9)
k=1
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Thediffusive flux term(MulticomponentDixon-Lewis Formulatian) includestransportdue
to bothconcentratiorgradientsandthermaldiffusion (Soreteffect):

N,
1 g DI'VvT
i. = pY; — N W.D.. VX, — =k~ — 5.3.10
Ji pk(XkW; PRIV ATy T) ( )

WhereX is themole fractionof species;j, Dy is the ordinarymulticomponentiffusion
coeficient, and DF is the thermaldiffusion coeficient. W is the meanmolecularweight
of themixturegivenby:

— 1

W=> XW, = ~. (5.3.11)

k=1 P

= Wi

TheconversionbetweemmasgY;)andmole (X;) fractionsis:
Wi,

V= =X 5.3.12
k=77 ( )

At thedisk surface,surfacechemicalreactiongake place.In generakthesecanbevery
complicated put for this modelproblemthe reactionhasbeenshovn to be approximated
very well by a transportlimited model. In this case the growth rateof Ga/N on the sur
face(aswell asthe consumpbn of Ga(C H3); and N H;, andthe productionof C Hy) is
proportionalto the concentratiorof trimethylgallium (Ga(C H3)s) atthesurface.

In generalthe numerougphysicalpropertiesn the above equationsare dependenbn
thelocal temperaturendcompositon. In the MPSalsacode,we usethe Chemkinlibrary
and databasdormat to obtainthesephystcal properties. Thesetermsadd considerable
nonlinearityto the problem.

Theabove systemof 9 coupledPDEs(for unknowvns u,., U,, Ug, P, T, Yge(cHy)s» Yo
Yyu, andYy,) aresolvedwith the MPSalsacode. MPSalsausesa Galerkin/least-squares
finite elementmethod[109] to discretizetheseequationsover the spatialdomain. While
this codeis designedor generaunstructureameshesn 2D and3D, andrunson massvely
parallelcompuers,this applicationis 2D, usesthe meshshownn in Figure5.1(a),andwas
runonasingleprocessoworkstation Thediscretizedsystemcontains22000 unknowns.

A fully coupledNewton’s methodis usedto robustly calculatesteady-statsolutiors.
While analytic Jacobianentriesare suppled for derivativeswith respectto the solution
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variablesandthe density derivatives of the otherphysical propertiesare only calculated
with the numericalJacobiaroption. This option usesfirst orderfinite differencingon the
elementevel. Theresultinglinearsystemat eachiterationis solvedusingthe Aztec pack-
ageof parallel,preconditimediterative solvers. In this paper we exclusively usedanILU
preconditioneandthe GMRESsolverwith norestarts Onasingleprocesso6Glworksta-
tion, a typical matrix formulationrequired9 secondgor theinexactanalyticJacobiarand
96 seconddo calculatethe (nearly) exactfinite differencenumericalJacobian.A typical
linearsolverequired40 seconds.

Parametercontinuaton methodshave beenimplementedin MPSalsavia the LOCA |i-
brary[99], [102]. LOCA includesanarclengthcontinuatioralgorithmfor trackingsolution
branchesvenwhenthey go aroundturning points(folds). As will be seenin Section5.4,
this is a powerful tool for uncovering solution multiplicity. In addition, a turning point
trackingalgorithmhasbeenimplementedto directly delineatehe region of multiplicity as
afunctionof asecondparameterA complenentarytool for performinglinearizedstability
analysisby approximatiig the few rightmost eigervaluesof thelinearizedtime dependent
problemhasalsobeensuccessfullymplemented[69], [102], [30].

5.4 Results

5.4.1 OneParameter Model

The first resultsare shavn in Figure 5.2 for the one parametersystem. Here the inlet
velocity V' is thedesignparametewhile the ShouldeRadiusandShouldeHeightparam-
etersareheldfixedat 6.35 and5.08 asin Figure5.1(a). Startingat a velocity of V' = 20
(cm/sec)asimge continuation run down to avelocity of V' = 7 shaveda clearminimum
nearV = 11.7 andObjectve FunctionF' = —6.9.

Two runsof this problemusingthe rSQPoptimizer were performed.For this run, the
exactnumericaldacobiarwasused,andupto 5 secondordercorrectionstepsperiteration
wereallowed. Thelinear solver tolerancewassetat a relative residualreductionof 108,
Whenstartingat V' = 20 andcorverged PDE constraintsthe optimizercorvergedin 15
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Figure 5.2. Resultsfor a 1 paraneter continuation run (bold
line), showingthe Objecive Function as a function of the inlet
velodty of thereadantgases.Two restuts for therSQPoptimizer
areshavn, wheretherun startng at V- = 14 (circle symbds with
conrectingarron) corverged to theexpectedlocd minimumwhile
therunstarting atV' = 20 (squaresymbolswith conrectingarrow)
converged to a point not seenon the continuation run.
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Figure 5.3. Radialprofilesof the surfacedepodion rateat three
differentsolutions: theinitial gues at V' = 20, andthefinal solu-
tionsfrom thetwo optimizationrunsatV = 11.67 andV = 9.00.

iterationgo apointatV = 9.00 andF' = —6.36 (in about3 hourscomputeiime). However,

whenstartingat V' = 14 andwith a corvergedsteady-stateolution, the optimizerreached
theminimumat V' = 11.67 and F = —6.967 in 14 iterations. As canbe seenin Figure
5.2, the first run doesnot appearto even be on the solution branchof corverged PDE
constraints.

Threedepositio profilesasa function of radial posiion areshown in Figure5.3. The
profile at the initial conditionsof V' = 20 hasa minimum growth rate at the centerand
hasa 8.5% nonuniformty. The solutian found by the optimizerat V' = 11.67, thatalso
appeardo bethe minimumfrom the continuatia run, shovs a muchflatter profile with an
internalmaximum,andanoverallnonuniformity of 1.2%. Theothersolutionfoundby the
optimizerat V' = 9.00 hasa very similar shapea smalker overall growth rate,anda 1.8%
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Figure 5.4. Resuls for a 1 paramete continuation run with arc
lengh corntinuaion and linearized stablity analsis are shavn.
The dasted lines representungable soluion branches The sym-
bolsshav theresults of thetwo optimizationrunsfrom Figure5.2.

nonuniformty. Growth ratenonunifornitiesin the neighborhooaf 1.0% aredesirable.

Subsequenparametercontinuation and linearizedstability analysiscalculationsre-
vealedthat this solution is indeeda solutian to the PDE constraintsyet a solutian that
is linearly unstable. The resultsof an arc length parameteicontinuatio run with linear
stability determinatios areshown in Figure5.4. The dashedine indicatedphysicallyun-
stablesolutiors while the solid lines are locally stable. One canseethatthereare three
local minima in the objective function, only oneof which is linearly stable. Over a large
rangeof inlet velocities,6.11 < V' < 15.86, therearethreesolutionsthatexist atthesame
parametervalues.TherSQPoptimizer, whenstartedat V' = 20, jumped into the basinof
attractionfor alocalminimumat V' = 9.00. The physicalbasisfor the multiplicity is well
understood.Recirculationflow cells candevelop asa resultof the buoyang force of the
heatedeactorsurface.
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Figure 5.5. Resuts of turning point continuation runs shaving
how the region of multiplicity idertified in Figure5.4 changesas
afunction the geometic Shoulder Radiusparameter

5.4.2 ThreeParameter Model

The one parametemodelshaved thatit is imperatie to be aware of solutionmultiplic-
ity andunstablesolution branches.Continuationruns on the turning pointsdefiningthe
boundariesof multiplicity were performedto seehow the region of multiplicity changes
asa function of the additionalgeometricparameters.The effect of ShoulderRadiuson
the multiplicity region is shavn in Figure 5.5, andthe effect of ShoulderHeight on the
region of multiplicity is shavn in Figure5.6. Theresultsshov thatthe maximum velociy
wheremuliiplicity occurshasadirectdependencenthe ShoulderRadiusandis relatively
insensitve to the ShoulderHeight. The minimum velocity where multiplicity occursis
insensitve to the ShouldeRadiusbut hasaninversedependencenthe ShouldeHeight.
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Figure 5.6. Resuts of turning point continuation runs shaving
how the region of multiplicity idertified in Figure5.4 changesas
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Figure 5.7. A compaison of the 3-pammeteroptimizaion run
after60 iteraionsandthe 1-pamameterun, staredatthe samecon
ditions,which corvergedafter 14 iterations.

A single three-parameteoptimizatian run was performed,startingat the samecon-
ditions wherethe one-parameterun that corvergedto the stableminimum was started:
Velocity = 14.0, ShoulderRadius= 6.35, andthe ShoulderHeight= 5.08. Therunwas
performedwith up to 5 secondordercorrectionstepsper optimization iteration. After 60
iterations the objectve functionhadbeendrivendowvnto F = —6.32, whichis notaslow
asthe F' = —6.967 achievedin the 1 parametepptimization. Possiblereasondor this are
thatthe three-parametemodelis corverging to a local minimum or thatthe singularites
in theregion arecausingcornvergenceproblems.Futurerunswill needto be madeto fully
understandhis preliminaryresult. Theresultof thethree-parameteunis comparedo the
one-parametemunin Figure5.7.
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Figure 5.8. A comparisn of 4 runs for the 1-parametemodel,
compamg exad andinexactJacdians andwith andwithout sec-
ondorde corredion steps(S.0.C.).

5.4.3 Effectsof JacobianInexactnessand SecondOrder Corrections

To testthe effects of inexactnessn the Jacobiarand SecondOrder CorrectionStepson
the corvergenceof the optimizationalgorithm threemorerunsof the 1-parametemodel
wereperformed.Theseall startedat V' = 14 for comparisorwith the successfubptimiza-
tion run, which was computedwith a full numericalJacobianandup to 5 secondorder
correctionstepsperiteration. Theresultsareshavn in Figure5.8.

In the first additionalrun, the analytic (inexact) Jacobianwas used,and the second
ordercorrectionswvereretained.This Jacobianeavesoutthe derivativesof all the physical
propertieswith respectto the local state(temperatureand composiion), only including
the correctdensitydependenceThe Figure shows that this run corvergesvisibly to the
sameoptimum asthe original case bothin iteration11, thoud the original casereached
the optimum in 14 iterationsandthe inexact casefailed to meetthe corvergencecriterion
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after40 iterations.Two morerunswereperformedwhereno secondrdercorrectionsteps
wereallowed. Therunwith theinexactJacobiarcorvergedvisibly to theoptimum after86
iterationsthoughhadnot corvergedwithin thetoleranceafter 100 iterations.Therun with
theexactnumericallacobiarwithoutsecondrdercorrectionhadnotyet corvergedto the
optimum andwasprematurelystoppedafter 120 iterations,surprisindy performingworse
thantherun with theinexactJacobian.

For this problem,MPSalsarequired96 seconddo fill the full numericalJacobiaras
comparedo only 9 seconddor the analytic Jacobianwhile an iterative linear solve re-
guiredapproximatelyl0 secondsTherunswith secondrdercorrectionsequired,on av-
erage) linearsolvesperiteration,while therunswithoutsecondrdercorrectiongequired
exactly 2 linearsolvesperiteration. Thereforefor this problem the quickestnumericalap-
proachfor visibly reachingthe optimumwasusingtheinexactanalyticJacobiarandwith
the secondordercorrectionsteps. The runswith the inexact Jacobiandid not trigger the
convergenceolerancesetin thealgorithm,andthereforeperformedmary wastedterations
aftervisibly reachingheoptimum Sincetherearenumerousapproximatbnsin themodel,
particularlywith the chemistrymechanismghe optimum needsonly be corvergedto two
digits of accurag.

5.5 Optimization problem- Sourcelnversion

The rSQP/MPSka codewasalsousedto investigate sourceinversian problems. Poten-
tial applicationof this problemis chemical/bitogical/radiologcal attackson our nation's

infrastructure suchaswaterdistribution systems)arge facilities,andurbanareas.Given

concentratiordataat several sensorlocationswithin a facility, the goal is to determine
the original locationand magnituide of the attacksubjectto Navier Stokesfluid flow. We

assumehat chemicaltransportfollows diffusive behaior andthereforewe useheatasa
chemicalsource,andtemperatureas chemicalconcentrations Even thoughthis applica-
tionis arealtime optimizationproblem ourinitial developmenteffortswereconfinedo the

steadystateproblem. Two modelswereinvestgated the first wasa simge box geometry
andthesecondvasatwo dimensionamodelemulatingactualairportterminaldimensias

andoperatingconditiors.
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Figure 5.9 shavs the box geometrythat wasinitially usedto testour inversionalgo-
rithms. Theleft figure shawvs the corvective steamlines, enteringat the top left (Dirichlet
condition) andleaving atthebottomright (appropriateutflon conditiong. Therightfigure
shaws thediffusionbehaior asaresultof introducingthreesourcesnarked on the sideof
theboxwith their relative magnitudes.

Priorto conductingheinverseproblem theforwardproblemwasexecutedo calculate
theconcentratiorvaluesat variouspointsin the box geometrymarkedwith ared“x”. The
concentrationatthese25 sensottocationswerethenusedto solve thefollowing optimiza-
tion problem:

A forward problemwassolved usingMPSalsawith a 1600elementfinite elementdis-
cretization. Thisled to 1681 constraintdor the discretized\avier StokesPDE. Threeout
of 16 fluxesweresetnonzero(of magnitudesl,2, and5 asseenin the figure) andsensor
datawasrecorded.Thenthe inverseproblemwassolvedfrom a trivial initial guessusing
rSQP/MPSalsasfollows:

minimize:

% Z /dﬂ 5(x — x3)(c — ¢*)2d€ (5.5.13)

subjectto ¢(z, f) = 0 wherec representthe Navier Stokesequationgsection5.3.1).
The 16 fluxescorvergedto thevaluessetin theforward problemin 88 rSQPiterations.

Becauseof our invegmentand experiencein PDE constrainedoptimization applied
to CVD reactorsthis prototype problemwassolved within 2 daysof first discussng the
potentialof rSQP/MPSkaasa counterterrorismcapability

A morecomple geometryand parameteralueswastestedto emulatethe conditions
of anairportfacility. Figure5.10shavs a 2D representationf anactualtwo-storyairport
terminal. This modelrepresentednesixth of theterminal,which wascontrolledby a sin-
gle HVAC system.The modelproblemusedrealisticdimensias of a terminal,properties
of air, diffusion coeficient for SFy (a commontracerfor experiments).Flow rateswere
variedbut did approactreasonableonditians.

Theproblemwasformulatedthe sameasthe box problemabove, exceptthattwo of the
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Figure 5.9. Sourceinversionof corvectiondiffusion in a box
geomety. This was out initial protatype prokdem for sourcein-
versia of chem/ho/rad attak scenarios Theleft box showscon
vective streamlnesandtheright box shaws the diffusive behavior
with thered“x” markersdenotng sersorlocations
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air flow velocitesenteringthis sectionof theterminal(from down the hall) wereleft asun-
knowns This meantthatthenonlinearNavier-StokesPDE'’s, in additionto the corvection-
diffusion equation,were part of the constraints. In later runs, a one-equatior(Spalart-
Almaras)turbulencemodelwas solved in conjunctionwith theseequations.In our first
prototype,only threelocationsalongthe bottomfloor were selectedas candidatesource
locationsJeadingto atotal of 5 designvariables.Tensensotocationswverepicked(seered
x’sin thebottomfigure).

A finite elementdiscretizationof the PDE’s led to over 200000 algebraicconstraints
for the 5-parameteoptimizaton problem.Onerunranfor 2 hourson 64 processorsf the
RossCPlantmachineandsuccessfullyeducedheobjective function3 ordersof magnitude
from a simde initial guess.

Much was learnedfrom this prototypeproblem. For the optimizaton problem,this
direct sensitvity approachusedherecould work well up to 20 designvariables,but an
adjoint sensitvity approachwould be preferredto allow for numerouscandidatesensor
locations.Allowing flow ratesasdesignvariableswasa big step,sinceit invoked several
couplednonlinearPDEs as constraintsinsteadof one linear corvection-difusion PDE.
Issueshatwerenot facedin this prototypeproblemare (1) solving the transientproblem
and(2) dealingwith noisysensodata.

From a modeling standpoint several areashave beenidentified where future work
would be neededo continuethis effort. Oneis dealingwith high Reynoldsnumberdtur-
bulence)for air in the large domains.A seconds a new interfacefor choosimg potential
sourcelocations,sinceour methodof meshingthemindividually andassigniig a side set
ID is not adequatelylexible or scalable.Anotheris dealingwith agentgsuchasanthrax
particles)thatrequireextensiors to the Navier Stokesequations.

5.6 Conclugons, Stability, Interface & Validation

Solution multiplicity of nonlinear steady-stat@roblemsmust be recognizedand can be
diagnosedusing stability analysistools. The techniquein this paperof trackingthe re-
gion of multiplicity is not scalableto larger numbersof designparametersandis more
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Figure 5.10. Sourceinversion 2D crosssectimal model of a
two-stay airport facility. The top figure shows flow streamlines,
the middle figure shavs concentrdions of anagent beingreleased
from two locaions along the bottom floor, and the third showvs
thetensensolocaionsandconcentraton profilesfrom adifferent
sourcevalues.

expensve thanthe optimization calculations At a minimum, the stability of the candidate
optimum mustbe checled with a linear stability analysistool. Concerningnexactnessn
theJacobiammatrix,andtheeffect of secondrdercorrectionstepswe have gatheredome
evidence.For thisrun, it appearghatinexactnessn the Jacobiardoesnot seriouslyhinder
convergence particularlyif seconcordercorrectionstepsareused.

Severalconclusios canbedrawvn from interfacingarSQPalgorithmto acompletefluid
flow simulator Calculatingsensitvities is perhapghe singlemostimportantmodification
to a simuation codefor PDECO.Oncea sensitvity capability exists, the interfaceto a
rSQPalgorithm is trivial. As a resultof the MPSalsaproject, several sensitvity projects
have beeninitiated with new simulationdevelopments.In addition,aresearchprojecthas
beenstartedto invegigate methodsto handletransientoptimization problemsefficiently.
Anotherveryimportantconclusions thatconductingalgorithmi researctwith large-scale
simulationcodess very difficult. TherSQPalgorithmscanbetestedon smallsystemsbut
to validateour algorithmsacrossmary PDE-basegroblemsis not practical,especiallyif
thatmeansnterfacingwith productiorandcumbersomsimulatian codes.To addresshese
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problemswe have developed a symbolc simulaton capabilityandinterfacedit with our
rSQPalgorithirs. The next two chaptergrovide a descriptionof SundancendSundance
coupledto rSQP++.
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Chapter 6
Sundance

Traditioral PDEcodessolve oneof aspecificclassof PDEswith little hopeof obtainngthe
gradients adjoints or Hessiansieededor PDECO.Even with modernPDE frameworks
suchasSIERRAandNevada,it will requireconsiderablelevelopmenteffort to obtainthese
guantites. Thus,for optimizationwith existing PDE codes,onemustusethe PDE solver
asa“black box; andwe arerestrictedo relatively inefficient Level-0 or Level-1 methods.

SincePDE-constrainedptimizationrequirescapabilitiesbeyondthoseavailable in tra-
ditional PDE codeswe have developeda PDE solver systenthathasbeendesignedrom
thegroundup with large-scald®DE-constrainedptimizationin mind. This systemgcalled
Sundanceacceptsa systemof coupledPDEsandboundaryconditionswrittenin symbdic
formthatis closeto thenotationin whichascientistor engineewould normallywrite them
with pencilandpaper Eachfunction or variationappearingn this symbdic description
is annotatedvith a specificatiorof the finite-elementbasiswith which thatobjectwill be
discretized Thisinformation alongwith amesh|s thenusedby Sundancéo assembl¢he
implied discretizedoperators.At this point, the usercould simply ask Sundanceo solve
the system,or it could requestcertainevaluations to be made. Thesesymbdic capabili-
tiesmake Sundance powerful rapid prototypingandalgorithmic researchool, however,
for presenipurposeshereal power of Sundances symbolc interfaceis thatthe symbdic
expressionomprisingthe PDE and boundaryconditiors can be differentiatedallowing
automatedierivation of gradientsandHessianasneededn PDECO.We mustemphasize
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thatfor performanceeasonsthe high-level objectsusedfor problemspecificatiorarennot
usedfor numericalcalculations.Rather they are usedto marshala setof internalobjects
thatcanbeusedfor efficientcalculations.

Sundancéhasbeendeveloped usinga component-oriemd design. Abstractconcepts
suchaslinear solvers, basisfunctions,quadratureules, or reorderingschemegto name
justafew) arerepresenteth termsof abstracinterfaces.A particularrealizationof such
aconceptfor instancean Aztec solver, is thenimplementedasa concretetype andcanbe
pluggedinto the Sundancesystemvia the interface. This designhastwo key advantages.
First,it makesSundancdighly extensible sincedeveloperscanaddnen componentsvith-
out modifying the coreof SundanceSecondijt allows the useof the highestperformance
third-partycomponentsvith SundanceSundanceloesnot have built-in mesherssolvers,
or visualizaton capabilitiesyrather it useshird-partycomponentgor all of thosetasks.

In this chapterwe will startwith anintroductoryexampleillustrating basicSundance
syntax. We will thengive an overview of the core component®f Sundancewith code
examplesasnew capabilitiesareintroduced.Simpleexamplesof the useof Sundancdor
alinear PDECOproblem,a nonlinearPDE, anda transientPDE are given here. Further
examplesof the useof Sundancen nontrivial, nonlinearPDECO problemsare givenin
Chapter7. For acomprehensie presentatiof Sundances capabilitiesandfurtherexam-
plesof forward problems seethe SundancéJsers Guide[72].

6.1 An intr oducory example

We begin with a simple example of a forward problemthat will shav basic Sundance
componentsConsiderthe Poissorequationwith a unit source

Viu=1 (6.1.1)

ontherectangl€0, 0] - [1, 2]. Thesidesof therectanglewill belabeledleft, right, bottom
top. For boundaryconditiors, we will choose

¢ left HomogeneousleumannVu -n = 0
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e bottom Dirichlet, u = 12

e right Robin,u + Vu -1 = g +

wi

e top NeumannVu -i =1/3

It is easyto checkthatthe soluion is

1, 1
= — —1. 6.1.2
u 23: +3y ( )

The solution is in the subspacepannedy second-ordeLagrangepolynomals, soif we
choosehatasour basisfamily we canexpectto obtaintheexactsoluion. We cancompute
theerrornormattheendof the calculationasa checkthatthe codeis working properly

Thisis a simpleproblem,but it in factrequriesmostof the componentsisedby Sun-
danceto do morecomple problems.

6.1.1 Step-by-stepexplanation

We startwith a step-by-stepvalkthroughof the codefor solving the Poissonproblem.
Whenfinished therewill beasumnary andthenthe completePoissorsolver codewill be
listedfor reference.

6.1.1.1 Boilerplate

A dull but essentiafirst stepis to shav the boilerplateC++ commonto nearlyevery Sun-
dancecode:

#include  "Sundanc e.h"
int  main(int argc, void*  argv)
{
try
{

Sundance::i nit(argc, argv);

/*
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* code body goes here
*/
}

catch(exc eption& €)

{
Sundance:: handleExceptio n(__FILE_ , e);

}

Sundance: :finalize();

}

Thebodyof thecode— everythingelsewe discusshere— goesin placeof thecomment
code body goes here .

6.1.1.2 Getting the mesh

Sundanceisesa Mesh objectto represent discretizationof the problemdomain. There
aretwo waysto geta Mesh object:

e Createit using Sundances built-in meshgenerationcapability This is limited to
meshingvery simple domainssuchasrectangles.

e Readameshhathasbeenproducedisingathird-partymeshgeneratarTheMeshReader
classprovidesaninterfacefor readingarbitraryfile formats.

For this simgde problem,we canuseSundanceo generatehe mesh.

MeshGenerat or mesher = new RectangleM esher(0.0, 1.0, nx, 0.0, 2.0, ny);
Mesh mesh = mesher.build Mesh();

If youknow alittle C++—justenoughto bedangerous- youmightthink it oddthatthe
resultof thenew operatoywhichreturnsapointer is beingassignedo aMeshGenrerator
objectwhichis — apparently- nota pointer That's notatypo: the MeshGenerator  ob-
ject is a handle classthat storesand manageshe pointerto the Rectangle Mesher
object. Handleclassesare usedthroughot userlevel Sundancecode,and amongother
thingsrelieve you of the needto worry aboutmemorymanagement.
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6.1.1.3 Defining coordinate functions

In the Poissorexampk, theboundaryconditinsinvolve functionsof thecoordinates and
y. We will createobjectsto representhe coordinatgfunctionsz andy.

Expr x
Expr vy

new CoordExpr(0 );
new CoordExpr(1 );

You have probablyguessedhatthe integer agumentto the Coord Expr constructor
givesthe coordinatedirection: 0 for z, 1 for y, 2 for z.

Thecoordinatdunctionsarewrappedn Expr handleobjects.ClassExpr is usedfor
all symbolc objectsin Sundance Expr s canbe operatedon with the usualmathemati-
cal operators.With our coordinatefunctionsrepresente@s Expr objects,we canbuild
complicatedunctionsof position.

6.1.1.4 Definingthe cell sets

We've alreadyreada mesh. We needa way to specify whele on the meshequationsor
boundaryconditionsare to be applied. Sundanceusesa CellSet objectto represent
subrgyions of a geometricdomain. A CellSe t canbe ary collectionof meshcells, for
examplea block of maximalcells,a setof boundaryedgespr a setof points.

TheCellS et classhasasubset() methodthatcanbeusedasa “filter” thatiden-
tifies cellsthatarein a subsetlefinedby theagumentdo thesubset method.

We will apply differentboundaryconditionson the four sidesof the rectangle sowe
will wantfour CellSet s, onefor eachside. We first createa cell setobjectfor theentire
boundary

CellSet boundary = new Boundary CellSet();

andthenwe find thefour sidesassubset®f theboundarycell set. Thefour sidesof the
rectanglecanbe specifiedwith logical operationson coordinateexpressionsasshaowvn in
thefollowing code:

143



CellSet left = boundary. subset( x == 0.0 );
CellSet right = boundary .subset( x == 1.0 );
CellSet bottom = boundary.subse t( y == 0.0 );
CellSet top = boundary.s ubset( y == 2.0 );

6.1.1.5 Creatinga discretefunction

We will usediscretefunctionsseveral placesin this problem. A discretefunction takes
asa constructorargumenta vector spaceobjectthat specifiesthe mesh,basis,andvector
representatioto beusedin discretizingthefunction.

Thefirst stepis to createa vectorspacefactoryobjectthattells uswhatkind of vector
representatiowill beused.We'll usePetravectors,sowe createa PetraVect orType .

TSFVectorTy pe petra = new PetraVector Type();

We cannow createa Sundance VectorSpa ce containirg the mesh,a basis(2nd
orderLagrangen this case)andthevectorspacefactory

TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(me sh, new Lagrange(2), petra);

Finally, we can creatediscretefunctionsto representhe sourceterm f = 1.0 and
the expression% + ¥ that appearsn the right BC. Note that theres no particularneed
to usediscretefunctionsfor thoseterms;we do so heresimply to provide an exampleof
constructinga discretefunction.

Expr f = new DiscreteFun ction(discret eSpace, 1.0);
Expr rightBCExpr = new Discrete Function(disc  reteSpace, 1.5 + y/3.0);

6.1.1.6 Defining unknown and testfunctions

We'll use2ndorderpiecavise Lagranganterpolationto represenbur unknovn solution «.
With a Galerkinmethodwe defineatestfunctionv usingthe samebasisasthe unknaowvn.
Expressionsepresentinghetestandunknovn functionsaredefinedeasily:
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Expr v
Expr u

new TestFunctio n(new Lagrang e(2));
new UnknownFunction(new Lagrange(2) );

6.1.1.7 Creatingthe gradient operator

The gradientoperatoris formedby makinga List containingthe partial differentiaton
operatorsn thex andy directions.

Expr dx new Derivative  (0);
Expr dy new Derivative (1);
Expr grad = List(dx, dy);

The gradientthusdefinedis treatedasa vectorwith respecto the overloadednultipli-
cationoperatorusedto apply the gradient,sothatan operationsuchasgrad*u expands
correctlyto {dx*u, dy*u }.

6.1.1.8 Writing the weakform

We will usetheGalerkinmethodto construciaweakform. Begin by multiplying Poissors
equationEquation6.1.1by atestfunctionv andintegrating

—/vizu—/gvfzo. (6.1.3)

The next stepis to integrateby parts,which hasthe effects of lowering the order of dif-
ferentiation(andthusrelaxingthe differentiabilty requirement®n the unknavn andtest
functions)andalsomakingthe boundaryflux. Theresultingweakform is

—/VU-VU—/Uf—l—/ vVu-n =0 (6.1.4)
Q Q o0N

and we will requirethat this equationhold for ary testfunction » in the spaceof 2nd
order Lagrangeinterpolans on our mesh. The boundaryterm gives us a way to apply
certainboundaryconditions: we canapplythe NeumanrandRobinBCsby substiutingan
appropriatevaluefor Vu - i in the boundaryterm. Referringto the boundaryconditions
above andour definitionof thediscretefunctionrightBCEx pr , theweakform is written
in Sundanceas
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Expr poisson = Integral(  -(grad*v)*(gr ad*u) - f*v)
+ Integral(t op, V/3.0)
+ Integral(r ight,  v*(rightBCExpr - u);

NoticethatthehomogeneouBC on theleft sidedoesnot needto bewritten explicitly
because¢hatboundarytermis zero.

6.1.1.9 Writing the essentialBCs

Theweakform containghephystcsin thebodyof thedomainplustheNeumanrandRobin
boundaryconditions. We still needto applytheDirichlet boundaryconditiononthebottan
edge whichwe dowith anEssenti alBC object

EssentiaBC  bc = EssentialBC(bo ttom, v*u - 0.5*x*x));

The first amgumentgivesthe region on which the boundarycondition holds, and the
secondgivesan expressio thatis to be setto zero. Notice thatthereis a testfunctionin
the BC; thisidentifiestherow spaceonwhichthe BC is to be applied.

6.1.1.10 Creatingthe linear problem object

A Stati cLinearPr oblem objectcontainseverythingthatis neededo assembledis-

creteapproximaibn to our PDE: a mesh,a weakform, boundaryconditions,specification
of testandunknownn functions,anda specificatiorof thelow-level matrixandvectorrepre-
sentatiorto be used.All of thisinformationis givento the constructotto createa problem
object

StaticLinea  rProblem prob(mesh, poisson, bc, v, u, petra);

It mayseenunnecessartp providev andu asconstructoargumentdere;afterall, the
testandunknaown functionscouldbe deducedrom theweakform. In morecomple prob-
lemswith vectorvalued unknonvns, however, we will wantto specifythe orderin which
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the differentunknonvns andtestfunctionsappear and we may wantto group unknonvns
andtestfunctionsinto blocksto createa block linear system Suchconsiderationgan
make a greatdifferencein the performanceof linear solvers for someproblems.The test
and unknawn slotsin the linear problemconstructorare usedto passinformationabout
the function orderingand blocking to the linear problem; thesefeatureswill be usedin

subsequergxampks.

