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ABSTRACT

This report summarizes work on the project “Structural Simulation Using Multi-resolution Material
Models” which was a joint LDRD between Sandia and TICAM (Texas Institute for Computational
and Applied Mathematics). The project focused on the development of new methods and proce-
dures for developing high-fidelity models of material response and new ideas for assessing mod-
eling error, as well as automatic model adaptation. Major issues studied in this effort included (1)
the implementation of Fast-Multipole Methods and Fictitious Domain Methods in the analysis of
heterogeneous materials; (2) experimental characterization of epoxy filled with glass beads; (3) es-
timation of modeling error and adaptive modeling; (4) the treatment of uncertainties in determining
properties of models from imaging data; and (5) the use of CT images of heterogeneous materials

to automatically generate quadrilateral and hexahedral meshes.

The details of the LDRD supported work on Fast-Multipole Methods and Fictitious Domain Meth-

ods are not given in this report. However, much of this work is summarized in [1]. This report
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consists of four chapters corresponding to items (2)-(5) listed above.

Complementary portions of the work, also reported here so as to present a more complete picture of
the ideas and results, were done at TICAM under contracts from ONR and NSF. In particular, the
material collected in Chapter 2 was jointly supported by SNL and ONR and the work presented in

Chapter 3 was jointly supported by SNL and NSF.
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CHAPTER 1

Experimental Characterization of Glass-Epoxy
Specimens

Greg Rodin

1. Introduction

Characterization of the relationships between the engineering (macroscopic)
and micro-structural (microscopic) properties is a central problem in materials science
and engineering. Solution of this problem is difficult from both experimental and
modeling perspectives, because it may involve massive amounts of data pertaining to
the microstructure. Of course, some materials and phenomena may require rather
simple experimental data and models. For example, elastic properties of particle-
reinforced composites can be accurately predicted using simple models that require
only one microstructural parameter -- the volume fraction [1]. In contrast, the
prediction of plastic and fracture properties of fiber-reinforced composites may
require data pertaining to the microstructural architecture and fiber waviness. In
general, the required microstructural data are impossible to define a priori, and
therefore one may have to go through a long trial-and-error process before obtaining
satisfactory results.

With the emergence of three-dimensional imaging methods, such as
computerized tomography (CT), and continued growth of available computing power,
it becomes possible to characterize the relationships between the microscopic and
macroscopic properties without making crude assumptions about the microstructural
geometry. However, it would be naive to believe that three-dimensional imaging
methods dramatically simplify the task of material characterization based on
microstructural properties. To the contrary, due to non-conventional ways of
representing the microstructural geometry, the use of three-dimensional imaging
methods gives rise to new challenging problems. Of course, one hopes that by
resolving those problems one would be able to bring material characterization to a

significantly better level.
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The principal objective of this work is to learn how to use CT data for
mechanical characterization of heterogeneous materials. Toward this objective we
considered several glass-epoxy specimens whose microstructural geometry was
quantified using CT and optical microscopy (OM), and weighing; OM and weighing
data were used for benchmarking CT data. In addition, the specimens were tested
under low-stress compression in order to determine their elastic properties and high-
stress compression in order to examine their fracture properties.

Eventually, results of this work will be used for benchmarking and
improvement of computational modeling and CT data acquisition methods. To this
end, it was critical to work with sufficiently simple specimens that lend themselves to
detailed and verifiable computational modeling.

Presently, material characterization based on CT data is at its infancy. One can
use CT data for observational purposes only, for identification of flaws and other
imperfections. This approach has been pursued by Yancey and co-workers [2-6] and
Bossi and coworkers [7], who used CT for detection of cracks and microscopic
geometry in fiber-reinforced composites, and identified possible applications of CT
imaging in manufacturing. Kikuchi and co-workers [8-10] utilized CT data for
predictions of mechanical behavior, by integrating CT data with finite element and
homogenization methods. The approach that appeals to us the most, is the one due to
Huet [11] who integrated CT data with finite element computations and mechanical
testing of concrete. The principal difference between our approach and that of Huet
[11] is that in his analysis CT data is used to define a set of spheres that approximate
the actual microstructure, and we rely on CT data alone, without making any
assumptions about the microstructural geometry.

The remainder of this chapter is organized as follows. In Sections 2 and 3 we
describe prototype specimens. Section 2 is dedicated to the description of the
fabrication and testing procedures, and Section 3 is dedicated to the analysis of
experimental results and identification of improvements in the fabrication and testing
procedures. In Section 4, we describe the model specimens that were fabricated and
tested using lessons learned from the prototype specimens. In Section 5, we
summarize significant results of this study and identify directions for future work.
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2. Prototype specimens: fabrication and testing procedures

In this section, we are concerned with prototype specimens. These specimens allowed us
to identify proper procedures for manufacturing, imaging, and mechanical testing of the
model specimen.

2.1 Overview

At the beginning of the study, it was decided to work with specimens whose
microstructure can be characterized with both CT and OM imaging. The primary
restriction imposed by CT imaging is that the microscopic dimensions must be
sufficiently large. Those distances include the particle size, the inter-particle distances,
and the particle-specimen-surface distances. Since the resolution of current CT devices is
10 um at best, the particles must be several hundred micron in size, and they must be
positioned not too close to each other and not too close to the specimen surface. The
secondary restriction imposed by CT imaging is that the macroscopic dimensions must be
sufficiently small. This restriction is necessary in order to be able to store and process the
CT data. By assuming that each elementary cube of material requires 10 bytes and the
resolution is 10 um, the data density is estimated as 10'° bytes/m’. Accordingly, a
specimen whose volume is 1 cm® would require 10°bytes worth of memory. For current
workstations, this number is comparable to the hard drive memory rather than RAM
memory. OM imaging imposes two restrictions. First, the specimen must be optically
transparent. Second, the microstructure must be essentially two-dimensional.

In this study, we satisfied the restrictions imposed by CT and OM by working
with rectangular specimens made of epoxy matrix filled with glass beads. The glass beads
were close to 880 pm in diameter and they were arranged as a monolayer. For the
prototype specimens, additional specifications for the macroscopic and microscopic
dimensions were obtained by trial-and-error. For the model specimen, additional
specifications for the macroscopic and microscopic dimensions were obtained based on
the experience gained with the prototype specimens.

We worked with four types of prototype specimens, to which we refer as Epoxy
A, Epoxy B, Composite A, and Composite B. The principal difference between the
Epoxy A and Epoxy B specimens was the exposure period to room temperature and
humidity prior to mechanical testing. For the Epoxy A specimens the exposure period
was about one month and for the Epoxy B specimens the exposure period was about one
week. The exposure period was reduced due to time constraints rather than scientific
reasons. The matrix of the specimens Composite A (Composite B) was produced
following the fabrication procedures for the specimens Epoxy A (Epoxy B).
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2.2 Fabrication Procedures
2.2.1 Epoxy Specimens

The Epoxy A and Epoxy B specimens were made of a resin (Araldite GY502)
mixed with an amido amine hardener (HY955) at a weight ratio 5:2 as proposed in [12].
The resin and the hardener were mixed completely and then the mixture was placed in a
vacuum chamber at room temperature for 30 minutes to eliminate the air bubbles inside
the mixture. The epoxy was then poured into a mold and cured at 160 °F for 60 minutes.
Finally, both the top and bottom surfaces of the pure epoxy specimen were machined flat
and then they were cut to the various-length portions. The specimen dimensions are
summarized in Table 2.1.

Note that the Epoxy B specimens are much longer than the Epoxy A specimens.
This is because the Epoxy A specimens failed to provide an adequate constraint against
the displacements along the length direction.

Prototype Specimens ! e !

mm mm mm

Epoxy A 3.18 12.90 1.88
Epoxy A 6.35 12.90 1.88
Epoxy A 12.90 12.90 1.88
Epoxy A 2290 12.90 1.88
Epoxy B 7.72 12.90 1.88
Epoxy B 38.10 12.90 1.88
Epoxy B 75.90 12.90 1.88
Composite A 3.18 12.93 1.88
Composite A 6.35 12,93 1.88
Composite A 12.90 12.93 1.88
Composite A 22.86 12.93 ‘ 1.88
Composite B 75.92 12.90 1.87

Table 2.1 Geometry of the prototype specimens
12




2.2.2 Glass Beads
A batch of glass beads was supplied to us by a local manufacturer. In order to

select glass beads suitable for CT imaging, we sieved the entire batch such using an 838
um sieve (Buckbee-Meats St. Paul MN-62). As a result we obtained a batch of glass
beads whose size distribution is characterized by the frequency diagram shown in Figure
2.1. This diagram was obtained by picking one hundred spheres at random and measuring
their diameter using an optical microscope. The mean diameter of this sample was 880

um, which is sufficient for CT imaging.
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Figure 2.1 Histogram for one hundred glass beads after sieving
According to the literature [13], Young's modulus of glass does not vary

significantly from one type of glass to another. Therefore, for glass beads, we adopted
E=T73 GPa (E-glass). Otherwise, we would have to determine the value of E using sub-

millimeter glass beads, which is a non-trivial task.

2.2.3 Composite Specimens
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Following the fabrication procedure for the Epoxy A and B specimens, the resin
and the hardener were mixed completely and then the mixture was placed in a vacuum
chamber at room temperature for 30 minutes to eliminate the air bubbles inside the
mixture. The epoxy was then poured into a mold to make the first layer and cured at 160
°F for 60 minutes. After machining the surface of the specimen flat, tens of glass beads
for Composite A and hundreds of glass beads for Composite B were placed at random on
the first layer of epoxy. After that, more epoxy was poured over the glass-bead layer. The
specimens were then cured for another 60 minutes at 160 °F. Finally, both the top and
bottom surfaces of the specimens were machined to obtain the desired specimen
thickness.

The Composite A specimens had the same dimensions as the Epoxy A specimens.
These sets of specimens were used for evaluating the stiffening effect of the glass beads.
Accordingly, these specimens were subjected to mechanical testing. In contrast, the
Composite B specimen was used for evaluating the microstructural geometry.
Accordingly, this specimen was subjected to CT, OM and weight measurements. The
dimensions for the entire set of prototype specimens are summarized in Table 2.1.

2.3  Mechanical Testing

The microstructural geometry in the form of a monolayer requires one to work
with thin specimens. Under simple tension or compression, such specimens are prone to
instabilities even at low stress levels. Under simple tension, the instability is due to
necking, and, under simple compression, the instability is due to buckling. To eliminate
these instabilities, we decided to rely on constrained compression tests with loading in the
thickness direction. Although this test does not involve instabilities, it requires careful
evaluation of the in-plane constraints. To resolve this issue we conducted our tests using
a plane strain compression device whose metal walls provide the constraint in one in-
plane direction. In the other in-plane direction, the constraint was realized by choosing
sufficiently long specimens.

The plane strain test device used in this study is shown in Figures 2.3. With this
device, the specimens were loaded with a stiff metal compression bar at a rate of
1.27 %10 mm/s. The force was measured with an 8.90 kN load cell. To ensure
uniformity of the applied pressure on the specimen, a viscous compression platten was
used. Additionally, two spring-loaded LVDTs were placed at both ends of the
compression bar to measure the relative movement as shown in Figure 2.3. The
alignment of the compression bar was easily confirmed from the two LVDT
measurements. The surface of the compression bar was smooth enough, so that no
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Compressive force

Compression bar (Steel)

Steel box

7777777

Specimen

Figure 2.3 Schematic of the interior of the plane strain compression device

lubricant was required. Compression tests were conducted on the Epoxy A and B and
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Composite A specimens. The objective of those tests was to evaluate the stiffening effect
of the glass beads and the constraint strength along the length direction.

2.4 OM Imaging

Optical images were obtained with a Reichert-Jung MeF3 microscope and a camera
KODAK MEGAPLUS Model 4.2. This set-up is shown in Figure 2.4. The magnification
level was chosen such that the resolution was 4.41 pm. With this resolution, twenty
images were required in order to obtain the image of the entire specimen. The images
were processed with Adobe Photo Shop software.

2.5 CT Imaging

CT images were obtained using the device at the High Resolution X-ray CT
Facility at The University of Texas at Austin (http://www.ctlab.geo.utexas.edu/). The
data were obtained as a set of 27 slices. The distance between the slices was 112 pum and
the in-plane resolution was 76.8 um. Thus both dimensions were about one tenth of the
size of the glass beads. These data were processed with a software package developed at
Center for Computational Visualization at The University of Texas at Austin
(http://www.ticam.utexas.edu/CCV). In terms of functionality, this package is similar to
the public domain package VTK (Visualization Tool Kit), but it is faster and better suited
for our purposes. The software creates both two- and three-dimensional images fully
automatically, provided that the user prescribes the threshold value for the iso-contours
that represent material interfaces.

2.6 Weight Measurement

Weight measurements provided us with a benchmark data point for the volume
fraction of the glass beads. Weight measurements were done with a precision
microbalance whose resolution was 0.1 mg. Each epoxy was weighed five times. We
relied on a single weighing for glass in part because the density of glass is a fairly stable
quantity, and in part because our measurement agreed very well with a handbook value.
To determine the volume fraction of the glass beads we measured the specific weight for
the glass, epoxy, and composite. Then the volume fraction of the glass beads was
calculated using the rule of mixtures.
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Fiber optic light source Fiber optic light source

Specimen

Microscope

Digital camera

Figure 2.4 Schematic of the device for optical measurements
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3. Prototype specimens: measurement results and analysis

3.1 Mechanical Testing
3.1.1 Epoxy A and Composite A Specimens

Results of the experiments on the Epoxy A and Composite A specimens are
shown in Figure 3.1. There the apparent Young's modulus is plotted as a function of the
specimen length; the apparent Young's modulus is defined as the stress-strain ratio along
the thickness direction. The data were obtained using 4 Epoxy A and 4 Composite A
specimens, and each specimen was tested 5 times.
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Figure 3.1 Apparent Young's modulus
of composite and pure epoxy specimens

For all specimens, the data exhibit scatter close to 5%, which cannot be correlated
with any controlled experimental variables, and therefore the scatter should be attributed
to experimental uncertainties. The apparent Young's modulus of the composite specimens
is roughly 15% higher than that of the epoxy specimens, and it is independent of the
specimen length. This behavior is expected, considering that the volume fraction of the
glass beads is low, and therefore the glass beads cannot contribute significantly to
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variations in the apparent Young's modulus from one specimen to another. The
significant dependence of the apparent Young's modulus on the specimen length can be
attributed to friction. For short specimens, those effects are insufficient to fully constrain
the specimen along the length direction; in the other direction the specimen is constrained
by the metal walls. Evidently, the data does not reach a plateau, and therefore additional
experiments are required in order to determine the minimum specimen length that yields
a fully constrained compression test.

3.1.2 Epoxy B Specimens

Based on the results for the Epoxy A and Composite A specimens, we concluded
that the minimum specimen length can be determined using the Epoxy B specimens,
rather than both Epoxy B and Composite B specimens. The apparent Young’s modulus of
the Epoxy A and Epoxy B specimens are plotted in Figure 3.2. The plot clearly shows the
difference between the Epoxy A and Epoxy B specimens -- the former are significantly
stiffer as a result of the longer exposure period under room temperature and humidity
conditions. Also it is clear that the data for the Epoxy B specimens tends to reach a
plateau. At least, the difference between the measurements for //w=3 and I/w=6 is within
5%, which we adopted as the experimental uncertainty error. Further verification, using
longer specimens, could not be carried out with our testing device.
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Figure 3.2 Apparent Young's modulus of pure epoxy specimens
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3.2 OM Imaging

The optical image of the Composite B specimen is shown in Figure 3.3. This
image is regarded as the benchmark for the CT image of the Composite B specimen. In
addition we used this image for quantitative characterization of the microstructural
geometry of the specimen. To this end, we assumed that the beads were spheres, and used
the optical image to determine the center and radius of every sphere. These data were
collected manually and recorded into a file. It was determined that the total number of
spheres was 464, their mean diameter was 880 wm, and the volume fraction of glass was
7.6%. These data was also represented as a frequency plot for the sphere diameter (Fig.
3.4).

Fig. 3.3. Optical image of Composite B

To our surprise we discovered a relatively large percentage of small spheres. OM
did not allow us to determine whether those spheres were glass beads or air bubbles. This
issue was eventually resolved using the CT image, which can differentiate between the
low-density air and high-density glass. Based on the CT image, we were able to conclude
that the small inclusions were glass beads. Note that part of the fabrication process for
the composite specimens included sieving of glass beads, in order to achieve a quasi-
uniform population of the glass beads with respect to their size. Obviously the sieving
procedure failed to exclude a relatively large number of small glass beads. We believe
that those beads were not excluded because they were attached to large beads during the
sieving procedure; a possible mechanism responsible for the attachment is static
electricity.

We observed that many glass beads touched each other as well as the edge of the
specimen. The random placing of hundreds of glass beads during its manufacturing
process allowed them to touch to each other easily. This situation is typical for the
majority of composite materials, since in most cases the volume fractions of particles or
fibers significantly exceeds 7.6% considered in this study. The microstructures that
involve many touching or almost-touching particles or fibers are particularly difficult for
both experimental characterization and computational modeling because they require one
to resolve the small gaps between the particles.
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Figure 3.4 Histogram of the glass beads in Composite B

3.3 CT Imaging

Figure 3.5 shows a CT image of the middle slice of the specimen. Upon
comparison of this image with the optical image in Figure 3.3, one can easily see major
differences between the two images. In particular, within 1 cm from the left edge, the
optical image shows about 20 spheres whereas the CT image does not show any spheres.
Most likely, this discrepancy is due to tilting of the specimen during CT scanning.
Apparently, the specimen was inadequately supported against the rotations about the x or
y axes, which led to tilting and eventually to the poor image. Also, on the CT image,
some particles do not at all look like spheres. This is expected for small particles whose
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image consists of a small number of pixels and nearly touching particles whose image
resembles a dumbbell.

Figure 3.5 CT image of Composite B

Besides the errors associated with finite spatial resolution, the CT image is also
prone to errors associated with data segmentation or the definition of a value for the data
iso-contours that represent the glass-epoxy interfaces. It is clear that the quality of three-
dimensional CT images cannot be better than that of two-dimensional CT images. From
this perspective, a three-dimensional CT image of the Composite B specimen is
worthless. Nevertheless, producing a three-dimensional was a useful exercise because it
revealed to us two additional difficulties. First, the CT device assigned density values that
varied from one slice to another. Some CT devices post-process the data so that this
problem is eliminated, but not the device used in this study. Second, the data was polluted
by the so-called ghost effect [14]. This effect can be eliminated if the data for each slice
are collected after a certain, machine-dependent, time interval. The ghost effect cannot be
eliminated with "creative" data post-processing.

