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Abstract 

An approximate solution for the pressure loading required 

to expand a spherical cavity in rock and soil targets is 

derived, A dual characterization of fracture and flow material 

model is used. Frictional resistance to flow is also 

included, Non-linear volumetric strain hardening is modeled 

with bi-linear curves and unloading is assumed to be 
non-dilative. Applications of this solution form to the 

prediction o f  pressure loading on slender, convex-nosed earth 

penetrators and on spherically-nosed water entry vehicles are 

discussed. 
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Introduction 

I 

Symmetrically expanding cavity solution forms are useful in 

predicting the pressure loading on deeply penetrating 

projectilesC1-81. Irr these applications, the penetrator's 

shape and motion determine the size, rate o f  expansiOn and the 

acceleration a f  the symmetrical cavity. The pressure required 

to drive this cavity is then derived and used to approximate 
the loading on the penetrator, 

In the P A C E  c o d e  [11 these e3lculations are performed at 

incremental time steps and side loads (asymmetric pressure 

distributions) along with axial loads arg estimated for nearly 

straight trajectories. The rigid body equations of mQtion for 

a penetrator are then numerically integrated forward in time 

throughout a complete penetration event, The P A C E  code thereby 

provides an approximate solution t o  the three-dimensional 

response of a penetrator, 
The spherical cavity model c2] which is used in the P A C E  

code is based on a locking, elastic-plastic, shear strain 

hardening material model. Various forms of this generally 

stated material model, various cavity shapes (cylindrical and 

spherical) and solution methodologies are also found in 

1 References 3 ,  4 ,  5 and 6 .  A s  illystrated in these references, 

these approximate techniques have praduced good Correlations 

with more detailed numerical calculations and/or with 

experimentally measured data. 
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The P A C E  c o d e  i s  c u r r e n t l y  b e i n g  r e p l a c e d  w i t h  a new, m o r e  

f l e x i b l e  a n d  m o d u l a r  c o d e :  G N O M E .  The o b j e c t i v e  i s  t o  p r o v i d e  

a b r o a d e r  c o v e r a g e  o f  e a r t h  m a t e r i a l  m o d e l s  a n d  a p p r o x i m a t e  

s o l u t i o n s .  An a p p l i c a b l e  c a v i t y  s o l u t i o n  f o r m  i s  s o u g h t  i n  

t h i s  r e p o r t  w h i c h  b e t t e r  m o d e l s  t h e  p h y s i c a l  phenomena  

a s s o c i a t e d  w i t h  t h e  p e n e t r a t i o n  o f  r o c k  t a r g e t s  w i t h  c o n v e x  

n o s e d  p e n e t r a t o r s .  S p e c i f i c a l l y ,  t h e  phenomenon  o f  s e p a r a t e d  

f l o w  as a f u n c t i o n  o f  u n c o n f i n e d  s h e a r  s t r e n g t h  ( f o r  t a r g e t  

m a t e r i a l s )  p e n e t r a t o r  v e l o c i t y ,  a n d  o g i v e  n o s e  s h a p e  i s  

p a r t i c u l a r l y  i m p o r t a n t  t o  b o t h  a x i a l  and  s i d e  l o a d  p r e d i c t i o n s  

a s  i t  d e t e r m i n e s  t h e  e x i s t e n c e  o r  a b s e n c e  o f  f r i c t i o n a l  d r a g  on  

c y l i n d r i c a l  b o d y  s e c t i o n s .  A d d i t i o n a l l y ,  p o s t  f r a c t u r e  

m o d e l i n g  o f  r o c k  m a t e r i a l s  as p l a s t i c  b e h a v i o r  w i t h o u t  a n y  l o s s  

i n  s h e a r  s t r e n g t h  w o u l d  b e  i n t u i t i v e l y  u n s a t i s f y i n g .  T h e  

c a v i t y  p r e s s u r e  r e s p o n s e  t o  w i d e l y  v a r y i n g  v e l o c i t i e s  i s  

d e s i r e d  s i n c e  l o a d s  d a t a  t a k e n  f r o m  r e l a t i v e l y  s l o w  s p e e d  

d e v e l o p m e n t  t e s t s  m u s t  b e  s c a l e d  u p w a r d  f o r  some h i g h  s p e e d  

a p p l i c a t i o n s .  A p r o p e r l y  t a i l o r e d  s o l u t i o n  f o r  a s p h e r i c a l  

c a v i t y  m o d e l  i s  a l s o  d e s i r e d  f o r  a p p l i c a t i o n s  t o  d o u b l y  c u r v e d  