6.1.1.11 Spedfying the solver

A goodchoiceof solver for this problemis BICGSTAB with ILU preconditionig. We'll
uselevel 2 preconditioing, andaskfor a corvergencetoleranceof 10~ 14 within 500 iter-
ations.

TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory (2);
TSFLinearSo Iver solver = new BICGSTABSolver(precond , 1.e-14, 500);

6.1.1.12 Solvingthe problem

The syntaxof Sundancenakesthe next steplook simpler thanit really is:

Expr soln = prob.solve(s olver);

Whatis happeningunderthe hoodis thatthe problemobjectprob builds a stiffness
matrix andload vector feedsthat matrix andvectorinto the linear solver solver . If all
goeswell, asolutionvectoris returnedrom the solver, andthatsolution vectoris captured
into adiscretefunctionwrappedn the expressiorobjectsoln .

6.1.1.13 Viewing the solution

We next write the solutionin a form suitabk for viewing by Matlah

FieldWriter writer = new MatlabWriter  ("heat2D.dat")
writer.writ eScalar(mesh, "temperature ", soln);
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6.1.1.14 Checking the error norm

Finally, we compareto the exact soluion by computirg the errornorm. The solution has
beenreturnedasa Sundancexpressionsowe canform anexpressiorfor theerror

Expr exactSoln = 0.5**x + y/3.0;
Expr error = exactSoln - soln;

andthentakethe L? norm

double errorNorm = error.norm()

6.1.2 Completecodefor the poissonproblem

#include  “"Sundanc e.h"

/**  \example heat2D.cpp
* Solve Poisson’ s equation with a unit source term on the
* rectangl e [0,1] x [0, 2] with the following boundary conditio ns:

* Left: Natural, du/dx =0

* Bottom: Dirichlet, u= 05 x2

* Right: Robin, u + du/dx = 3/2 + y/3

* Top: Neumann, du/dy = 1/3

* The solution is u(xy) = 05%2 + y/3.

* This problem can be solved exactly in the space of second-ord er polynomial s.

int  main(int argc, void**  argv)
{
try
{

Sundance:i nit(argc, argv);

[* create a simple mesh on the rectangle */

int nx = 20;
int ny = 20;
MeshGenerat or mesher = new RectangleMe sher(0.0, 1.0, nx, 0.0, 2.0, ny)

Mesh mesh = mesher.getMes h();

/* define coordina te functions for x and y coordina tes */
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Expr x = new CoordExpr(0) ;
Expr y = new CoordExpr(1) ;

/* define cells sets for each of the four sides of the rectangle */
CellSet  boundary = new Boundary CellSet();

CellSet left = boundary.s ubset( x == 0.0 );

CellSet right = boundary. subset( x == 1.0 );

CellSet  bottom = boundary .subset( y == 0.0 );

CellSet top = boundary.su bset( y == 2.0 );

[* Create a vector space factory, used to
* gpecify the low-level linear  algebra representat ion */
TSFVectorTy pe petra = new PetraVectorT ype();

/* create a discrete space on the mesh */
TSFVectorSp ace discreteSp ace = new SundanceVe ctorSpace(mes h, new Lagrange(2),

/* We'll use a discrete functio n to represent the

* source term, providing a test

* of our ability to evaluate discrete functions on maximal cells */
Expr f = new DiscreteFunc tion(discrete Space, 1.0);

/* We'll use a discrete functio n to represent the imposed

* boundary value on the right-hand boundary. This provides a

* test of our ability to evaluate discrete  functio ns on

* lower-di mensional cells. */

Expr rightBCExpr = new Discrete Function(discr eteSpace, 1.5 + y/3.0);

/* create symbolic objects for test and unknown functions */
Expr v = new TestFunction (new Lagrange (2));
Expr u = new UnknownFunct ion(new Lagrange(2)) ;

[* create symbolic differential operators ¥/
Expr dx = new Derivative(  0);

Expr dy = new Derivative(  1);

Expr grad = List(dx, dy);

/* Write symbolic weak equation and Neumann and Robin BCs */
Expr poisson = Integral(- (grad*v)*(gra d*u) - f*v, new GaussianQu adrature(2))
+ Integra I(top, v/3.0)  + Integral(ri ght, v*(right BCExpr - u));

/*  Write essential BCs:
* Bottom: u=x"2
*/

EssentiaBC  bc = Essentia IBC(bottom, v¥(u - 0.5**x ),
new GaussianQuad rature(4));

/*  Assemble everything into a problem object, with a specificatio n that
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* Petra be used as the low-lev el linear algebra represent ation */
StaticLinea  rProblem prob(mesh, poisson, bc, v, u, petra);

[* create a preconditione r and solver */
TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory( 1);
TSFLinearSo Iver solver = new BICGSTABSIver(precond , 1.e-14, 500);

/* solve the problem and return the solution as a symbolic object */
Expr soln = prob.solve(so Iver);

/* write to matlab */
FieldWriter writer = new MatlabWriter(  "heat2D.dat")

writer.writ eField(soln);

/* compare to known solution */
Expr exactSoln = 0.5*x*x + y/3.0;

/I compute the norm of the error

double errorNorm = (soln-exactS  oln).norm(2);
double tolerance = 1.0e-9;
Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);
}
catch(exc eption& e)
{
Sundance::h andleError(e, __FILE_);
}
Sundance: :finalize();

}

6.2 A PDE-constrained optimization exanple

We now shav a simpleexampleof how to useSundancéo setup anoptimizationproblem
with a PDE constraint. Considerthe Poissonequationwith sourcetermsparameterized
with adesignvariableq,

Viu = Zak sin krz. (6.2.5)
k

A simple optimization problemis to choosex suchthatthe statefunctionu is a goodfit
to atametfunction. This tamget-fitting problemcanbe posedasa least-squareproblem
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with objective function
~\2
fla) =3 /Q (u(@) —a)"+ 5 > o (6.2.6)

whereR setsthecontrolcost. As written, we couldsolve this problemwith a patternsearch
methodin whichwe solve 6.2.5for u ateachfunctionevaluation. Alternatively, we canlet

the statedhecomeandependenvariablesput imposeequation6.2.5asa constraint.In that
casewe have aLagrangian

1
L(a,u,)\)zi/ﬂ(u—@)2+§2ai—/QVu-V/\—Zak/Q)\sinlmx (6.2.7)
k k

where ) is a Lagrangemultiplier. The necessargonditionfor solving the optimizaton
problemis thatthe variationsof the Lagrangiarwith respecto «, u, and\ areall zero.

Thisexampk is aquadratigprogramwith anequalityconstraintandthe solutian is ob-
tainedwith asinglelinearsolve of theKKT systemHowever, theKKT systenis indefinite
andis mostefficiently solvedusingablock Schurcomplementnethod.

6.2.1 Sundanceproblem specification

With Sundanceall we needdo to posethis problemis to write the LagrangiarusingSun-
dancesymbolic objects.

Notethatin this problem,the statevariableu andLagrangemultiplier A areunknown
functionsdefinedwith afinite-elemenbasis.However, thedesignparameterareunknawvn
“global” parametersdefinedindependentlyof the mesh. In Sundancemesh-basedin-
knownsareUnknownFunction expressbnsubtypesandglobalunknovnsareUnknownParameter
expressiorsubtypesTo optimize performancen parallel,Sundancéamposestherestriction
thatall globalunknovnsmustappeain aseparatélock from ary meshedinknovns that
block is thenreplicatedacrossprocessorsvhile blocks containingmeshedunknavns are
distributed. Matrix blocksmappingbetweerthe globalunknovn spaceanda meshedin-
known spaceareimplementedvith multivectorsjn whicheachrow (or column,depending
on the orientationof the block) is a distributedvector The specificationof the unknavns
andblock structurefor this problemis donewith thefollowing Sundanceode:
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Expr u = new UnknownFunction(new Lagrange( 2));
Expr v u.variation()

Expr lambda = new UnknownFunction(new Lagrange(2) );
Expr mu = lambda.varia tion();

Expr alphal = new UnknownPara meter();
Expr alpha2 = new UnknownPara meter();
Expr alpha3 = new UnknownPara meter();

Expr alpha = List(alph al, alpha2, alpha3);
Expr beta = alpha.vari ation();

TSFVector Type petra = new PetraVect orType();
TSFVector Type dense = new DenseSeri alVectorType()

TSFArray< Block> unks = tuple(Block( alpha, dense), Block(u, lambda, petra));

TSFArray< Block> vars = tuple(Block( beta, dense), Block(mu, v, petra));

Oncethe unknovns have beenspecified,we canwrite out the objective functionand
Lagrangiarin symbolc form:

Expr objectiveF unction = 0.5*Integr  al(pow(u-targe t, 2.0)
+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFu nction - Integral((d x*u)*(dx*lamb  da))
- Integra I(lambda*forci ng);

Theequationsetcanbe obtainedby taking symbolicvariatiors of the Lagrangian.

Expr egn = lagrangian. variation(Lis t(u, lambda, alpha))

We will solve the systemusinga Schurcomplemensolver, usingTSF’s block manip-
ulationcapabilites. The userlevel codeto specifya Schurcomplemensolverfor a2 by 2
block systemis

TSFPrecon ditionerFacto ry prec = new ILUKPrecondit ionerFactory( 1);
TSFLinear Solver innerSolver = new BICGSTABSolver(1.0e-1 2, 1000);
TSFLinear Solver outerSolver = new BICGSTABSolver(1.0e-1 0, 1000);
TSFLinear Solver solver = new SchurCompleme ntSolver(inne rSolver, outerSolver );

152



Finally, we shov completesourcecodefor the PDE-constrainedptimizationexample.

#include  “"Sundanc e.h"

int  main(int argc, void*  argv)

{
try
{
Sundance:i nit(&argc, &argv);
/*
Create a mesh object. In this example, we will use a built-in method
to create a uniform mesh on the unit line. In more realistic problems

we would use a mesher to create a mesh, and then read the mesh using
a MeshReader object.

*/

int n = 10;

const double pi = 4.0*atan(1.0)

MeshGenerat or mesher = new LineMesher( 0.0, pi, n);

Mesh mesh = mesher.getMes h().getSubmes h();

/* Define a symbolic object to represent the x coordinate function. */
Expr x = new CoordExpr(0) ;

Expr psi = List(sin(x), sin(2.0 *x), sin(3.0*x ));
Expr target = sin(x);
/*

* Define a cell set that contains all boundary cells

*

CellSet  boundary = new Boundary CellSet();

/*

* Define a cell set that includes all cells at position x=0.
*/

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );

/*

* Define a cell set that includes all cells at position x=1.
*

CellSet right = boundary. subset( fabs(x - pi) < 1.0e-10 );
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/*

Define an unknown function and its variatio n. The constructor
argument is the basis family with which the function will  be
represent ed, in this case second-ord er Lagrange (nodal) polynomials.
*/
Expr u = new UnknownFunct ion(new Lagrange(2))
Expr v = u.variati on();
Expr lambda = new UnknownFuncti on(new Lagrange(2));
Expr mu = lambda.v ariation();
Expr alphal = new UnknownParameter();
Expr alpha2 = new UnknownParameter();
Expr alpha3 = new UnknownParameter();
Expr alpha = List(alphal, alpha2, alpha3);
Expr beta = alpha.variati on();
TSFVectorTy pe petra = new PetraVectorT ype();
TSFVectorTy pe dense = new DenseSerialV ectorType();
TSFArray<Bl ock> unks = tuple(Bl ock(alpha, dense), Block(u, lambda, petra));
TSFArray<Bl ock> vars = tuple(Bl ock(beta, dense), Block(mu, v, petra));
Expr forcing = alpha * psi;
/*
Define the differentiat ion operator of order 1 in direction 0.
*
Expr dx = new Derivative(  0);
Expr objectiveFunc  tion = 0.5%Integral( pow(u-target, 2.0))
+ 0.5*alp ha*alpha;
Expr lagrangian = objectiveFunc  tion - Integral((dx* u)*(dx*lambda) )
- Integra I(lambda*forci ng);
Expr egn = lagrangian.var iation(List(u , lambda, alpha));
/*
Now specify  the boundary conditions on the left and right CellSets.
*
EssentiaBC bc =
Essential BC(left, u*mu + v*lambda) && EssentialBC (right, u*mu + v*lambda);
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/*

outerSo Iver);

object

Create a solver object: stablized biconjuga te gradient solver
*
TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);
TSFLinearSo Iver innerSolv er = new BICGSTABSolver(1.0e-12, 1000);
TSFLinearSo Iver outerSolv er = new BICGSTABSolver(1.0e-10, 1000);
TSFLinearSo Iver solver = new SchurComplementSolver(  innerSolver,
/*
Combine the geometry, the variationa | form, the BCs, and the solver
to form a complete problem.
*
StaticLinea  rProblem prob(mesh, eqn, bc, vars, unks);
prob.printR  owMaps();
mesh.printC  ells();
/*
solve the problem, obtaining the solution as a (discrete ) Expr
*
Expr soln = prob.solve(so Iver);
/*
write  the solution in a form readable by matlab
*
FieldWriter writer = new MatlabWriter( );
cerr << "u" << endl
writer.writ eField(soln[1] [OD;
cerr << "lambda" << endl;
writer.writ eField(soln[1] [1D);
cerr << soIn[0] << endl;
/*
compute the error and represe nt as a discrete function
*
Expr exactSoln = sin(x);
/*
compute the norm of the error
*
double errorNorm = (soln[1][0] - exactSoln).n  orm(2);
double tolerance = 1.0e-10;
/*
decide if the error is within tolerance
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*

/

Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);
Testing::ti meStamp(__FILE _, _ DATE__, _ TIME_);

}

catch(exc eption& e)

{
TSFOut:pri  ntin(e.what())

Testing::cr ash(__FILE_);
Testing::ti meStamp(__FILE _, _ DATE__, _ TIME_);
}

Sundance: :finalize();

}

6.3 Symbdic components

6.3.1 Constantexpressions

Thesimplesttype of Exprto createls a constanteal-valuedExpr, for example:

Expr solarMass = 2.0e33; // mass of the Sun in grams

Any constanthatappearsn anexpressionfor examplethe constan®.0 in the expres-
sionbelow,

Expr f = 2.0%g;

will alsobeturnedinto a constant-dlued expressionlt is importantto understandhat
oncecreatedandusedin an expressiona constans valueis immutabe. If you wantto
changehe constantyou shouldinsttadusea Parameter .

6.3.2 Parameter expressions

Oftenyouwill form aPDEwith parameterghatwill changeduringthe courseof acalcula-
tion. For example,in atime-marchingoroblemboththetime andthetimesep canchange
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from stepto step.Or, youmaywantto runafluid flow simulaton at severaldifferentvalues
of the Reynoldsnumber To includein your equationa parametethatis constanin space
but canchangewith time or someotherway, you shouldrepresenthat parametemwith a
Parameteexpression.

Expr time = new Paramete r(0.0);

for (int i=0; i<10; i++)

{

cerr << time << * Y << sin(pi*tim e) << end
/I update the time

time.setV alue(time.val ue() + 0.1);

}

Theabove assumethatthe parameteis knowvn. However, in someproblemsaparame-
ter mightbeanunknavn to bedeterminedn the courseof solvinga problem;for instance,
it couldbe a designparameteto be determinedhroughoptimizaton. In thatcase usean
UnknownParameter , describedn section6.3.6.

6.3.3 Coordinate expressions

CoordEXx pr is anexpressionsubtype thatis hardwiredto compue the value of a given
coordinate.For example,the following constructsan Expr that representshe coordinate
onthezeroth(x) axis:

Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Sucha coordinateexpressiom canbe usedto definesimpe posiion-dependenfunc-
tions,for exampke

Expr f = sin(x) + 1/4.0*sin(2.0 *x) + 1/8.0*sin(3.0* X);
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6.3.4 Differential operators

Thekey expressiorsubtype for forming differentialoperatorss theDeriv ative object,
representing partialderivative in a givendirection. A Deriv ative is constructedvith
asingleintegerargumentgiving thedirectionof differentiation for exampk,

Expr dx = new Derivative (0); // differentiat e with respect to O coordinate

Derivativesareappliedusingthe multiplication (* ) operator

Sundancexpressiorobjectsareprogrammedo obey therulesof differentialcalculus.
For example,

Expr dx = new Derivative (0); // differentiat e with respect to O coordinate
Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Expr y = new CoordExpr(0 ); // represe nts y-coordina te value
Expr f = x*sin(x) + y*X;

Expr df = dx*;

cout << df << endl /Il prints  sin(x) + x*cos(x) +;

Differentiationof discretefunctionsrequiresspecialcare,andis discussedn 6.3.7.4

6.3.5 Testand unknown functions

Expressionsubtypes TestFunct ion and UnknownFunctio n are usedto represent
testandunknavn functionsin weakPDEsandboundaryconditions. They areconstructed
with a BasisF amily objectwhich specifiesthe subspacdo which solutionsand test
functionsarerestricted.For exampk,

Expr T = new UnknownFunction(new Lagrange(l) );
Expr varT = new TestFunc tion(new Lagrange(l) );

constructainknavn andtestfunctionsthatlive in the spacespannedy first-orderLa-
grangeinterpolatesi.e., all piecaviselinearfunctions.
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6.3.6 Testand unknown parameters

ExpressiorsubtypesTestParam eters andUnknownParameter areusedto repre-
senttestandunknowvn functionsthatareindependendf space.Their constructorgake no
arguments Seeb.2.1for anexampleof theuseof testandunknavn parameters.

6.3.7 Discretefunctions

Discretefunctionsrepresenthevalueof afield thathasbeendiscretizedn a spaceof basis
functions.Discretefunctionshave a numberof importantuses:

e representinghe solution of afinite-elemenproblem

e representingfield for which no analyticalexpressio is available

A discretefunctionobjectcanbe createdn a numberof ways: by computirg the valueof
anexpressioronthenodesn amesh py readingit from afile, or by “capturing” asolution
vectorinto adiscretefunction.

6.3.7.1 Creatinga scalarvalued discretefunction

To createa discretefunction, we first needto know the discretespaceon which the func-
tion will be defined. The constructionof this spacerequiresat minimuma mesh,a basis
function,anda vectortype.

TSFVectorTy pe petra = new PetraVector Type();
BasisFamily  basis = new Lagrange(1);
TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(my Mesh, basis, petra);

Onceyou have a discretespaceyou cancreatea discretefunctionasfollows:

Expr f = new DiscreteFun ction(discret eSpace, sin(x)*sin(y );
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6.3.7.2 Creatinga vector-valued discrete function

Discretefunctionsrepresentingectorvaluedfields have somewrinklesthatareimportant
to understand.Considera discretefunction representinga two-componentector field,
u = (uy, uy). How is thevectorunderlyingthis functionstored?Onecanimaginecreating
two independendiscretefunctions

Expr ux = new DiscreteFu nction(discre teSpace,  sin(x)*sin( v));
Expr uy = new DiscreteFu nction(discre teSpace, cos(x)*cos( y));

andforming a vectorvaluedexpressiorusingtheList operatoy

Expr u = List(ux, uy);

Thisis well-definedSundanceode,but it is not usuallywhatyouwant. A calculation
will have improved performancedueto cacheefficiencgy if bothfunctionsare aggregated
into assinglevector with u, andu, ateachcell listedtogether To achiese thisaggreation,
we needto createa discretespacecapableof representingectorvalued functions.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily  basis = new Lagrange(l);
TSFArray<Ba sisFamily> multivari  ableBasis = tuple(ba sis, basis);
TSFVectorSp ace multivari  ableDiscreteS  pace
= new SundanceV ectorSpace(myM esh, multiVar iableBasis, petra);
Expr u = Discrete Function::disc retize(multivV ariableDiscre teSpace,
List(sin(  x)*sin(y), cos(x)*co  s(Y)));

In mary problemsijt is necessaryo usea mixedsetof basisfunctions.For example,in
theTaylor-Hooddiscretizatiorof theincompressile Navier-Stokesequationsthe velocity
componentsare representedvith 2nd order polynamials andthe pressurewith 1storder
polynomials.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily  basisl = new Lagrange(l);
BasisFamily  basis2 = new Lagrange(2);
TSFArray<Ba sisFamily> multivari  ableBasis = tuple(ba sis2, basis2, basisl);
TSFVectorSp ace multivari  ableDiscreteS  pace
= new SundanceV ectorSpace(myM esh, multivar iableBasis, petra);
Expr uAndP = DiscreteFun ction::discre tize(multivari ableDiscreteS  pace,

List(y, x, 0.0));
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6.3.7.3 Readinga discrete function

Many meshfile formatshave the ability to storefield dataalongwith the mesh.Thisfield
datacanbe associatedavith elementor with nodesdependingon the applicationandthe
phystal meaningof thefield. Differentmeshfile formatwill index fieldsin differentways;
for example,the Exodusformatassociatesameswith fields, while Shavchuk’s Triangle
format simply lists attributes. Generally we canlook up fields by eithera nameor by a
numberindicatingthe positionin anattributelist. Someexamplesfollow:

MeshReader reader = new ShewchukMeshReader(“myMesh ");
Expr temperature = reader.getNo dalField(0);

Expr velocity = reader.g etNodalField( 1, 2, 3)

Expr pressure = reader.g etElementalFi eld(4)

MeshReader reader = new ExodusMeshReader(“myMesh.e  xo0");
Expr pressure = reader.g etElementalFi  eld(“pressure ");
Expr velocity = reader.g etNodalField(  “ux”, “uy”, “uz”)
Expr temperature = reader.getNo dalField(“te mperature”);

6.3.7.4 Derivativesof discretefunction

Many basisfunctionsusedin finite elementsalculationsareonly pieceavisedifferentiable:
thefunctionis continuows everywhereanddifferentiablen theinterior of eachcell, but the
derivative is not definedat boundariedbetweenrcells. Suchbasisfunctions,andfunctions
representedvith them,aresaidto have C° continuit. Sincethe derivative of sucha func-
tion will not be continwus at elementboundariesthe derivative of a C° functionis not
necessarily’°. Thus,thederivative of adiscretefunctiondefinedwith a particulardiscrete
spacecannotbe represente@xactly with anotherdiscretefunction definedwith thatsame
space.

For thisreasonijt isimpossibleto createdirectly adiscretefunctionfrom thederivatve
of anotherdiscretefunction. Thefollowing will resultin a runtime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));
Expr dfdx = new Discrete Function(disc  reteSpace,  dx*f);
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If fisaC? function,it is possibleto integrate derivaivesof f. Theintegral is well-
definedsincethe region on which f is nondifferentiabé have no volume. Numerically
it is usuallypossibé to do suchintegrals becausehe quadraturgointsareusuallyin the
interiorsof cells. Soit’s perfectlysensibé, andquite common,to write a weak PDE that
includesderiativesof discretefunctions

Whatis notpossiblés to obtainpointwisevaluesof thederivative of adiscretefunction.
This is nota commonoperationduring the solution of a PDE, but you may oftenwantto
seedervative valuesduring postprocessingnd analysis. Becausepointwise valuesare
not available, it is impossible to createdirectly a discretefunction from the dervative of
anotherdiscretefunction.

Thefollowingwill resultin aruntime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));
Expr dfdx = new Discrete Function(disc  reteSpace,  dx*f);

If youreally wantto look at pointwisederivative values the bestthatcanbe doneis to
approximatehe derivative by projectinginto a C° space.Therearemary waysto dothis;
oneof the mostcommonis a least-squareprojection,in which you choosecoeficients
suchasto minimize the squaredesidual.

This is acommonenoughoperationthat Sundancénasa predefinednethodfor least-

squaregrojection:

/I fO is a discrete function
Expr gradF = L2Projectio n(discreteSpa ce, List(dx, dy)*f0)

Notethatsincethisoperatiorrequireghesoluion of alinearsystemijt istime-consunng.
Again, it usuallyneedgo bedoneonly asa postgocessingtep.

Finally, it shouldbe pointedout that the differencebetweena dervative andits L?
projectionwill decreasasthefunctionbecomesmootherFor thisreasonthe L? residual
of adervative canbe usedasanerrorestimator
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6.3.8 Cell property functions

In someproblems,you will needan expressio to represenfpropertiesof a meshcell.
For example,stabilization methodssuchas SUPGhave termsinvolving A, thelocal mesh
spacing.n someproblemsanexplicit expressiorfor aboundarynormalis needed.

The local meshspacingcan be obtainedusinga CellDiame terExpr , createdas
follows.

Expr h = new CellDiamete rExpr();

Similarly, the outward normal of a boundarycell is givenby a CellNorm alExpr
constructedhs

Expr n = new CellNormalE xpr();

6.4 Geomdric componets

6.4.1 Meshes

Sundancecanuseunstructued meshesn 1, 2, or 3 dimensims. To Sundancea Mesh
objectis a connectedcomple of cells. A zero-cell is apoint. A maximal cellsis defined
with dimenson equalto the spatialdimenson of the mesh.Eachfacetof a maximalcell is
itself a cell, andsoondown to zerocells. Every discretegeometricentity in Sundances a
cell; thereis no distinction betweerfelements”,“edges”,and“nodes”. All arerepresented
by Cell objects.

Sundanceurrentlysupportghefollowing cell types:

e zero-cells:points

e one-cellslines
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e two-cells:trianglesandquadrilateralg“quads”)

e three-cellstetrahedrq“tets”) andhexahedra(“bricks” or “hexes”)

Thesystenfor representingellsis extensibk, sothatanadvancedusercanaddadditional
cell typessuchasprisms.

Most of the method=f the Mesh classarefor Sundances internaluseandwill almost
never appearat the userlevel. You will sometmeswork with Cell objectsdirectly, for
instancenvhenprobingthe valueof afunctionata pointduring postpocessing.

6.4.1.1 Meshl/O

Therearealmostasmary meshfile formatsasthereareengineersandit wouldbefoolishto
try to build supportfor file I/O directly into the Mesh object. Sundanceisesan extensble
MeshReader classheirarchyto provide aninterfacefor readingfrom meshformats.The
currentversionof Sundancesupportsreaderdor threemeshformats: a native Sundance
text format, Shevchuk’s Triangle format, and Sandias Exodusll format. If you wantto
supporsomeothermeshformatyouwill haveto implementyourown MeshReaderBase
subtype.

Using a MeshReader is very simple. You createa MeshReader objectasa han-
dle to an appropriatesubtype,andthenyou call the readMe sh() methodto returna
Mesh object. Thefollowing codereadsa meshin Shevchuk’s Triangleformatfrom files
tBird.1 .poly andtBird.1 .ele

MeshReader reader = new ShewchukMeshReader("tBird.1 ")
Mesh mesh = reader.getMe sh();

Similarly, to write ameshto Triangleformatonedoes

MeshWriter  writer = new ShewchukMeshWiter("myMesh"  );
writer.writ eMesh();

164



6.4.1.2 Meshgeneratorinterface

ClassMeshGererator providesaninterfacefor meshgeneratorsandthereareimple-

mentationgor building several simpge meshtypes. In principle it would be possibleto

connecta powerful third-party meshgeneratorto Sundancehroughthe meshgenerator
interface,but it is generallysimplerto have the meshemrite the meshto afile which can

bereadby aMeshReader object.

The mostcommonuseof MeshGererator  is to build toy meshedor testproblems.
Thethreebuilt-in MeshGenerator  subtypesare

e LineMes her meshesline

e Rectang leMesher meshesrectanglewith triangles

e Rectang lerQuadMe sher meshesrectanglewith quadrilaterals

6.4.2 Caell sets

A CellSe t objectis usedto definea set of cells on which an equationor boundary
conditionis to be applied. A CellSet canbe definedindependenyl of ary particular
mesh;insteadof a list of cells, it is a condition or setof conditionthat can be usedto

extractallist of cellsfrom amesh.

6.4.2.1 The setof all maximal cells

TheMaximalC ellSet objectidentifiesall maximalcellsin amesh.Theconstructohas
no armguments:

CellSet maxCells = new MaximalC ellSet();
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6.4.2.2 The setof all boundary cells

A BoundaryCellSe t objectidentifiesall boundarycellsof dimenson N — 1. For ex-
ample,in a3D problemaBoundaryCellSet  will containall 2D cellsontheboundary
but notlinesor pointsthathapperto lie onthe boundary

Theconstructohasno arguments:

CellSet  boundaryC ells = new BoundaryC ellSet();

6.4.2.3 Defining subsets

Givenacell set,we canusethesubset() = methodto definea conditionthatcanextracta
subsebf the original cell set. The conditioncanbe a mathematial equationor inequality
thatmustbe satisfiedby any cell to be acceptednto the set,or it canbea stringlabel. In
“real world” problemsthe mostcommoncondition for defininga cell setwill be a label
thatis associateavith the cellsby the codethatproducedhe mesh.

CellSet  boundary = new Boundary CellSet();
CellSet wall = boundary. subset(“wall ");
CellSet arc = boundary.s ubset(x*x + y*y == 1.0 && x < 0.5);

6.4.2.4 Logical operationson cell sets

Cell setscanbe createdby doing setoperations- unionandintersection- on two or more
existing cell sets. Union andintersectionare representedby the overloadedaddition (+)
andlogical AND (&&) operators.
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6.5 Discretization

6.5.1 Basisfamilies

Every unknown field or testfunctionin a Sundanceroblemmustbe givena basisfamily .

Currently the only basisfamiliessupportedn Sundancearethe Lagrangefamily and
the Serendipityfamily. Lagrangebasisfunctionsuse Lagrangeinterpolation aboutthe
elements nodes.Serendipitybasisfunctionsarespecializedo quadrilateral(“quad”) and
hexahedral*brick”) cells;they requirefunctionvalueson cornerandedgenodesonly, not
onfaceor centemodes.

