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A n a l y t i c  T h e o r y  o f  t h e  R a y l e i g h - T a y l o r  I n s t a b i l i t y  

i n  a U n i f o r m  D e n s i t y  P l a s m a - F i l l e d  I o n  D i o d e  

Thomas W. Hussey and Steven S .  Payne 

Radiation and Hydrodynamics Theory 
Division 1261 

A b s t r a c t  

The s ' x  forces associated with the surface current of a 
plasma-filled ion diode will accelerate this plasma fill 
toward the anode surface. It is well known that such a con- 
figuration with a high ? is susceptible to the hydromagnetic 
Rayleigh-Taylor instability in certain geometries. A number 
of ion diode plasma sources have been proposed, most of which 
have a falling density going away from the wall. A somewhat 
more unstable case, however, is that of uniform density. In 
this report we attempt to establish an upper limit on this 
effect with a simple analytic model in which a uniform-density 
plasma is accelerated by the magnetic field anticipated in a 
PBFA-I1 diode. We estimate the number of linear e-foldings 
experienced by an unstable surface as well as the most damaging 
wavelength initial perturbation. This model, which accounts 
approximately for stabilization due to field diffusion, 
suggests that even with a uniform fill, densities in excess of 
a few 1015 are probably not damaged by the instability. 
addition, even lower densities might be tolerated if pertur- 
bations near the most damaging wavelength can be kept very 
small. 
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I. Introduction 

As current flows aJmg the surfam of the plasma f i l l  in an ion diode, 

the iM forces m e r a t e  that pla~lra 

is p0terntia;lly f3usceptible to the hydxmgmtic Rayleigh-lbylor 

instability2, we were 

perturhtims that would occur due to this effect w i t h  resJlstic ion diode 

corditions. A mriety of such COIlditions have been proposed ,  the most 

unstable of w h i c h  involves a uniform density, singly-ionized Uthium plasma 

exbrUng scune distance out frm a wall. We bave chosen this density 

profile for a worst ctwe study. 

accelerated plasaa to be semi-infinite in extent. 

nay extenl only a fewmilllmeters out fman 

the a~l0de.l S- this prooess 

to quantify the amplification of m~ 

-re, we have assumed this 

In reality, such a plasma 

surface, axxl growthwil l  stop 

when the rncndng plasma acillaxLy striges the wall. Tlrus, the results in this 

memorardum should not be regarded as a coniannation of any particular diode 

designs, lxlt merely as awarning that su&pmblm exist anias a 

suggestion of solme pasameters that  should be avoided. W intent was ani is 

to use HAM, a -anal (2-D), singlefluid MKD code3, which w o u l d  

incl~de w effects of as ~ 1 1 o w p ~  mmtion4 fim 

diffusion on I l odhaw instability growth? Before performing such 

f2aJ.culations, haJever, we fe l t  we ought to exarcbe OUL- worst c8se assessment 

of the problem alnalyticdly, in order to urylpsfitssd, i f  not t o  wt, the 

pa;rameter space involved. 

growth rate ani Integrate over the time during whi& the interface is 

unstable to obtain IAe IIumber of Linear e-foldhgs. 

To this end we andlyticdly eStiraate the linear 

We use this as a figure 

of merit as to whether the growth w i l l  s i g n i f i m t l y  arrpluy any initial 

perturbation that might be present. In tlzib: memordum w e  give results from 

this anallytic study. 
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11. The Basic Model. 

There are a VBsiety of plasma 8ouro813 u n k r  COnsidereLtian for PBFA I1 

that w i l l  lead to a wiety of different demsity profiles. We won't discuss 

those sources here; instead, we cansider only what we 

most susoeptihle to the h-tic Rayleigh-Taylor 

P- b e i a  - by a W t w P e t i C  

belleve to be the case 

instability, amiform 

field given by 

.18 K; (t/10 nS) 0.75 t s 1 0 n s  

.18 K; t a l o n s  

S.ince diffusion will be a relatively more effeutive smoothkg medbanisn w i t h  

a constant magnetic field than w i t h  a risiq field, we anlp wnsider the 

first 10 11s here. Furthermore, txince we ultimtely inten3 to caMpa,re to HAM 

calculations, we use the foll0wb-g units 

Thus. we have 

n nc 
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w h i c h  gives for mgmtlo premre 