( b o t h  b l u n t  as  i n  t h e  c a s e  o f  w a t e r  e n t r y  b o d i e s  and  s l e n d e r  as 

i n  t h e  c a s e  o f  e a r t h  p e n e t r a t o r s )  n o s e  s h a p e s .  F i n a l l y ,  a 

c l o s e d  f o r m  c a v i t y  p r e s s u r e  e q u a t i o n  i s  demanded f o r  

i n e x p e n s i v e  c o m p u t a t i o n s  s i n c e  t h e  p r e s s u r e  a t  many p o i n t s  on 

t h e  b o d y  m u s t  b e  q u a n t i f i e d  a n d  n u m e r i c a l l y  i n t e g r a t e d  a t  a 

l a r g e  number  o f  i n c r e m e n t a l  t i m e  s t e p s  t o  p r e d i c t  t h e  d e s i r e d  

t h r e e  d i m e n s i o n a l  r e s p o n s e  o f  a p e n e t r a t o r  t h r o u g h  t h e  

i n t e r e s t i n g  p a r t s  o f  r e l a t i v e l y  l o n g  t r g j e c t o r i e s .  



T h i s  r e p o r t  c o n s i s t s  o f  a n u m b e r  o f  s e c t i o n s  w h i c h  w e r e  

w r i t t e n  t o  d e s c r i b e  t h e  w i d e  r a n g i n g  c o n c e p t s  u s e d  i n  t h e  

s t u d y .  The  n e x t  s e c t i o n  i s  an e x t e n s i o n  o f  t h i s  i n t r o d u c t i o n  

w h e r e  t h e  a p p l i c a t i o n  o f  s i m p l e  c a v i t y  e x p a n s i o n  m o d e l s  t o  

p e n e t r a t o r  l o a d s  i s  d i s c u s s e d .  A c o m b i n a t i o n  o f  n o n - l i n e a r  

m a t e r i a l  b e h a v i o r ,  p e n e t r a t o r  n o s e  s h a p e  a n d  p e n e t r a t i o n  

v e l o c i t y  i n t u i t i v e l y  l e a d  t o  a s e t  o f  t h r e e  z o n e s  o f  t a r g e t  

m a t e r i a l  c o m p a c t i o n .  A s h o r t  s e c t i o n  t h e n  f o l l o w s  w h e r e  t h e  

s p h e r i c a l  c a v i t y  p r o b l e m  s t a t e m e n t  i s  c o n c i s e l y  s t a t e d .  S i n c e  

new f e a t u r e s  a r e  i n t r o d u c e d  f o r  t h e  m a t e r i a l  r e s p o n s e ,  a 

s e p a r a t e  s e c t i o n  i s  d e v o t e d  t o  t h e  m a t e r i a l  m o d e l s .  

A p p r o x i m a t i o n s  f o r  p a r t i c l e  v e l o c i t y  a n d  o u t e r  r a d i u s  s t r e s s  

s t a t e s  a r e  e s s e n t i a l  t o  t h e  s o l u t i o n  t e c h n i q u e  a n d  s e p a r a t e  

s e c t i o n s  a r e  t h e r e f o r e  p r o v i d e d  fo r  e a c h .  T h e s e  a r e  f o l l o w e d  

b y  s o l u t i o n  o f  t h e  e q u a t i o n  o f  m o t i o n .  P r e l i m i n a r y  

a p p l i c a t i o n s  a n d  c o n c l u s i o n s  a r e  t h e n  d i s c u s s e d ,  S i n c e  a l a r g e  

n u m b e r  o f  s y m b o l s  a r e  u s e d  i n  t h i s  d e v e l o p m e n t ,  a n o m e n c l a t u r e  

l i s t i n g  i s  p r o v i d e d  a t  t h e  e n d  o f  t h e  r e p o r t .  For r e a d i n g  

p u r p o s e s ,  s y m b o l s  a r e  a l s o  d e f i n e d  as  t h e y  a r e  i n t r o d u c e d .  