3.4 Weight Measurement

Weight measurements for the largest Epoxy B specimen ({=75.9 mm) and
Composite B specimens are summarized in Tables 3.1 and 3.2, respectively. In addition
to the weight, these tables also contain the measurements of the specimen dimensions.
Based on these data and the value for the specific weight of glass (see Table 3.3), we
concluded that the volume fraction of glass beads was between 5.9% and 7.9%. This
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range is consistent with the value of the volume fraction obtained from the optical image,
which was 7.6%.

Measurement f w t W
number mm mm mm g
1 75.89 12.90 1.88 2.072
2 75.90 12.92 1.88 2.072
3 75.89 12.90 1.88 2.072
4 75.90 12.90 1.88 2.072
5 75.90 12.88 1.88 2.072
Table 3.1 Density measurements for the Epoxy B specimen (/=75.9 mm)
Measurement l w t W
number mm mm mim g
1 75.91 12.94 1.84 2.242
2 75.88 12.90 1.88 2.242
3 75.95 12.92 1.88 2.242
4 75.92 12.87 1.88 2.242
5 75.92 12.88 1.88 2.242
Table 3.2 Density measurements for the Composite B specimen
Radius W Density
pm mg mg/mm’
629 2.7 2.60
Table 3.3 Density measurement for a glass bead
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3.5 Recommendations

The study of the prototype specimens fully confirmed the notion that detailed
microstructural characterization is a challenging task, even for specimens with simple
microstructure. Based on the study of the prototype specimens, we concluded that the
fabrication and testing procedures for the model specimens must be improved as follows:

e In order to constrain the specimen along the length dimension, and thus realize a bi-
axially constrained compression test, the specimen length / should exceed its width w
by at least a factor of six.

e Fabrication procedures must be refined in order to eliminate small glass beads and
control the distances between the glass beads and between the glass beads and the
specimen surface. At this stage, the second requirement is critical for developing
reliable material characterization procedures based on CT data.

¢ OM provides adequate images of the specimen, but it can benefit from CT imaging
which can differentiate between small glass beads and air bubbles.

o CT data acquisition must be improved as follows:

The model specimen must be smaller than the Composite B specimen in order to
be scanned with better resolution.

The specimen fixture inside the CT device must be improved in order to eliminate
tilting.

During scanning, the model specimen must be surrounded by a significant volume
of glass, so that one can determine the peak corresponding to the density of glass.
The scanning procedure must be improved in order to eliminate the ghost effect.
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4. Model specimen

This section is concerned with the model specimen. This specimen is an improvement
over the prototype specimens, both in terms of fabrication and testing. In order to
eliminate repetition, our presentation emphasizes the differences between the model and
prototype specimens.

4.1 Geometry

The model specimen was significantly smaller in size than the Composite B
specimen involved in OM and CT imaging. The model specimen dimensions were [ =
11.08 mm, w = 1.93 mm, and 7 = 1.42 mm. For the specimen microstructure, we selected
eight glass beads and positioned them in a row along the length direction (Fig. 4.1). The
beads had almost perfect spherical shape and their diameters were close to 900 um. The
beads were placed such that the gaps between them and the gaps between the beads and
the specimen surface were on average 250 um; the smallest distance was 137 um.

[SOP— |

(b) -—
1 mm

Figure 4.1 Optical images of the model composite specimen:
(a) top view and (b) side view
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4.2 Fabrication
The fabrication procedures for the model specimen had to be modified in order to
realize controlled positioning of the glass beads. The modifications were as follows (see
Fig. 4.2):
1. The positions of the glass beads were controlled manually. The optical microscope
was used for monitoring the procedure.
2. Before placing the spheres, the top surface of the first layer was covered with a thin
layer of uncured epoxy, which allowed us to maintain the beads in proper positions.

3. After placing the beads, the specimen was cured again at 160 °F for 60 minutes. This
allowed the thin layer of epoxy to harden, and as a result the beads could be
maintained in proper positions during the vacuuming stage.

4. To reduce the residual stress after curing inside the mold, the model specimen was

annealed outside the mold at 160 °F for 60 minutes.
In addition to the model composite specimen, we fabricated an epoxy specimen with the
same dimensions and curing history, except that the epoxy specimen was subjected to
two rather than three curings. Both specimens were tested two weeks after fabrication.

Step 1: Pour and cure the first layer

FOOOOOOOOI—I

Step 2: Apply thin layer of epoxy, position the glass beads, vacuum and cure

OO000000

Step 3: Pour the 2nd layer of epoxy, vacuum and cure

O0000000

Step 4: Remove model specimen from the mold and anneal

Figure 4.2 Fabrication of the model composite specimen
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4.3 Imaging Procedures

For the model specimen, we obtained optical images of the top and side views,
using the resolution of 2.21 pm.

The CT data for the model composite specimen consisted of 36 slices along the
thickness direction. The slices were spaced uniformly, and the inter-slice thickness was
46.7 um. Within each slice, the pixel resolution was 25.5 um, so that the CT image was
obtained from the data whose resolution was about 3% of the mean diameter of the glass
beads. These pixel resolution and inter-slice thickness were about one half of those of the
Composite B specimen, so that the CT image was derived from the data whose resolution
was about one twentieth of the mean diameter of the glass bead. These choices were
made on the basis of experience with the Composite B specimen. In addition, care was
taken to eliminate the ghost effect.

To obtain the histogram peak for the glass phase, the specimen was scanned
together with a piece of industrial pure quartz, such that the total volume of glass was
roughly equal to that of epoxy.

Also, as part of CT data processing, we included the median filter technique [15]
to assess the CT data quality.

4.4 Mechanical Testing Procedures

Unfortunately, the dimensions of the model specimen were too small for constraining the
deformation in the width direction; for the prototype specimen, the deformation was
constrained by the loading device. This significantly complicates interpretation of the test
results since we no longer can assess the macroscopic stress in the model specimen. Also,
the model specimen was tested using a smaller load cell.

After the specimen had been tested in the elastic regime, it was tested in the inelastic
regime until failure. The displacement was controlled such that the specimen was
subjected to a series of loading-unloading tests. The peak load for each test was 450 N
more than the peak load of the previous test. After each test, the specimen was examined
using an optical comparator. The specimen images were recorded with a video camera, so
that the specimen could be viewed at 10X magnification in an optical comparator
connected to the DVD recorder (Panasonic WIDR 200). The schematic of this apparatus
is shown in Figure 4.3.
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Figure 4.3 Schematic of the set-up for observation
of the compression failure

4.5 Results
4.5.1 OM Imaging

Figure 4.1 shows the top and the side view optical images of the model specimen.
It is clear that we were successful in positioning the glass beads such that they were not
too close to each other and not too close to the specimen surface. OM revealed the
presence of a tiny glass bead next to the second main bead, if the main beads are counted
from left to right. The tiny bead cannot be seen in Figure 4.1 because it is not perfectly
focused, but it is clearly seen in Figure 4.7. We have no good explanation how the tiny



bead ended up inside the specimen, but the fact that the bead was there indicates that the
fabrication procedures need further refinement.

By assuming that the beads are spherical, we estimated their mean diameter as
897 um and the volume fraction of glass as 9.67%. In this measurement, the tiny glass
bead was neglected.

4.5.2 CT Imaging

Figure 4.4 contains three histograms corresponding to the CT data for the middle
slice. The black line represents the raw data and the red line represents the filtered data.
The blue line was obtained by removing the data representing quartz followed by filtering
the data representing the specimen. It is clear that all three peak, representing air, epoxy,
and glass, could be easily identified with all three data processing procedures. On the
other hand, both quartz and filtering enhance the glass peak.

2000 T T ™ T T ] T T T T T T T

(a) Raw data

1500
—— (b) Filtered data
(¢) Filtered data without quartz
= i ]
2 1000 il  E—— ——— SR _
&) N i ]
500 -

0 500 1000 1500 2000
Pixel value

Figure 4.4 Histograms based on:
(a) raw data
(b) filtered data
(c) filtered data without quartz

Figure 4.5 shows two images of the middle slice of the specimen; one image was
obtained from the raw data and the other from the filtered data without quartz. The
threshold values for both images were the same, and they were chosen as the midpoints
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between the peaks. Both images are in good agreement with the optical image shown in
Figure la. Filtering makes the second image less noisy than the first one, but the
difference is very minor, at least visually.

X
1 mm
y (a)
X
<+
1 mm

(b)

Figure 4.5 CT Images:
{a) raw data and (b) filtered data without quartz

Figure 4.6 contains thirteen histograms corresponding to various slices using
filtered data without quartz. These histograms show that the density shifts from one slice
to another were rather minor, and therefore the peaks did not have to be adjusted before
making the three-dimensional image.
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Figure 4.6 Histograms for various slices
for filtered data without quartz

Figure 4.7 contains a three-dimensional CT image of the specimen derived from
the raw data. The threshold values were chosen equal to those for the middle slice. The
image is consistent with the images shown in Figures 4.1 and 4.5. The image clearly
shows the tiny glass bead. Also it is clear that this is a glass bead but not an air bubble.
The tiny glass bead was also observed in the optical images but only after it had been
detected by the CT device.

Figure 4.7 CT image of the model composite specimen for raw data
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4.5.3 Weight Measurement

Based on weight measurements, it was estimated that the volume fraction of glass
had to be between 9.4% and 9.6%. The OM estimate of 9.67% is outside this tight range,
but this discrepancy can be easily attributed to deviations of the glass beads from the
spherical shape.

4.5.4 Elastic Behavior

Figure 4.8 presents the stress-strain curves obtained by repeating the same test
five times. According to Figure 4.8, the results are reproducible; in addition, the quality
of these data was confirmed by monitoring alignment of LVDTs. From these data we
calculated the apparent Young’s modulus of the model specimen as 2.05+0.03 GPa.
Similarly, we determined the apparent Young’s modulus of the corresponding epoxy
specimen as 1.76 £ 0.06GPa.

Stress (MPa)

L1 1 4 ’ 11 1 1 ' 1 P i 1 I Lt 1 1 l i1 i i 1 1 i1

0 " 1 1 I 1 L L L l 1 Ll L I L L Ll ' L 1 L L 1 LL 1 1 l 1 L L L
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
Strain

Figure 4.8 Stress-strain curves in the elastic regime
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4.5.5 Fracture Behavior

Figure 4.9 contains a set of optical images that describe the evolution of fracture
in the specimen. For the peak loads in Figures 4.9a-e, there are two images -- one
presents the top view and the other the side view. For peak loads in Figures 4.9f-i, there is
only image, for the top view. Apparently, fracture was initiated when the force P was
between 1.74 and 1.93 kN. It appears that the cracks were initiated between the beads and
the upper surface of the specimen. At P=1.93 kN, the cracks are particularly well
developed near the middle beads. Those cracks overlap at the upper surface of the
specimen but not at the mid-surface. As the load increases, the cracks in the middle
continue to spread and at P=2.48 kN two of them overlap at the mid-surface. Also at this
load, the side view of the specimen appears symmetric, which indicates that there was
significant cracking between the beads and the lower surface. The cracks appear to stay
in the mid-plane perpendicular to the y-axis for P < 3.08 kN. For P = 3.57 kN, the cracks
start propagating out of this plane until a major crack develops at P=4.73 kN. Also, for P
2 3.57 kN, the cracks interfered with optical imaging to the extend that the side view
images were impossible to resolve.

y
z
y
z
(b)
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1 mm
Figure 4.9A  Fracture patterns: (a) P=1.56 kN, (b) P=1.74 kI ., ..,. ..93kN

It is impossible to provide a detailed explanation of fracture evolution without
detailed numerical analysis. Nevertheless, we believe that the tendency for the cracks to
initiate at the upper rather than lower surface of the specimen may be related to the curing
procedure -- the upper surface was cured once whereas the lower surface was cured three
times. Also the tendency for the cracks to initiate near the beads in the middle may be
related to friction effects, since we expect no slip conditions in the middle and easy slip at
the ends of the specimen.
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Figure 4.9B  Fracture patterns: (d) P=2.48 kN, (e) P=3.08 kN
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Figure 4.9C  Fracture patterns: (f) P=3.57 kN, (g) P=4.01 kN,
(h) P=4.55 kN, (i) P=4.73 kN
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5. Conclusion

In this study, we considered several glass-epoxy specimens with two objectives in
mind. First, we wanted to develop an understanding of how CT imaging could be utilized
in microstructural characterization of mechanical behavior of composite materials.
Second, we wanted to obtain experimental results that would allow us to benchmark
computational modeling of composite materials.

We regard results of this study as mixed. On the one hand, we were able to
develop a good practical understanding of what it takes to obtain a (visually) good CT
image. On the other hand, such images can be obtained only for carefully crafted
specimens, so that the practical use of CT imaging appears to be limited. This is certainly
true for most fiber-reinforced materials with fibers close to 10 um in diameter. Also,
results of mechanical testing on the model specimen are of limited value because we
failed to constrain the specimen so that we could unambiguously determine the induced
mMacroscopic Stress.

The improvements in the imaging procedures for the model specimen mostly due
to a better understanding of CT imaging techniques that are well known to experienced
CT technicians. Nevertheless each specimen has its own specifics and an understanding
of those specifics is critical for producing good images, especially for features close in
size to the resolution threshold.

Surprisingly, even for quasi-two-dimensional microstructures, CT imaging was
able to identify certain features better than OM. CT was particularly useful in
distinguishing between air bubbles and small glass beads. However, it would be
counterproductive to consider OM and CT imaging methods as competing techniques. To
the contrary, one should search for ways of integrating these methods to the maximum
extent possible, so that it would be possible to exploit their advantages.

Based on results of this study, the following recommendations are made for future
investigations:

(1) Consider modifications in the model specimen geometry and/or mechanical
testing procedures that would lead to experimental data suitable for benchmarking
of computational modeling methods.

(2) Compare experimental and computational data for a new model specimen, and
establish possible ways of combining those data for integrated microstructural
characterization of mechanical behavior of composite materials.

(3) Explore the applicability of CT imaging.
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CHAPTER 2

Adaptive Modeling in Computational Solid Mechanics

J. Tinsley Oden, Kumar Vemaganti, Serge Prudhomme,

Daniel C. Hammerand, and Samuel W. Key

1. Introduction

Over the last few decades, the great advances in computational mechanics have been heralded as
major milestones in science and engineering, providing the knowledge, tools, and techniques that,
with the use of modern computers, may permanently change the way science and engineering is
done. Furthermore, these advances may have a profound impact on virtually every aspect of human
existence and well-being. At the heart of this promise is the predictive power of computer simu-
lation, enabling the modeling of complex physical events and extending our ability to understand,
control, and predict the behavior of physical and engineering systems.

There is, however, a growing concern as to the real extent to which this great promise will
ultimately be fulfilled. Will the new developments lead to predictive tools of a fidelity, accuracy,
and reliability sufficient to be used with confidence in applications of increasing complexity and
importance? The predictive power of computer models depends upon two fundamental factors:
1) The accuracy with which the mathematical systems governing the model (the partial-differential
equations, integral equations, constraints, etc.) are solved and 2) the suitability of the mathematical
model selected to abstract a particular set of physical events of interest. The first factor leads to
guestions ofverification as Roache [26] put it “verification asks the question, have the equations
been solved right?” The second factor leads to questionsalalatiory or, from [26], “have the
right equations been solved?” Issues of verification call upon method$nbri anda posteriori
error estimation, benchmarking, software engineering. Issues of validation traditionally call upon
physical experiments and testing. Our interest here is in the latter category, model selection. In

particular, can computational and mathematical procedures be developed that aid or complement
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the validation process? We provide what may be an affirmative answer to this question embodied in

the notion of hierarchical modeling and model adaptivity.

The selection of the mathematical model, the fundamental step in performing a computer simu-
lation of a physical event, is a step left largely to heuristic arguments, judgment and experience of
the analyst, or is based on incomplete empirical data. Indeed, different analysts frequently choose
different models to study the same physical phenomenon. Nevertheless, the selection of the model
and the parameters that characterize it is arguably the most important step in computer-based sci-
ence and engineering and is often the dominant source of error in computer simulations. Since all
models of physical events are approximations to nature, all models are in a sense wrong. Accord-
ing to Box [5], “All models are wrong, but some are useful;” Easterling [9] observes that “Useful
models are those for which the prediction error, the difference between nature and computation, is

tolerable in the context in which the model is to be used. The problem is to establish ‘usefulness.”

The notion of hierarchical modeling, while itself based on a selection process and also based on
mathematical (and, therefore, “wrong”) models, provides a potentially more systematic approach
for selecting models from a well-defined class of models. In this approach, we seek to define a class
M of mathematical models of a certain class of physical phenomena, which includes models that
are presumably candidates for modeling all events of interest. Within thiskldass so-called fine
model, which is also a mathematical model, but one of such detail, sophistication, and complexity
that all phenomena of interest in a set of simulations are predictable by it with sufficient accuracy.
Many of the properties of the fine model may presumably be determined through experiments, test-
ing, imaging, and other means. All other models withihare coarser or simplified models. While
general and inclusive, the fine model is often too complex to be used to obtain quantitative results;
thus solutions of the fine model are never actually computed, except possibly for very special cases.
The fine model is used only as a datum against which modeling error in coarser models is measured.
The fine model, for example, may characterize phenomena occurring at many spatial and temporal
scales and may embody many interacting physical effects, while various coarser models may be
characterized by averaged mechanical properties and simplified laws. Ultimately, the suitability of
the fine model itself must be estimated by determining its predictive limits within the context of
a still larger class of models or, unavoidably, through more traditional validation procedures such
as physical experiments. Once a set of hierarchical models is defined, the suitability of a given
(tractable) coarse model is determinedabgosteriorimodeling error estimates, bounds in various

norms of the error in a solution of a coarse model compared to the unknown fine model solution.
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Once thea posterioriestimates of modeling errors are in hand, adaptive procedures can be designed

to make possible the automatic selection of appropriate models within theAelass

2. Adaptive Modeling for Heterogeneous Materials

The study of heterogeneous materials offers an example of a class of mddelkerein the finest

model leads to a problem that is virtually impossible to solve, while a coarse model invariably leads
to an erroneous solution. Direct numerical simulation of the deformation of highly heterogeneous
materials — even under the assumption that the constituents are linearly elastic — is well beyond
the capacity of modern computers, due mainly to the vast number of degrees of freedom required
to capture and resolve the heterogeneities. Traditionally, the body is treated as a homogeneous
medium characterized by averaged properties. While this approach leads to manageable problem
sizes, it also results in the loss of crucial fine-scale information.

