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Abstract
This report develops the kinematic and dynamic equations for one
finger of the three-fingered Stanford/JPL robot hand and
documents the physical parameters needed to implement the
equations. The equations can be used in control schemes for
position and force control of the Stanford/JPL robot hand.
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KINEMATIC AND DYNAMIC ANALYSES
OF THE

STANFORD/JPL ROBOT HAND

Introduction

A robot manipulator must be controlled before it can be used to
perform useful tasks. This report documents the analyses used to
derive the kinematic and dynamic equations describing motion of a
Stanford/JPL robot hand and also documents the physical
parameters needed to apply the developed equations. The latter
information can be found in Salisbury [1,2)}, but it is
republished here for completeness, and to provide a basis for the

software developed to control the hand.

The Stanford/JPL dexterous hand, designed by Dr. J. Kenneth
Salisbury Jr., is a three-fingered robotic hand containing nine
joints (Figure 1). Each finger 1is identical; three revolute
joints, with joint 1 rotating perpendicularly to joints 2 and 3.
The three fingers are positioned as two fingers and an opposing
thumb. Thus, an analysis of one finger describes each of the
three fingers. Only one finger 1is analyzed in this report. The

results can be extended to all three.



Figure 1. Stanford/JPL hand

Successful completion of any task that the hand is commanded to
perform is dependent on the ability to accurately control the
fingertip position. This requires development of relationships
between defined points in space and the angular joint positions.
The equations that give the finger positions, based on a set of
known Jjoint angles, are called "forward kinematics". The
equations that give the finger joint angles, based on knowledge
of the cartesian 1location of the tip of the manipulator, are

called the "inverse kinematic" equations.



Kinematics is the study of motion and the interrelationships
between acceleration, velocity, and position; the forces that
cause the motions are not considered. However, motion is not the
only concern for accurate position control; also important are
the forces or torques required to impart the motion. The dynamic
equations are derived 1in this report using the Newton-Euler
technique because it yields the manipulator Jacobian in the
derivation process. The Jacobian 1is a matrix that relates
fingertip cartesian velocity to joint velocities and can also

relate fingertip forces to joint torques.

Dynamic equations can be used to close a control loop internal to
the lowest level position controller. Ideally, this technique
decouples the inertial and positional nonlinearities of the
system. However, the friction in the Stanford/JPL hand is a
major contributer to the driver 1load, which negates the efforts
of nonlinearity decoupling unless the friction loading can be
mathematically modeled. This feat has not yvyet Dbeen
satisfactorily accomplished. Another problem that needs
addressing for successful implementation of this control scheme
is development of a method that quickly performs the computations

required to update the feedback model.

Due to the difficulties, the hand is currently controlled by

keeping the forward-path gains 1low enough to avoid exciting the



higher order frequencies of the system. This technique produces
a system with a response that is quick enough to use in all our
current research studies. Description of the dynamic equation
derivation is the goal of this report. Solution to the problems

of using the equations is not presented.

The first section of this report introduces briefly the
homogeneous transformations and frame assignments used to
simplify the analyses. The conventions that were used are
described in Craig [3]. In the second section the development of
the forward kinematics for one finger is covered. Section three
develops the inverse kinematic equations. Section four explains
how the velocity, acceleration, and Newton-Euler dynamic
equations are derived. The references used to develop the
kinematics and dynamics were Craig ([3], and Asada and Slotine
[(4]. Appendix A describes the physical parameters of the drive
system of the Stanford/JPL hand. These parameters are needed to
transform the equations developed in sections two and three into
forms that can be implemented in the control system software.
These parameters convert the equations derived in "manipulator"

space to "tendon" and "motor" space. Major portions of the
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information contained in Appendix A are a reprint of material
from Salisbury [1]. Appendix B is the output file from the
MACSYMA1l* * symbolic manipulation program that defines the

dynamic equations of the fingers.

1.0 Homogeneous Transformations and Frame Assignments

Standard practice in the field of robotics is to use homogeneous
transformations to describe the position and orientation of

objects and manipulator 1links relative to each other. The
following two subsections describe how this convention has been

applied to the Stanford/JPL robot hand.

1.1 Coordinate Frame Conventions and Link Parameters

In addition to manipulator position and orientation, descriptions
of position and orientation of other objects may be necessary to
perform useful tasks with a robot. Therefore, standardized

conventions are desirable for representing positions and
orientations in space. The conventions used here are those

detailed in Craig [3].

1*MACSYMA is licensed by the Digital Equipment Corporation
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Link parameters are defined

notation. This

allows unique

definition

using the

Denavit-Hartenberg

between two joints and two 1links with four parameters: (1)

link length, (a), (2) the 1link twist,

offset, (d), and (4) the joint rotation,

(theta).

(alpha),

of the relationship

the

(3) the joint

See Figure 2.

Axisi - 1

3

Axis i

—— — o T——

Figure 2.

Denavit-Hartenberg parameters from Craig [3].
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1.2 Finger Coordinate Frames

The frame attachments wused (Figure 3) follow the conventions

outlined in Craig. Frame one is placed with z, along its axis of

1

rotation (the joint axis), with the x, axis pointing in the

1
direction of joint two. Frame two is placed with z, along the
axis of rotation of joint two, and X, points in the direction of

joint three. Now, frame 0 is placed coincident with frame 1
where thetal is zero, and the last frame (frame 3) is placed such
that the X axis aligns with X,
is placed along the joint three axis.

axis and d3 is zero. The z, axis

Zo,
A

e
N

4

.
7 a
"y
I
.
>

-

Nx\r
2

~

?,. ?3

Figure 3. Finger-frame attachments

An additional frame, called a tool frame, is conventionally

placed at some arbitrary point on the end of the last link. The

13



tool frame is placed at the center of the finger's tip with the

same axis orientation as frame 3.

The Denavit-Hartenberg parameters are shown in Table 1.

Table 1. Denavit-Hartenberg parameters

i alphai_1 aj.q di theta,
1 0 0 0 thetal
2 90 L1 0 theta2
3 0 L, 0 theta3
t 0 L3 0

The transformation relating a position in frame i to the same

position described in terms of frame i-1 is described using the

Denavit-Hartenberg parameters in the following equation:

T, = Fc(thi) -s(th;) 0 a;_; (1)
s(thi)c(ali_l) c(thi)c(ali_l) -s(ali_l) —dis(ali_l)
s(thi)s(ali_l) c(thi)s(ali_l) c(ali_l) dic(ali-l)

_0 o 0 1

14




where ~ 7T

Using Equation

I

the transformation relating a position
and orientation in frame i to the same
position and orientation described in terms
of frame i-1.

the sine of the link i joint angle (thetai).

the cosine of the link i joint angle (thetai).
the sine of the 1link i-1 twist angle (alphai_l).
the cosine of the 1link i-1 twist angle (alphai_

1)'
the length of link i-1.

the link offset of link i.

(1) and the Denavit-Hartenberg parameters, the

transformations to needed to describe the finger motions are

those shown in Equations (2) through (5).

_
=fe, =-s;, o 0] (2)
s, ¢ 0 0
o o 1 o
o o o 1
L =

15



1 -
=T -

T2 c, sa 0] L1 (3)
0 0 =1 0
s, c, 0 o
0 0 0 1

2 I _ -1

T3 e 53 0 L2 (4)
s3 c3 0O o
0 0 1 0
0 0 0 1

3 —

T, =1 0o o LBT (5)

where S5 is the sine of thetai.
cy is the cosine of thetai.
L is the length of link i.

These transformations are all that are necessary to find the

forward kinematics of a finger of the Stanford/JPL hand.