I 
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P e n e t r a t o r  Nose  S h a p e ,  P e n e t r a t i o n  Speed ,  C a v i t y  M o d e l s  

and  M a t e r i a l  R e s p o n s e  Z o n e s  

A c o n c e p t u a l  v i e w  o f  t h e  r e s p o n s e  o f  e a r t h " ' m a t e r i a 1  a b o u t  

t h e  n o s e  o f  a p e n e t r a t i n g  p p o j e c t i l e  i s  Q i s c u s s e d  i n  t h i s  

s e c t i o n .  F i g u r e  l - a  i s  an  i l l u s t r a t i o n  o f  g e o m e t r i c a l  d e t a i l s ,  

n o r m a l  v e l o c i t y  a n d  p r e s s u r e  t e r m s  f o r  a c o n i c i r l  a n d  a n  o g i v a l  

n o s e d  p e n e t r a t o r .  B o t h  c y l i n d r i c a l  a n d  s p h e r i c a l  c a v i t y  

e x p a n s i o n  a p p r o x i m a t i o n s  h a v e  b e e n  u s e d  t o  m o d e l  t h e  p e n e t r a t o r  

l o a d s  p r o b l e m .  I n  t h e  c y l i n d r i c a l  c a v i t y  m o d e l ,  a s l i c e  o u t  o f  
e ,  

a u n i f o r m l y  e x p a n d i n g  l o n g  c y l i n d e r  i s  d r i v e n  r a d i a l l y  o u t w a r d  

b y  an  i n t e r n a l  b o u n d a r y  v e l o c i t y  o f  V n / c o s B .  I n  t h e  . 

s p h e r i c a l  m o d e l ,  a t a n g e n t  s p h e r e  i s  exp 'anded  a t  a v e l o c i t y  o f  

V n ,  w h e r e  V n  i s  t h e  n o r m a l  c o m p o n e n t  o f  t h e  v e l o c i t y  o f  t h e  

p e n e t r a , t o r  n o s e .  W i t h  e i t h e r  m o d e l ,  an i n t e r n a l  c - a v i t y  i s  ' 

f o r m e d  i n  t h e  m e d i u m  b y  t h e  advan ,c ing  p r o j e c t i l e  b o d y  a n d  

d u r i n g  t h e  p e r i o d  w h e r e  t h e  b o d y  a n d  t h e  s o i l  a r e  i n t e r a c t i n g ;  

t h e  s i z e ,  v e l o c i t y  a n d  a c c e l e r a t i o n  o f  t h e s e  c a v i t i e s  a r e  

d e t e r m i n e d  b y  t h e  p r o j e c t i l e  s h a p e  a n d  i t s  m o t i o n .  

F i g u r e  l - b  i s  a p l o t  o f  t h e  c a v i t y  v e l o c i t y  d i s t r i b u t i o n s  

f o r  t h e  t w o  n o s e  s h a p e s  p e n e t r a t i n g  a t  s l i g h t l y  d e c r e a s i n g  

p e n e t r a t o r  v e l o c i t y ,  V .  F o l l o w i n g  a s t e p  i n c r e a s e  i n  v e l o c i t y  

a t  t h e  p r o j e c t i l e  n o s e  t i p ,  t h e  c a v i t y  m o t i o n  i s  s m o o t h  i n  t i m e  

a n d  t h e  c a v i t y  v e l o c i t y  V, i s  " w a n i n g "  ( t h e  a c c e l e r a t i o n  o f  t h e  

c a v , i t y  i s  s m o o t h l y  n e g a t i v e )  f o r  b o t h  c o n v e x  and  c o n i c a l  n o s e d  



Figure  ( I - a )  
Nose Shapes  
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F i g u r e  ( l - b )  
C a v i t y  V e l ocity Distributions 

F i g u r e  (l-c) 
C a v i t y  Pressure Distributions 



p e n e t r a t o r s  w h i c h  a r e  u n d e r g o i n g  n e g a t i v e  a c c e l e r a t i o n .  F o r  

c o n i c a l  n o s e d  p e n e t r a t o r s  p e n e t r a t i n g  a t  c o n s t a n t  v e l o c i t y ,  t h e  

c a v i t y  v e l o c i t y  V n  i s  c o n s t a n t .  

