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ABSTRACT

A new gridless electrostatic field solver which utilizes Fourier decomposition in the
azimuthal coordinate has been developed and tested. The scaling with the number of
simulation particles is N log N. This algorithm has been implemented in the
BUCKSHOT code, which originaly used a direct summation algorithm with N? scaling.
The Fourier decomposition in the new algorithm is done about the center of mass of
each species. thus nonlinear ion hose physics is included in the m = 0 mode. Higher
order modes describe non-axisymmetric profile changes. The breakeven point between
the new solver and the direct summation algorithm is about N = 64 particles per
species when up to m = 2 Fourier modes are kept. For a typical ion hose simulation
with 256 particles per species the new solver is faster by a factor of about 2.7.



L Introduction

Relativistic electron beams propagating in the ion focused regime (IFR) undergo
transverse (betatron) oscillations which result in an instability called the ion hose
instability.() Because of the small ratio of the transverse energy to the longitudinal
energy, it is customary to invoke the paraxial approximation and then decouple the
transverse and longitudinal motions, using v, = c in the transverse equations where v, is the
axial velocity and c is the speed of light. In IFR propagation, the main interactions are
those caused by the beam and ion channel space charge and the beam self magnetic field.
These interactions are governed by Poisson’s equation.

In general, the beam and channel can have arbitrary density profiles with strongly
anharmonic potentials. Also, the ion hose instability results in strong azimuthal
asymmetries in the profiles. In these types of potentials the particle orbits are very
complex and thus because of these difficulties, one of the most effective methods of
analyzing the physics of relativistic electron beam propagation in the IFR is via computer
simulations.

Since the betatron wavelength for relativistic electron beams in the IFR is usually
much larger than the amplitude of the transverse oscillations and the beam and channel
transverse dimensions, the beam and channel can be divided into segments, where within
each segment, the transverse interaction can be represented to a good approximation by
infinitely long filaments of charge and current with no interaction between filaments in
different segments.? Within each segment, the fields on a filament (also referred to as
particle) can be calculated using Poisson’s equation and then the equations of motion can
be solved and the particles pushed for the next step. A particle simulation code that makes
use of the above approximations is the BUCKSHOT code.* 1In this code the field on a
particle is found by direct summation over all the other particles within a segment. Thus
no grid is used. This makes the code very simple and suitable for use in IFR propagation
problems with no physical boundary. The disadvantage of the code, however, is that the
cpu time scales as N> where N is the number of simulation particles in a segment. Other
gridless Poisson field solvers have been developed such as the Fast Multipole Expansion
algorithm® which scale with N log N, however, the breakeven point between this kind of
an algorithm and the direct summation is usually for an unacceptably large number of
particles on vector machines such as the CRAY X-MP supercomputer.

In this report we consider an alternate approach to the solution of Poisson’s
equation in 2-D for a many particle system without utilizing a grid. This approach is
based on Fourier decomposition in the azimuthal direction and writing the electric field in
terms of radial integrals which are then replaced by sums over the particles. The overall
scaling with the number of particles is N log N as will be described in the following
sections. Asymptotically the algorithm also scales linearly with M, the number of Fourier
modes kept in the expansion. However, for IFR propagation problems for which this
algorithm was developed we find that low values of M (typically 2-4) are sufficient to
resolve the azimuthal dependence. This is the case because the Fourier decomposition is
done about the the center of mass of each charged particle species. This will be described
in detail later.

In the next few sections we describe in detail the theory for this solver. In
section II we derive the solution of Poisson’s equation for a general charge distribution in
2-D cylindrical geometry. In section III this solution is applied to a system of point



particles and the algorithm for the field solver is developed. The extension to finite sized
particles is made in section IV, where a specific charge distribution is chosen for the
simulation particles in order to keep the N log N scaling. In the last section, the algorithm
is implemented in the BUCKSHOT code and a comparison between the direct summation
solver and this new solver is made for an IFR propagation problem with strong ion hose
growth. The CPU time for the two solvers is also compared for different numbers of
particles.