The methodology of hierarchical modeling, applied to the analysis of linearly elastic heteroge-
neous materials, was first described in [30, 20]. In these papers, a posteriori bounds on the error
in solutions to elastostatics problems induced by replacing fine-scale micromechanical properties
by coarser scale or effective properties were derived in global energy norms. These error estimates
were then used as a basis for an adaptive modeling process in which only enough fine-scale in-
formation sufficient to deliver results of a preset accuracy, measured in energy norms, is used to
characterize the model. The resulting adaptive process can lead to significant computational sav-
ings, making possible the analysis of micromechanical effects in some cases that are intractable by
traditional approaches. Preliminary results on extensions of these adaptive approaches to a class of
models depicting material damage were discussed in [21].

More recently, the theory of a posteriori modeling error estimation for heterogeneous materials
was extended to “quantities of interest” that represent local features of the response [18]. These
guantities of interest could represent, for example, average stresses on material interfaces, boundary
displacements, or mollified pointwise displacements, strains, or stresses. Mathematically, a quantity
of interest is any feature of the fine-scale solution that can be characterized as a continuous linear
functional on the space of functions to which the fine-scale solution belongs. Computable upper and
lower bounds and sharp estimates of the errors in such quantities are established in [18]. Based on
these estimates, an adaptive modeling algorithm, referred to as the GOALS (Goal-Oriented Adaptive

Local Solution) algorithm, is developed.

41



The theory assumes that the microstructure, and hence the elasticity tensor, is known almost
everywhere in the body. However, in most engineering materials, the number of microstructural
components in enormous, often exceeding millions of constituents, and the geometry, orientation,
and mechanical properties are unknown or not known with significant precision. Thus, it is usually
necessary to use specialized technologies to determine the microstructure. In [29], Computerized
Tomography (CT) images generated by X-ray devices are used to determine the microstructure
locally. A detailed description of a computational environment that integrates CT imaging and h-p
adaptive finite element methods with the GOALS adaptive modeling algorithm is available in [29].

In the remainder of this section, we describe various aspects of this integrated adaptive modeling
methodology. First, the overall adaptive modeling strategy is described. Next, each module of this

strategy is individually discussed.

2.1 Overview of the adaptive modeling strategy

The general ideas of the adaptive-modeling algorithm depicted in Fig. 2.1, are

1. A structural component is given or fabricated and a list of analysis goals, so-gaHatities

of interest is identified; the accurate calculation of these quantities is the goal of the analysis;

2. X-ray tomography is used to scan the specimen or various portions of it to approximately

define the internal microstructure;

3. A homogenization module accepts imaging data taken from sampled sections of the body and

computes effective mechanical properties using an adaptive finite element method;

4. The effective properties are used as input data in the adaptive hp finite element program
which computes a highly accurate “homogenized” solution to the equations of elastostatics
for given loading and applied force data (a step in which the response of the body is modeled

mathematically as a homogeneous, linearly elastic body);

5. The homogenized solution is input to a module which implements the GOALS algorithm
which estimates the errors in the quantities of interest (errors due to modeling the heteroge-
neous material as a homogenized medium) and adaptively adjusts the calculated quantities
(by using additional microscale data supplied by the imaging process) until preset levels of

accuracy are attained,;
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Figure 2.1: Schematic of the adaptive modeling strategy.

6. The output is the set of quantities of interest; when possible, these results are verified by

independent physical experiments.

In general, there is feedback between steps 1 and 2, and step 5 and 2: from 2 to 1, as imaging

data may be needed to identify quantities of interest, and from 5 to 2, as additional imaging data on

microstructure may be needed to adaptively improve the accuracy of the model.

2.2 Computerized tomography and mesh generation

Tomography refers to the cross-sectional imaging of an object from data collected by subjecting the

object to electro-magnetic radiation from different directions. X-ray CT refers to the use of X-rays

to analyze a given cross-section. Since a 3-D description of an object can, in principle, be assembled

from a series of 2-D (planar) descriptions, we focus our attention here on the analysis of 2-D CT
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images.

The output from the CT analysis of a material is a planar map of the attenuation coéfficient
of the material, given as a discrete function over a cartesian grid in the form of a gray-scale. Each
element of this grid is termedpixel.

For a detailed discussion of CT imaging, see [16]. In the current study, we use a X-ray CT

device with a resolution of about 10n.

The Segmentation Problem

Segmentation refers to the process of identifying individual constituents and the interfaces between
constituents in a material from its gray-scale image. For a two-phase material, this amounts to
classifying a pixel as belonging to one of two materials and grouping like pixels. The range of the
gray-scale depends on the number of “bits” of information stored per pixel; an 8-bit gray-scale, for
instance, ranges from 0 to 255 in value. Thus, to segment an image of a two-phase material, it is
necessary to select a threshold value, above which a pixel is considered to be of one material, and
below which the pixel belongs to the other material. For multi-phase materials, several threshold
values must be identified to delineate various micromechanical constituents. The choice of this
threshold value, evidently, has a significant impact on the outcome of the segmentation process.
Once the threshold parameter, also known as an isovalue, is selected, the isocontour — the surface
on which the value of the gray-scale function equals the selected isovalue — has to be determined.
Here, we comment only about the selection of the isovalue; a discussion of isocontouring is beyond
the scope of this paper.

Our approach to the segmentation problem consists of augmenting the Contour Spectrum ap-
proach proposed by Bajaj et al [2] with known information about the specimen. In particular, we
use information about the volume fraction of the specimen to arrive at a segmented image. In the
current approach, the threshold value is varied from one end of the gray-scale to the other, and
for each value of the threshold parameter, the volume fraction of the resulting segmented image is
computed. Then, the threshold value that predicts the known volume fraction of the specimen is
selected as the true threshold value. For more details on the Contour Spectrum approach and the

isocontouring algorithms used in this work, see [2, 3].

1The attenuation coefficient of a material, as the name suggests, measures the attenuation or the loss of intensity of
an X-ray while passing through the material as a result of the photoelectric absorption effect and the Compton effect. In

general, the attenuation coefficient of a material can be related accurately to material densities.
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Figure 2.2: CT image of sample of rock.

As an example, we consider a rock sample whose CT image is shown in Fig. 2.2. Figure 2.3
(a) shows the Contour Spectrum for this sample, with the blue line representing the variation of
the volume fraction with the threshold parameter. Finally, in Figs. 2.3 (b) and (c), we show the
resulting segmented images for two different choices of the threshold parameter. As is seen from
these figures, an arbitrary selection of the threshold parameter can result in a highly inaccurate

picture of the microstructure.

Mesh Generation

The final step in using the original CT image is to generate a mesh on which computations can
be performed. We now discuss the generation of 2-D meshes of quadrilateral elements for the
case of two-phase composites with cylindrical (circular) inclusions embedded in a matrix material.
Mesh generation using triangles for more general inclusions has been performed but will not be
considered here. For the purpose of the present discussion, we assume that the centers and the radii
of the inclusions have been extracted from the segmented image of the specimen.

The main steps in the mesh generation algorithm are as follows:

1. Construct the weighted Voronoi diagram of centers of the circles, with the weight proportional

to radius.

2. Merge short edges of the Voronoi diagram based on user-specified threshold. If this leads to

an intersection between an edge and a circle, the operation is not performed.

3. Divide faces of Voronoi cells inta pieces £ is user-specified) by introducing vertices (nodes)

on the faces. If a face is shared, this division must be unique.
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(b) (c)

Figure 2.3: (a) Contour Spectrum for the rock sample of Fig. 2.2. (b) and (c) Segmented images for

two different choices of the threshold parameter.

4. Connect centers of circles to the vertices on the faces, leading to a collection of super-
triangles. Each such super-triangle is divided into a quadrilateral and a triangle by the pres-

ence of the circle. Optionally, additional division can be performed in the radial direction.
5. Subdivide each triangle into three quadrilaterals.

6. Smooth the mesh using, say, centroid smoothing, wherein an internal node is relocated to

the geometric center, or centroid, of the polygon comprised of the elements containing the

internal node.

In Fig. 2.4, some of the steps in the algorithm are illustrated for a simple case. More involved
example problems employing the above algorithm will be presented later. It should be noted that the
approach described here is not related to the VCFEM of Ghosh and Moorthy (e.g. [11]). Here, the

Voronoi cells are not finite elements; they are partitions that encapsulate inclusions and provide a
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(€)

Figure 2.4: Meshing Algorithm: (a) Original configuration of the inclusions, (b) Weighted Voronoi

diagram for this configuration, (c) Voronoi diagram after removal of short edges, (d) Initial mesh,

and (e) Mesh after 5 iterations of centroid smoothing.

geometric description of needed for automatic meshing. These meshes are adapted using a parallel

hp adaptive finite element system discussed later.

2.3 The mathematical model

The actual response of the material body under study can be thought of as being depicted by an ab-

stract mathematical model, provided by the equations of linear elasticity for heterogeneous bodies:

—diV(E(X)VU(X)) = f(x), xe€Q
n(x)-E(x)Vu(x) = t(x), xeT} (2.1)

ulx) = UKX), xeTl'y,
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Here,Q) C ]RN(N = 1,2, 3) is the open interior of the material body under considerafigrand
T",, are portions of the bounda@(? of 2 on which tractiong and displacementd, respectively,
are prescribed is the body force per unit volume, amds the unit exterior normal t6€2. In (2.1):
E(x) = the value of the elasticity tens@ at a pointx € 2
u(x) = the value of the fine-scale displacement fieldt a pointx €
It will always be assumed th&t has the standard symmetries and ellipticity properties of elas-
ticity tensors:Ejx(x) = Ejin(x) = Eijin(x) = Ep,j(x), for almost everyk € Q,1 <4,5,k,1 <

N there exist constantsy, «; > 0 such that for almost alt € (2,

apgijeij < Eijr(X)eijen < agijei; (2.2)

for anye;; € RN x RN,EZ']' = ¢4;, and repeated indices are summed throughout their range,
1 <i,7,k,l < N. Owing to the possibly very irregular distribution of multiphase microstructural
features within the bodyi will, in general, be a highly oscillatory, rapidly varying functionsof

It is well known that for general domairi3 and general loading and boundary conditions, a
classical solution to problem (2.1) does not exist. One is then led to consider a weak or variational

form. In the case of (2.1), we have the corresponding weak problem:

Findu € {a} + V(Q) such that

(2.3)
Bao(u,v) = Fqo(v) VveV(Q).
Here,V (Q2) is the space of admissible displacements,
v(Q) & {v e (H'(Q)" :v=00n ru} . (2.4)
Also, ais an(H*(Q))¥ function whose trace of,, is the Dirichlet datd/, and
Ba(u,v) o / Vv :EVudx, (2.5)
Q
Fa(v) déf/f-vdx—i—/ t-vds. (2.6)
Q Tt

In (2.5), the integrand is ai!(f2) function, Vv : EVu = %(X)Eijkl(x)%%};(x) (repeated
indices summed] < i,j5,k,1 < N,N = 1,2,3). In (2.6), it is implicitly assumed that <
(L?3(Q))" andt - v is integrable o, for v € V().

The functionE = E(x) will rarely ever be completely known, and therefore, the fine-scale
displacement fieldr = u(x) will also never (or rarely ever) be knownThe best that one can
usually hope for is that a CT imaging device can be useshtoplethe specimen and determine an

approximate restriction di to the sampled subdomains.
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2.4 Effective properties: the homogenized problem

Since our knowledge oE is incomplete and since the fine-scale displacement field is unknown
and generally impossible to determine, we resort to a classical approach to analyze heterogeneous
media: the elasticity tensdg is replaced by a smeared, or homogenized tei&bof effective
properties A large body of work exists on this subject and the underlying mathematical theory, and
we refer to standard references for full details: see, for example, Bensoussan, Lions, and Papanico-
laou [4], Sanchez-Palencia [23] and Jikov, Kozlov, and Oleinik [15], or, for an engineering-oriented
treatment, Christensen [8].

In our adaptive modeling process, imaging data from the samples is used to compute effective
properties. This is accomplished by generating a finite element mesh of the microstructure and
calling an hp finite element module (discussed below) to calculate effective moduli. Note that the
determination of effective properties is not the goal of this analysis; homogenization is only an

artifact in a broader computational strategy. Thus, in the present approach,

e E°is computed from data supplied by the CT image of samples of the body;

e E° may be a constant tensor, or it can vary over a large group of samples, being constant,

however, over each sample.

With E° known, we replace (2.1) by tHeomogenized problem
—divE'Vu'(x) = f(x), x€Q
n(x) E'x)Vul(x) = t(x), x eIy (2.7)
w(x) = Ux), xeT,.
The weak form of the homogenized problem (2.7) is:
Findu® € {a} + V(Q) such that
(2.8)
BY(u°,v) = Fa(v) ¥ v e V(Q),
where

BY(u°,v) o / Vv :E’Vvuldx, (2.9)
Q

and E° denotes the elasticity tensor for the homogenized problem. The displacement’field

u’(x) is called thehomogenized displacement fielV/hile we do not know the fine-scale fieid
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we can nevertheless estimate quite accuratelyhdmeogenization error
e =u-u’ (2.10)

using methods described in [18, 30], and summarized below.

2.5 Error estimation and adaptive modeling: the GOALS algorithm

We now review the major results regarding modeling error estimation and adaptive modeling pre-
sented in [18]. First, we review global energy bounds on the modeling €traNext, bounds on
the modeling error in local quantities of interest are briefly discussed. This is followed by a review
of the Goal Oriented Adaptive Local Solution (GOALS) algorithm [18], a procedure for delivering
accurate values of quantities of interest.
Energy Error Estimates
Let

To=(1-E'E?), (2.11)

wherel is the identity tensor. Next, faz € V(Q2), define the associated line@sidual functional

Rg:V(Q) =R,
Rg(v) = —/QVV :EZyVgdx, v € V(Q). (2.12)
Finally, define the energy norm of an admissible functoa V(£2),
VIl 2y < VBalv,v), (2.13)
whereBq(-, -) is the bilinear form defined in (2.5).

Theorem 2.1 Let u and u® be the solutions to problems (2.3) and (2.8) respectively. Then the

following holds:

Clow < (1€ 5y = lu = v’ 5@) < Cupps (2.14)
where
1
det |Ryo(u® def 2
Clow = W(E(Q))” Cupp = {/Q (IOVuO) :EZyVu' dx} . (2.15)
|

For proofs, see [30] and [22].
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Local Error Estimates

Let L be a quantity of interest that is characterized by a continuous linear funcNo($a), L €

V' (). The problem

Findw € V(Q) such that
Bo(v,w) = L(v) Vv eV(Q)

(2.16)

is referred to as thadjoint fine-scale problemThe solutionw to the adjoint fine-scale problem is
termed thdine-scale influence functiolThe homogenized version of this problem is referred to as

the adjoint homogenized probleand reads

Findw® € V(Q) such that
B (v,wY) = L(v) Vv eV(Q).

(2.17)

The solution to this problem is thHeomogenized influence functiom what follows, we some-
times refer to the problems (2.3) and (2.8) asyitimal fine-scale problerandprimal homogenized
problem respectively. Functionsr andw" exist and are uniquely defined. The modeling error in

the influence function is given by
& “w — wO. (2.18)

Also, &" satisfies the following relationship:

Elow < HéOHE(Q) = ||W - WOHE(Q) < gupp (2.19)
where
- 0 - 1/2
Clow déf w; Cupp déf {/ (I()VWO) : EI()VWO dX} . (220)
WOl (o) Q

We now state the main result on the estimation of modeling error in quantities of interest.

Theorem 2.2 Letu® andw? be the solutions to problems (2.8) and (2.17), respectively. Then,

Mow < L(eo) < Nupp (2.21)

where
dﬁf 1 + \2 1 — 2 R 0 2 22
Mow = Z(nlow) - Z(nupp) + uO(W )7 ( . )
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def 1 1
Mop = 5 (Mipp)” = 5 ligw)” + R0 (W), (2.23)
with arbitrary s € R,
def _
nfpp = \/82C§pp + Q/QIOVuO :EZoVwldx +572¢2,, (2.24)
and
0 + 5,0
nlzgw def ‘Rsuoigflwojgu 0+ 0*w )" (2.25)
[u® + 0=wY g(q)
where(,pp and upp are defined by (2.15) and (2.20), respectively, énds given by
ot Bo(u®, w))R o (su® £ 57w — Bo(u?, u®)Ryo(su’ £ s~ 1w?) (2.26)
~ Ba(u0, wO)R 0 (su + s71w0) — Bo (w0, wO)Ryo(sul + s~ 1w0)’ '
0

See [22] for the proof. The scalar parameteis a scaling factor and its optimal value is

§* = /Cupp/Cupp- AlsSO, in our numerical experiments, we employ the followiesfimateof
the modeling error in the quantity of interest:

def 1 1
L(eo) R Mest = Z(Tll—fpp)2 - Z(nupp)2 + Ruo (WO) (227)

Definition of the Local Fine-scale Problem

For the purpose of simplicity, we assume that the quantity of intérésa functional of the form

L(v) :/l(v) dx, (2.28)

wherel is a linear mag : V() — L] (). Here,w is some subset of the domdih Functionals
of other types can be accommodated very easily in our approackl ;L le¢ a subset of the domain
Q) that containsv: w C Q. We shall refer td2;, as the functional’s “domain of influence”, and it's
determination will be discussed shortly.
In order to define the local fine-scale problem$®n, we introduce some notation. Let
r, oo, nt, T, ¥oq,\Ty,. (2.29)

Define the local function space 61y, as

V(Qr) = {veV(Q),v=00n02\0z,v|r, =0}. (2.30)
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Next, an extension operatéy, : V(§21) — V(Q) is introduced, defined by:
VL € V(QL), 5L(VL) = v such thatV‘QL = VLaV‘Q\QL =0. (231)

The restriction of the homogenized solutiofl to the domain of influenc€;, is defined as
u?: v def u’|, . Then, the following weak boundary value problem is referred to asottad

fine-scale problem

Finday, € {u?} + V(Q;) such that
L €{uz} (Qr) (2.32)
BL(flL,VL) = fL(VL) Vv € V(QL),
where the bilinear and linear forms are defined as
Br(u,vy) ¥ [ Vv, :EViydx, (2.33)
Qr,
and
Fr(v) déf/ f-dex+/ t- vy ds, (2.34)
Qr, FLt

respectively. Thusjiz, is a perturbation to the homogenized solutiat on €2, that takes into
account the fine-scale microstructure. It equals the primal homogenized saliition thel',,

portion of its boundary. Using the extension operaiprwe define thdocally enhancedunction

ueV(Q)as:

0w 1 & (- ud). (2.35)

Finally, it is noted that the modeling errar — u can also be estimated — both globally in

the energy norm, and locally in the quantity of interest — using the results presented in [18]. For

extensions of the above results to perforated domains, see [28].