P = $/ m = 1.289 tlmS 

The equation of motion for 831 interfaoe of asea, A, total miss, M(t), asd 

where lower case m is just mass per unit area. azis is easily integra- 

from zero to t to give 

m(t)v(t) = .5157 (4) 

This may be &ualted, in the "pure Q1owp1ow" limit where a u  the materm 

through w h i c h  an interfaoe sweep sticks to that interface in an 

infMtesi.xixuy thin layer. In this limit we have 

where  we  take x(t = 0) = 0. Frau Eqs. 4 az-d 5 we have 

which is aga,in integra- over t to give 

6 



x2 = .2947 t3*5/ p , 

1.75 0.5 x- .5428t  /p 

75 0.5 v = .9499 t' /p 9 

-0.25 0.5 
a = dv/dt = .71M t /P ' 

(7) 

dimensianal(1-D) MID d c u l a t i a n ~  ha= been performed With TITAN Of the 

system described a$~e for a density of (i.e.,  an ion aensity of atout 

the velocity of the outer edge of the plasm is canpaxed t o  EQ 7 

We note that the agreement is qy i t e  poor at early time when in Figure 1. 

field penetration dcnainates. 

TITAN velocity pxrdlels the analytic result, FTdiCating canpaxable 

acceleration at that time. 

Nevert i ze l e s s ,  after a few namsecords the 

W i t h  Eqs. 6-8 we are w able to estima;te the Rayleigh-Taylor (R-T) 

imtahility growth rate, Y,  from the appmxinate f 0 d 7 ,  

where X is wavelen$th. This is SimFLaS to the usual expression for lineas 

growth except for X a' 
length. Note that for X 

reduces t o  the familia;r -on for Unsas R-T growth, y = a. We f m  

from the form of the eLbwe equation that y is largest for shortest 

wavelength. 

which is a measure of the density gradient scale 

( i . e . ,  a step function interface) this 
> >  xas 

W i t h  X short compared to the diffusion length, Xd, however, we 

anticipate that growth will be inhibited, particulasly when the n o w  



stage is remhed. !rhus, in order to estimate a maxmm value for y, we 

evaluate the above for X = Ad = 

where we remgnize that diffusion detemnbes density gradient scale length. 

Diffusion length m y  be aplffondmated by8 

2 
Pe q = 4m/w (12) 

-lous resistivity is expectedg these ccffditions.  hen, the 

a,nomolous collision frequencp is appmdma-tely equal to the ion plasma 

f=T-==Y- 

WhichgiveswithEq. 12 
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18 -0.5 ~ u-’ - 8.702 x 10- p rl - .2933 @/A) t pe 

-3 -0.5 p,,,.Lm rl-6.032~10 p t 

a w i t h 4 .  11 

-2 -0.25 t0.5 
= 4.382 x 10 p ‘d 

(13) 

(14) 

TNS implies that Ad, whichwe take to be themost unstalile wavelength for 

R-T growth, is hmmsing as &. It is talxilated for a variety of densities 

at t = 10 ns in Table I. 

The fact that Ad is not m t  in t h@ies that use 4. 9 

to evaJua,te y, rather tban w. 10. To evaluate the number of Uneax e 

no we htegrate the growtlz rate over time ef ’ 

Since we want to oalculate the case withnwrirmrm ne 0 we choose the sma3lest 

wavelength possFble cansistent w i t h  A > Ad. W i t h  Ad(t) growing 

monotonica,lly in tirne, this mlnirmun wavelength is simplp Ad(tf). 

this into amount aJd suht i tu t ing  4. 8 ard 11 into the above gives 

Taking 

X(tf) , -1/8 no = 1.011 p ef 
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where F i g u r e  2 gives results of evaluating X ( t )  mmeri-y. Table 1 gives 

n$ eva;~uated at 10 ns (~ (10  ns) - .OW as a -tion of ion ll~mber density 

where we assume singly ionized Uthim. Also included arre diffusion length, 

velocity ard distance traveled, all evaluated at 10 ns. We note that, even 

at an ion density as as 

amplification of an appropriate &e lexgtk initial perturbation. 