II. Solution of Poisson’s Equation in Cylindrical Geometry

The situation of interest is to solve Poisson’s equation in two dimensional cylindrical
geometry (r,0) for an unbounded and arbitrary charge distribution. For this situation,
Poisson's equation is:
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where ¢ is the potential and p is the charge distribution. The boundary conditions on
Eq. (1) are that ¢ is finite at r = 0 and goes to zero in the limit of r»=. The functions
and p can be written in their Fourier series representations as:
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The resulting equations for ¢ and p, are:
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Equation (5) can be solved using a Green's function, which can be found easily as:
1 r<] LY
—l—l-2 - ['r—- m#0
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where r_ = min(r,r’) and r, = max(r,r’).

The general solution to Eq. (5) is:
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The radial and azimuthal electric field components can be obtained using E = - vé:
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Using Eq. (8) in Eq. (9), we can obtain the following expressions for the electric field
components:
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III.  Solution for Point Particles
If in a simulation the charges are represented by point particles, then the charge
density can be written as:

N
p(r,0) = . L qiér(r - ri) 8(9 - Gi) (12)
=1



where q, is the charge of the i'th particle, r;,0, denote the position of the particle and the
& -functions are defined such that
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Let us assume that the particles are sorted in ascending order so that

[ <r,<..<T<Tr,, <.. <r1y. Thefields at a point 1,6 withr, < r < r_,, are
given by:
2 n 2 © n r.\m
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Define the sums:
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In terms of these sums the fields in Eqs. (13-14) become:

E_(r,6) - % So(m) + % ) z 1 E—m[cosme s2(n) + sinme ST(n)J
(16)
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Ee(r,e) = % . f . [1—m(sinm9 S[;(n) - cosmé ST(n)]
(17)

+ " (sinme S[Z(n) - cosm® Sg(n)]]

In the numerical evaluation of Egs. (16-17), the Fourier series is truncated at a value of
m = M, where M is sufficient to resolve the azimuthal structure of the problem under
consideration. Typically in a particle simulation code the fields need to be evaluated at the
particle positions in order to solve the equations of motion for the particles. Thus,
evaluation of Egs. (16-17) is a process that scales with N. The evaluation of the sums in
Eq. (15) is also a process that scales with N. In general the particle radii need to be sorted
in ascending order, which is a process that scales with N log N.© Thus the overall scaling
of an algorithm based on the above method is N log N, N being the number of simulation
particles.

In Fig. (1) we show a plot of the radial electric field for a charge distribution made
up of 256 point particles loaded with a Gaussian distribution and for M = 2. This field is
compared to the field from a true Gaussian distribution,

)

where 1 = ecN is an effective current with N being the density per unit length and a is the
Gaussian radius. In Fig. (2) we plot the actual simulation particle positions. The
singularities in the field for near particle interactions are replaced by discontinuities. This
is due to the truncation of the Fourier series at a small value of M. The near field
singularities are recoverable if the number of Fourier modes kept in the expansion
approaches the number of simulation particles. As will be discussed in the last section, the
field discontinuities due to point particles cause non-physical emittance growth. unless the
step size (for finite differencing) is chosen to be small enough so as to resolve the
discontinuities accurately. Since the running time for a given problem is inversely
proportional to the step size, a method is needed that does not require a smaller step size
than that set by the physical characteristics of the problem. Such a method is the use of
finite-sized particles, which is the subject of the next section.
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IV.  Solution with Finite-sized Particles

The use of finite-sized particles in particle simulation codes is a common
technique.” If the particle size is chosen appropriately, there should be no loss in
physical phenomena and the step size should not be smaller than the physics in the
problem requires. To see what is involved with finite-sized particles and how they affect a
gridless algorithm, consider an axisymmetric situation where we need to evaluate a simple
field integral of the form:

