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Abstract

The mutual coupling that exists between the antenna elements in an
antenna array can be described with a mutual impedance. The knowledge
of this mutual impedance is critical to the successful design of the array.
Computing the mutual impedance involves integrating vector products of
fields over a surface, but the integrands can oscillate wildly over the
integration surface, and are often difficult to integrate accurately. The
method proposed and described here relies on the expansion of the fields
in terms of vector spherical harmonics. The integrations over the closed
surface are performed in closed form, leaving the mutual impedance
expressed as a sum of products of expansion coefficients.



About this Revision

This revision came about because of the investigation of a typographical
error in one of the references for Appendix III. This typographical error
had propagated into the original version of this report, in equation (III-9),
which has been corrected in this revision. During the course of the
investigation, it was discovered that the method of computing the Wigner
3j symbols, originally given in Appendix III, was inadequate for large
degree and order. A detailed description of a robust recursive algorithm is
now included. Consequently, Appendix III is much expanded. Also, in

the section on mutual impedance, a factor of »> was inadvertently
excluded from some of the expressions. This has been corrected in this
revision. Further scrutiny of the formulation of the mutual impedance has
revealed significant simplification that has now been incorporated,
including additional material in Appendix IV. Additionally, some of the
text in the main body of the report has been moved to Appendix IV, and
other parts have been revised in an effort to improve the clarity. Thus, the
discovery of a typographical error in a reference, while somewhat minor in
itself, provided an opportunity to further examine the mutual impedance
calculation, leading to a substantial revision of this document.
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Introduction

A new method of computing the mutual impedance between two antennas is proposed
and described in detail. The method utilizes an expansion of the vector fields in terms of
the spherical vector harmonics.

The mutual impedance is a circuit-theory quantity associated with a network. It relates
the current, i, , flowing into one port of the network to the open-circuit voltage, v, , at

another port. The definition is

. b
L

i, =0;m=1,2,--, m#k

where j, k, and m are indices which designate the various ports of the network.
Alternatively, a mutual admittance can be defined,

b

Vi

v, =0;m=1,2,---, m#k
which relates the voltage, v, , applied across one port to the short-circuit current, i, at

another port. Mutual impedance (or admittance) exists between the antenna elements in
an antenna array, and knowledge of this mutual impedance (or admittance) is critical to
the successful design of the array. Because of the mutual coupling, the reflection
coefficient looking into an element is different when it is embedded in an array with all
the elements excited, compared to that for the isolated element. Thus, in order to tune the
elements properly for minimum reflection in the active array, the mutual impedance (or
admittance) is needed.

Obviously, one could build an array of antenna elements, and then measure the coupling
between the elements. From this measurement, usually in the form of a scattering matrix,
the mutual impedance (or admittance) is easily determined (see Appendix V). However,
this is not very practical in many situations, when the number of elements is large.

As described below, the mutual impedance can be computed if the electric and magnetic
fields for the elements are known. Often, especially when the array is composed of
small, identical elements, it is practical to measure or compute the fields for the element.
Ideally, these fields should be measured or computed in the array environment, with all
other elements terminated in matched impedances, but not excited. However, this is not
always practical, and, sometimes, useful information can be obtained with the element
fields measured or computed in an environment where it is the only element present.

For most applications, the mutual impedance is needed for many different relative
positions of the two antenna elements. When numerical methods, such as method of
moments, finite-difference time-domain methods, and finite-element methods are used, it
can be very time consuming to compute the fields at each new relative position of the
antennas. Computer memory requirements also limit the practicality of these methods for
large arrays. Thus, a field representation that allows easy translation to new positions



would be valuable for improving the efficiency of the computation as the relative position
is iterated.

Computing the mutual impedance involves integrating vector products of fields over a
surface. The integrands can oscillate wildly over the integration surface, and are often
difficult to integrate accurately. The method described here relies on the expansion of the
fields in terms of vector spherical harmonics. The integrations over the closed surface
are performed in closed form, leaving the mutual impedance expressed as a sum of
products of expansion coefficients.

The mutual impedance is described in terms of a physical observable called the reaction,
introduced by Rumsey. The reaction theorem is related to the reciprocity theorem
derived by Lorentz, and an understanding of the reciprocity theorem is helpful for
understanding the reaction concept. In the following, the Lorentz reciprocity theorem is
derived and examined in some detail. In order to understand better the generality and
applicability of the theorem, it is derived in a very general form. The medium in which
the elements are embedded is assumed linear and time-invariant, but not homogeneous or
even isotropic. The validity of the theorem does place constraints on the medium, and
these constraints will be stated.

After the discussion of the reciprocity theorem, an expression for the mutual impedance
in terms of the reaction quantity is written. The reaction is a term contained in the
mathematical statement of the reciprocity theorem, and thus the discussion of the
reciprocity theorem is very relevant to understanding the mutual impedance.

Once the expression for mutual impedance is written, the fields are expanded in vector
spherical harmonics, and the mutual impedance is ultimately written in terms of the
expansion coefficients. This process is somewhat tedious and is described in detail.
Fortunately, the final expression is simple, and it is straightforward to program a
computer to perform the computation. The first advantage, of course, is the avoidance of
the need to integrate a wildly oscillating integrand that is slow to converge. The second
advantage is that mutual impedance can be computed for many sets of element positions,
using a single measurement or computation of the fields around an element. However, a
disadvantage of this method is the loss of numerical significance that occurs for small
element spacing. This results, in part, from the need for a large number of harmonics to
describe the translated field. Further study is needed to adequately assess the method.

Lorentz reciprocity theorem

The reciprocity theorem derived by Lorentz [1, 2, 3] leads to a reaction concept [3, 4,5]
that is useful for understanding and computing mutual coupling between two antennas, or
more generally, between two sets of source currents. The reciprocity theorem is
discussed below, but a particularly entertaining discussion of the reciprocity theorem is
contained in Weeks [6]. The reaction quantity, which corresponds to terms contained in
the statement of the reciprocity theorem, was introduced by Rumsey [5]. The reaction
quantity is a physical observable associated with the reaction between the fields of two



sources. In an electrostatic system, Rumsey's reaction corresponds to the force exerted
by one source of charge on another. He shows that, for monochromatic electromagnetic
fields, the reaction is the difference between the instantaneous and average rates (over
one period) at which one source performs work against the other.

Following [1], the reciprocity theorem will be developed in a general form. It is
important to realize that the theorem is obtained by simply applying certain mathematical
operations to fields associated with two independent sets of sources. The fields are
required to satisfy Maxwell's equations, but they are not required to be related to each
other, or even to exist at the same time. However, they are required to be associated with
the same region of space. In addition, one would expect the validity of the theorem to
require that the media associated with each set of fields be the same. While this is true in
the isotropic case, it will be shown below that a more general relationship between the
two media must hold, and for certain anisotropic media, the two media will not be the
same.

The fields will be assumed time-harmonic (monochromatic) with dependence e’ . An
electric current, J, is the usual true physical source for the fields. A fictitious magnetic
current, M, will also be included, because of its convenience in handling the equivalent
sources often associated with the tangential electric-field of apertures in conducting
surfaces. The medium of interest will be assumed linear and time-invariant. However, it
will not be assumed homogeneous or even isotropic. Thus, the medium will be
characterized by dyadic electric permittivity and magnetic permeability, which are not
necessarily symmetric,

g£¢8, (1.1)
TESTAR (1.2)

where " indicates the transposed dyadic. The electric displacement field and magnetic
flux density are

D=

E, (1.3)

it

and

B=pn-H. (1.4)
Suppose there exist two sets of independent sources, (J;, M, ), and (J,, M, ). The first
set of sources is associated with the medium (E, ﬁ) , and the second source is associated
with the "transposed" medium (ET, ﬁT) . At least when the medium is symmetric

(8" =&, pf =), it is natural to ask whether the two sets of sources are present at the

same time. The theorem to be developed will be valid regardless of whether the sources
are present at the same time. The phasor fields associated with each source satisfy

VxE, =—jofi-H,—M, (1.5)
VxH, = joi E +1J, (1.6)



and

VxE, =—jop'-H, - M, (1.7)
VxH, = jog" -E, +J,. (1.8)

The reciprocity theorem is obtained by combining vector products of the fields and
applying vector identities, with the fields subject to (1.5) through (1.8). Thus, the
theorem begins as simply a mathematical relationship that is imposed because the fields
are solutions of Maxwell's equations. We begin by forming the difference between the
cross product between the electric field of the first source with the magnetic field of the
second source and the cross product of the remaining electric and magnetic fields. The
divergence of this difference is

V-(E xH,-E,xH,)=H, - (VxE,)-E, -(VxH,)-H, - (VxE,)+E,-(VxH,). (19
Now, substitute (1.5) through (1.8) for the curl of the fields

V-(E, xH, —E, xH,) = —jo(H, -0 -0 -§ )

S8}

+jo(E, &-E -E, -&E,) : (1.10)
+E,-J,-E -J,+H,-M, -H, - M,
Since the transpose of a scalar is that same scalar, we see

= = i o=,
ﬁ-X-b:(ﬁ-X-b) -b-X'a
for all vectors a, b and all dyadics X. Thus, (1.10) becomes
V-(E xH,-E,xH)=E,-J -E -J,+H M, -H, M, (1.11)

which is the differential form of the Lorentz reciprocity theorem. Integrating (1.11) over
the volume containing the sources,

mv.(ﬁlxﬁz_ﬁzxﬁl)dv—gﬁﬁ(ﬁ xH,~E,xH,)-ds
—mli: J,~E -3, +H M, -H, M)dV 1

where the closed surface ¥ encloses the volume ¥, and the surface normal points out of
the volume. The integral form of the Lorentz reciprocity theorem is given by (1.12).

For most situations of interest, the electric permittivity and the magnetic permeability are
scalars or symmetric dyadics, and the two sets of sources are radiating in the same
medium. However, even when the constitutive parameters are non-symmetric dyadics,
(1.11) and (1.12) still hold, provided E,, H, meet a very special condition: E,, H, must
correspond to the fields when the second set of sources are embedded in a medium whose
constitutive properties are the transpose of the constitutive properties of the medium in
which the first set of sources are embedded, that is

g =8



and

ﬁz :ﬁI

When the source currents exist in a finite volume and radiate into unbounded space, the
fields are subject to the radiation condition [7]. The radiation condition says that the
electric and magnetic fields become transverse to each other and propagate outward, so
that

limr(V xE+ jkfxE)=0.

Applying the radiation condition as » — oo, we have

lim 1, = %o - limr(FxE,),

r—>0 Q) r—>0

and

limrﬁzzk il hmr(f' Ez).

r—o0 0) r—0
The differential surface-area vector is
ds = tr° sin0d0d¢.

Thus, if the surface X is taken to be the surface of the sphere at » — oo, the surface
integral in (1.12), becomes

lim{p(E, xH, -E, xH, ) - ds =

k hn;#(E SITAR (f'xsz)—Ez x -(f‘

A completely general form for p™' is

m

))-#r sin0dody

e N A A
- =mX+my+mz,

and, since the inverse of the transpose of a dyadic is the same as the transpose of the
Inverse,

(&) =(i") =3m, +§m, +zm..
Substitution of (1.18) and (1.19) into (1.17) yields
lim §f(E, x H, - E, xH, ) ds

xm +yim, + Zm ) (fxE)

K hmcj.:'f) Y1 i sin 0d0d o

-E, x mx+m Jy+m, z) (erl)

Applying a cyclic permutation of the trlple-vector products on the right of (1.20)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)



01 Eix[f(ﬁ(ﬁz imx)+§’f'(E2Xﬁl}:)"‘if"(EzXﬁE)] &7 sin6d6dd
sy —sz[mxf'-(El %)+mf-(E x§)+mf- (Elxi)]

and, grouping the scalar factors in each term, we see that pairs of terms cancel, and the
surface integral is zero,
(E1 X )(g X X) 'y

-g

+
-!A)
)
X
N>
N —
-

(E

1 (

O @ s | —F- (— Xm,
(
g

=1

X

>
\_/v\_/\_/v

-

-

To reiterate,

lim{p(E, xH, -E, xH, )-ds =0,

r—>0

as long as the fields E,, H, are associated with a set of sources embedded in a medium
whose constitutive properties are the transpose of the constitutive properties of the
medium in which the sources for E,, H, are embedded, that is

and

B, = Flf >
at each point in space. This covers the cases where magnetic permeability and electric
permittivity are any combination of scalars, symmetric dyadics, or even non-symmetric
dyadics. No spatial derivatives of the constitutive parameters were used, and the
reciprocity theorem (1.12) and the result (1.23) are valid for inhomogeneous as well as
homogeneous media.

Inserting (1.23) into (1.12) we see that
([[(E,-3,-E, -3, +H,-M,-H, -M,)ar =0,
)
when currents contained in a finite volume radiate into unbounded space.

Suppose each set of sources is localized and the sets are contained in non-overlapping,
finite, closed volumes ¥ and V,. The volume integral can be broken into two pieces

10

r*$in0d0d¢ = 0.

(1.21)

(1.22)

(1.23)

(1.24)



[[[(E,-3,-E,-3,+0, -™M,-H,-M,)dv = [[[(E,-J, -0, -M,)dV
v "

o , (1.25)
~[[[(&,-3,-1,-™,)av
v,
where V'is a closed volume containing all of the sources, V] is the closed volume
containing only sources J,, M, , and ¥, is the closed volume containing only sources
J,,M,. Because of (1.24), (1.25) becomes
[[[(E,-3, -8, -M,)av = [[[(E,-J, - H,-M,)dV . (1.26)
" Vs

Suppose we choose to integrate (1.12) over the source-free volume, the volume V' less the
two closed volumes containing the sources, ¥, and V,. The surface integral in (1.12) will

now contain three separate parts,

{p(E, xH, —E, xH,)-ds + {p(E, xH, —E, xH,)-ds + {p(E, xH, —E, xH,)-ds (127
> 21 z2

where X is the surface of volume V, and X, X, are the surfaces of volumes V, and V,,

respectively. In each of the integrals, the direction of ds is outward from the enclosed

source-free volume. This means that in the integrals over Z,, Z,, ds is pointing into the

volume containing the sources. Now, the volume integral on the right side of (1.12) will
be zero since no sources are contained within the volume. Also, as previously shown, the
integral over the outer surface £ will be zero as we allow » — . In this case, the
Lorentz reciprocity theorem reduces to

p(E, xH, —E, xH,)-ds + {p(E, xH, - E, xH,)-ds = 0. (1.28)

Z Z)

Fields associated with different media

Suppose the two sets of sources are contained within different media, f,, El for source 1,

and [i,, &, for source 2. With this situation, (1.10) becomes

V'(El xH, - E, Xﬁ1):_j@(ﬁ2 ‘B, -H -H, -}, ﬁz)
+jo(E, & E, -E, &, -E,) : (1.29)
+E,-J,-E -J,+H, -M,-H, - M,
As shown previously, in order for (1.29) to reduce to the usual forms of Lorentz's
reciprocity theorem, (1.11) and (1.12), the media must have the transpose relationship

g =&, (1.30)

i, =i (1.31)
However, when the fields are associated with media that do not satisfy the transpose
relationship, the reciprocity theorem is not as simple, but still it can be stated that

11



b (E, xH, a’s—” (E,-3,-E, -J,+H,-M,-H, -M,)dV
> S . . (1.32)
+]mm E - 0l —E & E,+H i, H,)dV

The additional volume integral compensates for the different materials, but now the
integration must be extended to the entire volume where the media properties differ.
When (1.30) and (1.31) hold, this last volume integral is zero because the integrand itself
is zero.