F i g u r e  1-c i s  an i l l u s t r a t i o n  o f  e x p e c t e d  p r e s s u r e  

d i s t r i b u t i o n s  on t h e  t w o  d i f f e r e n t  n o s e  s h a p e s .  The t i m e  r a t e  

o f  c h a n g e  o f  p r e s s u r e  on a m a t e r i a l  e l e m e n t  w h i c h  s l i d e s  a l o n g  

t h e  c o n v e x  p e n e t r a t o r  n o s e  i s  n e g a t i v e  a n d  t h e  m a t e r i a l  i s  

" u n l o a d i n g "  h y d r o s t a t i c a l l y .  " P e r m a n e n t  s e t "  i n  e a r t h  t a r g e t s  

i s  e v i d e n c e d  b y  a r e s i d u a l  h o l e  w h i c h  p e r s i s t s  a f t e r  a 

p r o j e c t i l e  h a s  p a s s e d  t h r o u g h  t h e  m e d i u m .  C a v i t y  s o l u t i o n s  

d i s c u s s e d  i n  t h i s  r e p o r t  a r e  t h e r e f o r e  d e v e l o p e d  f o r  u s e  i n  t h e  

p r e d i c t i o n  o f  p r e s s u r e  l o a d s  on s m o o t h l y  c o n v e x  o r  c o n i c a l  

s h a p e d  p r o j e c t i l e s  w h i c h  a r e  s l o w i n g  down,  a n d  as  t h e y  p a s s  

t h r o u g h  e a r t h  m a t e r i a l s .  

C h a r a c t e r i s t i c a . 1  l y ,  t h e r e  a r e  s e v e r a l  e a r t h  m a t e r i a l  

t y p e s .  I n  s i t u  p r o p e r t i e s  v a r y  w i t h i n  e a c h  t y p e  a n d  w i t h  

v a r i o u s  c o n d i t i o n s  s u c h  as w a t e r  c o n t e n t .  B e c a u s e  o f  t h i s  e v e r  

p r e s e n t  v a r i a b i l i t y  a n d  u n c e r t a i n t y  i n  an u n t e s t e d  t a r g e t  s i t e ,  

e x a c t  ( d e t e r m i n i s t i c )  s o l u t i o n s  t o  t h e  p h y s i c a l  p r o b l e m  a r e  

u n a t t a i n a b l e  i n  g e n e r a l .  S i m p 1  i s t i c  e a r t h  m a t e r i a l  m o d e l s  

w h i c h  a r e  u s e d  f o r  a p p r o x i m a t e  s o l u t i o n s  may demand m o r e  d a t a  

t h e m s e l v e s  t h a n  c a n  b e  p r o v i d e d  f o r  t h e  g e n e r a l l y  s t a t e d  t a r g e t .  

R e g a r d l e s s ,  a d y n a m i c  s o l u t i o n  t o  t h e  r a p i d  e x p a n s i o n  o f  a h o l e  

i n  t h e  g r o u n d  demands t h a t  t h e  m a t e r i a l  b e  m a t h e m a t i c a l l y  

m o d e l e d  a n d  f o r  a c c e p t a b l y  a c c u r a t e  a p p r o x i m a t i o n s ,  b a s i c  

10 



( f i r s t  o r d e r  i m p o r t a n t )  r e s p o n s e  c h a r a c t e r i s t i c s  o f  t h e  

m a t e r i a l  m u s t  b e  d e s c r i b e d  a n d  q u a n t i f i e d .  A m a t e r i a l  m o d e l  i s  

p r e s e n t e d  l a t e r  i n  t h i s  r e p o r t  b u t  i n  o r d e r  t o  t i e  t h e  

p e n e t r a t o r  v e l o c i t y  and  d y n a m i c s  t o  t h e  m a t e r i a l  m o d e l  a n d  t o  

t h e  c a v i t y  s o l u t i o n  n e e d s ,  t h e  p r e s s u r e  v s .  v o l u m e t r i c  s t r a i n  

c u r v e  i s  shown i n  F i g u r e  2 .  

T h r e e  z o n e s  o f  m a t e r i a l  r e s p o n s e  a r e  i l l u s t r a t e d  i n  F i g u r e s  

3,  4 ,  5 a n d  t h e s e  c o r r e s p o n d  t o  v a r i o u s  p e n e t r a t o r  v e l o c i t i e s .  