E(r) = err'r’p(r’)

o

Let the charge density be represented by the sum over discrete particles each with charge
density g(r-r;), that is:

N
p(r) = ifl qig(r_ ri)
and (18)
N
E(r) = I q.err'r'g(r' -r.,)
ilg i
i=1

If the function g(r’-r)) is analytic and is monotonically decreasing for increasing |r’-r;|, then
such a function is not separable in r’ and r,, that is, the function g(r’-r,) can not be written
as a product of a function of r’ and another function of r,. This immediately implies an N2
scaling to evaluate Eq. (18) at N points. Clearly this has no advantage over the direct
summation algorithm.

The simplest form for a particle density distribution that results in a separable
solution is a square particle, that is:

o |er ~r, | <a
g(r’ - ri) =

0 |rr - .| > a
i

For this density. integrals such as in Eq. (18) result in integer powers which are clearly
separable. With such a particle distribution, the discontinuities in the field are eliminated,
however, 3 E/ar will be discontinuous at the particle boundary. For continuous field
derivatives of order n at the particle boundary, the particle density also needs to have
continuous derivatives of order (n-1) at the boundary.

In general the charge density can be written as: p(r,8) = Lq,g,(r.0). The simplest
density distribution in two dimensions is of the form:

gi(r,e) = CiH(r - ri,a) H(® - Gi,Ai) (19)

where the function H(x,a) is unity for |x| < a and zero otherwise, a is a measure of
particle extent in the radial direction and 4, is the angular extent of the i’th particle. The
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normalization of the density requires that C; = 1/(4a r,a,) . To have reasonably square
profiles we choose 4, = a/r,, which gives C; = 1/4a2. For particles that lie close to the
origin so that r-a < 0, Eq. (19) breaks down. The simplest way to overcome this
difficulty is to have position dependent particle size for those particles, such that the
condition r-a > O is always satisfied. For large enough number of particles, this
restriction does not have any impact on the physics as will be shown in the following
section.

For the particle charge density given by Eq. (19), the radial and azimuthal integrals
that need to be evaluated in Egs. (10-11) are:

i mi "
Ol(r) = JZdr’r’H(r'- ri,a) 02 (r) = J;dr’r'E?J H(r’ - ri,a)

Ogi(r) = J.dr’r' [—E;—)m H(r’'- ri,a)

r

i " [} [} mi " f 4 ’
P1(9) = Jz de'H(e’- ei’Ai) P2 (9) = Jz de’ cos[m(® - ©’)] H(O'- ei’Ai)

mi n
P3 () = de’ sin[m(6-6’)] H(O'- ei,Ai)
o

In terms of these quantities, the radial and azimuthal fields can be written as:

N
N o 2

E_(r,6) a,C; [pi(e) Qi(r) + I P';i(e) [Q';i(r) , o;‘i(r)]] (21)
m=1

i=1

M N

N @
A

E . (r,H)
© 1 m=1

mi .. (,mi mi
i P2 o) (0 (o) + af (r)]] (22)

The azimuthal integrals are easily evaluated and the results are:

i
Pi(®) = zai

P';i(e) % cos [m(e - ei)] sin md, (23)

P';i(e) %sin [me - ei)] sin mb,

For the radial integrals, three cases need to be distinguished based on the position of the
field point relative to the particle radial position.
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I. r>r. +a
In this case the field point r is above the particle boundary and we have:

0y(r) = %[(rg a? - (r; - a)z]

mi 1 m+2 m+2
Q, (r) = m [(ri+ a) - (ri -a) ] (24)

Qgi(r) -0

II. rr-a<r<r +a
In this case the field point r overlaps with the particle and the radial integrals become:

0j(r) = 3[r* - (r;- )]

mi 1 m+2 m+2
o0 (r) - — [r - (r;- @) ] (25)
m

| zr- . [(ri . a)2—m _ rZ—m] m g2
0m1(r) -
3 m [ri + a]

r 1n m= 2
r

IIl. r<r -a

In this case the field point r lies below the particle and the result is:

Qi(r) -0
Qgi(r) -0
(26)
m

. 2__:_ 111[(ri + a)z_“1 - (ri - a)z_m] m# 2

Q, (r) =

> my [:i * a] m=2

r n _ a

i

It is clear that all the expressions in Eqs. (21-26) are separable in r and r, and thus scaling
with the number of particles, N, is possible. Since the fields at a point r involve sums over
all the particles, we can write:
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N

151 [ ]= ilfl []+ % [ ]+ 2 [ ] (27)

i=k+1

where j and k for a given field point r are defined by:

rj—a<r<rj+1—a

(28)
r

K@ <r K« T, — 8

The first sum in Eq. (27) involves case I. radial integrals, the second involves case II. and
the third involves case I1I. From Eq. (28) it is clear that if j = k, then no particles overlap
with the field point r. For N particles which are sorted in ascending order of radii, r,, r,,
..., the indices k and j for a field point r, can be found using the bisection method, which
is a process that scales with log N. We denote this process by the locating process.

Summary of the Fields

Having worked out the framework for the field calculations we now write down
detailed expressions which can directly be used for computation purposes. Define the
following expressions:

N
i i
m N mi mi
m N mi mi
13(1',9) = ifl qi Cl Pz (9) 03 (r)
I™(r,0) = ?: c. P™(e) o™ (r)
A T 2 't
m N mi mi
I5(5,@) - I € P3(O) 03(n)

Using these expressions, the fields are:

2 > m m

E_(r,0) - ;[Il(r,e) + mfl [Iz(r,e) _ 13(r,e)]] (29)
2 - m m

Eg(r,0) = £ mfl (Ia(r,e) . Is(r,e)] (30)
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Define the sums:

i .
Sm(k) = 1; C.(r. + a)m+2 sin mA >n m91
1 9541455 i|cos me,
2 i=1 1
m k sin mei
S3(k) = I q;C; sin mb; ) s me,
4 i=1 i
m k me2 (sin mei
S (k) = I q;Ci(ry -a)"" sinma;| o o
6 i=1 \ i
mn N . sin mei‘ (ry+ a)2—m m# 2
G; (k) = i=lf+1 qui sin mAi cos mei) 1n (lri + a) m =
m m
G3(k) = S3(k)
m m
G4(k) = S4(k)
N sin me, ) |(r.- a)z_Ill m# 2
Go(k) = L C. sin ma 4,2
5 - , ;%3 S i|cos mé, []1n(r,- a) m=2
6 i=k+1 i i
k 2 2
Ll(k) = z quiAi [(ri +a)” - (r:l - a) ]
i=1
k
L,(k) = I q.C.a,
2 i1 i7i7i
k 2
L3(k) = I qui(ri - a) Ai
i=1

In terms of these sums we have:

I(r,8) = Li(k) + ° (L, (3) - L)) = Ly(3) + Ly(k) (31)
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I™(r,0)
2 m(m + 2)rm

{cos no (S3(k) - SE(3)) + sin mo(sT) - s7(3))

m+2

+r cos me(Sz(j) - Sz(k)] + rm+2

sin me(S';(j) - S;'(k)]} (32)
15(r,0) - amrm{cos me[G';(k) . Gz(j)) + sin mB[GT(k) - cg‘(j)]

-fm(r) cos me(Gz(j) - Gzl(k)] - fm(r) sin mG(GI;(j) - Gg(k))} (33)

2

m(m + 2)r

17(x,0) _ {sin me(Sl;(k) - s'g(j)) - cos mB(ST(k) - sg‘(j)]

+ rm+2 sin me(Sz(j) - SZ(k)) - rm+2 cos me(Sg(j) - Sg(k))} (34)