16



2.0 Forward Kinematics

The forward kinematic equations define the position and
orientation of a fingertip when the Jjoint rotation angles are
known. That relationship is given by the transformation oTt,

which is found by multiplying equations (2) through (5) together.

Equation (6) is the forward kinematic equation, 0T

£
0 B B 6
Te = |13 1823 Sp DyCp + Dp0C6 * 136:Cy5 (6)
S1C23  TS3S33 TG IySp t Lys,C5 t 1s38.C5,
$23 23 © Lysy; + L3Sy,
LO 0] 0 1 i
In Equation (6), Cyq is defined as cosine( theta2 + theta3) and
similarly, S5 is sine( theta2 + theta3). The position and

orientation vectors of the manipulator are determined for any
given set of joint angles by putting the joint angles into matrix
Equation (6). The upper 1left 3x3 sub-matrix is the orientation
matrix, and describes the tool-frame unit vectors in terms of the
base-frame vectors. The first three entries in the last column

are the components of the position vector: Py py, and P,-

17



3.0 Inverse Kinematics

The inverse kinematic problem is, as would be expected, the
inverse of the forward kinematics problem. Given an (x,y,2)
positional value and a desired orientation, the joint angle

values necessary to place the finger in that position and
orientation must be determined. The derivation of the inverse
kinematic equations requires solving the forward kinematic
equations for joint angles. The equations are very nonlinear in
terms of the joint angles, making solution difficult. For some

manipulators, in fact, there is no closed-form solution.

For the three-degree-of-freedom finger there is a solution.
However, as the finger has only three degrees of freedom, either
position, orientation, or combination of three positional
coordinates. To grasp an object, the position of the point of
contact of the fingers is required. Thus, the joint angles
needed to place the fingertip in the desired position are the
parameters of interest.

The three equations needed for the solution are the Pys P and

yl
equations from the 0T transform: Equation (6). They are

p t

¥4

18



reprinted here for easy reference as Equations (7), (8), and (9).

Py = Ly¢y + Lycyc, + L3cyc,, (73
py = Lls1 + L25102 + L3slc23 (8)
pz = L2s2 + L3s23 (9)

To find the solution for thetal, multiply Equation (7) by s

1!

Equation (8) by Cq» and divide the results. The result is
equation (10).

S,/ ¢ = Py / Py (10)

Equation (10) can be solved for theta1 by wusing a two-sided

arctangent function, as in Equation (11).
theta1 = ATANz(py,px) (11)

Now, multiplying Equation (7) by c, and Equation (8) by S, and

adding the two results gives Equation (12).

PS4 + pys1 = L3c23 + L1 + L202 (12)

1%



Since p_c, + PyS; is equal to (px2 + pyz)

be rewritten to obtain Equation (13).

0'5, Equation (12) can

(13)

Squaring equations (9) and (13), adding, and rearranging the
results gives equation (14).
2 2 2 2

+p,” - LY - L) / (2L,L,) (14)
The cosine function is an even function ([f(x) = £f(-x)], and is
periodic; therefore, there are four unique solutions for theta3.
See Equation (15). Because of physical constraints, two
solutions are attainable. These two solutions correspond to
flexing the finger or hyperextending it: theta3 negative, or

theta3 positive (Figure 4).

_ 2 2 _ ;2 _ ;2
theta, = ACOS[(a;” + p, L, L,") / (2L,L;)] (15)

20
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Figure 4. Flex and hyperextension of joint 3.

Now, by multiplying Equation (13) by Cor Equation (9) by S, and
adding equation (16) results in:
a,c, + p,s, = L3c3 + L2 (16)

Equation (16) can be rearranged to obtain a form used to find

thetaZ:

-(L3c3 + L2) = —p252 + (-alcz) (17)

Let p, = Rcos (psi), -a, = Rsin(psi), W = (L + L2), R = (pz2 +
alz)o's, and psi = ATANZ(—al,pZ). Substituting these expressions

3¢3

21



into equation (17), equation (18) results:

theta2 = ATANZ(-al,pz) - ATANZ[(L3c3 + LZ)’ (18)
2 2 2,0.5
t(a,® +p,° - w2
Once again, there are multiple solutions. This time there are

two solutions but one is not attainable because of physical
constraints. Thus, the solution for theta2 is the one resulting
from a positive value in the second argument of the second

arctangent function call.

4.0 Iterative Newton-Euler Dynamics

The equations necessary to find the position and orientation of a
robot manipulator were developed in the previous sections. This
allows the next step, development of the equations of motion to

be attacked. The velocity and static force equations are derived
in subsections 4.1 and 4.2. The concepts discussed in those two
subsections will be extended to an acceleration and force-of-

motion analysis in subsection 4.3.

22



4.1 Velocity Equations

For any open kinematic chain, such as a robot manipulator, the
velocity of each successive link can be calculated by
"propagating" the velocity of the previous link; Craig [3]. The
velocity of each link has a 1linear and a rotational component,
equations (19) and (20). However, care must be taken to describe
the components of velocity in the proper reference frame.

i+1o i+1, i i+1

- 1
iv1 = Ri7oy + 87 2540 (19)

where l+1oi+1 = the angular velocity of 1link i+1 written in

terms of the i+1 reference frame.

l+lRi = the rotational matrix relating frames i+1 and i
and is the upper 1left three by three matrix of
i+l

Ti.
tdi+1 = the time derivative of thetai+l.
l+1Zi+1 = the vector describing the axis of rotation of

joint i+1. It 1is wusually the vector [0 O 1]T

where T signifies the transpose.

Notice that the velocity vectors are free vectors. Therefore, a

positional transformation to change descriptions from one

23



i+l

reference frame to the next 1is not required. only R, is
needed to change the reference frame description, and not l+1Ti.
i+l _ ita i i i
Vier T 0 Ry TV ToXTR ) (20)
i+ . . A .
where Vigr = the 1linear velocity of the origin of link

frame i+l relative to reference frame i+1.

1vi = the linear velocity of the origin of link frame
i relative to reference frame 1i.
1oilei+1 = the cross product of the angular velocity of

link i1 and the position of the origin of frame

i+1 referenced to frame i.
Applying Equations (19) and (20Q0) to each sequential link of the
robot finger, the velocity equation describing the motion of the
tip in terms of the tip reference frame can be determined. See

Equations (21) and (22).

o, = R,70, + td, 2, = |s,,td (21)

24



2 B ey
v, + “To,.x P3) = L2s3td2 (22)
ch3td2 + L3(td2+td3)

-(L,+L,yc,)td; - L3c23td1A

Equation (22) can be rewritten as shown in Equation (23) to
illustrate the relationship between the tip velocity and the
joint velocities. The 3x3 matrix on the right-hand side of

equation (23)is defined as the Jacobian matrix.

tv =10 L.s 0] (td ] (23)
t 273 1
0 L2c3 + L3 L3 td2
—(L3c23 + L1 + L2c2) 0 0 Ltd3

-l

The tip velocity is found in terms of the stationary base frame

by premultiplying Equation (23) by ORt.

4.2 Static Forces

Analyzing the static forces acting on a manipulator is not unlike
analyzing the static forces on any structure. The structure of a
manipulator suggests performing a force-moment balance on each
link in terms of the 1locally defined 1link frames. Then, the
joint torques required to maintain equilibrium can be determined.

Figure 5 shows a generalized 1link with the forces acting on the

25



link. Equation (24) results from a force balance procedure:

£, - £, =0 (24)

where lfi = the force exerted on link i by link i-1

referenced to frame 1i.

{i+1}

Figure 5. Free-body diagram of one link [from Craig].

A torque summation relative to frame i, gives Equation (25).

n, - n. - P. X f- =0 (25)

26



where n; = the torque exerted on 1link i by link i-1
referenced to frame i.