F i g u r e  3 i s  an i l l u s t r a t i o n  o f  s l o w  s p e e d  p e n e t r a t i o n  i n t o  

c o m p e t e n t  r o c k .  M a t e r i a l  w h i c h  e n t e r s  t h e  f r a c t u r e d  a n d  

c o m p a c t e d  z o n e  m u s t  b e  c r u s h e d  b y  a r a d i a l  s t r e s s  ( a t  t h e  o u t e r  

b o u n d a r y ,  R )  w h i c h  i s  s u f f i c i e n t  t o  f r a c t u r e  t h e  m a t e r i a l  i n  a 

q u a s i - s t a t i c  r a t e  o f  l o a d i n g .  Wave f r o n t  s t r e s s e s  w h i c h  

p r o p a g a t e  o u t w a r d  f r o m  t h e  i n t e r n a l  d i s t u r b a n c e  a r e  t o o  weak b y  

d e f i n i t i o n  i n  t h i s  s p e e d  r e g i m e  t o  c r u s h  t h e  r o c k .  C o n d i t i o n s  

n e c e s s a r y  f o r  t h e  e x i s t e n c e  o f  t h i s  t y p e  o f  r e s p o n s e  * a r e  

t h e r e f o r e  m a t e r i a l  s t r e n g t h  a n d  c a v i t y  v e l o c i t y  d e p e n d e n t .  The 

c r i t i c a l  v e l o c i t y  (max imum a l l o w e d  f o r  t h i s  t y p e  o f  e x p a n s i o n )  

d e p e n d s  on t h e  c o h e s i v e  s t r e n g t h  o f  t h e  e a r t h  m a t e r i a l  i n  

11 

q u e s t i o n .  By d p f i n i t i o n ,  m a t e r i a l  o u t s i d e  t h i s  i n n e r  z o n e  i s  

s t r e s s e d  e l a s t i c a l l y .  



Zone 3p- b. 
c .  9 6 i K I  

Figure 2 
Pressure-Volume S t r a i n  

W i t h  A p p r o x i m a t e  Unloading P a t h s  f o r  
Yarious Zones I l l u s t r a t e d  in  Figures  ( 3 ,  4 ,  a n d  5 )  
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Figure 3 

S l o w  S p e e d  P e n e t r a t i o n  i n t o  C o m p e t e n t  
Soil and  R o c k  T a r g e t s  

Ma-te r i a 1 
t h i s  zone 
compacted 
a d e n s i t y  

in 
i s  
to 
-, 

- p c  

* * E x p r e s s i o n  f o r  a R  shown o n  t h i s  f i g u r e  a s  w e l l  a s  t h o s e  shown o n  
F i g u r e s  4 a n d  5 a r e  d e v e l o p e d  l a t e r  i n  r e p o r t .  
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F i g u r e  4 i s  an i l l u s t r a t i o n  o f  r e s p o n s e  t o  i n t e r m e d i a t e  

v e l o c i t i e s .  The m a t e r i a l  n e a r  t h e  p e n e t r a t o r  n o s e  t i p  i s  

l o a d e d  s u f f i c i e n t l y  f a s t  t o  s h o c k - c r u s h  t h e  r o c k  b u t  n o t  

s t r o n g l y  e n o u g h  t o  " b o t t o m  o u t ' '  t h e  m a t e r i a l  i n  a h y d r o s t a t i c  

s e n s e ;  i . e . ,  t h e  p r e s s u r e  a t  t h e  wave  f r o n t  i s  l e s s  t h a n  p 
I 

shown i n  F i g u r e  2.  S i n c e  t h e  s t r e s s  j u s t  b e h i n d  t h i s  f r o n t  

d e c a y s  w i t h  n e g a t i v e l y  a c c e l e r a t i n g  e x p a n s i o n s  ( c o n v e x  n o s e d  

p e n e t r a t o r s )  t h e  a d v a n c i n g  c r u s h  f r o n t  c o n d i t i o n s  s w i t c h  t o  

t h a t  d e s c r i b e d  i n  F i g u r e  3 a t  some t i m e  i n  t h e  e x p a n s i o n .  

C o n t i n u e d  e x p a n s i o n  i s  r e s i s t e d  b y  t h e  m a t e r i a l ' s  s t r e n g t h ,  t h e  

a c c e l e r a t i o n  o f  t h e  a c c u m u l a t e d  z o n e  o f  c r u s h e d  r o c k ,  a n d  t h e  

a t t e n d a n t  f r i c t i o n a l  s h e a r  r e s i s t a n c e  t o  c o n t i n u e d  f l o w  o f  t h e  

m a t e r i a l  i n  t h e s e  z o n e s .  