When the media are isotropic (scalar permittivity and permeability), then
{p(E, <A, ~E, xR,)-ds = [[[ (E,-J, ~E, -3, B, -M, -0, - M, ) ¥

” ' o , (1.33)
+jol[[(¢'E,-E, -wH, -H,)dV
4

where

e'=¢g —¢,, (1.34)
and

Ho=p —H,. (1.35)

Consider the situation as » — oo. Using (1.13) in the left-hand expression of (1.33), we
see that

- ds (1.36)

r—w

In general, the surface integral does not go to zero as » — c when the different media
extend to » — . However, it is reasonable to assume that the region of differing media

is finite, so as » — o, i, = W, and f, —> p,. With this assumption, the surface integral

does go to zero at » — . Thus, in the general case where the currents are contained in a
finite volume of differing media and radiate into unbounded space

[[[(E,-3,~E,-3, 8, -M, -8, -M)aV = jof[[(E, -5, -E, -, -, -H,)aV
V SO (1.37)
—jol[[(E, & B -H,-§ -H,)dV
4

Reaction and mutual impedance

Now suppose the volume of integration is the closed volume containing only sources
J,,M,, or sources J,, M,. In the first case, we have, from (1.12)

12



% 4
while in the second case,
{p(E, xH, —E, xH,)-ds =[[[(E,-J, - H, - M, )dV’.
Z) £
Rumsey [5] defines the right hand sides of (1.38) and (1.39) as the reaction, (1, 2> ,

between source 1 and 2, and <2, 1) between sources 2 and 1, respectively. In Rumsey's

notation, the first designator in <:, :> indicates the source located inside the volume of

integration. Specifically

(1L2)=[[[(E,-3, -1, -™,)av,

and

From (1.38) and (1.39), we also have
(1.2)={p(E, xH, —E, xH,)-ds
Z

and,

(2.1) ={p(E, xH, - E, xH,)-ds .

Zy

Richmond [4] has shown that the reaction can also be written
vul; ==(J:k),

where v, is the voltage induced across the open-circuited terminals of source j in the

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

presence of the fields, (E i ﬁk) , due to current 7, at the terminals of source k. The fields

(E i H j) are the result of applying terminal current i, at source j.

In a multiport network, the currents at each port are related to the port voltages by an
impedance matrix, as follows,

Vi Zn Zia || b
Vol |2 l
vn an Znn ln

Thus, from (1.44) and (1.45), the mutual impedance between port j and port £ is

z =L :L‘k:ﬂ:_i@(ﬁjxﬁk_Ekxﬁj).dg.

e lyomek U Ltk Ll s,

(1.45)

(1.46)

13



When the fields associated with two antennas are known, then the mutual impedance
between them can be found from (1.46). In this case, the currents on the antennas need
not be known. Only the fields radiated when each antenna is excited with a known
terminal current are necessary. If necessary, these fields can be obtained through
measurement.

Implementation of the computation of the mutual impedance

In order to compute the mutual impedance between two antennas, we will assume that the
near fields associated with each antenna have already been obtained in some manner.
Perhaps, the fields have been obtained through spherical-near-field measurement,
method-of-moments computation, finite-element computation, or some other means that
results in the complex frequency-domain phasor representation of the spatial dependence
of the time-harmonic field associated with each antenna. Regardless of how the fields
have been obtained, it will be convenient to write the fields as expansions in a set of
orthogonal vector harmonics. The convenient set associated with spherical coordinates is
the set of vector spherical harmonics [3, 8, 9, 10, 11]. The vector spherical harmonics
and their application in expansions of electromagnetic fields are described in Appendix I.

Initially, it may seem that this approach unnecessarily complicates the formulation of the
mutual impedance. The motivation lies in the fact that considerable effort is required to
obtain the near electric (or magnetic) field for a particular antenna element. However, if
this effort is expended once for the element of interest, then the procedure described here
will allow the mutual impedance with another identical element to be obtained easily, for
any number of different locations of the second element. The second element can be
translated to any position relative to the first element, but we will not consider rotation.
(The method can be extended to include rotation, however.) In addition, the integrand of
(1.46) can oscillate wildly, causing difficulty in obtaining an accurate value for the
mutual impedance by simply evaluating the integral. The use of vector spherical
harmonics allows the integrations to be performed in closed form, and the expression for
the mutual impedance is reduced to sums containing products of expansion coefficients
and appropriate closed-form integrals.

In the expression for mutual impedance, (1.46), the fields associated with each element
must be obtained in an environment that is consistent with the presence of the other
antenna. For example, if the fields are obtained for an isolated element, the computed
mutual impedance will be approximate, to the extent that the presence of the second
element perturbs the fields away from the isolated-element fields.

Expansion of the antenna’s field in vector spherical harmonics

We will assume that the region around the antenna, in which we wish to expand the field,
is characterized by scalar permittivity, €, and permeability, p. The electric field is

written as an expansion in the normalized vector spherical harmonics

E=Y Y [5%ME () + AN (F)]. 2.1

n=1 m=—n
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where the normalized vector spherical harmonics are

MO (F) = JC, S| ™0 () P (cos0) 0+ 5in 00 (k)L P" (x)] &
n,m 2\/% Sln n n dx n st b
and
0
e ) n(n+1)P" (cos®)F
N“) (f-): e kr
TN L0 ) sl ()] 042" P (cos0)d
kr or dx " eoso Sin© "
with

" n(n+1)(n+m)!

c E\/(2n+l) (n=m)!

The expansion in (2.1) is often referred to as a multipole expansion [8]. The n =1 terms
are the dipole terms, while n = 2 corresponds to the quadrupole terms, etc. In (2.2) and

(2.3), 2\ (kr) is one of the spherical Bessel’s functions
W (kr);i=1
W (kr);i=2
g, (kr);i=3"
v, (kr);i=4

and P" (x) is the associated Legendre function of the first kind. The notation used here

2 (kr) =

is consistent with the notation used by Jackson [8] and by Abramowitz and Stegun [9].

Jjot

The vector spherical harmonics are described in detail in Appendix I. With the ¢/ time

dependence, the M?) () and N, (¥) represent outwardly propagating waves.

nm n,m

The magnetic field intensity is obtained by substituting (2.1) into the curl equation for the
electric field,

JO\)_M;mZn[bnTi 511) i: bnT,An/i (l) (F):'

The coefficients b'- describe the strength of the transverse-electric (TE) components of

n,m

the radiated field, while coefficients bn”i describe the strength of the transverse-magnetic

(TM) components. When the antenna can be enclosed in a sphere of radius a, the series
usually can be truncated at degree n ~ ka [12], but in critical cases, such as this, it is

advisable to use n ~ ka + n,, where n, = 3Vka [13, 14].

Using the asymptotic expansion of the spherical Hankel’s function, the vector harmonics
in the far-field region are approximated at large radius, 7, by

15
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-n+l _— jkr

M2 (F)=L—"—X,, (6.9), 2.7)

kr

IR

and
-n _—jkr

N (F) = —
,

where the radially independent vector spherical harmonic, X

ixX,, (6,0), (2.8)

is given by

nm

X, (0.0)=——— M,

29 (kr
) (kr) , 2.9)
= jC e | _m P (cos8)6+sm6£P’”( ) )
I o 2\/E Sln d x=cos 0
Thus, the far-field expressions for the outward-propagating fields are
jkV o0
—2 > [ 87X, (0.0)+ b Ex X, (60.0)], (2.10)
n=l m=—n
and
—jkr k R
= b’ ExX, (0 p™MX (0 =—r1xE. 2.11
kl/' COLL,,Z;,,Z"] |:] nmr>< nm( ’(I)) n,m nm( ’(I)):| O)er ( )
Suppose we have obtained E (f) at ¥ =r,. Then,
TE 1 2n no, - (i) (= *
brn = T (mon;m,n) J.o dd)jo s1n6d9E(r0)~(Mn,m (ro)) ’ (2.12)
and
b = 1 [ ag[ sin0aE (%) (N, (5,)) . (2.13)
" s (monymon)do 0 .
where (see Appendix I)
Fam (m,n;m',n'; ro) = ‘Z,Ei) (kro ) ’ 8,0,
and

; 2 1 0 ; 0 ;
z, (kl’b)‘ +k2_;/625[ ,g)(kn))ar[ () (k}'b):|}:|8nn'8mm’a (214)

Fox (monm',n's 1)) = {

and

Lk=j
S, = . (2.15)
! 0, k#j

If the magnetic field is obtained instead of the electric field,

*

pIE — _ ol an T, Odeﬁ N(l) B )16
v ]kﬂm(m,n;m,n;ro)IO o], sin0d0H (7,)- (N, (%) (2.16)
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and

M =—j of do[ " sin640H (F,)- (M (%)) . 2.17
n,m .] ij . (m I’l m, }’l }’b .[ (bJ- ( 0) ( nm ( 0)) ( )
Note that the units associated with the coefficients, b, and b, , are volts/meter.

Translation of the fields

Although the expression for mutual impedance (1.46) is valid for any two arbitrary
antennas, the array problem is concerned with the mutual impedance between identical
elements. Thus, we will only address the problem of computing the mutual impedance
between identical elements. The extension to non-identical elements is simple and
straightforward. The translation of the fields is accomplished through the application of
an appropriate addition theorem. The addition theorem for vector spherical harmonics,
described in Appendix III, relates harmonics evaluated at ¥ to harmonics evaluated at r’,
where ¥’ is measured from the origin of a second coordinate system, whose axes are
parallel to those of the original system. The origin of the second coordinate system is
located in the first coordinate system by r”. These three vectors are related by addition
as

r=r"+r, (2.18)
so the theorem is called an addition theorem.

Antenna 1 is located at the origin of coordinate system 1 (unprimed), and antenna 2 is
located at the origin of coordinate system 2 (primed). The origin of coordinate system 2
is located from the origin of antenna 1 by position vector ¥”,

I’ =r"[sin0"cos ¢"X, +sin0”sin ¢y, + cos 8"z, ]. (2.19)
The geometry is illustrated in Figure 1. To obtain z,,, the integration in (1.46) will be

performed over a sphere that surrounds antenna 2. It is important to ensure that the
sphere does not contain antenna 1, as well.

As illustrated in Figure 1, ¥ locates the field point on the sphere of integration with
respect to the origin of coordinate system 1 (unprimed), while ¥’ locates the same field

will be constant at the value of the radius chosen for the integration, even though the
length of ¥ changes. Also, note that ¥”, which locates origin 2 from coordinate system 1,
is a constant vector; it does not move during the integration.

The fields for antenna 1 will be expanded in vector spherical harmonics as follows:
E =) Z [ M) (F)+bluND) ()], (2.20)
and

= -3 S THEND (1) + M) (7)], 2.21)

17



using vector spherical harmonics associated with the unprimed (antenna 1) coordinate
system. However, in order to integrate over a sphere around antenna 2, it is convenient to
express these fields in terms of vector spherical harmonics associated with the primed
coordinate system.

antenna 1

>
>

Figure 1 Geometry describing the relationship between the two antennas.

The vector-spherical-harmonic addition theorem says (see Appendix III) that for the
additive relationship ¥ =r'+ 1",

M (F)= 3 Ay M (F) 4 By N (), (222)
and .

N ®)=>4,,..N (¥)+B,,..M (F), (2.23)
where 4, and B, . are given in Appendix IIl. Both the vector spherical

harmonics ij)m (F') and fo,?m,

(') contain spherical Bessel's functions z (kr'), the

specific kind of which is determined by the relative size of »' and »" as follows

) "k!, !< "
(,)(kr,):{h(r)r r

o MY (7 NG () -
in M,/ (¥') and N}/ . (F'): z, WO (k") 5 1 (2.24)

n

and B

n',m';n,m

Similarly, both sets of coefficients A

n',m';n,m

contain spherical Bessel's

functions evaluated at ", the specific kind of which is determined according to

18



(2) " ' "
inA, . and B, . Z(i”’) (krrr) :{hn” (kr ), r<r

n',m';n,m n',m';n,m n . *
T (k") 7' > 1"

(2.25)

It should be emphasized that, for the integration over the spherical surface around
antenna 2 (Figure 1), these Bessel's functions are constant, since 7' and " are constant.

Substituting (2.22) and (2.23) into (2.20) and (2.21) gives the appropriate expressions for
the fields associated with antenna 1

oo bi?fn z (An',m’;n,mMEf’?m' (i;l) + Bn',m';n,mNgf'?m' (i:l))

E =Y Z " : (2.26)

et bTM (An',m';n,mNEti'?m' (F’) + B”'sm,Q”smME'l;?m’ (i:!))

n,m

and
P bTE Z (An m'sn,m n m' r )+ Bn’,m’;n,mMy’?m’ (F,))
=3 , (2.27)
(Du e +bnT,Ar:1[ Z (A“n',m’;n,mME;’?m' (i:’) + Bn’,m';n,mNS’?m' (i:’))
or
e d o (A BB ) MY, f(f’)
E = 2.28
1 ZZZ +(b;';BnW M A )N 229
and
(bj-an*n’m"n m b:ArZBn m'yn,m ( ,)) Nii’)m' (i:,)
— ’ . 2.29
] O)M nZI'n_zn ’g £+ (bfb;}’l n' m sn,m bj-ﬁszl’l m n M)Mfll%m, (i:') ( )

Exchanging the order of summation

E = ZZ(lbem‘J F)+ b N, (7)), (2.30)

n'=l m'=—n'
and
— ™ N TE wal)) (=
0= o Zmz( % (¥)+ b5, M0, (7)), (2.31)
where
lb:Em z Z (blfil n',m';n,m + blZ:Ar/r[an',m’;n,m)’ (232)
n=l m=—n
and
B =SS (B By A ). (2.3

n=l m=-—n
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The pre-subscript is used to designate the coefficients as belonging to the field expansion
for antenna 1.

The fields from antenna 2 are simply

Ez = i i I:Zblem Mf)m (‘ )+ Zbl?:[n N(z) (Al):la (234)
n'=1 m'=—n'
- > [0 N, (F) + .5y MD, (F) ], (2.35)
0‘)“ n'=l m'=—n'
where
b =B and ,B™ =™ (2.36)

Mutual impedance

The fields for antenna 1 and antenna 2 have been expanded in vector spherical harmonics
as follows:

Z Z LB ML (F) + b N (7)), (2.37)

H, :jmiui z [ B NG (F) + bl M (F1)]. (2.38)
E, = 3 [L6EME) (F) 457N (1)) (2:39)

= w—unZlmZn[ B NG (F)+ b0, (F)]. (2.40)

The pre-subscripts on the coefficients correspond to the antenna designation. The
superscript showing the type of spherical Bessel's function used in the vector harmonic is

designated with the superscript (i ) in the expressions for E, and H,. It is assumed that

the harmonics have already been translated using the translation theorem, so the
coefficients b’ . and lb,%, are the translated coefficients. As noted above, the types of

150" \m'
Bessel's functions contained in (2.37) and (2.38) depend on the relative size of the distance
from the old coordinate origin to the new coordinate origin, 7", and the distance from the
new origin to the field point, »’.

