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Abstract

The great lake equations of Camassa, Holm, and Levermore are considered.
Additional terms arising from physical considerations are incorporated into
the momentum equation. The resulting equations are then posed in a weak
formulation. Solutions of this modified set of equations are shown to exist and,
under a certain condition, to be unique. A similar result is shown if the problem
has non-homogeneous Dirichlet boundary conditions.
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Analysis of the Modified Great
Lake Equations

1 Introduction

In this report we show the well-posedness of weak solutions of a modified form of
the time-independent great lake equations. Naturally, this requires casting the model
equations in a weak form. We do this by reformulating the problem in a weak sense,
choosing suitable forms, and looking for solutions in the appropriate Sobolev function
spaces.

We then need to show that solutions of this weak formulation of the problem are
well-posed, i.e., that solutions exist and are unique. We present the theorem which
gives well-posedness of solutions of the weak problem. This theorem, due to the work
of Leray, was first presented in a complete manner in Ladyshenskaya [9], but we follow
the presentation found in Girault and Raviart [6]. We show that our weak formulation
satisfies the conditions of this theorem. The criteria required for existence of solutions
are nearly identical to those for the two-dimensional Navier-Stokes equations, with
the addition of the dispersive great lake terms and the Coriolis and bottom drag
terms. ‘

Well-posedness of the great lake equations has already been shown in [11] and [10].
There, however, the equations were cast in a vorticity formulation, with the solutions
being the inviscid limit of solutions of a system with an artificial viscosity. These
results cannot be easily used here, though, because we are not using the vorticity
formulation, which is somewhat more difficult to use when additional physical terms
are added.

Finally we show that the conditions for existence of solutions are still satisfied
when non-homogeneous boundary conditions are incorporated. The condition for
uniqueness is modified accordingly. This proof also follows from a similar proof in [6)
for the two-dimensional Navier-Stokes equations, with the addition of the great lake,
Coriolis, and bottom drag terms.

We introduce the great lake equations in section 2, and add various physics-
based terms to arrive at the modified great lake equations. The weak formulation is
presented in section 3, with an explanation of the various function spaces. In section
4 we show that this system satisfies the criteria for existence of solutions, with an
extra condition for uniqueness. The same is true when non-homogeneous boundary

5



conditions are added, as in section 5.

2 The Modified Great Lake Equations

We start with the great lake equations of Camassa, Holm, and Levermore ([4], [5]).
These equations consider the two-dimensional velocity v and surface disturbance 7
(measured from the undisturbed surface height) in a lake-sized body of water; see
figure 2. The domain 2 may be multiply connected and has a Lipschitz-continuous
boundary 0. In non-dimensional form, the equations are

Oul + u-Vu® + (Vu)u® + V (17 — %|U|2) =0, (1a)
V- (bu) =0, (1b)
on 0, u-n=0, (1c)

where )
u® =u+ 662B2VV- u.

In the above B is the depth of the lake from the undisturbed surface level with
constants By and B,, such that By, < B < B,, < 0, and 9 is the ratio of the mean
depth to the mean horizontal length of disturbances. We assume that ¢ is small, so
that the lake is shallow; the derivation also assumes that u is small compared to the
gravity wave speed, that u varies little with depth, and that surface waves are small
compared to the depth. Additionally, we assume that VB is bounded by 4.

These equations describe disturbances with long wavelength and slow wave speed.
They have a structure nearly identical to that of the two-dimensional incompressible
Euler equations. In particular, these equations have a conserved energy, an advected
potential vorticity, and a Poisson-like equation for the height.

These equations lack important physics, however: the Coriolis force, wind stress,
bottom drag, and viscosity. We can get an idea of the importance of these terms
by computing their relative sizes using the scales for Lake Erie, a prototypical lake.
Typical scales are a horizontal velocity scale U of 5 cm/s, a wind speed U, of 5
m/s, horizontal and vertical length scales X and D of 40 km and 19 m, a Coriolis
parameter f of 9.76 x 1073 s7!, a wind shear coefficient C, of 3.03 x 1076, a bottom
drag coefficient Cy of 2.0 x 1073, and a viscosity v of 100 m?/s. Using these values, we
have that relative to the inertial terms, the size of the Coriolis term is f X/U = 78.08;

that of the wind shear term is C’%%ZL = 64.21; that of the bottom drag term is
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Figure 1. Side view of the basin. The amplitude 7 of
the wave is exaggerated. The lateral boundaries are always
assumed to be vertical.



Cb% = 4.21; and that of viscosity is % = 0.05. The viscosity term will actually be
larger in regions with a large velocity gradient. Thus, we add these terms to the great
lake equations. We also add non-homogeneous boundary conditions so that we can
incorporate inflow and outflow.

For the Coriolis force we add the term _-u*, where the Rossby number ep is
given by eg = TUE7 where U and L are the horizontal velocity and length scales, f is

the Coriolis parameter, and (u1,us)t = (ug, —u;). The value of f depends on the
rotation of the Earth and the latitude, but we will assume it to be constant; see [13].