Pi+1x'f. = the cross product of the position vector of

the origin of frame i+l and the force exerted

on link i by 1link i-1, both referenced to

frame i.

If Equations (24) and (25) are rewritten to find lfi and lni, and

using the known values of l+1fi+1 and l+1ni+1 and the appropriate

rotation matrices, Equations (26) and (27) are obtained.
£, = R, £, (26)
n, = "R, n, + P, .xf, (27)

The form of these equations allows "propagation' of the forces
from the end link back to the base link. All components of the
force and moment vectors are balanced by the structure of the
mechanism, with the exception of the torque about the joint axis.
Thus, the joint torque required for static equilibrium is equal
to the component of the torque on link i directed along the joint
axis (the dot product of the joint axis wector with the moment

vector). Equation (28) gives the joint torgue.

Tau, = "n, " Z. (28)

27



Using Equations (26), (27), and (29) on the three-link finger

results in a torque equation of the form:

Tau = |0 0 —(L3023+L2c2+L1) £, (29)
LZS3 L3+L202 0 f-y
0 L3 0 ] fZ

where £, f , and £, = the x, y, and z direction of a force

yl
applied to the tip of a finger.

The 3x3 matrix on the right-hand side of equation (29) is the
transposition of the Jacobian. The remarkable fact about the
Jacobian is that it relates the cartesian forces and velocities
to joint torques and angular velocities without performing an

inverse transformation.

28



4.3 Iterative Newton-Euler Dynamics Equations

Derivation of the dynamic equations of a manipulator can be
accomplished using many different techniques. Each technique has
both advantages and disadvantages. The technique chosen for this
report is the iterative Newton-Euler method; it was selected
because it is an intuitive approach for engineers with a

mechanical background.

4.3.1 Acceleration "Propagation"

Before calculating the inertial forces on each 1link, the
rotational velocity, and the linear and rotational accelerations

of the mass center of each link must be found. In subsection 4.1
the rotational velocity equation, that propagates velocities from
the base link to the 1last 1link, was presented (Equation (19)).
Now, a similar technique will be used to propagate linear and
rotational accelerations. Equation (30) is a reprint of equation
(19), whereas Equations (31) and (32) are the rotational and
linear acceleration equations, respectively.

i+1 i+1

_ i
oi+1 = Ri o. + td

i+1
i i+1 Zi+1 (30)

29



i+1 _odi+3] i i+1 i i+1
odi+l = Ry odi + R;j70; x tdi+1 Zi1 (31)
i+1
+ tddi+1 Zi+1
where l+1odi+1 = the rotational acceleration of link i+1
referenced to frame i+1
1odi = the rotational acceleration of link i1 referenced
to frame i+1
tddi+1 = the rotational acceleration of joint i+l
i+1 _i+1 i i i i i i
aj41 < Ri[ Odi X Pi+l + o; X ( o; X Pi+1) + ai] (32)
where l+1ai+1 = the linear acceleration of the origin of 1link
frame i+l in terms of frame i+1
lPi+1 = the position of frame i+l referenced to frame i
lai = the linear acceleration of the origin of link

frame i in terms of frame i

The last acceleration equation needed 1is one that describes the
acceleration of the center of mass of each link: Equation (33).
i

_ i i i i i
any = odi X PCi + 7o, X ( o, X Pci) + Tay (33)

i

30



where ‘a the linear acceleration of the center of mass of

Ci
link i relative to frame O.
Poy = the position of the center of 1link frame i

referenced to frame i

Equations (31), (32), and (33) have been written to propagate the
accelerations from link 0 to the end 1link, since the acceleration
and velocity of 1link 0 is known. The gravitational acceleration
effects on the 1links are accounted for by 1letting the

0

acceleration of 1link 0, “a be that of gravity.

Ol

4.3.2 Force "“Propagation"

The inertial force and torque acting at the mass center of each
link can be found if the mass, the mass moments of inertia, and

the linear acceleration of the center of mass are known. The
acceleration 1is found using equations (31) and (32). The
inertial force and torque of each link is given by Equations (34)

and (35).

i i %ci (34)

31



where Fi = the inertial force of link i

m, = the mass of link i
i

an; = the linear acceleration of the center of link i in
terms of frame i
i

- i i
Ni ICi odi + o; X ICi o, (35)

where N, the inertial torque of link i

ICi = the moment of inertia tensor evaluated at the mass

center of link i

Now, all that remains to compute the joint torques required for
motion is determination of the forces and torques exerted by the
joints on each other. The forces and torques can be found by
performing a force balance on a generalized link. The free-body

diagram of Figure 6 results in Equations (36) and (37).
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Figure 6.

where

where

i

i
n,

f.
1

{i+1}

Free body diagram of a generalized link [from Craig].

£ = Riva iy TF (36)
= the force exerted on link i by link i-1
_ i i i+1 i i
= N; * TRip My f Py X F (37)
i i + i+1
*Piv1 ¥ Ry iy

the torque exerted on link i by link i-1

The joint torque is the component of lni along the 1link joint

axis, Equation (38).
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Tau., = "n. AR (38)

where Taui = the joint torque of joint i
lniT = the transpose of the lni vector
Equations (36) and (37) are written to propagate forces from the

last 1link inward to link 1.

4.3.3 Iterative Algorithm Application

All equations necessary to find the joint torques were presented
in the previous twa subsections. The equations can be applied by
iterating forward from the base link to the end link with

Equations (30), (31), (32), (33), (34) and (35), and backward
from the end link to the first 1link with Equations (36), (37),

and (38).

When applying the equations to the three-link Stanford/JPL hand,
the solutions soon became too complex to compute by hand, so the
MACSYMA symbolic manipulation program was used. The complete
file generated representing the dynamic equations is contained in
Appendix B. The resulting torques can be written in a vector

egquation as shown in Equation (39).
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Tau(t,td,tdd) = M(t)tdd + V(t,td) + G(t) (39)

where Tau = a vector of joint torques that is a function of
theta (t), the first derivative of theta (td),

and the second derivative of theta, (tdd)

M(t) an inertia matrix, (a function of theta)

V(t,td)

a vector of velocity terms, containing

centrifugal-force and Coriolis-force terms

Equations (40) through (54) give the terms generated in the

analyses.

M = C

*
11 Ix

2
%* * - * * %* *
S,3*s Cyg (L2/2) m, *s_*s (40)

2 3 3 372 73
- * * * * * - * * *
c, L2 (L2/2) m,*s_*s Ll*(L2/2) m,*s,*s

3*Sy*S,

2
* * * * * * *

Cp3*lyg*Sy*Sy + Ca¥la¥*s,¥s,5 + I0*S)

2
ko _* * * * *I, * *
+ C, *Cy*C,, (L2/2) m, + C,y*Cyq L2 (L2/2) m,

2

*o_*I,_* * *], * *
+ C, *C, L2 (L2/2) m, + Cys L1 (L2/2) m,
2 2

*o *I,_ * * * *c_ kI, *[,_*

+ c,y*Cy L1 (L2/2) m, + c, L2 *m3 + 2 c, L1 L2 m,

2 2
+ (Ly/2)*my+c, “*(L,/2) “#m, + 2%C, *L,*(L,/2)*m,

3

2 2

+ Iz + c. *Cc. *C_. . *1

2
* *
+ (Ly/2)*m, + (L,/2) "*m 1 2%C3*Cy3% 1y
2
*
+ 02 Iy2

1

M), =0 (41)
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13
21
23

22

31
32

33

2*
(L,/2) 2#my+e *L,* (Ly/2) *ma+T

2

2 2
*q _ * * * *
L m s3 +(L2/2) m3+2 03*L2 (L2/2)*m3+c3

2 3

2
+(L2/2) *m2+Iz3+Izz

2
(L,/2) 2*mytey*Ly* (L,/2) *my+T

2
(L,/2) “*m +1, 4
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2

2
* *
L2 m

3

(42)