The mutual impedance between the antennas is obtained from (1.46), where the
integration is performed over the sphere |f'| = constant around antenna 2 (Figure 1). Itis

necessary that the sphere of integration contain only antenna 2, and this requires

s

(2.41)
Since ds’ = r"°t'sin 0'd0'd¢’, the mutual impedance (1.46)
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zlzzzm:——jdq)jr sin0'd0'(E, xH, —E, xH,)-#". (2.42)

120

Substituting the fields, expanded in vector spherical harmonics, into (2.42) leads to

ol _Zzl—_ﬁf_z Z ZZ

12 (’Ounlm —n' n=1 m=—n

{ (\b1E b0 + bre b1 jdq)'jr'z sin @MY (F)x N (¥')-#'do’

n',m' 2 n,m 1
0

TE TM TE
( bn m' 2b bn m 1

bM,) jd¢' P2 sin @MY (F)x M2, (F)-#d0 . (2.43)

n',m' 2 n,m 1 f')XNifr)n (i:,)f"de,

T
0
+ (50 bt + by B J.dd)’]E r” sinO'NS),,
0
J
0

(
(lb,?fn b+ bf‘fnlb” .[dq)’ r?sin®@'NY L (F)x M) (F')-#'d®’ }

Each of these integrals contains the factor
2n

I ej(m+m’)¢'d¢r _ 2n6m;m' ’ (2.44)
0
so each integral is zero unless m' = —m , eliminating the summation over m'. Writing
(2.43) in terms of integrals evaluated in Appendix IV, the mutual impedance is
o o min(nn) A,y G kr' I (n,n' ,m)—1, (n,n",m
im i3S S o | AL b ] 4
L " OW T T ettty By, (k) [12 (n,n',m)—1, (n’,n,—m)]
where
‘ d d
Il(n,n,m)::[l(l—x )de (x )den, (x)dx, (2.46)
1, (n n' m mIP'" d —P" (x)dx, (2.47)
dx "
1
I (n,n',m) = _sz' 1—1x2 P (x)P;" (x)dx, (2.48)
-1
TE ™ TE ™
B ) bn m2b + bnmlbn —m , (250)

n,n',m 2

c E\/(2n+1) (n—m)!, (2.4)

" n(n+1)(n+m)!
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(kr

Z0 (kr’) P [ 'h(z) kr ]+r h
k

N — 1 °n a r_(i) i
G,., (kr ) =—r . P P [r Z (kr )] ,
[ 'h'? (kr )}:}/[r’z;’;) (kr’)}
k2
and, since the integration sphere must not contain antenna 1, »' < r",

20 (k') = j, (k).

0
(k') = 2 h® (k') 29 (k') + 2

nn 4

These equations look rather unwieldy, but fortunately, additional simplification is
possible. In addition, it appears from (2.51) and (2.52) that the impedance depends on
the radius of the integration sphere, contrary to expectation. However, it will be shown

subsequently that, as long as the integration sphere does not contain antenna 1 so »' <",

the mutual impedance is independent of the radius.

It is shown in Appendix IV that
1, (n,n',m) -1, (n',n,—m) =0,
and using (IV-77) and (IV-79)
O;n'#n

1 (nn',m) = Iy (m,n',m) = 2n(n+1)
1 m .

(=1) (2n+1)°

Thus, the only non-zero terms in (2.45) occur when n’' = n. The mutual impedance can
now be written

m2 1
Z1p = 2y :_T _Zz M n anmAnnm nn( )

Ll  OH i m=—n 2n+1)

An alternate method of arriving at (2.56) from (2.43) is contained in Appendix VI.
Substitution of (2.4) further simplifies (2.56)

-0 kr') .
ZIZZJO)an;mZ—:n ””m ”"( r)

Using (2.53) in (2.51)
0

G,, (kr ) k[ Jn (kr ) P [ 'h? (kr )] +h? (kr')%[r'jn (kr')]}

-2 ), ], ) S ()

The spherical Bessel's functions satisfy the recursion [9],
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(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)



xaixz(') (x) = nz,(f) (x) - xszll (x) ,

SO

0 (i) i) ' ' 0
— k k k
A )= ) sk

Substituting (2.60) into (2.58)
' . r' ' "N o ' . ' '
Gn,n (kl" ) = ];kr |:yn (kl" )]n+l (kr )_Jn (k”' )yn+l (kr ):I *
The cross-product relation between the spherical Bessel's functions is [9]

! . ! . ! ! 1
yn (kr)Jn+l (kr)_.]n (kr)yn-H (kl"):ﬁ,

SO

G,, (kr ) kz )

Using (2.49) and (2.63) in (2 57) the mutual impedance is simplified to

’ TE TE ™ ™
le k2 lbn -m 2 bn m bn m lbn —m ) .
l ZZ “' n=1 m=—n

The coefficients b5, p™ p™E  p™

1%n,m> 1%nm?>2%n,m> 2 n,m

are measured in ampceres.

Suppose the integration sphere had been allowed to contain both antennas so »' > r".

this case, the proper choice of z'/ (kr') is
z¥ (kr') = s (kr').
Using (2.65) in (2.51)

h/EZ) (kl"') 6 17,(2) ' !hl’(lZ) (kl”) a ' (2) i
T?D h;, (kr )] -7 T P [r h, (kr )}

G, (k')y="r'
=0

In effect, the reaction of antenna 1 on antenna 2 is cancelled by the reaction of antenna 2
on antenna 1, and the integration gives zero. Thus, the requirement that the sphere of

integration not contain both antennas is necessary.
Mutual impedance from radiation pattern measurement
The total time-averaged power radiated by an element is

2t
P:%Re([ IEXFI*FZ sinededd)],
00

and substituting the vector-spherical-harmonic expansions for the fields, it can be shown

that the total time-averaged power radiated by a single antenna element is

z,(li) (kr')=(n+ l)z,(f) (kr')—kr' zn+1 (kr').

have units of volts/meter, and the currents i, i,

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)



™
bn m

TE
bn m

Tl o ]

n=l m=—n

).

The total time-averaged radiated power is also given by
1
P :51'2 Re(Z,)Mua »

where Z,, is the input impedance, and n_, is the radiation efficiency of the element.

The mutual impedance can be written in terms of the radiation efficiency and the resistive
part of the input impedance,

Zp T T Re(le)nrad >3 ( 1) (lbnTEmszE + b, bTM )

bTE 2 +lpm™ 2\ ol e ol
>3 (] + e

n=l m=—n

When fully polarimetric radiation gain and phase patterns are measured, the quantity
measured is a complex vector gain,

— k L .+ n ~
2(0.0)=gu 5 E )= g S [/ BEX,, (0.0)+ B x X, , (6,0)]

n=1 m=—n

=% X [X,, (0.0)+ <LE XX, (0.4)]

n=1 m=—n

where the far-field vector spherical harmonics (2.7) and (2.8) are used, and g, is the
calibration factor, chosen so that the gain pattern is

2

ZZ[ )+ ExX, ()}

n=1 m=—n

The field-expansion coefficients are related to the complex gain coefficients as

TE 1 TE
nom o+l nm
J gcal
and
p™M — 1 ™
nm . cn,m .
.] gcal
The efficiency is

I [l

n=1 m=—n

).

Thus, when the expansion coefficients represent the gain pattern (typically the case with
measured patterns), then the mutual impedance is simply

R m+n
e 11 Zz ( lcn mZC + cnmlcn m)

n=l m=-n
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(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)



However, care must be maintained when using measured complex-gain patterns
also common to use expansion coefficients defined so the far-field gain is
2

G(F) =33 /" [jdEX,, (F)+d™ixX,, (F)] -

n=l m=—n

In this case

bTE — 1 dTE
, cal ,

bTM — 1 dTM
’ cal ’

and the mutual impedance is
1 c c m TE TE ™ ™
ZIZ = 221 = ERC(ZII)Z Z (_1) (ldn,—m Zdn,m + Zdn,m ldn,—m) .
n=l m=—n

. Itis
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(2.77)

(2.78)

(2.79)

(2.80)
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Appendix | — Vector Spherical Harmonics

General vector harmonics

The vector wave equation is

VF+kF=VV-F-VxVxF+k’F=0.

Three independent solutions of (I-1

and

)are [15]

F=L=Vy,

F=M=Vxay,

1

FzNz—VxleVxVxﬁw,
k k

where  is a solution of the scalar wave equation

and a is a unit vector. That L is a solution of (I-1) is easily demonstrated. We have
VIL+K’L=VV-(Vy)-VxVx(Vy)+Vily.

Since VxVy =0, we have

Substituting M into (I-1)

Vy+kiy =0,

V(Vzw + kz\u) =0.

V2M+k21\7l:Vz(Vxﬁ\V)+k2(Vxﬁ\|1).

Since V? commutes with V x (see Appendix II), we see that

V x (Vzﬁ\y + kzﬁ\u) =V x ﬁ(Vz\y + kz\y) =0.

Similarly, substituting N into (I-1)

V2N+k2N=V2GvXMj+k2(

Again, using the commutation property of V> and V x

leM
k

VNN =LV (VM M) =0,

From (I-3) and (I-4) M and N have no divergence,
V-M=0,

and

Also, from (I-2) L has no curl,

V-N

0.

)
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(I-1)

(I1-2)
(I-3)

(1-4)

(I-5)

(1-6)

(I-7)

(I-8)

(1-9)

(I-10)

(I-11)

(I-12)

(I-13)



VxL=0, (I-14)
and since v is a solution of the wave equation,
V-L=Vy=-ky.
When the curl operator, V x, and a are anti-commutative (which is true when

a = constant or a =1, see Appendix II), the vector harmonics are also related by

Mszﬁ\pz—ﬁxV\Vz—ﬁxI::%VxN. (I-15)

Vector harmonics in the spherical coordinate system

In the spherical coordinate system, the requirement that a be a constant can be relaxed to
the extent that it can be replaced by the radial unit vector ¥ [15], because the curl
operator, V x, and T are anti-commutative.

The set of vector spherical harmonics used here based on the normalized radially-
independent vector spherical harmonic and notation as defined in Jackson [8§]

rxVY, (6,4), (I-16)

S 1
X m 9’ =S n,m
ST M

where Y, , (6, (I)) are the scalar spherical harmonics given by

2n+1(n—m)!

Yn (6,0) = \/ 4n (n+ m)!B’

and P (x) is the associated Legendre function given by

(cosB)e™, (I-17)

m/2 dlﬂ

P (x)=(-1)"(1-x") b (%), (I-18)
where P, (x) is the Legendre function
1 4" n
n( )=2nn!dxn (xz_l) . (1_19)
For negative order, m, [8]
. m (n—m)!
P (x)=(-1) —En +m§! P (x), (1-20)
so that
Yn,—m (e’ (I)) = (_l)m Yn*,m (6’(1)) . (1_21)

The scalar spherical harmonics, Y,

n,m

(9, (I)) are orthonormal [8], so that

" Hanson [13], Stratton [15], Arfken [16], and Mathews and Walker [18] omit the factor (—1)", but it is
included by Jackson [8], Abramowitz and Stegun [9], Chew [10], Lebedev [11], and Balanis [3].
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jj i (0,0)dQ2=3,,5, .,

where I dQ is jon sin 0d Ojo d¢. The radially independent vector spherical harmonic,
Q

Xn,m >

satisfies the orthogonality relation [§]

nn' Smm'

[[X,, X, ,d2=5,,8

The explicit form for Xn,m 1s

Jm ~—P" (cos ) e

3} \/ (2n+1) (n—m)!|sin®

J
4nn(n+l)(n m)! +sin9iPm(x)
dx "

x=cos 0

or

X, (F)=—t [i’" Y. (0,6)0+sin0 ae (eq))&)}

n(n+1) sin 0 0 cos

From (I-21), we see that

R, (1) = (1) e S (00)8sin0 o (0,003

n(n+1) sin® " 0 cos

The usefulness of the vector spherical harmonic derives from the fact it forms a solution
of the vector wave equation as

v ()X, (6,0) + k22 (k) X, (8,6) =0

where z" (kr) represents any of the spherical Bessel’s functions

W (kr);i=1
@) .
2" (kr) = h"‘ (kr):i=2
Jo (kr);i=3"
v, (kr);i=4

Vxz, ® (kr)X,,, (6,9) is also a solution of the vector wave equation, since the

operators V> and V x commute (see Appendix II),

V2 (Vxz ()X, (6,0))+ & (Vx 2 (k) X,,,, (0,4)) = 0.
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Thus, z (kr) X, (8,4) and V x 21 (kr)X,, , (6,6) are both harmonic solutions of the
wave equation. The two types of vector spherical harmonics are defined in terms of Xn,m
as
M), =z (kr)X,, (6,9), (1-30)

and

NO =

n,m

Vxz9 (k) X, (6,0) = %v <M. (1-31)

| =

It is obvious that M) and N} correspond to the general M and N harmonics defined

n,m

in (I-3) and (I-4) for the special case

(1)

z (kr

V= _#Kl,m (6’ (I)) > (1_32)
Jaln (n + 1)

since
i x V2 (kr)=0. (1-33)

The MY and N) have no divergence, and the corresponding harmonic with no curl is

A (i) kr)
L vwz—vLYnm 0,0).
R

Only the harmonics without divergence are of interest outside the source region, since the
magnetic field has no divergence anywhere, and electric field has no divergence away
from the sources.

(1-34)

It will be useful to note that

VN =V X%V xz,) (kr)X,,, (8,0)=V X%V x M2
, (I-35)
- Lyv-MY -1 vm)
k Tk '

and since V-M{) =0, and M{) is a solution of the wave equation, we see that
PR
M) = v NP (I-36)

This is the same result as (I-15) for the general vector-harmonic case.

The explicit forms for the normalized vector spherical harmonics are

d (i) m imd 2, sin 0 (i) d m im A

9 P gmpg, _ STHYU “p j
o J\/ il (=m)t|ar z, (kr) B (cosB) et -z (kr) 0 (x) - 0 37)
" 4 1 ! 7 ) .
wn(n+1) (n+m) + M0 (kr) P (cos0) e’ ¢

rsin® "
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Jm_ m jméQy
M (f)—j\/ (2n+1) (n—m)! sin® " S
nm 4Ttn(n+1) (n+m)! +sin 02 (kr)iPm (x) e-"’"% ’
n dx n
x=cos0
and
()
Sl k(kr) n(n+1)P" (cos0)e™F
r
o 2n+1) (n-m)!'| 161 . d g
NO ()= ( ———|rz)" (k 0—P" e
o (r) ]\/4nn(n+l) (n+m)! kr 6}*[72" (r)]sm dx " (x)xzcosee
1 a (7) .]m m 'm¢A
- _P J
+kr ar[rzn (kr)} ing (cosB)e™d
Since
- | 2n+1 (n-m)!| . _OP"(x) ~jm N
X (0,0)= —sin———~= 0+——P" 0
r "’m( (I)) J\/4nn(n+l) (n+m)!|: - ox | Jrsin@ " (COS )¢
we see that
_ 2n+1 —m)! z\" .
N0 ()= j [-2nED) (mm 2l (K)o pe s ) o
’ 4Tcn(n+1) (n+m)! kr
1 0 ; A S
+EEI:I"Z’(!)(1€V)}I'XX”W!(6,¢)
or

and the transverse part of N (¥) is simply

N S =\ A 1 o0 i 5 X
Non (1)~ R ()-8 = gLy ()Xo (00)

e

Jjmo

These normalized vector spherical harmonics differ from those defined by Chew [10] and
Stratton [15]. The harmonics used by Chew must be multiplied by a factor of

j / \Jn (n + 1) to produce the normalized harmonics, and from those defined by Stratton

(2n+1)(n—m)!
4nn(n+1)(n+m)!

must be multiplied by a factor of j(-1)" \/

to yield the normalized

harmonics. Hanson [13] uses normalized harmonics almost identical to those used here.