For bottom drag and wind stress we use %% and %‘ﬂ".}'—‘-ﬂ, see [8]. The coef-
ficients Cj and C; depend on the physics of the the bottom and top surfaces, which
we will take to be constant, and wu,, is the velocity of the wind. Typical values are
C; =3.02%x 1075 C, = 2.0 x 1073, and u,, = 5 cm/s. Since the wind stress does not
depend on the dependent variables, we will often write it simply as f.

The viscosity term we use is
1
~V- |v(8Vu +8(Vw)T -8V ub)|.

Here, I, is the 2 x 2 identity matrix. This form of viscosity is appropriate for the
analysis which follows and is derived in [12]. This-viscosity is not a molecular viscosity
but an eddy viscosity, allowing energy to dissipate at a suitable rate.

Because this viscosity has second-order derivatives, we need to modify the bound-
ary conditions for u. We will do so by specifying, in addition to the normal component
of u, the tangential component as well. Generally we will will have the condition

ulsq = g(z) .

In practice, g will be 0 along sidewalls and nonzero at points of inflow or outflow. A
compatibility condition, due to incompressibility, is

j{ g-nBds=0.
a0

Incorporating all the additional terms to the great lake equations gives
1 1
du® +u-Vu® + (Vu)ub + v (7] — §|u|2> — —ut

C Luz;lu'wlu"w C ]ulu' 1 e T (2 )
= _t_____b_+_v. BVu +B(Vu) —BV-u
6 U? B 6 B B [V( ( ) 12)]’

V-(u) =0, (2b)



where
G oo
u =u+géBVV-u, (2¢)
with boundary conditions

ulpo =g, where j{ gnds=0. (2d)
o9

3 Weak Formulation

In this section we will develop the weak formulation of the problem. We will restrict
ourselves to the time-independent great lake equations with homogeneous boundary
conditions.

The only difference between equations 2a - 2d and the time-independent equations
is that the acceleration terms are dropped. Thus, equation 2a becomes

u-Vu® + (Vu)u® + Vv (77 — l|u|2> N
2 €R

_CU2 |uyluy, Chlulu 1 -

=S e T + EV- [V(BVu+ B(Vu)' —BV. qu)] , (3)

and the other equations remain the same.

In order to develop a weak formulation we need to define the appropriate function
spaces, their norms, and functionals on these spaces. First, we define the familiar
LP(Q?) spaces:

LP(Q) = {v: [,|v[PdQ < oo} .

These spaces have the norm
i/p
lollz = ( / jo]? dQ) .
Q

As usual, the notation |v| denotes the absolute value for a scalar v and the Euclidean
norm (3, [v;:])!/2 for a vector or tensor v.

More generally, for m > 0 and 1 < p < oo, we denote by W™P(Q2) the space

W™P(Q) = {v € LP(Q); 8% € LP() V|a| < m}.
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In the above, we use the multi-index notation a = (@, ap), with the ¢; being non-
negative integers, 0% = 83:0¢?, and |a| = oy + . These spaces have the norm

1/p
”v”mp = {(Z’alﬁm ”aav“ir)) for1 <p< o0,

maX|q|<m (€sssupg [0%v]) forp =o0.

When p = 2, we use the notation H™(Q2) = W™?(Q) and ||v||m = [|v|lm2- Extending
this shorthand to m = 0, we use ||v]|o to denote the L%(Q) norm of v.

The inner product (u,v) is defined as

(u,v) = /S;ude.

We will also use an inner product weighted by the topography B. For that we use the
notation :

(u,U)Bz/udeQ.
Q

If v is any element of W™P(Q), with 1 < p < oo, then the set of distributions u
for which (u,v) is finite is called the dual of W™?(Q). This dual space is denoted
W~™# (), where 2 + - = 1. This space has the norm

u,v
I C L
vewma(@) |[¢llmp

More precisely, if D’(Q2) is the set of distributions acting on infinitely differentiable
functions with compact support, then

W (Q) = {u € D'() : [lull-mp < o0}

The Sobolev embedding theorems for these spaces can be found in [1].
For real s > 0, the space H*(R?) can be defined by
H*(R?) = {u € L*(R?) : (1 + |k|)*?a(k) € L*(R})},

where %(k) is the Fourier transform of . This space has the norm

lullsme = [Ilullf + (1 + 162 [la(k)[3]
For an open subset 2 of R? we can define H*(f2) by

H*(Q) = {u € L*(Q) : 3u' € H*(R?) such that v'|p = u},
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with the norm

= inf ! .
lulls.0 u’eH’(Illril’),u']g}:zz | ||s,re2

When s is an integer this norm is equivalent to the norm defined earlier. In our work
the value of these spaces is due to a trace theorem (see [1]) which states that, given
a bounded domain Q in R? with a Lipschitz-continuous boundary, the range of the
mapping that restricts a function u in H!(Q2) to the boundary 89 is in H/2(8Q).
Moreover, this mapping is onto, so that for any function g in H'/2(89), there exists
a function u in H(Q) such that u|sn = g.