Ig‘(r,e) = amrm{sin me(G';(k.) - c'g(j)] - cos me[c'f(k) - G“S'(j)]

-f_(r) sin me[c:j:(j) - Gz(k)) + £ (r) cos mO(G':l;(j) - G';(k))} (35)

2 2-m
am=m(2__m),fm(r)=r m# 2
where
o= 1 ’ fm(r) = 1n(r) m= 2

Again the indices k and j are found by Eq. (28). The evaluation of the above sums is a
process that scales with N. Since both the sorting and locating processes scale with N log
N (for N particles and N field points), the overall scaling of an algorithm based on the
above formalism will be N log N, which is the desired scaling.

V. Application to the BUCKSHOT CODE

BUCKSHOT is a gridless particle simulation code that was written primarily for the
purpose of studying the ion hose instability>4, which is an electrostatic instability that
develops on a relativistic electron beam propagating on an ion channel in the ion focused
regime(). In the code, the beam and plasma channel (ions and electrons) are divided into
slices and each slice is represented by a collection of filaments with specified charge and
current. The equations of motion for the filaments are solved in the plane transverse to the
direction of propagation. The forces on a given filament (also referred to as particle) are
due to filaments within the same slice, that is forces from adjacent slices are neglected.
The beam is assumed to propagate in the axial direction at the speed of light, that is, the
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paraxial approximation is invoked. Electrodynamic effects are assumed to be small for
problems of interest and are not included in the code.

The equations of motion solved by the code for particles within a slice (in the case
with no applied magnetic field) are:

2-b N b s
9 i 1 S Iy~ 3
7= LN % (—»b ->s]2 2] ' (37)
a9z S S j=1 [ r. - r. + I
1 J p
82"0 N > 35
ri 1 S ri - rj
7= Py %s T > 2 2] ° (38)
E13 s s j=1 [ -+
1 J p

where r, is the position of the i’th particle in the transverse plane, z is the axial distance
and £ is the slice variable defined by: & = ct-z , where t is the time measured in the lab
frame. The superscript b denotes beam particles and ¢ denotes channel particles (both
electrons and ions). The sum over s is over all the species in the problem, N, is the
number of simulation particles for the s’th species in the slice, r, is the simulation particle
radius and the matrix « is defined by:

[ 3 ]
1/ (Y me] -£/ (me) £/ [Yme]
2el
Ll
c i i i
1 -1 f
| Te Me Te |

where I, is the beam current, v is the relativistic factor for beam electrons, f is the
neutralization fraction (channel line density/beam line density), m, is the electron rest mass
and m, is the ion mass. The additional factor of 1/y? in the matrix element «,,, results
from the near cancellation of the radial electric field and azimuthal magnetic field of the
beam. The force law used in Eqs. (37-38) assumes Bennett profiles of radius r, for the
simulation particles.

For a slice, the sums in Eqgs. (37-38) need to be evaluated N times, where N is the
total number of particles in the slice: N = E N, thus the execution time of the code scales
as N2. Because of the simplicity of the algorithm and vectorization capability of CRAY
computers, the code is relatively fast for a moderate number of particles (around
N = 100). However, as N increases, the cost becomes prohibitively expensive.

The algorithm developed in the previous section was implemented in a new version
of the BUCKSHOT code which gave it the desired N log N scaling and still maintained
vectorization. To keep the number of Fourier modes small, the Fourier decomposition of
the fields is done about the center of mass of each species. Using this technique, it is
possible to simulate nonlinear ion hose physics with only the m = 0 mode. Typically up
to m = 2 modes are kept in order to accommodate non-axisymmetric changes in profile -
shapes of the beam and channel. For problems with high order azimuthal structure. a
large number of Fourier modes will be required. This might result in roundoff problems in
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the evaluation of the sums as well as slowing down of the code. With these limitations we
expect that this algorithm is not well suited for problems with high order (M > 8)
azimuthal structure. In Fig. (3) we compare the cpu time (normalized) for both versions of
the code which clearly shows the N? and N log N scalings. The breakeven point is about
64 particles/species/slice when m = 2 modes are kept. For a typical problem with

256 particles/species /slice, the new version is about 2.7 times faster than the old one

when up to m = 2 modes are kept.