6.5.2 Quadraturefamilies

Theintegralsin a Sundanceveakform aredoneby numericalintegration or quadrature.
Whatis relevantto userlevel Sundanceodeis how onecanspecifya suiteof quadrature
rulesto beusedfor agiven weakform. Noticethatit will notsuffice to specifyaquadrature
rule, because given termmay beintegratedon several differentcell types. For example,
ameshmay containbothquadcellsandtrianglecells,andthetwo differentcell typeswill
requiretwo differentquadraturerules. What is neededs a specificationof a family of
guadratureulesratherthanasingle rule. Theuserlevel specifierof afamily of quadrature
rulesistheQuadratu reFamily object.ThebuildQ uadrature Points() method
of Quadrat ureFamily returnsa setof quadratureoints andweightsappropriateo a
given cell type. The userpicks a quadraturgamily by selectingthe appropriatesubtype
of Quadr atureFami lyBase and supplyng the desiredconstructorarguments. For
example,

QuadratureF amily gauss4 = new Gaussia nQuadrature(4)

createsan objectthat can producea 4-th order Gaussiarguadraturerule for any cell
type.
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6.5.2.1 Gaussian Quadrature

Gaussiamuadratureulesspecifyboth points andweightsto give optimal accurag for all
polynomials througha given degree. Gaussiamuadraturgulesfor a line canbe derived
from the propertiesof the Legendrepolynomials;seeary textbook on numericalanalysis
for adiscussio. Gaussiamquadraturgulesfor quadrilateral@andbricks canbe formedas
“tensorproducts’of line rules. Thedeveloprentof Gaussiamuadratureulesfor triangles
andtetrahedras anongoingresearctarea;anonlineliteraturesurwey through1998canbe
found at Steve Vavasis’ quadratureand cubaturepageé. SymmetricGaussiarquadrature
rulesthroughmoderateorderhave beendeveloped for trianglesby Dunavan{36] andfor
tetrahedraby Jinyun[63]. A summaryof the quadratureulesthatwill be generatedy
Sundances Gaussi anQuadrat ure objectis givenin thetablebelow.

Cell type | Available orders | Reference Comments

Line all e.g.Hughes[59

Triangle | 1-12 Dunavant[34 Orders3,7,and11 have negative weights.
Quad ary Tensorprojectof two line rules.

Tet 1-6 Jinyun63] Order3 hasa neggaive weight.

Brick ary Tensorprojectof threeline rules.

6.5.3 Upwinding

Sundancdrasno built-in upwindingcapability however, it is straightforwardto useexist-
ing Sundanceomponents$o do upwindingvia the streamwisaipwindingPetros-Galerkin
(SUPG)method.

6.5.4 Specifiation of row and column spaceordering

The orderin which equationsaandunknavns arewritten canmale a differencein the per
formanceof alinearsolver, andin keepingwith the goal of flexibility, Sundancegivesyou

Ihttp://www.cs.caonell.eduhomehavasis/quad ml
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theability to specifythis ordering.In orderto understandhowv Sundances orderingspeci-
ficationworks,let’s look into how Sundancelecidesunknovn andequatiornumbering.

Givena meshanda setof unknovns, the Sundanceliscretizationenginewill traverse
the meshonemaximalcell at a time andfind all unknovns associateavith thatcell and
its facets.In a problemwith multiple unknovns sayvelocity, pressureandtemperature,
therecan be morethanone unknavn associatedvith a cell; if so,the unknovns are as-
signedin the order that their associatedJnknownFunction  objectsare listed in the
StaticL inearProb lem constructor This schemegivesus two waysto control the
unknavn ordering:

e Cell ordering specifiesghe orderin which cellsareencountere@dsthe meshis tra-
versed.

e Function ordering specifieghe orderin which differentfunctionsarelisted within
asinglecell.

6.5.4.1 Cell ordering

Cell orderingis controlledby giving the linear problemconstructora CellReo rderer
object.Currently therearetwo subtypesf CellReo rderer

e RCMCellReorderer usesthereverseCuthill-McKeereorderingalgorithm (e.g.,
Saad[98]). The RCM algorithm is a modified breadth-firstsearchwith desirable
behaior duringmatrix factoring.

e Identit yCellReor derer usesthe original orderingusedby the mesh,i.e., it

doesnoreordering.

The default is RCMCell Reorderer , andit is a good generalchoice. You might use
Identit yCellReor derer in casesvhereyour meshalreadyhasafavorablecell or-
dering,saving the (small) expenseof doinganunnecessargeordering.

The cell reorderingsystemis extensille; your favorite reorderingalgorithm can be
addedo Sundancéy writing anew CellReor derer subtype.
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The samecell reorderingschemds usedfor equationnumbering(rows) andunknown
numbering(columng. Thus,cell reorderingsarealwayssymnetric.

6.5.4.2 Function ordering

Functionorderingis controlledby the orderin which testor unknavn functionsappear
in the linear problemconstructar For example,if ux, uy, andp are unknovns we can
orderthemas: List(ux , uy, p), or asList(p, ux, uy) or ary of the other
permutatios. A list with the desiredorderingis givento the StaticLi  nearProbl em
constructor

StaticLinea  rProblem problem(mes h, eqn, bc, List(vx, vy, ), List(ux,
uy, p), vecType);

Notice thatthe testfunctionsneednot have the sameorderingastheir corresponding
unknowns: anonsynmetricorderingsuchas

StaticLinea  rProblem problem(mes h, eqn, bc, List(vx, vy, Q), List(p,
ux, uy), vecType) ;

is possilbe.

6.5.5 Block structuring

It is possble to group unknavns and equationsnto blocks, in which casethe stiffness
matrix becomes block matrix with eachblock beinganindependenbbject. Sundances
blocking capabilitymakespossibé the useof block solversandpreconditioners.

As with functionordering blockstructurings specifiedby organizatiorof theunknown
andtestfunctionargumentdo the StaticLi  nearProbl emconstructor

Array<Block > unkBlocks = List(Block(L ist(U, V), petraType ), Block(P, petraTyp e));
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6.6 Boundary conditions

Therearemary waysto apply boundaryconditions (BCs) in a finite elementsimulaton,

and Sundancaes designedo be flexible in methodsof applyingBCs. To begin with, the
way a BC getswritten dependsstrongly on the way the weak problemhasbeenformu-

lated;for example,BCswill bewritten quitedifferentlyin least-square®rmulationsthan
in Galerkinformulations. For the purpose®f userlevel Sundanceode,the mostimpor-

tantclassificationof boundaryconditionsis the distinction betweenBCs thataddinto an

expressiorandBCsthatreplaceanexpressim. BCsthataddin to anexpressioraresimpy

incorporatednto anintegr al object,while replacement-typéoundaryconditions are
specifiedusingEssenti alBC objects.In Sundancegeometricsubdomaisareidentified
usingCellSet objects.ThesurfaceonwhichaBC is to beappliedis specifiedby passing
asanamgumenttheCellSet representinghatsurface.

6.7 Problemmanipulation

Oneof themostpowerful featuresof Sundances the ability to automatdranformationf
problems.

6.7.1 Linearization

It is possibé to have Sundanceautomatethe linearizationof a nonlinearequation. Au-
tomatedlinearizationis restrictedto full Newton linearization; alternatve linearization
schemesuchasOseermustbe doneby hand.

Thelineariz  ation(u, u0) method of Expr andEssenti alBC areusedto
returna new linear expressionor BC. Linearizationis alwaysdoneaboutaninitial guess
u0, whichmustbeadiscretefunctionwith the samestructureastheunknavn agumentu.
Thenew expressiorhasanew unknavn functionfor theNewton step or differential, which
will have the samestructureasthe originalunknovn u. Callinglineariz  ation() on
a linear expressiorsimply obtainsthe samelinear expressionjut in termsof the Newton
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stepfor the original unknavn. Notethatif eitherthe PDE or BC arenonlineay both must
belinearizedin orderto transformbothinto equationdor the Newton step.

6.7.1.1 Example: Poisson-BoltzmannEquation

For example the Poisson-Boltzmanequation
/Vu -Vo+wve =0 (6.7.8)
with boundaryconditions
u(top) = upc (6.7.9)
canbelinearizedasfollows.
Expr egn = Integral((gra d*u)*(grad*v) + exp(-u)*v);
EssentiaBC bc = EssentiaBC(to p, (u - uBC)*);

Expr linearizedEq n = eqn.linear ization(u, u0);
EssentialBC  linearizedBC = bc.lineari zation(u, u0);

The resultingexpressionand BC are equationdor the Newton step,accessibleasan
unknavn functionthroughthediffer  ential() methodon the original unknowvn,

Expr du = udiffe rential();

Completecodefor the soluion of the Poisson-Boltzrann equation(6.7.8) is shavn
below.

#include  “"Sundanc e.h"

/**  \example inlinePoiss  onBoltzmannlD .cpp

* Solve the Poisson-Bol tzmann equation \f$\nabla™2 u = e-u$ on the unit
* line with boundary condition s:

* Left:  Natural, du/dx=0

* Right: Dirichl et u = 2 log(cosh(l/ sqrt(2)))

*

*

The solution is 2 log(cosh(x /sqrt(2))).
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* The problem is nonlinear, so we use Newton’s method to iterate

* towards a solution.
*

*/

int  main(int argc, void**  argv)
{
try
{

Sundance:i nit(&argc, &argv);

[* create a simple mesh on the unit line *

double L=1.0;

int n = 10;

MeshGenerat or mesher = new Partitioned LineMesher(0. 0, L,
Mesh mesh = mesher.getMes h();

/* define an expression represe nting the x-coordina te function

Expr x = new CoordExpr(0) ;

/* create a cell set representi ng the right boundary */
CellSet  boundary = new Boundary CellSet();
CellSet right = boundary. subset( x == L );

[* create a discrete space on the mesh *
TSFVectorSp ace discreteSp ace
= new SundanceVe ctorSpace(mes h, new Lagrange(2));

*/

/* create an expression for the initial guess. This will

* starting point for each newton step. Assume u(x)=x as an initial
* guess, and discretize it.

*

Expr u0 = new DiscreteFun ction(discret eSpace, Xx);

[* create symbolic objects for test and unknown functions.

* step we will solve a lineari zed equation for a step du,

* unknown is du. *
Expr u = new UnknownFunct ion(new Lagrange(2), "du");
Expr v = new TestFunction (new Lagrange (2), "du");

[* create a differential operator  representin g the x-derivative.

Expr dx = new Derivative(  0);

[* lineariz ed weak equation for the step du *

Expr nonlinearEgn = Integral((d X*u)*(dx*v) + v*exp(-u));
Expr linearizedEqgn = nonlinearE  gn.linearizati on(u, u0);
Expr du = u.differ ential();

/* Dirichle t boundary condition */
double uBC = 2.0*log(cosh  (L/sqrt(2.0)) );
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EssentiaBC  bc = Essentia IBC(right, (u-uBC)*v ) ;
EssentiaBC  linearizedBC = bc.lineariz ation(u, u0);

/* linear  problem for the step du *
StaticLinea  rProblem prob(mesh, linearizedEqgn, linearizedBC , v, du);

/* create linear solver */

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);
TSFLinearSo Iver solver = new BICGSTAB®Iver(1.0e-12 , 1000);
NewtonLinea rization newton(prob , u0, solver);

Expr soln = newton.solve( NewtonSolver( solver, 8, 1.0e-12, 1.0e-12));

/I compare to exact solution
Expr exactSoln = 2.0*log( cosh(x/sqrt(2 .0)));
Expr error = new Discrete Function(disc  reteSpace, soln-exac tSoln);

/* write to matlab */

string  filename = "pblD." + TSF:toStr ing(MPIComm:: world().getRan k()
+ ".dat";

FieldWriter writer = new MatlabWriter(  filename);

writer.writ eField(soln);

/I compute the norm of the error

double errorNorm = (exactSoln - soln).norm(2)
double tolerance = 1.0e-4,
TSFOut:pri  ntf("error = %g\n", errorNorm);
Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);
}
catch(exc eption& e)
{
Sundance::h andleError(e, __FILE_);
}

Sundance: :finalize();

6.7.2 Variations

Automatedcalculationof variations can be usefulin a numberof ways. For PDEsthat
canbe dervedfrom a variationalprinciple, Sundances variationalcapabilitycanbe used
to derive the PDE. A particularlyinterestingapplicationof thisis to derive a FOSLSdis-
cretizationfrom aleast-squarefinctional. Anotherimportantuseof automatedariational
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calculationgs to obtainthefirst-ordernecessargonditionsfor optimality.

An exampleof theuseof thevariati  on() methodto obtainfirst-orderoptimality
conditiors for a PDE-constrainedptimizationproblemwasshaown in section6.2.

6.7.3 Sensitvities: Gradients and Hessians

With someoptimizationalgorithirs, we will wantto evaluatethe gradientor Hessiarof an
objective functionwith respecto afield u or parameter.. In Sundancethisis doneusing
thedirect Sensitivi ty methodof Expr .

6.8 Linear Algebra and Solvers

Therearemary high-qualty numericallinearalgebrapackagesn use,so Sundanceés de-
signedto allow third-partylinearalgebrapackageso beimportedasplugins.All numerical
linearalgebran Sundancés doneusingtheTrilinosSolver Frameavork (TSF),andthe TSF
in turn supportpluginsof third-partytypes.

Userspecificatiorof alinearalgebrarepresentatiois doneby meanof aTSFVecto rType
object. This objectknows how to build a vectorspacegivena meshandsetof functions,
andthevectorspacen turn knows how to build a vectorof the appropriateype.

6.9 Transient problems

Currently Sundancdasno high-level supportfor transientsimuations. However, it is not
difficult to codesimpletimestepmg schemeslirectly in Sundance.

ConsiderCrank-NicolsonBE) timediscretizatiorfor thetransienheatequationIf we
discretizein time but leave spaceundiscretizedor the moment, the stepfrom u; to u; 1 is
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givenby thePDE
Uipr — Ui = %& [Vuir1 + Vi) (6.9.10)

plusassociate®Cs. We cannow solve this equatiorusingSundanceandthesoluton may
be usedasthe startingvaluefor the next step.

#include  "Sundanc e.h"

* \example timeStepHeat 1D.cpp

* This example shows how to do timestepping in Sundance. We solve the

* transien t heat equation in one dimension using Crank-N icolson time

* discreti  zation. The time discretiz  ation is done at the symbolic level.

* Spatial  discretizatio n is done via StaticLinearP roblem, yielding system
* matrices and vectors that can be used to march the problem in time.

* We solve the heat equation u_xx = u_t with boundary condition s

* u(0)=u(l )=0 and initial conditions u(x,t=0)=sin( pi x). The solution
*is u(x,t)=exp( -pi'2 t) sin(pi  X).
*/

int  main(int argc, void**  argv)
{
try
{

Sundance:i nit(&argc, &argv);

/* create a simple mesh on the unit line *

int n = 100;

MeshGenerat or mesher = new LineMesher( 0.0, 0.5, n);
Mesh mesh = mesher.getMes h();

/* create unknown and variation al functions */
Expr delU = new TestFunct ion(new Lagrange(1))
Expr U = new UnknownFunct ion(new Lagrange(l)) ;

/* create a differentiati on operator */
Expr dx = new Derivative(  0);

/* the initial conditions will  be u0(x,t=0) = sin(pi*x).
* create a coordinate expressi on to represen t X, then
* create sin(pi*x ), and then project it onto a discrete  function . */

Expr x = new CoordExpr(0)
double pi = 4.0*atan(1.0) ;

TSFVectorSp ace discreteSp ace
= new SundanceVe ctorSpace(mes h, new Lagrange(l));
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Expr u0 = new DiscreteFun ction(discret eSpace, sin(pi*x));

/*
set up crank-ni colson stepping with timestep = 0.02. The time
discreti zation is done at the symbolic level, vyielding
an elliptic problem that we solve repeated ly for the updated

solution at each time level.
*/

double deltaT = 0.02;
Expr cnStep = delU*(U - u0) + deltaT*( dx*delU)*(dx* (U + u0)/2.0);
Expr egn = Integral(cnSte p);

/* Define BCs to be zero at both ends *

CellSet  boundary = new Boundary CellSet();

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );
CellSet right = boundary. subset( fabs(x - 1.0) < 1.0e-10 );
EssentiaBC  bc = Essentia IBC(left, delU*U);

/* create a solver object *

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);
TSFLinearSo Iver solver = new BICGSTABSIver(prec, 1.0e-14,  300);
/*
put the time-discretiz ed eqn into a StaticLinear Problem object
which will do the spatial discretiz  ation.

*
StaticLinea  rProblem prob(mesh, egn, bc, delU, U);

/*
Now, loop over timesteps, solving  the elliptic problem for u at each
step. At the end of each step, assign the solution solnU into uO.
Because Exprs are stored by reference, the updating of uO propagates

to the copies of uO in the equation set and in the
StaticLi  nearProblem. The same StaticLinear Problem can be reused
at all timestep s.
*
int  nSteps = 100;
for (int i=0; i<nSteps; i++)
{
/* solve the problem */
Expr soln = prob.solv e(solver);
TSFVector solnVec;
soln.ge tVector(solnVe c);
uO.setV ector(solnVec) ;

/* write the solution at step i to a file *
char fName[20] ;
sprintf  (fName, “"timeStepHea t%d.dat", i);

ofstrea m of(fName);
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*/

toleran

FieldWwr iter writer = new MatlabWri ter(fName);
writer.  writeField(u0) ;
cerr << '"[" << i << "
f* flush the matrix and RHSvalues */
prob.fl  ushMatrixValue s();
}
cerr << endl;
/* compute the exact solution and the error
double tFinal = nSteps * deltaT;
Expr exactSoln = exp(-pi* pi*tFinal) * sin(pi*x);
/*
compute the norm of the error
*
double errorNorm = (exactSoln-u  0).norm(2);
double tolerance = 1.0e-4,
/*
decide if the error is within tolerance
*
Testing::pa  ssFailCheck(__  FILE__, errorNorm,
}
catch(exc eption& e)
{
Sundance::h andleError(e, __FILE_);

}

Sundance: :finalize();
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Chapter 7

SundanceOptimization Survey

7.1 Sundance-rSQP++ Interface

Herewe describeéhebasicof a softwareinterfacethatallowsrSQP++to solve (possiblyin

parallel)PDE-constrainedptimizationproblemghataremodeledusingSundanceOneof

therequirementgor this interfacewasthatit shouldbe aseasyaspossible(andrequireas
little new codeaspossibé) to prototypea new optimizationapplication.Thereareseveral
differentaspectdo a Sundance-rSQP+applicationthatarelogically independentf each
otherandthe softwarestructurereflectsthis separatiorof concerns Beforegoinginto the
specificsof the software structure we describethe differentindependentomponentshat
have to be dealtwith. A few of theseindependentomponentsre(1) the statemenof the
PDE-constrainedptimizationproblem,(2) thelinearalgebramplementation and(3) how

the optimizationproblemis solved.

The basiclinear algebraimplementationsusedby a Sundanceapplicationis deter
minedby an abstrac{TSF:: TSFVect or Type object. For example,asshovn in Chap-
ter 6, every Sundance ::Discret  eFunction andSundance ::StaticL  inear-
Problem objectmusthavea TSFVect or Type objectpassednto their constructorsBy
parameterizinga Sundancepplicationwith a TSFVect or Type objectanda compati-
ble TSF:: TSFLi near Sol ver object,thespecificatiorof thelinearalgebramplemen-
tationsis completelydetermined. The interface NLPInte rfacePack :: Sundance-
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Pr obl enfact ory (or SPF for short)hasbeendefinedto abstracthe Sundancd’DE-
constrainedptimizationformation. The SPF interfaceallows the developnent of a Sun-
danceoptimizaton formulationthatis independenof the linear algebraimplementation
andthis components discussdin Section7.1.2.

Anothercritical partof the Sundance-rSQP+interfaceis the linear algebrainterface.
SundanceisesheTrilinos Solver Framevork (TSF) asits abstracinterfaceto linearalge-
brain muchthe sameway thatrSQP++usesAbstractL  inAlgPack (ALAPfor short).
BothTSFandALAPsupporiRTOpoperatorandhave averysimilar objectmodel(bothare
basedbn HCL [51], but with ALAPto alesserextent)soit wasfairly trivial to developthe
“Adapter’[42] subclasset putALAPInterfaceson TSF linearalgebraobjects.Thedetails
of this ALAP-TSF interfacearediscussedn Section7.1.1. The particularsof thesebasic
linear algebrainterfacesare not of much concernto individualsthat simply wantto use
Sundance-rSQP+to prototype PDE-constrainedptimizationproblems.To relieve basic
userdor theconcernaboutlinearalgebramplenmentationsusedby Sundanceby asimple
concreteC++ classcalledNLPInter facePack: :Sundance LinAlgFac tory (see
Figure 7.2) hasbeendeveloped that automateghe tasksof allowing usersto selectbasic
optionsandof creatingcompatibleTSFVect or Type andTSF: : TSFLi near Sol ver
objectsthatare usedby a specificSPF objectto definethe Sundanceptimizationprob-
lem. The examplemain programin Section7.1.4showvs how this classis usedto specify
thelinearalgebrafor a Sundance-rSQP+eptimizaton problem.

Finally, oncethe linear algebraimplemenationsand the PDE optimization problem
have beendefined,the last componento specifyis the optimization algorithm. This is
whererSQP++comesin. The primary interfaceto rSQP++is throughthe abstractbase
classNLPInt erfacePac k:: NLPFi rst Or der | nf o (seeSection4.2.3.2). The sub-
classNLPInter facePack: :NLPSunda nce implemens this interfacefor Sundance
optimizationproblems.The detailsof the NLPSundance subclassaredescribedn Sec-
tion7.1.2.
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VectorSpace | VectorWithOpMutable |

AN |MatrixWithOpNonsinguIar| | MatrixWithOpTSF
| VectorSpaceTSF le' VectorWithOpMutable TSF | | ZF
/I\— \I/ /I\_ | MatrixWithOpNonsingularTSF |
| TSF:: TSFVectorSpace | TSF:TSFVector

|TSF::TSFLinearOperator |

| TSF::TSFLinearSolver |

\I/ TSF::TSFVectorBase
| TSF:: TSFVectorSpaceBase |

| TSF:: TSFLinearOperatorBase |

| TSF::TSFLinearSolverBase |

Figure 7.1. UML class diagam
Abst ract LinAl gPackTSF, Adapter subdassesfor ALAP-
TSFinterface

7.1.1 AbstractLi nAl gPack-TSF Linear Algebra interface

The Sundance-rSQP+ interfaceusesthe explicit partitioningof variablesinto statesand
controlsasshavn in Chapter2. In orderto implementthe Sundance-rSQP+interface,
vectorspaceobjectsfor the stateandcontrolvariables ageneramatrix objectfor thesub-
Jacobiarfor thecontrols% or N andanon-singilar matrix objectfor the sub-Jacobianf
the statesg—; or C areall needed.Figure7.1 shovs a UML classdiagramfor the adapter
subclassesequiredfor the ALAP-TSF interface. Theseinterfaceclassesrecollectedinto
aseparaterojectlibrary calledAbstrac tLinAlgPa ckTSF. Theseadapterclassesre
very straightforvardandrequirelittle explanationbut somesimge commentsarein order

TheVect or Wt hOpMut abl eTSF adaptesimplyforwardsRTOpoperatorghrough
theappl y reduction(...) andapplytransformation(...) methodonto
the aggre@ateTSFVect or Base object(througha TSFVecto r handleobject). Thatis
basicallythe extent of this subclass. Throughtheseoperatormethods(which have the
samebasicimplementation)all of the advancedfeaturesof the rSQP++algorithmscanbe
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implenmentedthroughspecializedRTOpobjects.

The Vect or SpaceTSF adapterusesthecr eat eMenber () methodof the aggre-
gateTSFVect or SpaceBase objecttoimplementthecreate _membe() methodand
returnsaVector WithOpMut ableTSF with anembedded SF vectorobject.

The Mat ri xXW t hOpTSF adaptersimply forwardsthe vectorarguments(after some
dynamiccastingto getthe TSF objects)from the Vp St M V(. ..) methodon to the
TSFLi near Oper at or Base objectthoughitsappl y(...) orappl yAdjoint(...)
methodgdependingnthevalueof thetransposamgument).

Sincethe TSFLi near Qper at or Base interface definesthe methodsappl yI n-
verse(...) andappl yl nver seAdj oi nt (.. .),itwouldseenthattheevery TSF-
Li near Qper at or Base objectshouldbeableto supportheMat ri xXW t hOQpNonsi ngul ar
interfacebut thisis notthe case.Insteadthe subclassvat r i xXW t hOpNonsi ngul ar -
TSF is neededvhichrequiresa TSFLi near Sol ver Base objectto solve for linearsys-
temsin themethodV_l nvM V(. . . ) . Theinversemethodf onthe TSF operatorobject
areignoredsincethereis no guarante¢hatthey will beimplementedfor a particularlinear
operatoiobject. Thiswasanimportantconcepthatwasdiscoreredduringthedeveloprent
of the Sundance-rSQP+nterface.

Seethe Doxygendocumentatin for the packageAbstra ctLinAlgP ackTSF for
moredetailson this ALAP-TSF interface.

7.1.2 NLPSundance: Interface betweenSundance PDE-Constrained
Optimization Problemsand rSQP++

Figure7.2shavsthebasicinterfacesandsubclassethatmalke upthe Sundance-rSQP+ in-
terface.Userscreatesubclassesf the SPF interfaceto implementanew PDE-constrained
optimizationproblem. A SPF object,alongwith TSFVectorType andTSFLinea r-
Solver objectsarepassedo the constructoof the NLP subclassNLPSundance.

Thecr eat eProbl en( . ..) methodof theSPF objectis calledby theNLPSundance
objectto createSundance::Stat  icLinearP roblem andSundanceObjecti ve-
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IReducedSpaceSQPPack:: rSQPppSolver
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I
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I
I
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«create»

SundanceProblemFactory
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————

obj_func
T ] 1
. I )
linear_solver 1 N2
\II/ SundanceObjectiveFunction
[TSF:: TSFLinearSolver TSF:TSFVectorType eval(in discr_states, in discr_designs) : double

|TSF::TSFLinearSoIverBase | |TSF::TSFVeclorTypeBase |

N
| «create»

AN
«create»

grad(in discr_states, in discr_designs, out grad_states, out grad_designs)

obj_func_expr

Sundance:: Expr

SundanceLinAlgFactory

get_lin_alg_components(out vec_type, out linear_solver)

Sundance:: ExprBase

X_initial

Figure 7.2. UML classdiagram: Sundae-rSQP++interface

Functio n objects. The StaticLli

StaticL inearProb

exampleprogram.

TheclassSundance Objective

nearProbl emobjectis usedto representhe set
of underdeterminednonlinear constraintse(y, v) shovn in (2.1.2). Associatedwith a
lem objectmustbeaSundanc e::Expr
in the figure), that containsthe Sundancaeliscretefunctionswith the initial guessfor the
statesandcontrols.Thesediscretefunctionsmustbe usedto form thevariationalequations
for the PDE constraintsThe setupof the StaticLi
in a specificway in orderto be usedwith NLPSundance which is shavn in the belov

Function isnotabuilt-in Sundancelassbut was
developed for the Sundance-rSQP+interfaceto encapsulatéiow the objective function
andits gradientsare computed. The concreteSPF objectcreatesa Sundance ::Expr

objectthatrepresentsheobjective function(seeSection7.1.4for anexample)andit is this
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expressionobjectthat getsembeddedn the SundanceObjecti veFunctio n object
thatis returnedto the NLPSundance object.

TheNLPSundance objectextractsTSFVector objectdromtheSundan ce::Expr

objectx_initial for theinitial guesdor the statesandthe controlsas
X_initital[ 0].getVector( states_vec);
X_initital[ 1].getVector( controls_vec)

andthenbuilds a Abstrac tLinAlgPa ck::Vecto rSpaceCompositeStd ob-
jectfor the concatenationf the space®f the statesandthe controls

states_spc
controls_sp ¢

states_ve c.getSpace();
controls_  vec.getSpace( );

into a single Abstr actLinAlg Pack:: Vect or Space object. Much of the ma-
chineryfor handlirg the mappirg from differentspacesand vectorsfor the statesy and
the controlsu to a single spaceandvectorfor the variablesz? = [ yT ol } is imple-
mentedby the sameAbstractL  inAlgPack ::BasisSy stemCompositeStd  sub-
classusedby the simge exampleNLP describedn Section7.1.4. This basis-sygem sub-
classalsohandlesthe formationof a Abstract LinAlgPac k:: Matri xXW t hQp ob-
jectfor thegradientmatrix Gec (V).

7.1.3 PDE Constraints

Herewe carefullyspellouthow the constraintsnustbe modeledusingSundancéo form a
StaticL inearProb lem objectthatisreturnedrom SPF: : creat eProbl en{...).
Whatis requiredis thatthe discretefunctionsfor the soluion variablesandthe unknown
functionsbe blocked into singlevectorsfor the statesand controls. For exampk, if r, s
andt aretheunknaown (i.e. Sundance: :UnknownF unction ) statevariablesandv, w
aretheunknavn controlvariablesthenthesevariablesmustbe combinednto statey and
controlu variablesas
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This is requiredso that the TSFLine arOperato r JacobianobjectJac returned
from Jac = StaticLi nearProbl em::.getOp erator() is a block matrix where
C = Jac.getB lock(0,0) isthebasismatrixobjectfor thestatesvhile N = Jac.getBl
isthenon-basisnatrix objectfor thecontrols.SeetheDoxygendocumenrdtionfor theclass
SPF for detailson theassertion$or the constraintobject.

The exampleprogramin Section7.1.4shavs how this blocking is donein the simple
caseof single unknavn variablesfor the statesandcontrols.Blocking of multiple variables
for statesandcontrolsis shovn in the 2-D Burger’s example.

7.1.4 Example Sundance-rSQP++Application

In this section,we describethe solution of the following PDE-constraine@ptimizaton
problemthatis modeledby the 1-D Poisson-Boltzranequation

min 5 [, (w—a)?+ 52 [ (a?) (7.1.1)
s.t. Viu—e™=0 onQ (7.1.2)
u(r) = o on o2 (7.1.3)

whereQ) = [a, b], @ is the tamget value of the stateon the right boundaryof2,., « is a
boundarycontrol function,and g is an objective weightingterm that balanceghe control
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objectve (for u) with theregularizationterm(for o). The headeffile for the Sundance-

Pr obl enfact or y subclasgor this problemis shavn below.