(43)

(44)

(45)

(46)

(47)

(48)



2
* *
2*(L2/2) *m3*sz*sz3*s3 td1 td3

* * * * * *
+I *52*523 s3*td1*td3+I sS.*s s3 td1 td3

z3 y3 2 723

-— * * * * * *
I *52*523*53*td1 td3+c2 c I 53 td1 td3

23 “z3
* *
023 I

%3

-C

*
I *s3*tdl td3+c %3

* *
223" y3 2

2
- *
2*cz*c3*(L2/2) *m3*s23 tdl*td3

- *
2*c2*L2*(L2/2)*m *523 tdl*td3

- *
2*L*(L,/2) *m

3

3
*
*tdl*td3+02 c

2 73

—c_*g_* *
c,*c I

*
37 1y3 °23 Iy

3 3

- *
+c *c,  *T *sz*tdl*td3 c.*c. . *T *sz*tdl*td

3 723 “z3

* * *g % *
+c3 c23 Ix3 52 td1 td3

2
+2% %* %* * %*
2 (L2/2) m,*s,*s,,

3 ©23 “y3

s3*tdl*td2

+I_ _*s_*s *s3*td1*td2+I *g _*g *s3*td1*td

z3 "2 723

- * *
Ix3*s,%8,,

%* * * *
+2 L2 (L2/2) m,*s

y3 2 23
* %* *
53 tdl td2

2

*
5 *s3*td1 td

2

* -
523*td1*td3 c.,*c *Iz

* *
*s3 tdl td

*
37823

3

*tdl*td3

*523*td1*td3

3

2

* * * * * - * * *
+c_ *C I s3 td1 td2 c.*c I *s3 tdl*td2

2 °23 "2z3 2 ©23 y3

* %* * %1 *
+02 Cyg Ix3 Sy tdl td2
2
-2% * %* %*
2 cy*c, (L2/2) m,

-— *
2*02 L2*(L2/2)*m3*sz3*td1*td2

- %* -
2L, * (L,/2) *my*s,  %td) #td,~C, *C *I

*523*td1*td2

- * * *
Ca*Cy*ly a*s,, 2°C3

-2 % * * * * * * *
2 c,*c L2 (L2/2) m,*s, td1 td2
2

3

z3%S23
* * * * *
td1 td2+c lo] Ix3 s23*tdl*td2

*tdl*td2

=2%Cc * * * * -2%
2 02 L2 m3*52 td1 td2 2 Ll*LZ*m3*s2*td1*td2
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2
-2%
2 cz*(L2/2) *m *sz*tdl*td2

2
-2%
2%L, *(L,/2) *m,*s, *td, *td, +c

* * * *
023 I 52 tdl*td

3 z3 2

- * * - %
c3 c23 Iy3*sz*tdl*td2 2 cz*Iyz*sz*tdl*td2

* *
+c3 C,3 IX3*Sz*tdl*td2+2*Cz*Ixz*Sz*tdl*td2

2 .
-1, * *m kg * -2 % * *
L2 (L2/2) m3 s3 td3 2 L2*(L2/2) m3*s3 tdz*td3
2 2 2 2 2
* * * *m_*
+c2 L2 m3*sz*s3 td1 +L1*L2 m3 52*53 *tdl
2 2
c23 2

2 2
+02*Ll*(L2/2)*m3*s3*td1 +CZ3*(L2/2) *m3*523*td1

2 2
* * %* *
+c3 Cys LZ*(L2/2) m3*s23 td1 +c 1

- *
023 I

*Lz*(Lz/Z)*m3*s3*td12+c
2
23%*Iy3*S,3*td
L ¥C*Ly* (L, /2) *m *s_*td
*sz*td12+cz*c32*L22*m3*sz*tdl2
*sz*tdlz

2
* *
%3 523 td1 +c

+c3*L1*(L2/2)*m3
2 2 2
* * * *
tc, *L1 L2*m3*s2 td1 +c, (L2/2) m

2
+ * * * * + %*
Ll (L2/2) m2 52 tdl C2 I

2

2
* * - *
y2¥Sy*td; T -Cy* Iy,

2
2

2 2
*m_ * *
+c2*L1*(L2/2)*m3*s3*td1 +cz3*(L2/2) m,*s,, td1
2 2

* * %* - *
+c23 IY3 S55 1 ~Cy3 I td

* *
x3 S337t%
2
* * * * *
+c2*c3 L2 (L2/2) m,*s, td1 +C

2 2
* * * %* %*
L2*(L2/2)*m3*s3*td2 +C L2 (L2/2) m,*s, td1

2

td

3

-n, *s_*s +f4z*L *g _*s_+cC.*n, *s

ay*S2*S3 3¥Sy¥S3tC,*n,  *8,
* - * * * - * *
HCHN S FCy OGN Oy KO ¥ Ly Oy ¥
- *
£42*1

38

2
*T, * (1L, 2)*m_*s_*td
2 ( 2/ ) 3 3 1

2
%* *
52 tdl

2
* * * %* *

(50)

(51)

(52)



= % * — *
G2 c, g*L2*m3 S35 g*(L2/2)*m3*sz*s3+f4x*L2 s3+n4z (53)
*C_kqg* %* * *cyk E o k] *
+c2 C;*g (L2/2) m3+c2 C;,*g Lz*m3+c2 g (L2/2) m,
* * *
+f4y L3+c3 f4y L2
= =% *m_*s * L ol Jo k. * %*
G3 g (L2/2) my*s, s3+n4z+c2 C,*g (L2/2) m3+f4y L3 (54)

Included in the gravity terms are forces and moments applied to

the end of the last link.
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APPENDIX A - Physical Parameters of the Stanford/JPL Hand

The equations developad for the Stanford/JPL hand in sections 2.,
3., and 4. are written in "manipulator" space: the derived
torques are the torgues required by the manipulator at the
joints, and the derived joint angles and velocities are the
angles of the finger joints. The fingers are driven by electric
motors through a gear train and a series of pulleys. The
position and velocity controls must be accomplished at the
motors, not the joints, and thus the calculated torques,
positions, and velocities must be converted to units applicable

to the motors.

Between the following dotted 1lines is information reprinted from
Salisbury[1l] defining the relationships necessary to transform

joint space terms to tendon space.

PROCEDURE FOR DETERMINING TENDON TENSIONS, (T1,T2,T3,T4) GIVEN

JOINT MOMENTS (M1,M2,M3):
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Tmin = 0.0; : set min tendon tension

a = 0.147082081; : constants a and b

b = 0.227833027;

fl1 = 0.351757117*%M1 + 0.4403178320*M2 - 0.415855728*M3
f2 = -0.227083653*M1 - 0.0233141675*M2 + 0.751094470*M3
f3 = ~-0.227083653*M1 - 0.0233141675*%*M2 -~ 0.707056610*M3
f4 = 0.351757117*%M1 - 0.3680896100*M2 + 0.347640183*M3

y = max((Tmin-f1)/a, (Tmin-£f2) /b, (Tmin-£3) /b, (Tmin-£f4)/a) ;

Tl = a*y + fl; ;compute cable tensions
T2 = b*y + £2;
T3 = b*y + £3;

T4 = a*y + f£f4;

SUMMARY OF MATRICES:

M=R.Tand T = R_l.M (joint moments derived from tendon tensions

and vice-versa), where M = (Ml,M2,M3,Y)t, T = (Tl,TZ,T3,T4)t and

i 0.86763 -0.6477 -0.6477 1.1303 ]
R = 1.237 0.6477 -0.6477 =-1.237
0.0 0.6858 -0.6858 0.0
i 1.0 1.54902 1.54902 1.0 ]
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. -
0.351757117 0.440317832 -0.415855728 0.147082081
R = |-0.227083653 -0.0233141676 0.75109447 0.227833027

-0.227083653 -0.0233141676 -0.70705661 0.227833027

0.351757117 -0.36808961 0.347640183 0'147082081J
NOTES:
Dimensions are in cm. For example if T is in grams M = R.T will
be the joint moments in gm-cm (except Y which will be in gms).

t indicates transpose (vector or matrix)

-1 . . . .
R indicates R inverse matrix

R.T indicates matrix vector product

Tmin (minimum cable tension) should be set sufficiently positive
to keep noise in the system from causing it to attempt to exert

negative tensions.