we obtain more than an o m  of magnitude 

111. Q u a s i - r n o - ~ o r I € i l  Interface ca3..culatim 

The above is a simplified treatment of a quite cclmplex process ard it 

is important to keep inmind the appadnations used. O m  such 

approximation is the fact that  lowp plow stabilization3 is only included t o  

the extent that it Mums the acceleration profile. Full 2-D &cula,tions 

w i l l  include the fact that this effect preferentially slaws the "bubble" 

portion of the nwilinsarr R-T inst.bilitp4 as it penetrates the plasnra. we 

were able to use the zero-dimensianal interfaoe code, !Z0RK2D1O, w h i c h  does 

aiccouAt for this effect, to detemlne that, deqite s-zation, 

significant instability gnxJ.th is aicNaTed. Because of numerical problems 

intrinsic to this model it is usuaslp difficult to carry iTlstahility 

calculations w e l l  into the naiUmar -@use with m a  code. 

Figure 3 shows results fmm a calculation with a Si r rUsoW 

perturbawon haviqg a 2.5 ma wavelength superimposes on a 10l6 ion density. 

we have plotted (vs - vb)/vo where vs is spizre (highest density) velocity, 

vb is bukhle (lowest density) velocitp, an3 vo is mean velocity. 

we r d  a t  amity  is prop or ti^ to pas5. 

- vb)/vo to be -t at apExrcndma;tely .O!j i f  the motion of the spl.lre EUXI 

m e  regions were UIIMxl'pled. 

starts at the proper value, Wt then graws as mass moves f rm the lower 

N e v e r t h e l e s s ,  

5% density 

Fram q. 7 

expect (vS ~hus, we 

W figure shrrws, hawever, that this ratio 

10 



density region to the hi@r density region. Thus, even thoug‘h the 

interface ca;lcula;tion cxmnot be run l0X.g enolgh to see significant 

accurmilation of miss in the spike region, we f in l  the occurrence of 

exponential growth. 

IV. Effect of &@&ic Field Penetration 

Another important effect that will only be treated approximtely here 

is magnetic field diffusion. 'Ibis effect has already been included 

apprcodmately in that the diffusion length, Xd, mua,ted at tf (taken to  be 

10 ns in Table 11, was usei to determbe the wavtaen$th of the most -ng 

mode. N e v e r t h e l e s s ,  a canpasison of 4. 6, w h i c h  shows x -easing as 

tler5, to  4. 14, which shows Ad imremhg as toa5, bxlicates that at some 

early time diffusion will damhate advection (see MgUm 1). During this 

time it is quite reasonable to suppose that there w i l l  be no appreciable R-T 

growth. This suggests the possibility of cutting off the integrd wer the 

growth rate at early time to amount for this. 

t 

14 ard solve for t 

In order to  f in l  the time, 

at which diffusion asd advection are equal, we set q. 6 equal to 4. eq’ 

eq’ 

-2 -0.25 t0.5 
e q ’  

.5428 t1.r5/p0*5 = 4.382 x 10 p eq 

0.2 t = . 1 3 3 5 p  , 
eq 

w h i c h  is evaluated in Table 1. Note La;t swh a transition fran diffusion 

domirated to advection-dornina,W f low is illustrated in Figme 1. 

exrurrple at 

(For this 

anw3 density, teq = 5 ns, canpas& w i t h  the slope change at 



4 nS.1 we use thiEl remlt to ag& fFnl the number of unear e-fombgs, 

tihis time amom- for Uf’udon by cutting off the htegraL at eaxly time 

nef = 1.011 p (X(tf> - x(teq>) 

where X ( t )  is evaluated in Figure 2 cud nef is &ua,td in Table 1. 

highest density. m, nef is a stronger function of density than ntf. 

we rather arbitrarily cansider an order of mgnitude amplification of an 

hiW perturbation of the most unstable wavelength to be our threshold 

campas- nef to n; we f m  that diffusion effects a;re greatest at 

If 

of 

acceptable m t y  growth, we fini that densities below a few times 

are ummeptable. Note that, in order to use Table 1 to estimate effects of 

the R-T inSt&Llity, t3E1% a ~ e  three quantities to cansider: the lsumber Of 

e-foldhgs, the most dam3ghg wavelength, cud the amplitude of perturbakions 

at or n a r  that wavelength. 

will actually be snoothed by field diff’wion am3 represent very l i t t le 

problem. 

unstable one WFIl experience growth, but w i t h  a -ably reduced growth 

rate (see 3. 9). 