Since our problem is on a two-dimensional domain, we will often be concerned
with vector-valued functions v = (v, v2). Such functions are said to be in the space
Wm™P(Q)? if and only if both v; and v, are in W™?(Q), for any of the W™P(Q2) defined
above. The corresponding norm is

1
ol = { (el + llealiz ) for 1< p<oo,
P MaX|a|<m (€sssupg(|0°v1| + |0%v,]) for p=o0.
Two spaces that we will use often in this discussion are
Ly(Q) = {h € L*(Q), [LhdQ2 = 0}

and
H(Q)? = {v € H'()?, v|sq = 0}.

The boundary values of any v € H*(Q)? can be specified as in the definition of H}(f2)?
if the domain {2 is bounded and has a boundary 02 that is Lipschitz-continuous. Due
to the restriction of H}(S2) on the boundary and the Poincaré inequality, the semi-

norm e
||, = (/ |0:v)* + Iay'v|2dQ)
0

is actually a norm, and is the norm that we will use for this space.

Next, with this notation in place, we can define the following forms:
a(w; u,v) = ao(u, v) + a1 (w; u, v) + ax{w; v, v) + az(u,v) + ag(w; u,v) (4)

and

bu,n) = /Q V- (Bu) d0 (5)
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where

ao(u,v) = g /Q [Vu+ (Vo) - V-ub]: [Vo+ (Vo)T - V-vh]8dQ, (6)
o (wiw, v) = /Q (w-Vau)-vBAD, (7)
as(w;u,v) = /Q(wG — w)(v-Vu — u-Vo)BdQ, (8)
as(u, v) = —i [wtvsan, ()
as(w;u, v) = %/ﬂ|w]u-vdﬂ. (10)

In the expression for ao(u,v), we have that (Vu);; = g—;‘Jé, L=¢6;(=1ifi=j5,0

otherwise), and the tensor product G : H is defined by G : H = Y2, Z§=1 Gi;Hji.
The weak form of the steady-state great lake equations is then the following:

Problem 1. Given f € H™1(Q)?, find u € H}(Q)? and n € L3(f2) such that

a(u;u, @) ~ b(@,n) = (f,@)s for every @ € Hy(Q)?, (11a)
b(u,7) =0 for every 7i € L3(Q). (11b)

It is clear that any solution of equations 2b - 3 will be a solution of equation
11. Similarly, any solution of 11 with sufficient smoothness so that the appropriate
derivatives exist will also be a solution to equations 2b - 3. However, solutions of
equation 11 without such sufficient smoothness do not make sense as solutions of 2b
- 3. Thus, classical solutions of 2b - 3 are called strong solutions, while solutions of
Problem 1 are called weak solutions.

4 Existence and Uniqueness

In this section we examine existence and uniqueness of problem 1. We will state the
theorems guaranteeing existence and uniqueness of solutions for a general problem,
and then show that our equations satisfy the criteria for existence and state the
condition for uniqueness.

We consider two Hilbert spaces X and M, with norms ||-||x and [|-||s, respectively.
We also introduce a bilinear continuous form b(v,7n) : X x M — R, and a form
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a(w;u,v) : X x X x X — R such that for any w € X, a(w;-,-) is a bilinear
continuous form.

Then we pose the following problem:

Problem 2. Given f € X', findu € X and n € M such that

a(u;u,a) — b(a,n) = (f,4)s Vie X, (12a)
b(u,7)=0 Vie M. (12b)

It is useful to introduce the linear operators A(w) € L(X;X’) for w in X, and
B € L(X; M') defined by the following relations:

(A(w)u,v)s = a(w;u,v) Vu,v € X,
(Bu,n)s = b(u,n) YVue X,ne M.

Similarly, we define B’ € L(M; X') by

(u, B'n)s = b(u,n) Vue X,ne M.
Then Problem 2 can be reformulated as follows.
Find (u,n) € X x M such that

Alw)lu—Bn=f in X',
Bu=0 in M'.

Because any solution u of problem 2 must satisfy equation 12b, it is natural to
consider the space
V={ueX:bu,i)=0 VijeM}.

We can then associate with problem 2 the following problem:
Problem 3. Given f € X', find u € V such that

a(u;u, ) = (f,a)y VaeV. (13)
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Using operator notation, this problem can be restated as follows.

Find u € V such that
rA(w)u=rf inV',

where the projection operator m € L(X'; V') is defined by

(nf,v)s = (f,v)s VYvEV.

Since the problem at hand is nonlinear, we use the Brouwer fixed-point theorem;
see, e.g., [14]. We state this as it applies to problem 2; a proof can be found in [6].