The fourth row in R is orthogonal (by construction) to the other
3 rows. Any value of T with elements proportional to the
elements in row 4 will cause no net moment (M1,M2,M3) to be
exerted at the joints; it will only increase the internal tension

in the systen.

These same matrices also relate joint and tendon velocities. 1If

V = (vector of tendon velocities) and W = (vector of joint
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Rt.w can be

[

angular velocities and "bearing velocity") then V
used to find the tendon rates necessary for a given set of joint

rates.

T D S S e n S e S D e s e ——— — —— — . ——— T ———— T —— ———— ———— —— . —— - ——— " —— — -

The conversion from tendon space to motor space is simply a
matter of considering the radius of the capstan that the tendons
wrap onto, the gearing between the motor and capstan, and the
motor encoder resolution. These values follow.

Capstan radius = .375 in.

Gearing reduction = 25/1

Encoder resolution = 2000/rev.
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APPENDIX B - MACSYMA Output
This appendix is the output file of the MACSYMA symbolic man@pulatiop
program which gives the derivation of the Newton-Euler dynamic equations.

(c6) ROl:matrix([c1,-s1,0],
(s1,c1,0),
[0,0,13)$
(c7) Rl2:matrix([c2,-s2,0),
[oror-lell
[s2,c2,0])$
(c8) R23:matrix([c3,-83,0],
[s3,c3,0],
[0,0,1))8
(c9) R34:matrix([1,0,0],
{0,1,0},
(0,0,1})¢%
(cl0) Rl0O:transpose(R01)$
(cll) R2l:transpose(R12)$
(cl2) R32:transpose(R23)$
(c13) R43:transpose(R34)$
(c14) oo0O:matrix([0],([0],[0])$
(c15) ODOO:matrix([0],[0],[0])$
(c16) VD0O:matrix([0],[0],[g]))$
(c17) 2ll:matrix([0],[0},[1])$
(c18) Z22:matrix([0],[0],([1])$
(cl19) Z233:matrix([0],[0],([1])$
(c20) 244:matrix([0],[0]1,[1])$

(c21) POl:matrix([0],([0],[0])$
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(c22)
(c23)
(c24)
(c25)
(c26)
(c27)

(c28)

(c29)

(c30)

(c31)

(c32)

(c33)

(c34)

(d34)

(c35)

(d35)

Pl2:matrix([L1],[0],[0])S
PlCl:matrix([L12],[0],[0])$
P23:matrix({L2],[0],[01)$S
P2C2:matrix([L22],[0]},[0])$
P34:matrix({L3],([0],[0])$
P3C3:matrix([L2231,[0]1,[01)$
ClIl:matrix([IX1,0,0}3,
[0,IY1,0],
[0,0,121])$%
C2I2:matrix([IX2,0,0],
[0,IY¥2,0],
[0,0,I22])$
C3I3:matrix([IX3,0,0}],
[0,1Y3,0],
{0,0,1I23])5%

cross(a,b) :=matrix(f{af(2]*b(3]-a[3]*b[2]],
[a[3]*b[1]-a[1]*b[3]],[a[l]*b[2]-a[2]*b[1]])$

1f44:matrix([f4x]),[f4y]),[£f42])$
1nd44:matrix([n4x], [n4y], [n4z])$
011:R10.00047TD1%Z211;

0
0

tdl

— e —
[P S W

OD11:R10.000+cross(R10.000,TD1*Z11)+TDD1*Z11;

45



(c36) VD11:R1l0. (cross(0OD00,POl)+cross(000,cross(000,P01))+VDO0O0) ;
( ]
( ]
(d3e) [ [[0]1] 1]
( ]
( ]

(c37) Vchi:cross(0D11,P1C1)+cross(Oll,cross(Oll,PlCl))+VD11;
[ 2 ]
{ [[- 112 td1l ]] ]
(d37) { ]
[ [[1l12 tddl}l] ]
( ]
[ ([g9]] ]
(c38) F11l:M1#*VD1Cl;

{ 2 ]
( [[- 112 ml td1 J]] ]
(d38) [ ]
[ [[112 ml tdd1]] ]
{ ]
{ ({g ml]] ]
(c39) N11:C1I1.0Dl1l+cross(011,C1I1.011);
[ [0} ]
{ ]
(439) E [o} %
[ [(iz1 tdd1l] ]
(c40) 022:R21.011+TD2*222;
[ s2 tdl }
{ ]
(d40) [ €2 tdl ]
[ ]
[ td2 ]

(c41) OD22:R21.0Dll+cross(R21.011,TD2*222)+TDD2*Z222;

[ [s2 tddl + c2 tdl td2] ]
{ ]
(d41) [ [c2 tddl - s2 tdl td2] ]
( ]
( ]

[tdd2]
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(c42) VD22:R21.(cross(ODll,P12)+cross(Oll,cross(Oll,Plz))+VDll)7
{ 2 ]
[ [[g s2 - c2 11 tdl ]] ]
{ ]
(da2) [ 2 ]
[ [[11 s2 tdl1 + c2 g]] ]
( ]
[ ([- 11 tdd1]] ]
(c43) VD2C2:cross(0D22,P2C2)+cross(022,cross(022,P2C2))+VD22;
[ 2 2 2 2 ]
[ [[- 122 td2 - c2 122 tdl - c2 11 tdl + g s2]] ]
( ]
(d43) { 2 2 b
{ [{[122 tdd2 + c2 122 s2 tdl + 11 s2 tdl + c2 g]] ]
{ ]
[ [[- 122 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s2 tdl td2]] ]
(c44) F22:M2*VD2C2;
[ 2 2 2 2
[ [[(m2 (- 122 €d2 - c2 122 tdl - c2 11 tdl + g s2)])
(
(d44) [ 2 2
[ ({m2 (122 tdd2 + c2 122 s2 tdl + 11 s2 tdl + c2 g)]]
[
[ [[m2 (- 122 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s2 tdl td2)]]
(c45) N22:C2I2.0D22+4cross(022,C2I2.022);
[ [ix2 (s2 tddl + c2 tdl td2) + c2 iz2 tdl td2 - c2 iy2 tdl td2] ]
{ ]
(d45) [ [iy2 (c2 tddl - s2 tdl td2) - iz2 s2 tdl td2 + ix2 s2 tdl td2} ]

2 2
{iz2 tdd2 + c2 iy2 s2 tdl =~ c2 ix2 s2 tdl )

LenXam Kan!