F i g u r e  5 i s  an i l l u s t r a t i o n  o f  b e h a v i o r  t o  b e  e x p e c t e d  

u n d e r  h i g h  s p e e d  e x p a n s i o n s .  The m a t e r i a l  n e a r  t h e  t i p  i s  

f i r s t  s h o c k  l o a d e d  t o  p r e s s u r e s  w h i c h  e x c e e d  pa shown i n  

F i g u r e  2 .  T h i s  z o n e  a d v a n c e s  u n t i l  t h e  m a t e r i a l  a t  t h e  f r o n t  

i s  l o a d e d  t o  j u s t  p , .  C o n t i n u e d  r e s p o n s e  a t  t h e  wave  f r o n t  

i s  t h e  same a s  t h a t  o f  Zone  I 1  i n  F i g u r e  4 w h i c h  s u b s e q u e n t l y  

d e c a y s  a t  a l a t e r  t i m e  t o  t h e  q u a s i - s t a t i c  c o n d i t i o n .  

A s  i l l u s t r a t e d ,  t h e r e  i s  a s t r o n g  r e l a t i o n s h i p  b e t w e e n  

m a t e r i a l  p r o p e r t i e s  a n d  e x p a n s i o n  r a t e  i n  d i s t i n g u i s h i n g  

b e t w e e n  low, i n t e r m e d i a t e ,  a n d  h i g h  s p e e d  r e s p o n s e .  

E x p a n d i n g  c a v i t y  s o l u t i o n s  w h i c h  a r e  u s e f u l  f o r  p r e d i c t i n g  

p r e s s u r e  l o a d i n g  o n  s m o o t h l y  c o n v e x  o r  c o n i c a l  n o s e d  

p e n e t r a t o r s  m u s t ,  i n  g e n e r a l ,  t a k e  i n t o  a c c o u n t  t h e  f o l l o w i n g :  
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M a t e r i a l  i n  t h i s  
zone 
t o  a 

' v a r i  
a n d  
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zone 
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F i g u r e  4 

I n t e r m e d i a t e  Speed P e n e t r a t i o n  i n t o  
Competent S o i l  a n d  Rock T a r g e t s  

i s  c 
dens 

e s  be 
PI1 

r i a l  
i s  c 
dens 

ompa 
i t y  
twee 

i n  t 
ompa 
i t y  

c t e d  
w h i c h  

p c  

h i s  
c t e d  
o f  P c  

I 
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Material in this 
zone is compacted 
to a d e n s i t y  of p i  

Material in this / zone is compacted 
to a densit; which 

Material in this 

F i g u r e  5 

H i g h  Speed  P e h e t r a t i o n  i n t o  C o m p e t e n t  
, S o i l  a n d  R o c k  T a r g e t s  
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1 .  Peak p r e s s u r e  o c c u r s  a t  t h e  n o s e  t i p  ( z e r o  r a d i u s  i n  

t h e  s y m m e t r i c a l  c 3 v i t y  m o d e l s )  a n d  t h e  c r u s h e d  and  c o m p a c t e d  

m a t e r i a l  w h i c h  b e a r s  a g a i n s t  t h e  p e n e t r a t o r  s u r f a c e  u n d e r g o e s  

u n l o a d i n g  f o r  c o n v e x  n o s e  s h a p e s  a n d  r e m a i n s  a t  n e a r l y  a 

c o n s t a n t  p r e s s u r e  f o r  c o n i c a l  s h a p e s .  M a t e r i a l  w h i c h  l i e s  

w i t h i n  t h e  wake b e h i n d  t h e  l e a d i n g  c r u s h  f r o n t  may c o n t i n u e  t o  

b e  c o m p a c t e d  a t  a r e l a t i v e l y  s l o w  r a t e  ( a s  i n  t h e  c a s e  o f  

c o n s t a n t  v e l o c i t y ,  c o n i c a l  n o s e  p e n e t r a t i o n ,  R e f .  7 )  o r  i t  may 

e x p e r i e n c e  u n l o a d i n g  f o r  w a n i n g  e x p a n s i o n s .  R a p i d  c o m p a c t i o n  

o f  t h e  e a r t h  m a t e r i a l  may o c c u r  a t  t h e  l e a d i n g  f r o n t .  The  

u n l o a d i n g  p - 7  r e l a t i o n s h i p  i s  i m p o r t a n t  i n  some c a s e s  f o r  

m a t e r i a l  w i t h i n  t h e  c r u s h e d  a n d  c o m p a c t e d  z o n e s .  L o a d i n g - u p  o f  

t h i s  m a t e r i a l  d e p e n d s  on  t h e  u s u a l l y  m e a s u r e d  p - q  c u r v e  w h i c h  

i s  i m p o r t a n t  i n  a l l  c a s e s  a t  t h e  l e a d i n g  f r o n t .  