01
02
03
04
05
06
07
08
09
10
11
12
14
24
25
26
27
29
31
32
33
34
35
38
40
41
42
43
a4
45
47
49
50
52
53
54
55
56
57
58
59
60
61
62
63
64
65

I i Wi i i Wi I
/I SPFPoissonB oltzmanl1D.h

#ifndef ~ SPF_POISSONBOTZMAN1D_H
#define  SPF_POISSONBOTZMAN1D_H

#include  "SundancePro blemFactory.h
#include  "RTOpPack/in clude/RTOp_co nfig.h"
#include  "NewtonSolve r.h"

namespace NLPInterfac ePack {

class SPFPoiss onBoltzmanlD: public  SundanceProbl emFactory

{
public:

SPFPoisson Boltzman1D(
value_type left, value_typ e right, int n, value_type uRight
,\value_type uGuess, value_type aGuess, value_t ype obj_wgt

)

void createProble  m(

const TSF:TSFVector Type &vec_typ e
,MemMngPack:: ref _count_ptr <Sundance::Sta ticLinearProb lem> *constri
,MemMngPack:: ref_count_ptr <SundanceObjec tiveFunction> *obj_fun
,Expr *X_initi

) const;
const Mesh& getMesh() const;
const CellSet& controlsC ellSet() const;

private:

Mesh mesh_;

Expr coord_x_;
CellSet  boundary_ ;
CellSet  right_;
CellSet  left_;
value_type  uRight_;
value_type  uGuess_;
value_type  aGuess_;
value_type  obj_wgt_;

} /I end NLPInterface Pack
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66
67 #endif

Notethatthe headeffile SPFPois sonBoltzm anlD.h is basicallyjust boilerplate
codewith the exceptionof someof the private datamemberson lines54-62.Theinterest-
ing codecomesin the sourcefile whichis shavn below.

o1 /i i i i i I
02 /I SPFPoissonB oltzmanlD.cpp

03

04 #include  "../include/ SPFPoissonBol tzmaniD.h"

05 #include  "Partitioned LineMesher.h"

06

07 namespace NLPInterfac ePack {

08

09 SPFPoiss onBoltzmanlD: :SPFPoissonBo ltzmanlD(

10 value_type left, value_type  right, int n, value_ty pe uRight

11 yvalue_typ e uGuess, value_type aGuess, value_type  obj_wgt

12 )

13 :coord_x_( new CoordExpr (0)), uRight_(uRight ), uGuess_(uG uess)
14 ,aGuess_(a Guess), obj_wgt (obj _wagt)

15 {

16 #ifdef RTOp_UE_MPI

17 MeshGenerator mesher = new Partitione  dLineMesher(l eft, right, n);
18 mesh_ = mesher.ge tMesh();

19 #else

20 MeshGenerator mesher = new LineMesher (left, right, n);

21 mesh_ = mesher.ge tMesh();

22 #endif

23 /I Define cell sets for the boundry and left and right edges

24 boundary_ = new Boundary CellSet();

25 left_ = boundary_.su bset( fabs(coord x_ - left) < 1.0e-10 );
26 right_ = boundary_.su bset( fabs(coord_x_ - right) < 1.0e-10 );
27 }

28

29 void SPFPoisso nBoltzmanlD::c reateProblem(

30 const TSF:TSFVec torType &vec_type
31 ,MemMngPadk::ref_count_p tr<Sundance::  StaticLinearP roblem> *constraints
32 ,MemMngPad::ref_count_p tr<SundanceOb jectiveFuncti on> *obj_func
33 JExpr *x_initial
34 ) const

35 {

36 namespace mmp= MemMngPek;

37 using Sundance::L ist;

38

39 /I Dimensi on of the finite-ele ment basis functions used

40 const int u_basis dm = 1, a basis di m= 1;
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41

42 /I Discret e state space on the entre mesh and discrete control  space on boundary
43 TSFVectorS pace discreteS tateSpace

44 = new SundanceVector Space(mesh_, new Lagrange( u_basis_dim), vec_type);

45 TSFVectorS pace discreteC ontrolSpace

46 = new SundanceVector Space(mesh_, new Lagrange( a_basis_dim), boundary_, vec_type)
47

48 /I Express ion for the initial state and controls  which are also wused for the linearization
49 Expr u0 = new DiscreteFunc tion(discreteS tateSpace, uGuess_, "u0");

50 Expr alpha0 = new DiscreteFunc tion(discreteC ontrolSpace, aGuess_, "alpha0");

51

52 /I Create the initial point for the optimize r

53 *x_initial = List(uO, alpha0);

54

55 /Il Test and unknown functions for the state and control

56 Expr u = new UnknownFuncti on(new Lagrange(u_ba sis_dim), "u"y;

57 Expr alpha = new UnknownFuncti on(new Lagrange(a_ba sis_dim), "alpha");

58 Expr v = u.variation 0;

59

60 /I Nonline ar state equation and boundary condition s

61 Expr dx = new Derivative (0);

62 Expr nonlinearSta teEqn = (dx*(u))*(dx *v)  + viexp(- u);

63 EssentialB C nonlinearBC = EssentialBC ( boundary_, (u-alpha)*v, new GaussianQu adrature(1)
64

65 /I Integra ted linearized state equation and boundary conditions

66 Expr linearizedSt ateEqn = nonlinearSt  ateEqn.linear ization( List(u,alph a), *x_initial );
67 EssentialB C bc = nonlinearBC.I inearization( List(u,alpha) . *X_initial );

68 Expr egn = Integral(line arizedStateEq n, new GaussianQuadr ature(4));

69

70 /I Arrange test and (Newton) unknowns into [state, control] blocks

71 Expr du = u.differential (), dAlpha = alpha.differe ntial();

72 TSFArray<B lock> unkBlock s = tuple(Blo ck(du, vec_type), Block(dAl pha, vec_type ));

73 TSFArray<B lock> varBlock s = tuple(Blo ck(v, vec_typ e));

74

75 /I Create the static linear  problem for the step [du, dAlpha]

76 *constrain  ts = mmparep( new StaticLi nearProblem(m esh_, eqn, bc, varBlocks, unkBlock s) );
77

78 /I Define the objective function.

79 const Expr obj_func_expr

80 = Integral(ri ght_,0.5%0bj_  wgt_*(u-uRight  _)*(u-uRight_ )) // Control  objective

81 + Integral(bo  undary ,0.5%( 1.0 - obj_wgt_ )*alpha*alpha ); // Regular ization

82 *obj_func = mmp:rep(

83 new SundanceObjectiveFunct ion(

84 obj_func_ expr, mesh_, u, alpha ) );

85

86 }

98 } /I end NLPInterface Pack

Lines9-27in this sourcefile containthe constructomwhich acceptghe parameters$or
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the problemandthensetsup the meshandthe cell setsfor the boundarie®of interest. The
input parametersor this problemarethedomain(left andright ) thenumberof finite
elementgqn), the taget valuefor the state(uRight ), the guessfor the stateand control
(uGuess andaGuess) andtheobjectve functionwieght(obj wgt). Onlines17-18the
meshis setup for parallel executionwhile lines 20-21setup for serialexecution The
boundarycell setsarespecifiedon lines 24—26.

Themostimportantpartof thissubclasss of courseheimplenmentationof thecreate -
Problem (...) methodthatbeginsonline 29. Thedimensios of thefinite-elemenba-
sisfunctionsarespecifiedatthetop of thefunctiononline 40. Next, the TSF vectorspaces
are definedfor the statesand controlson lines 43—46. Note that the input vec _type
argumentis usedas part of the definition for thesevector spacesvhich determineghe
implementationsfor the vectors. Also notethat the spacefor the controlalpha is only
definedontheboundaryasshavnin line 46 andnot overtheentiredomain.Thisis avery
usefulfeaturethatallows greatflexibility in definingwhatdatacanbe determinedoy the
optimizerandwhat datacanbe specifiedup front. Given theseT SF vectorspaceobjects,
thediscretefunctionsfor the statesandthe controlsaredefinedon lines49-50andaresup-
plied with initial guessesThesediscretefunctionsrepresenthe currentestimatefor the
solution andare usedasthe unknavnsin the optimization problem. Later, thesediscrete
functionsare usedto definethe linearizedequations.On line 53, the initial guessfor the
statesandcontrolsis paclkedinto anexpressiorx _initial whichis laterreturnedto the
NLPSundance object.

Lines 56—63definethe set of nonlinearequations(stateequation(7.1.2) on line 62
and the boundarycondition (7.1.3) on line 63). What malkes this set of equationsdif-
ferentfrom for a standardSundanceproblemis that a test function is only definedfor
the stateson line 58 and not for the controlswhich resultsin a setof underdetermined
equations.This setof nonlinearequationamustbe linearizedandthis is doneusingthe
lineari  zation(.. .) methodon lines 66—67. The linearizedstateequationis then
integratedover theentiredomainonline 68.

Now thatthe linearizedstateequationsandboundaryconditionshave beendefinedas
Sundancexpressionswe musttell Sundanceo properlyblock the variablesasdescribed
in Section7.1.3.Thisis doneonlines72—73.Notethatthe blockedunknown variablesare
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the Newton stepsdu anddAlpha andnot the original unknavns u andalpha usedto
definethe nonlinearequations.Finally, the StaticLin ~ earProble mobijectis created
online 76 for thelinearizedstateequatiorandboundaryconditions. Thisis theconstraints
objectthatis returnedto the NLPSundance objectwhichis usedto compue theresidual
for the nonlinearconstraintgwhich happengo be the negative TSF vectorreturnedfrom
the getRHS() method)andthe Jacobian(which is returnedfor the getOper ator()
method).

Thefinal partof thecreate Problem(. ..) methodsthedefinitionoftheobjectve
functionon lines 79-84.First, the expressiorfor the objectve functionis definedon lines
80-81.Notethedomainghattheobjectvetermsareintegratedover andhow they compare
to(7.1.1). Thisexpressiorfor theobjectiveis passednto theconstructofor aSundanc e-
Objecti veFunctio n objecton lines82—84. Note thatthis constructomustbe given
the meshobjectandthe unknavn functionsusedto definethe statesandthe controls. The
constraintobjectconstrai nts andthe objectve-functionobjectobj func arethen
returnedto the calling NLPSundance objectalongwith the initial guessx initia | .
Thediscretefunctionsembeddedh thex_initi  al expressim objectaremanipulatedy
the NLPSundance objectin orderto computethe constraintresidualand Jacobiarand
differentiterates.

The last piece of usercodeto write for this optimization problemis the main driver
program.This programis shavn in the below sourcefile.

o1 /i Wi i i i
02 /I NLPPoisson Boltzman1DMain .cpp

03

04 #include  <iostream>

05 #include “../include /SundanceNLPS olver.h"

06 #include  "../include /ISPFPoissonBo Itzmanl1D.h"

07 #include "./include /SundanceLinA IgFactory.h"

08

09 int main(int argc, char* argv[] ) {

10

11 namespace NLPIP == NLPInterfa cePack;

12 using CommandLineProcessorPac k::CommandLine Processor;
13

14 int  prog_return; /I return  code

15

16 /I Step 1: Initialize Sundance (i.e. MPI)

17 NLPIP::Su ndanceNLPSolve r:init();
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18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

Sundance: :init(&argc, (void**
try {

NLPIP::Sunda nceNLPSolver
NLPIP::Sunda nceLinAlgFact

/I Step 2: Read in input
double left = 0.0;
double right = 1.0;

int n = 2;
double uRight = 2.0*log(
double uGuess = 0.1;
double aGuess = 0.2;
double obj_wgt = 0.99;

CommandLineProcessor

command_line _processor.se
command_line _processor.se
command_line _processor.se
command_line _processor.se
command_line _processor.se
command_line _processor.se
command_line _processor.se
lin_alg_fcty

sundance_nlp _solver.setup

CommandLineProcessor::EPa

parse_re turn = command_line_ processor.par

ift  parse_re turn I=

.setup_comman d_line_process

*)&argv);

sundance _nlp_solver;

ory lin_alg_ fcty;

cosh(right/sqr t(2.0)));

command_li ne_processor;

t_option( "left", &left, "x at the left boundary" );

t_option( "right", &right, "X at the right boundary" );

t_option( "n", &n, "Number of finite elements" );
t_option( "uRight",&  uRight, "Value at the right boundary" );
t_option( "uGuess",& uGuess, "The Guess for u" );

t_option( "aGuess",& aGuess, "The Guess for a" );

t_option( "obj_wgt",  &obj_wagt,"[0,1 ] Wieghting for u or a (1.0: all

or( &command_line_processo r );
_command_line_ processor( &command_line_processo r );

rseCommandLine Return

se_command_lin e(argc,argv,&  std::cerr);

CommandLineProcessor::PAR  SE_SUCCESSFULL)

return  parse_re turn;
/I Step 3: create the linear algebra components
TSF::TSFVect orType vec_type;
TSF:: TSFLine arSolver linear_sol  ver;
lin_alg_fcty .get_lin_alg_ components( &vec_typ e, &linear_sol ver );

/I Step 4: Create

NLPIP::SPFPo issonBoltzman 1D probfac(lef  tright,n,uRi ght,uGuess,aG uess,obj_wgt);

/I Step 5: Solve the NLP (or the forward problem)

prog_return = sundance_nl p_solver.solve (vec_type, MemMngPak::rcp(&probf ac,false), &linear_s
Yl end try
catch( const std:excep tion& except ) {

cerr << "\nCaught as std:except ion " << exceptwh at() << std:endl;

prog_return =-1; I ToDo: return  proper enum!
}

the SundancePr oblemFactory
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69

70 /I Step 6: Finalize Sundance (i.e. MPI)
71 Sundance: :finalize();
72
73 return  prog_retu rn;
74}
As with any Sundanceapplication, Sundanc e::init( ) and Sundanc e-
:final ize() mustbe calledasshovn onlines18 and71. The next sectionof code

(lines27-51in thetry block) performstheinput of thecommand-lingparametersor the
optimizationproblemthatarepassednto theconstructofor theSPFPadssonBolt  zman-
1D objectthatis createdonline 59. Command-lineoptionsfor the SundanceL inAlg-
Factory objectdeclaredonline 23 areinsertedinto the command-Ine processopbject
online 44 aftertheapplicationspecificoptions Theseoptionsarereadfrom thecommand-
line on line 48. Optionsare alsoprocessedor a Sundance NLPSolver objectwhich
controlsa lot of the default behaior thatis independenof the particularproblembeing
solved. To seeall of the valid command-lineoptiors, the option--help  canbe specified
on the commandine andwill causethe programto print a help messagewhich for this
executablds

Usage: ./sundance _nlp_bolt [options]

options:
--help Prints this help message
--left double x at the left boundary
(default: --left=0)
--right double x at the right boundary
(default: -right=1 )
-n int Number of finite elements
(default: --n=2)
--uRight double  Value at the right boundary
(default: --uRight= 0.463163)
--uGuess double  The Guess for u
(default: --uGuess= 0.1)
--aGuess double  The Guess for a
(default: --aGuess= 0.2)
--obj_wgt double  [0,1] Wieghting for u or a (2.0: all wu, 0.0: all a)
(default: --obj_wgt =0.99)
--use-pet ra bool Determine if Petra (parallel) or serial (LAPACK) linear  algebra
--use-ser ial (default: --use-pet ra)
--use-azt ec bool Determine if Aztec or the default BICGSTAB solver is used
--use-bic  gstab (default: --use-bic  gstab)
--ilu_fil | int Fill-in factor  for ILU
(default: --ilu_fil 1=1)
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--ilu_ove rlap

--iter_so  Ive_tol

--iter_so  Ive_maxiter
--do-opti  mization

--do-simu lation

--root-pr  ocess

--states-  guess-file

--control  s-guess-file
--states-  sol-file

--control  s-sol-file

--states- matlab-sol-fi le
--control  s-matlab-sol- file

--max_nl_ iter

--resid t o

--compute
--no-comp ute-gradient
--use-adj oints
--use-dir  ect

-gradient

int
double
int
bool
int
string
string
string
string
string
string
double
double
bool

bool

Overlap for ILU

(default: --ilu_ove rlap=1)

Solve tolerance for iterative solver

(default: --iter_so  Ive_tol=1e-10)

Maximum number of iteratio ns for iterative solver

(default: --iter_so  Ive_maxiter=50  00)

Determine if optimization or simulation problem is solved

(default: --do-opti  mization)

Index (zero-based) of the root process

(default: --root-pr ~ ocess=0)

Filename where initial guess for states data is stored (same format
(default: --states-  guess-file="")

Filename where initial guess for states data is stored (same format
(default: --control  s-guess-file=" ")

Filename where solution for states data is written (flat values only)
(default: --states-  sol-file="")

Filename where solution for contorls data is written (flat values on
(default: --control  s-sol-file="")

Filename where solution for states data is written (matlab  format)
(default: --states-  matlab-sol-fil e="")

Filename where solution for contorls data is written (matlab  format)
(default: --control  s-matlab-sol-f ile="")

Simulation maximum number of nonlinear iterations

(default: --max_nl_ iter=1000)

Simulation toleranc e (in the |[.[]|2 norm) for the constraint s
(default: --resid_t  ol=1e-08)

Compute the reduced gradient or not

(default: --no-comp ute-gradient)

Compute the reduced gradient with adjoints or direct sensitivities
(default: --use-dir  ect)

Oncethecommand-lie optionsarereadin, thelinearalgebramplementationselected
by the useron the command-lire are createdon lines 54-56. By usinga Sundanc e-
LinAlgF actory object,every Sundanceptimizationproblemcanautomattally sup-
portnew linearalgebraoptionswheneerthey areadded.

After thelinearalgebramplementationshave beendefinedandtheconcretéSundance-
Pr obl enfact or y objecthasbeeninitialized,therestof the coderequiredto solve the
optimization problemis exactly the samefor every application. This comma codeis
encapsulateth a helperobjectof type SundanceNLPSolv er whichis calledon line
62. This helperclasscareof creatinga NLPSundance object(which in turn calls the

createP roblem(.. )

thenpasseshis NLP objectonto arSQPppSolver

methodon the SundancePr obl enfact ory object)and
objectwhich attemptgo solve the

optimization problem. A statusvalue (program _return ) is thenis returnedfrom the
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maindriver programto the shell. Any exceptionsthatarethrow (thatarenot caughtelse-
where)will becaughtandreportedo std::ce rr onlines65-68.

7.1.5 The SundanceNLPSol ver helper class

The SundanceNLPSol ver classdoesmorethanjust solve the NLP. It alsoalsoallows
ary SundancePr obl enfact ory objectto be usedto solve the forward simulaton
problemwherethe control variablesare fixed at the initial guess. The above example
Possion-Boltzmamrogram,or ary of the otherexampleprograms,canbe usedto solve
theforwardproblemby selectinghecommand-ineargument-do-simu  lation . This
will resultin the simulation only beingperformedwith thefinial objective functionvalue
beingoutpu to afile callednle _sol file.out . In this mode,the reducedgradientat
thecorvergedsimulatoncanalsobecompuedby settingtheoption--comp ute-gradi  ent .
Theoptions-use-a djoints  and--use-di rect selectthe adjointverseghedirect
sensitvity methodsor computirg this reducedgradientrespectiely. The adjointmethod
is by far the mostefficient.

Theability to do theforward simulationandto computeexactreducedyradientqusing
both the adjoint and the direct approachesallows any Sundance/rSQP+application to
alsobeusedin lower-level NAND method suchasdescribedn Chapter2.

7.2 Example Sundanae Optimization Application -
Sourcelnversion of a Convection Diffusion System

Several forward problemsfrom the Sundancdestdirectory have beencornvertedto opti-
mization problemsto testthe rSQP++interface. The direct and adjoint interfaceswere
testedon a heattransfer Burgers,anda corvectiondiffusionproblem.More in depthanal-
yseswereconductedisinga sourcenversian problemconstrainedy cornvection-dffusion
equations.In additionto testingthe rSQP++/Sundanciaterface,the objectie of this ex-
ercisewasto presentnumericalefficienciesassociatedvith all 7 levels of optimizaton,
anddemonstratehis formulation to solve the “chemical/biobgical attackon a large facil-
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ity” problem,similar to thework donewith MPSalsa.However, in this casewe testedthe
inversionproblemwith large numbersof inversionparameters.

By specifyingalimited numberof statevaluesatvariouspointsin thedomainastargets,
aleast-squarefrmulationconstrainedby a corvection-difusionPDEis usedo determine
the location of the original source(s)on the boundary In the caseof chemicaldiffusion,
thesestatevaluescouldbeconcentrationandin thecaseof heatdiffusion thesestatevalues
could betemperaturesWe obtainfrom a forward simulaton 16 “sensor”locationsout of
1600grid points astargets,which arethenusedin the inversionproblem. Sincethis is
an ill-posed problem, a regularizationterm needsto be addedto the objective function.
Threeobviousoptiors canbe consideredthesquareof f, thesquareof V f andfinally the
squaregootof V f. Unfortunatelyasaresultof animplemenationlimitation,theboundary
inversioncan not make useof gradientbasedtermsfor the regularizationand therefore
the numericalexperimentswvere conductedwith the squareof f. Our formulationallows
locatingthe sourcetermarnywhereon oneof theboundariegi.e. ' z):

min % Z /Q §(x —x;)(c—¢*)? + g /FF f? (7.2.4)
st. —kAc+Ve-v=0, in Q (7.2.5)
% —0, on Ty (7.2.6)
on
¢=0, onTp (7.2.7)
c=f onlp (7.2.8)
where:
v | _ [ (~L+y)(L+y)
Uy 0
Q={(z,9): (~L<z<+L)A(~L <y < +L)}
Ty ={(z,9): (~-L<z<+L)A(y=—-LVy=+L)}
I'p={(z,9): (x =+L) A (=L <y <+L)}
Tp={(z,y): (z=—L)A(-L <y <+L)}

whered(x — x;) is a deltafunction that specifiesthe location of the sensors¢ is the
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vectorof calculatedstatevalue(concentrations);* is thevectorof concentrationmeasure-
ments(or targets),p is theregularizationparametemwhich is setto 1E-5for our numerical
experiments f is the source/inersionterm, k is the diffusivity constantandv is theve-
locity field. Thevelocity field is given for this problemandmakes(7.2.5)linearin ¢ and
thereforeno Newtoniterationsarerequiredto cornvergeto thesolutionfor theforwardprob-
lem. Figure7.3 shaws the forward simuation on a 40x40grid (i.e. n, = 40 andn, = 40
finite elementgperdimenson) for a Gaussian-lik sourceon theleft boundary

Figure7.4 shavs the soluion for theinversionproblemdefinedin (7.2.4)—(7.2.8pna
40x40grid. TherSQPalgorithmwasableto successfullysolve the problemandrecover
the entireprofile. Small oscillations on the boundaryare obsenedwhich may be reduced
by choosinga different regularizationterm. Additional experimentswere conductedo
evaluatedifferentregularizationtermsand are presentedn the next section. The sensor
datausedfor this NLP wastakenfrom a 160x160forward problemwith the samesource
shavnin Figure7.3.

Thesourceanversionproblemwasusedto demongiatethe numericalefficienciesof the
7 optimizationlevels by invertingfor the boundarysourceusingdifferentgrid resolutiors.
For levels1-3we usedrSQP++throughthe DAK OTA framewvork andfor levels 4 and5 we
usedthe rSQP++/Sundanciterface. Level 6 wasnot solved for the boundaryinverson
problembecausef implementatiordimitations. Insteadan inverson problemwassolved
usingthe full spacemethodwhereinversian parametersare locatedwithin the domain.
As theformulationin (7.2.8)suggeststhe numberof inversionparameterscaleswith the
size of theboundary The numericalexperimentwasconductedn a Pentium4, 2.1 GHz
processoand even though Sundanceand rSQP++are parallel capable the experimens
wererunserially Eachoptimizationlevel wasusedto completetheinversian for agrid size
of 10x10,20x20,40x40,80x80,anda 160x1® grid. The numberof inversionparameters
matchedhe size of the grid dimensionof a singlesidedboundary(10, 20,40,80and 160
inversionparameters).The cornvergencecriteria is controlled by varioustolerancesput
in our experimentwe chooseto matchobjective functionsas closely as possibé. Table
7.1 shaws the objectie function valuesand CPU timesfor variouslevels of optimizaton
methods. As expected,the lower-level optimization methodsare not able to efficiently
drive the objectve valuedown to levelscomparabldo the higherlevel methods.
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Figure 7.5 shows graphicallythe numericalresults. Level 0 useda local coordinate
patternsearchandit is the leastefficient algorithmfor this problem. Thesemethodsare
obviously not preferral for smoothand differentiableprocesse$ut we have includethe
resultsfor completenessLevel 1 shavs a considerablemprovementover level O asare-
sult of usinggradientinformation. Direct sensitvities for both NAND and SAND showv
significantimprovementsover level 1 becauséhe reducedyradientdor level 1 arecalcu-
lated throughfinite differenceswhich requiresthe corvergenceof a simulaton for each
inversionparameterCalculatingreducedgradientswith directsensitvities avoidsthis nu-
mericaloverhead Additional seperatiorbetweerNAND andSAND methodausingdirect
sensitvities canbe expectedf this hadbeenanon-linearproblem.

The adjoint sensitvities are by far the mostefficient methodto calculatethe reduced
gradient.Thereis a significantdifferencebetweerNAND andSAND becausef the sim-
ulationoverheadhatNAND incursat eachoptimizationiteration. This differences better
obsenedin Figure7.6. Onewould expectthatanon-linearsimulaton problemwouldincur
additionalNewtoniterationswhich would addto the NAND expensdor eachoptimizaton
iterationandthe gapbetweenevels 3 and5 would be even greater Estimatedtimesfor
level 6 are presentedhat equalsthreetimesthe forward simulaton cost. This is a con-
senative estimateconsideringhefull spacanversionof a 40x40grid with 1600inverson
parametersequirediessthan10 secondgo corveme.

Theexactvalueof % frF f2 for thesourceshawvn in Figure7.3is 1.1788(to five signif-
icantfigures).Thereforefor p = 1 x 107°, theminimumvalueof the objective functionin
(7.2.4)thatcanbe obtainedfor a perfectinversonis 1.1788 x 10~°. The actualobjective
functionvaluemustalwaysbelargerthanthis sincetheregularizationtermcauseshesolu-
tion to perturbthesensomatchingtermin (7.2.4)resultingin anoverall elevatedobjective
function. Without the regularizationterm, the theoreticalobjective function value should
be nearzero. This explainswhy the objective function valuefor discretizationof 40x40
andlargerobtainanobjective valueof 1.18 x 10 whichis lessthanonepercenff from
the perfectinversionvalueof 1.1788 x 107>.
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Method

ng =ny = 10

Nng = ny = 80

ng = ny = 160

Sim 0.591 2.119 8.214 32.831 134.396
L-0 Inv 13974.8 31239.3 - - -
L-1 Inv 1278.63 1642.32 5385.14 27128.3 -
L-2 Inv 58.5 182.5 293.4 1840.8 22003.2
L-3 Inv 55.1 165.8 465.8 882.8 3620.4
L-4 Inv 9.47 17.32 55.87 835.65 13911
L-5Inv 8.6 13.0 26.6 151.1 986.5
Method | ny =ny =10 | ng =ny =20 | Nz =ny =40 | ny =ny =80 | ng = ny = 160
Sim - - - - -
L-0 Inv 7.79e-2 5.94e-2 - - -
L-1Inv 9.41e-3 2.52e-5 1.89e-5 1.79e-5 -
L-2 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5
L-3 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5
L-4 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5
L-5 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

Table 7.1. Summaryof CPUtimes/ objective function values for
souice-irversionon aboundary
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7.2.1 Inverseproblemformulation

We invedigatea full spacesolutionmethod (level 6) usingthe sourceinversionproblem
wheretheinversionparameters locatedanywherein the domain.We formulatethe prob-
lem asfollows:

mfin%;/ﬂé(x—xi)(c—c*)QdQ—Fg/ﬂp(f)dQ

subjectto:
—kAc+Ve-v+ f=0, in Q,
oc
=0, on I
an N>
c=0, on I'p. (7.2.9)

Thep(f) termin thesecondartof theobjective functionis aregularizationfunctional,
with p astheregularizationparameterlf the errorwasmeasuredhroughoutthe domain,
no regularizationis neededthe inverseproblemcanin factbe seenasa matchingcontrol
problem—uwiich is known to have a uniquesoluion for small Peclethumbers.However,
discretemeasuremenisply multiple solutions,andthussomeregularizationis necessary
Possiblefunctionalsfor p(-) are:

Jo 7 d2 (7.2.10)
[ V-V dQ (7.2.11)
Jo(Vf -V f)2dQ (7.2.12)

We usethefollowing notation

a(fr, f2) 1:/kaf1‘vf2d97 (f1, f2) 3:/Qf1f2an (fi, f2)r ZZ/FflfzdP

The Lagrangiarfunctionalthatcorrespondso (7.2.9)is givenby:
Cfa . Z/ X_XZ C_C)dQ+ (faf)

+a(A,¢)+ (Ve-v, A) + (f,\) (7.2.13)
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Assumngthattheregularizationtermfor theinversionforce f is givenby (7.2.10)theweak
formulationfor theoptimality conditiongKarush-Kuhn-Tucker conditions)of (7.2.9)is the
following: Find f, ¢, \, € H'(Q) suchthat
a(y,c) + (Ve v, ) + (f,4) = 0,Y¢ € H'(Q)
> _(6(x=xi)(c =) +a(,\) + (Vi v,A) = 0, € H'(Q)

%

p(, £+ (1, \) =0, Vo € H(Q). (7.2.14)

7.2.2 Algorithm

Thereareseveralwaysto solve theoptimality conditions. rSQP++usesablock-elimnation
procedureo solve (7.2.14).Given f first solvefor ¢

a(y, c) + (Ve v,9) + (f,¢) = 0,y € H'(Q);

thensolve

D (6 = xi)(c— ) +a(h, N) + (V- v, A) =0,V € H'(Q)

i

for A; andfinally solve

p(, f) + (¥, A) =0, Vi € H'(Q).

to updatef. Theblock-elimnationhasbeenusedasa preconditioerfor (7.2.14).Herewe
solve theresultingKKT conditonssimutaneously:

W, W; AT c g.+ AT
Wy Wy AT [{ f p=—3 g +ATX . (7.2.15)
Ac Af 0 A C

7.2.3 Numerical Experiments

Variousexperimentswvere conductedusingthis full spaceformulation including the eval-
uationof regularizationterms,numberof sensorsand numter of sources.Both the total
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variationand Tikhonov regularizationwere evaluaed andfor our sourceselectionsboth
wereableto recover theoriginal sourceat similar levelsof quality. Thetotal variationreg-
ularizationhowever, makesthe objective functionnonlinearwhich thenrequiresa Newton
method.Becausehe Tikhonov regularizationtermmalkesthe objectve functionlinearand
therebyrequiringno Newton iterations we usedTikhonov for all of our experiments

The full space(level 6) methodis the mostefficient in comparisorto levels 0 to 5.
Eventhoughwe do not have a consistentomparisorandif we couldgeneratea boundary
inversionproblemusingfull spacemethods,it would mostlikely not be as numerically
taxingasthefull domaininverson problem.Thefull domaininversia problemcorverged
under10 secondsvhereadevel 2, 3, 4, and5 for the boundaryinversionproblemfor the
samesizegrid (but with smallernumberof inversionparametersgorvergedin 293, 465,
55,and26 secondsespecitrely.