(c46) O33:R32.022+TD3*Z33;

[ €2 s3 tdl + c3 s2 tdl ]

( ]
(d4e6) [ c2 c3 tdl - s2 s3 tdl ]

[ ]
[ td3 + td2 ]
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(c47) 0O33:matrix([s23*TD1],
[c023*TD1],
[TD2+TD3]) $
(c48) OD33:R32.0D22+cross(R32.022,TD3%Z233)+TDD3*233;
(d48) matrix([[c3 (s2 tddl + c2 tdl td2) + s3 (c2 tddl - s2 tdl td2)
+ (c2 ©3 tdl - s2 s3 tdl) td3]], [[~ 83 (s2 tddl + c2 tdl td2)
+ ¢3 (€2 tddl - s2 tdl td2) - (c2 83 tdl + c3 s2 tdl) td3]], [[tdd3 + tdd2]})
(c49) OD33:matrix([s23*TDD1+co23*TD1*TD2+co23*TD1*TD3],

[cO23*%TDD1-523*TD1*TD2~8233*TD1*TD3],
[TDD2+TDD3]) ;

[ s23 tddl + co23 tdl td3 + co23 tdl tdz2 )
[ ]
(d49) [ co23 tddl - s23 tdl td3 - s23 tdl td2 ]
[ ]
[ tdd3 + tdd2 ]

(c50) VD33:R32, (cross(0D22,P23)+cross(022,eross (022,P23))+VD22);

2 2
(d50) matrix({[[s3 (12 tdd2 + c2 12 s2 td1 + 11 s2 tdl + c2 qg)

2 2 2 2
+ €3 (- 12 td2 = c2 12 tdl c2 11 tdl + g s2)111,

2 2
[[[e3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 qg)

2 2 2 2
- s3 (- 12 td2 - c2 12 tdl c2 11 tdl + g s2)]31,

[[[- 12 (c2 tddl - s2 tdl td2)

11 tddl + 12 s2 tdl td2]]])
(c51) VD3C3:cross(OD33,P3C3)+cross(033,cross(033,P3C3))+VD33;

2 2
(d51) matrix({[[s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 qg)

2 2 2 2 2
- 122 (td3 + td2) + c3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)

2 2
- co23 122 tdl ])], [[[122 (tdd3 + tdd2)
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2 2
+ c3 (12 tdd2 + ¢2 12 s2 tdl + 11 s2 tdl + c2 qg)

2 2 2 2 2
- 83 (- 12 td2 - c2 12 tdl =~ c2 11 tdl + g s2) + co23 122 s23 tdl ]]],

[{[- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2) - 12 (c2 tddl - s2 tdl td2)
- 11 tddl + 122 s23 tdl (td3 + td2) + 12 s2 tdl td2]]])

(c52) F33:M3*VD3C3;

2 2
(d52) matrix([{[m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g)

2 2 2 2 2
122 (td3 + td2) + 3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)

2 2
co23 122 tdl )]1]1, [[[m3 (122 (tdd3 + tdd2)

2 2
+ ¢3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 qg)

2 2 2 2 2
- 83 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2) + co23 122 s23 tdl )]]],

{[[m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)
+ 12 s2 tdl td2)]3])

(c53) N33:C3I3.0D33+cross(033,C313.033);

(d53) matrix([[ix3 (s23 tddl + co23 tdl td3 + co23 tdl td2)

+ co23 iz3 tdl (td3 + td2) - co23 iy3 tdl (td3 + td2)]],

[[iy3 (co23 tddl - s23 tdl td3 - s23 tdl td2) - iz3 s23 tdl (td3 + td2)

2
+ ix3 s23 tdl (td3 + td2)]], [[iz3 (tdd3 + tdd2) + co23 iy3 s23 tdl

2
- €023 ix3 s23 tdl ]]))

(c54) 1f£33:R34.1f44+F33;
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2 2
(d54) matrix({[[m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 qg)

2 2 2 2 2
- 122 (td3 + td2) + c3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)

2 2
- co23 122 tdl ) + f4x]]1]}, [[[m3 (122 (tdd3 + tddz)

2 2
+ ¢3 (12 tdd2 + ¢c2 12 s2 tdl + 11 s2 tdl + c2 g)

2 2 2 2 2
- 83 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2) + co23 122 s23 tdl )

+ £4y]1], [[[m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + f4z]1]1]1)

(c55) 1n33:N33+R34.1ln44+cross(P3C3,F33)+cross(P34,R34.1£f44);

(d55) matrix([[[[ix3 (s23 tddl + co23 tdl td3 + co23 tdl td2)

+ co23 iz3 tdl (td3 + td2) - co23 iy3 tdl (td3 + td2) + n4x]11],

[[[[- 122 m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + iy3 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- iz3 s23 tdl (td3 + td2) + ix3 s23 tdl (td3 + td2) + n4y - f4z 13])]11,

2 2
[[[[122 m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl

2 2 2 2
+ c2g) - s3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)

2 2
+ c023 122 s23 tdl ) + iz3 (tdd3 + tdd2) + co23 iy3 s23 tdl

2
- co23 ix3 s23 tdl + ndz + f4y 1311]11)
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(c56)

TAU3:grind(ratexpand(transpose(1ln33).2Z233));

[[[122‘2*m3*tdd3+iz3*tdd3+122A2*m3*tdd2+c3*12*122*m3*tdd2+iz3*tdd2

(d56)
(c57)

(d57)

[{le3

[[[m3

+12%122+4m3*s3*%td222+Cc272*12*122*m3*s3*tdl"2
+C2%11%122*m3*s3*tdl 2+co23*%12272*m3*s23*tdl"2
+c023*iy3*523*td1‘2-c023*ix3*523*tdlAZ
+C2+%C3%12%122*m3*s2%td1722+C3*11%122*m3*s2*td172-g*122*m3*s2*s3
+n4z+c2*c3*g*x122*m3+£4y*13]1]$

done

1f22:R23.1£33+F22;

matrix([{[~- s3 (m3 (122 (tdd3 + tdd2)

2 2
(12 £tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 qg)
2 2 2 2 2
(- 12 €td2 - ¢c2 12 tdl - c2 11 tdl + g s2) + co23 122 s23 tdl ) + f4y)
2 2 2
(m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)
2 2 2 2 2 2
(- 12 td2 - ¢c2 12 tdl = c2 11 tdl + g s2) - co23 122 tdl ) + £f4x%)
2 2 2 2
(- 122 td2 - c2 122 tdl - c2 11 td81 + g s2)]1]],
2 2 :
(m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g)
2 2 2 2 2
(- 12 td2 - c2 12 td1 - ¢c2 11 tdl + g s2) + co023 122 s23 tdl ) + f4y)
2 2 2
(m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c¢2 g) - 122 (td3 + td2)
2 2 2 2 2 2
(- 12 td2 - c¢2 12 tdl1 - c2 11 tdl + g s2) - co23 122 tdl ) + f4x%)
2 2

(122 tdd2 + c2 122 =2 td1 + 11 s2 tdl + c2 g)1]],
(- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

(c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)
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+ 12 s2 tdl td2) + m2 (- 122 (e2 tddl - s2 tdl td2) - 11 tddl

+ 122 s2 tdl td2) + £f4z]]))

(c58) 1n22:N22+R23.1n33+cross(P2¢2,F22)+cross(P23,R23.1£33);

(d58) matrix([[[[~- s3 (- 122 m3 (= 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)
- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + iy3 (co23 tddl = 823 tdl td3 - s23 tdl td2)

- iz3 s23 tdl (td3 + td2) + ix3 s23 £dl (td3 + td2) + n4y - f4z 13)

+ €3 (ix3 (s23 tddl + co23 tdl td3 + €023 tdl td2) + co23 iz3 tdl (td3 + td2)
- co23 iy3 tdl (td3 + td2) + ndx) + ix2 (s2 tddl + c2 tdl td2)