However, Hanson’s harmonics, which are written with a different notation, must be

multiplied by a factor of j (m/ |m|)m to produce the ones defined here. The relation

between Hanson’s notation and that used here is
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MY (F)= (| J B, (F), (1-44)

and
X0 <f>=j[|Z—|} RO (7). (143)

A far-field representation of the vector spherical harmonics is obtained for out-going
waves, where the z! (kr) become A" (kr). Since

e, T(n+p+l1)

W (kr) = 1 2 2jkr) " 1-46
(kr)=J kr ;plf(n—p+l)(‘] ) (1-46)
the approximation for the far field region is,
— jkr
h? (kr) = j E— as kr — o, (1-47)
kr
and
0 (2) . e_jkr
—h, = j'—— askr —> 0. 1-48
0z (= )Z=k, / kr (1-48)

Thus, in the far field region,

en _—jkr _ . .
M2 (1) =L LB o006 1 sine L b () bl (149
kr \[4mn(n+1) (n+m)!|sin® dx o
and
o e [2nrd (nem)[ . d A 7
N(Z) — J € e_Pm e _ Pm e jmo , I—SO
o (F) kr \/4nn (n+1) (n+m)! {sm dx " (x)x:me smG (cos )¢}e (1-50)
or simply
N -n+lef_/'kr ~
M) (F) = JTX (6,9), (1-51)
and
N jne—jkr _
N (F) = ——FxX,, (6.9), (1-52)
r

for the normalized vector spherical harmonics.

The orthogonality integrals for the normalized vector harmonics are [8]

Iyt (s’ n'sr) = [ dg[ "sin0a0M?), (MY, )

M-M n',m

o : (1-53)
= |29 (k)| 8,8

nn' ™~ mm'

and
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I (monym',n'sr) = qu)jE sin 04ON" (Nf,’)m)*
0 0

2 (kr)| Or wont
= Tz‘n (n + 1) + pER 5[’7;’) (kr)] 5,0, . (I-54)
= i z® (kr)‘2 + %% _rz,(f) (kr)%[rzy)* (kr)}ﬂ 0,0
or, expanding (I-54),
- , i,
i 2 1 d
zfl ) (kr)‘ (1 + pERE j + EZ:’ ) (x) .
ro_t Zr(zi)* kl" d i Z(i) kl" d i*
I (m,nsm',n'sr) = +#Ezfq '(x) . + 3#522 " (x) . 5,0, (I-55)
_ d? o
+Z,(ll) (kl")wZil) (X) .
and
Fgx (mon,m',n'sr) = J‘:n d¢j0“ sin 0d6M" - (N;’)m ) (1-56)

=0

When r is small, the ¥ component of Ni’}n can be significant. However, it will be

necessary to expand a measured field in terms of the vector spherical harmonics, and the
r component of the field is typically not measured. Thus, for small 7, the use of (I-55)
for the normalization can produce an error. Instead, we need the orthogonality integral

for the transverse part of N

2n n
L. (m,n;m',n";r) = j dq)J‘ sin 040 (N{), —N{), -f'f') : (Nﬁl’,,)m,)
o0 (1-57)
1L lor oo
= k2r2 E[I’Z’l (kl")] 8nn'Smm’
Special combinations of the vector spherical harmonics
Consider the far-field representation of 1\7[&)1 (F) obtained from (I-51)
— jkr
g (e 13 ) )
M2 (7)==~ ,/4n [0 jcos0p e, (I-58)
and
R — jkr 1 3 R R )
M (7) = ;& — .= |0+ jcosOd |e”. 1-59
1,1() ]kr2 471[ J ‘ﬂe ( )
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For a TE field, 1\7152_)1 (f) represents a right-hand circularly polarized electric field at
6 =0°, while M{? (F) is the left-hand circularly polarized electric field. Now consider

the far-field representation of N*), (), from (I-52)

e 113 A A ~
— . —|—cos00 + jb e,
) 4n[ ]

~ B -k 3 N P
N{¥ (F) = ekr 5"E [cos 96+J¢]e«’¢.

Similarly, for the TM field, N{?, (F) is the right-hand circularly polarized electric field

when 0 =0°, and Nﬁ) (f) is left-hand circularly polarized. At 0 # 0°, these fields are
elliptical.

Ngz—)l (f) =

and,

For a TE field,

M () + M) () = /S \/z [ cos 48 —cos Osin g
A 1 kr \4n
— jkr

_ R _ B 3 o .
M (F)-M?, (F) =- ekr \/%[sm $0 + cos dcos 64)}

which represent magnetic dipoles.

For the TM field
— jkr

N . < . . 3 LA A
Nﬁ) (F)+ Nf_)l (F)= ekr \/%[cos 0sin ¢O + cos ¢¢} ,

— jkr

N (7) - N@ ()= f 3 3 _ sin dd
N (F)-N?, (F) = - \/;[cosecosd)e smd)ﬂ,

— jkr

(1= HNF(F)-(1+ /)N, (F) = © /i [cos@(sin¢+ cos ¢) 0 — (sin - cosd))(ﬂ,
’ ’ kr \4rn
and
(1= /)N (F) = (1+ /)N (F) = =
Equations (I-64), (I-65), (1-66), and (I-67) describe small linear dipoles oriented as E,
E,, E,.,and E, ;. dipoles, respectively.

— jkr

\/4E[cose(sin<|)— Ccos ¢)é+ (sin ¢+ cos d))(ﬂ

kr T
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Explicit forms for the associated Legendre function and its derivative

Explicit Forms for P"(x)

m
n 0 1 2 3 4 5
0 0 0 0 0 0
1 x —J1=x2 0 0 0 0
2 3x2 -1 31— 2 3(1-x7) 0 0 0
2
3 Sx® —3x _35x2 -1 2 15x(1—x2) —15(1—x2)3/2 0 0
2
4 4 2 3 2 5\32 5\2
35x sz +3 _57x . 3xm 157)c l(l—xz) —105x(1—x ) 105(1—x ) 0
5 5 3 4 14,2 3 2 2\2 NE
63x 72x +15x _15w\/1—x2 105 3 x(l—xQ) ~105 9x 1(1—x2)3/2 945x(1—x ) —945(1—x )
Explicit Forms for P"(cos0)
m

n 0 1 2 3 4 5
0 1 0 0 0 0 0
1 cos0 —sin0 0 0 0 0
2 3cos’0—1 —3sinBOcosH 3sin’ 0 0 0 0

2
3 5cos® 0 —3cosO _3500s29—1Sine 15cos0sin* 0 —15sin®0 0 0

2
4 35c0s*0—30cos” 0 +3 7cos’ 0 —3cos0 . Tcos’0—1 . , ~105cos0sin’ 0 105sin* 0

—-5——————in0 15———sin” 0

8 2

5 50 _ 3 40_ 2 39— 29— 945co0s0sin* O | —945sin’ 0
63cos” 0 70(;05 0+15cos0O _1521005 0 ;4005 e+lsin9 1053005 0 cos@sin29 _1059005 0 1Sir13e cos0sin sin

¢¢




9¢

Explicit Forms for diP”m (x)

X
m
0 1 2 3 4 5
0 0 0 0 0 0
1 X 0 0 0 0
1-x’
3x 3 2x% —1 —6x 0 0 0
1-x?
S5 -1 15x° —11x 15(1-3x7) 453, J(1-%?) 0 0
2 241 - x?
76" —3x 5 283" —27x" +3 30(4x - 7x°) 105(4x” = 1)(1-x?) -420x(1-x?) 0
2 241 —x?
s 21x* —14x% +1 s 105x° —126x° +29x 105 15x* —12x2 +1 - 15x% = 7x P 945(1-x7)(1-5x7) 4725x(1_x2)3/2
8 81— x2 2
Explicit Forms for %Pf’(cos 0)
m
0 1 2 3 4 5
0 0 0 0 0 0
1 cos6 0 0 0 0
sin O
3cos6 3200529—1 —6¢c0s0 0 0 0
sin O
35c0526—1 31500536—116056 15(1—3c0529) 45cos0sin 0 0 0
2 2sin 0
s 7cos’ @ —3cos0 s 28cos* 0 —27cos’ 0 +3 30(40059 —7cos’ 9) 105(4 cos’ 0 — l)sine —420cos0sin’ 0 0
2 2sin 0
1<2lcos46—§1;4c0529+1 1(]05c0s59—];()—coesze+29cose _10<15cos46—;2c0529+1 31<15c0s3€’2—7(:059 sin0 9453in29(1—5c0526) 4725c0s0sin® 0
Sin




Explicit forms for the scalar spherical harmonic and its derivative

Explicit Forms for Y, , (cos6)

m

a

+2 +3 +4

0
0 JI 0 0 0 0
4n

1 3 13 0 0 0
— cos0 — |[—e**sin0
41 2 2TC
2 / 29-1 0 0
> 3cos’@ i i 7 sin B cosO 313 e sin’ @
4 2 2 6Tt 4\Vo6n
3 g _ - 0
7 500s"8-3cosd 13 lem—Scos 0 1sin9 13 — %% cosBsin’ O 12 i 7% sin* @
47 2 4\3n 4 3075 8\V5m
4 3 1 35cos*0—30cos’0+3 15 |1 +jg Teos’0-3c0s0 7cos’ e 3c0s0 . o 15 [ 1 e 7cosze—1Sinze 105 /Leiﬁ%osesirﬁe 105 ,Leif‘”’sin“e
T 8 4 \5n 4 V10m 2 8 V35n 16 V 70m
.. dY (cos©
Explicit Forms for —>*~——+= ’”( )
dcos9
m
n 0 +1 +2 +3 +4
0 0 0 0
1 /i + 3 o C0s0 cosB 0 0 0
4n 275 sme
2 / / .
3 i c0s0 + 5 oo 208”01 2cos?0-1 _é ieiﬂlb c0s0 0 0
4n 675 sm6 2\Vorn
3 / 1 1 ~11 1 . 1 , 0
3 lScos 0~ T et Scos’0-llcosd | 15 | 7 ei‘/2¢(1—3cosz 9) £ 15 7 e o505in 0
4n 37t 2sin 0 4 \V30n 8 V5=
4 3JI—3SCOS 9 -15c0s6 1 f Fg 0P o R T 28c0s"0-27cos” 9+3 E Leim)(4cose—7cos39) i“i Leiﬂ‘t)(élcosze—l)sine _1s Leij4¢c:osesir129
4 2sin@ 2 V10n 8 V35n 4 \70n

LE



Explicit expressions for the Xn,m(e, ¢) vector spherical harmonic:

< 13 .
Xl,O(ea(I)):]E gsme(i)

< 1|3 _ara . "
X,.(6,9) 5 Ee "¢[9 —jcoseq)]

X,,(6,0) = l\/ze”’[é + jcos G(T)]

o(0.0)= /6_3cos 0-1 sin 04
X,.(6,9) %\/g “*cos 08 — j(2 cos’ 6—1)(]3]
X2,1(6,¢):%\/§ ’4’[c0566+](2cos 0- 1)¢

’24’[51n 06 — jsin 6 cos 6¢

[3%]
[38)
—_—~
=
=
N—
NG

’24’[s1n 06 + jsin 6 cos 6(])

!

(3]

(3]

—~

=2

=

N—

Il

|

|
A=
ﬁ\ﬁlm




Explicit expressions for the r x Xnﬂm(e, ¢) vector spherical harmonic:

fxX,_,(0,0)= %J%e’“’[j cos 06 + $]

%\/%e”’[—j cos 00 + (IA)]

-
X
!
=
5D
=
N—
Il

2 —_ A
P x X, ,(0,0)= —j,/% 3C%‘“sm 08

fxX, (0,0)= i\/ge‘jq’[j(Z cos” 0 —1)d + cos 843]

fxX,,(0,0)= % %e«"‘"[—j(Z cos” 0 —1)d + cos 6&)]

fxX,,(0,¢)= %\/%e‘m’[j sin © cos 0 + sin 6(13]

fxX,,(0,9) ! \/geﬂ"’[jsinecos 00 —sin 6(13]

“ 4\

6¢



AN
e

Explicit expressions for the Mn | (F) vector spherical harmonics:

_ 1 [3 . .
Mf()]() ]zl)(kr)2 Esmed)

VIO (7) = 20 (k) L |3 e 6 — i cos0d
M,”,(F) = z, (kr)2 y / [6 ]COSO(I)]

_ i 1 [3 .ra . .
M53 (F) = zl( )(kr)z Eeﬂ’[e + jcos 94)]

2 — A
MU () = 2 (k) [ = 22 2L sin 06

i " AL 20 A
ne -/ [cosee ](2005 0 1)4)]




Explicit expressions for the N (¥) vector spherical harmonics:

(1) [ ES
Ny () (= . Z kl" 3 A . 1 a i 1 3
NE,())(I') = ]% ECOSOY—];E[VZI()(]G")]— 2—sm99
(1)
-t V.74 / 3 1 [3
NE,)_I(I') = ]% 4ﬂ sm9r+—— ] —e ”’ ]COSOO+¢]
(1) A A
N () = —j#w /%e’d’ sin OF + %E[rzfi)(kr)]%1/—43ne”’[—j cos 00 + d)]

< (i) (= 29(kr) 1 [15 . .10 ; 5 3cos’0—1 . A
N(Z’)O(r):]%2 2n(3 oS 6—1)1‘—];5[17?(](7’)] aTsmee

r
(1) N A
N (F) = ue: k(rkr) %\/g sin O cos OF + é%[rz?(kr)]%ﬁe"ﬂj@ cos’ 0 —1)0 + cos 9¢]
) (k)3 [5 ]
Nz,l(r)=—] > 2 —e sm@coser+——[r22 kr]z ; [ 2(:os 9—1)6+c039¢]
r T
NG (¢ Zgi)(kr) 315 -2 LS
Ny, (F) = P ; sin (9r+——[rz2 (kr) ]Z ; []Sln900596+31n9¢]
() A -
N (F) = ut: k(rkr) %\/% 2% sin’ OF WL%—[rz2 kr)]%\/i ’2"’[] sin 0 cos 60 — sin 9(1)]

8%
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Appendix Il — Commutation Relations

Consider the operators V* and V x. The commutator is V* (V x)—(V x) V2. Using the

representation of the operators in Cartesian coordinates, we see that

2 2 2
Vi (V)= a_2+a_2+a_2 £§+£y+ii X
ox~ oy~ 0Oz
(e, do, (& & Yo (& & 2o,
o "o o Jax o o o Joy) \ad o o2 Jor |

oo & &), oo & )., a8 & @] au
= — —2+—2+—2 X+ — —2+—2+—2 y+— —2+—2+—2 Z | X ( _)
|ox\ox” gy Oz oy\ox~ 0Oy~ 0Oz dz\ox" oy 0z ) |

0. 0. 0., o0 o
= | =X+ =V +—2|x || 5+ +=—>
ox oy 0z ox~ oy- 0Oz

so that
VI (VX)=(Vx)V?=0. (11-2)

: 2
The commutator is zero, so the operators V- and V x commute.