Figures7.7and7.8 shav resultsfor usingdifferentnumberof sensors.
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Figure 7.7. Signallnversion, left 4x4 sensas, right 10 x 10 sen-
sors
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Figure 7.8. Signallnversion 40x40 sen®r
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Chapter 8

Split, O3D and Hierar chical Control

8.1 Overview

Splitis a full-spacesequentiabuadraticorogramming SQP)algorithmfor generallarge-
scalenonlineamprogrammingproblems.As notedabove, SQPmethodgroceedy forming
ateachmajor stepa quadratigprogrammiig (QP) approximatbn to the generalproblemat
the currentiterate. The solutionof this QP providesa stepto adjustthe variablesandthe
associatedlagrangemultipliers. Thus,animportantpartof any successfubQPalgorithm
is arobustQP solwer. In this chapterwe concentraten O3D, our interior-point QP solver
that hasmary adwantagedor this particularapplication. We also briefly describeSplit.
Finally, we discussour approacho formulatingcertaincontrol problemswherethereare
multiple objectives,leadingto a novel classof hierarchicakcontrolproblems.Ourformula-
tion yieldsmorepracticalanswerghantraditionalapproaches,e., our answergendto be
smootker andmorerobust.

An importantpart of our researchn SQP method wasthe designand developnent
of software to implementthesemethods. Both Split and O3D were implenentedto be
compatiblewith Sundanceand Trilinos (TSF) andthus be able to take advantageof the
unprecentedontrolof the PDE systemgshatSundancerovides. Earlierin this project,we
experimentedvith a Java implenentationandthe useof “proxy vectors. Although these
experimentgdid notwork ashopedwe reporton thiswork andthe conclusimsthatwe can
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draw from them.

8.2 O3D

Although quadraticprogramsarisein independenapplicationsthe primary emphasisn

thisreportis their appearancasa stepgeneratofor the solution of generahonlinearpro-
grammingproblems In this context, there exist numerousfeaturesof an algorithmfor

solvingquadraticprogramghatwould be particularlyuseful,but would not necessarilype
of valuein a stand-alonesolver. This statements especiallytrue in the large scalecase
whereprocedureshatapproximatethe solution canleadto substantl efficiencies.Here,
we examinetheissueof (approximately}olvinglarge scalequadratiqgorogramming prob-
lemsin the context of the sequentiafjuadraticprogrammiig (SQP)algorithmfor solving

generahonlinearmprogrammingproblems

Thegenerahonlineamprogrammingproblemcanbetakento be of theform
minimize f(z)

T
subjectto:  g(x)
h(z)

IA
o

(NLP)

|
o

wheref : R* — R', g : R* — R™ andh : R® — R™:. At eachstepof the
SQPalgorithma quadraticprogrammiig approximatiornto (N LP) is constructedandits
solution is usedasa stepto improve the currentiterate. More specificallywe constructa
guadratigprogramof theform

mini(smize o+ 36°Q0
subjectto: Af+b < 0 (QP)
Fo+d = 0

whered € R", Q € R™", A€ R™*" be R™,F € R™*" andd € R™.

Let
Uz, A i) = f(z) + Xg(x) + p'h(z)
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betheLagrangiarof (N LP) with multipliers A € R™! andp € R™2. If thecurrentiterate
is z*thenthe correspondenceetween N L P) and(QP) is asfollows:

c = Vf(ah)
A = Vg(a)
b = g(ab)
F = Vh(z)
d = h(zF)

andQ is asymmetricapproximatbn to the Hessiarof the Lagrangiarat (z*, \*, ;).

Thesubproblem(Q P) is approximatelysolved to yield the steps* andthe next iterate
is calculatedoy

ohtl = gk 4 ad*

whereq is the steplengt To guaranteeorvergencea mustbe chosercarefully. Typically
a merit functionis usedto guidethis choice. A merit functionis a scalarvaluedfunction
whosereductionimplies progresgowardsto solution Thusanimportantfactorin using
(QP) asa stepgeneratotis to ensurethat approximatesolutionsare suchthat they are
descentirectionson the merit function. (See[26] for a more completediscussiorof the
generaissuesconcerningSQPmethods.)

Thereare numerousissuesto considerin solving (QP) andthe resolutian of these
issuesdependn whetheror not (Q P) is to be solved as a stand-alongroblemor asa
subproblem First, for a soluion to exist, the constraintanust be consistenti.e., there
mustbe at leaston point § suchthatall of the constraintsare satisfied. If the constraints
of a stand-along@roblemareinconsistentthenit sufficesfor a solver simply to reportthis
factbackto theuser In the context of SQR however, it is oftenthe casethatsubproblera
areinconsisént, soa proceduranustbe devisedto usethe subprobémto createa descent
directionfor themeritfunction. Evenif theconstraintareconsistentthereis noguarantee
thatafeasiblepointwill begiven, soa“phasel” proceduranustalsobe provided.

Another consideratioris the natureof Q). If @ is positive definite,thenthe solution
of (QP) is unique. Otherwise multiple local minima may exist andthe questionarises
of which solution is desired.Furthermorejf @@ is indefinite (or negative definite)andthe
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feasiblesetis not bounded thentheremay exist unbourded solutilns. When (QP) is a
subproblenfor SQR it is reasonabléo assumehata solution thatis too large will notbe
of interestsinceonewould expectthat (Q P) would only be a reasonabl@pproximaton
for (N LP) in arelatively smallregionaboutz*. Fromacomputatioal point of view, if Q
is indefinite,thendirectionsof negative curvaturemaybe possibleto constructandexploit.
Finally, @ maybein theform of aquasi-Nevton updateor alimitedmemoryquasi-Nevton
updatein which caseit will representedsalow rankupdateof a scaleddentity matrix.

A quadraticprogramsolver for a stand-alongroblemwould probablyonly returnthe
solutonz* andtheassociatedhultipliers, alongwith anindicatian of which of theinequal-
ity constraintareactive. Thiswould in turnrequireprocedureso estimaé the multipliers
and corvergencecriteriato halt the iteration. For a subprobém solver, thereneedto be
additionalfeaturego controlthe solution processin particular asnotedabove, thelength
of the stepmay be important, e.g.,in trust-region algorithns, andthereit is importantto
have reasonablestimateof the multiplierswhenthe solver is terminatedsincetheseare
often usedin constructingapproximationgo the Hessianof the Lagrangian.In addition,
several differentterminaton criteria may be neededand, asnotedabove, a procedureo
producea descensteponthe meritfunctionevenif the constraintareinconsisent.

DifferentSQPalgorithms canbe constructedhat favor certainapplicationsandthese
factorsinfluencethe choiceof underlyingquadraticprogramsolvers. For exampk, appli-
cationswith a large numberof highly nonlinearinequaliyy constraintsshouldprobablybe
handledifferentlyfrom applicatiors with only mildly nonlinearconstraintsSimilarly, the
algebraicstructureof problemswith a large numberof equality constraing might receve
specialconsideration.The applicationsalso accountfor structurein the gradientsof the
constraintsandin the Hessianof the Lagrangian. In large scaleproblems this structure
oftenneeddo be considereaarefullybothin theformulationof the problemandin theso-
lution techniquesFor exampk, in the controlof partialdifferentialequation®necantrade
off the size of the problemwith the nonlinearityof the problem,i.e., onecansometines
constructavery large, but mildly nonlinearproblemor a smaller but morenonlinearone.

We areprimarily concernedvith applicationsn which thereis a large numberof non-
linearinequalityconstraints.First, we briefly discusssomefeaturesand propertiesof QP
solversthataffecttheir usein the SQPsetting We thendescribeheinterior-pointmethod,
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03D, andits propertieghatshaw it to be a goodcandidatdor a stepgeneratoin an SQP
algorithm Next, we suggesenhancementsf O3 D thatimprove the performancendro-
bustnesof the basicalgorithm Finally, we discussits implementatbn and preliminary
numericalresults.

In light of the above discussiorof the typesof quadraticprogrammig problemsthat
arisein (N LP) applicatis, we briefly review heretheissueghatshouldbe addresseéh
designinga QP solverthatcanbe usedasa stepgeneratofor SQP

8.2.1 The Constraints

The properhandlirg of the constraintdhasa profoundeffect on mary otheraspectof the
algorithm In this discusion we assumehat the constraintsare consistent;inconsiséent
constraintarediscussedinderthe headingof earlyterminaton below.

First, thereis certainlyno guaranteehataninitial feasiblepointwill be given. Thusa
Phasd procedurdo computeonemustbespecified.Typically suchaproceduraisesa“Big
M’ methodwhereinthe feasibleregion is enlagedto enclosetheinitial approximatiorto
thesoluion andthenshrunkto its original sizein the courseof thesubsequerdalculations.
If sucha methodis used,thenthe size of M, theinitial size of the associatedartificial
variable, the natureof the enlagement(i.e., shouldall of the constraintsde changedpr
just a few), and the procedureto ensurethat the artificial variableis reduced,mustbe
specified.Theissuedn terminatirg the algorithmwhile still in Phasd aresimilarto those
in the caseof inconsistentonstraintsandarediscussedbelow.

Althougha given initial point may be infeasible,it is possibé thatit is “close” to the
optimal solution Sucha situation is calleda “warm start” Interior-point methodshave
usuallynot beenamenablédo takingadwvantageof warm starts but significantsazingsmay
be possibleif suchinformation could be exploited. We intend to invedigate this issue
further
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8.2.2 Multiplier Estimates

Estimaing themultipliersis aparticularlydifficult problemfor primalmethodsi.e., primal-
dual method would seemto have an obvious advantage.In the caseof noncowex prob-
lems,however, thisadwvantages notsoclear Theissueis to designramethodo estimatehe
multipliers that givesreasonabl@pproximationswhenfar from the optimal solution, and
doessoatreasonableompuationalcost. Degenerateonstraing, acommonoccurancen
large scaleproblems give rise to nonuniaie multipliersanda lack of strict complimenar-
ity, but degeneray itself typically doesnot posea difficulty for interior-point methods.In
primal methods estimaing the multipliers requiresa determinatiorof which constraints
areactive atthe solution. Thisis notaneasytask.Our approacHor thisis to useso-called
“Tapiaindicators”to estimateheactive set,followedby a particularysimple interior-point
methodon the dual problem. We have implementedhis idea and have recordedsome
excellentresultson somehighly degeneratgroblems,including problemswith equality
constraintsvherewe areguaranteedo have degenerag.

8.2.3 Early Termination

All of theabove consideratiosareexacerabedby the possiblity of earlyterminationof the
algorithm For thesoluion to be usefulin the SQPsetting,it mustbe suchthatit leadsto a
descentirectionon the merit function. It is often easierto shav thatthe optimal solution
hastherequireddescenpropertieshanthatanapproximatesolutiondoes.A majorcause
of thisis thatwhenfar from the optimal solutian, the determinatiorof the active setand
theassociatednultipliersis especiallyproblematic.Thisis evenmoredifficult in the case
of noncorvex problems.The effect of poor multiplier estimatess to createdifficultiesin
the SQPalgorithmwhich usesheseestimategor calculationsnvolving the Lagrangian.

In orderto terminateearly, the algorithm musthave a setof criteria for testingthe
adequayg of the currentapproximatbn. Standardcorvergencecriteria may be adequate
for obtainirg a highly accuratesolution, but may not be particularlygoodat determinng
the adequag of moreremotesolutians. For example,poor multiplier estimatesmay may
causea goodapproximag soluion to appearto be muchpoorer Criteriafor terminaton
mayincludea simple testto terminatef thelengthof the soluion exceedsa certainlength.

210



Suchaproceduranayallow usefulstepsn unbounédproblems.

8.2.4 Computational Issues

The overriding concernfor any QP solver that is to be usedas a stepgeneratotis that
the it be computatimally efficient. Most of the work in solving (QP) usingan interior-
point methodis in the solution of the underlyirg linear systemof equations Using direct
factorizationmethodsis quite efficient aslong asthe linear systemsare not too large. If
largerproblemsareto be solved, theniterative methodsmustbe consideredlssuesof how
to preconditionthesesystens and how accuratelythey mustbe solved remainto be ad-
dressedOurimplementabn usingTSFfacillitatesexperimentatbn with iterative methods
and,moreimportantl, with preconditimers.

8.2.5 Recenteringin O3D

Recenteringn O3D is an attemptto preventthe early iteratesfrom stayingtoo closeto
theboundaryof thefeasibleregion andthussignificantlyslowing thealgorithm. Complete
recenteringnvolvesmoving the currentiterateasfar aspossibletowardsthe centerof the
polytope alongthe level curve correspondingo the currentiterate. Becauseadoingthisin
the full spaceis prohibitively expensve, we haddevelopeda methodbasedon doingthe
recenteringn a subspce,in the samespirit asO3D itself. Although this procedurehad
often reducedthe numter of iterationsmodestlyin early testproblems,it did not appear
to be effective on the problemsarisingfrom PDE constraints.The reasondgor this arenot
entirely clear andseveral attemptsto improve this procedurenvere not successful.These
attemptsncludedconstructinghesubsaceto beorthogonato the3-dimensbnalsubspace
generatedy themainO3D algorithmandincreasinghe dimensiorto four or five.

Wefinally developedanentirelynew approactwhich hasturnedoutto bemuchsimpler
andmuchmoreeffective. The mainideais move alongthe Newton recenteringdirection
from thefull O3D stepuntil it intersectghelevel curve correspondingo thecurrentvalue.
Using this ideahasprovedto be quite effective. The computatioal costto form the step
is a third that of the subspaceecenteringalgoritrm and never morethanoneiterationis
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neededascomparedo anaverageof five iterationsfor the old method.In two earlytests,
we foundunbouredsolutiors afteronly a few iterationswhereaghe old methodwasstill
makingslow progressfter1000iterations.Moretestinghereis necessarjo tunetheentire
algorithm

8.2.6 The O3D Algorithm

03D is a primal method implying thatit only operatesn the primal spaceand doesso
by attempthg to reducethe objectie function. It doesthis by forming a 3-dimensonal
approximatbn to (QP) thatcanbe easilysolved. In particular O3D generateshreein-
dependentlirectionsat the given feasiblepoint. Thesedirectionsandthe feasiblepoint
determinea 3-dimensioal affine space.Thereduced QP) is thentakento betheoriginal
(QP) restrictedto this space.The three-dimensiongbroblemis thensolved andthe next
(strictly feasible)iterateis takento be 99% of the distanceto the boundaryin this direc-
tion or to the minimum of the quadratidn this direction. Corvergenceis checled andthe
proceduraepeatedasnecessaryin discussig the details,we consideronly theinequality
constraintsn (QP); equalitiescanbeincludedby writing themastwo inequalites.

We assumehataninitial strictly feasiblepointd? is givenandthatthealgorithmgener
atesasequencgd*} asfollows. Let {p;, i = 1,...,3} beasetof normalizedvectors(that
dependon %) andset

H, = 1,Q + AY(Dy)’A

whereD, is thediagonalmatrix whose;j*" diagonalcomponents
dj =1/(A&* +1b),

and-y; is apositive scalar Denotingby P, then x 3 matrixwhosecolumnsarethep; we
set
=6k + H'Py C.
where( € R3. Substitding this valueof 5" into the (QP) we obtainthe 3-dimensbnal
“baby” problem

minimize ¢'¢ + %CtQQ
_ . (8.2.1)
subjectto: AC+b6<0
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where

= P H '(c+Qd"),

= AéF+0b,
PIH'QH;'P,  and
= AH'P,

(8.2.2)

:3>1 (@l St OO
Il

The solution procedurefor (8.2.1)is discused belav; herewe simply assumehata
solution, ¢*, is at hand. We form the compositedirections = H,C‘lP,C ¢*¥ andcomputethe
steplengtha* accordingio

o = arg miniamize q(0 + as)

and
of = min{a¥,.99}.

We now chooséhenext iterateas
okt = 6k 4 oFs.

Thestandardcorvergencetestsareasfollows: Thealgorithmis saidto have corverged
ontherelative objective functioncriterionif

|g(6"*") — q(6%)] |
1+ |g(6*™h)) = o (6:23)

wheree,; is appropriatelyset, usuallyaround10~8. The algorithmis saidto have con-
vergedontherelative stepcriterionif

[(6")i — (6%)4l
miax{ T |(5k+1)z‘ } < Estep (8.2.4)

whereeg,., is appropriatelyset,typically at 10~°. Othercorvergencecriteriaare usedin
conjunctionwith the procedurdo estimag the multipliers asdescribedn the next section.

Thekey to the effectivenesof 03D is, of course the choiceof thedirectionsp;. The
argumentsand derivations of the directionsusedin O3D arethe sameasthosegiven in
[27] and[35]. Theideasarebasedon consideringhe methodof centerd58] andderiving
the differentialequationthat describeghe trajectoryof the centerpoints for a continuas
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versionof themethodof centers Thefirst directionis thereforethetangento thetrajectory
atthegivenfeasiblepoint (alsoknown asthe “dual affine direction”) andis givenby

p=—(A'D2A+ Q/v) " (¢ + Q0) (8.2.5)

where~y is interpretedastheresidualon the objective function. For reasongyivenin [27]
we take

_ | e+ Qd)(c + Q9)
[\ (c+Qd)(ADe) /|
Thesecondlirectionis the so-called'third-ordercorrectionto p; given by
po = (A'D?2A +Q/y) " Zm: At (A i (8.2.6)
k=1 A\ m(0)?

where4; is the k™ row of A.

Thethird directionis takenasoneof thefollowing. Whenthe currentiterateis judged
to be“far” from thesolution,thedirectionis an“update”to p, basednthefirst constraint
encounteredh thedirectionp,. Let j betheindex of this constraint.Then

J

If thecurrentiterateis judgedto be“close” to the solution thenthethird directionis based
onthe Newton recenteringlirection. This directionconsistsf a linearcombinaion of the
directionp, and

pr = (A'D2A 4+ Q/v) ' ADe. (8.2.8)

To completethis descriptionwe needto specifyhow we decidebetweerthe directionsp,
andp,. Wejudgetheiterateso becloseif bothof theabove corvergencetestsaresatisfied
with atoleranceof 5 x 103,

Note thatall of thesedirectionscanbe compued by forming only onen x n matrix.
Assumefor the momentthatthis matrix is positive definite,whichit will bein the convex
case,i.e., when(Q is positve definite. In this casep; is alwaysa descentirectionfor
the objectve functionandit is easyto shav thatthe objectve functionis reducedn the
composié direction.
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Thethree-dimensionddabyproblem(8.2.1)is solvedby asimpleinterior-pointmethod.
The point{ = 0 is alwaysfeasibleby construction.Our procedurds to computethe di-
rectioncorrespondindo p; for the babyproblemandto useit aloneto determinethe next
iterate.As above, we usethis directionto go 99% of the distanceo the boundaryor to the
minimum of the objective functionin thatdirection. We usethe samecorvergencecriteria
asabove and,asa practicalmatter limit the numberof iterations Again, the matrix to be
factoredn forming p; maynotbe positve definite;we discusghisin thenext section.

8.2.7 Implementation and Preliminary Results

All of O3D is implementedusing C++ usinga style thatis in conformancewith that of
SundancendTrilinos/TSE TSFK in particular providesthe ideal framework for the com-
plex vectorsandlinear operatorghatareneededoy O3D. Thereforethe O3D algorithm
itself canbe written in termsof genericoperatorsaandvectorswith no concernneededor
theunderlyingcompleity.

To bemorespecific,consideithe quadratigorogramto have only inequalityconstraints
(if thereareequalityconstraintsthey canbe written astwo setsof inequaliy constraints)

miniémize o+ %(5%25

P/I
subjectto: Ad+b < 0. (QP/I)

We take A and(@ to be TSFLinearOperatorandc andb to be TSF\ectors,with the only
restrictionsbeingthosenecessaryo maintainconsisteng of the operationsj.e., ¢ and§
mustbe from the sameT SF\ectorSpaceh mustbein therangespaceof A; and@ and A
musthave the samedomain. Theseareall checled by TSF, thusensuringat compile time
thateverythingis consisent. Asidefrom theseconsiséng/ requirementsheoperatorgnay
have arbitrarycompleity. The codeto solve the problemscanthusbe greatlysimplified,
sincethe detailsof the linearalgebracanbe hiddenin this abstraction We illustratesome
of this compleity by describinghow a rather complicatedproblem can be assembled.
To clarify the presentationye us squarebracketsto indicatea “block” of a matrix. For
example,

W = [[W1 Wa]]

215



representa block matrix with oneblock. Thisblock, in turn,isa (1 x 2) block matrix. To
construcianobjective function,we needalinearoperatoysay( ,;,, andavector saycog.
Theseare constructedy the userandusedto createan O3DObjectve. O3DObjectve, in
turn, createghe (9 matrixandthe ¢ vectorthat O3 D will useby “wrapping” thesein two
levelsof blocksasfollows:

Q = [[Qori]]

and

¢ = [[Corig]] -
Note that the two levels of blocking will be consistenwith how the constraintsneedto
be constructedo accomodatequalityconstraintsdescribechext. O3D allows a general
collection of constraintsetsto be usedwhere eachset consistsof a linear operatoy say
A,rig, andavector sayb,,;,. Thesearepassedo constructaninstanceof O3DConstraint,
which wrapsthemin a block operator Note that this allows equality constraintsto be
consistentvith inequalityconstaintsi.e.,inequaliy constraintsareof theform

Ae = [Aorig]
andequalityconstraintareof theform

Aorig

Ai ==
_Ao'rig

?

sinceequalitiesarewritten astwo inequalites. Thefinal A matrixis thena block with all
of thesets,.e.,
[A1]

A [14.2]
[A]
wherethereare k setsof constraints This structureallows someconstraints¢o be con-
structedby Sundancendothersto be constructedy othermeans.This compleity, how-
ever, is never seendirectly by O3D. Thusthe codeto setup a PDE constraintusing
Sundances somevhatcomple, but only needgo bedoneonce.

As notedabove,themainwork in solvingaQPusingO3D is theformationandsolution
of thelinearsystemsf equationf theform

(A'D2A+Q/v)p; =
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Notethatformingthis operatoiis notfeasiblein mary large problemssincethefill-in may
leadto a virtually densematrix. This will certainlybe the casein ary problemwhere(
is a quasi-Nevton approximaton. Thus,to solve suchsystemswe mustconsiderthe use
of “matrix-free” iterative methods This essentiallympliesthatwe canform matrix-vector
productsput we cannotgetaccesso individualelement®f thematrix. TSFallowstheeasy
creationof the operatorwhile notactuallyformingit. Thuswe canuseconjugae gradient
or othermethodgo solve thesesystemsteratively. Unfortunatelythesesystemsarepoorly
conditiored,andbecomeanoresoasthesoluionis nearedsothatpreconditioing becomes
necessarglmostimmediately We arecontinuingto persuestratgiesto preconditiorthese
systemseffectively.

We have, however, beenableto solve someexampleproblemsthatshaw the effective-

nessof the full-space(SAND) approachon theseproblems One exampleproblemis as
follows:

Considerthe rectangulareagon2 = [0, 7] x [0,1] andletT" = {(z,0)|0 < z < «}.
Thedifferentialequations givenby

Au(z,y) = 01in§
u(z,y) = 0 ondQ\I'

k=N
u(z,0) = Zak sin(kx)
k=1

wherewe wish to choosehe parameterg,, to forcethe soluion to matcha giventamgetas
closelyaspossibé. The particularobjective functionwe choosds

f=1 /0 " (u(z, 5) — @)2ds

where

= z(m —z).

We wereeasilyableto solve this problemusingSundancéo createall of the operators
andvectorsona20 x 20 grid. Giventhe choiceof finite elemenimethodandusingN = 5
thisresultedn afull-spaceproblemof 1686variableswith 3362constraintsO3 D required
only 10iterationsto solve this problem.
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8.3 Split

Split,anSQPmethoddesignedo work with O3 D is describedn detailin [24]. Its features
include:

It usesanaugmented.agrangiartypeof meritfunction.

Any numter of iterationsof O3 D on the quadratigprogrammingsubproblenyields
adescenstepon themeritfunction. ThusO3 D andSplit areideally suitedfor each
othet

A globalconvergencetheoryhasbeendeveloped andpublisted.
An earlyimplementatiorhasbeenusedto solve mary interestingoroblems

It is flexible, allowing controlover theuseof perturbationgandtherateof approach-
ing feasibility. Thisis importantin someapplicatiors wherewe have obsenedthat
betteranswersareobtainedby delayingthe approactto feasibility.

Split doesnotrequiremonotaic decreasén the meritfunction.

Themainadwantageof SplitandO3D is thatthey provide acomplementargapability
to rSQP++. Split/O3 D is a full-spacemethodthat handlesproblemswith alarge number
of inequalityconstraintsput it alsoallows the useof in-betweerapproachegvheresome,
but not necessarilyll of the stateequationsareoptimizationvariables.

We have now a prototypeimplementatn of Splitin C++ usingTSF, implementedvith
thesamestrat@y asO3 DWe planto testthisin conjunctiorwith 03D andSundancesoon.

8.4 Other Work

In this sectionwe briefly discusghe implementationof O3D in Java andour ideason the
useof proxy vectors.First, we wantedto testthe useof Javafor implementng a nontriial
numericalalgorithm. We knew that therewould probablybe a significantperformance
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penaltydue to the way in which Java is implemented. To overcomethis problem, we
developed the idea of “proxy vectors”and “proxy operators. The conceptis thatlocal
objectsusedby anoptimizeronthefront-endmachineareproxiesfor remoteobjectdiving
in a PDE codeon a back-endmachine. The front-end machinecommuncateswith the
back-endnachinevia soclets. Thevectorobjectson the front-endcontainonly references
to back-endvectorobjects;the vectorobjectson the back-endcontainactualvectordata,
possiby distributedover mary processorsMethodinvocationon the front-endresultsin
a messageentto the back-endnstructingit to executethe samemethodusingthe actual
vectors.Thesamemechanisntanbeusedfor proxy operatorslf anew vectoror operator
is neededit is storedon the back-endwith a proxy createdon the front-end. If the result
of anoperationis ascalarit is retrunedo thefront-end,but if theresultis anothervector
thenthe resultstayson the back-endwith only an messagé¢hatthe resultwascompleted
returned.For exampk, if the front-endmachinerequestghe norm of a vector thatvalue
will be returned,but if the requestis to addtwo vectors,only a confirmationis returned.
Thus all messagedetweenthe two machinesare short. See[28] for a more complete
discussia of thiswork.

We wereableto createa working proxy-vectorsystem put the commuicationdelays
createdanunacceptablpenaltyin thecompuations.We decidedhatthisapproacmeeded
much more work to be successfulput that the resultswould probablynot be worth the
effort. Part of the effort would be to createan implementatiornof TSFin Java, andthis
doesnotseento beagoodidea. Thus,we think thattheremaybea futurefor proxy linear
algebrajt will mostlikely befrom our currentC++implementations.

8.5 Hierarchical Control

Optimal control problemsconstitutean interestingcaseof PDE-basedptimization prob-
lems. Thereis arich history of work in this area,beginning with the developrrent of the
calculusof variatims andwork in the control of ordinarydifferentialequations More re-
cently, researchertave begun to investgatethe control of PDEs(seethe surey papers
[49] and[50]). Instancef thesetypesof problemsaboundin applicatiors. Thusthe de-
veloprentof efficient numericalmethodgor the soluion of theseproblemshasalsobeen
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the subjectof significantrecentresearch.

In this paperwe examinea particularinstanceof optimal controlproblemswvheremul-
tiple controlsseekto force behaior closeto multiple “targets” simutaneously These
problemsbelongto the classof problemscalled multicriteria optimization Thereis no
uniguemathematal formulationof thesetypesof problemsindeeddifferentformulations
cangeneratecompletelydifferent“optima” soluions. In one formulationthe problemis
posedasthe minimizationof a weightedsumof the deviations from the targetswith the
weightscorrespondingo an establishedriority amongthe tamgets. (see[68]). Another
formulation sometimeseferral to asgoal programminginsiststhata setof preferredtar-
getsbesatisfiedto within certaintolerancesandthe othersbe reducedasmuchaspossible
within theseconstraintgsee[60]). Both of theseapproachesolve the choiceof a setof
weightsor tolerancedor which theremay be little theoreticalguidance.In the approach
thatis employedin this paper called multilevel optimization, the problemis modelked as
asa setof nestedoptimization problemsin which the soluions of the inner problemsare
determinedisingthe variablesn the outerproblemsasparameterg¢see[120]).

Motivatedby specificengineeringapplications suchasthosearisingin optimal well
placementn reseroir engineeringyve investigatea meansof formulatinga classof opti-
mal control problemsin which the targetscanbe partitionedinto categoriesof increasing
relatve importance. This approachbasedon the work of von Staclelbeg [121] in an
economiccontext, requiresthat the deviationsfrom the leastimportanttamgets,calledthe
“follower” targets,be decreasednly afterthe deviationsfrom the mostimportanttarmgets,
calledthe“leader” tamgets,satisfyprescribedounds This type of optimal controlproblem
hasbeentermedhierarchical control. Oneway of formulatingthis type of problemis in
termsof a nestedptimizationstructurein which, in an“inner minimization”, thefollower
targetsare minimized subjectto fixed valuesof certainof the control variablesandthen
an “outer minimization” is performedover the remainingcontrol variablesto obtainopti-
mal leadertarget satishction. The resultingaccurag on the follower targetsis therefore
determinedby andis subordirateto the optimization over the leadertargets. This type of
bilevel optimization problemhasbeenthe objectof a greatdealof research{see[120] for
anexhaustve bibliography)in finite-dimensonal optimizationandwasgivenatheoretical
groundingin thework of Lions[70] for PDE-constrainedontrolproblemsw~herethe state
equationswvere a linear hyperbolicsystem. In this paper we carry out the analysisfor a
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specificparabolicsystemandobtainpreliminarynumericakesultsthatwe believeillustrate
the promise of thisapproach.

8.6 Model Formulation

We are concernedwith a classof optimal control problemsin which thereare multiple
goalsthatareto be satisfied,.e., a multicriteria control problem,andin which the under
lying statevariablesaregovernedby the parabolicpartial differentialequationwith mixed
boundaryconditions

yt_Ay = f(x,t)—i—V(x,t), (iC,t)EQ

y(z,0) = bo(z), z€Q, (8.6.9)
y(z,t) = bi(z,t), (z,t) el x(0,T),
dy

dn(a:,t) = byo(z,t), (z,t) € Ty x(0,7),

where() is a boundedopensubsetof R?, T > 0 is finite, @ = Q x (0,7) andT'; U T,
is the boundaryof 2. We assumehat the functionsin the modelare well-behaed, i.e.,
f(z,t) € L*(0,T;9),by(z) € L*(), andb;(z,t) € L*(0,T;Q),j = 1,2. HereA is a
stronglyelliptic operatorand V' (z, t) representshe actionof the controlson the system.
In particular we considerthe casein which thereare k pointwisecontols v, (%), . . ., v (t)
locatedrespectiely atthepointsa (¢), . . ., ax(t) andthatfor agiven choiceof thecontrols,

Viz,t) = Z v;(t) 0(z — a;(1)).

j=1

Our goalis to formulateand solve an optimization problemthat resultsin a selectionof
controls,including both time-dependentagnitidesandlocations,that force the solution
to theabove systemattime 7" to be“close” to asetof tamgets,Yy, . . ., Vi, eachy; € L?(1),
while minimizing acostfunctionalC(v, a). In addition,a setof restrictionsonthelocation
of thesites,a;(t),5 = 1,..., k, arepossibé.