As was discussed earlier, it is important to choose the particle size in a simulation to
be small enough so as not to wash out important physics and yet it must be large enough
so that field fluctuations are small. In Fig. (4) we compare the radial electric fields for
both the new and old versions of BUCKSHOT with the exact field for a Gaussian charge
distribution for different particle sizes. For the old version the particies have Bennett
profiles and for the new the profiles are given by Eq. (19). The same particle loading
algorithm is used for both versions and it is shown in Fig. (2). In general it is found that a
particle size given by: 1, = 2 rb/m is sufficient to keep the field fluctuation level low
enough. The effect of field fluctuations can be seen by considering single particle orbits in
the charge distribution. In Fig. (5) we show such orbits for a single electron which moves
axially at the speed of light ¢ and undergoes radial oscillations according to :

- dzx i —eEx(X)
e dz2 CZ

where E_is the x-field due to the charge distribution and v is the relativistic factor for the
electron. It is clear from Fig. 5c-d (only the step size is different) that when the step size
is large compared to the scale length of variation of the field fluctuations, these fluctuations
are not resolved and numerically the potential seems time varying or nonconservative. This
is why the amplitude varies in Fig. 5c when the particle size is small and the step size is
large.

The new and old solvers were compared for an IFR (Ion Focused Regime)
propagation problem with the following parameters:

Beam radius r, = 4.0 cm
Ion channel radius r, =3.7cm
Beam offset X, = 0.3 cm
¥, = 0.2 cm
Beam current I, = 700 Amps
Ion mass m; = 0.28 m
Relativistic factor y =59
Axial magnetic field B, = 30.0 Gauss
Channel neutralization f=1.0
Particles/slice/species N = 256
Particle radius 1, = 0.6 cm
Step size dz = 5.0cm
Ion oscillation length A, = 970 cm
Betatron wavelength Ag.= 390 cm
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The beam simulation particles are loaded with a Gaussian profile with the corresponding
equilibrium velocity distribution.® The ions are loaded with a Gaussian profile at rest.
The results for slice histories of the beam and channel radius and displacements are shown
in Figs. (6-11) for different slices. The results using the new solver for M = 2 and M = 4
show excellent agreement, indicating that M = 2 is sufficient to resolve the azimuthal
structure for this problem. The results using the direct summation solver agree with the
new one to within 5-10% . This difference can be attributed to the different particle
charge density profiles used in the two algorithms. Since the ion hose instability results in
considerable changes in the beam and channel profiles, small differences in the initial
fields, as seen in Fig. (4) for example, are sufficient to cause the observed 5-10%
variations between the two algorithms. For the simulation with M = 2 the new algorithm
is approximately 2.7 times faster than the direct summation algorithm.
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Fig. 1. Normalized radial electric field for a Gaussian charge
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Fig. 4. Comparing fields from direct summation and new solvers with exact
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dotted is for the direct summation solver. N =256 a = 3.0
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Fig. 5. Single particle orbit in a Gaussian charge distribution.
Parameters: I =1kA, 7=2, a=3cm x, =3 cm and v, = 0.
(a) Exact Gaussian with step size dz = 4.0 cm.
(b) New solver (M =2), N=256, r, = 0.4 cm, dz = 4.0 cm.
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Fig. 5. Single particle orbit in a Gaussian charge distribution.
(c) New solver (M = 2), N = 256, r, = 0.1 co, de = 4.0 ca.
(d) New solver (M = 2), N = 256, r, = 0.1 cm, dg = 1.0 cn.
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Fig. 6. Slice history of beam (solid) and ion (dashed) RMS radius for

different slices using direct summation solver. Simulation
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