Let a be a constant vector. Consider V x ay,
(I1-3)

Thus, we have the operator anti-commutative relation,
Vxa+axV=0. (I1-4)

Consider V xr when there is no additional function to the right. We have
o, 0. O, N
VXF=| —X+—y+—Z |x(xX+ yy+2zz
(c?x oy y 0z J ( Y )
=XXX+YXYV+ZXZ (II-5)
=0
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Next consider the operators V x¥ and ¥ xV . Note that V in V xTF is expected to
operate on whatever function is immediately to the right of V x ¥, in addition to F,
unlike in (II-5). Representing the operators in Cartesian coordinates, and explicitly
including the right-hand function, y, on which the operators operate,

B, (a 8 aj
VxPy=|—X+—§+—2|x(xX+yy+zZ)y

ox oy 0z
0 P gy D D mgss Dy D
axy\lf o vy Y v o v Py vy Py yy

——xi i+xi y+ 9 Z- 9 )A(—zi §7+Zi X
ayw azw yaxw yazw 6xw 6yw , (11-6)

—x(iz—iy]w J’(QX—QZJ\V (ay—ix)\lf
oy 0z 0z ox ox oy
—(xX + yy +z2) % (ﬁx+i§r+2 J\u
ox oy 16}
=-TrxVy
so that
Vxry+rxVy=0. (I1-7)

Thus, the anti-commutator of the operatorsV x and ¥ is zero.
Now consider V xry, where r = f/ |f| . We have

fo'w:ng\y
I

—rxV[W]+Efo
|

-rxVy— wrxV(| J (11-8)

=—f‘><V\u+\|/%f'xf’
r

=—txVy
Thus, we also have the operator anti-commutative relation
Vxr+rxV=0. (II-9)
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Appendix lll Addition Theorem for Vector Spherical
Harmonics

The vector-spherical-harmonic addition theorem allows a vector harmonic referenced to
one coordinate system to be to be expanded in terms of vector harmonics referenced to
another coordinate system, which has been translated with respect to the first. The
derivation of this theorem is outlined well by Weng Cho Chew [10]. For a translation
such that ¥ =¥ +7¥", as indicated in Figure III - 1, the addition theorem says [10]

) i;) = z An’,m';n,mMEli’?m' (i:’) + Bn',m’;n,mNEli’?m' (F’) >
n',m'

and
n m Z n',m'sn,m n ') + Bn',m';n,mMS’?m' (f') ’
where
p 2m" [n n+1)+n'(n"+1)- n”(n”+1)]
o \/n (n+1)n'(n'+1) 7 .A(m,n,—m',n’,n")z,(f) (k)Y (60, 00) ’
and

27;]‘" -n" v () " "ogn
B, . = B(m,n,—m',n",n")z." (kr] )Y, 0,
B \/n(n +1)n'(n' +1) ;(] ( )2 ) o (61 ))

and the difference in scaling factors between the definitions of the vector spherical
harmonics defined by Chew [10] and those used here has been accounted for.

In (ITI-1)—(I11-4), the ¥, , (9, (I)) is the scalar spherical harmonic (see Appendix I),

Y, (6.0)= \/(2” D= b o0 e

4 (n+m)

The choice of which spherical Bessel’s function, z (kr) to use in (III-1)—(I1I-4)

depends the relative sizes of »' and " :

: (k') <
MY d NY 0 (k)1 7 :
in ( ) an n'm' ( ) Zn ( I’) hy(,Z) (kl”’), s

and

Ryl
=
—_
T
N2
=
N
=

Also, in (III-1)—(111-4)
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(111-2)

(111-3)

(IT1-4)

(I11-5)

(111-6)

(111-7)



4n 0 -m -m' m+m

A(m,n,m',n”n") _ (—l)m \/(2n+1)(2n’+1)(2n”+1 (l’l IZ) ”;J n N J (III-g)

\/(n’+m’)( "—m' 1) (n"+m+m')(n"+m+m' —1)A(m,n,m' = 1,n",n" 1)

(111-9)

2n" —

B(m,n,m',n',n") 241 +\/ n - (n +m +1)(n -m-— m)(n -m-m'— I)A(m n,m'+1,n" n" 1) ’
—Zm\/ n —m—m’)(n”+m+m) (m n,m',n',n"— 1)
and (]1 S s j is the Wigner 3j symbol. There is a slight difference in the notation
m.m, m
used here for B (m, n,m',n', n") , and that used by Chew [10], who inserts an additional

argument, n" —1, after n”. Since that argument is redundant for the usage here, it has
been deleted. A typographical error contained in [10] has been corrected in (I11-9). This
correction has been verified by symmetry arguments, comparison with [19], and the
application of the addition to translate vector spherical harmonics. Note that Tsang and
Kong [19] use a different normalization for the vector harmonics than either Chew [10] or
this report. These different normalizations must be considered when comparing formulas
from different sources.

The Wigner 3j symbol is related to the Clebsch-Gordon coefficients as [9, 10, 20]

hooJ T o)
( 1 ’ ’ j = ( ) (]1m1]2m2|]1]2]3,—m3). (I1I-10)
mm, my 2j;+1

The Wigner 3j symbol and the Clebsch-Gordon coefficient will be described in more
detail, and an accurate method for computing them will be given.

The Wigner 3j symbol, (Jl S s

, 1s nonzero only if m, = —m, —m, and if
m,m,  ny

’ 14
hth2j2 |jl —j2|. The special case (O 0 OJ is nonzero only if n+n"+n" is an
even integer.

From (I1I-8), we see that each term in the sum over »", which is contained in 4, ., .

n n! n”
(IT1-3), has a factor (0 o 0 J . This means that the sum will only contain terms where

! /4
n+n'+n" is even. In addition, each term contains the factor ( , ,] , which
-m m' m-m

will be zero unless n” satisfies |n n | <n"<n+n'. Note that when n" =

n+n'+n" is even for any n,n'. Thus, we can write
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4 s [ Tl () (o 1)
M _\/n(n+l)n'(n'+l) o n“ -A(m,n —m',n',n ) () (kr")Y o (err ¢") ’

w n"
24—

(1I-11)

Similarly, from (II1-9), we see that each term in the sum over »n”, which is contained in
n n n-1
B, i (111-4), has a factor (O 0 0 j This means that the sum will only contain

terms where n +n'+n" is odd. In addition, each term contains the factor
n n n

n " on"-1 ! n"—1 ) ) )
, | or , which will be zero unless n" satisfies

-m m m-m -m m'*1 m—m'$1

1+|n n|<n <l+n+n'.

" is odd for any
n,n'. Thus, we can write

- l+n+n'

2"

By = J" B (myn,—m',n',n") 20 (kr!) Y, 0 (00,00) | (I1-12)
o \/n(n+1)n'(n'+1)n Hznn[ ( ) ( ) ( )]

3+‘n n ‘

Figure IIT - 1 Relationship between the unprimed and primed coordinate systems for
the vector-harmonic addition theorem.

Application to translation of electromagnetic field

Suppose the expansion of the magnetic field for an antenna is known in terms of vector
spherical harmonics referenced to the origin of the unprimed coordinate system, as

illustrated Figure III - 1. The magnetic field in terms of harmonics referenced to the
unprimed system is

Sy [N, (F)+ M) (F) . (I1-13)

('OM n=l m=—n
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In terms of harmonics referenced to the primed coordinate system, the same magnetic
field is

. |[brB B A ML (F)

= k s nm— n',m';n,m n,m*-n',m'n,m
H(f)=j— ,
¥)=J Op Z‘mz Zm: Hor A s+ Bw B N ()

n,m*n'.m';n,m n,m—n',m'inm

(I1-14)

Computing the Wigner 3j symbol and Clebsch-Gordon coefficient

The Wigner 3j symbol and Clebsch-Gordon are the vector coupling coefficients from
quantum mechanics [20, 21]. In this context, j, and j, represent the angular momenta
of systems 1 and 2, and j, represents the angular momentum of the total system
composed of 1 and 2 together. Here, they will be considered simply as a factor of the

coefficients necessary to represent a vector spherical harmonic referenced to one
coordinate system in terms of the harmonics referenced to a translated coordinate system.

The Wigner 3j symbol, []1 Jo I8 j , 1s given in closed form by the Racah formula
m.m, m
[20]
[j] A ] Ly J(jl AT VSV EIATS
m, m, m, (Ji+ o+ Js+1)! . (IL15)
N+ m) G =m )+ m) G = m )+ ms)! (s = m )
T — T ,
p kU Jjs = o +my k) (s = Jy —my + k) Gy + Jo = Js = k) (G, —my = k) (J, + my —k)!
where the 3j symbol is zero unless
m, +m, +m,; =0, (III-16)
Im,| < ji, |my| <y, and |ms| < s, (I1I-17)
and
|j1—j2|§j3 S]'1"']'2- (IH-]S)
In general [9, 20, 21], j,, j,, Jj; can be positive integers or multiples of half integers,
m,, m,, m, can be positive or negative integers or multiples of half integers, and
Ji + J, + j; must be an integer. However, for the purposes here, j,, j,, j; will be
restricted to positive integers and m,, m,, m; will be restricted to positive or negative
integers.
The Wigner 3j symbol satisfies certain symmetries [20, 21]
(jl Ji 13]:(13 J jzj:(jz i Jj 19)
m,m, ms m, m_ m m, m; m
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(_1)j1+jz+j3 j1 jz j3 _ jz jl j3 _ j1 j3 jz _ j3 jz jl
m, m, my m, m;, my m, m, m, m, m, m, ’

and
AR VR
m, m, m, -m, —-m, —m, '

Special values of the Wigner 3j symbol

The special case (‘]01 /2 hj

0, j, +Jj, + J; isodd

b s —
[0 0 Oj: \/(/1+]z]3)!(]z+13/1)!(]3+]1]2)!(j1+j2+j3 '
(_1)(/‘,+j2+j3)/2 (]] +j2 +j3 +1)' 2

(jl ) _j3j|(jz + /s _jl]'(jfs 4 _jz),
2 ' 2 ' 2 '
When m, =m, =0, the following special values are obtained from (I1I-22)

[jl j jl+jzj:(_1).fl+h \/((212)!(211)! (i + 72)!

0 0 0 2/, + 24, + D) ()Y

(_1)./'1 \/(2j2)!(2j1 _2j2)! (jl)!

Qi+t (L)!Gi— )

(jl )y |Jl—fz|j: ’
R (_1),2\/(2]-1)!(2,-2—2];)! ()t

i+t ) h—4)!

when j, 2 j,

when j, 2 j,

and

.. P
[]1 o LT Jzo’

0 0 0
jl jz |j1_j2|+1 =0
0 0 0 '

From (III-15), we see that for any |m| <7,

(j j 21]:(_1)2,”(2].)!( T (2i—2m)i(2)+2m)]

m m -2m 4j+1)0 (j+m)(j—m)!

2

and
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is nonzero only if j, + j, + j, is an even integer [20] and

when j, + j, + j; is even

(111-20)

(III-21)

(I11-22)

(111-23)

(111-24)

(111-25)

(111-26)

(111-27)



Jodo2my e Gl (2= 2]m]) (4]m])! _
| J-e <f—|m|>!<z|m|>zJ G

m m —2m
Applying the symmetry relation (II1-20), we see that
(] Ik ] =0 forj, an odd integer . (111-29)
m m —2m

Other special values, not containing factorials, are [20]
— = =(-1 , 1-30
(m —m Oj (O m —mj (—m 0 m) ( ) J2ji+1 ( )

(jl ) (jl+j2)]: 1 (I11-31)
j1 jz _(j1+j2) \/2(j1+jz)+1’

and from [21]

Jod By m _
(m —m Oj_( ) JiG+1)(2j+1) (I-32)

Computing arbitrary values

Using the Racah formula (III-15) to compute the Wigner 3j symbol presents some
potential difficulties, because it contains products of factorials. While the 3j symbol
itself is well behaved when the arguments become large, intermediate products and
factors can cause numerical overflow if appropriate precautions are not taken. The
logarithm of the factorial function can be computed easily for very large arguments, and
can be utilized to avoid overflow when factorials of large integers are needed. An
approach that avoids overflow is to compute the 3j symbol as follows

lln(.jl +j2 _j3)!+%ln(j2 +j3 _jl)!
In(js + j, — jp )+ <In(j, +m,)!

1
2
Lin(j, —m )+ LIn(j, +m,)!
B
1
2

+ o+ o+ ow

In(j, —m, )+ n(jy +my )+ n(Gy —my)t |- (H1-33)

- ln(j1 + 7+ +1)!—1nk!—ln(j3 —j,+m, +k)!
_m(js —Ji—m +k)!_ln(j1 + )~ Js _k)!
—In(j, —m, —k)=1In(j, +m, —k)!

(jl b j _ (1) ;(_1)" exp

m,m, my

Unfortunately, this approach can loose accuracy for large degree because the terms of the
sum alternate in sign, while some of the terms are many orders of magnitude larger than
the final sum.

The Racah formula (III-15) can be used if the factorials are factored into their prime

factors before the multiplication. By canceling common factors before multiplication,
overflow is avoided. Since the factors are all integers, an exact expression can be

50



obtained in terms of ratios and square roots of ratios of prime factors, called a root-
rational fraction. However, this approach is complicated to program and is not very
efficient. However, it is attractive for exact computations, and the root-rational-fraction
approach has been implemented by Stone and Wood [22].

As indicated above, some special values of the Wigner 3j symbol can be computed with a
single term. However, several of these special values, for example (I11-23), (I11-24),
(IT1-27), and (I1I-28), still require computing products of factorials, leading to the
possibility of numerical overflow.

Stable recursive algorithm

Luscombe and Luban [23] give a recursive algorithm for computing the Wigner 3j
symbol. The algorithm uses two nonlinear, two-term recursions and a three-term
recursion. No problems with overflow or rescaling occur, and the algorithm is very
accurate. However, there are pathological cases where the algorithm cannot be used
precisely as described. These cases will be addressed below. The algorithm is
implemented as follows.

Let v, represent (]l /2 / ] The v satisfy the recursion relation [23]
mm, —m —m,
X Wi Y0, + 2, =0, Join < TS o (I1I-34)
where
X =[G =Gom 2 (G e+ =G [+ = (mrm )], ainss)
Y, = (2 +0){(m +m) i Gy +1) = Jo (o +1)] = (m, =my ) j (G + 1)}, (I11-36)
2, =07 =G i) [ e #1) = 2 ][ 72 = (meem . (I11-37)
Jmin = maX(|jl = Jals|my +m, )’ (II1-38)
and
jmax = jl + j2 . (III‘39)

The three-term recursion (I1I-34) can be converted to two two-term recursions by
defining ratios of the vy, as follows

. —7.
r/ = \Ijj = . 2 J S jmax _1’ (III_40)
LoV X,
and
) -X.
s = o I it (I11-41)
Vi Y, +Zs,,

The three-term recursion (I11-34) is stable in either direction over a center portion of the
range of j. The two-term recursion (I11-40) is used at the upper end of the range of j and
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is stable only in the downward direction. Similarly, the other two-term recursion (I1I-41)
is used at the lower end of the range of j and is stable only in the upward direction.