Large perturbations of mu& shorter wavelength 

Large perturbations of wavelength much longer than the most 

12 



v. Effect of Finite Ian Dwell Time 

A l l o f t h e ~ ~ * h a s a s s u m e d t b a t t h e ~ i s e s s e n ~ y  

fluid-lilre. 

electric field present ensure that partidle effects will play some role 

The fact Is, however, that the relatimy law density ami hi$h 

despite aml.lmlouEi O o l l i s i a t y .  In pa;rticula;r, reflection of ions by the 

ad- lnagIM3tj-c plstoxl means that ions, if mey experience no collisions, 

w i l l  only spexxl a finite time in the aoceleratlng reglon, whi& has a 

thidmess of Ad. This instantaneous “dwell” time, td, is appmA.mat& byQ 

0.25 t-o.25 td -1845 p 

Thus, td starts very Urge a;rri demeams in time. sinoe ins-- grown 
repires that ions remain at the unstable interface (see ref. 2 for a 

general discussion of the Llnear R-T hskbil i ty) ,  a measure of whether tihis 

problem canbe neglect& is whether a dwell time exceeds the time for 

.Instability growth. An appmidmate (though scII[LewhB;t a;rb i t rq)  way t o  

estimate this, w h i c h  accounts for the fact tbat td is time aeperrdent, is to 

define a new dwell time, ti, 6ucz1 that 

where we have cut the integral off at t 

growth is expect&. ThFs is easily inwat& t o  give 

t when little instability ecI’ 

13 



WNch w i t h  EQ. 16 gives 

0.2 ti = .3m7 p 

In order for ions t o  reraajn at the amelera- layer durw the time W e  

of interest 

10 Ils < ti , .01 < .3m7 po.2 , 

p 1.318 x g/m3 . 

~hus, for densities less ths (ni < 1.318 x we can erxpect 

fmte dwell the effects to modif'y fluid-model pretLctLons for R-T 

InStakxiJity growth. 

an ins-ty am be expected to have 

program to assess 8uch pmhleras in detail would require 2-D hybrid (or 

particle) code calculations. 

sinoe it is at predsely these low densities that such 

greatest effect, aq theoretical 

VI. OtherAppmodrrrations 

If ion emission removes mass fram the accelerated layer at the field- 

plasna interface at a rate c0mrpa;raSxle to the accretion rate, then a 

s t a b i l i z m  effect ana~ogous to "fire p o m " l l  in ICF targets can be 

expected. 

important, we must first relate m (reaa;U that m is mass per unit  area) t o  a 

current density 

In order to assess at what density, i f  aq, this effect would be 

14 



where we have taken A = 6.  Go% hack to Bq. 16 we f h l  that for densities 

less than 2.538 x lo4 g/m3 the transition from king diffusion dormFnated 

t o  behg &vection-domjnaW occurs w o r e  10 lls. sh-lce realistic systems 

would have lower density 

both. A t  f i r s t  diffusive field penetration dominates, 

this, we must wnsider the r i ~  resulting from 

gmec-aa2 -2 0.75 t-0.5 X = 2.191 x 10 p *d dt d 

-* 3.522 x 10 8 p 0.75 t-0.5 Amps/cm2 . 

A f t e r  t = t advective motion dasninates eq 

g/11SeM3n2 
m =pv- .Q4QQp 0.5 t0.75 
a 

(21 1 10 0.5 t0.75 Amps/m2 
-* 1.527 x 10 p 

We first note that md decreases w i t h  increasitg t so that the c o m e s p o ~  

current density m u s t  exceed Fq 20 at t = t i f  it is to exceed it at a l l .  

In other words, for fire polishhg to occur we must satisfy the cordition 
eq 

10 0.5 t0.75 J - 1.527 X 10 p # 

which for t = 10 ns (i.e., when J is largest) g i w  



(22) 
8 0.5 -,-2 3-4.83~10 p 

For an ion density of lo1', therefore, we require a 3 of the order of 4.83 x 

lo4 -la2, ccnrpe;red with m t  -ti- of 0.1 - 1.0 lo4 -/m2 

typicn'ly extxwtd from ion diodes. 