Theorem 1. Assume the following hypotheses:

1. there exists a constant a > 0 such that

a(u;u,u) > ofully VueV; (14)

2. the space V is separable and, for all v € V, the mapping u — a(u;u,v)
is sequentially weakly continuous, i.e., if {un,} is a sequence in V such that
Up = u € V weakly in V as m — oo, then a(um;um,v) — a(u;u,v) as
m — 0o;

3. there exists a constant B > 0 such that

: b(u, n)
inf sup ——— > > 0. 15
R AT (15)

Then there ezists at least one solution (u,n) € V x M to problem 2.

The first two conditions guarantee that problem 3 will have at least one solution,
while the third insures that for each solution u of problem 3 there exists an 7 such
that (u,7) is a solution of problem 2. Specifically, condition 15, known as the inf-sup
condition!, guarantees that the space V will not be empty, and that for every solution
u of problem 3 a unique 7 € M exists such that (u,7) is a solution of problem 2.

It is shown in Lemma I.4.1 of [6] that condition 3 is equivalent to B being iso-
morphic from V+ = {g € H}(Q)%*(g,v) =0 Vv € V} onto M’, and to B’ being

! Also referred to as the div-stability condition and as the LBB condition, after its co-discoverers
Ladyzhenskaya, Brezzi, and Babuska. See [2], [3], or [9]
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isomorphic from M onto V° = {g € H™}(Q)?;{(g,v) =0 Vv € V}. Moreover, we
have the bounds

|B'ullx > Bllulla Yue M,
and

|Bvla > Bllvllx Vv eV™,

For uniqueness we state the following theorem, whose proof can also be found in
[6]. We will need the norm

(f,v)
1 = Su .
171 = sup 2t
Theorem 2. Assume that
1. there exits an & > 0 such that
a(w;v,v) > a||v]|% Vv,weV, (16)

2. the mapping w — wA(w) is locally Lipschitz-continuous, i.e., there erists a
monotonically nondecreasing function L : Ry — R such that for all p > 0,

la(wy; u, v) — a(ws; u, v)| < L{w)|[uflx|lvlix|lw: — wsllx )

Vu,veV, Yuwj,weS,={weV:|w|x <u}.

Then if
(”_”I_”L)L<ﬂg”—v) <1, (18)

a? o

problem 8 has a unique solution in V.

Condition 16 along with the Lax-Milgram theorem guarantees that the operator
wA(w) is invertible for each w € V, while conditions 17 and 18 insure that the map
u — (rA(u))"!7f is a contraction and hence has a unique solution. Note that in
the absence of nonlinear terms, a suitable choice of L(u) is L = 0, and the last two
conditions are automatically satisfied.

Now that we have the criteria for existence and uniqueness, we consider the prob-
lem at hand, and set X = H}(Q) and M = L2(). It is useful to modify the forms
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a;(w; u,v) and as(w; u, v). Using integration by parts and the definition of wC, we
may write them as

a1 {(w;u,v) = -;—/Q[(w-Vu)-'v — (w-Vv)-u|BdQ, (19)
az(w;u,v) = %%/(w-VB)(VB)-(v-Vu —u-Vo)BdQ. (20)
Q

An integration by parts with suitable assumptions of the boundary conditions shows
the equivalence of the different forms of a;(w;u,v) and az(w;u,v). As before, we
have a(w;u,v) = ag(u, v) + a;(w; u, v) + ax(w;u, v) + az(u, v) + as(w; u,v).

We now show that the conditions of theorem 1 are satisfied. First, note that when
w, u, and v are in V, we have

ai(wiu, v) = —ai(wiv,u), i=1.2. (21)

Consequently, a; (w; u, u) = ap(w; u, u) = 0. Moreover, az(u, u) = 0 identically, and
aq(w;u,u) = %l Jo |w]lu|*dQ2 > 0. Thus, for the first condition we have

a(w;u,u) = ag(u, u) + ag(w; u,u) > vBy|ul} + %/ |wllw|?dQ > vB,|ul?. (22)
Q

Hence, condition 1 of theorem 2 and, setting w = wu, condition 1 of theorem 1 are
both satisfied, with a = vBp,.

For the second condition, we show that this condition is satisfied by each a;. Let
u be in V and {u,,} be a sequence in V such that

U, ~u weaklyinV asm— oo.
Since ag(u, v) is topologically equivalent to the Hj(f2) inner product, we have

lim ag(wm,v) = ap(u,v). (23)

For a;(;-,-), note that H'(£2)? is compactly embedded in L?(Q2)?. By the Riesz-
Schauder theorem (see, i.e., [14]), any weakly convergent sequence in H(Q)? is
strongly convergent in L?(Q2)?. Thus, we have

lim ||u, —uljo=0.
m—r00
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Now let v be in V, where ¥V = D(Q)2 NV and D(Q) is the space of all infinitely
differentiable functions with compact support in Q. We want to take the limit of
a(Um; um,v). An integration by parts gives

a1 (U U, V) = — /(um-Vv)-udeQ.
Q

Note that Vv is in L®(Q) and that the strong convergence of {u,,} in L*(Q) gives
im0 b ud, = uiu? in L1(Q). Thus, we have
lim (al(um; U, V)

~ a1(u;u,v)) = lim [/u-(V'v)-quQ
Q

m—0o0

- / um'(V'u)-udeQ}
Q
< Jim [Vollze|Bllze 3 llupud, - vl =0,

2]

SO we have

lim a;(wm; um, v) = a;(u; u,v). (24)
m—>o0

By the density of V in V, this result holds for all v € V.