The downward iteration with (I1I-40) is started with

T (I11-42)
R
and r; is iterated until
r.o>1, (111-43)

which determines a value for j, . Next, the upward recursion (III-41) is iterated, with a
starting value of

s, = ma Jnin_ (111-44)
.]ml
The s, are iterated until
s; >1, (I11-45)
which defines ;_.
A normalized version of v ; is defined
u. = 7 .
J \Ijji
with the obvious condition that
u; =1. (I11-46)
We now compute
k
w;_=[1s, . forl<k<j —j.. (111-47)

p=1

The ratio u; satisfies also satisfies (II[-34), since it differs from v, by only a constant,
SO
Xy +Yu, +Zu, =0, (111-48)

J g+l
From (I11-47)
Uy

so, with (I1[-46) and (I11-49) as starting values, the u; are iterated with (III-48) until

=5, ) (I11-49)

Jj=J.,. Now
-V,
u, = \I/_J, (II1-50)
J-
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so continuing,

w, go=u, []r., forl<k<j.—j. (I11-51)

k
=1

p

Since the u; are un-normalized versions of the Wigner 3j symbols, the Wigner 3j symbol

1s

(]1 Ja J j — iu; , (I11-52)
m_ m, —-m-—-m,) D
where the correct normalization is [23]
D= \/ (2j+1)u;, (I11-53)
J=Jmin
and
S =sgn (uj_n ) (—l)j1 e (I11-54)

This finishes the Luscombe and Luban recursive algorithm.

Note that it is possible for ¥, + X ;r,,, to be zero in (I1I-40) and ¥, + Z 5, , to be zero in

Jrj+l
(IIT-41). Obviously, the two-term recursion cannot proceed when this occurs. When
(I11-40) or (I11-41) fails in this way, the implication is that y, , =0 or vy, =0,

respectively. It is also possible that ¥, =0 in (IlI-42) or ¥, =0 in (IlI-44), or both.

In this case, one or both of the two-term recursions cannot be started. The following
situations require special procedures:
1. Neither of the two-term recursions can be started with (I11-42) and (I11-44),
because ¥, =Y, =0, when any of the following occur:

Jji=m =0,
J,=m, =0,
m, =m, =0 for any j,, j,,
or
Ji=J,and m =m,.

2. The downward two-term recursion cannot be started with (I11-42) because

Y =0when j, = j 2. (IT1-55)

Jm:
1

3. The upward two-term recursion cannot be started with (I11-44) because
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J, = Jj, andm, =—m,

1
Y‘un =0 when < j, > j, and b = +5 or j, :_(jl +1)m_ . (I11-56)

.. ) 1 ) .m
Ji<Jjyand j, =j ——=or j, =—(Jl—2+1J
2 m

Case 1
When determining the method of computing the 3j symbols, Case 1 should be addressed
first.

When j, =m, =0, or j, =m, =0, (III-30) can be used without difficulty, so

0 7 JY_ (0 J JY (7 O Y (/O ) , I _
(0 m —mj_(o —m mj_(—m 0 mj_(m 0 _mJ—( 1) Narss (111-57)

When j, = j, and m, = m,, (I1I-28) and (III-29) can be used to start the iteration of the
three-term recursion (I11-34) in the upward direction. Alternatively, (I1I-27) and (I1I-29)
can be used to start the downward iteration of the three-term recursion. When

m, =m, =0, (III-23) and (I1I-25) can be used to start the downward three-term recursion,
or (ITI-24) and (III-26) can be used to start the upward three-term recursion. However,

since (J ok j= 0 when j, is an odd integer and (g joz j(;j =0 when

m m —2m
Ji + J, + J; 1s an odd integer, the three-term recursion (III-34) can actually be written as a

two-term recursion as follows

Z2k—1 jmin jmax
=— , mL 4] <fogoma 1I-58
Uy X, Uy (k1) 3 + 3 ( )
When j, = j, and m, = m,, the coefficients in (III-58) are
X,y =2k (2k-1) \/[(2 1) = (k) || (2K) —4m? |, (II1-59)
and
Z,,, =2k (2k - 1)\/[(21'1 1) = (2k=1)" || (2K =1) — 4 |. (IT1-60)
When m, =m, =0, the coefficients in (III-58)
Xt =2k (2k - 1)\/[(2]‘)2 ~(Ji = )2}[(1.1 tht 1)2 - (2k)2} ) (I-61)
and
Zyy =2k (2k - 1)\/[(2k ~1) = (= 22) |G+ o +1) = (2k-1) ] (I11-62)
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In this case, the starting value can be arbitrary, and the sequence of values is normalized
with

(ji+h2)
D:\/ > (2j+)ud, (I11-63)
=il '
and
S=(-1)"sgnlu,,, 1, (111-64)
SO
(Jl /2 / j:S—’. (IT1-65)
m, m, —m —m, D

By starting the recursion with an arbitrary value and applying the normalization (II1-65),
the evaluation of large factorials can be avoided. The normalization ensures that the
values are accurate, and since a two-term recursion is used, loss of significance cannot
occur.

Case 2

When Case 2 occurs, and it is certain that Case 1 has not occurred, then the upward two-
term recursion (I11-41) can be started using (I11-44). Upward recursion is performed until
s; >1, at which time the three-term recursion is applied in the upward direction to

J = Jiu - From (I11-40), (I11-42) and (I1I-55), we can deduce that

A
e M =0, (I11-66)
mem, —m—m,
Case 3
When Case 3 occurs, and it is certain that Case 1 has not occurred, then the downward
two-term recursion (II1-40) can be started using (I1I-42). Downward recursion is
performed until 7, >1, and then the three-term recursion is applied in the downward

directionto j = j . . From (III-41), (IlI-44), and (I1I-56), we deduce

jl _(jl +1)& jmin+1

m, —0when 2 <0and j, >—(j, +1)22, (I11-67)
m, m, —m, —m, ™ ™
and
O .
4 4 m, minst | _ 0 when ™2 <0 and J, < —(jl M s 1]. (I11-68)
m m
m, m, -my —m,
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Example families of Wigner 3j symbols
Few references tabulate or plot the Wigner 3j symbol for large degree and order, but it is
useful to examine its behavior by considering a few numerical examples. When

considered as families of values associated with (j,,m, )and (,,m, ), and indexed by J,

the Wigner 3j symbol exhibits a variety of behaviors. Several of these families will be
illustrated.

For example, the Luscombe-Luban algorithm can be applied without any of the special
100 60 j,

70 =55 -15
Figure III - 1. The values oscillate (change sign) over much of the range for which the 3;j
symbol is not trivially zero. If the orders m, and m, are changed to appropriate values,

considerations for the family defined by ( ], as illustrated in [23] and in

the oscillation disappears, as illustrated in Figure III - 2, where the family generated by
100 60
59 —-60 1

interchanged, the symmetry relation (II1-20) is invoked, and the oscillations return, but at
a more rapid rate, as illustrated in Figure III - 3. In this case, the values alternate sign as
J; 1s incremented by one.

J is plotted. However, if the first two columns of the 3j symbol are

The algorithm is applied under the conditions of Case 1 for m, = m, = 0, where neither

two-term recursion can be started. Figure III - 4 illustrates the family of values defined
100 60

by ( 0 0 ](;J Similar results obtain when j, = j, and m, = m, , illustrated in

80 80

35 35 70

value is zero, and the three-term recursion reduces to a two-term recursion.

Figure III - 5 for the family generated by ( ] . In both examples, every other

When j, = j, m,/m,, the downward two-term recursion cannot be started, and the
algorithm is applied with the constraints of Case 2. An example is the family of values
112 60 j,
56 30 -86

rapidly in this case. However, since consecutive values have the same sign in pairs over
much of the range, interchanging the first two columns will not eliminate the oscillations.
However, doing so does eliminate the some of oscillations at the low end of the range of
60 112 j,

30 56 -86

associated with ( j, illustrated in Figure III - 6. The values oscillate

Js» as illustrated in Figure III - 7, but ( j is no longer a Case 2 situation.

Case 3 occurs when j, > j, and j, = —(j1 + 1)7112/ml or when j, < j, and
J>» =—(Jj, m,/m, +1). In this situation, the upward two-term recursion cannot be started.

This case is illustrated in Figure III - 8 with the family obtained from
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9 60 ) (60 99
-25 15 10) \-15 25 -10)
Another Case 3 situation occurs when j, = j, and m, = —m, , and the upward recursion

cannot be started. This situation is illustrated with the family of values generated by
60 60

( 58 _58 ]03j in Figure III - 9. The values change smoothly as j, is incremented.

60 60 j,

-58 58 0

symmetry of (III-20), with the result illustrated in Figure III - 10. In this Case 3 situation,
the values oscillate rapidly, changing sign with each increment of j;.

However, interchanging the first two columns to obtain ( j invokes the

. o (200 179 j,
One final family is illustrated with large values of j,, j,. The family ,

-30 34 -4
illustrated in Figure III - 11, generates the interesting "baseball" pattern.

0.025
0.02
0.015
0.01
0.005

TH

. ( 100 60 Jj )
I 70 -55 —15
¥

1 H

-0.005
-0.01
-0.015
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100 60 j,
70 =55 -15
Luscombe-Luban algorithm without any of the special considerations.

Figure Il - 1 Family of points defined by ( J, computed with the
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of points plotted in Figure III - 2 by the factor (—l)j3 :

Figure III - 3 Family of points defined by ( J, is related to the family
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with j, = j,m,/m, .

j, an example of Case 2,
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Appendix IV — Certain Integrals Containing Associated
Legendre Functions

In the evaluation of the mutual impedance, certain integrals containing associated
Legendre functions are required. The integrals in (2.43), after substituting the vector

spherical harmonics,

2n

0 0

jdq)jr sin040(M(), (F)x N2 ).

27
[e
0

quj " sin 06
0 0
2n

0

and

2n

0 0

j dq)'fr'z sin e'de'(M(l)m

[ dd)'jf rsin0'd0'(NY),

are

o—y

0

N ()M, (7)) # =€,

| ( l—xz)iP',”,
dx

J'ej(’”“”')(i’dd)j (

i'=-C,C, .

- ! d
i )‘bdd)j ((1 - x° )—P"”' x)—
|

P20 (k') 29 (k)

"o
n'sm' ™~ n,m 4
T

0

1
ej(m+m')¢'d¢l‘|' (mR’m (x)d_[_)n;,n' ()C) _ mr[_)n;,n' (x)d_
X
-1

[ P (kr' )] ;

d
P" d
i (x)j X

[r’z(l) (kr )]

(i:,)) ) f" = ‘]Cn ”1 Cl‘l ,m ar

I ej(m+m')¢'d¢!J‘

11["11’;" (¥) -

d

X

4Amk*

d

" (x)-m'P (x)—

dx

(IV-1)

. (IV-4)

P (x)} dx

Examination of (IV-1) through (IV-4) indicates that we only need to evaluate three

integrals:

and

I, (n,n',m

I’l

n'

1

=[0-2)5

-1

I’I’l

dx

“nf e
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L P ()P () dx.

1
I (n,n',m)=—m?
3( ) ;[l—x

The integrals (IV-5) and (IV-7) possess obvious symmetry properties:
I, (n,n',m) =1 (n',n,—m)
I, (n,n',—=m) =1, (n',n,m)’

and

It is convenient to express the integrals (IV-5)—(IV-7) in terms of integrals containing
associated Legendre functions of only positive order, m > 0. The definition of the
associated Legendre functions follows the convention of [3, 8, 9, 10, 11] and Appendix 1.

Thus, for negative order, we use

P ()= (!

n

Using (IV-10) in (IV-5) to (IV-7), we have

1, () = (1) L) j(l_f)dipm (x)L P (x)dx

!

(n +m)!

and

Thus, the required integrals are

’ 1 d m d m
g matm) = [ (1) L2 () L pr ()

1
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(IV-7)

(IV-8)

(IV-9)

(IV-10)

(IV-11)

(IV-12)

(IV-13)

(IV-14)



n

1
g (n,n',m) = J. ! =P (x) P (x)dx.
In addition, it will prove convenient to evaluate

1
(' mom’) = | (p ()L () 2 () Ly (x)jdx.

-1

and

n n m I Pm m

Establishing Orthogonality

The associated Legendre functions possess well-known orthogonality properties. The
orthogonality relations are

0, n#n'
j P (x)P (x)dx = {
0,n=n'
and
L ()P (x)dx = O J =t
=Xt # 0, [m| =

It will be useful to derive these orthogonality relations, in order to illuminate the
relationship between the various integrals.

Application of the differential equation
The associated Legendre differential equation for integer degree and order is
2

d 2 d om _m
E[(l—x) Pn(x)}+{n(n+1) "

dx —-X

2:|an(x) =0.

Multiply (IV-21) by P (x)

2

af"(x)ﬂ(l—xﬁ%&’"(x)Hn(n+1)—1’"

2 }Rﬁ’(xm'" (x)=0.

Interchange n with n' and m with m' in (IV-22), subtract the new equation from
(IV-22), and integrate over —1 < x <1 to obtain

b o d o d o L d o d
[ P (x)a[(l—x )< (x)}dx—LPn (x)a[(l—x < <x)}dx

+[n(n+1) —n'(n+1)] jll P (x)P]"(x)dx —[m* —m" | j 'L p (x)P" (x)dx =0

711 2 n'
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(IV-15)

(IV-16)

(IV-17)

(IV-18)

(IV-19)

(IV-20)

(IV-21)

(IV-22)

(IV-23)



Applying the integration-by-parts procedure to the first two integrals

(1—x2>af"’<x>j—xa’"<x) [ a-x) P'"() B (x)d

(-2 (x)%lz:f'(x)

1 ood
A a-Lpr L prna : IV-24
) [ A=ah) =B ()= By (x)d (IV-24)

D=’ + D[ B B! () ~[m* ~m? ][

711 2 n

" (x)P" (x)dx =0

Since P (x) is finite at x = +1 and diP"m (x) has no worse than a +/1 — x” singularity at
X

x ==1, then

[n(n+1)—n'(n'+1)] jll P (x)P" (x)dx — [m2 -m"” ! —P" (x)P" (x)dx =0. (IV-25)

If m =m', then

!

1 0, n#n
[RAGIAO T { . (IV-26)
-1 #0,n=n
Thus, P"(x) and P.'(x) are orthogonal with weight one over the interval -1 < x <1.
Similarly, if n =n', then
1 m m' 0’ |m| * |m,|
=P (x)P" (x)dx = (IV-27)
-11—x #0, m| =
and P"(x) and P" (x) are orthogonal with weight 1/ (1 — xz) over the interval
—1<x <1. Thus, the orthogonality relations have been proven. It remains to evaluate
the nonzero integrals.
Relationship between the various integrals
Initially the closed-form of the integrals will be obtained for positive order, m > 0.
Negative order, m < 0, will be handled by applying the convention (IV-10), so
—m) (n' = m)!
S (n,n',—m) = (2 =m)! (n'=m). S (n,n',m). (IV-28)
(n+m)!(n"+m)!
Integrating (IV-22) produces
j (1- P’"( )—P’“ (xX)dx = n(n +1) jll P"(x) P (x)dx
. (IV-29)
|’ L) o ()P (x)d
_1 1 _ x2 n n
Thus, with m = m', we obtain
4 (n,n’,m) =n(n+1)Y, (n,n',m) -m’, (n,n',m) ) (IV-30)
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Note that the integrals ., . , and ., are symmetric with respect to interchange of n
and n'. This symmetry, along with (IV-30) shows once again that

J‘_ll P"(x)P"(x)dx=0,n=n".