The GOALS Algorithm

The GOALS algorithm provides an adaptive procedure for accurately computing a quantity of in-

terestL(u) by determining the size of its domain of influence. For this purpose, we introduce a

partition P of the domair(2 into cells®;, 1 < k < N(P), whereN (P) is the total number of cells

in the partition. The following modelingrror indicatorsare used in the GOALS algorithm:

1
Conpp = {/ IoVuO:EIOVude}2
o (2.36)

1
= 2
Ch,upp o { /@ IoVWO:EIOVWOdX} ,
k
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and

def

ﬁk = Ck,uppgk,upp + Ck,upp”WOHE(@k)- (237)

The indicatorsy, ., anddy, .pp are contributions of a cell to the modeling errors estimatgs and
Cupp (recall (2.15) and (2.20)), respectively. The measiyrés an indicator of the local contribution
of a cell to the modeling error in the quantity of interest.

The outline of the GOALS algorithm is as follows:

Step 1. Initialization.Given the initial datd?, I',,, 'y, E, f andt, construct a non-overlapping
partition of the domair® = {O;},k = 1,2... N(P). Specify error tolerance parametersor,
andéror, 0 < éror, < 1.

Step 2. HomogenizationCompute the homogenized elasticity ten&. Solve the primal
homogenized problem (2.8) fa’ and the adjoint homogenized problem (2.17)dt.

Step 3. Modeling Error Estimatiof€ompute error indicator,, ¢, andgy, for 1 < k < N(P),
using (2.36) and (2.37). Estimate the modeling error in the quantity of interest using Theorem 3.1.
Denote this estimate by

Step 4. Tolerance Tesf. 7y < aror x L(u®), STOP.

Step 5. Domain of Influencéetermine initial guess for “domain of influenc€l;, as all the

cells that intersecb, the region over which the quantity of interest is defined:
QU =Ucs0, TY{:0,nw0}. (2.38)

Compute the quantities,, ¢, andgz:

G {Z C;f,upp} N {Z C;%,upp} Bl + LWl B (2.39)

keJ keJ
Step 6. Update Domain of Influencéetermine the “bad neighbors” &t;, i.e., if 3; >

oroI1, X % x B, mark®; as bad and update; :
Qr, «— QU { bad neighborg . (2.40)

Update the quantitie$,, (1, andfy,.

Step 7. Solution of Local Problengolve local problem (2.32) ofR;, for u;. Construct the
locally enhanced solution € V() using (2.35).

Step 8. Estimate Modeling ErrdEstimate the modeling errdr(u — a) and denote the estimate

BY Nest- If Nest < aror, X L(a), STOP. ELSE, GOTO Step 6.
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2.6 Parallel hp adaptive FEM for material modeling

The adaptive modeling process described above requires the solution of three different boundary
value problems (BVPs): (1) the BVP on the unit cEllfor the computation of the homogenized
elasticity tensoiE", (2) the homogenized primal and adjoint problemsu8randw?, and (3) the
local fine-scale problems on domains of influefitefor uy,. Additionally, the primal and adjoint
fine-scale problems are sometimes solvedd@ndw, respectively, to obtain reference solutions
so that the accuracy of the modeling error estimates can be verified and the adaptive modeling
procedure validated.

In order to isolate the modeling error, it is necessary to solve these boundary value problems
with very high accuracy. This in turn requires the solution of very large sparse systems of equations.

Also, the modeling algorithm imposes certain requirements on the implementation. To list a few,

e Both the global and local error estimates involve the computation of integrals over the domain

w. These integrals have to be computed with high accuracy.

e Boundary conditions for the local fine-scale problems need to be extracted from the homoge-

nized solution.

¢ In order to handle the output from the meshing code, the representation of element geometry

has to be well-separated from the approximation shape functions.

With these requirements in mind, a two-dimensigpaallel andadaptivefinite element solver
was developed for the implementation of the adaptive modeling procedure. The main features of

the code are:

1. Language The code is written in C++ and uses the MPICH version of the Message Passing

Interface (MPI) [12, 17].

2. Adaptivity Mesh refinement is done using 1-irregular divisions of elements. Hierarchical
shape functions are used for p adaptivity. For a discussion of hp adaptive finite elements, see

[25].

3. Parallelism The code is designed to run on distributed memory machines. The notion of
Space Filling Curves (SFCs) is used to perform partitioning of the domain and achieve load-

balancing [24, 10].
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4. Solution strategyln the current version, the degrees of freedom corresponding to the bubble
functions are first eliminated, and the resulting system of equations is solved using either
(a) a preconditioned Conjugate Gradient algorithm or (b) the SParse Object-Oriented Linear

Equations Solver (SPOOLES) package, a public domain software [27].

5. Datastructure A Hashtable based datastructure is used for storing element, node and DOF
classes. Very general classes have been implemented for storing material and boundary con-

dition data.

6. Organization, structure and othersThe code is organized as a library-style collection of
routines, with the user supplying a few routines that specify the problem parameters. Post-
processing is user defined. User-specified integration rules can be used instead of the default
integration routines. Additionally, the code is capable of running in batch and interactive

modes.

The code has been tested on (a) cluster of PCs running Linux, (b) cluster of SGI workstations

running IRIX 6.5 and (c) an IBM SP running AIX 4.1.4.

2.7 Numerical experiments and examples

We now reproduce some representative numerical results from [29]. The first example demon-
strates the integration of two important technologies discussed in this paper. imaging and mesh-
ing techniques, and adaptive material modeling. We study the deformation of a fabricated com-
posite material that has a single layer of glass bead69GPa,r=0.22) distributed in an epoxy
matrix(£=4.6GPar=0.36). The dimensions of the specimen are shown in Fig. 2.5. The average

diameter of the glass beads is 8a®. Images of the specimen were obtained both with a CT device

I0.0Si n

(resolution=1@) and an optical microscope (resolutionsl

Figure 2.5: Dimensions of the epoxy-glass specimen.

We consider the two-dimensional problem of finding the response of the above specimen to
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compressive loads, as shown in Fig. 2.6. We pick, as a quantity of interest, tltwmponent of

the stress tensor averaged over the inclusion denotedibyig. 2.6.

P AP T
N g gt

Figure 2.6: Schematic for the 2-D problem of manufactured specimen under compressive loads.

To compute a reference solutien the meshing algorithm presented in Section 2.2is used to
generate a mesh. The resulting initial mesh is shown in Fig. 2.7 (a). The mesh after three iterations

of centroid smoothing is shown in Fig. 2.7 (b).

(b)

Figure 2.7: (a) Initial mesh, and (b) Mesh after smoothing.

Next, the homogenized primal and adjoint solutieffsandw? are obtained using the hp finite
element code. The modeling error indicators are then computed and the adaptive procedure is
carried out. The sequence of domains of influence and the resulting modeling errors are shown
in Fig. 2.8. As can be seen, the quantity of interest can be predicted accurately using only local
microstructural information.

The next numerical experiment deals with the analysis of a wrench made of a particulate hetero-
geneous material, modeled as a two-dimensional object. In this example, the internal microstructure
of the body is not known completely. However, as pointed out in [29], it is possible to predict local

guantities of interest without knowing the microstructure throughout the domain.
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(a) % Error=17.0 (b) % Error = 9.05 (c)% Error=2.1

Figure 2.8: Results of the adaptive modeling procedure: domains of influence and resulting model-

ing errors.

The objective is to study the microscale solution at one corner of the hexagonal part of the
boundary of the wrench shown in Fig. 2.9. The hexagonal part of the boundary is constrained,
whereas the circular part of the interior boundary is loaded as shown. The internal microstructure of
the wrench is assumed to be known only in the vicinity of the corner of interest, in a circular area of
radius 0.04 in. The microstructure in this region consists of randomly distributed circular inclusions,
with a local volume fraction of 0.4. Based on the number of inclusions in this region and based on
the area of the wrench, it is estimated that the body has about 128,000 inclusions. Judging from
results obtained in previous calculations, an adapted hp-FEM mesh of the entire structure sufficient
to produce global solutions within 1% error in an energy norm would require a computational model
with on-the-order-of one billion degrees of freedom.

The quantity of interest is taken to be the averagg stress on the inclusiow, shown in
red. The material properties are taken tobe= 100GPa,v = 0.2 for the matrix material, and
E = 1000GPa,r = 0.2 for the inclusions. The body is homogenized using the Hashin-Shtrikman
lower bound. Also, for the homogenized problem, the domain is slightly modified by ignoring the
fillets. This simplification is shown in Fig. 2.10 (a), marked by arrows. This, of course, results in
artificial corners in the domain, and hence leads to singularities in the homogenized solution. This
is reflected in the plot of,, component of the stress tensor, shown in Fig. 2.10 (b).

Next, the homogenized influence functierf is computed for the specified quantity of in-
terest, and the modeling error in the quantity of error is estimated. The relative modeling error
L(e%)/L(u) is found to be 0.49. The error indicators are then computed and two steps of the
adaptive modeling algorithm are carried out. The domains of influence and the resulting estimated
modeling errors are shown in Fig. 2.11. Note that for the local fine-scale problem, the fillet at the

vertex of the hexagon is not ignored (Fig. 2.11 (b)). Here, the GOALS adaptive modeling algorithm
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1
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1

Figure 2.9: Schematic of the wrench. All dimensions are in inches.

)

(b)
Figure 2.10: (a) Simplified domain for the primal homogenized problem; Ignoring fillets (shown by

arrows) results in artificial corners, (b),, component of the homogenized stress field (GPa).
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(a) Estimated final error = 12.2%. (b) Estimated final error = 4.2%

Figure 2.11: Domains of influence and the resulting (estimated) modeling errors in the local solu-

tions.

allows for the prediction of the quantity of interest to within an estimatgd

3. Global Estimates of Modeling Error in Nonlinear

Continuum Mechanics

As a general example of a basis for hierarchical modeling, we consider a large class of physical
phenomena that we assume can be captured by the general equations of nonlinear continuum me-
chanics. If this assumption proves to be invalid in actual predictions, then a larger class of models
must be defined which includes models of non-continuum effects, such as, for example, those of
molecular dynamics or kinetic theory. As an example of the nonlinear continuum class of models,
consider those characterized by the (class of) weak initial-value problems given in Fig. 3.1.

Here() is the reference configuration of a material body (an open, bounded redgithn in=
1,2, or 3) with boundaryd$), consisting of portiond™),, I'}, (0 =Tp UTy ), po is the mass
density in the reference configuratiomthe body force per unit masg, the traction o'y, U is
a function inV that produces the prescribed displacemenE'gnandU,, V' are initial displace-
ments and velocities, respectively. The displacement gradient hiStafys) = {Vu(X,t — s),
X € Qp, t > s> 0} depends upon the material poiXt €  (a.e.), and times in the interval
[0,t];dX = dX1dX2dX3 (for n = 3); S is the second Piola-Kirchhoff stress, determined by a
constitutive functionalS(-) on the histories oW« and of a set of additional variable$, which

may include the temperature and various state/internal variables. In (3.1c), the dependence of var-
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Model M
Given the set of data,
D = {Q()vFODvFS)vaOvbvngOvVO}v (313)

and the experimentally determined parameters and functions determining the

constitutive equation
S =8 (Vul(s), Al(s); X,t), (3.1b)
find, for eacht > 0, the displacement field(-,¢) € V + {U} such that

/ pot(t) - vdX + F(u;t) §(Vul(s), A(s);t) : Vv dX
Qo Qo (3.1¢)

= F (u(t); v,t) VoeV

Figure 3.1: ModelM

ious quantities onX is suppressed for simplicityiy = 0%u/0t?, and F(u;t) is the deforma-
tion gradient,F’ = I + Vu. The symbolV denotes the space of admissible displacements (e.g.
V ={v e (W'(Q))": v|r, = 0}), andF(-) is the loading functional, which depends upon
b, g, and possiblyu; e.g.
F(u(tiv.0) = |

pob(t) -vdX + / g(u, t) v dSQ.
Qo

%
Remarks:

1. The setD, as well as the coefficients, kernels, and various parameters appearing in the
constitutive functional (3.1b), as well as the boundary and initial &tal/,, V), can only be
determined approximately, through, for instance, imaging data, testing, and through experimentally
characterizing functionals the forms of which are themselves postulated. Thus, they can only be
represented in some statistical sense, so that the solutions to the general fine-scale model are, in this
sense, random variables. We ignore this fact here and consider only deterministic models.

2. Even when the data is known precisely, the fine model may be, in general, intractable; the
governing system may be too complex to be solved by the largest and most sophisticated computers
available. We do not, in general, expect to solve the fine-scale model. As noted earlier, it only serves

as a datum with respect to which coarse, simplified models are measured.
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Model My € M
Given the data séb and the constitutive equation
So =S80 (Vu(s), Aj(s); X,t) (3.2a)
find, for eacht > 0, ug(t) € Vy + {U} such that

/ povito(t) - vdX + [ Flug;t) So(Vub(s), Ab(s);¢) : Vo dX
Qo QO

=F (up(t);v,t) Vvel
(3.2b)

Figure 3.2: ModelM,

3. We are not concerned here with verification of approximations of the models in/elass
Thus, we assume that the simplified or coarse model can be solved exactly. In practical applications
of our modeling strategies, we use highly accurate finite element approximations of solutions of
the simplified model. For instance, the accuracy can be determined and controligabbteriori

estimates oapproximationerror and associated adaptive methods (see [1]). ]

In actual applications, we use a coarser or simplified maddgl within the classM. Let us
suppose that the simplified model is characterized as shown in Fig. 3.2. Here it is understood that
the coarse (simplified) solutiony(-,t) € Vo + {U}, Vo C V, and, importantlyu, satisfies the
same boundary and initial conditions as the fine solutioithe dependence oX of the integrands
is suppressed. In the simplified problem, the mass depgityand the constitutive equation for
stress may be different than that of the fine model problem. As remarked earlier, the coarse model
is assumed to be solvable, and we assume that we can calculate an exact or extremely accurate
approximation solutioa, at each( X, t) € Qg x [0, 7). In general, no additional data or testing are
needed to define the mod#f(, as it is a special subclass #fl. However, some processing, such
as averaging or homogenization, may be used to reddgdrom the fine scale model. In fact, for

many cases, more than one coarse model approximation to the fine scale model can be defined.
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Modeling Error Bounds

Let us assume that the motion (particularly the displacement figldj V' of the coarse model is

known for allt € [0, T]. Then the modeling error in various terms at titrege defined by

eu(t) = wu(t)—uo(t) (3.3)
Eg(t) = 8(Vu'(s), A(s);t) — 8 (Vuh(s), A'(s);1) (3.4)
er(v,t) = Flu(t);v,t) — Flug(t);v,t) (3.5)

€ = L0 = P00 (3.6)

The variablesA’(s) in (3.4) are computed using the fine model evolution equations with the dis-
placement gradient history indicated in the same argumest &for eacht > 0, the modeling error

is defined by the linear functional,
Et)yeV":
0 s = [ {eut) e i) v+ Veu)S (Vupe). A'()ee) Vo
+F (uo + ew; t) Es(t): Vv}dX —ex(v,t) @3.7)

where(-, -) denotes duality pairing o’ x V', V'’ being the dual of/.
Theglobal a posteriori modeling error indicatas defined by the one-parameter scalar-valued

function,
«o: ={[

It is straightforward to show that the following global bound on modeling error holds (see [13, 19]):

1/2

F (u(t);t) (50 (Vug(s), Aj(s);t) — S (Vug(s), At(s);t)) ‘2 dX}

(3.8)

IE@ v < ¢(t) (3.9)
where|| - ||y is the norm in the dudl”’ of V. An interpretation of the error measure on the left-hand
side of (3.8) as a global smoothing of total error is given in [13].

3.1 Generalization of error indicator

The global error indicato¢ can be used to define adaptive strategies which can be used to select

various models over given spatial and temporal regions. Some of the many strategies that can be
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defined will be detailed in the following subsection. Before preceding to detail any such strategies,
the global error indicato¢ will be generalized to account for the time history of what particular
models are used for a given subdomain. That is the governing equations are discretized in the time
domain and the models used over each time step are selected adaptively.

We have two types of models which are of interest. One is the equilibrium model which is used
to integrate the constitutive equations over the current time step in enforcing quasi-static or dynamic
equilibrium at the end of the current time step. The other is a comparison model used in determining
alternate stresses at the end of the current time step. Consider the case where the equilibrium model
is a coarse model. Then, the fine model may be used as the comparison model in order to judge
the accuracy of the equilibrium model. Another possibility is that the comparison model is an even
coarser model which is a candidate to be the next equilibrium model. In fact, multiple comparisons
between various models may be made at the end of a time step. The error indicator associated with

comparing the equilibrium (E) and comparison (C) models is then written as follows:
e = { [ Flus:0) [Se (ubs(s). As(e) 1)
0
1/2
—Sc (Vuly(s), Al o(s); 1] dx} (3.10)

whereVul, (s) is the displacement gradient history from the various equilibrium models actually

used and the state variables are computed using the equilibrium model displacements as follows:

t Ap(t—s) t>s>At (0<t—s<t—At)
App(s) = (3.11)
Ap(t—s) At>s>0 (t—At<t—-s<t)

Ayols) - Ag(t—s) t>s>At (0<t—s<t-—At) (3.12)
Ac(t—s) At>s5>0 (t—At<t—s<t)
Here Ay (t — s) denotes the state variable history from the actual equilibrium models used.

Note that the error indicator defined by (3.10), (3.11), and (3.12) is local in time, i.e., it charac-
terizes only the differences between the equilibrium and comparison models over the current time
step. That is, in integrating the constitutive equations, the state variables and stresses at the start of
the time step are taken to be the same in both models. The accumulation of errors from previous
time steps is not considered.