For as(:;+,+), we again let v be in V and take the limit of as(um;um,v). We
consider the two parts of the right side of equation 20 separately. For the first term,

2
‘_53_ (- VB)(VE)- (v Vi) BAQ,
Q

we use the fact that since u,, — u strongly in L? and Vu,, — Vu weakly in L2
then (Vau,)u, = (Vu)u weakly in L2. For the second term,

2
_%_ (U VB)(VB): (un,-Vv)BdQ,
Q

we again use the fact that w,, — u strongly in L? means that u,u,, — uu strongly
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in L'. Thus, we have

lim ((12('U,m; U, V)

m—00
2
—ao(u;u,v) ) = %— lim [/(um-VB)(VB)-(v-Vum — Uy, - Vv)BAQ
m—00 0
— /(u~VB)(VB)-(v-Vu - u-Vv)BdQ]
Q
8 . 5
< 5 lim |[VB|ie |||z
x 3 [I(w, (Ve)ug, — ()]
+ V0 gy, — w1
=0,
so we have
li_{n a2 (Um; U, V) = az(u; u, v). (25)

By the density of V in V, this result holds for all v € V.

For a3(u,v), using the Cauchy-Schwarz inequality and the fact that B(z) < By,

we have

1
lim a3(tm — u,v) = — lim — [ (ty —u)*--vBAQ
m—co m—oo €p Jo

B .
<Y lim l|um — ulof|vllo =0,
€p Moo

since u,, — u strongly in L?(Q). Thus,

7&1_1;%0 az(tm,v) = as(u,v). (26)

Finally, for a4(w;u,v) we have
im (aq(Um; Um,v) — as(u; u,v)) = lim /(]um]um — |uju)-vdQ
m—>00 Q

m—0o0
= lim [/ (Iuml—|u|)um-de+/|u[(um—u).de .
Q Q

m—3>00

If we again choose v € V, then for the first term we have

m [ (Jum| — |[u)tn-vd2 < lim /Huml — |ul||tm-v]|dQ
0 m—ro0 0

m—00

< lim [ |um — ulltn-v|/dQ2 < lim |jun — uljofun|lollvllze =0,
m-—0o0 Q m—00
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since U, — u strongly in L*()) and ||uml|lo and ||v||z~ are finite. For the second
term we have

/ [ul(um — u)-0dQ < / [uljum — ullv]dQ < hm 1t — ullol|uellol|vllze =0,
for the same reasons as before. Thus, we have
"%gréo A4 (Um; Um, V) = as(U; 0, v). (27)
Finally, combining 23, 24, 25, 26, and 27, we have

"P_I’n a(Um; Um, V) = a(u; u,v).

Hence, condition 2 is satisfied.

Finally, for the third condition we use the fact that this condition holds when the
bottom is flat, i.e.,

> Briat > 0.
e S Tl nnuo fle

This result can be found in, for example, [9]. For the problem at hand we have the
expression

inf sup b(u, ) = inf sup [nV. (Bu)dQ.
€M uex [uliflnllo  meMuex  fufilnllo

Let w = Bu. Since B # 0, we have that u = w/B is well defined, and

uff = [ 1vu
-/,
;’;; L /Q [Vw|2d9+% /Q |w|2dQ:|

[ 82C(Q) } o

Vw wVB|2

= - dQ

IA
|

IA
|

1+ = C%(8,Q)|w|?,

2
B | B
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using the Poincaré inequality and the fact that VB = O(§). Thus, we have that

. Q .
inf sup V- (Bu)d = inf sup _[L(w_)d_ﬂ
neMuex  |ul1||nllo neM wex |w/Bl1]Inllo
. Q
inf Sup M

~ C(B,Q) neMypex  |wli]inllo

,Bflat _
eI CXD B

The above steps show that Problem 1 satisfies the conditions of theorem 1. Thus,
we have proved

Theorem 3. Problem 1 has a solution (u,n) € H}(2)? x LE(Q).

Next we consider the uniqueness of solutions of problem 1. To apply theorem 2,
we introduce
|a1 (w; u, v)| + |az(w; u, v)| + o} (w; u, v)|

N = sup )

u,v,weV ) |w|1I‘U,|1|’UI1

where

a;(w;u,v) = 91/ |w]||u-v[dQ.
6 Jo
With this we can state the following theorem.

Theorem 4. If

v>yy=N|Ffllv, (28)

then problem 1 has a unique solution in V x L2(2).