Application of recursion relation
The associated Legendre functions satisfy the following recursion relations [11]

n—m+1 n+m
P - - 2T pm
X () 2n+1 n+1() 27’1 1 nl()
and
(1) B () = e ()= (- m) 2 (),
so that
2 i m _n(n—m+1) . _(n+m)(n+1) .
(=) e P ) == A )= S B ),

valid for m > 0.

Substituting n' for n in (IV-34), multiplying by P (x) / (1 —~ xz) , and integrating, we

obtain

nnm IP'”x P'” )dx

_n "(n' —m+l)J-1 P (x)Py, (x )d +(n'+m)(n’+1)j1 P (x) P, (x)d

(2n"+1) (1—x2) ) (2n'+1) T (1-x7)
(n'+m)(n'+l)

(2n’+1)

n'(n'—m+1)

7 (nn'om) =
: (o' m) (2n'+1)

% (n,n'—1,m) -

If expressions for the integrals %, (n,n’,m) and % (n,n’,m) can be found, then

S (n,n',m) can be obtained from (IV-30) and .% (n,n’,m) can be obtained from (IV-36)

Evaluation of .7 (n,n’,m) J.P’” P

The explicit form of the associated Legendre function given by |

" Hanson [13], Stratton [15], Arfken [16], and Mathews and Walker [18] omit the factor (—1)", but it is
included by Jackson [8], Abramowitz and Stegun [9], Chew [10], Lebedev [11], and Balanis [3].
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 (n,n'+1,m) whenm>0.

(IV-31)

(IV-32)

(IV-33)

(IV-34)

(IV-35)

(IV-36)



m2 d"

P (x)=(-1)"(1-%° P IvV-37
()= (1) L () 1v-37)
where m >0, and P, (x) is the Legendre function
LA,
P(x)=5—s (x* -1 (IV-38)
Using (IV-38) in (IV-37)
" . m 2 mf2 1 dn+m 2 n
P (x)=(-1)"(1-%") TP (x* -1 (IV-39)
Thus, the integral becomes
4 (n,n’,m) = J-_ll P"(x)P (x)dx
(IV-40)

) e () (e

= 2n+n'n ' n!! dxn+m dxn’+m

Since we have already shown that .7, (n, n', m) =0 when n #n' (IV-26), we need to

evaluate
[ [Pr] dx= _ [ (1-2)" a (x> 1) a (x* -1)" dx (IV-41)
L 22,, (n|)2 1 dxn+m dxn+m :
Integrating by parts (n + m) times
J‘jl [Pn’" (x)]2 dx = % (n,m) +4 (n,m) , (IV-42)
where
1 n+m _ dn+m—k n dk—l . dn+m n !
S (mm) = ) & (1) e (1) F[(l‘xz) () Jl’ (IV-43)
and
_1 n+m 1 " dn+m m dn+m n
(gj (n,m) - 2(2n ()n')Z J:l(xz B 1) dxn+m ((1 - xz) dx"+m (xz B 1) ]dx ’ (IV-44)

Applying Leibnitz’ differentiation formula * [16]

* Leibnitz’ formula for the n” derivative of a product:
LA B()]= Y A (x) B (%)
dx" s! (n - s)! dx"™” dx’

s=0
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k-1
(-1) :
k-1 n+m+t

't=ot!(k_1—t)! dxk_l_[ (l_x) A" (x _1) ;

(n-+m). {d (1_x2)m}

ntm S!(n +m— s)! dx"

2*" (n!) ’ | | dm "
e

and

dxn+m+s

Using the binomial expansion, we can obtain the derivatives

df o df v T(a+l)
4 (1= _ 4 N(-
o 175) =g 20 KT (a+1-k)

= (o +1)(2k)! o ’

- ¥ ()

S KD (o 1-k)(2k - q)!

-q

and

dx? k=gl k!F((x+1—k)(2k—q)!

where ¢ is an integer and o is a real number, not necessarily an integer. For
convergence, we require |x| < 1. Note that the infinite sums in (IV-47) and (IV-48) will

4 o) S () O

b

terminate when k£ = o, for a a positive integer. However, if a is not a positive integer,
an infinite number of terms will occur in the sum.

When a = n, an integer, the derivatives also can be expanded into another useful form as

follows (using equation 0.432-3 from Gradshteyn and Ryzhik [17]),

j—qq(x2 — l)n = n!im 3k
x

=

q' -2k _q-2k 2 n—q+k
2‘1 q _1 )
~ ki(q-26)(n—gq+h) " (x*-1)

bt

or

q int(q/z

n ) | n—q+k
A (1=x2Y = (=1) n! 1y q- 042k L2k (1 _ 2\
dxq( g ) ( ) pars ( ) k!(q—2k)!(n—q+k)! * ( g )

This form is useful for evaluating the derivative at the values x = %1, but only when the
exponent is an integer. For a = n, an integer, if ¢ > 2n, all the terms in (IV-49) and

(IV-50) will be zero (n — g + k is always negative). Additionally, if ¢ < n, there will

always be a factor of (1 — xz) so that
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(IV-45)

(IV-46)

(IV-47)

(IV-48)

(IV-49)

(IV-50)



d? (1 x)n

=0wheng<n,
dx?

x=%1

and, when g = n, there will be a single term
dn 2\"
1-x
2 (1=7)

Note that the +1 on the left side of (IV-52) correlates with the F1 on the right side.
When ¢ = 2n, the derivative has only a constant term

a” (1-x7)" =(-1)" (2n)".

den

=(F1)" n!2".

x=%1

q

We see from (IV-49) that j can only be nonzero if n < ¢ <2n. Thus, in

(e 1)

1
x —1 } is zero for k > m , while {W(l—xz)m}
-1

X=

n+m -k

4, (n,m), the factor { —
will be zero for £k <m +1. Therefore, J ) will be zero and
I [P”’(x) dx = (n m,n m)

1)y , +m) P it w [ gmms )
:(—)Zle(xz _1) z ((nn_{_l::l) S) |:dxn+m X (1_x2) :||:dxn+m+x (X2 _1) :|dx

2" (n!) = s!

The left derivative in (IV-54) is zero everywhere unless s > n —m , while the right

derivative is zero everywhere unless s <7 —m . Thus only the term with s = (n—m)

will contribute to the integral, and

[\[eroo] = CREFEERT -1 .

Letting x = cos 0, we obtain [17]

[ (x* =1)" ax=(-1)" [sin" 040 = (1)’ 2%4—1)” r(n+!3/2)r(1/2)'

Since (2n)!! =2"n! and (2n — 1)!! =2" F(n + %)/\/E [9], it follows that

(2n)! ~ (2n)! _(2n-1)1,

2"n! (2n) "
and we obtain the well-known result [9]
2 (n + m)!
(2n + 1) (n —m)!

Using the convention for negative order (IV-10)

%(n,n,m):j_ll[f;m(x)]z dx = whenm >0.
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(IV-51)

(IV-52)

(IV-53)

. (IV-54)

(IV-55)

(IV-56)

(IV-57)



S, (n,n,—m) = J‘jl [Pn_'” (x)]2 dx

EPRTAS PRY . (IV-58)
= (n=m): r [ﬂm(x)]z dr=—2 (= m): whenm >0

(n+m)! -1 (2n+1) (n+m)!
Thus, combining (IV-57) and (IV-58), we have

0 whenn' #n

1
Iy (n,n',m) = Lpn (X)P'(x)dx =4 2 (n+m)! whenn' = n (IV-59)
(2n + 1) (n —m)!
1
H i 1 m m
Evaluation of % (n,n',m) = J. — P (x) P (x)dx
-1
Inserting (IV-39) into the integrand of % (n,n’,m),
1 1
o (n,n',m) :.[-1(1 2JPH',”()C)PW’”(x)a’x
B , : (IV-60)
B 1 1 5 1 dn +m s W dn+m X n
- 2n+n'n!!n!_|._l(1_x ) dxn'+m (x _1) dxn+m (x _1) dx
where we require m > 0. We integrate by parts p times
1 1 m m
L(l — jP,,r () (x)dx =
P il dk—l 5 mel dn'+m 5 o dn+m—k 5 " !
o ;(—1) F{(l—x ) ¥ (x*-1) }W(x ~1) ] (IV-61)
B 2n+n’7’l’!7’l! 1 dn+m—p . dp m—l dn’+m .
p 2 2 2
ey [ ey & [(1 )T ) }dx
Applying Leibnitz’ product differentiation formula to (IV-61) gives
1
[ ( — jP,:’ (B (x)dx =
P dn+m—k !
— k-l 2 _ ! .
kg( 1) [ () } . (IV-62)
1 S (k=D (@ e[,
S 2" ") 's:0 sl(k=1-s)! Lz’x"_l'x (1 g ) }{dx"'“"” (x 1) }1
1 dn+m—p a2 p ! d p-s m_l dn'+m+s o
HE) J.l{dx’”””’ (xz - 1) }g sl(p—s)! {dx”s (1 - xz) de"'“”“ (x2 - 1) }dx
We see that the right-hand factor in the sum outside the integral in (IV-62),
n+m—k k—1-s
:li”*'”‘k (x2 - l)n , is nonzero only when m —n <k <m, while %(1 —x’ )m_l
x=+1 x=x1
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is nonzero only when m <k —s <2m —1. Thus, the nonzero contribution occurs for
k=m and s =0, so that for p >m

I_ll( 1 ja'f’(xﬂzf’(x)dx:

1-x?

N I ) e | . (IV-63)
N P = F==To |

S 2" )

d""r n L ! dr’ et || d" "
+(_1)p J.11|:dx”+m1) (xz - 1) :|Z(; S!(;— S)' |:dxpx (1 - xz) 1:||:dxn'+m+x (x2 - 1) :|dx

The integrand in (IV-63) will be nonzero fors > p —2 (m - 1) and s <n'—m. If we take

p =n+m, the integrand is nonzero only when n—m+2<s<n'—m.

At this point, we have not specified the relative size of »n" and n. If we choose n>n',
we see that no value of s allows a nonzero integrand. We simply obtain

1 1 1 m m
7, (n,n',m) = Il(l_xzjar (X)) (x)dx

0 when n'+n odd
' (IV-64)
(n + m)! , ,
=<——2 when n'+neven,n=>n', andm >0
m (n' —m)!
undefined when m =0
Noting the symmetry of .7 (n, n', m) with respect to n and »', and using the convention
(IV-10) for negative order (m < 0 ), we write
i _ ! 1 m m _
S (n,n',m) = .[1[1 — )Pn (x)P" (x)dx =
0 when n'+n odd
(min(n, n')+ m)!
when n'+n evenand m >0 (IV-65)

m(min(n,n’) - m)!

(max (n,n’)+m)!
— when n'+n evenand m <0
m(max(n,n')—m)!

undefined when m =0

Note that . (n,n',m) is undefined when m = 0. However, in cases where the integral is

multiplied by m, letting m go to zero prior to performing the integration takes care of the
problem.
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1
Evaluation of . (n,n",m =I

-1
The relationship between . (n,n',m) A (n,n',m) ,and % (n,n’,m) is given in (IV-30).
Substitution of (IV-59) and (IV-65) into (IV-30) gives

d
)dx "

0 when »n'+n odd

. , |
S (n,n',m) = 2n(n+1) (7 +m)! m (@n(n,n )+m) when n'+nevenandm>0| (IV-66)
(2n+1) (n—m)! ™ (mm(n,n')—m)!
! ! !
2n(n +1) (n+m)! O, +m(max(n,n )+m) when n'+n evenand m <0
(2n+1) (n—m)! (max(n,n’)—m !
where
_ |Owhenn = n'
" 11whenn=n""
1 d
Evaluation of .7, (n,n’,m) = [ B! (x)— P/ (x)dx
e dx
The relationship between .4, (n,n',m) and . (n,n’,m) is given by (IV-36). Substitution
of (IV-65) into (IV-36) gives
0; n'+n even
D l_l !
(n’+1)(n'+m) (mm(n n’ )+m)
' 1 (mm(n n —1)—m)! n' +n odd
4, (n,n ,m) = ; (IV-67)
m(2n'+1) (min(nn +1)+m)! andm >0
—n’(n'+1—m)
(mm(n n'+1)- m)!
,n'—1 !
(n'+1)(n'+m) (max(n n, )+m)
1 (maX(}’l,}’l —1)—m)' . {n!+n odd
m(2n'+1) _n,(n,+l_m)(max(n,n’+l)+m)! andm <0
(max(n,n'+1)—m)'
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Note that (IV-67) does not give % (n,n',m) when m =0 if n’+n is odd. Because
S (n,n’,m = 0) is undefined, (IV-36) cannot be used to obtain % (n,n',m) when m=0.
Taking a direct approach, and integrating (IV-15) by parts, with m =0,

n n', 0 j )dx
1 (IV-68)
o 0 1 0 d o
=P (x)F; (x)\_l - I By (%) P (x)dx
Thus, we have
0;n+n' even
g, (n,n',0)+ % (n',n,0) = P* (1) PY (1) = P* (-1) PS (-1) = {2; e odd (IV-69)
Substituting (IV-39) for m =0 into (IV-IS)
(n,n',0) = I P} (x)—Py (x)dx
» (IV-70)
B 1 dn ) n dVl + ) I’l'
B 2'”"'nln'!;"1dx" (x _1) W(x _1) dx
Integrating (IV-70) by parts one time
i dn 1 " dn'+1 n'l ]
1 dxn—l (x - 1) dxn'+l xz - 1) )
% (n,n',0) = ——— ! . (IV-71)
2" nln'l] 4 g , nd™ ;
_:[1 e ( - 1) P (x — 1) dx_
From (IV-51), we see that the first term in the brackets is zero. The integral can be
further evaluated by the integration-by-parts procedure. Applying this procedure a total
of n times,
4, (n,n',0) :&T(ﬁ -1y a (x*-1)" ax. (IV-72)
2 L 2n+n'n ' nr! 4 dxn'+n+1
From (IV-53), we see that
dn'+n+l o .
W(xz - 1) =0whenn=>n'. (IV-73)
Thus, we have
% (n,n',0)=0whenn>n'. (IV-74)

Using this information with (IV-69)
0;n+n' even
% (n,n',0)=40;n+n"oddand n > n'. (IV-75)
2;n+n"oddandn' > n