+ c2 iz2 tdl td2 - c2 iy2 tdl td2]])]],

(({[ec3 (- 122 m3 (- 122 (co23 tddl - &23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + iy3 (co23 tddl - 823 tdl td3 - s23 tdl td2)

-~ iz3 s23 tdl (td3 + td2) + ix3 23 £dl (td3 + td2) + n4y - f4z 13)

- 12 (m3 (~ 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + f4z) + s3 (ix3 (s23 tddl + co23 tdl td3 + co23 tdl td2)

+ co23 iz3 tdl (td3 + td2) -~ co23 iy3 tdl (td3 + td2) + n4x)

- 122 m2 (- 122 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s2 tdl td2)

+ iy2 (c2 tddl - s2 tdl td2) - iz2 s2 tdl td2 + ix2 s2 tdl td2]]]],

2 2
[[[[12 (c3 (m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl

2 2 2 2
+ c2 g) - s3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)

2

+ c023 122 s23 tdl ) + f4y) + s3 (m3 (s3
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(12 tdd2 + c2 1
2

+ c3 (- 12 td2

+ 122 m3 (122 (

2
- 83 (- 12 tdz

2 2 2
2 s2 tdl + 11 s2 td1 + c2 g) - 122 (td3 + td2)

2 2 2 : 2 2
- c2 12 tdl - c2 11 tdl + g s2) - co23 122 tdl ) + f4x))

2 2
tdd3 + tdd2) + ¢3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g)

2 2 2 2
- c2 12 tdl - c2 11 tdl + g s2) + co23 122 s23 tdl )

2 2

+ iz3 (tdd3 + tdd2) + 122 m2 (122 tdd2 + c2 122 s2 tdl + 11 s2 tdl + c2 g)

2 2 2

+ iz2 tdd2 + co23 iy3 s23 tdl - co23 ix3 s23 tdl + c2 iy2 s2 tdl

- ¢2 ix2 82 tdl

2
+ ndaz + f4y 1331310)

(c59) TAU2:grind(ratexpand(transpose(1ln22).222}));

" [[[12272*m3*tdd3

(d59)
(c60) 1f11:R12.1

(d60) matrix([[[

+ c3 (12 tddz +

2
-~ s3 (- 12 td2

+Cc3*%12%122*m3*tdd3+iz3*tdd3+1272*m3*s3~2*tdd2+12272*m3*tdd2
+2*c3%12%122*m3*tdd2+c372*12~2*m3*tdd2+122~2*m2*tdd2+iz3*tdd2
+iz2*tdd2-12*122*m3*s3*%td372-2*%12*122*m3*s3*td2+*td3
+C2*1272*m3*s24%s5372%td142+11*%12*m3*s2*s3~2*xtd1~2
~C02372%12%122*m3*s3*%td1” 2+c272%12*122*m3*s3*tdl1"2
+c2%11%122*m3*s3*%tdl142+co23%12272*m3*s23*td1"2
+C3%co23%12%122*m3*s23*td1”2+co23*iy3*s23%td1”2
-Cc023*ix3*%s23*%tdl”2+c2*c3*12*122*m3*s2*td1"2
+Cc3%11%122%m3*s2*td1l2+c2*c342*%12~2*m3*s2*td1~2
+Cc3/2%11*12*m3*s2*tdl 2+c2*12242*m2*s2*tdl1~2
+11%122*m2*s2*4td1 2+C2*iy2%s2*%td1~2-c2*1ix2*s2*tdl1~2
+C2*%g*12*m3*s372-g*x122*m3*s2*s3+f4x*12*s3+n4z+c2*c3*g*122*m3
+C2*C3A2%xg*12%m3+c2*g*122*m2+£4y*13+c3*f4y*12]1]$

done

£22+F11;
c2 (- s3 (m3 (122 (tdd3 + tdd2)

2 2
c2 12 s2 tdl + 11 s2 tdl + c2 q)

2 2 2 2
- c2 12 tdl - ¢2 11 tdl + g s2) + co23 122 s23 tdl ) + f4y)
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2 2 2
+ c3 (m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)

2 2 2 2 2 2
+ 3 (- 12 td2 - c2 12 tdl =~ c2 11 tdl + g s2) - co23 122 tdl ) + fax)

2 2 2 2
+ m2 (- 122 td2 -~ c2 122 tdl - ¢c2 11 tdl + g s2))

2 2
- s2 (c3 (m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl

2 2 2 2
+ 02 g) - s3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)

2
+ co23 122 s23 tdl ) + f4y) + s3 (m3 (s3

2 2 2
(12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)

2 2 2 2 2 2
+ c3 (- 12 td2 - c2 12 tdl =~ c2 11 tdl + g s2) - co23 122 tdl ) + f4x)

2 2 2
+ m2 (122 tdd2 + ¢2 122 s2 tdl + 11 s2 tdl + ¢2 g)) - 112 ml tdl ]]],

[[[- m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)
+ 12 s2 tdl td2) - m2 (- 122 (c2 tddl - s2 tdl td2) - 11 tddl
+ 122 s2 tdl td2) + 112 ml tddl - £4z]]],

[[[s2 (- s3 (m3 (122 (tdd3 + tdd2) + c3

2 2
(12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g)

2 2 2 2 2
- s3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2) + co23 122 s23 tdl ) + fay)

2 2 2
+ c3 (m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)

2 2 2 2 2 2
+ 3 (- 12 td2 - ¢c2 12 tdl - c2 11 tdl + g s2) - co23 122 tdl ) + f4x)
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2 2 2 2

+ m2 (- 122 td2 - c2 122 tdl - c2 11 tdl + g s2))
2 2

+ c2 (c3 (m3 (122 (tdd3 + tdd2) + ¢3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl

2 2 2 2
+ c2 g) -~ s3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2)
2
+ c023 122 s23 tdl1 ) + f4y) + s3 (m3 (s3
2 2 2
(12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)
2 2 2 2 2 2
+ c3 (- 12 £d2 - c2 12 tdl = c2 11 tdl + g s2) - co23 122 tdl ) + f4x)
2 2

+ m2 (122 tdd2 + c2 122 s2 tdl + 11 s2 tdl + c2 g)) + g m1]]])
(c61) 1nll:N11+R1l2.1ln22+cross(P1Cl,Fll)+cross(P12,R12.1£22);
(d61) matrix([[[[c2 (- s3 (- 122 m3 (- 122

(co23 tddl - s23 tdl td3 - s23 tdl td2) - 12 (c2 tddl - s2 tdl td2) - 11 tddl
+ 122 s23 tdl (td3 + td2) + 12 s2 tdl td2)

+ iy3 (co23 tddl - s23 tdl td3 - s23 tdl td2) - iz3 s23 tdl (td3 + td2)

+ ix3 s23 tdl (td3 + td2) + n4y - £f4z 13)

+ c3 (ix3 (s23 tddl + co23 tdl td3 + co23 tdl td2) + co23 iz3 tdl (td3 + td2)
-~ ¢c023 iy3 tdl (td3 + td2) + ndx) + ix2 (s2 tddl + c2 tdl td2)

+ c2 iz2 tdl td2 - c2 iy2 tdl td2) - s2

(c3 (- 122 m3 (~ 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + iy3 (co23 tddl -~ s23 tdl td3 - s23 tdl td2)

iz3 823 tdl (td3 + td2) + ix3 s23 tdl (td3 + td2) + n4y - f4z 13)

12 (m3. (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)
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= 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 $23 tdl (td3 + td2)

+ 12 s2 tdl td2) + f4z) + @3 (ix3 (s23 tddl + co23 tdl td3 + co23 tdl td2)
+ co23 iz3 tdl (td3 + td2) - co23 iy3 €dl (td3 + td2) + n4x)