In order to make adaptivity decisiong;,c will be normalized b)(fE which is given as follows:

1/2
oty = { [ |Ftup(o):t) [Se (Vuly(s). Ay ) ) (3.13)
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Let us suppose that the domdik is partitioned into a collection of non-overlapping subdo-

mains{ox:
N(P)
P: Q= U Qok:; Qo NQoy =@, K # J. (3.14)
K=1

The global model error indicata /- (t) of (3.10) can be written as the sum,

N(P) 1/2

Core®) =4 S (Ke®)” (3.15)

K=1

where

(Be®) = [ P [Se(Vuiss), Aty s(s): 0

0K

~Sc (Vuly(s), Aly o (s); 1)]|? dX (3.16)

Similar equations hold fofz (¢) andfg(t). For finite element analysis, a natural choice is to have
each element correspond to a subdomain.

The(g/c(t) are the contributions of the error ov@gx to the global modeling error indicator
Ce/c(t). They do not represent local modeling errors, as the actual local error is generally polluted
by errors in remote subdomains. Neverthelessgg}@(t) are used as an indication of the relative
error in various subdomains/elements and to identify subdomains/elements where model refinement

is required or where model coarsening is allowed.

3.2 Adaptivity schemes

In order to perform model adaptivity, three questions must be answered which are when?, where?,
and how? A variety of methods that answer these questions can be developed to adaptively select
from among the members of a defined model family. These schemes come from selecting among
explicit and implicit implementations, global and local use of the developed error indicators, smart
and dumb model selection, and equilibrium and fine model state variable updates. The schemes have
been implemented in the Sandia code JAS3D[6] which can solve for quasi-static equilibrium states
of solid structures using either conjugate gradient or dynamic relaxation iterative solvers. In all of
the implemented schemes, adaptivity calculations are only performed when equilibrium has been
achieved within a specified tolerance using the chosen equilibrium models. Also, each element has

been chosen to be a separate subdomain for the adaptivity calculations in each adaptive algorithm.
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Explicit/Implicit Implementations

When computing an adaptive solution, a choice must be made between bounding the values of the
error indicator for a minimum computational cost and achieving minimum error indicator values for
a given computational cost. While not doing so exactly, the chosen implicit and explicit algorithms

attempt to offer solutions for each choice.

An implicit scheme allowing multiple passes through a given solution period is suited to bound-
ing the error indicator values. However, such a method may require more than two passes and, thus,
may expend sizable computational effort to do so. If the chosen solution period is composed of
multiple time steps, model switching could be delayed until a critical number of elements required
refinement or allow for coarsening. When such a point is reached, switching would be performed
and the calculations would restart from the start of the solution period. However, implementing an
implicit scheme in this manner would require either additional input/output or memory to be used to
store all of the information associated with the solution period start point. For implementation pur-
poses, only the case where each time step is considered as a separate solution period is chosen. In
fact, three types of implicit methods have been implemented. In each case the implicit calculations

over a single time step proceed until the error indicator(s) fall below a predefined limit.

The first method is a pure implicit implementation where refinement and coarsening are allowed
for any element during any pass through the current time step. The difficulty with this approach is
that model selection may cycle through set of choices over and over again without ever achieving
the required limits on the error indicator(s). Another approach referred to as restricted implicit
allows refinement whenever required, but coarsening only in elements which have not required
refinement previously during one of the previous passes through the current time step. The final
approach allows both coarsening and refinement at the end of the first pass through the current time
step. Then for additional passes through the current time step only refinement is allowed. This
final approach is termed “one time” implicit as coarsening of any element is allowed only one time

during each time step.

Explicit schemes where a single pass is performed through a solution period will not limit the
error indicator values, but, of course, will not compute multiple solutions for any solution period.
The drawback, of course, is that it is not possible to try correct any large errors identified by large
error indicator values. Rather, the error indicators are just used to select the model that will be

used in each element for the next time step. In order to limit error growth, these explicit techniques
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can be mated to selection processes where the fine model is chosen immediately when refinement
is indicated as opposed to just refining to a slightly better coarse model. Such model selection
schemes will be discussed later. Similar to the implicit implementations, the explicit codes have

solution periods that each correspond to a separate time step.

Local/Global Use of Error Indicator

Although the error indicatof,(t) that has been derived is global in nature, the element contri-
butionsgg/c(t) can be used in determining where refinement is required or coarsening is allowed.
The difference between the methods which are here characterized as either local or global in nature
come about from exactly how the adaptivity questions of when? and where? are answered. From
this point onward these types of methods will be termed as either local or global schemes.

In the local type of schemes, all choices about adaptivity are answered using only information

from the subdomain/element under consideration. The local error ind@@gris defined as

55/0: = \/(Cg/c)2/<§§/c)2 (3.17)

For each equilibrium configuration, refinement and coarsening are indicated as follows:

¢ Refinement required:

(pyp = TOL (3.18)

e Coarsening allowed:

(pp <TOL & (i <TOL (3.19)

where I’ denotes the fine model;OL is a predefined tolerance and the comparison moétligl
(3.19) is, of course, coarser than the equilibrium model.

Because a structure may consist of many different components and materials, JAS3D performs
many calculations on a material block by block basis where a material/element block is simply a
group of elements. In keeping with this architecture of JAS3D, the global schemes as implemented
consider adaptivity for each material block separately (sums and maximum are taken over all the
elements in a given material block). For a problem involving only a single material block, the global
schemes are indeed truly global. For the global methods, the following model selection criteria are

used:
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e Adaptivity (refinement or coarsening) allowed:

t
Ce(t)
¢ Refinement required:
K
t
_Ser® (3.21)
max C][E(/F(t)
K
e Coarsening allowed:
C/p(t)
’5/75{(75 <5 (3.22)
m;(lx CE/F( )
and
Chot
LK() < B (3.23)
max Ceyelt)

Here~v, «a, 81, andg; are predefined tolerances. In (3.21) and (3.22), all elements in a block are con-
sidered in determining the maximu(ﬁ/F(t). Elements that require refinement are not considered
in determining the maximurﬁg/c(t) in (3.23). Note that in determining the maximufﬁ/F(t)

and Cg/c(t), the equilibrium and coarse comparison models are likely to differ from element to
element. The decision of whether to allow adaptivity or not as given by (3.20) means that adaptivity

is likely to be performed only for select time steps.

Smart/Dumb Model Selection

After the needed error indicators have been computed and signify either refinement or coarsening
based on the predefined tolerances, the question of which model will be selected to become the
new equilibrium model must be answered. In the present research, two alternatives have been
investigated to select from among the members in a nested family of models.

The smart model selection procedure allows models to be selected non-sequentially. When
refinement is required, the fine model is chosen to be the next equilibrium model. On the other
hand, when coarsening is allowed, the coarsest model with an acceptable error indicator is selected
when error measure is being used locally. For the codes using the error measure globally, the
coarse model selected for computation of (3.23) is the one giving the I@\ﬁg@(t). Obviously,

the refinement procedure requires that the fine model be computationally tractable. This model
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selection scheme has been designed especially for explicit implementations to minimize the error
growth when refinement is indicated and to select the cheapest model possible when coarsening is
allowed.

The dumb model selection approach selects models sequentially. That is, the new equilibrium
model chosen when adaptivity is indicated is either a single level above or below the current equi-
librium model. This approach is particularly well-suited to implicit schemes which allow multiple
passes through a time step to select the cheapest models possible for a given maximum error indi-

cator.

Equilibrium/Fine Model State Variable Updates

In all of the adaptivity algorithms implemented, the first step after an equilibrium state has been
converged is to assess whether the equilibrium models used in each element have generated accept-
able results. This, of course, involves comparing the actual equilibrium and approximate fine model
stresses. The question is whether any of the computed fine model information can be used to en-
hance the equilibrium model results. Note that the stresses from the comparison fine model are only
approximate and do not correspond to an equilibrium state, unless of course, the equilibrium model

is in fact the fine model. Furthermore, the stresses from the equilibrium model for a particular ele-
ment depend on what models are used in other elements. Nevertheless, it may be acceptable to save
the approximate fine model state variable updates along with the equilibrium model displacements.
Whether this is satisfactory or not depends on the details of the defined model family. For models

in a family which differ only in how the state variable updates are calculated, saving the fine model
state variable updates is akin to using the fine model with a coarser tolerance for halting the force
equilibrium calculations. This may not be too dangerous, as equilibrium will be forced again in the

next set of equilibrium calculations.

Implemented Algorithms

Fourteen schemes corresponding to various combinations of the different options detailed above
have been implemented for the nonlinear viscoelastic model family to be described later. Acronyms
for each algorithm have been generated as follows. The first letter is either E, I, R, or O correspond-
ing to explicit, pure implicit, restricted implicit, or one time implicit, respectively. The second letter
which is either L or G, respectively, denotes whether the error indicator is used locally or globally.

The third letter can be either S or D for the cases of smart or dumb model selection, respectively.

69



Finally, E or F, respectively, is used in the final slot to refer to whether the equilibrium or fine
model state variable updates are saved. For example, the explicit code using the error measure lo-
cally with dumb model selection and equilibrium model state variable updates is denoted as ELDE.
The schemes that have been implemented in JAS3D are ELSE, ELSF, ELDE, ELDF, EGSE, EGSF,
EGDE, EGDF, ILSE, RLSE, OLSE, OLDE, OGSE, and OGDE.

3.3 Application to nonlinear viscoelastic polymers

An application of the present theory to a family of material laws for polymers is now considered.
First, a brief overview of the nonlinear viscoelastic (NLVE) family will be given and followed by
details of each model in the NLVE family. Adaptive results will be given for an example involving

tension of a plate with a hole.

Nonlinear Viscoelasticity (NLVE) Overview

The constitutive law developed by Chambers, Adolf and Caruthers [7] describes the nonlinear vis-
coelastic response of glassy polymers. This material model was developed using a thermodynam-
ically consistent rational mechanics approach. The material constants in the model were fit to an
epoxy so that a wide range of physical phenomena can be modeled both comprehensively and quan-
titatively. A key feature of the detailed nonlinear viscoelastic model used in this example is that
the physical phenomena of interest, such as yielding, volume recovery, or enthalpy relaxation, are
captured through the use of a material clock assuming rheological simplicity. The material/reduced
time scale on which viscoelastic relaxations proceed is controlled by the horizontal shiftdfastor

given by Eg. (3.29) which is to follow.

The various models in the NLVE family are delineated based on what physics are incorporated
into log4[a]. This leads to models which differ only in terms of how the state variables are updated
over each time step. The fine scale model includes the effects of thermal, volumetric strain and stress
histories in the horizontal shift factor which is given in terms of the configurational energy. The first
level of approximation has a shift factor which depends upon configurational entropy and includes
the effects of the temperature and volume historiedogry[a]. A still coarser model is where
log,,[a] depends only on the current temperature through the well-known Williams-Landel-Ferry
(WLF) equation. This model assumes thermodynamic equilibrium and has been found to be valid
for polymers under moderate stresses at temperatures ranging from the glass transition temperature

6,10 60,-+100 K. For polymers under moderate stresses at temperatures #gltve configurational

70



Table 3.1: Models in the NLVE family ordered in terms of computational expense.

Model Material Relaxations

(1B) Rubbery elastic all relaxations completed by end of time step
(1D) Pseudo elastic no relaxations over time step

(2B) WLF a=a(b)

(3B) Configurational entropy a = a(6, volumetric strain)

(4B) Configurational energy| a = a(f, volumetric strain, stress)

entropy model must be used. Finally, two elastic levels are defined which correspond to no material
relaxations occurring over the current time step (pseudo elastic model) or all of the relaxations
reaching completion by end of the current time step (rubbery elastic model). A summary of the
NLVE models is presented in Table 3.1 where they have been numbered and ordered according to

increasing computational cost.

Nonlinear Viscoelastic (NLVE) Family of Material Models

In rational mechanics, expressions for the stress, entropy and internal energy are determined from
the expression for the specific Helmholtz free enefigy/g) which is given in a generalized Lam”

constant form for the nonlinear viscoelastic family presently being examined as follows:

N
W) = () +AGEY g (Te(t): 1) + AGS Zgz (Ie(t) : IE(t))
N - N
+AA Y Cai(TL(t) s DIH() + ACY ai(Ij(t) (3.24)

i=1 i=1
wherel Zc andlg are state variables that represent integral histories of strain and temperature, respec-
tively. Furthermore in Eq. (3.24)A(-) denoteq-)? — (-)*° (i.e., the difference between the glassy
and rubbery value of a relaxation modulus) and these coefficients have been taken to be constant.
Also, all four relaxation spectra have been expressed as Prony series with identical distributions of

relaxation times. The quantit. (¢) is given by

Ié(t):/tooexp[ # Tf*)]d—gdg (3.25)
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wheret* — £* represents a difference in the reduced or material time sgaethe it relaxation

time andC is the Hencky strain measure given by
C=I+InC (3.26)

andC is the right Cauchy-Green deformation tensor given by

C=F'F (3.27)
Similarly, I;(t) is given by
i ' =€) 5*)
The reduced and physical time scales are related as follows:
t*— & = / 1 dt’ (3.29)
~Je a(t) '

whereaq is the shift factor which differs in each member of the NLVE family.

The stress, entropy and the rate of entropy production are determined from

dy 1. dc  df
v _lg . dC _

— - A 3.30
at ~ o Ty e (3.30)

wheren is the specific entropySy is the stress that is work conjugate with the Hencky strain

measure and is the rate of entropy generation. The Hencky stress is found to be

N
1 E I § E
2—pgSH = ﬁs + 2AGO £ g’L (IC I + QAG gl IC + AAO GJZIQ I (331)

wherep, is the reference density in a stress free state at the glass transition tempéyatline

equilibrium contribution to the Hencky stress is as follows:
7= [4pg (G§)™(C+ I —3) +2p,A3°(0 — 0,)] T + 4p, (G3)™ (C — 1) (3.32)
The second Piola Kirchhoff stress tensor is given in terms of the Hencky stress tensor by the follow-

ing relationship:

dc

S:SH@

(3.33)

ThedC/dC tensor is computed numerically.
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Configurational Energy Model

The most sophisticated and, hence, accurate member of the NLVE family of material models uses
a shift factor based on a quantity termed the configurational internal energy. Briefly, the configura-
tional internal energye., is the internal energy of the actual viscoelastic material minus that coming
from its glassy response to the same volumetric and thermal history. Recall that the specific internal

energyF is as follows:
E=v¢+060n (3.34)

The current value of the configurational enery depends on the current values Kf and 1.

Then, the shift factor in terms of the configurational energy is

log,gla] = B (ELC - Alref) (3.35)
whereB is a constant in the present work. Using a shift factor which depends upon the configura-
tional internal energy gives a material clock which depends upon the thermal, volumetric strain and
stress histories throughf, and}.

The quasi-static equilibrium states are determined at discrete times in the finite element solution
with numerical integration used for the constitutive equation. The history integrals in this model
and all other models except for the two elastic models to be defined later are marched in time using
a modified central difference scheme [31, 7] as follows:

. 2aavg7—z‘ — Atmzn . 1 2aa\/g7—iAtmin C(tn) — C(tnil)
I-(t") = In(t" 3.36
C( ) <2aangi + Atmin C( ) * 2aangi + Atpin Atn ( )

and

: 2013\/97}‘ — Atmzn : -1 2aavg7_iAth‘n H(tn) — H(tn_l)
Lp(t") = Io(t" 3.37
6( ) <2aavg7'¢ + Atmm 6( ) + 2aavg7'i + Atmm A" ( )

where
Atpin = min {At", 2aayg7; } (3.38)
For the configurational energy model (4B)yq is given by

2 1
l0g glaavg] = B ( ARy A=Y Aref> (3.39)

A simple fixed point iteration scheme is used to converge the nonlinear constitutive calculations

givenC(t"~1), C(t"), J(t"), 0(t" 1), O(t"), It~ 1), Ii(¢" 1) and E.(t" 1) whereJ = det F.
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Configurational Entropy Model

Similar to the configurational internal energy, the configurational internal entropy is defined as that
coming from the actual specimen minus the internal entropy from the specimen’s glassy response
under the same volumetric strain and thermal histories. Noting Eq. (3.34), it should be apparent that
the configurational internal energy contains terms corresponding to the configurational entropy. In
order to be consistent with the configurational energy model, the shift factor in the configurational
entropy model (3B) is actually based é. wherer, is the actual configurational entropy. For this

coarse modelpg,,[a] is written as

1 1
1 =B — 3.40
08210 [a] < egnc Aref) ( )

For the numerical integrationgg is determined from

2 1
| _ g _ 3.41
0g10[davg <9977c(t”) + Ogne(tn—1) Aref> 241

Similar to the configurational energy model (4B), a fixed point integration scheme is used to con-
verge the nonlinear constitutive calculations that result frproeing a function off;, and ;. The

configurational entropy model (3B) includes the effects of the volumetric strain and thermal histo-
ries onlog,,[a] and is a good approximation to the configurational energy model (4B) for the case

where the stresses are at or below moderate levels.

WLF Model

For the case of a polymer subjected to low to moderate stresses when the polymer is at temperatures
ranging fromd, to approximatelyy, + 100 K, wide experimental evidence indicates thag,[a]

can be expressed strictly in terms of the current temperature by the well-known Williams-Landel-
Ferry [32] relationship which is given as follows:

_ —C1(0—0,)
N Cy + (9 — Qg)

whereC; andCs are material constants. Because the horizontal shift factor in this case depends

log,[al (3.42)

only on the temperature and not on the stress or strain, it is properly termed a thermorheologically
simple linear viscoelastic model. Of course, the material response is nonlinear in terms of the
thermal history. It should also be noted that the proper kinematics for large deformations/strains are
still used in this and all other models. For the numerical integration of the constitutive Jais
determined using Eq. (3.42) withreplaced byayg = [0(t") + 6(t"1)]/2. Because temperature

is assumed to be specified, no iterations are required for the material law calculations in this model.
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Elastic Models

The material response of a cross-linked polymer at very short or very long elapsed times since a
load was applied can be characterized elastically using the appropriate constants that describe the
polymer’s glassy and rubbery moduli. That s, it is not necessary to consider any material relaxations
in order to find the initial and final viscoelastic response of the material. For such a glassy response,
essentially no material relaxations have had a chance to occur since the load was applied, whereas
for the corresponding rubbery response, all material relaxations have been completed since the load
was applied. Furthermore, these glassy or rubbery moduli could be used to determine the initial or
final viscoelastic structural responses for all path-independent problems, respectively. The idea of
not computing any material relaxations will be generalized into two elastic models which can be
used in combination with the previously presented viscoelastic models in computing the nonlinear,
possibly path-dependent, structural responses for structures composed of materials falling into the
NLVE family. The pseudo elastic model (1D) that will be defined corresponds to the case where
all material relaxations are proceeding extremely slowly over each time step in which the model is
used, whereas the rubbery elastic model (1B) will give the result for the case where all relaxations
have reached completion by the end of the time step in which it is used. Because neither model
includes the explicit use of a shift factatr no iterations are required to converge the numerical

computation of either constitutive model.