Obvioudy, it is generallyimpaossibleto force all of thetargetsto be satisfiedto within
somepreassignetblerancg(in fact, it is not alwayspossibé to satisfyonetarget exactly).

221



To formulateanoptimizaton problemthatcanbesolved,somepriority mustbeestablished
amongthe setof targets. A variety of methodshave beenproposedor carryingout this
task. One suchformulationis obtainedby assigninga setof weightsto the targetsand
minimizing theweightedsumof deviationsfrom thetargets. This problemcanbeexpressed
in theform

minimize C(v,a) + Z?Zl L[, (y(@,T)—Yj(z) ) dzx

subject to: y — Ay = f(x,t) +V(z,t), (z,t) €Q
y(x,0) =by(z), =€ (SD)
y(x,t) = by(z,t), (z,t) €Ty x(0,7)
Z—f](x,t) = by(z,t), (z,t) €y x(0,T),

wherethe v; arethe respectie weightsassociatedvith the differenttargets. A second
approachis to assignacceptablaleviationsof the statevariablefrom eachof the tamgets
and expressthesetolerancesas constraintdn the optimization problem. In this casethe

problembecomes

minimize C(v,a)

subject to: y, — Ay = f(z,t) +V(z,t), (z,t) €Q
y(x,0) =bo(z), =€
y(z,t) = bi(z,t), (x,t) €Ty x(0,7)
Z—z(x,t) = by(z,t), (z,t) €9 x(0,T)
Jo (y(@,T) = Y;(2))?de < B;, j=1,....k.

In theseformulations, additionalconstraintson the controlscould be included. Eachof
theseformulatiors hascertaindravbacks;in thefirst casea choiceof weightsis necessary
withoutarny a priori indicationof how this choicewill affectthesolution;in thelattercase
it is difficult to specifythe smalltolerancesn suchaway asto avoid infeasibilities.

In this paperwe follow the work of von Staclelbeg (see[121]) andLions (see[70])
andformulatethe problemasa hierarchical control problem.This meanghatwe prioritize
thegoals,i.e.,specifyahierarchyof targets. Theleadingtargetis takento betheoneof the
highestpriority andthe overriding taskof the control problemis to have the statevariable
approximatehis tamgetasaccuratelyaspossitbe at¢ = 7'. Giventhis highestpriority, the
deviation from thetargetof next highestpriority is minimizedsubjectto the satisactionof
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this primary goal. Thenthe deviation from the target of the third highestpriority is mini-
mizedsubjectto the condition that the highertametsare satishctorily approximated,and
soon. This hierarchicalstructurerequiresa partition of the controlsandcontrollocations
into correspondindnierarchies.In someproblemstheremay be a naturalcorrespondence
butin othercasesomeflexibility in choosingthe controlsis available.

For thispreliminarystudywe presumehatthereis asingleleadertarget,denoted’;, (z),
andasingletargetof lower priority calledthe follower targetanddenotedyr (). We also
assumethat thereare two controlsthat we arbitrarily partition into leaderand follower
controls, (v, (t),ar(t)) and (vr(t),ar(t)), respectrely. Additional follower tamgetsand
controlscanbeaddedwithoutfundamentallyaffectingthe natureof themodel. The control
problemwe considelis the nestedoptimization problem,denotedoy (OP):

minaL AR C (U’ a)

subject to :
( min,, C(v,a)
subject to :
( min’UFyy C(U’ a) + 77F fQ (y(x, T) - YF(.’,U) )2 dx
subject to :
—Ay= t Vix,t 4
(IP2) < apy 4 v AY=/@H+HVEL, (@) eq

Y(z,0) =bo(x),z € Q
y(z,t) = by(z,1), (z,t) € 'y x (0,T),
z—f](m,t) = by(z, 1), (z,t) € Ty x (0,7),

\ fQ (y(z,T)—Yi(x) )?dz < B
g9(a) <0

whereyr andg arefixedposifve constantsC'(v, a) representa generakorvex costfunc-
tion dependingon the controls,andthelastinequalitiesinvolving g : R* — R™ represent
constrainton the locationsof the controls. Theseinequalitesmay be nonlinearandnon-
convex; for example,az,(t) andar(t) mightbeconstrainedo beacertainminimal distance
apart.
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This problemis interpretedin the following manner The control variablesar,, ar,
and v;, are held fixed and the inner problem (IP1) is solved to determinethe optimal
choicesfor v andy, thustheoreticallydeterminimg optimality functionsvi(ar,, ar, vr.)
andy*(ar, ar,vr). It is well known thatthe problem(IP1) hasa uniquesolutian for fixed
ar, ar, andvy. Next, theseoptimality functionsaresubstiutedinto the objective function
andthe target constraintfor the secondnnerproblem,(IP2). Thenthis problemis solved
with a;, andar heldfixeddeterminirg anotheroptimality functionv} (ar, ar). Finally, the
outerproblem,(OP),now having theform

minaL,aF C(’UE(GL, CLF), U;‘(aLa aF)7 ’UE(CLL, CLF), ar,, G/F)

subject to : g(ar,ar) <0,

is solved. Notethatthe costfunctioncanbethoudt of asaregularizationtermin theinner
problems,i.e., a termthat is usedto guaranteehe existenceof a solution. However, it
alsohasa role asa generalobjective functionto be minimizedto the extent possible.In
this model,we have optimizedthevariableSa;,, ar) outsice the optimizationwith respect
to the other control variablesandthe statevariablesin orderto facilitate the solution of
the problem. As notedaborve, in applicationsthe constraing on thesevariablescan be
nonlinearandnoncorwex andif includedin the inner optimization problemswould make
theseproblemdifficult to solve andnegatethe advantage®f the hierarchicalktructure.

Thetheoryunderlyingthe hierarchicakontrolproblemdefinedby thepair of problems
(IP1) and(IP2) hasbeenstuded by Lions [70], albeitfor a differentunderlyingPDE and
with boundarycontmls. Lions shavs thata solution exists for every positive 5 althoughin
generalthe tamget cannotbe metexactly (5 = 0); i.e., the problemis approxinately con-
trollable (seealsoGlowinskiandLions [49, 50]). Theseexistenceproofsfor the solutions
to the inner pair of optimizationproblemsgiven by Lions are not constructve andhence
provide noblueprintasto how to obtainnumericalsoluions. Onenaturalapproachs to use
a variationalmethodto obtainthe optimality conditionsfor the innermostproblem(IP1)
andusetheseequationsas constraintsvhensolving (IP2). In the following we establish
the optimality conditionsfor solving (IP1) andthendiscusshow to approachlP2).

In orderto simplfy thenotationandmake thedevelopnmentmoretransparenive assume
that

C(v,0) = = / (v2 (1) + v3.(1)) dt,
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that A is the LaplacianoperatorA, andthatthe boundaryconditiors are of the Dirichlet
type. Extensonsto more generalparabolicsystemsare straightforvard in concept(but
mayrequiresignificantly moreeffort to obtainnumericalsolutions). Thusour PDE hasthe
form

yy— Ay = f(x,t) +vp(t)0(z — ar(t)) + ve(t) 6(z — ar(t)), (z,t) €(@.6.10)
y(xz,0) = bo(x), z€Q, (8.6.11)
y(z,t) = bi(x,t), (z,t) €T x(0,T), (8.6.12)

wherel is theboundaryof .

Proposition 1. Letay,ar, andv;, befixed. If vy andy areoptimalfor (IP1) thenthere
existsadualfunctionp(z, t) € L2(0,T; ) satisfyirg the PDE

m+Ap = 0, (z,t) €Q (8.6.13)
p(z,T) = —vyr(y(z,T)—Yr(x)), z€9Q, (8.6.14)
p(z,t) = 0, (z,t) el x(0,7), (8.6.15)

anduvr is given by
vr(t) = plar(t), ). (8.6.16)

Proof: If v andy are optimal for (IP1) thenthe variationalequality for the objective
functionis

/0 vp(t) Up(t) dt + vr /Q(y(x, T)—yr(x)) 2(x,T)dx =0 (8.6.17)

for all admissble 7 € L?(0,T) andz € L?(0,T;%). 9r andZz areadmissilte if they
satisfy

Zi— Az = 0p(t)d(z—ar(t)), (z,t) €Q, (8.6.18)
2(z,0) = 0, z €. (8.6.19)
2z,t) = 0, (z,8) €T x (0,T). (8.6.20)
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Multiplying (8.6.18)by p(z, t), integrating over (), andapplyingGreens theoremgives

/ (pe + Ap) 2(t) dx dt + /(p(:v, T)%(x,T) — p(x,0) 2(x,0)) dz
Q Q

@ x - @ X Z(x T
i AX(O,T)(p(x,t) d77( ’t) dn( ’t) ( ’t))d (8621)

:(L@@mH%mmmﬂmm

where% representshe normalderiative. Using (8.6.13)—(8.6.%), and(8.6.18)—(8.6.20)
this equationrbecomes

—%A@@ﬂ—%@WWHM:Aﬁmmwmﬁﬁ. (8.6.22)

Equation(8.6.16) follows immediatelyfrom this last equationand the Euler equation,
(8.6.17).

Usingthesenecessargonditiors, the secondnnerproblem(IP2) cannow bewritten

i T
ming, yp fo (VE(t) +p(ar(t),t)?) dt
subject to :

f(z,t) +vr(t) 0(z — ar(t))
p(z,1)6(z —ar(t), (z,t) €@
y(z,0) = bo(z), z€Q,
y(x,t) bi(x,t), (x,t) el x(0,7),
m+Ap = 0, (x,t) €Q,

Y — Ay

_|_

|

p(@,T) = —vr(y(z,T)—Yp(z)), =€,
p(z,t) = 0, (z,t) el x(0,T),
Jo (y(z,T) = Yi(z))?dz < B,

with a;, anday fixed.

At this stagethere are several possibleapproaches.One approachwould be to in-
corporatethe control variablesa(t) directly into the problem(soin effect (IP2) becomes
(OP)) andsolwe the resultingproblem. However, this approachsererely restrictsthe nu-
mericalmethodghatwe canapply sincethe statevariableoccursin a nonlinearinequality
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constraint. For example,a reducedvariable approachcould not be emplojed. Another
approachwould be to obtainthe optimality conditiors for this problem(aswasdonefor
(IP1)) andthenusetheseconditins in the formulationof the outerproblem. If we take
thisapproacthenwe areforcedto includecomplementarglacknesgonditionsaspartof
thenecessargonditionswhichis anaddedhonlineardifficulty. Both of thesemethodsalso
suffer from thefactthatana priori choiceof j is required.

As aresultof thesecomplicationswe have chosenfollowing Glowinski andLions (see
[49]) to includethe leadertargetgoal asa penaltytermin the objective function. Thatis,

we reformulate(IP2) as

ming, yp o (W3 (0) +plar(t),0)?dt + % [, (y(z,T) = Yi(z) )* do

subject to :

y— Ay =

y(z,0)
y(z,t)
pe+ Ap
p(z,T)
p(z,t)

= bo(.’L‘),
= bl(.’E,t),

= 0, (z,t)€qQ,

x €,

(x,t) e ' x (0,7),

= —ar (y(@,T) = Yr(z)), €4,

= 0, (z,t) el x(0,7T),

f, 1) +op(t) 6(z — ar(t)) + p(z,1)) 6(z — ar(t), (2,1) €Q

(IP3)

where;, is aspecifiedconstantBy choosingy;, sufficiently largewe can,in theory force
the deviation from the leadertargetto be lessthan g althoughsucha soluion will not, in

generalpethesoluion to the original problem(1P2).

We now derive the optimality conditionsfor this reformulatedoroblem.

Proposition 2. Let a;, andar befixed. If vz, y, andp areoptimal for the problem(IP3)
givenabove, thenthereexist functionsP(z, t) andY (z, t) in L?(0, T, Q) satisfying

V;+AY = 0, (z,t)€Q
Y(2,T) = =y P(@T) =7 (yY(=,T) - Yi(z)), =€,
Y(z,t) = 0, (z,t) €l x(0,7T),

P,— AP = —6(x—ap)(p(z,t) =Y (z,t), (z,t)€Q
P(z,0) = 0, €9,
P(z,t) = 0, (z,t) el x(0,T),
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anduvy, is givenby
v (t) =Y (ar(t),t), te€(0,7). (8.6.29)

Proof: If vz, y, andp areoptimalfor (IP3) thenthevariationalequation

T
/ (v (t) 90.(2) + plar(t), 1) Plar(t), 1)) dt + yp /(y(x,T) —Yi(z)) 2(z, T)dz = 0
0 Q
(8.6.30)
mustbe satisfiedfor every admissibé (v;,, z, p), i.e., for every (v;,, Z, p) satisfyng

Zv—AZ = 00(x—ar(t)) + plx,t) 6(x — ar(t)), (z,t) €Q, (8.6.31)
22,00 = 0, z€Q, (8.6.32)
Z(z,t) = 0, (z,t) e ' x (0,7), (8.6.33)

p+Ap = 0, (z,t) € Q, (8.6.34)

P, T) = —ywi(z,T), z€Q (8.6.35)
p(z,t) = 0, (z,t) €l x(0,T). (8.6.36)

Now multiplying (8.6.31)by Y (z, t) and(8.6.34)by P(z, t), integratingover @), andagain
applyingGreenstheoremwe obtain

/(E—!—AY),%(:U,t)d:vdt + /(Y(:U,T)é(x,T)—Y(:v,O)é(:v,O))d:v
Q Q

Z Y |
+ / V) L) - L) s, 1) dedt (8637
I'x(0,T) dn

dn
= /Q (0p(z,t) 8(x — ar(t)) + plar(t),t) 6(z — ap(t)) Y (z,t) dz dt

and

/Q (P, — AP)pla,t)dzdt + /Q (P(2,T) p(w, T) — P(z,0) p(z,0)) dz



UsingthevariousPDE’s andboundaryconditionsfor thefunctionsin (8.6.37)and(8.6.38)
we arrive at

e /Q P(z,T) 3z, T)dz — /Q (@, T) - Yi(x)) 5z, T) da

_ /O (p(t) Y (ar(t), £) + plap(t), £) Y (ap((8H.30)

and

- /0 (p(ar(t),t) — Y(ar(t), ) plar(t), t) dt + /Q P(z,T) j(z,T)dz = 0. (8.6.40)

Using(8.6.35)andrerrangingthetermsin (8.6.40)yields

VFAP(w,T)é(ﬁ,T)dw=/O plar(t),t) (plar(t),t) — Y (ar(t),)) dt.  (8.6.41)

Substituing this lastequationinto (8.6.39)yieldsthevariational equation(8.6.30).

With this derivationthe formulatedoptimizationproblem(OP) becomes

ming, o, 3 fOT (p(ar(t),t)® +Y(ar(t),)*)dt+ & [, (y(z,T) — Yi(z))* dx
subject to :

equations (8.6.10) — (8.6.15)

equations (8.6.23) — (8.6.29)

g(a) <0.
(8.6.42)

Several additionalcommentsneedto be madeconcerningthis formulation. First, the
relative sizesof the constantsy, and~y affect how accuratelythe differenttargetscan
be approximated.In orderto approximatethe leadertarget asaccuratelyaspossible,yy,
mustbe madelarge. However, the effect of increasingts sizeis influencedby the size of
~vr. Thus,asin thefirst formulationof this section,(SD), with a singleobjective function
incorporatingboth targets, the magnitudesf vr and~; requiredto achieve the desired
targetdeviationsmustbe determinedy experimentaton. Our preliminarynumericalstud-
ies have suggestedhatif bothtamgetsarein the objective functionandboth constantare
large, thentherecanbe difficultiesin achiezing corvergenceto the optimal solution. One
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of the goalsof the numericalstudydescribedn the next sectionwasto determinenow the
effect of differing scalesof magnitideon the choiceof thesdeaderandfollower constants
affectedthe optimal solutiors in the hierarchicalformulation Secondlyit shouldbe em-
phasizedhatin orderto provide usefulresultsthe optimal controlgeneratedy the model
mustbe implementable,e.g., wildly oscillatingoptimal controlsare undesireable Again
our studiego datehave indicatedthatthe controlsachiesedin the hierarchicaformulation
arebetterbehaed thanthosefrom (SD) for large valuesof the parametersBoth of these
conjecturesieedfurthertestirg and,if possble, theoreticagrounding.

Finally, it is clearthatthis formulatian of the problemis fundamentallydifferentfrom
othermodels As is well-documentedn the finite-dimensimal casesof bilevel program-
ming, an optimal soluion to a bilevel optimization problemneednot be a Pareto optinmal
solution in the senseof multiobjective optimizatian (see[120]) andthereis no reasonto
assumehatthis is not the casehere. Also, the inclusionof the follower control sitesa
aspart of the outeroptimization, ratherthanthe inner optimizaton problem,may seem
inconsisent. In formulatingthe problemin this manney we were againmotivatedby an
effort to make theproblemtractablecomplicatedandpossitly noncomwex) inequaliyy con-
straintsin the controllocationswould seriouslydegradethe ability to expressconciselythe
necessaryonditionsfor the inner problem. All of thesepointsspeakto the difficulty in
formulatingstateequationsandin solvinglarge scalemulticriteria optimizaton problems.
Theresultspresentedhererepresenaninitial effort in this direction.

We concludehissectionby observinghathierarchicakontrolmight profitablybeused
to formulatea multitude of importantscientificapplications For example,in the areaof
oil reserwir simulation onecanformulateoptimalwell placemenproblemsashierarchical
controlproblemswheredesiredwell productiongmightform mandatory(or leader)targets
while revenueor efficiency basedgoalsare a secondary(follower) targets. Problemsin
optimal airfoil designcan be viewed in a similar way with structuralconstraintsbeing
posedasleaderobjectvesandvorticity minimizing goalsbeingfollower targets. Remote
manipulato systemsJike thoseemplo/ed by space-craftare requiredto solve optimal
controlproblemsrapidly. In someinstancesthesesystens mustaccomplisha goalwhile
maintainng prescribeddistancedgrom otherpiecesof machinery Onecould formulatea
classof hierarchicaktontrolin whichleadertargetsincludeprimaryobjectvesandfollower
targetsmaintainminimal separatiorfrom sensitve machinerywheneer possble.
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8.7 Numerical Results

In this sectionwe reporton somenumericalexperimentswve have run to testsomeof the
issuesraisedby the formulationof the hierarchicalcontrol problemgivenin the preced-
ing section(alsosee[25]). The problemaddresseds that of the precedingsectionwith
the domain(2 takento be the unit squarewith the boundaryconditonschoseno be zero.
Moreover, we have assumedhatthe control sitesare not functionsof ¢ but constant.We
don't believe that thesesimpifications prohibit us from making preliminary assessmesit
aboutthe prospectdor this type of formulation. In any case we intendto continueexperi-
mention.

We hadsereralgoalsfor thesepreliminary numericalexperimens. First we wantedto
determinehe possibility of efficiently solvingthe problemin its hierarchicaformulation.
Secondye wantedio determinenow sensitve thesolutionswereto differentchoicesof the
constantsy;, and~y andto compareheseresultswith thoseobtainedoy solvingthe prob-
lemwith a singleobjective functioncontaininga weightedsumof thetargetdiscrepancies.
Finally, we wantedto ascertainf we couldsolve a problemwith noncowex constrainton
thecontrollocations.

We beagin by describingthe time discretization Let Ny be the numler of time steps
desiredsothatAt = NLT We will denotetheestimateof i atthenth time stepby y™ where
n = 1... Ny. If Nx denotegshenumberof spatialstepsin thez; andin thezx, directions,
the spatialstepis denotedoy A with ~ = ﬁ Thediscreteapproximatbnto y is

y(nAt,ih, jh) = y;';.
We follow the two-stepimplicit schemefor parabolicproblemsasoutlinedin Glowinski
[48]. Accordingly, we define

8y 1 n+1 n n—1
E((n +1) At) = AL (Byif ' — 4yl + i) -

Experiencewith thistime discretizatiorhasled usto useit on stiff problemsvhenwe need
to integrateto largevaluesof 7'. In suchcasesthefactthatit assuresinconditionaktability
andproducesainaccurag to secondrderin time amplyjustifiesthe storagecosts.

At eachtime stepwe mustsolve anelliptic problemto obtainy;fjl. The domainis so
simple thatwe usethevery comman finite-elementriangulaton of 2 consistingpf bisected
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squaresThe spaceof polynamials of degree< 1 is usedto form a finite dimengonal ap-
proximatonto L2(Q2) and H!(€2). More sophisicatedschemesrecertainlyavailablefor
both linear and nonlinearparabolicequations.However, for testirg optimizatian formu-
lations of the control problemhere, this simde numericalschemeis both adequateand
appropriate.For specificapplicationsmore specializedor hybrid discretizationsnay be
calledfor (seefor example[66]).

Two tamgetstatesy, (x) andyr(x), areusedto testthe performancef the formulation
of the control problemfrom section3. While a myriad of testshapesare possble, we
choosenespecificpair of testshapeshatillustratesbehaior seenn mostof ournumerical
experiments The leadertarget shapeis a smooh function with a peakof approximately
1.3atthepointz; = 1/3, zo = 1/2 andthefollower is a pyramid with a peakof unity at

thepointz; = %,332 = % (seeFigures8.1and8.2). Specifically thetargetfunctionsare
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Figure 8.1. Theleade target Figure 8.2. Thefollower target

yr(z) = 35x179(1 — o) (1 — 1)?,

8.7.43
yr(z) = 2min {6z — 4,3 — 5x9,5 — 521, by — 2} . ( )

Thesetestproblemsaresimilar to thoseusedto studyhierarchicalcontrolwith stationary
controls([13]).

As constrainton the controllocations,we requiredthatthe parameters; andar be
constrainedo be containedinside disjaint balls. The leaderlocation, a;, is constrained

to lie within the circle centeredat (1, 3) wherethe follower locationis constrainedo lie
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within thecircle centeredat (2, ;). Bothconstraint$iave radius0.15 sothatthetwo circles
donotintersectseeFigure8.7).

Leader
Control Follower

Control

l \

Spatial Domain

Figure 8.3. Geometriccongraints sepaatingthe controls

Theoptimizaton problemthatarosefrom ourformulationwassolvedusingasequential
guadraticprogrammirg (SQP)algorithm The specificsof the algorithmare containedn
[24] andatheoreticaknalysighatcanbefoundin [23].

Thenumericalresultsaresummarizedn Table8.1togethemwith Figures8.4-8.9.The
first two columnsof of Table8.1 give the problemsize. Thevaluesof v;, andvr aregiven
in the third column. The next two columnsgive the relative discrepang betweenstate

variablesandtargetsin the L2 norm. Thefinal two columnsof thetablereportonthenorm
of thecontrols.

Our problemformulationworked well with our numericaloptimizaton algorithm. In
numericalresultsnot presentedherewe were ableto solve problemswith valuesof v as
large as 1.e16 and valuesapproachingnachineprecision. Here we concentrateon the
resultsfor morereasonablealuesof v. In Figures8.4, 8.6 and8.8 the dottedanddashed
profilesrespectrely denoteleaderandfollower target profilesalongtheline z, = % The
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Nx | Nr | (yr,71) lye = yllez/llyellz || lye = yllez/llyellee | llvell | llvcll

64 || 32 || (1.e+3,1.e+3 2.395302 0.4873116 25.774| 3.4065
64 || 32 || (1.e+6,1.e+3 2.181885 0.4978943 151.05| 28.420
64 || 32 || (1.e+3,1.e+6 2.415231 0.2635630 34.279| 448.49
128 32 || (1.e+3,1.e+3 2.371236 0.4732074 28.195| 3.5591
128 32 || (1.e+6,1.e+3 2.200413 0.5009123 155.89 29.093
128 32 || (1.e+3,1.e+6 2.418927 0.2701232 34.861| 449.12

Table 8.1. Numericd Performane Summary

solid lines are the statevariabley at terminaltime T = 1 alsoalongthe line z, = %
Clearly both the leaderandfollower targetswere approximately attained.In Figures8.5,
8.7 and8.9 theleaderandfollower controls,v, (t) andvg(t) areshovn for ¢ € (0, 1], by
solid anddashedines respectiely. In Figure 8.5 the total variationsin the two controls
arecomparablevhile in Figure8.9 thevalueof v is large enoughwhencomparedwith
~1., thatthe effect of the leadercontrolis greatlydiminished. In factthe follower control
oscillatedsoviolently thatit eclipsedthe behaior of theleadercontrol. Finally, it is worth
notingthatfor thenumericalexamplespresentedhere theoptimallocationof bothcontrols
wasinsidethe constraintircles.

Our numericalexperiencadllustratedthatthedifficulty of the SQPalgorithmin solving
the hierarchicalproblemtestedhereincreasedvith the valuesof the penaltyparameters
~vr and~vg. This factis not surprisng in light of the fact that similar behaior hasbeen
obseredfor the caseof hierarchicakcontrolof Burgers’ Equation([65]).

8.8 FutureResearch

The freedomto specify multiple tarmgetsis extremelyimportantfor mary practicalprob-
lems. The high cost of solving multicriteria optimization problemssuggest that there
may be instanceswherehierarchicalcontrol problemformulations couldyield a computa-
tional advantagein an affordableway. We planto investgatethe useof this formulation
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techniqueto attackmore complicatedphysicalphenomenaincluding thosemodeledby
nonlinearequationsWe anticipatetheideaswill befruitful whenformulating problemsof
optimalwell placementcontaminantransportandbioremediatioramongothers.
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A rSQP++ Equation Summay and Nomenclature Guide

Thisis asummaryof the mathematicaéxpressios in anrSQPalgorithmandthequan-
titiesin therSQP++implementation.This guide providesa precisemappingfrom mathe-
maticalquantitieso identifiernamesusedin rSQP++.

Standard NLP Formulation
min  f(z)
st. ¢(z)=0

where:
x,rr,ry € X
flz): X >R
c(z): X = C
X e R"
CeR™

Lagrangian

VaeL(z,X) = V2 f(z) + > \V7¢i(z)
7j=1

where;:
AeC

v=vy—vy € X
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Full SpaceQP Subproblem (Relaxed)

min  g'd+ d"Wd+ M(n)
st. ATd+(1-n)c=0
zp —xp < d< Ty —T)
where:

d= Tyl — Tk € X
g=Vf(zx) € X

W = V2, L(zk, \) € X|X
M(n) € R—> R
A=Vc(z) € XIC
c=c(zg) € C

Null-SpaceDecomposiion

Z € X|Z st.(4)TZ =0
Y e XY s.t.[ Y Z ] nonshgular
R=[(Ag)TY] € Cq|Y nonshgula
U. = [(4,)7Z] € Cu|Z
Uy = [(A)7Y] € CulY
d=(1-n)Ypy+ Zp,
where:
p, € 2 C R(n7)
py €Y CRT

Quasi-Normal (Range-SpacepBubproblem

Py = _Rilcd €y

Tangential (Null-Space)Subproblem (Relaxed)
where:

9qp = (gr +Cw) € Z

bLE.’BL—:L‘k—Ypy e X

min quppz + 1/szsz + M(n) ow=72"g € Z by =2y —xp, —Ypy € X
st. Up,+(1—-nu=0 w=Z"WYp, € Z
br < Zp, — (Ypy)n < by ¢E€R
B~Z7Z"WZ € 2|2
U, =[(4u)" 2] € Cu|2

Uy, = [(AU)TY] € Culy
u=Uypy+cy € Cy

250




Variable-Reduction Null-Space

Decompositons

C € Cy4lXp
N € CqlXr
E € Cy|Xp
F € Cy|X;

(nonsingular)

Coordinate
=1
4| -C N]
I
I
Y =
0

Orthogonal

=—-C7IN ¢ XD|X]

D
7 = ]
I
_ I
Y = _pr
R=C(I+DD")
U,=F+ED
Uy:E—FDT
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Mathematical Notation Summary and rSQP++ Identifier Mapping

Mathematical

Iteration

kel;

NLP

n € It

m € I,

X e R?