A n o m  possihle stabillzing mechenFQp is the effect of entrain& B-z 

field on R-T growth. We have not attgnpted to hcl& the bade pressure due 

to  this f i d d  in the pressure equauon (EQ. 31, keuause we d.on't Bnaw how t o  

assess diffwive lealrage of field aut of the campressed plasma anaLyticaJly. 

with cffllp 5 T O f  field both Fnside ard atside the 

plasm we would expect l i t t le effect until the field-plasm interface has 

m w e d  more than kilf'way to the w a l l .  

VII. c o ~ u s i a n s  

In this mmorazkim we have used a very simple model for plasma dynamics 

in the prese2y3e of an intxmse lmgnetic field to the effects of 

Rayleigh-Taylor imtahUiQ growth in plasma-filled ion diodes. %be 

simplest ax€ most pessimistic case of a uniform plasma density was 

considered azki a projectd mgnetic field vs. time profile was used to  get 

acelerat ionvs.  time. 

most unstable mode, taken to have a wavelength equaJ, to a mgnetic field 

diffusion length. We then integratd the growth rate, accuunthg for field 

diffusion by cutting off the Integral at early time, to obtain the number of 

This was then used to obtain the grawth rate of tihe 

lineaz e-foldbgs. This cutoff was fauzd to quautativelp reproduce the 

results fm 1-D caLculaAdons. 

fo ldhgs ,  evaJutd  as a flulctian of plasma f i l l  density Fn Tahle l, as our 

figure of merit for asesshg the unstable response of thFs system to 

Therefore, we taBe the number of lineax e- 

16 



initxi& perturbations. we firyf frcmn W that noticeable (order of 

magnitude or more) amplification of an inltia;l. perturbation is highly lllrely 

for densities leas than a few w m, we can ellmina;t;e this 

problem either by Beepiqg the density mff ic i a t ly  high or by avoiding 

perturbations at the damaghg soall8 l-. In addition, there are other 

factors suggesting that present designs may not be hurt by this effect. '&e 

Bolvaps density profile that increases as one apprmches the w a l l  w i l l  be 

less unstable, ard, furthermore, the plasma is quite thin ard will very 

Ukely stagnate sgtlinst the waJl w e l l  W o r e  10 ns. Nevertheless, this 

simple model illustrates that such a pmhlem could exist, anl it presents an 

easily applid criterion for asses&g R-T lmbbi l i ty  growth for certain 

aJ-ternative designs. 
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3 . 1 6 ~ 1 0 ~ ~  

3 . 1 6 ~ 1 0 ~ ~  

10l6 

3.16~10'~ 

P 

3.16x10-' 

3.16x10-' 

1 o - ~  

3.16~10-~ 

1 o-6 

P -- 
Ad -- 

Table 1 

0 
eq nef t Ad 

.779 cm 2.116 ns 6.833 

.e84 2.663 5.918 

.438 3.353 5.123 

.329 4.221 4.438 

.246 5.315 3.843 

.185 6.680 3.327 

.138 8.423 2.882 

3 density g/cm 

nef 

5.476 

4.261 

3.223 

2.337 

1.578 

.827 

.367 

diffusion length after 10 ns 
also minimum allowed wavelength 

5.43 cm 

3.05 

1.72 

.966 

.543 

.305 

.172 

850 - usec 

534 

300.4 

169. 

95.0 

53.4 

30.0 

-- time after which advection dominates diffusion 

-- number of linear e-foldings 

-- number of linear e-foldings including 

eq 
t 

field penetration 

field penetration 

nef 

nef 

x -- distance traveled at 10 ns 
v -- velocity at 10 ns 
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COMPARHSQIi? TO TITAN CALCULATIONS 
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Figure 1. Compares the velocity from Equation 7 to 
that obtained from the comparable 1 - D  
MHD calculation using TITAN for an ion 
density of 1 x 1016 cm-3. 
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F i g u r e  2. Evaluates t h e  function X ( t )  from 
Equation 15. 
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Figure 3. Shows instability growth from SUPERZORK. 
"Spike" velocity minus "bubble" velocity 
divided by mean velocity is plotted. 

SUPERZORK: (VS-VB)/VO 
ni = Le16 +/- 5% mass variation 
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