Pseudo Elastic Model

For the pseudo elastic response over the current time step, consider the following exact equation for
I (t"):

*\N tn *\N __ ¢*
TH(") = exp {— (ar) }Ié(t“) [ e [—“)%} TN CYS)

Ti

For this model, the assumption is thtatchanges very little over the current time step so that the

following approximation for}(¢") is acceptable:
L") =~ L") + 0(t™) — 0(t™ 1) (3.44)
Likewise, I';(") is updated using
I(t") = I ) +Cc(t™) —c(t™ ) (3.45)
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It should be apparent from Eq. (3.29) that smat* over a time step results frofxt being very

small and/orlog,[a] tending to be positive and relatively large over the time step. Note that if
other models in the NLVE family have been used before the pseudo elastic approximation (1D),
the pseudo elastic (1D) results will not correspond simply to uSipg= S% with the rubbery

moduli replaced by the corresponding glassy values in Eq. (3.32). However, if only this model
has been used for all times over a given region, then the Hencky stress for that region would be
SH = S% with the rubbery moduli replaced by the corresponding glassy values. That is, using the
pseudo elastic model for all time steps gives purely a glassy elastic response. Regardless of what
other models may have been used in previous time steps, the response of this model to any load
increments applied in the current time step is the traditional glassy elastic response of the polymer.
Hence, this model can be thought of as an enhanced glassy elastic model that can also be used in

time steps wheré¢* is small.

Rubbery Elastic Model

For the rubbery elastic model (1B), all material relaxations which started before and during the
current time step are assumed to reach completion by the end of the current time step. For this to be
true, the elapsed reduced time since any loading was applied needs to be relatively large. Exactly
how large this is can be determined from the largest relaxation time appearing in the Prony series
that are used to characterize the viscoelastic material. A large amount of elapsed reduced time
since a load was applied may or may not correspond to a large amount of elapsed physical time.
Recall that the reduced and physical time scales are related as given by Eq. (3.29). For instance,
if log;p[a] is constant at-2, the rate at which the reduced time proceeds would be two orders of
magnitude larger than the rate at which physical time elapses. Because all relaxations are assumed
to be completed by the end of the time step, all integral histd@mdlg are set to zero, while the
Hencky stress at the end of the time step is sinfjly as given by Eq. (3.32).

Hierarchy of NLVE Material Models

In terms of least to largest amount of computational cost, the models are ordered as rubbery elas-
tic (1B), pseudo elastic (1D), WLF (2B), configurational entropy (3B), and configurational energy
(4B). In terms of the physics capturedlig;,[a], the non-elastic models are ordered as WLF (2B),
configurational entropy (3B), and configurational energy (4B). Discounting any possible pathologi-

cal examples, if the WLF model (2B) is accurate, then so is the configurational entropy model (3B).
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Although they do not compute what the actual viscoelastic relaxations are over a given time step,
either of the two elastic models may be accurate over certain time steps for a given loading scenario.
As the most detailed model in the NLVE family, the configurational energy model (4B) is assumed
to capture all of the relevant physics. Hence, the assessment of accuracy of any of the coarse NLVE

models must be made with respect to the configurational energy model (4B).

3.4 NLVE numerical results

The present example considers a square plate with a centrally-located hole under tension. Symmetry
boundary conditions are used on two edges of the domain so that only one-fourth of the plate has
to be modeled. The plate has a length of 50.8 mm, a thickness of 0.635 mm and hole with a
radius of 6.35 mm. The plate geometry is shown in Fig. 3.3. The plate is assumed to be stress
free and in thermodynamic equilibrium in the initial state. The temperature field is uniform and
held constant afl, throughout the entire analysis. The tension boundary conditions are applied
as a prescribed displacement on the exterior edge that is perpendicular to theXglakial The
prescribed displacement in tié direction increases linearly with time at a rate of 0.254 mm/sec.

A large set of numerical results have been generated corresponding to all of the implemented
schemes. For each method except ILSE, at least two levels of model adaptivity tolerances are used.
For the codes involving local use of the error measiii@L is set to either 0.05 or 0.01. For all of
the codes which use the error measure globally, the adaptivity parameters are either the combination
(y=0.1, =08, 8, =0.3, 2 =0.2)or(y =0.01, « = 0.7, 51 = 0.2, G, = 0.1). Additional
results corresponding to other combinationgpfa, (1, (52) have been generated for some codes.
Also, a baseline solution corresponding to using the configurational energy model (4B) for all el-
ements over all time steps has been computed. Unless otherwise noted, all results correspond to
using a relatively fine mesh of 7803 elements. This mesh and element groupings for post processing
are shown in Fig. 3.3. A single element block is used for the schemes using the error measure in
a global fashion. For some methods, additional results have been generated using a coarser mesh
of 867 elements. In all cases, 100 equal time steps have been used to integrate the results over
the first 10.0 sec. The fine mesh and time domain discretizations have been determined using a
convergence study for the baseline solution. The assumption is made that the approximation errors
resulting from these discretizations can be ignored at present. The interaction between modeling
and approximation errors can be formally explored in a later work.

For brevity, only a few representative numerical results from the baseline and ELDE (explicit,
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Figure 3.3: Quarter plate geometry and mesh of 7803 elements. In addition, the elements have been
grouped into twenty numbered regions for reporting average quantities over a region. Also shown
is path A which connects the centroids of the elements on the vertical symmetry edge, beginning at

the top of the hole and proceeding toward the plate edge.

local use of error measure, dumb model switching, equilibrium model state variable updates) solu-
tions will be given. Some results from using ELSE with the coarse mesh of 867 elements are given
in Ref. [13]. However, some tabular data and general observations considering all of the generated

results will be presented later on.

Reference Solution

Contours of the Cauchy stress componept for the reference solution are shown in Fig. 3.4. For
these and all other contour plots presented for this example, the results are presented on deflected
meshes. Contours ef,, are not shown for brevity. For relatively small times, the nonlinear vis-
coelastic results give stress concentrations that resemble what would occur for a similar elastic case.
That is, the location of the highest tensitg, occurs at the intersection of the hole and symmetry
plane perpendicular to th&-axis, whereas the highest compressive stggccurs at the inter-

section of the hole and the symmetry plane perpendicular té th&is. However, as the time and
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loading increase, the,, stress concentration moves slightly along the X-symmetry plane away
from the hole. These changes in the distributiorr@f result from the fact that the stresses affect
the rate at which viscoelastic relaxations occur in the configurational energy model (4B). The com-
pressiver,, stresses are not large enough to cause yielding at the intersectionYoidyi@metry

plane and the hole. Hence, the location of the highest compresgjwvemains stationary.

ELDE Solutions with TOL = 0.05 and 0.01

Results generated using the ELDE implementation #ith.. = 0.05 and 0.01 will now be pre-
sented. In these and all other adaptive cases considered, all elements begin their constitutive calcu-
lations using the WLF model (2B). Shown in Fig. 3.5 are contour plots,@ffor the case where
TOL = 0.05. Itis clear that the stress,.. in this adaptive solution follows the same trends as in the
reference baseline solution. However, it is also apparent that the deformations near the top of the
hole are somewhat different. The time history of the element-wise distribution of models used are
presented in Fig. 3.6 for tHEOL = 0.05 case. The band where the configurational energy model
(4B) is used corresponds to that whetg, is relatively high. Outside of this band, the WLF model
(2B) and the pseudo elastic model (1D) are predominantly used.

Fort = 5.0 and 10.0 sec, contours ef., and element-wise distribution of model usage are
shown in Fig. 3.7 for the ELDE scheme withOL = 0.01. Examining Fig. 3.7, it is clear that
using a finer tolerance leads to better stress results, but at the expense of greater usage of the con-
figurational energy model (4B).

Figure 3.8 shows a plot the averagg, over region 1 as function of time, whereas Fig. 3.9
gives the spatial variation ef,, along path A at discrete results. Once again, the tighter tolerance
is observed to give much better results, especially in terms of the smoothness of the stress variation

along path A.
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Figure 3.4: Reference solution: Cauchy stressatt = 2.5, 5.0, 7.5 and10 seconds (left to right,

top to bottom) for the case where the configurational energy model (4B) is used for all calculations.
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Figure 3.5: Cauchy stress,, att = 2.5, 5.0, 7.5 and10 seconds (left to right, top to bottom) for
the ELDE scheme witi'OL = 0.05.
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Figure 3.7: Cauchy stress,, (left) and the models used over the time step (right} at 5.0

and 10.0 sec (configurational energy (4B) = red, configurational entropy (3B) = yellow, WLF (2B)
= green, pseudo elastic (1D) = blue, rubbery elastic (1B) = purple) for the ELDE scheme with
TOL = 0.01.
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General Results and Observations

Although a number of results have been postprocessed for all of the adaptive analyses performed,
only a small fraction of the generated information is given in this report. However, general obser-
vations based on these results will be presented subsequently. Tables 3.2 and 3.3 present data for
each of the 35 adaptive runs performed using the fine mesh of 7803 elements. This information
consists of the required effort (equilibrium iterations and CPU time) and a measure of the accuracy
of the calculations (error in the maximuim,. over the domain at the end of the analysis). Hence,

this information can be used as a general indication of the effectiveness of each adaptive simulation.
Note that some runs failed to converge past a certain time step for the tolerances specified for the
equilibrium calculations, whereas other analyses were stopped after it became clear that the results
were highly erroneous and/or a large computational effort had already been spent. These tables do

not present any results from the runs corresponding to using the coarse mesh of 867 elements.

All analyses indicate that tightening the tolerances used to answer the adaptivity questions of
when?, where?, and how? resulted in higher accuracy in the results, as expected. Also in a number
of cases, tightening these tolerances also lead to smaller computational effort being required. This
likely results from the fact that using different spatial and temporal distribution of models leads
to different equilibrium states being found. Of course, these differing equilibrium states require
different amounts of computational effort to find. In fact, for a lot of the adaptive schemes using
loose tolerances may lead to failure of the numerical solution procedure as the computed equilibrium
states are vastly different from those in the reference solution. Although not presented in this report,
the number of implicit iterations used by the RLSE, OLSE, OLDE, OGSE, and OGDE methods
generally was smaller for the tighter tolerances for this same reason. For instance, using OGSE or
OGDE withy = 0.1 leads to no model adaptivity being performed uhtit 5.4 sec, whereas using
~ = 0.01 with these methods leads to adaptivity starting at 1.0 sec. Waiting so long before
making any model changes, of course, leads to equilibrium states somewhat different than those
in the reference solution. It may be prudent in future work to try other tolerance levels for each

adaptive scheme for this problem.

Another closely related point is that any comparison model results are estimated using the dis-
placement solution generated using the given equilibrium models over the domain. That is, no
attempt is made to determine how the displacements would change if the comparison model is ac-

tually used. Of course, in the implicit calculations, equilibrium is converged again after any model
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Table 3.2: Computational effort an@,.)m.. results for adaptive simulations with local use of

error measure. All results correspond to using the fine mesh of 7803 elements.

Code | TOL | Equilibrium | CPU (hr) % Error in
Iterations Final (022),,4:

Ref - 56,164 15.36 -
ELSE | 0.05 82,995 16.28 5.47
ELSE | 0.01 52,007 9.64 0.57
ELSF | 0.05 71,892 10.04 0.96
ELSF | 0.01 49,753 8.88 0.06
ELDE | 0.05 77,573 11.32 3.86
ELDE | 0.01 50,127 9.25 0.64
ELDF | 0.05 62,718 7.59 1.49
ELDF | 0.01 48,506 8.61 0.05
RLSE | 0.05 > 10° 281.02 4.84
RLSE | 0.01 134,287 30.22 -1.84
OLSE | 0.05 804,706 | unknown 8.43°
OLSE | 0.01 84,811 17.80 -1.75
OLDE | 0.05 725,279 | 119.33 6.20"
OLDE | 0.01 80,011 16.74 -1.73

° Total iterations when job was killed duririg= 9.1 sec calculations

°° Calculated at = 9.0 sec

* Iterations/CPU time to reach numerical failure foe 9.7 sec calculations

++ Calculated at = 9.6 sec
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Table 3.3: Computational effort an@d ... )., results for adaptive simulations with global use of

error measure. All results correspond to using the fine mesh of 7803 elements.

Code ~ a | B | B2 | Equilibrium | CPU (hr) % Error in
Iterations Final (022),,42

Ref - - - - 56,164 15.36 -
EGSE| 0.1 | 0.8|0.8|0.2 115,602 | unknown 861.93°
EGSE| 0.1 | 0.8|0.3]0.2 98,888 10.86" 942.03 "
EGSE|0.01| 0.7 0.7| 0.1| 197,87F 26.3° 59.96%
EGSE | 0.01| 0.7]| 0.7] 0.0 51,792 8.81 1.10
EGSE| 0.01| 0.7 0.2] 0.1 71,426 13.27 6.23
EGSF| 0.1 |0.8|0.8|0.2 42,995 4.83 8.19
EGSF| 0.01|0.7|0.7] 0.1 49,570 7.81 0.09
EGSF| 0.01| 0.7|0.2|0.1 49,522 7.81 0.09
EGDE| 0.1 | 0.8|0.8]0.2 171,507 19.00 702.79
EGDE| 0.1 | 0.8|0.3]0.2 157,787 17.48 1147.71
EGDE | 0.01| 0.7| 0.7 ] 0.1 175,18 20.5V 562.8%V
EGDE | 0.01| 0.7 | 0.7 | 0.0 51,361 8.93 0.98
EGDE | 0.01| 0.7 0.2] 0.1 70,826 13.12 6.92
EGDF| 0.1 | 0.8]0.8]0.2 42,995 4.79 8.19
EGDF | 0.01]| 0.7|0.7| 0.1 58,271 7.07 47.70
EGDF | 0.01]| 0.7] 0.7 | 0.0 49,805 8.10 0.01
EGDF | 0.01| 0.7|0.2|0.1 51,715 8.525 0.06
OGSE| 0.1 |0.8|0.3]0.2 306,410 50.78 47.06°
OGSE| 0.01|0.7|0.2] 0.1 94,215 19.31 -2.30
OGDE| 0.1 | 0.8]0.3]0.2 > 106+ 234.5 38.46*
OGDE| 0.01|0.7|0.2] 0.1 82,700 16.04 -0.63

° Total iterations to reach numerical failure fio= 7.7 sec calculations

°°Calculated at = 7.6 sec

T Total iterations/CPU time to reach numerical failure fee 7.9 sec

T+ Calculated at = 7.8 sec

4 Total iterations/CPU time when job was killed during- 8.3 sec calculations
AL Calculated at = 8.2 sec

VTotal iterations/CPU time when job was killed during- 6.6 sec calculations
VV Calculated at = 6.5 sec

¢ Total iterations/CPU time to reach numerical failure fet 7.0 sec

¢¢ Calculated at = 6.9 sec

* Total iterations/CPU time when job was killed durihg- 8.3 sec calculations
** Calculated at = 8.2 sec
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changes, whereas no such effort is made using the explicit methods. However, this approximation
of the comparison model can still be a problem for the implicit methods when decisions are being
made about whether to consider adaptivity or not using (3.20).

A potential pitfall for the algorithms that use the error measure globally is the normalizations
used in (3.21), (3.22), and (3.23) to determine where refinement and coarsening are performed. The
fact that the maximurqg/F over the entire domain (or material block) and the maxin{@b from
the elements not requiring refinement over this same region are used can lead to difficulties when
these values are much larger than their respective means. That is, large error indicator values in just
a few elements can make the error indicators in almost all other elements appear to be relatively
small. For instance, consider the elements near the stress concentration in the present example.
These elements usually use the fine model (configurational energy model (4B)), and, hence, do not
need refinement. The coarse comparison model results from these elements are likely to be highly
erroneous compared to the local fine model results, but could potentially be used for the maximum
Cg/c in (3.23). This particular problem was observed for some of the numerical results from the
various global schemes.

Although not evident from any of the presented results, a lot of chattering from time to time
step occurred in the model selection process of each method. Differing amounts of chattering are
expected from the different adaptive algorithms. For instance, the explicit methods are expected to
result in more chattering in the final model selection from time step to time step than the implicit
methods. Of course, the implicit methods also have chattering during the implicit calculations
over a single time step. The smart model selection schemes are also expected to lead to more
chattering than the dumb model selection schemes. However, no formal measure of chattering has
been developed or implemented.

Chattering from time step to time step is not expected based on any of the physics being simu-
lated in this numerical example. Rather, the chattering is a phenomenon of the implemented adap-
tivity schemes. Physically what is expected is distinct spatial and temporal regions where particular
models are used. For example, one would expect that anywhere the stress is relatively high, the
configurational energy model (4B) would be used. Hence, examining the stress contours from the
reference solution, it is almost possible to guess where the configurational energy model (4B) should
be used.

Of course, the chattering over the implicit calculations over a single time step differs in each

type of implicit scheme. In fact, the differing rules for when coarsening is allowed were developed
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partly to limit this chattering. Using the coarse mesh of 867 elements, it became clear for the pure
implicit ILSE scheme that the model selection process can get stuck in a repeating loop. The only
way to break such a loop is to reach the maximum number of implicit iterations allowed for a given

time step.

Examining Tables 3.2 and 3.3, it is clear that much greater computational effort is expended
using the implicit schemes rather than the explicit schemes. This results from the fact that each
time new equilibrium models are selected using the implicit methods, the equilibrium state at the
end of the current time step is reconverged to the same tolerance used in determining equilibrium in
the explicit methods. One would naturally expect the number of iterations required for equilibrium
to decrease as more and more implicit iterations are taken. This behavior was in fact observed.
However, the number of equilibrium iterations after the first couple of implicit iterations usually
was as large or larger as that in the initial equilibrium state determination for the time step. Also,
the reduction in effort for equilibrium convergence in later implicit iterations was not as great as
expected. Using some results generated using the coarse mesh of 867 elements, it was clear that
even changing the models in only a few elements could raise the relative force imbalance by two
orders of magnitude. Perhaps the best way to address this issue is to allow a coarser tolerance on
the equilibrium calculations corresponding to the first couple of implicit iterations during a given

time step.

The model selection process in the implicit methods encompasses not only chattering, but prop-
agation as well. That is, in solving the boundary value problem, the model selection process in
any given element is affected but what is occurring in other elements, especially those in the near
vicinity. Hence, the use of a certain model may spatially propagate during the implicit iterations of
a given time step. The number of implicit iterations is thus expected to rise as the mesh is refined,
due to both more opportunities for chattering and more elements required to propagate the selection
of a particular model a given spatial distance. For the implicit methods where calculations were also
performed using the coarse mesh of 867 elements, fewer implicit iterations did result than when the

fine mesh of 7803 elements was used.