C e R

r e X

r, € X

zy € X

f@ € R

g=Vf(r) e X

c(z)l, € C

A=Vc(z)|, € XIC

Lagrangian

AecC

ve-xX

Vo L(zg, Ak, V)
e X

W =

V2o L(zk, k)
€ XX

SQP Step

d e X

71 € R

Null-Space Decomposition

T‘EI_|_

[1:7r] € I_|2_
[r+1:m] € I7
Cs € R

rSQP++

n
m

space X
space ¢
X

Xl

Xu

f

Gf

c

Gc

lam bda
nu
GL

HL

eta

r
con _deco mp
con _unde comp
space ¢

.Su b_space(
con _deco mp)

Description
Iteration courter for the SQPalgorithm

Numberof unknown varialdesin x
Numberof equdity constaintsin ¢(z)
Vectorspae for

Vectorspae for c¢(z)

Unknownvarigbles

Lower bourdsfor varialdes
Upperbourdsfor varigbles

Objective function value at z

Gradien of the objective function at =
Generé&equalty condraints evaluagedat x
Gradien of ¢(x) evaluaedatz, Ve = [ Ve Ve ]
Lagrarge multipliers for the gereral equaity constrairts
Lagrarge multipliers (spase)for the varialde bourds
Gradiert of the Lagrargian

Hessiarof the Lagrangan

Full SQPstepfor the unknownvariables,d = (zx41)* — zp
Relaxdion varialde for QP subpoblem

Numberdecommsedequdity constaintsin ¢
Rangefor decompsedequdities ¢; = (1)
Rangefor undecompose equdities ¢, = ¢y 1:m)
Vectorspae for decmposedequalties ¢
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C, € Rm7)

cd = cr) € Cq

)
<

Z e RO

Y eR

Z € X|Z

Y € X|y

R= [(Veg)"Y]
c CdD;

U, = [(VCU)TZ]
€ CylZ

Uy = [(Veu)"Y]
€ CulY

p, € Z

Zp, € X

py €Y

Yp, € X

gr=2TVf e Z

ZrVL € Z

w R ZTWYpy € Z
BrZ2"WZ € Z|Z
Reduced QP Subproblem

9op = (gr + Cw)
A
(€eR

Global Convergence

a € R

b €R

$(z) : X =R
(@) € R

= C(r+1:m) € Cu

space ¢
.Su b_space(

con _unde comp)
c.s ub_view (

con _.deco mp)
c.s ub_view (

con _unde comp)
Z.s pace rows ()

Y.s pace rows ()
z
Y
R

Uz

Uy

pz
Zpz
py
Ypy
rGf
rGL
w
rHL

gpgrad
zet a
alp ha
mu

merit _func _nlp
phi

Variable Reduction Decomposition

l:r] € I2

var _dep

Vectorspae for undecompasedequaltiesg,

Vectorof decompsedequalties
Vectorof undeomposecdequaities

Null space. Accesgdfrom the matrix objed Z.
Quasi-Rangspace. Accesedfrom the matrix objed Y.
Null-spacematrix for (Veg)™ ((Veg)T'Z = 0)
Quasi-angespacematrix for (Veg)T ([Y Z] nonsngular)

Tangenial (null-space)step

Tangenial (null-space) contribution to d
Quasi-rormal (quas-range-spa&e) step
Quasi-rorm (quasi-rarge-sgace)contribution to d
Reducel gradientof the objedive function
Reducel gradeentof the Lagrangan

Reducel QP crossterm

Reducel Hessiarof the Lagrangan

Gradien for the Redued QP subpgoblem

QP crosstermdampirg paramegr (des@ntfor ¢(z))
Steplengthfor zx 1 = zx + ad
Penaltyparameteusedin the merit function ¢(z)
Merit function objectthat computes ¢(x)

Valueof themeritfunction ¢(z) atx

Rangefor depemientvariebleszp = z 1.,
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[r+1:n] € I2
Qz € X|X
Qc € C[C
Xp € R"

X; € R(n=7)

rp € Xp
Ty € Xr

C = VDcd(a:k)T
= (AT)(I:T,I:T)
€ Cq|&Xp

N = Vicq(zp)T
= (AT)(I:T,H—l:n)
€ Cq|Xr

E = VDCU(JI]C)T
= (AT)(T-H:m,l:r)
€ Cu|XD

F =Vic,(zp)”
= (AT)(T+1:m,T+1:n)
S CulX]

var _inde p
P_var

P_equ

space X

.Su b_space(

var _dep)
space x

.Su b_space(

var _inde p)
X.S ub_view (

var _dep)
X.S ub_view (

var _inde p)
C

Rangefor independent variadeszy = z(,1.,)
Permuatiao for thevariablesfor current bass
Permuatio for the constaintsfor current bass
Vectorspae for dependent variades zp

Vectorspae for indepene@ntvariablesxzy

Vectorof depemlentvarialdes
Vectorof independen varialdes

Nonsirgular Jacdian submatrk (basig for dependent
variableszp anddemmposedtonstaintsc(z) at zy

Jacdiansulmatrix for indepenentvariadesz; andde-
compasedconstrairns ¢y (z) atxy

Jacdian submatrix for depanden variades zp andun-
decanposedcorstrairts ¢, (z) atzy

Jacdiansubmatix for independet variadesx; andun-
decanposedcorstrairns c, (z) atzy
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B Installation of rSQP++

The C++ sourcecodefor rSQP++,its supportng packagesanda few simpleexamples
aredistributedasa ssinglesourceree. Thebuild systemusesGNU make whichis available
onLinux, Unix andevenMicrosoft Windows (usingcygwin). Thebuild systemis designed
primarily for developnent work and thereforenot as easyto install aswith installaton
methoddasedn GNU automale andautoconf.Thedistribution comesasa gzipedtar file
of thenamerSQPpp.t ar.gz . To install the coredistribution (assuminga Linux/Unix
system)createa basedirectoryanduntarthe sourcesFor example,assumingheuseridis
joesmit h andthetarfile is in Joes homedirectory Joewould performthefollowing

$ mkdir /home/jo esmith/r'S QPpp.base
$ cd /home/j oesmith/r SQPpp.base
$ tar -xzvf /homel/joe smith/rS QPpp.tar. gz

An ervironmentvariableRSQPPEBASEDIR shouldthenbe setto the basedirectory
for rSQP++asfollows (assuminghebash shellis beingused)

$ expor t RSQPPPBASE_DIR=home/joe smith/rSQ Ppp.base

This environmentvariable (aswell asa few others)is usedextensvely by the build
systemandthetestsuite.

Theuntaredsourcetreeshouldlook lik e the following

$RSQPP_BASE_DIR/

I
- rSQPpp/
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|- AbstractL inAlgPack
|

--  design

-- doc

I
|-- ExampleNL PBanded

I

I

I

I

I

I

I

I

[-- examples
I

I

I

I

I

[-- design
I

I

--  testing

For detailedup-to-datenformationontheinstalation of rSQP++or variousplatforms,
seethefile

$RSQPP_BASEDIR/ISQ Ppp/README

Theabose READMEile referenceseveralotherREADME files thatdescribethe build
system the Doxygendocumentabn system the testsuiteandothertopics. Theincluded
testsuiteis fairly extensve andis selfchecking.Thetestsuiteshouldbuild andrunsuccess-
fully beforeany work with rSQP++attemptedThetestsuiteis alsoextensble andallows
anadwanceaduserto easilyaddnew testmoduksthatcanberunwith a single command.

Oncetheproperervironmentvariablesaresetupthe Doxygengenerateditml pagesan
be generatedBeforethedocumentabn canbe generatedthe Doxygenconfiguratiorfiles
mustbe setup.To find outhow to do this seethefile

$RSQPP_BASEDIR/rSQ Ppp/doc/R EADME.DOOMENTATI®
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After the configurationfiles are setupthe doxygendocumentatin canbe build using
thescript

$RSQPP_BASEDIR/rSQ Ppp/build _doc.

For mostusers,however, building the documentatio locally is not necessarys pre-
build documentatin canbe foundat

RSQPPEBASEDOC/html /index.ht  ml
whereRSQPIP_BASEDOC is the URL to therSQP++documentatin website.

Although, using Doxygenfor your own sourcecodecanbe very usefulin helpingto
navigatethecode.

Thesimplestway to getstartingin solvingacustomNLP usingrSQP++s to adda new
projectto the rSQP+ build system. Thereis a HowTo file that describeghe processof
addinga new projectto thebuild systemwhich canbefoundat

SRSQPIP_BASEDIR/rSQ Ppp/doc/H owTo.NewBuildProje ct .

UsingtherSQP++build systemis optional asit is possibé to simply includethe proper
Cppdirectivesin your own build systemandthento link to precompiledSQP++libraries
but thiswill bemuchmoreinvolved. UsingtherSQP+ build systemis mucheasier

For simpler useof rSQP++,it is possibleto usethe solversthroughoneof the prehuilt
interfacesto modelirg ernvironmens like AMPL (see???). See??? for a descriptionof
someexampleNLPsfor rSQP++.

IRSQPPBEBASEDOC = http://dyn opt.cheme. cmu.edu/ros coe/rSQPpp/ doc
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C Descriptions of Individual rSQP++ Packages

M sc : HeterogeneougCollection of Utilities

Misc is nota packaggi.e. C++ namespace ) atall. Instead,it is just of heterogeneous
collectionof generalprogrammig utilities thatreally do not belongto ary otherhigher
level packageexclusively. This packages not shovn in Figure 4.3 but all of the other
packageslependon componentsn Misc. Most of theseutilitiesfall into oneof two cate-
gories:memorymanagemerdndoptiors setting.

Thereare sereral C++ classedo aid in memorymanagementSince C++ allows dy-
namicmemoryallocation,doesnothave garbagecollection,andusespointersto rawv mem-
ory, memorymanagemenis one of the moredifficult, if not the mostdifficult, aspecto
usingC++. By far, the mostimportantutility classfor memorymanagemeris MemMg-
Pack::r ef _count ptr<T >. Thisis atemplatedsmartreferencecountedpointerclass
modeledafterstd:;:au to _ptr<T> andtheideasin [76]. Thecarefulandconsiséntuse
of objectsof this classeffectively allow garbagecollectionin C++. Many otherstratgies
have beenproposedor automatianemorymanagemerith C++ but thestyleusedby ref-
_count _ptr<T> is the mostflexible in mary respects.This classformsthe foundation
for all dynamtc memorymanagemernit rSQP++andits lower level packagesThe devel-
opmentof this classhasbeenvery significantandhasallowedthingsto bedonein rSQP++
thatwould have beennearlyimpossibleto do otherwise.

Whileref _count _ptr<T> is morethanadequatéor memorymanagemenwvhenall
thepeersknow atleasta baseclassof theobjectsto begarbagecollected thisis notalways
possibé (unlike Java[113], C++ doesnothave auniversalbaseclasscalledObject from
which all otherclasseglerive). For example,suppos onepeeris given a pointerto a row
of a dynamicallyallocatedmatrix while anotherpeeris given a pointerto a column of
the samematrix. Also, supposehatfor the sale of flexibility, thesesamepeersmay be
givenpointersto separatelallocatedvectorsto use.In eachcase pnceeachof the peerds
finishedusingthevectorsthey have beengiven, it is importantthatthe memoryis released
sothatamemoryleakdoesnotoccur In thelattercasepnceapeeris finishedwith avector
the separatehallocatedbuffer of memoryshouldbereleasedThisis doneindependemy
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of theotherpeer However, in theformercasethe dynamicallyallocatedmatrix shouldnot
bereleasedintil bothof the peersarefinishedusingvectorsfrom this matrix.

Sothe basicideahereis that a client may be given an objectof onetype thatis de-
pendenton someotherdynamicallyallocatedobject(s),but doesnot know how to prop-
erly releasememory associatedvith the object onceit hasfinishedusingit. To allow
this type of greaterflexibility in memorymanagementthe abstractinterface MemMg-
Pack:: Rel easeResour ce hasbeendefined. The useof this classis very simple. A
client is given an objecta of known type A to interactwith and a pointerr to a com-
panionRel easeResour ce object. Oncethe client is finished using the objecta, it
callsdelete r andthe overridden virtual destructomr->"Rele aseResour ce() is
called on an objectthat knows what to delete. A single subclassmplementatn of the
Rel easeResour ce interfacecalledReleaseR esource ref _count ptr hasbeen
implementedusingtheref _count ptr<T> class.Whentheoverriddenvirtual function
Release Resource ref _count ptr::"Rel easeResou rce ref count ptr()
is called, it calls the destructoron the composie ref _count ptr<T> memberptr
which callsdelete  onthe raw memoryto be released.This might seemlike muchado
aboutnothing but thesetwo classeshave beensufficient for all the (sometmescomple)
memorymanagementn rSQP++. This importantconceptwasdesignedate in the devel-
opmentof rSQP++but hasallowedthecreationof somemuchmaoreflexible softwaresince
its adoption.

While theclassedMemMngRck::ref  _count ptr<T> andMemMgPack:: Rel ease-

Resour ce allow theflexible deletionof anobjector objectsaftera clientis finishedusing
them, they do not allow the flexible creationof objects. For this purpose the interface
MenmivhgPack: : Abst ract Fact or y<T> hasbeendevelopedwhichis auniversaltem-
platedinterfacefor the “factory” pattern[???]. The singlevirtual methodis cr eat e()
whichreturnsaref _count _ptr<T> objectcontainirg the allocatedobject. Thereis a
singlesubclass

namespace MemMngPack{

template  <class T_itfc, class T_impl, class T_PostMod = PostModNothin g<T_impl>
.class  T_Allocator = AllocatorNe w<T_impl> >
class AbstractFa ctoryStd : public AbsractFa ctory<T_itfc>
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whichistemplatedntheinterfacetypeT_itfc  thatis representetlytheAbst r act -

Fact or y baseinterface,the concreteimplementatiortype T_impl , andalsoby policy
classeghatdeterminehow the underlyingobjectis allocated(T PostMod ) andhow it is
modified after allocation(T_Alloc ator ). The policy classeshave default typeswhich
allocateusingnew (Allocato  rNew<T impl> ) anddo no postmodificationafter the
initial construction(PostModNo thing<T _mpl> ). Using thesepolicy classeswith
the C++ temphte mechanisma to createdifferentinstantationsallows completeflexibil-
ity in how objectsare allocatedandinitialized andthereforethe Abstr actFactor y-

Std<... > subclasss really the only abstracfactorysubclasseeded.

Aside from thetype of generaldynamicmemorymanagementatthe C++ operators
new anddelete andtheC functionsmalloc (...) andfree(... ) weredesigned
for, thereis alsoa needfor generalworkspacehatis usedduring the executon of a C++
function. In Fortran77, this type of memorymustbe explicitly passednto a subroutine
and cluttersthe interface. In Fortran 90, this type of memorycan be createdon-the-fly
within asubroutineput mostimplemenationsallocatethis memoryfrom the stackandnot
theheap.The Fortran90 implemenation of automatiovorkspacehascausedoroblemson
severalplatformswhenallocatinghugeamountsf data.Whatis neededs a moreflexible
meangto efficiently allocateandreleasewvorkspaceusedin a function. For this purpose,
thetemplatectlassWorkspa cePack::W orkspace< T> hasbeendesignedObjectsof
this type canonly be allocatedon the stack(i.e. operatorsnew anddelete have been
madeprivate and are not definedas discussedn [76]) and mustbe given a referenceto
a Workspac ePack::Wo rkspaceSt ore objectwhich is usedto obtaina temporary
buffer of data.The currentimplementatiorof Workspac eStore allocatesalarge chunk
of memoryatoncefrom theoperatingsystemandthengives it outasneeded Any memory
demanddeyondthe preallocatecamountare handledby new. The Workspac eStore
implementationalsokeepsstatigics thatcanbeusedfor fine tuningthememoryusagdater
on. Becausef theorderthatC++ createsanddestrysautomaticobjectsthatareputonthe
stack,theimplemenationsof Workspa cePack:: Workspace <T> andWorkspac e-
Pack::W orkspaceS tore arevery simpleandrequireonly O(1) overhead. This is
very differentfrom theoverheadhatcanoccurfrom usingmalloc(.. .) becausefthe
morecomple tasksthe operatingsystemhasto performto manageheheap(i.e. regulate
fragmentatioretc.) asdescribedn [110, Section8.6]. Seethe file Workspace Pack.h
for moredetails.
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Aggregationandcompositon aresocommonandthe tasksof writing accesgunctions
anddatamemberdor C++ classewith aggrejateobjectsare so monobnousthat prepro-
cessomacroshave beenwritten to automaticallyinsertall the neededdeclarations.The
macro

STANDRDMEMBEROMPOSITON MEMBER(type name,a ttribute name)

is usedto insertto declarationdor a simple memberobjectof a concreteclasswith
valuesemanticsFor example,optiors suchastolerancegi.e.type _name = double ),
flags(i.e.type _name = bool ) andmaximumiterationcountgi.e.type nname = int )
canbeincludedin a classinterfaceusingthis macro. This hasrelievedthe writing of a lot
of boiler platecodethathadto bewritten by handbefore.However, mary objectsarepoly-
morphicanddonotusevaluesemanticgi.e.thosethatareinstantationsof asubclass)For
composiiton relationshps (i.e. memorymanagementbligaions assumedjor thesetypes
of objects(both polymorpht andnon-polynorphic)the macro

STANDRDCOMPOSION MEMBERS{asetype _name,obj name)

hasbeendefined.This macroinsertsthe declarationgor the memberaccesgunctions
andincludesaprivate datamembelof typeref _count _ptr<baset ype -name>tohan-
dlethedynamicmemorymanagement-or thesetypesof compositeassociatios, whenthe
client objectis destryed, the composie objectobj _.name may alsobe destrged (if no
otherclientsareusingit) andref _count _ptr<T> takescareof thisautomatically For
associationthatarestrictly aggreate(i.e. no ownershipof memoryis assumeddhemacro

STANDRDAGGRESGTION.MEMBERS{asetype _name,obj name)
is used.This macroinsertsa privatedatamembetrthatis a simple pointet

Anotherveryusefulclasss Optio nsFromStr eamPack:: OptionsFr omStream.
This classallows optionsto be readfrom a text stream,which is formattedin a very hu-
manreadableself documentig manner Many of the majorclassesn rSQP++canaccept
optionsin thisform. Theseoptiors canbeincludedin afile or generatedhn a stringwithin
code. Strictly speakingthis is a weakly typedway to specify optiors but thereare a lot
of safgguardsthat make its usemore or lesshulletproof. For example,seehow this text
streamis formattedin Section4.3.1.1. A lot more could be said abouthow to usethe
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classOption sFromStre amfrom both a users anddeveloper’s point of view, but the
interestedusercanlook in thecodefor examples.
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D Samplesof Input and Output for rSQP++

Here,portionsof theoutputgeneratedor theexampleprogrameExampleNLPBand ed
is given. Linesin the outputconsistingof threedots

arefor partsof the outputthat have beenommited for the sale of space.This output
wasgeneratedisingthecommandine

$ ./solve_exam ple_nlp --nD=30000 --bw=10 --nl=400 --diag-scal=1e+4 --x0=10.0

andtheoptionsfile shavn in Section8.8. The outputto theconsoles shavn in Section
8.8while exceptsfrom the outputfiles rSQPppAlgo.out , rSQPppSummary.ou t and
rSQPppJournal.ou t areshovnin Sections3.8-8.8.

Notethatthe contentof the outputmay be differenta morecurrentversionof rSQP++
thantheoneusedatthetime of thiswritting. However, thegeneralayoutof theinformation
will begenerallythesame.

Input file r SQPpp. opt

begin_options

options_group rSQPppSolver {

test_nlp = true; *** (default)
test_nlp = false;
print_algo = true; *** (default)
* print_algo = false;
algo_timin g = true; *** (default)
* algo_timing = false;
configurat ion = mama_jama; **% (default)
configuration = interior_po int;

}

options_group rSQPSolverClientin terface  {

* max_iter = 1000; *** (default?)
* max_iter = 3;
* max_run_time = 1le+10; *** (default?)
opt_tol = le-6; *% (default?)
opt_tol = le-8; ** (default=1e-6)
feas_tol = le-6; **% - (default?)
feas_tol = 1e-10; ***  (default=1e-6 )
* step_tol = le-2; *% (default?)
* journal_output_lev el = PRINT_NOTHING * No output to journal  from algorithm
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* journal_output_lev el = PRINT_BASIC_ALGORITHM_INFO; * O(1) information usually

journal_ou tput_level = PRINT_ALGORITHM_STEPS; * Ofiter) output to journal (default)
* journal_output_lev el = PRINT_ACTIVE_SET; * Of(iter*nact) output to journal
* journal_output_lev el = PRINT_VECTORS * O(iter*n) output to journal (lots!)
* journal_output_lev el = PRINT_ITERATI ON_QUANTITIES; * O(iter*n*m) output to journal (big lots!)
* journal_print_digi ts = 6; ** (default?)
check_resu Its = true; **%  (costly?)
* check_results = false;  ** (default?)
}
options_group DecompositionSyste ~ mStateStepBuilderS  td {
null_space _matrix = AUTO; *** Let the solver decide (default)
* null_space_matrix = EXPLICIT; ***  Store D = -inv(C)*N explicitly
* null_space_matrix = IMPLICIT; =% Perform operations implicity with C, N
range_spac e_matrix = AUTO; ** |et the algorithm decide dynamically (default)
* range_space_matrix = COORDINATE; ** Y =] I; 0] (Cheaper computation ally)
* range_space_matrix = ORTHOGONAL; *** Y = [ I, -N*inv(C’) ] (more stable)
max_dof_qu asi_newton_dense = 500; ** (default=-1, let the solver decide)
}
options_group rSQPAIlgo_ConfigMam aJama {
quasi_newt on = AUTO; ** Let solver decide dynamical ly (default)
* quasi_newton = BFGS; **  Dense BFGS
* quasi_newton = LBFGS; ** Limited memory BFGS
* line_search_method = AUTO; w* Let the solver decide dynamically (default)
* line_search_method = NONE; **  Take full steps at every iteration
line_searc h_method = DIRECT; **  Use standard Armijo backtracking
* line_search_method = FILTER; **% - Filter
}
options_group NLPTester {
* print_all = true;
print_all = false; *** (default)
}
options_group NLPFirstDerivative sTester {
* fd_testing_method = FD_COMPUTE_ALL;** Compute all of the derivatives (O(m))
fd_testing _method = FD_DIRECTIONAL; ** Only compute along random directions (0(1))
num_fd_dir ections = 1; *** [fd_testing_method == DIRECTIONAL]
warning_to | = le-10;
error_tol = le-5;
}
options_group CalcFiniteDiffProd {
* fd_method_order = FD_ORDER_ONE; ***  Use O(eps) one sided finite differences
* fd_method_order = FD_ORDER_TWO; ***  Use O(eps2) one sided finite differences
* fd_method_order = FD_ORDER_TWO_CENVIR ** Use O(eps’2) two sided central finite differences
* fd_method_order = = FD_ORDER_TWO_AUTO; ** Uses FD_ORDER_TWGENTRALor FD_ORDER_TWO
* fd_method_order = FD_ORDER_FOUR; ***  Use O(eps™4) one sided finite differences
fd_method_ order = FD_ORDER_BUR_CENTRAL;*** Use O(eps4) two sided central finite differences
* fd_method_order =~ = FD_ORDER_FOUR_AUTO  ** (default) Uses FD_ORDER_FOR_CENTRALor FD_ORDER_FOUR
* fd_step_select = FD_STEP_ABOLUTE; *** (default) Use absolute step size fd_step_size
* fd_step_select = FD_STEP_REATIVE; ** Use relative step size fd_step_size *||x||inf
* fd_step_size = -1.0; ** (default) Let the implementa tion decide
* fd_step_size_min = -1.0; ** (default) Let the implementation decide.
* fd_step_size_f = -1.0; ** (default) Let the implementation decide
* fd_step_size_c = -1.0; ** (default) Let the implementation decide
* fd_step_size_h = -1.0; ** (default) Let the implementation decide
}
end_options
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Consoleoutput

Thefollowingis outputto the console.

$ ./solve_exam ple_nlp.rel --nD=30000 --bw=10 --nI=400 --diag-scal=1 e+4 --x0=10.0

*»*  Start of rSQP lIterations bl

n = 30400, m = 30000, nz = 599910

k f llclls |IrGL]||s QN #act ||Ypyl|2 |1Zpz||2 ||d]|inf alpha
0 1.5e+006  1.2e+007  1.2e+002 IN 0  2e+003 4e+005 2e+003 0.001
1 7.1e+005 1.1e+007 41 sK 0  1e+003 1e+005 6e+002 0.01
2 7.7e+004  3.7e+006 0.35 SK 0  2e+002 2e+002 6 1
3 3.2e+004  1.1e+006 0.23 SK 0  1e+002 8e+001 3 1
4 1.5e+004 3e+005 0.64 SK 0 6e+001 1e+002 6 1
5 4.4e+003 5.1e+004 2.4 SK 0 8e+001 4e+002 8 0.1
6 2.5e+003 3.3e+004 0.4 SK 0 3e+001 4e+001 2 1
7 8e+002 9.6e+003 0.03 SK 0 3e+001 1 0.2 1
8 4.5e+002 6e+002 0.6 SK 0 1 3e+001 2 1
9 0.78  1.2e+002 0.014 UP 0 1 0.1 0.01 1

k f llclls |IrGL||s QN #act ||Ypy|l2 |1Zpz||12 ||d||inf alpha
10 0.012 3.3 0.019 sK 0 0.01 0.2 0.02 1
11 2.1e-007 0.12 8.7e-005 UP 0 0.0002 0.0006 9e-005 1
12 3.4e-015 2.1e-005 3.6e-008 UP 0 2e-008 8e-008 4e-008 1
13  6.3e-024 1.5e-012 3.3e-012 - - le-015 - -

Total time = 6e+001 sec

Jackpot!  You have found the solution!!!! !

Number of function  evaluations:

f(x) 96

c(x) 96

Gf(x) 15

Ge(x) 15

Solution Found!

Output file r SQPppAl go. out

*+% Algorithm information output il
ok ok
**+  Below, information about how the the rSQP++ algorithm is Hork
** setup is given and is followed by detailed printouts of the **
** contents of the algorithm state object (i.e. iteration ok
% quantities ) and the algorithm description printout ok
wx (if the option rSQPppSolver: :print_algo = true is set). ok

*
*** Echoing input options
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Setting up to run rSQP++ on the NLP using a configurat ion object of type 'class
***  rSQPAIlgo_C onfigMamaJama configuration ok
ok ok
**  Here, summary information about how the algorithm is ok
*x  configured is printed so that the user can see how the ok
** - properties of the NLP and the set options influence il
** how an algorithm is configured. ok
***  Creating the rSQPAIgo algo object
**  Setting the NLP and track objects to the algo object
**  Probing the NLP object for supported interfaces
Detected that NLP object supports the NLPFirstOrde rinfo interface!
range_space_ma trix == AUTO:
(n-r)"2*r = (400)"2 * 30000 = 505032704 > max_dof quasi_ne wton_dense™2 = (500)'2 = 250000
setting range_space_mat rix = COORDINATE
**  Setting option defaults for options not set by the user or determined some other way ...
null_space_mat rix_type == AUTO: Let the algorithm deside as it goes along
*** End setting default  options
** Sorting out some of the options given input options
quasi_newton == AUTO:
nlp.num_bounde d_x() == 0O:
n-r = 400 <= max_dof_qu asi_newton_dense = 500:
setting  quasi_newton == BFGS
***  Creating the state object and setting up iteration quantity objects
**%  Creating and setting the step objects
Configuring an algorithm for a nonlinear  equality constrained NLP ( m> 0 & & ml == 0 && num_bounded_x == 0)
*x  Algorithm  Steps ***
1. "EvalNewPoi nt"
(class  ReducedSpace SQPPack::EvalNewPo intStd_Step)
2. "RangeSpace Step"
(class  ReducedSpace SQPPack::RangeSpac eStepStd_Step)
2.1. "CheckDecompositio nFromPy"
(class  ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)
2.2.  "CheckDecompositio nFromRPy"
(class  ReducedSpace SQPPack::CheckDeco mpositionFromRPy_  Step)
2.3. "CheckDescentRange SpaceStep"
(class  ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)
3. "ReducedGra dient"
(class  ReducedSpace SQPPack::ReducedGr adientStd_Step)
4. "CalcReduce dGradLagrangian”
(class  ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)
5. "CheckConve rgence"
(class  ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)
6.-1.  "CheckSkipBFGSUpd ate"
(class  ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)
6. "ReducedHes sian"
(class  ReducedSpace SQPPack::ReducedHe ssianSecantUpdate  Std_Step)
7. "NullSpaceS tep"
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8.

9.-2.

9.-1.

9.

Hkk

clas

Hohk

Hkk

(class  ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

"CalcDFromY PYZPZ"

(class  ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)

"LineSearchFullSt ep”

(class  ReducedSpace SQPPack::LineSearc hFullStep_Step)

"MeritFunc_Penalt yParamUpdate"

(class  ReducedSpace SQPPack:MeritFunc _PenaltyParamUpda teMultFree_AddedSt ep)

“LineSearch "

(class  ReducedSpace SQPPack::LineSearc  hFailureNewDecomp ositionSelection_S tep)
NLP ***

s NLPInterfacePack: :ExampleNLPBanded

Iteration Quantities bl

Algorithm Description bl

"EvalNewPoi nt"

(class  ReducedSpace SQPPack::EvalNewPo intStd_Step)

**  Evaluate the new point

and update the range/null decomposit ion

if nlp is not initialized then initialize the nlp

if x is not updated for any k then set x_k = xinit

if m>0 and Gc_k is not updated Gc_k = Gec(x_k) <: space_x|spac e_c
if ml >0 Gh_k is not updated Gh_k = Gh(x_k) <: space_x|space_h

if m> 0 then
For Gc_k = [ Gc_k(:;,equ_de

comp), Gc_k(:,equ_ undecomp) ] where:

Gc_k(:,equ_deco mp) <: space_x|spa ce_c(equ_decomp) has full column rank r

Find:
Z_k <: space_x|space_nu
Y_k <: space_x|space_ra
R_k <: space_c(equ_deco

Il st Gc_k(,equ_deco mp) * Zk =0
nge st [Z_k Y_K] is nonsigular
mp)|space_range

st. R_k = Gc_k(:,eq u_decomp) * Y_k

if m>r : Uz_k < space_c(equ_un decomp)|space_nul |

st. Uz k = Gc_k(,equ_undeco mp) * Z k

if m>r : Uy k < space_c(equ_un decomp)|space_ran ge

st. Uy k = Gc_k(,equ_undeco mp) * Y_k

if ml >0 : Vz_k < space_h|space _null

st. Vz_k = Gh k * Zk

if ml >0 : Vy k < space_h|space _range

begin update decomposition

st. Vy k = Gh k * Y k

(class ’'class  ReducedSpac eSQPPack::Decompos itionSystemHandler

**  Updating or selecting a new decomposit ion using a variable reduction
=% range/null decomposition object.

end update decomposition

if ( (decomp_sys_ testing==DST_TEST)
or (decomp_sys_ testing==DST_DEFAU LT and check_resu lts==true)

) then

check properties for Z k, Y_k, R_k, Uz_k, Uyk, Vz_k and Vy k.

end
end
Gf_k = Gf(x_k) <: space_x

if m>0 and c_k is not updated c_k = c(x_k) <: space_c

if ml >0 and h_k is not u
if fk is not updated f k

pdated h_k = h(x_k) <: space_h
= f(x_k) < REAL

if ( (fd_deriv_test ing==FD_TEST)
or (fd_deriv_test ing==FD_DEFAULT and check_results==  true)

) then

check Gc_k (f m> 0), Gh_k (f ml > 0) and Gf_k by finite differences

end

"RangeSpace Step"

(class  ReducedSpace SQPPack::RangeSpac eStepStd_Step)
**  Calculate  the range space step
py_k = - inv(R_k) * c_k(equ_decomp)
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Ypy k = Y_k * py k

2.1. "CheckDecompositio  nFromPy"
(class  ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)

2.2.  "CheckDecompositio nFromRPy"
(class  ReducedSpace SQPPack::CheckDeco mpositionFromRPy_  Step)
***  Try to detect when the decomposit ion is becomming illconditioned

2.3. "CheckDescentRange SpaceStep"
(class  ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)
**  Check for descent in the decomposed equality constraints for the range space step

3. "ReducedGra dient"
(class  ReducedSpace SQPPack::ReducedGr adientStd_Step)
**  Evaluate the reduced gradient of the objective funciton
Gf k =2z k * Gfk

4. "CalcReduce dGradLagrangian”
(class  ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)
***  Evaluate the reduced gradient of the Lagrangian
if nu_k is updated then
rIGLk = Z Kk * (Gf.k + nu_k) + GcUP_k * lambda_k( equ_undecomp)
+ GhUP_K' * lambdal_k(ine  qu_undecomp)
else
rGL_k = rGf k + GcUP_k' * lambda_k(equ_und ecomp)
+ GhUP_k' * lambdal_k(ine  qu_undecomp)
end

5. "CheckConve rgence"
(class  ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)
** Check to see if the KKT error is small enough for convergence

if scale_(opt|feas| comp)_error_by == SCALE_BY_ONEthen
scale_(opt|feas |comp)_factor = 1.0
else if scale_(opt] feas|comp)_error_b y == SCALE_BY_NOR_2_X then
scale_(opt|feas |comp)_factor = 1.0 + norm_2(x_k)
else if scale_(opt] feas|comp)_error_b y == SCALE_BY_NOR_INF_X then
scale_(opt|feas |comp)_factor = 1.0 + norm_inf(x_k)
end
if scale_opt_error_ by Gf == true then
opt_scale_facto r = 1.0 + norm_inf(Gf_k)
else
opt_scale_facto r =10
end
opt_err = norm_inf(rGL_k)/op t_scale_factor
feas_err = norm_inf(c_k)
comp_err = max(i, nu@)*(xu( i)-x(i)), -nui)*(x(i)-xI( i)
opt_kkt_er r_k = opt_err/scal e_opt_factor
feas_kkt_e rr_k = feas_err/sc ale_feas_factor
comp_kkt_e rr_k = feas_err/sc  ale_comp_factor
if d_k is updated then
step_err = max( |d_k()//(1+]x_k( ), i=l.n )
else
step_err =0
end
if opt_kkt_err_k < opt_tol
and feas_kkt_err_k < feas_tol

and step_err < step_tol then
report optimal x_k, lambda_k and nu_k to the nlp
terminate, the solution has beed found!
end

6.-1.  "CheckSkipBFGSUpd ate"
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(class  ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)
»*  Check if we should do the BFGS update

6. "ReducedHes sian"
(class  ReducedSpace SQPPack::ReducedHe ssianSecantUpdate  Std_Step)
**  Calculate  the reduced hessian of the Lagrangian rHL = Z' * HL * Z

7. "NullSpaceS tep"
(class  ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

** Calculate  the null space step by solving an unconstrainted QP
gp_grad_k = rGf_k + zeta k * w_k
solve:

min gp_grad_k' * pz_k + 1/2 * pz_k' * rHL_k * pz_k

pz_k <: R(n-r)
Zpz_k = Z_ k * pz_k
nu_k =0

8. "CalcDFromY PYZPZ"
(class  ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)
**  Calculates the search direction d from Ypy and Zpz
d_k = Ypy_k + Zpz_k

9.-2.  "LineSearchFullSt ep”
(class  ReducedSpace SQPPack::LineSearc  hFullStep_Step)
if alpha_k is not updated then
alpha_k = 1.0
end
x_kpl = x_k + alpha_k * d_k
f kpl = f(x_kpl)
c_kpl = c(x_kpl)

9.-1.  "MeritFunc_Penalt yParamUpdate"
(class  ReducedSpace SQPPack::MeritFunc  _PenaltyParamUpda teMultFree_AddedSt ep)
**  Update the penalty parameter for the merit function to ensure
*** a descent direction a directional derivatieve.
***  phi is a merit function object that uses the penalty parameter mu.