- 122 m2 (- 122 (c2 tddl = s2 tdl td2) - 11 tddl + 122 s2 tdl td2)

+ iy2 (c2 tddl - s2 tdl td2) ~ iz2 s2 tdl td2 + ix2 s2 tdl td2)]]]],

[[[[- 11 (s2 (- s3 (m3 (122 (tdd3 + tdd2)

2 2

+ ©3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 qg)

2 2 2 2 2
- 83 (=12 td2 - c2 12 tdl = c2 11 €dl + g s2) + co23 122 s23 tdl ) + f4y)

2 2 2

+ c3 (m3 (s3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)

2 2 2 2 2 2
+ 3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2) - co23 122 tdl ) + f4x)

2 2 2 2
+ m2 (- 122 td2 - c2 122 tdl - c2 11 tdl + g s2))
2 2
+ c2 (c3 (m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl
2 2 a2 2
+ c2g) - s3 (- 12 td2 - c2 12 tdl = c2 11 tdl + g s2)
2
+ c023 122 s23 tdl ) + f4y) + s3 (m3 (s3
2 2 2

(12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 ¢g) - 122 (td3 + td2)

2 2 2 2 2 2
4+ ¢3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2) - co23 122 tdl ) + f4x)

2 2

+ m2 (122 tdd2 + c2 122 s2 tdl + 11 s2 tdl + c2 g)))

2 2
- 12 (c3 (m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl
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2 2 2 2

+ c2g) - 83 (- 12 td2 - c2 12 tdl =- c¢2 11 tdl + g s2)
2
+ co23 122 s23 tdl ) + f4y) + s3 (m3 (s3
2 2 2
(12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 g) - 122 (td3 + td2)
2 2 2 2 2 2
+ ¢3 (- 12 td2 - c2 12 tdl - c2 11 tdl + g s2) - co23 122 tdl ) + f4x))
2 2
- 122 m3 (122 (tdd3 + tdd2) + c3 (12 tdd2 + c2 12 s2 tdl + 11 s2 tdl + c2 q)
2 2 2 2 2
- 53 (- 12 td2 - ¢c2 12 tdl - c2 11 tdl + g s2) + co23 122 s23 tdl )
2 2
- iz3 (tdd3 + tdd2) - 122 m2 (122 tdd2 + c2 122 s2 tdl + 11 s2 tdl + c2 g)
2 2 2
- iz2 tdd2 - co023 iy3 s23 tdl + co23 ix3 s23 tdl - c2 iy2 s2 tdl
2
+ c2 ix2 s2 tdl - n4z - g 112 ml - f4y 131111,

[[[[s2 (- s3 (- 122 m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + iy3 (co23 tddl - s23 tdl td3 - s23 tdl tdz)

- iz3 s23 tdl (td3 + td2) + ix3 s23 tdl (td3 + td2) + ndy - f4z 13)

+ €3 (ix3 (s23 tddl + co23 tdl td3 + co023 tdl td2) + co23 iz3 tdl (td3 + td2)
- co023 iy3 tdl (td3 + td2) + ndx) + ix2 (s2 tddl + c2 tdl td2)

+ c2 iz2 tdl td2 - c¢2 iy2 tdl td2) + c2

(c¢3 (- 122 m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + iy3 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- iz3 s23 tdl (td3 + td2) + ix3 s23 tdl (td3 + td2) + n4y - f4z 13)

57



- 12 (m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) + f4z) + s3 (ix3 (s23 tddl + co23 tdl td3 + co23 tdl td2)
+ co23 iz3 tdl (td3 + td2) - co23 iy3 tdl (td3 + td2) + n4x)

- 122 m2 (- 122 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s2 tdl td2)

+ iy2 (c2 tadl - s2 tdl td2) - iz22 s2 tdl td2 + ix2 s2 tdl td2)

+ 11 (- m3 (- 122 (co23 tddl - s23 tdl td3 - s23 tdl td2)

- 12 (c2 tddl - s2 tdl td2) - 11 tddl + 122 s23 tdl (td3 + td2)

+ 12 s2 tdl td2) - m2 (- 122 (c2 tddl - s2 tdl td2) - 11 tddl

2
+ 122 s2 tdl td2) - f4z) + 112 ml tddl + izl tddi]]}))

(c62) TAUl:grind(ratexpand(transpose(lnll).z1l)):

[[{c2*ix3*823*s3*tdd1~c023*%12272*m3*g2*s3*tdd1l-c2*12*122*m3*s2*s3*tddl
=11*%122*m3*s2*s3*tddl-co23*iy3+s2*s3*tddl
+C3*ix3%s52%s23+tddl+ix2*s2~2+tddl
+c2*Cc3*%co23*%12272*m3*tddl+c2*co23*12*]122+m3*tddl
+c272%c3%12*%122*m3*tddl+co23*%11*%122*m3*tddl
+C2*Cc3*%11*%122*m3*tddl+c272*12~2*m3*tddl
+2*%Cc2%]11*x12*m3*tdd1+11~2*m3*tddl+c242*12272*m2*tddl .
+2*C2%11%122*%m2*tdd1+1122*m2*tdd1+112~2*ml*tddi+izl*tddl
+Cc2*c3*co23*iy3*tddl+c272*iy2*tddl
+2%122/A2*m3*s2%523*s3*%td1l*td3+123*%s2%523*%s3*td1*td3
+iy3*52*%523*s3*tdl*td3-ix3*s2*s523*s3*td1*td3
+C2*C023*1z23*s3*td1*td3-c2*co23*iy3*s3*tdl*td3
+C2*C023*%ix3*s3%tdl*td3-2%C2*Cc3%12272*m3*s23*td1*td3
~2%C2%12%122*m3*s523*%td1*td3-2*11%122*m3*s23*td1*td3
—C2*c3*iz3*s23%tdl*td3-c2*c3*iy3+s23*tdl*td3
+C2*C3*ix3*s23*tdl*td3+Cc3*c0o23*iz3*s2+tdl1*td3
~C3*%C0o23*iy3*s2*tdl*td3+c3*co23*ix3*s2*tdl*td3
+2%122724m3*52%523*%s3*tdl*td2+iz3*s2*s23*s3*td1*td2
+1y3*52*%523%s3*tdl*td2-ix3*s2#%s23*s3*tdl*td2
+2%12%122*m3*%s2~2%s3*tdl*td2+c2*co23*iz3*s3*tdl*td2
~c2*Cc023*iy3*s3*tdl*td2+c2*co23*ix3*s3*tdl*td2
—2%Cc2*Cc3*12242%m3*%s23*tdl*td2-2*%c2%12%122*m3*s23*tdl*td2
-2%11%122*m3*s23*tdl*td2~c2*c3*iz3*s23+%tdl+td2
—Cc2*Cc3*iy3*s23*%tdl+*td2+c2*c3*ix3*s23*tdl*td2
—2%C2%C3%12%122*m3*s2*xtdl*td2-24Cc2*12~2+m3*s2*tdl*td2
—2%11%12*m3*s2*xtd1*td2-2*c2*122~2*m2*s2*tdl*td2
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-2%11%122*m2*s2*tdl*td2+c3*co23*iz3*s2*tdl*td2
-C3*co23*%iy3*s2*tdl*td2-2*c2*iy2*s2*tdl*td2
+C3*%Co23*%ix3*s2*tdl*td2+2*c2*ix2*s2*tdl*td2-n4y*s2*s3
+f4z*13%52%53+C2*n4x*s3+C3*ndx*s2+c2*c3*ndy-c2*c3*f42*13
 —c2*f4z*12-f4z*11]]1]$
(de62) done
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