The choice between using either an implicit or explicit scheme is likely to be problem depen-
dent. That is, explicit methods are efficient and can be used in the case where the modeling error
growth occurring in any given time step is relatively small and does not need to be corrected before
proceeding to the next time step. For situations where this is not the case, an implicit method may

in fact be a better alternative rather than just using smaller time steps with an explicit method.
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Although no effort was made to examine approximation errors, these errors are, of course,
present and do, in fact, affect the model selection process. That is, there are interactions between
the modeling and approximation errors. This is evident when coarse mesh and fine mesh results
for model selection using a particular method are examined. For this problem, the model selection
process resulted in similar spatial and temporal distributions of constitutive models used in all of
the cases examined. However, regions did exist where the models selected differed somewhat,
especially during the later stages in the simulations.

Using the fine model state variable updates in the explicit methods appears to lead to good
accuracy at a minimum cost. As noted earlier, for NLVE this corresponds to using the fine model
stresses which are approximated using the displacements computed using the various equilibrium
models. Although for explicit methods, these stresses do not correspond to equilibrium for the
current time step, equilibrium is immediately enforced again in the next time step. Saving the fine
model state variables may not work as well for other material model classes.

It should be noted that the data input into each model is assumed to be known precisely. That is,
no attempt has been made to assess how any uncertainty in the data would affect model selection in
the NLVE family. Any such data uncertainty may play a role in model selection as each model uses
the material properties differently in determining elapsed time on the material time scale.

The first set of numerical results appear to be very encouraging. Indeed, adaptive solutions using
different models in various regions of the computational domain have been produced that are almost
as accurate as the solution obtained with the finest model. Nevertheless more numerical experiments
are needed in order to better assess the performance of the various implemented algorithms for
modeling adaptivity. Furthermore, thermodynamic and possibly other considerations must be taken
into account so that a more robust adaptivity scheme can be developed for the nonlinear viscoelastic

model studied here and other material models.

4. Concluding Comments

The concepts of modeling error, error estimation, and adaptive modeling provide a framework for
systematically selecting appropriate models of physical phenomena. Several additional advances are
needed if these methods are to have a useful role in model validation. First, the predictive qualities
of computational models will always depend upon the goals of the simulation. In other words, the

particular physical event(s) of interest must be clearly specified before it is meaningful to compare
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the effectiveness of various models of it. Second, the modeling error is, as noted earlier, a random
variable. Thus, the adaptive modeling process should be embedded in an appropriate stochastic
framework or in something equivalent. Thirdly, modeling error and approximation error must be
simultaneously estimated and controlled for a completed, verified and validated predictive tool to
be created. Finally, adaptive modeling should be integrated into a larger framework that provides
an interaction and feedback with physical experiments and tests to allow dynamic updating of the

parameters that define models within a hierarchy of possible models.
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CHAPTER 3

The Treatment of Uncertainties in

Computational Mechanics

Ivo Babuska

1. Introduction

Mathematical models in computational mechanics are usually defined by a boundary value problem
involving linear or nonlinear partial differential equations and a specific goal for the analysis. The
boundary value problem consists of some input data such as the partial differential equations and
their coefficients, the domain of definition of the solution, the boundary conditions, etc.

For a given physical phenomenon, we may introduce a hierarchical sequence of models with
increasing complexity. The lower models are usually derived from the “highest” model by simpli-
fication of the equations or by choosing specific coefficients. Assuming that the “highest” model
yields an accurate representation of reality, the solution of the lower models can be viewed as ap-
proximations of the solution of the highest model.

The computational analysis creates a mapping from the space of input data into the space of
the desired data specified by the goal of the analysis. The goal typically aims at defining the data
of interest within a given tolerance range. Note that the input data are never known perfectly.
Moreover, using more sophisticated models requires additional data which in turn present more
uncertainties. The treatment of uncertainties therefore consists of finding the relationship between
the uncertainties in the output (defined by the goal of the analysis) and the uncertainties in the input
data.

Characterization of uncertainties in the input data can be two-fold:
1. The range of uncertainties is known; for example the range of the coefficients.

2. The statistics of uncertainties is known; however the statistics, namely the probabilistic char-

acterization, may involve additional information which is not perfectly known.
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In the first case, we are interested in the range of the output, while in the second, we wish to
obtain the probabilistic characterization of the output or some information derived from it, like, for
instance, the mean value or the standard deviation.

The mathematical problems should possess reasonable properties, namely, existence and unique-
ness of solutions and continuous dependence of these solutions on the data, in a sense appropriate
with the type of uncertainties. In the case where the continuous dependence property is not satisfied,
the mathematical model should be carefully investigated as to whether it accomplishes the objective
of the analysis. Because of increasing uncertainties in the description of more complex models (the
“higher” models in the hierarchy), these models, beyond a certain level, are not necessarily more
reliable. In other words, they do not necessarily provide more accurate results with respect to reality.
Needless to say that the determination of such a threshold level is not an easy task.

We present in the following some aspects of the research directions which address the issues
described above. In particular, we will discuss the problem of uncertainty in the domain of definition

of the solution and the problem of stochastic input data.

2. Uncertainty in the Domain

Let2 denote the domain on which the differential equation is defined. Uncertainties in the definition
of  necessarily appear when it is generated using some scanning devices. The domain is then
recovered from digital images and therefore strongly depends on the resolution level. In three
dimensions for instance, the domain is reconstructed from two-dimensional slices which are usually
spaced at a distance larger than the resolution level of the two-dimensional image.

The digital images obtained by scanning are postprocessed based on a threshold value of the
“shadow” intensity. In the ideal two-dimensional setting, the value of the threshold parameter char-
acterizes the volume fraction of the domain contained in the pixels. Therefore, we can recover a
“pixel” domain which approximates the real domdnby selecting a particular value of the pa-
rameter. The pixel domain is defined as the union of all pixels whose volume fraction is at least
larger than the prescribed value. We then can generate a monotonic (in the ideal case) sequences
of pixel domains by selecting sequences of threshold values. In doing so, we conceptually obtain
a pixel domain, denoted b§, ow, Which is a subset of2. The domain2 ow is associated for
instance with the highest value of the parameter. Likewise we can obtain a pixel domain, denoted

by Qup, which containg2. This time,Qyp is associated with the lowest parameter in the sequence.
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Figure 2.1: Original domain (a), pixel domains (b,c,d), and smoothed domain (e).

Unfortunately, this “ideal” situation is not always available because of various sources of “noise”

in the digital images. There exist to date several, more or less heuristic, approaches in selecting
an “optimal” value of the parameter; the corresponding pixel domain may be further postprocessed
by smoothing the boundary while preserving known features of the domain. Various methods have

been developed by and are currently being used in the computer graphics community.

To illustrate the problem, we show in Fig. 2.1 the digital photograph of a domain (a), three pixel
domains for different values of the grading parameters (b,c,d) and the corresponding smoothed
domain (e). In Fig. 2.2, we show the pixel approximation of fibers in a fiber composite for a given
value of the parameter (diameter of the fiber is atipum). In this case, the input data are strongly

dependent on the length separating fibers (especially when it is relatively small).
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Figure 2.2: Fiber composite.

We proceed with our discussion by considering the following model problem:

—Aut+u = f, inQ c R?, (2.1a)
Q@ @ +pPu = g, on 9. (2.1b)
on

We now distinguish three types of boundary conditions.

2.1 Dirichlet boundary condition
Settingae = 0 and = 1 in (2.1b), we obtain the Dirichlet boundary condition:
u =g, on of).

Becausd is determined with some uncertainty, it is necessary to defamethe trace of a function

Y € HY(R?), thatis,g = 1|sq. Likewise, f needs to be defined ib?(IR?).

Assume now thaf2 ¢ R? is a bounded domain arfd = R2 — Q) (i.e. there is no crack if2.)
Further, letQA denote a sequence of pixel domains with pixel siee— 0. Let us suppose that

QA — , the convergence being understood in the following sense:

for everyz € (, there exists\y(z) such thatr € Qa, for all A < Ay(z), and, for
everyz ¢ Q, there exists\ (z) such thatr ¢ Q, forall A < Aq(z).
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This assumption is satisfied when the pixel domains are constructed from digital images with a

particular selection of the threshold parameter and increasing resolttien 0). Then we have

Theorem 1 (Stable and unstable domains)Jnder the foregoing assumptions and definitions:
1. For everyQa, there exists a unique (mesh) solution € H'(Qx).

2. There exists a family of unstable domains (with respect to the Dirichlet boundary condition)

for which there is a sequence Qfy, such thatua do not converge (ii/!) asA — 0.

3. There exists a family of domaifis,, called stable domains, for whichiy, — w in H' for
any value of the parameter. By convergence, we mean convergengewdiich is extended

by € H'(R?) outsidea. [

For more detalils, see [1].

Remark: Most domains in practice are stable with respect to the Dirichlet boundary condision.
Let us now assume that, for a particular the pixel domain$2, ow andQyp are known. Then

itis possible to estimate priori or a posteriorithe norms|ux — urow|| g1 and|lux — uupl| ;1 for

any A < A. This also provides bounds dm — u ow|| 1 and|ju — uyp| s for stable domains.

We refer the reader to [2] for more details.

2.2 Neumann boundary condition

Takinga = 1 andg = 0in (2.1b), we now consider the Neumann boundary condition:

ou

on 7
We consider the particular case where= 1, f = 0 (as beforeg is the trace of a functiony on

01)), and(2 is a unit circle centered at the origin. Then we have (cf. [3]):

Theorem 2 Letua denote the solutions on the pixel domaihs. A — 0 andw the solution or2.

Then
ua(0) 4 u(0) as A — 0,

and for anyA,

[ (0) — u(0)]
o) .
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Theorem 2 shows that Problem 2.1a with boundary condig%n = 1 is not a well-posed
problem in the case where we use pixel approximations of a circle. Hence the present mathematical
formulation has to be used with utmost caution. The essence of the paradox mentioned in Theorem 2
is that the length of the boundaé}f2 A does not converge to the lengthasi.

Remark: We observe in the literature that pixel meshes are sometimes used as finite element
meshes after proper coarsening. This may yield erroneous results. Note that it is possible to re-
formulate the boundary condition so that convergence is established (see [3]). This model can then
be used in the computations. Also estimates of the error in the approximations on pixel domains
can be obtained. [
Remark: If g = 0, then the problem mentioned in Theorem 2 does not occur. [
Remark: For Neumann problems, there exists a family of unstable and stable domains with respect
to the Neumann boundary condition. Note that the families for the Dirichlet and Neumann boundary

conditions are different. ]

2.3 Newton boundary condition

The Newton boundary condition reads:

0
oe—u—i—ﬂu:g, a>0,06>0.
on

This type of boundary condition takes into account convection (radiation) phenomeéita &im-
ilarly to the Neumann boundary condition case, convergence cannot be established.
Domain uncertainty enters the category of examples where only the range of input data is avail-

able.

3. The Problem of Stochastic Input Data

Let D denote a domain with boundaéf>. We now consider the model problem

-V .a(z,w)Vu = f(z,w), in D, (3.18)

u = 0, onoD. (3.1b)

wherea(z,w) are f(z,w) are stochastic functions.

For simplicity in the exposition, we will distinguish in the following two cases:

1. a(z,w) is a stochastic function whilé¢(x) is a deterministic function.
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2. a(x) is a deterministic function whil¢(z, w) is a stochastic function.

3.1 Stochastiaz and deterministic f

In order to study the model problem 2, it is necessary to introduce a mathematical formulation in
a probability spacé(2, F,P). Here, 2, F, P denote the set of random events, thalgebra of
subsets of2 and the applicable probability measure respectivelX Is a real random variable in

(2, F,P) with X € LY(Q), we denote its expected value by

E[X]:/QX(w)dP(w):/RXd,u(X).

Here . is the distribution probability measure féf, defined on the Borel sé® andR, and given

by
u(B) =P (X7 (P)).

We will assume that( B) is absolutely continuous with respect to the Lebesgue measure; then there

exists a density function fak, p: R — R™, such that
E[X] = / Xp(z)dz.
R

We now consider the random functions D x Q = D — R, whereD C R2. We suppose that

v € L2(D), that is, the functions satisfy||v|| < oo with

|2 = B [/D v%x)dw} .

Remark: Because we wanted to keep the standard notddidar the set of random events, we
introduce the notatio® for the domain inR?. This should not be confused with the notation used
in the previous section whefe ¢ R? denoted the domain. [

We assume that(z,w) = a(x) satisfies the uniform ellipticity condition, that is, there exists

positive constants; andas such that
0<ar;<a(z)<ay<oo ae.inD. (3.2)
It is obvious that

0 < a; < El(z) <ay < oo (3.3)
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Let V be the Hilbert space
V= {’U eD—R|v|} =E [/ a\Vdex] < oojv(z,w) =0 Ol’l@D}
D

and letB(-, -) be the bilinear form oV’ x V/

B(v,w) = E [ /5 a(z, ) Vo(z, ) V(e ) dx} . (3.4)

Obviously,V is a Hilbert space of random functions and in view of the Lax-Milgram theorem,

there exists a unique solutiane V' of (2) such that

B(u,v) = F [/D fu dx} . WweV (3.5)

Note thatf is assumed to be a deterministic function. We shall also assumg thdt> (D).

The stochastic functioa(x,w) can be written in the form
a(z,w) = Ela](z) + ) an(x)Xn(w) (3.6)
n=1

where X, (w) are mutually independent random variables WithX,,] = 0 andE [X2] =1, n >
1. We will assume thak,, have bounded imagéds, = X,,(Q) withT';, = (=5, 7%) C R, v, > 0
and consider the probability density functipp: I',, — R such that) < 81 < p,, < 52 < .
The expression (3.6) is the Karhunen-Loeve expansion (see e.g. [4], p. 478). We will assume
thatin (3.6);n = 1,--- , Ny instead ofl, - - - co. Then we can directly use the Doob-Dynken lemma

(see e.qg. [5], p. 9) and write

No
a(z,w) = a(z,y) = Ela(z) + Y _ an(x)yn 3.7)
n=1

wherey, = X,(w) e I'yandy = (y1,--- ,yn,) €' =T1 x -+ x I'p,.

As an illustration, we show in Fig. 3.1 eight samples using (3.7) With= 10 andx €
(—0.5,0.5) where the value of(z,w) is ranging in the interval7,9) and E[a](z) = 8.

We introduce the inner product

(vl = [ p0) [ ool dedy
r D
with p(y) = p1(y) - - - pn, (y1p) @and denote by - || the induced norm. We then define
L,(D)=L,(D,T) ={v: DxT — R;|jv]| < oo}

W(D,F) = {’U € Lp§ ”w”W < 00; U\anF = 0}
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Figure 3.1: Samples af(z,w) with Ny = 10 andz € (—0.5,0.5) where the value ofi(z,w) is
ranging in the interval7, 9) and Efa](z) = 8.
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where

2 — a\x VT 2 X .
”w”w—/rp(y)/[) (2,9)|Vav(z, )| dady

The spacéV (D, T') is equivalent to the spadé.

An equivalent formulation to (3.5) reads
B(u,v) = (f,v)p,  VveW, (3.8)

where

B(v,w) =/Fp(y)/Da(wﬁy)%(%y)%w(w’y) dzdy. (3.9)

The formulation (3.8) and (3.9) transforms the stochastic problem into a deterministic one. How-
ever, one major problem is the large dimensiod’ofFor more details on the subject, we refer the
reader to [6, 7].

The form (3.8) is very similar to the finite element method formulation. This was exploited
in [6] in which finite elements are used. Results on the rate of convergence with respect to the norm
| - |lw were obtained as well. Similarly, as in the usual finite element method, it was found that the
rate of convergence for the functional is higher than that of the convergence in the| ngrm

Because of computational complexity, it is often necessary to approximate (3.7) using a value
of Ny as small as possible and then estimate the error due to that approximation. This was done
among others in [7].

There basically exist four approaches to solve Problem (3.8), namely, using
1. The Monte Carlo or Quasi-Monte Carlo Method;

2. Theh, p or h-p versions of the Finite Element Method,;

3. The method of successive approximations;

4. A combination of all of the above methods.

We considered in [6] the Finite Element Method while we developed in [7] the theory of suc-
cessive approximations with estimation of the error when approximating (3.7) using a smaller value

of Ny. Issues associated with large values\gfwill be addressed in the future.
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3.2 Deterministica and stochasticf

We have addressed so far the case(af, w) being stochastic anfl(x) being deterministic. Let us
now discuss the case whefr) is deterministic whilef (x,w) is stochastic. This case can be cast
into a deterministic form in a similar manner as before.

Suppose that one is only interested in the mean value and the covariance of the solution. It can
be shown that the mean value is the solution of a deterministic problebhwith the mean value of
f on the right-hand side. Moreover, the covariance of the solution can be determined directly from
the covariance of the right-hand side. It is actually the solution of a fourth-order partial differential
equation onD x D with mixed order for the leading coefficients. This was shown in [6, 8]. The
authors in [9] used this approach and proposed a sophisticated numerical solution which is not
influenced by the high dimension of the problem. Note that the problem for the Laplace equation in
three dimensions leads to a problem in six dimensions.

Although we discussed only the cases for stochastic coefficients and right-hand side and linear
equations, the approach transforming the stochastic problem in a deterministic one for example for
nonlinear equations, stochastic boundary, etc.

The major issue is the high dimensionality of the problem. Very likely, the construction of the
probability field from the experimental data, respectively its characterization by (3.7), should be
accomplished after a careful analysis of the data so that minimal dimensionality is achieved. If
the stochastic functions are almost without correlation (i.e. nearly white noise), then the approach
described here cannot be applied due to the necessity of usingVarg&/e refer to [10] for more
details. How to treat this case is an open problem which needs to be addressed.

Remark: The Karhunen-Loeve expansion is also used by Ghanem (cf. [11, 12]). ]

4. Conclusions

The existence of uncertainties in the input data to solve problems of computational mechanics is
almost inevitable: moreover, these uncertainties are sometimes important and can have a dramatic
effect on the computational predictions.

The present report addresses some aspects of the treatment of uncertainties. The influence of
the uncertainty of the domain on the solution of elliptic PDE’s was examined using a worst scenario
approach. This worst scenario approach characterizes the solution set which includes the image

of the input data set. It was found that stable and unstable domains exist for both Dirichlet and
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Neumann boundary conditions where the domains are described by scanning. Here stability of the
domain refers to the convergence of the numerical solution for the displacements. For the Dirichlet
boundary condition, most domains in practice are, in fact, stable.