Proof: We need to check the conditions of theorem 2. We have already shown
that condition 1 is satisfied. Next we let u, v, w,, and w, be in V. Because ay and
as do not depend on the first argument of a and a; and a, are trilinear, we have

la(wi;u, v) — a(wsy; u,v)| < |ar(w; — wo; u,v)| + |az(w; — wo; u,v)| (29)
+ |ag(wy; u, v) — ag(wo; u,v)|.
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For this last term we have

las(wi; u, v) — as(wo; u,v)| =

)
C
< [jus] - fsl| lu-vje
Q

2 [l = lwalyu-vie

< %—b/ |lwi — ws] |u-v|dQ = aj(w; — wy;u,v).
Q

Thus, we have
la(wy; u, v) — a(wy; u, v)| < |a1(wy — wo; u, v)| + |az(w; — wa; u, v)|
+ |a;(w; — wo; u, v)|
< Nlul|; o) |wy — waly -

Thus, in theorem 2 if we set L = N condition 2 is satisfied, and the inequality 28 is
equivalent to the inequality 18. Hence, subject to condition 28, solutions of problem
1 are unique. O

5 Existence and Uniqueness with
Non-homogeneous Boundary Conditions

Here we show that the existence result of the previous section will still hold when u
has non-homogeneous boundary conditions. The idea is to show that in this case the
solution can be written as a sum of two functions: one which satisfies the boundary
condition and contributes little in the interior, and another which has a homogeneous
boundary condition and solves an equation on the interior that satisfies the conditions
for existence from section 4. We also present a condition for uniqueness.

For non-homogeneous boundary conditions we consider
u =g(z) on 0, (30)

where g is not necessarily identically 0. As the domain may be multiply connected,
we denote by 9€;, i = 1,2, ..., p the separate components of the boundary J§2, as in
. figure 2. Using this notation, we have a compatibility condition for g:

}( g-nBds=0, i=12,...,p (31)
o .
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The compatibility condition is required for solutions of problem 1 because, due to
equation 11b, we have

/V-(Bu)dQ= u-ans=7£ g-nBds=0.
Q oq £

Figure 2. Domain with multiple components of the bound-
ary.

Due to the trace theorem (see [1]), a function in H'(Q)? has boundary data g
in H/2(Q)%. Thus, the problem with non-homogeneous boundary conditions can be
stated as follows:

Problem 4. Given f € H™'(Q)? and g € HY?(0Q)? satisfying equation 31, find
u € H'(Q)? and n € L(Q) such that )

a(u;u, ) — b(a,n) = (f,a)s  Va € Hy(Q)?, (32a)
b(u,7) =0  Vij € L§(Q), . (32b)

u=g ondf. (32¢)

To establish the existence and uniqueness of solutions of Problem 4, we first need
to demonstrate that we can find a function that satisfies the boundary condition but
contributes little to the interior equations. To show this we need the following three
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lemmas. The first two of these are rather technical and will be stated without proof;
they can be found in [6]. Below, the notation d(x; ) denotes the minimum distance
from a point = to the boundary 992.

Lemma 1. For all € > 0, there ezists a function 6, € C2(Q) such that

6. =1 in a neighborhood of 0%,
b(x) =0 if d(z; 0Q) > 26(e)  (6(e) = exp(—1/e)), (33)
o6, € . )
e - . = .
92| S 309 if d(z; 00) < 26(¢), ©1=1,2
Lemma 2. There ezxists a constant C = C(Q2) > 0 such that
¢ 1
| s, s Cleh Vo< H@. (34)

The first of these asserts that there is a function 6, that is equal to 1 on a thin strip
along the boundary, vanishes in most of the rest of the domain €2, and has suitable
bounds on its derivatives. The second gives a useful inequality bounding the L? norm
of the ratio of a function ¢ to its distance to the boundary by the H' norm of ¢.

Next we prove a lemma stating that for any suitable function g we can find a
function u that satisfies the weighted incompressibility condition (equation 11b) and
is equal to g along the boundary.

Lemma 3. For each g € HY/%(3Q)? satisfying Equation 31, there ezists a function
u € H'(Q)? such that
\vg (B'U,) =0, 'u,,ag =g.

Proof. Let w be any function of H!(2)? that satisfies w = g on 9. By Green’s

formula we have
/V-(B'w)dQ= g-nBds = 0.
Q 00
Therefore V- (Bw) € L3(2). Because the operator B, presented in section 4, is
isomorphic from V+* (the H'(Q)? complement of V) to M’ = L2(f2), there is a v in
V+ such that
V- (Bv) = V- (Bw).
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Along the boundary v is 0, as it is an element of V+. Setting u = w — v gives the
desired result.

Now we can prove the following lemma, similar to one found in [7], showing that we
can find a function u which satisfies the boundary condition 30 and the weighted in-
compressibility condition, but also satisfies inequalities regarding the nonlinear terms.