9. ‘“LineSearch "

(class  ReducedSpace SQPPack::LineSearc hFailureNewDecomp ositionSelection_S tep)
do line search step : class ReducedSpaceSQPPack::LineSearchDire ct_Step
**  Preform a line search along the full space search direction d_k.

Dphi_k = merit_func_nlp_ k.deriv()

if Dphi_k >= 0 then
throw line_search_fa ilure

end

phi_kpl = merit_func_nlp  _k.value(f_kpl,c_k p1,h_kp1,hl,hu)

phi_k = merit_func_nlp_k value(f_k,c_k,h_k ,hl,hu)

begin direct line search (where phi = merit_func_n Ip_k): "class  ConstrainedOp timizationPack::Di rectLineSearchArmQ  uad_Strategy"
*** start line search using the Armijo cord test and quadratic interpolat ion of alpha

end direct line search
if maximum number of linesearch iterations are exceeded then
throw line_search_fa ilure

end
end line search step
if thrown line_search_failur e then
if line search failed at the last iteration also then
throw line_search_failur e
end
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new decomposition selection : class ReducedSpaceSQPPack::NewDecomposit ionSelectionStd_St
if k > max_iter then
terminate the algorithm

end

Select a new basis at current point
x_kpl = x_k

alpha k =0

k=k+1

goto EvalNewPoi nt
end new decomposition selection
end

10. "Major Loop"

if k >= max_iter then
terminate  the algorithm

elseif  run_time() >= max_run_time then
terminate  the algorithm

else
k =k +1
goto 1

end

Warning, the following options  groups where not accessed.

An options group may not be accessed if it is not looked for
or if an "optional" options group was looked from and the user
spelled it incorrectly:

Output file r SQPppSunmary. out

**  Algorithm  iteration summary output

ok ok
***  Below, a summary table of the SQP iterations is given as ok
*** well as a table of the CPUtimes for each step (if the il
**  option rSQPppSolver :algo_timing = true is set). il

**  Echoing input options

**% Setting up to run rSQP++ on the NLP using a configurat ion object of type
‘class  ReducedSpace SQPPack::rSQPAIlgo_ ConfigMamaJama’

test_nlp = true: Testing the NLP!
Testing the supported NLPFirstOr derinfo interface

end testing of nlp

**  Start of rSQP lIterations bl
n = 30400, m = 30000, nz = 599910

k f ||Gf||inf ||c]inf |[rGL]|inf quasi-Newton
0 1.52e+006 10 1.20897e+007 1353.69 initialized
1 713384 11.7743 1.10232e+007 524.977 skiped
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12 3.37179e-015 3.63585e-008 2.08817e-005

13 6.34035e-024 3.27386e-012 1.51859e-012

Number of function evaluations:

f(x) : 96
c(x) : 96
Gf(x) : 15
Ge(x) @ 15

**  Solution  Found ****

total time = 61.9129 sec.

Fokkkk

Hkk

Algorithm  step CPUtimes (sec) ***

Step names
1) "EvalNewPoi nt"
2) "RangeSpace Step"
3) "ReducedGra dient"
4) "CalcReduce dGradLagrangian”
5) "CheckConve rgence"
6) "ReducedHes sian"
7) "NullSpaceS tep"
8) “"CalcDFromY PYZPZ"
9) ‘LineSearch "
10) Iteration total
steps 1..10 ->
iter  k 1 2 3
0 18.96 0.2031 0.1093 0.0001131
1 2.398 0.1752 0.11248.409e-005
2 2.399 0.1757 0.1116 7.99e-005
3 2.421 0.175 0.11348.297e-005
4 2.428 0.172 0.1108 7.99e-005
5 2.404 0.1748 0.1115 8.13e-005
6 2.443 0.1714 0.1094 7.99e-005
7 2.397 0.1747 0.1115 7.99e-005
8 2.415 0.1749 0.11158.046e-005
9 2.403 0.1752 0.11158.102e-005
10 2.42 0.1715 0.10928.185e-005
11 2.416 0.1747 0.11148.269e-005
12 2.402 0.1753 0.11168.018e-005
13 2.404 0.1749 0.11158.185e-005
total(sec) 50.32 2.468 1.557  0.001169
av(sec)/k 3.594 0.1763 0.11128.351e-005
min(sec) 2.397 0.1714 0.1092 7.99e-005
max(sec) 18.96 0.2031 0.1134 0.0001131
% total 83.93 4.118 2.596 0.00195

total CPUtime = 59.95 sec

3.63585e-008

updated

3.27386e-012

0.01497

0.2985

0.002709  0.002098
0.002728  0.002192
0.002717  0.002115
0.002711 0.02247
0.002742  0.002087
0.002707  0.002139
0.002715 0.00211
0.002724  0.002148

0.002751

0.3873

0.002711 0.002126
0.002704 0.02088
0.02678 0.02145

0.008906 0
0.08058 0.7677
0.005756 0.05483

0.002704 0
0.02678 0.3873
0.1344 1.281
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3.622

0.2587
0

2.189

6.041

0.009146
0.006983
0.007003
0.006929
0.006949
0.006936
0.006912
0.006978
0.007056
0.006928
0.006915
0.006951
0.006994

0.09268
0.00662
0
0.009146
0.1546

0.294
0.04079
0.04122

0.041
0.07081

0.0409
0.04138
0.04127

0.0412
0.04102
0.04134
0.04093

1.044

0.07455
0

0.294

1.741



Output file r SQPppJour nal . out

*x  Algorithm iteration detailed  journal  output ok

**  Below, detailed information about the SQP algorithm is given ¥

** while it is running. The amount of informatio n that is ok
***  produced can be specified using the option il
***  rSQPSolver Clientinterface::j ournal_output_leve | (the default  ***
*** js  PRINT_NOTHING and produces no output) bl

**  Echoing input options

**%  Setting up to run rSQP++ on the NLP using a configurat ion object of type
‘class  ReducedSpace SQPPack::rSQPAIgo_ ConfigMamaJama’

test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derinfo interface

Fokkkk

***  test_nlp_f irst_order_info(.. )

Fokkkk

Testing the vector spaces

Testing  nlp->space_x()
nlp->space_x() checks out!

Testing  nlp->space_c()

nlp->space_c() checks out!
r—
**  NLPTester: :test_interface(.. )
r—
nlp->force_xin it_in_bounds(true)
nlp->initializ e(true)

**  Dimensions of the NLP

nlp->n() = 30400
nlp->m() = 30000
nlp->ml() =0

***  Validate the dimensions of the vector spaces

check: nlp->space_x()-> dim() = 30400 == nlp->n() = 30400: true
check: nlp->space_c()-> dim() = 30000 == nlp->m() = 30000: true
check: nlp->space_h().g et() = 00000000 == NULL: true

|Inlp->xinit() |linf = 1.00000000 e+001

***  Validate that the initial starting point is in bounds

check: xI <= x <= xu : true

xinit is in bounds with { max |Ju | xI <= x + u <= xu } -> -1.00000000e+050
check: num_bounded(nlp- >xI(),nlp->xu()) = 0 == nlp->num_bo unded_x() = 0: true
Getting  the initial estimates  for the Lagrange mutipliers

|[lambdal|inf = 0.00000000e+000

**  Evaluate the point xo

f(xo) = 1.52000000e+006
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|lc(xo)|inf = 1.20897308e+007
***  Report this point to the NLP as suboptimal

**  Print the number of evaluations

nlp->num_f eva Is() =1
nlp->num_c_eva Is() =1
Calling  nlp->calc_Gc(.. ) at nlp->xinit()
Calling  nlp->calc_Gf{(.. ) at nlp->xinit()

Comparing products  Gf*y Gc*y and/or Gh*y with finite difference values  FDGf*y, FDGc*y and/or FDGh™y for

Hokdk

**%  Random directional vector 1 ( |ly|l_1 / n = 5.0074135 7e-001 )

ok
rel_err(Gf*y, FDGf*y) = rel_err(6.530405  59e+002,6.5304055 9e+002) = 1.93477565e-011
rel_err(sum(Gc  *y),sum(FDGc™y)) = rel_err(2.20905 038e+008,2.209050 38e+008) = 1.37878129e-013
Congradulation s! Al of the computed errors were within the specified error  tolerance!

end testing of nlp

Fokk

** rSQPppSolv er:solve_nlp() ok

Hokkk

** - Starting rSQP iterations

(0) 1. "EvalNewPoint"
x is not updated for any k so set x_k = nlp.xinit( )
[1x_Kllinf = 1.000000e+ 001

Updating the decomposit ion

Printing the updated iteration quantities
f k = 1.520000e+006
||Gf_K|linf = 1.000000e+001
llc_K|linf = 1.208973e+007

***  Checking derivative s by finite differences

Comparing products Gf*y and/or Gc*y  with finite-differe nce values FDGf*y andlor FDGc™*y for random y's
—

**+%  Random directional vector 1 ( |ly|l_1 / n = 4.995094e -001 )

ok

rel_err(Gf*y, FDGf*y) = rel_err(1.959355  e+002,1.959355e+0 02) = 4.408797e-01 0O

rel_err(sum(Gc  *y),sum(FDGc™y)) = rel_err(4.73714 7e+008,4.737147e+ 008) = 5.088320e-0 13

For Gf, there were 1 warning tolerance  violations out of num_fd_dir ections = 1 computations of FDGf*y

and the maximum violation was 4.408797e-0 10 > Gf_waring_to | = 1.000000e-010

Congradulation s!  All of the computed errors were within the specified error  tolerance!

(0) 2: "RangeSpaceStep"

275

random y's



|lpyll = 1.000000e+00 1

IIYpyl2 = 1.732051e+00 3

(0) 2.1: "CheckDecompos itionFromPy"

beta = ||py|l/lic|| = 8.271483e- 007

(0) 2.2: "CheckDecompos itionFromRPy"

beta = [|(Gc(decomp)™*Y )y*py_k + c_k(decomp)]|inf ! (Jlc_k(decomp)|| inf  + small_number )
= 5.587935e-009 / (1.208973e+007 + 2.225074e- 308)
= 4.622051e-016

(0) 2.3: "CheckDescentR angeSpaceStep”

Ge_k exists; compute descent_c = c_k(equ_decomp)*  Gc_k(:,equ_decomp )*Ypy_k

descent_c = -4.369965e+ 018

(0) 3: "ReducedGradient

||rGf|finf = 1.353686e+ 003

(0) 4: "CalcReducedGrad Lagrangian”

|IrGL_K]|inf = 1.353686e+003

(0) 5: "CheckConvergenc e"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE

scale_feas_fac  tor = 1.000000e+00 O (scale_feas_erro r_by = SCALE_BY_®IE)
scale_comp_fac tor = 1.000000e+00 O (scale_comp_erro r_by = SCALE_BY_®MIE)

opt_scale_fact or = 1.100000e+001 (scale_opt_error_ by _Gf = true)
opt_kkt_err_k = 1.230623e+002 > opt_tol = 1.000000e-00 8
feas_kkt_err_k = 1.208973e+007 > feas_tol = 1.000000e-01 O
comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6
step_err = 0.000000e+000 < step_tol = 1.000000e-00 2

Have not found the solution yet, have to keep going -(
(0) 6.-1:  "CheckSkipBFG SUpdate"

(0) 6: "ReducedHessian"

Basis changed. Reinitializing rHL_k = eye(n-r)

(0) 7: "NullSpaceStep"

[Ipz_K]linf = 1.353686e+003
l1Zpz_K||2 = 4.271437e+005

(0) 8: "CalcDFromYPYZPZ"

(Ypy_k*zpz k) Allypy_Kll2  * liZpz_ K2 + eps) = 9.979894e -001
[1d[[inf = 2.471247e+00 3

(0) 9.-2:  "LineSearchFu IIStep"

f k = 1.520000e+ 006
[le_kilinf = 1.208973e+ 007
alpha_k = 1.000000e+ 000
[Ix_kp1||inf = 2.461247e+003
f_kpl = 9.123131e+010
le_kp1||inf = 4.579853e+013

(0) 9.-1: "MeritFunc_Pe naltyParamUpdate"
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Update the penalty parameter...
Not near solution, allowing reduction in mu ..
mu = 8.286385e-006

(0) 9: "LineSearch"

Begin definition of NLP merit function phi.value(f (x),c(x)):
***  Define L1 merit funciton (assumes Gc_k™*d_k + c_k = 0):
phi(f,c) =f + mu_k * norm(c,1)
Dphi(x_k,d _k) = Gf k" * d_k - mu* norm(c_k,1)

end definition of the NLP merit funciton

Dphi_k = -7.389329e+008
Starting Armijo  Quadratic  interpolation linesearch

Dphi_k = -7.38932862e+0 08
phi_k = 4.52030000e+006

itr alpha_k phi_kpl phi_kpl-fr ac_phi

0 1.00000000e+0 00 1.14557884e +013 1.14557839e+013
1 1.00000000e-0 01 1.34428112e +010 1.34382983e+010
2 1.00000000e-0 02 2.53185818e +007 2.07990207e+007
3 1.31074052e-0 03 3.44902601e +006 -1.071177 14e+006

alpha_k = 1.310741e-003

|Ix_kp1|inf = 1.177433e+001

f_kpl = 7.133842e+005

|lc_kp1||inf = 1.102321e+007

phi_kp1 = 3.449026e+006

(1) 1: "EvalNewPoint"

(13) 5: "CheckConvergen ce"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE
scale_feas_fac  tor = 1.000000e+00 O (scale_feas_erro r_by = SCALE_BY_ME)
scale_comp_fac tor = 1.000000e+00 O (scale_comp_erro r_by = SCALE_BY_®MIE)

opt_scale_fact or = 1.000000e+000 (scale_opt_error_ by Gf = true)
opt_kkt_err_k = 3.273859e-012 < opt_tol = 1.000000e-00 8
feas_kkt_err_k = 1.518593e-012 < feas_tol = 1.000000e-01 0
comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6
step_err = 0.000000e+000 < step_tol = 1.000000e-00 2
Jackpot! Found the solution!!!!  (k =13)
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E A Simple Convention for the Specificdion of Linear-
Algebra Function Prototypesin C++ using Vecta and
Matrix Objects

A simple corventionfor the specificationof C++ function prototypedor linear alge-
bra operationswith vectorsand matricesis described.This corvention leadsto function
prototypeghatarederiveddirectly from the mathematal expressimsthemseles (andare
thereforeeasyto remember)allow for highly optimizedimplementationgthroughinlin-
ing in C++),anddo notrely onary sophisicatedC++ techniquesothatevennovice C++
programsanunderstan@dnddelug throughthe code.

Intr oduction

Linearalgebracomputatios suchasmatrix-vectormultiplication andthesolution of linear

systemssene asthebuilding blocksfor numericalalgorithmsandconsumehemajority of

theruntime of numericalcodes.Thesdinearalgebraabstractionsranscendletailssuchas
matrix storageformats(of which therearemary) andlinearsystenmsolver codegsparseor

densedirector iterative). Primarylinearalgebraabstractiongncludevectorsandmatrices
andthe operationgthat can be performedwith them. C++ abstractiondor vectorsand
matricesabound.

Giventhatcorvenientvectorandmatrix abstractionsredefined,Vec andMat for in-
stancethereis a needto implementBLAS-lik e linearalgebraoperations Giventhat C++
hasoperatoroverloadng, it would seemreasonabl¢o implementtheseoperationsisinga
Matlab© lik e notatian. For example the matrix-vectormultiplicationy = y + ATz might
be representedn C++ with the statemeny = y + trans( A) * x (thecharacter
cannot be usedfor transposesinceit is not a C++ operator). Matlabis seenby mary in
the numericalcomputatioml communiy to betheidealfor the representationf linearal-
gebraoperationausingonly ASCII characterg33]. The advantageof suchan interface
areobvious It is almostthe sameasstandardnathematicahotation,which malesit very
easyto matchthe implementatn with the operationfor the applicationprogrammerand
makesthe codemucheasierto understand.The primary disadantgefor thisin C++ is
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that the straightforvard implementatn requiresa lot of overheadbecauseperatorsare
implenmentedin a binary fashion. For example,for the operationy = y + trans( A)
* X, atemporarymatrix (n? overhead)andtwo temporaryvectors(2n overhead)would
be createdby the compiler Specifically the compilerwould performthefollowing opera-
tions:Mat t1 = trans (A); Vec t2 =1tl * x; Vec t3 =y + t2;, y =
t3; . Attemptshave beenmadeto comeup with a stratgy in C++ to implementopera-
tionslikey =y + trans(A) * X in away wherelittl e overheadis requiredbeyond
adirect BLAS call [87]. It is relatively easyto implementtheseoperatorfunctionswith
only alittle constant-timeverheador a smallsetof linearalgebraoperationg112, pages
675-677]. However, for more elaborateexpressios, a compile time expressionparsing
methodis needed.Somehave adwocatedpreprocessingpols, while othershave looked at
usingC++'stemplatemechanisra[119], [87]. In any casethesemethodsarecomple< and
nottrivial to implement.Also, compilersarevery fickle with respecto methodshatrely
on templates.Perhapsn the future whenmary C++ compilersimplementthe ANSI/ISO
C++ standard112], suchmethodsmay be moreportableandreliable. But for now, such
methodsare not really appropriatefor generalapplicationdevelopment. Methodsbased
on runtime parsingare alsopossiblebut add more of a runtime penalty Aliasingis also
anotherbig problem. For example,supposeve allow usersto write expressios like the
following:

y=x+v+aM’ + By

An efficientparsethattriesto minimize temporariesvill haveto scantheentireexpres-
sionandrealizethaty = Sy mustbe performedfirst andthenno temporariesareneeded.
A nawe parsermay performy = z first andthenresultin anincorrectevaluaton. The
problemis that the more efficient the parserthe more complicatedit is andthe harderit
will befor inexperiencedisersto dehug throughthis code.

Without using operatoroverloadng to allow application codeto usesyntaxlikey =
y + trans(A) * X, how canlinear algebraoperationsbe implenentedefficiently?
The simple answeiis to useregularfunctions(memberor non-memier) inlined to call the
BLAS. For example,for the operationy = y + ATz, onemight provide a function like
add _to _multi ply _transp ose(Ax,& y); .lItistrivial toimplementsuchafunction
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Function Call

y += alpha * A" * x y «a AT T
U L4l 1 { 4 1

~~

Function Prototype

void Vp_StMtV( Vec* vs lhs, double alpha
const Mat& gmsrhsl, BLASCpp:Tr ansp trans rhsl
const Vec& vs rhs2);

V p- S t Mt V( &y, alpha, A, trans, x ) = Vp_StMtV(&y,a Ipha,Atra ns,

Figure E.1. Exampleof thelinear algelranamirg convention for
y+=aAlz

to call the BLAS with no overheadf a goodinlining C++ compileris used.The problem
with usingfunctionsis thatit is difficult to comeup with goodnameshatuserscanremem-
ber For example,the above operationhasbeencalledBlas Mat Vec _Mult(...) in
LAPACK++ [91], vimumultadd (...) in Meschach+495], andmult(... ) in MTL
[73]. Evenknowing the namesof thesefunctionsis not enough.You mustalsoknow the
ordertheamgumentgyoin andhow arethey passed.

Convention for specifyingfunction prototypes

Here we considera corvention for constructiig C++ function prototypes. The function
prototypesareconstructe@ccordingo this corvenion wherethe nameof thefunctionand
the orderof theamgumentds easilycomposedrom the mathematicaéxpressiontself. To

illustratethecorvention considertheoperationy = y + oA z. First, rewrite theoperation
in theform y+ = a ATz (thisis well understoody C, C++ andPerl programmers)Next,

translateinto Matlab-like notationasy += alpha*A™* x (exceptMatlabdoesnot have

the operator+=). Finally, for Vec objectsy andx anda Mat objectA, the function call

and its prototypeare shavn in Figure E.1. The type BLAS Cpp::Tran sp shown in

this function prototype is a simple C++ enum with the valuesBLAS Cpp::tran s or

BLAS Cpp::no _trans
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Operation Character (Lower Case)
=(assignmeneéquals) _(underscore)
+=(plusequals) p_

+(additionplus) p

- (subtraction,imus) m

* (multiplication,tmes) t

Operand Type Character (Upper Case) Argument(s)

Scalar S double

Vector Vv (rhs)const  Vec&
(Ihs) Vec*

Matrix M (rhs)const Mat&, Transp
(Ihs) Mat*

Figure E.2. Namingconvention for linear algebe functionsin
C++

FigureE.2 givesa summaryof this corvention. Given this corvention it is easyto go
backandforth betweerthemathematicahotationandthefunctionprototype.For example,
considerthefollowing functioncall andits mathematicaéxpression:

Mp.StMtM(  &C, alpha , A, no_trans, B, trans )
=
C+=aAB”

Onedifficulty with this corventian is dealingwith Level-2andLevel-3 BLAS thathave
expressionsuchas:

C = aop(A) op(B) +\§JC (XGEMM)

Given 3 # 1 we cannotsimgdy rewrite the abose BLAS operationusing+=. To deal
with this problem,3 is movedto theendof theargumentlist andhasa default valueof 1.0
asshavn below:
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Mp.StMtM(  &C, alpha , A, trans A, B, trans B , beta
defau It to 1.0

Only exact equivdentsto the Level-2 and Level-3 BLAS needbe explicitly imple-
mented(i.e. Vp_StMtV (...) andMp.StMtM(...) ). Functionsfor simplerexpres-
sionscanbe generatechutomaticalf usingtemplatefunctions. As an exampk, consider
thefollowing linearalgebraoperationandits functioncall:

y= Az (XGEMV — y = aop(A)z + By)
=
VMtV( &y, A, notrans, X )

In the above example, the templatefunction V_MtV(...) can be inlined to call
Vp_StMtV(... ) whichin turncanbeinlinedto call the BLAS functionDGEMV(... ).
Theuseof theseautomaticallygeneratedunctionsmakesthe applicationcodemoreread-
able andalso allows for specializationof thesesimpler operationdater if desired. The
implementationof theabove templae functionV_MtV(...) is trivial andis givenbelow:

template<clas s M_t, class V_t>
inline  void V_MtV(V_t* vy, const M_t& A, BLAS_ Cpp:Tra nsp trans_A, const V_t& Xx)

{
Vp_StMtV( y, 1.0, A, no_trans , x, 0.0 );

}

Longerexpressimssuchasy = a ATz + Bz areeasilyhandledusingmultiple function
callssuchas:

y=aAls + Bz

=

V_StMtV( &y, alpha, A, trans , X );
Vp_MtV( &y, B, no_trans, z ),

As statechbove,onlythebaseBLAS operationd/p_StMtV(. ..) (e.g.xGEMV(... ))
andMpStMtM(.. .) (e.g.xGEMM(...) ) mustbeimplementedfor the specificvector
andmatrix typesVec andMat. For example,if thesearesimgde encapulation®f BLAS
compatibleserialvectorsandmatrices(e.g. TNT style) thenthe call thethe BLAS func-
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tions can be written astemplatefunctionsfor all serialdensevectorand matrix (column
oriented)classesFor example:

template< class M_t, class V_t>
inine  void Vp_StMtV( V_t* vy, double alpha, const M_t& A, BLAS Cpp:T ransp trans_A
, const V_t& x, double beta = 1.0 )

{
DGEMV(trans_A == no_trans ? 'N' : T, rows(A), cols(A), alpha
&LALL ), &A(L2) - &AL , &x(1), &x(2) - &x(1), beta
&Y 1, &R - &yD) )

Of coursethe above function would also have to handlethe caseswhererows( A)
and/orcols(A) was1 but the basicideashouldbe clear By callingrows(... ) and
cols(.. .) asnonmenber functions,they can be overloadedto call the appropriate
memberfunctionson the matrix objectsincethereis not standard.

WhenVec andMat arepolymaphictypeswe canuseatrick toimplementVp_StMtV(..
andMp.StMtM(.. .) usingmemberfunctions.For example:

class Vec { .. }

class Mat {
public:
virtual void Vp_StMtV( V_t* y, double alpha, BLAS_Cpp:Tra nsp trans_A
, const V_t& x, double beta ) const = O;

b

inline void Vp_StMtV( Vec* y, double alpha, const Mat& A, BLAS_Cpp:T ransp trans_A
, const Vec& x, double beta = 1.0 )

{
A.Vp_StMtV( y,alpha,trans_ A x,beta);

}

Using theseinlined non-membefunctionsthereis no extra overheadbeyond the in-
avoidablevirtual function calls. In this way thereis consistentalling of linear algebra
operationsrregardlesswhetherthe vectorandmatrix objectsareconcreteor abstract.
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Conclusions

In sumnary, this corvention makesit easyto write out correctcallsto linearalgebraoper
ationswithout having to resortto complex operatoroverloadng techniques After all, the
mainappeafor operatoroverloadiry is to make it easyfor userso remembehow thecall
linearalgebraoperationg@ndto make written codeeasieito read. Thecornventiondescribed
in this papermeetsbothof thesegoalsandalsoresultsin codethatis easyfor novice C++
developersto understan@dnddelug. Delhuggingcodecaneasilytake longerthanwriting it
in thefirst place.Whenconcreteabstraction®f densdinearalgebratypesareused,it was
shavn thatthesefunctionsdo not have to impose ary overheadbeyonddirectBLAS calls
if inlining is used.Whenpolymorphicvectorandmatrix typesareused,inlining to call the
virtual functionsalsoresultsin no extra overhead.
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F Unified Modeling Language(UML) Quick RefaenceGuide

The Unified Modeling Language(UML) is a newly standardizedyraphicallanguagefor
Object-Orientednodeling(http//www.omg.om).

UML : Typesof Diagrams

Structural / Static Diagrams/ Models
 ClassDiagrams (Objed Diagrams) : Abstractionsand relationships
» Package Diagrams: Organizational Units

Dynamic / Behavioral Diagrams/ Models

* Interaction Diagrams: Objed interactions during scenarios
» SequenceDiagrams: Streses squences of events
* Collaboration Diagrams: Stresses objed relationships
* Activity Diagrams (extended flowcharts)

» State (Transition) Diagrams: State spedfic behavior of a class
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UML Structural Entities: Classesand Objeds

Class (General Form) note
name

] note
\ attributes lipk /
e ClassName /

attribute_name : type = init_value ol ..

This is a note about this class

operation(arg_name:type = init_value )®

operations
name

\ Class
Class
name
~e ClassName
operation(arg_name:type = init_value )‘\
operations

Object (General Form)

object name

class name )
Object .
object name Object class name
"® objectName : ClassName @ |
attribute_name :value ‘\. e ‘ ‘ . ClassName ./‘

UML Structural Diagrams: Class & Object with Relationships

E— ]
Class Diagram
multiplicity
association Cliaissl dependency
¥. 1
1% qualified
association
o prvevammn BEUSURINI S
generalization ._’/
qualifier
Uy
composition
1..*
DerivedClass3 /—\:Iasss
navigation
Object Diagram
class diagram object diagram object diagram

(explicit) (general)

: Teacher II

School

1

southMiddle : School ‘

1.%

Teacher Jen Bob
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UML Structural Diagrams: Packages Diagrams

Package Package Diagram

| Packagel |
1]
Class1l Packagel

1

1..* dependancy

Class2

1

stereotype

Package2

+ «import»

Package3
UML Dynamic Diagrams: Interaction Diagrams
E—— ]
Collaboration Diagram
1: operation1(...) - sequence number
objectl : Class1 operation name
/_ ‘/—direction
1.2: operation1(...) ! 1.1: operation1(...) - -
Client object2
actor
object3
name message 1.2.1: operation1(...) —
1.2.1.1: operation2(...) «
Sequence Diagram
‘ objectl : Classl ‘ ‘ object2 ‘ ‘ object3 ‘ life line

time

operationi(...) ] activation ._/
—_—p . - .
/. operationi(...) ._/ :

* operationi(...) .

call \ - operationl(...)
operation2(...)

message

Client

»
»

recussion
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