The other portion of the work described in this chapter dealt with the stochastic solution of ellip-
tic PDE’s which have stochastic coefficients with variankeriori error analysis of the projection
and perturbation solution method was performed.

The issues associated with uncertainties and their treatment are a subject of great concern in
the research community, and are directly related to validation. Very few rigorous results seem to
be available in the literature to date, although many engineering papers have been published on the

subject. We believe that a systematic research for the treatment of uncertainties is now needed.
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CHAPTER 4

Geometry and Visualization Support

Chandrajit Bajaj

1. Introduction

Our goals were to provide geometry and visualization support for both boundary element and three-
dimensional finite element formulations of linear to nonlinear viscoelasticity computations on hi-
erarchical models of heterogeneous materials. The domains were all assumed to be volumetrically
scanned by a CT (computer tomography) device which yields close to micron feature size separa-
tion.

As a first attempt to generate boundary and 3D finite element meshes from volumetric tomo-
graphic imaging data, we utilized the results of our earlier work on the contour spectrum [1]. The
contour spectrum allows the development of an adaptive ability using multiple global signature
functions to separate interesting isovalues of the imaging function to yield good initial segmenta-
tion. Effective global signatures include surface area and volume fractions as functions of image
intensity. This coupled with our fast isocontouring methods yielded fairly accurate boundary and
3D finite element, triangular meshes. The spectrum signature graphs as well as the interactive dis-
play of extracted boundary meshes provide good exploratory visualization of volumetric imaging
data.

Our subsequent attempts on geometry and visualization tools led to the research and develop-
ment of better and more automatic segmentation techniques for two material domains, with given
volume fraction of the two materials. A progressive contouring algorithm coupled to a multires-
olution representation of such segmented boundaries, are the contents of paper [2]. An evolution
(anisotropic diffusion) time based method [7], starting from initial segmentation, generated using
spectrum signatures [1], is currently being experimented with to provide multi-scale and smooth

(higher order spline) representations of segmented boundaries in CT images.
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Figure 2.1: Using the contour spectrum and volume fraction graphs to segment and visualize the

speckled inner surface from the embedding matrix material.

A new hexahedral mesh generator, based on a trivariate subdivision scheme, and complete with
an interactive mesh visualization tool was developed. Several CT scans of an epoxy material with
spherical glass inclusions were generated. The above segmentation and visualization tools were
applied to generate the precise location of the spherical inclusions. The results of the hexahedral
mesh are summarized in report [5]. The results of the anisotropic diffusion method [6] are also being
currently experimented with to yield a more sophisticated hexahedral element quality improvement

scheme [7].

2. Segmentation and Visualization

2.1 Approach based on the Contour Spectrum

In addition to computational and space complexity issues, user interfaces have a tremendous impact
on the interactivity of a visualization environment.cantour spectruntonsists of computed met-

rics over the volumetric imaging dataset (in general, a scalar field). On the basis of such metrics
we can define a set of functions which provide a useful tool to enhance the interactive query of the
dataset. One primary advantage of the contour spectrum interface is that it allows one to display in

a 2D image a “global” view of the examined scalar field, independent of its dimension.

Consider a 2D scalar field composed of triangleand vertices;. We build and display the
spline functionZ(w) whose valuel (wy) is the length of the isocontour of heighy. L(w) can

be computed as the sum of all the contributidngw) given by each celt; to the length of the
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contours:
L(w) = Y Li(w)

Thus, we can concentrate on the computation of the genericligran) associated with the triangle

t;. Trianglet; has vertices, v, andwvs with height valuesF(v1) < F(vs) < F(vs). Given the
equationf(z, y,w) = 0 of the plane containing;, the valueL;(wy) is the length of the intersection
betweery (projection oft; onto the mesh space) and the 2D line of equafién y, wy) = 0. As

we change the value afy we obtain the measure of all the slices parallel to the fifie y,0) = 0.

In general it is know from spline theory that givendasimplex inR? the function that gives the
measure of all the parallel slices of such simplex (that is the measure of the intersection with a set
of parallel hyperplanes) is a degrée- 1, C?~2 continuous, B-spline function.

In the 2D case the B-spline is simply a piecewise lin€4rfunction. Hence we need only
compute the length of the segment for= F(v2) and connect it with the other two extremes for
which the length is 0. Note that the B-spline formulation of the length is also useful to automatically
handle the eventual degenerate cases. For example a portion of the terrain aivheighbe a flat
parallel to thex, y plane (a lake). In this case there occurs a definition problem, in determining
the length of an isocontour which is partially a 1-dimensional curve and partially a 2D surface.
The natural solution is to remove the flat region to regularize the dimension of the contour. The
consequence is that the function that computes the contour length igConlyat the heightw.

Using the B-spline approach no special care must be taken for this case since the knot vectors of the
flat triangles areF (v1) = F(vy) = F(v3) resulting in “valid” splines which shrink to a point as
expected.

As already pointed out, the above spline function can be computed for simplices of any di-
mension. For the 3D case of a tetrahedfon, vs, v3, v4) With scalar function value§?(v;) <
F(vg) < F(vg) < F(vy)) we have a degree two'! B-spline. In this case the determination of
the control polygon is as follows: Again for each cell we obtain a spline function. The sum of the
splines associated to each cell is a single spline that gives the contour area for any isovalue.

While length and area are important metrics to report, in many cases they are not sufficient to
guide the user in choosing appropriate isovalues. In many situations the user is interested in finding
and displaying prominent surfaces in the data. Toward this end we have designed a metric which is
based on thelopeor gradientof the function. The difficulty with the gradient measure is to define it

properly, since along a particular contour the gradient of the scalar filed is not (usually) constant. To
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compute a consistent (single valued) gradient function we resort to the spline decomposition of the
contour length/area function. For each triangle/tetrahedron of the mesh we have a spline function
which gives the length of any contour within that triangle/tetrahedron. Moreover, by piecewise
linear approximation, within each triangle/tetrahedron the gradient of the scalar field is constant.
Hence to determine the contribution to the gradient function of the contours within a single triangle
we just need to multiply the length function by the absolute value of the (constant) gradient. Again
the sum of the splines defined in each triangle/tetrahedron gives a single global spline function
which defines the gradient integral of any isocontour in the scalar field. The maximum of the
gradient (yellow function plot) corresponds to the isocontour (red contour on top figure) bounding
the relevant portion of the data. Note how the maximum of the contour surface (red function plot)
is attained for a lower height value of the field. It captures the noisy part of the data that has a large

contour length due to the numerous components.

While the display of contour metrics is both helpful and informative, there is clearly a lack
of global structural information in the metrics described. For example, there is no indication of
features such as local maxima and minima of the field. For this purpose we introduce the use of
the contour treeas a tool for assisting the user in interaction with complex scalar fields. A contour
tree captures the global changes in contour topology of the scalar field defined on the input the
mesh. For example, in the display of an isosurface (threshold surface) of a CT image, one contour
component maybe be hidden inside another. If we associate the isocontour display with the contour
tree it becomes immediately clear that the current isosurface is composed of two components and
hence we might need a clipping plane to look inside the current surface. It has been used before in
image processing and GIS research. Another name in use teggbgraphic change treeand it is

related to thdReeb graplused in Morse Theory.

The user interface for presenting the contour spectrum takes on two forms. For static imaging
data, a window presents a selected subset of the computed data characteristics in 1D plots. The
horizontal axis represents the isovalue dimension. The vertical axis represents the range of each
function, all of which are normalized for overlapping display. See Fig. 2.1 for an example. The user
may select a subrange of the isovalues for display in order to enhance the local detail in the computed
metrics. Vertical bars represent the current isovalues, which the user may change with a familiar
click-and-drag operation. With time-varying data, it is desirable that the user have the ability to
quickly browse all parameters of the visualization. In this case we use the vertical dimension of the

interface as an index into the time step of the data. Of course, while wérusdere as an example,
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Figure 2.2: Adaptive and Multiresolution approximation of the boundary of inclusions of a different
material, from the base embedding material. This multiresolution segmentation approach is based

on progressive isocontouring refined by edge bi-section.

other parameters may be varied similarly, such as input parameters to a numerical simulation. Using
this interface, each point in the 2D display maps to a number of functions. We selectively display

one function at a time by pseudocoloring of the function values over the 2D grid.

2.2 Hierarchical approach

Multi-resolution representations are a key tool used in image processing and visualization to achieve
real-time interaction with large data sets. A great deal of research has been focused on the off-line
construction of such representations mostly using decimation schemes. Drawbacks of this class of
approaches include: (i) the inability to maintain interactivity when the displayed surface changes
frequently, (ii) inability to control the correct embedding (no self-intersections) of any approxi-
mated level of detail of the output surface. In our paper [2], we introduce a technique for on-line
construction and smoothing of progressive isocontours. Our hybrid approach combines the flexibil-
ity of a progressive multi-resolution representation with the advantages of a recursive subdivision
scheme. Our main contributions are: (i) a progressive algorithm that builds a multiresolution sur-
face by successive refinements so that a coarse representation of the input is provided, (ii) appli-
cation of the same scheme to smooth the surface by mean of a 3D recursive subdivision rule, (iii)
a multi-resolution representation where any adaptively selected level of detail is guaranteed to be

consistently embedded in 3D space (no self-intersections).

3. Mesh Generation and Visualization

In a landmark paper, Catmull and Clark [3] described a simple generalization of the subdivision rules
for bi-cubic B-splines to arbitrary quadrilateral surface meshes. This smooth subdivision scheme

has become a mainstay of surface modeling systems. MacCracken and Joy [4] described a general-
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Figure 3.1: A ring modeled using MLCA subdivision with creases.

ization of this surface scheme to volume meshes. Unfortunately, little is known about the smooth-
ness and regularity of this scheme due to the complexity of the subdivision rules. Our paper [5]
presents an alternative subdivision scheme for hexahedral volume meshes that consists of a simple
split and average algorithm (MLCA = multi-linear cell averaging). Along extraordinary edges of the
volume mesh, the scheme provably converges to a smooth limit volume. At extraordinary vertices,
we supply strong experimental evidence that the scheme also converges to a smooth limit volume.
The scheme automatically produces reasonable rules for non-manifold topology and can easily be
extended to incorporate boundaries and embedded creases expressed as Catmull-Clark surfaces and
B-spline curves.

Our given scanned and segmented CT specimen (epoxy matrix with embedded glass spherical
inclusions) can be considered a cuboidihwith several spheres in the cuboid as inner boundaries.

We assume that these spheres do not intersect each other (see Fig. 3.2). The aim is to construct

(-]
()

(+)

o

o ()

Figure 3.2: The initial scanned and segmented specimen volume with sphere inclusions as inner

boundaries

hexahedral meshes that conform with these spheres and have certain specified adaptive features. For

instance, the part of the constructed hexahedral mesh that is close to the spheres may be required
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denser than the part that is away from the spheres.

Our algorithm utilizes the following theorem on hexahedral mesh construction.

Theorem 1 — Any simply connected 3D domain with an even number of quadrilateral boundary

faces can be partitioned into a hexahedral mesh respecting the boundary.

3.1 Mesh construction steps

In this section, we describe steps of the mesh construction with the help of 2D figures.

Step 1 Construct the 3D weighted Voronoi diagram from the center points of the spheres (see

Fig. 3.3). The weight of a sphere center is chosen to be proportional to the radius of the sphere.

Figure 3.3: Step 1: Partition the initial cuboidal volume by Voronoi cells. Each cell is a polyhedron

in 3D.

Step 2 Merge each of the short edges into one vertex. An edge is regarded as short if its length
is less than a user specified threshold value.

Note that this merging may eliminate triangles (see Fig. 3.5). Also note that this merging may
lead to the intersection between the boundaries of polyhedral cells and the surface of the spheres.
Hence, it is necessary to check that if the merging leads to the intersection. If such an intersection
happens when merging an edge, we do not carry out this edge merging. The aim of this step is to

avoid producing tiny hexahedral elements. Hence this step is optional.

Step 3 Quadrilateralize each face of Voronoi volume cells (see Fig. 3.6). For each Voronoi cell,

connect the center with the vertices and then form a pyramidal partition of the cell. Each pyramid

115



Figure 3.4: Step 2: Partition each Voronoi cell into pyramids.

M7

Figure 3.5: Step 2: Merging an edge leads to a collapse of a triangle.

&

Figure 3.6: Step 3: Subdivide each face polygon of the Voronoi cell into quadrilaterals. In the
figure, the empty dot is the centroid of the polygon, while the red dots are the mid-points of the

edges.
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is further subdivided into a hexahedral and another pyramidal cell by the surface of the sphere (see
Fig. 3.7). After this step, the surface of each Voronoi cells is a triangulated polygon. The inner
region of the sphere is partitioned into tetrahedra, the outer region of the sphere is partitioned into

prisms.

Figure 3.7: Step 3: Partitioning each Voronoi volume cell into prisms and tetrahedra.

Step 4. Adaptive subdivision of each cell in the radial direction. In order to avoid self-
intersection, the points around spheres may need to be moved outwards a little. The aim of this step

is to obtain adaptive meshes. Hence it is optional.

Figure 3.8: Step 4: Adaptive subdivision in the radial direction.

Step 5 Subdivide each prism into 3 hexahedra and split the tetrahedron into a hexahedron by
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adding three vertices on the edges and one vertex on the face (see Fig. 3.9-3.10). After this step,

each cell is partitioned into hexahedra (see Fig. 3.11)

Figure 3.9: Step 5: Subdivide a prism into 3 hexahedra and a tetrahedron into four hexahedra.

Figure 3.10: Step 5: Split a tetrahedron into a hexahedron by adding three vertices on the edges and
vertex on the face. The figure shows the three triangular faces of a tetrahedron and six quadrilateral

faces of a hexahedron.

Step & Smoothing the mesh produced by the last step using the MLCA recursive subdivision
scheme with restriction of keeping the shape of inner and outer boundaries. The smoothing is

conducted in three sub-steps.
A. Smoothing on the creases of the outer boundary.

B. Smoothing the inner and outer boundaries by 2D smoothing scheme with fixed vertices on

the creases.

C. Smoothing the volume with fixed boundary vertices.
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Figure 3.11: Step 5: Subdivide each prism into 3 hexahedra and change each tetrahedron into one

hexahedron accordingly.

Figure 3.12: Step 5: Enlarged view of the center cell of Fig. 3.9.
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Figure 3.14: Cutaways of a 3D hexahedral mesh of a cuboidal domain of epoxy material with

spherical glass inclusions.

The aim of this step is to produce an improved quality finite element mesh. The smoothing could
be iterated several times. Since the shape of the inner boundaries is preserved, the mesh after

smoothing is still adaptive.

Step 7. Further refine the mesh using MLCA subdivision scheme with the constraint of keeping
the shape of the inner and outer boundaries. The aim of this step is to produce a sequence of meshes
that have hierarchical nature. From this set of meshes, one can choose the one that has the ideal

resolution.

Features of the Constructed MeshThe mesh constructed is adaptive in the sense that it is denser
in all regions that are close to the sphere. The mesh density varies linearly decreasing away from

the spheres.

4. New Techniques

Our primary goal is to filter the noise from noisy manifolds, noisy manifold functions [6] and 3D
imaging data [7] at multiple scales, so as to improve segmentation and visualization. Our secondary
goal is to construct continuous (non-discretized) multi-scale representations for smoothed surface

geometries and segmented volumetric imaging function data.
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In paper [6] we treat discrete surface data (2-manifoldgirand function vector data defined
on the surfaces. A surface andka— 3 dimensional function vector data on the surface can be
considered as a discretization of a 2-manifold embeddd&f inWe establish a unified anisotropic
diffusion model for such manifolds aiming at smoothing (fairing) out noise both in the 2-manifold
in R? and the 2-manifold ifR*, while enhancing curve features on both 2-manifolds. We combine
the C'! limit function representation of Loop’s subdivision for triangular surface meshes and vector
functions on the surface mesh with anisotropic diffusion in a parameterized time setting, to arrive at
a sparse linear system of equations. Iteratively, solving the sparse linear system, yields a sequence
of faired (smoothed) meshes as well as faired functions with specified feature curves, enhanced. See

Figure below.

Figure 4.1. Smoothing the geometry of the model head of Picard (146,036 triangles). The second

and third figures are the meshes after 1 and 4 steps of smoothing. The time step is 0.001.

Our recent geometry driven anisotropic diffusion work on volumetric imaging data [7], is di-
rectly related with Preuber and Rumpfs level set method for anisotropic geometric diffusion in 3D
image processing. The core of their method is an evolution driven by geometric diffusion of level
surfaces. They construct anisotropic diffusion tensors based on prefiltered principal curvatures and
principal direction of curvature. Their main idea is to decrease diffusivity in the dominant princi-
pal curvature. Our method presented in [7] can achieve both feature enhancement and coherence

enhancement on the local structure, while decreasing the energy of the smooth image as well.

In [7], we construct 3D diffusion tensors by taking into account three directions of local struc-
ture.

The terms of the diffusion tensor are created with the following basic rules: If noise along the
normal direction is to be eliminated as well, this may be accomplished by encouraging diffusion

along the normal direction. The diffusion is larger at those locations which have larger likelihood
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Figure 4.2: (Left) The diffusion along the curve direction is a function of curvature of the local
structure. (Right) The diffusion along the normal direction is a function of gradient of local struc-

ture.

to be noisy, where the likelihood is measured by the gradient and choice of a suitable function
controlling the diffusion rate.

We are now attempting to apply the above 3D combined, filtering and segmentation, approach
to the scanned volumetric CT specimen (epoxy matrix with embedded glass spherical inclusions) to

yield better boundary and 3D finite-element meshes.

5. Concluding Remarks

We have developed and experimented with several 3D image processing, mesh generation and vi-
sualization support for CT imaging data as part of our effort to provide computational infrastructure
for the hierarchical models of heterogeneous materials project. Details of the intricacies of the
developed segmentation, meshing and visualization algorithms as well as results of our experimen-
tation have been summarized above. Further research is needed to determine full applicability of
using evolutionary time-based PDE approaches to both segmentation and noise reduction schemes.

The initial results look very promising.
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Figure 4.3: The left column shows an icosahedral isosurface of the functigm)absabsy) +

abgz) + noise, at different steps of the anisotropic diffusion process. The right column is the color

ramp from blue to red indicating the dominant curvature value.
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