Lemma 4. Given a function g € HY?(0Q)? satisfying condition 381, for any € > 0
there erists a function ug = ug(e) € H*(Q)? such that

V- (BuO) = 07 uOl@Q =g, (35)
la;(v; ug, v)| L elv} Yo eV,i=1,2, (36)
lag(ug;v,v)| < €lv)? VYoeV. (37)

Proof: By Lemma 3, there exists a function wy € H*(Q)? such that
V-(Bwy) =0, wolan=g.

We can express wy in terms of a stream function ¥ € H?(Q2) by

1 1
wo = EV/\ Yy = E(—ayil)o, Oz) -

For all 4 > 0, introduce the function
E
Uop = EVA (6u%0) »

where 6, is defined as in Lemma 1. Note that ug, is in H*(2)? and that conditions
35 are satisfied. Now for « such that d(z; Q) < 26(p), Lemma 1 gives

025 0,0)| < [¥0(02,8,)| + 16,(02,v0)] < G s ol + |25, 90 (=) 164

so that
2

> h
-+ 'gay(eu'wo)

IU'O/J(:B) |2 = E@c(@ﬂﬁo)

< o |z (@) + ewn(e)l 6.1)

+ (Gramgmy (@)l + Byo(a) WY]

2
S _22_ {21123-2#()'3—9)‘ + |9u|2lv¢olz] :
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Let v = (v, v2) belong to V. We have

I’Uz'uom“?)S/lei(w)ﬂuw(m)lzdﬂ

2
[2/1' /W}0|2 !UZIaQ)dQ'*'/Q'0p|2|vi|21vw012d9] )

For the first term, Sobolev embedding gives that H2?(Q)C%Q), so
max, [¢o(x)]? < co. Moreover, since 1 is determined by g, we can express max,, |1,/
as C1(g) and bound the first integral by C;(g)||v;/d(-; 3Q)|)3. For the second term,
we have that |0,] < 1 if d(z; 0Q) < 26(p) and |6,| = 0 if d(z; O2) > 24, so the above

is
9 v 2
ouill2 < — [2C 2 : / il a0 .
Inmalt < o 2000 e o [ il
By Holder’s inequality we have
/ "I.lilzrV’(/)oFdQ
d(z;00)<26(p)

1/2 1/2
<(/ ultan)” ([ [Vio*dn)
a(z;0Q)<26(w) d(z;00)<26(p)

Since H'(Q)< L*(R2), we also have that ([ |v;|*dQ)Y2 < Co(Q)|v;|?. Applying these
results and Lemma 2 gives

2
ool < - [2C1(0)Ca(

1/2
+ Cz(Q)}v,-lf( /d (x;an)gza(#)'va°'4dQ) } .

Note that all terms in the right side are positive. Setting

1/4
o(u) = ( / lwo(a:)|4d9) |
d(z;00)<26(n)

llvittousllo < Calg, 2, B) (1 + ¢(w))lvils - (38)

we get

Now we are able to show that conditions 36 and 37 hold. First, for i = 1, an
integration by parts and Hoélder’s inequality give

|a1(v; wou, v)| =

2
/Q (v-Vv)-ug, Bdﬂ\ < 1Bl V0l D Ilvitious I3

7'1.7=1

< Cs(u+ ¢(p)|vlz -
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Similarly, for i = 2 we have

laQ(U; uO/n 'U)l =

2
) /(v-VB)(VB)-(v-Vuou — ug,- Vv) BAQ
Q

< cs—ananuBuLw > / [04(0- Vitgys — 10, V;)] O

,Jl

< cs—an||LmanLm Z / o0+ V| + ustagy - Vo;])dQ2

3,J=1

< Crp+ ¢(w))vf}

using Hoélder’s inequality and the fact that B and it’s derivatives are bounded.

Finally, for : = 4. we have

aa(uni9,9) = 3 [ fua, o0
< 2(/ luofiopan) / vpag)”
< Colu+ d()ohllollo < Colu + o))l

using equation 38, Holder’s inequality, and the Poincaré inequality.

Since lim,_,q (1) = 0, for any € > 0 we may choose p small enough so that

ax(Cs, C7, Co) (n + p(u)) < €

Setting ug(e) to the corresponding ug, now satisfies both conditions 35, 36, and

37.

With the above results established, we can now prove the following theorem con-
cerning existence of solutions of problem 4. The idea is to split the solution into
two parts uo and w, where uy has the properties of the function in lemma 4 and w

satisfies an equation of the type in problem 2.

Theorem 5. Given f € H™1(Q)? and g € HY2(9Q)? satisfying condition 31, there

ezists at least one pair (u,n) € H(2)? x LZ(Q) that solves problem 4.