74



The complete integral is

(n,n',m) IP’" R,’” x)dx
0 n' +n even, for all m
n+n'odd,n>n',andm=0
2:n+n"odd, n' >n,andm=0
,n'—1 !
(n' 1) (' +m)(m1n(n n )+m)
1 (min (n,n'—1)—m)! {n +n odd
_m(2n'+1) _n,(n,+l_m)(mm(n,n'+1)+m)! andm >0
(mm(n,n’—i—l)—m)'
s ’_1 !
(0 1) (' + m) (max(n n, )+m)
1 (max(n,n —1)—m)! _ {n'+n odd
2n"+1 ' +1 ! andm <0
( ) _n,(n’+1_m)(max(n n'+1)+m)
(max(n,n'+1)—m)'
(IV-76)
Evaluation of 7, (n,n,m)= j(l—xz)iPm (x)iPT’" (x)dx
1 ’ dx n dx n
The integral .4 is evaluated above, so using (IV-11) and (IV-66),
0;n"+n odd
1 (montm) = (<1)" 2n(n+1) o (n'=m)! (min(n,n")+m)! (n'+n even V-TT)
(2n+1) " (n'+m)!(m1n(n,n’)—m)! and m >0
2n(n+1) o (n'—m)! (max (n,n’)+m)!_ n'+n even
(2n+1) wat T (n'+m)! (max (n,n") —m)' and m <0
Evaluation of 7, (n,n",m) ij'” j P (x)dx
x

The integral .#, has been evaluated above, so with (IV-12) and (IV-67),
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0; n'+n even

4 (,n’—m)! (m%n(n,n:—1)+m)!
, (-1)" (n'=1+m)! (mln(n n —1)—m)! n'+n odd
I, (n,n ,m) = - ; . (IV-78)
(2n'+1)| (0" +1=m)! (min(n,n"+1)+m)! and m >0
(n'+m)! (min(n,n" +1)—m)!
[ ey ot {max(n ) e )
(1)’ (n'=1+m)! (max(n n'—1)- m) . {nr+n odd
(2n'+1) J(n'+1—m)! (max (n,n’+1)+m)! and m <0
" (n'+m)! (max n,n'+1) m)
(1
Evaluation of 1, (n,n',m) =—m2j1 ~P" (x) P (x)dx
—1 - X
The integral . is evaluated above, and using (IV-13) and (IV-65),
0; n'+n odd
r_ | 3 ! !
L (nn',m)=4(=1)"m (n'=m)! (min (n,') +m) ; n'+n evenand m > 0|, (IV-79)
(n'+m)! (mm(n,n')—m)!
— ) ' !
(-1)" m (' —m)! (max(n,n )+m) :n'+nevenand m<0
(n'+m)! (max(n,n')—m)!
1 d d
Evaluation of  (n.1'm.n)= | (P’"( )Ly () () L (x)jdx
Although similar to (IV-15), it is useful to separately evaluate
1
5 (ntmm) = | [P;" ()L () 2 () L (x)jdx. (IV-17)
Because of the symmetry in ., (n, n',m, m') , 1t can be integrated easily with the
procedure of integration by parts. Let
u(x)=P"(x),sodu= ian (x)dx, (IV-80)

dx
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and

dv = in (x)dx,sov(x)=P (x).
dx
Inserting (IV-80) and (IV-81) into (IV-17)
1 1
4, (n,n',m,m') = j udv + J‘ vdu .
-1 -1
Applying the integration-by-parts procedure one time,
1 1
z: — J. udv — J. vdu
-1

-1

4, (n,n’,m,m’) =2u (x)v(x)

=2u (x) v (x)

x=1

-, (n,n',m,m')

x=-1

Thus,

g, (n,n',mym")=P" (1) P (1) - P" (-1) PV (1)

_ 1+(—1)"+n,+1,m:m'20 s
0,m#0orm'#0

since

1,m=0
£ (1):{0 m#0

P (-1)= {(_l)n »m=0

0,m=0

. - d p d
Evaluation of P"(x)—P." (x)d P (x)—P" (x)d
m[jl d (x)dx " (x) x+_j1 d (x)dx " (x) xJ
Using (IV-15), we have

d

(IV-81)

(IV-82)

(IV-83)

(IV-84)

(IV-85)

m[:l.an'” (x)%fij’" (x)dx+ :[B;m (x)—P" (x)dx} =1, (n,n',m)—1,(n',n,—m) (4.86)

dx

However, simplification is obtained by observing that (IV-78) is not the best way to

evaluate /, (n,n’,m)—1, (n’,n,—m) . Rather, consider that

d

1
1, (n,n',m) -1, (n’,n,—m) = mI P" (x)—
e dx

=m, (n,n',m,—m)

Using (IV-84), we obtain

I, (n,n’,m) -1, (n',n,—m) =0|.

P (x) dx - (—mi P (x)

(x)dx} (IV-87)

(IV-88)



Evaluation of & (n,m,n',m")= | d¢'| X, (0,¢')-X,., (6",¢')sin0'd®’

o5
O'—;.:l

Evaluate:
27

Fix (momn',m") = [ d¢'[ X, (0,¢)-X,,, (6/,¢')sin0'd0",
0 0

The radially-independent vector spherical harmonic is (see Appendix I)

]
x=cos 0

_ e | jm A~ .o d
X (0,0)=,C P" 0)0 0—P"
n,m( d)) .] n,m 2\/E|:s1n6 n (COS ) + Sin dx " (x)

c :\/ 2n +1 (n—m)!.

" n(n+1)(n+m)!

where

Substitution of (IV-90) into (IV-89)

!’

%P’,’" (cos®') P (cos®')

2n ej(m+m)¢ sin er n

I (n,m,n',m'’ ) =-C,,.C,.. de’
- ! 4m J; +sin e'j P (x)

x=cos 0’

Evaluating the integral over ¢ and making the change of variables x = cos ',

d

2 (l—x dx dx

-1

1 ’
J)_(-)_( (n7man'9m’) = _Cn,an',m' 16m,—m’ J {_ﬂz)a"n’ (x)an (x) + (1 - x2 )iPﬂ"”’ (x)_an (x):l dx '

With the identification with integrals previously evaluated, we have

/_ I'
JXX(n,m,n',m’)z—\/ 2n+1 (n m)\/ 2n +1 (n m)'lé‘)nkm,[ll(n,n',m)—@(n,n',m)]a

n(n+1)(n+m)! "(n' +1)(n’+m')!2
and substitution of (IV-77) and (IV-79) gives
JXX (n,m,n',m') = (_1)m+1 6m,—m’8n,n'

Evaluation of .7, (n.mn',m) = [ d§[# <X, (6,¢)-X,,, (6',¢)sin 0'd0’
0 0

Evaluate:
2n m
Frgx (momn'sm') = [ Ay [#'x X, (6%,¢)- X, (0,¢")sin 0'd0".
0 0
Substituting (IV-90) into (IV-96) and performing the cross product,

21 j(m+m')$

rxX-X
0
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sin 0'd0’ -

G () =€ [ S d¢j[jm'Pm WP ()= e ()4 (3) -

(IV-89)

(IV-90)

(IV-91)

(IV-92)

(IV-93)

(IV-94)

(IV-95)

(IV-96)

(IV-97)



After performing the ¢’ integration and applying the change of variables x = cos ', we
have

t¢f'><)‘(5( (nama nf’m’) = an',m'Cn,m %BWZ,WIJ. |:mPn_'m (x)dif)nm (X) + mf)nm (x)ipn_'m ()C):| dx :
X

0

Identification of the integrals with previously evaluated integrals

tﬁf'x)_()‘( (n’ m, n” m,) = an’,m'Cn,m %Sm,m’ I:IZ (n’ n’5 m) - ]2 (l’l!, n, _m):l .
Substitution of (IV-88) into (IV-99) shows that
Ty (e’ m) =0
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(IV-99)
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Appendix V — Relevant Network Parameters

The relationship between the S parameters and the admittance matrix

Define terminal voltages and currents at the ports of a two-port network as ¥, 1, and
V,,1, atports 1 and 2, respectively. The port voltages and currents can be related

IHY YIW
L] Y Yl

For a microwave network, the ports are typically fed with transmission lines. In this case,
it is convenient to describe the response in terms of incident and scattered port voltages,

V',V , respectively. These port voltages are related through the scattering parameters

V;} _ {Sll SIZMVJ
Vil LSa SollVy
Associated with the incident voltage is an incident current, /., which flows into the port.

1

through the admittance matrix

Similarly, associated with the scattered voltage is a scattered current, /;, flowing out of

the port. The incident and scattered voltages and currents are related by the transmission-
line wave admittance, Y, at the respective ports

I (Y 0|17
I 0 Y, ||
ARl
nlon s
while the total port current is

LI I (Y O\ (7
L L] L 0 Y, \\|»n W)

with the reference direction into the port. Substituting (V-2), (V-3), (V-4), and (V-5) into
(V-1) gives the relationship between the admittance matrix and the scattering parameters

The total port voltage is

I (I_Sll)(1+S22)+S12S21 Y _ 25, Y.
0,1 0,1
|:Y11 Y12:| _ (1 + Sll)(l + Szz) - SIZSZI (1 + Sll)(l + Szz)_ SIZSZI
Yzl Yzz _ 2521 Y. (1+S11)(1_S22)+512S21
L (1 + Sll)(l + Szz ) - Slezl " (1 + Su)(l + Szz ) - SIZS21 " |
Similarly
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(V-1)

(V-2)

(V-3)

(V-4)

(V-5)

(V-6)



_(YO,I _Yll)(YO,Z +Y22)+Y12Y21 _2leY0,2

{s“ S, } (Y ) (Y + Y0, = YoYor (X + ) (Y +X0,) — Yoo
Su S 2%, %, (Yo + %) (%2 = Yaa )+ VoY,
(Y + Y, ) (Yo + Yo, ) - VYo (Y + Y, ) (Y + Yo, ) - 1Yy, |

In general, for a multiport network

I=Y-V

vV =§.V*

=Y, VvV

V=V +V"
and

I=1'-T =Y, (V' -V')
so that
Y=Y, (1-8)(1+8)"

and

S=(Y,+Y) (Y, -Y)

(V-7)

(V-8)
(V-9)
(V-10)
(V-11)

(V-12)

(V-13)

(V-14)

The relationship between the S parameters and the impedance matrix

Define terminal voltages and currents at the ports of a two-port network as V,, , and
V,,1, atports 1 and 2, respectively. The port voltages and currents can be related

through the impedance matrix
I/l:|:|:le ZIZ:||:II
VZ ZZl ZZZ 12

For a microwave network, the ports are typically fed with transmission lines. In this case,
it is convenient to describe the response in terms of incident and scattered port voltages,

V',V respectively. These port voltages are related through the scattering parameters

V;}{Sn Sﬂw
vl LS Soln

Associated with the incident voltage is an incident current, I;”, which flows into the port.

Similarly, associated with the scattered voltage is a scattered current, 7, , flowing out of

the port. The incident and scattered voltages and currents are related by the transmission-
line wave impedance, Y, at the respective ports
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]i Z 0 -1 Vi
=Y ' (V-17)
I; 0 Zy, v
14 * -
Lo , (V-18)
SAARLA
while the total port current is

+ - -1 + -
N I e I T R L (V-19)
L] L] I, 0 Z, A A

with the reference direction into the port. Substituting (V-16), (V-17), (V-18), and (V-19)
into (V-15) gives the relationship between the admittance matrix and the scattering
parameters

The total port voltage is

(1+8,)(1=S,)+S8,S,, p 25, p
0,1 0,2
{Zn le}: (1_511)(1_522)_S12S21 (I_Sn)(l_Szz)_SuSzl (V-ZO)
Zz1 Zzz 2521 (1_511)(1+S22)+S12S21
Zo,l Zo,z
_(1_511)(1_522)_S12S21 (I_Sn)(l_Szz)_SuSzl |
Similarly
_(le - ZO,I ) (Zzz + Zo,z ) - 212221 2ZIZZO,1 |
R R N R L e e
SZI S22 222120,2 (Z11 + Zo,1)(Zzz - Zo,z ) - 212221
_(Zn + ZO,] )(Zzz + Zo,z ) o ZIZZZI (le + Zo,l )(Zzz + Zo,z ) o ZIZZZI |
In general, for a multiport network
V=271, (V-22)
V =S.V*, (V-23)
Vt=27, T, (V-24)
V=V'+V, (V-25)
and
I=1'-1 =%, (V' =V"), (V-26)
so that
Z=(1+S)(1-8)" Z,, (V-27)
and
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S=(Z2-2,)(Z+1,) . (V-28)
From either (V-8) and (V-22) or (V-14) and (V-28), we see that

Y=27", (V-29)

just as one would expect from the definitions of admittance and impedance in the network.
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Appendix VI — Alternate Evaluation of Impedance Integrals

The vector harmonics can be written in terms of the radially independent vector spherical
harmonic, X, , (6,9¢), as follows

MY (7) =2 (k)X (6,9),

and
’ k’ ’ k’ 81 " ’

In the cross products in (2.43), only the vector components transverse to r’ can produce
terms parallel to ', so we have

, z,(f) (kr') 0

A1 (1) =/ NT(2) (= -1 ' (2) ' v roar ~r v o Y _
M7, () XN (1) = == [P0 () ][ X (00,0 [ 8% X, (04,61)]]-#, (VI-1)
MO (F)x M2, (F)-F = (k') 25 ()X, (0,0)x X, (60,¢)-F, (VI-2)
» ] Lo o . [F'x X, (6.0)]
N(lr) (7 N(2) AW v rh(2) A7) P % (l/) k! At VI3
n,m (r )X n,m (r ) r k2r12 arr (l" n ( r )) ar! (rZ" ( r )) Xl:f"XXn,m (era ¢1)] r ’ ( )
and
NGO (F)x M2 (F)-# = Mi(r'z@ (k")) [[#'% X, (050)]x X, (6,¢) |- £ (VI-4)
n,m n,m kl"’ 81”' n n',m > n,m >
Applying the identity for the vector triple product to (VI-1) and (VI-4)
@) (et
M (F)x N (F) - = %%[lxhﬁ (') | X (6%,6) - X, (6,49), (VI-5)
and
@) (1,
NO(F)x M2 (F) - = wg(ng) (k) K, (020)- X, (000).  (VI6)
r r

Applying the identity for the scalar triple product to (VI-2)
MO (F)x M2, (F)-# = b (k') 28 (k)2 x X, (0,0)- X, (6',0'). (VI-7)
Applying the identity (ﬁ X B) X (é X a) = (ﬁ xb - a) c— (ﬁ xb- é) d, (VI-3) becomes
0

N0 (F)x NO, (F) - = =2 or' P X, (0,0)-X,, (65¢). (VI-8)

Substitution of (VI-5) through (VI-8) into (2.43) gives
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[ b,TtTMthTM Jr [ J % (n,m,n',m’)
+3bym 1B ) K 1 (kr )i[ ) (hr )J (VI-9)
ey 35S o
IR [lbfm,zbﬂj ] O (k') 28 (k) o
+ TE  1.TM 1 0 n , , xx \ILm,n',m
+20, 100 _k_a_( kr ) ( (kr ))
where (see Appendix IV)
27 T
JXX (n’m’n”m,) = J. dd),J. Xn',m' (e,’ ¢,) ' Xn,m (6’9 (I)’)Sin eldel = (_1)m+1 6)1,n'8m,—m' H (VI-IO)
0 0
and
27 T
Trgx (momn'm') = [ @ [#' %X, (6¢)-X,, (6,¢")sin0'd6’ = 0. (VI-11)
0 0

Thus, (VI-9) simplifies to

" z,(f) (kr')%[r'hgz) (kr')}
:_]_Z 3 (- )" (\br",, 5br + Jbr B ); " . (VI-12)

nm 17 n,—m

L, OU =1 m=—n _h,SZ) (kr')i,[r'zii) (krr):|

or
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