Proof: Choose uy € H'(Q)? as in lemma 4 so that it satisfies conditions 35, 36,
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and 37, with € < 4v, and set u = up + w. Because

a(ug + w; ug + w, 1) = a(w; w, &) + a(ug; ug, @) + a1(ue; w, )
+ ag(ug; w, &) + a; (w; ug, @) + az(w; uo, &)
+ ag{ug + w; ug, &) — as(Uo; Yo, 1t)
+ aq4(up +w; w, u) — as(w; w, ),

Problem 4 can be stated as follows:
Find a pair (w,n) € HZ(Q)? x L3(Y) such that

a(w7 w,'&) - b(ﬂ'a 77) = <f7ﬁ>8 - a(uO;uO,ﬁ) Vu € Hé(Q)27
| b(w,7) =0 Vi€ Ly(Q),

where

a(w; u,v) = a(w; u, v) + a;(uo; u, v) + az(uo; u, v) + a1 (u; ug, v)
+ ag(u; ug, v) + ag(uo + u; ug, V) — as(uo; U, V)
+ ag(ug + w;u, v) — ag(w; u,v).

This problem now fits the framework of Problem 2 with X = H}(Q), M = L(),
and replace a(-;-,-) with a(-;-,-) and (f,@)s with (f,@)s — a(uo;up, ). We then
need only to check the conditions of Theorem 1. The second and third conditions are
the same as before, so only condition 1 needs to be verified. For all v,w € V we have

a(w;v,v) = v|vl2 + ag(w; v,v) + a1 (v; ug, v)
+ az(v; ug, v) + as(ug + v; ug, v) — as(Uo; Uo, v)
+ ag(ug + w;v,v) — as(w; v, v).

By condition 36 of Lemma 4 we have that
lai(v; ug, v)| < €lvf3 Yo € Vo i=1,2,
with € < v/2. Moreover, we have that

. ,
aq(uo + v; o, V) — ag(to; Uo, V) = “6—b / (|U0 +v| - |uo|)U0"U dQ
Q

C
< 2 [ 1o+ vl — fual| uollvlde
Q

C
<3 / [olluol|v]dR2 = as(uo; v, ) < elolf,
Q
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and similarly that

a4(uo + w;v,v) — ag(w; v,v) = %/(luo +w| — jw|)v-vdQ
Q

<2 [ f1uo +wl - fulljofan
0 Ja

< %/ luo||v]2dQ = ag(uo; v, v) < e|v]f'.
Q

Therefore, since as(w;v,v) > 0, we have
a(w;v,v) > (v —4e)lv)? Vv,weV.

Thus, the conditions of Theorem 1 are satisfied and we have that Problem 4 has at
least one solution in H*(Q)% x LZ(Q), which proves the theorem. O

For uniqueness, we introduce some notation. First, for any uy € H}(Q), set

al(v;uo,v + as VU, V + (a4 Ug + v; U, v "CL4(U0;U0,'U
) — sup ) +aa(vionv) + (ol ) )
vev lvl3

and

(f:v)s

17 lv: = sup 2 where (F,v)a = (v} ~ aluo; uo,v).
v 1

Then set _
w=__inf {p(uo) + WIF )2} .

ug€HY(N),u0lan=9
Now we can state the following theorem.

Theorem 6. Assume the hypotheses of theorem 5. If v > vy, then problem 4 has a
unique solution in H*(Q)? x L(Q).

Proof: As before, we satisfy the hypotheses of theorem 2 to obtain a uniqueness
result. First, choose a ug as in lemma 4 such that p(ug) < v. We have that

a(w;v,v) = a(w; v, v) + a;(v; ug, V) + a2(v; g, v) + ag(ug + v; ug, v)
— ag(wo; Ug, v) + a4(ug + w; v,v) — ag(w; v, v)
= ao(v,v) + as(ug + w; v, v) + a1(v; uo, V) + a2(v; ug, V)

+ a4(up + v; uo, V) — as(uo; ug, v)

Vv

Vlvﬁ + as(ug + w; v,v) — p(uo) vl

(v = p(wo)) |03 .

v
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Thus, we choose a = v — p(uy) and condition 1 holds. For condition 2 we have
|a(w1;u,v) — a(ws; u,v)| < |a;(wy — wa; u, v)| + [az(wr — wo; u, v)|
+ |ag(uo + wy;u, v) — as(ug + wo; u, v)|
< ay(wr — wo;u, v)| + |ax(wr — was u, v)|
+ |a;(wy — wq; u, V)|
< N|w; — wafr|uli|vlr.

Consequently we again choose L = N, and the inequality 18 becomes

I £llv
——N<1,
(V - P(uo))2 )

v > pluo) + /N llv -

Since we can choose ug, we take the infimum over all admissible g, and arrive at
the condition v > vy. If this condition holds, then the conditions of theorem 2 are
satisfied, and problem 32 has a unique solution in H!(Q)? x L2(Q2).

or

6 Conclusion

In this report we have analyzed the a modified version of the great lake equations
of Camassa, Holm, and Levermore. In particular, we have considered the time-
dependent version of these equations and have added terms due to the Coriolis force,
bottom drag, wind shear, and viscosity. We have shown that solutions of these
modified equations exist. Moreover, these solutions are unique if a relation with
the viscosity, nonlinear terms, and forcing is satisfied. If the equations have non-
homogeneous Dirichlet boundary conditions, the existence result is unchanged, and
uniqueness is similar though a slighty different relation must be satisfied.
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