2 .  P r o v i s i o n  f o r  t h e  p o s s i b i l i t y  t h a t  s o l i d  l i k e  

c o m p a c t i o n  w i l l  o c c u r  w i t h  " h i g h  s p e e d "  p e n e t r a t i o n  i s  n e e d e d ,  

i . e . ,  w i t h  a p i e c e - w i s e  l i n e a r  p - n  c u r v e  a s  s e l e c t e d  h e r e ,  

t h r e e  z o n e s  o f  c o m p a c t i o n  w i t h i n  t h e  wake may o c c u r .  

3 .  S h e a r  s t r a i n  i n  z o n e s  n e a r  t h e  p e n e t r a t o r  b o d y  ( i n n e r  

c a v i t y )  i s  f i n i t e  a n d  c o n t i n u e s  t o  g r o w  w i t h  t h e  e x p a n s i o n .  

T h i s  s h e a r  s t r a i n  i n  z o n e s  n e a r  t h e  c a v i t y  g r e a t l y  e x c e e d s  t h e  

e l a s t i c  l i m i t  o f  e a r t h  m a t e r i a l s .  S h e a r  s t r e s s  ( r e s i s t a n c e  t o  

f l o w )  i n  t h e s e  z o n e s  o f  c r u s h e d  r o c k  i s  p r i m a r i l y  d e r i v e d  f r o m  

i n t e r n a l  f r i c t i o n ,  ! . e . ,  t h e  i n i t i a l  c o h e s i v e  s t r e n g t h  o f  r o c k ,  

f o r  e x a m p l e ,  i s  d e s t r o y e d  b y  f r a c t u r i n g  a t  t h e  l e a d i n g  f r o n t .  

4 .  S m o o t h  k i n e m a t i c  f o r c i n g  a t  t h e  i n n e r  c a v i t y  s u r f a c e  

t o g e t h e r  w i t h  s rnoq th  p r o g r e s s i o n  o f  t h e  l e a d i n g  c r u s h - f r o n t  i n  

17 



a h o m o g e n e o u s  m a t o r i a l  m o d e l  i n d i c a t e s  a s m o o t h l y  d e c l  i n i n g  

p r e s s u r e  d i s t r i b l t i o n  a l o n g  t h e  n o s e  o f  t h e  p e n e t r a t o r .  

V i b r a t o r y  m o t i o n  w i t n i n  t h e  w a k e  z o n e s  i s  p o s s i b l e  b u t  t h e  

d i s t u r b a n c e s  o r  n o n - h o m o g e n e i t i e s  n e c e s s a r y  t o  e x c i t e  a n d  

s u s t a i n  t h i s  t y p e  o f  r e s p o n s e  a r e  o m i t t e d  i n  t h i s  r e p o r t .  

The o b j e c t i v e  o f  t h i s  d e v e l o p m e n t  i s  t o  d e s c r i b e  

a p p r o x i m a t e  s o l u t i o n s  t o  s p h e r i c a l l y  e x p a n d i n g  c a v i t i e s  w h i c h  

a r e  s u i t a b l e  f o r  p r e d i c t i n g  t h e  p r e s s u r e  l o a d i n g  on  d e e p l y  

p e n e t r a t i n g  p r o j e c t i l e s .  A m a t e r i a l  ~ o d e l  i s  u s e d  w 9 i c h  w i l l  

a p p r o x i m a t e l y  a n d  s i m p l y  d e s c r i b e  m e a s u r e d  b e h a v i o r  I s f  s e v e r a l  

e a r t h  m a t ? r i a l  t y p e s .  The  r e s u l t i n g  c l o s e d  f o r m  s o l l ~ t i o n s  a r e  

u s e f u l  i n  i n e x p e n s i v e  c o m p J t a t i o n s  o f  t h e  r e s p o n s e  o f  a b o d y  

v i a  f u l  1 p e n e t r a t i o n  t r a j e c t o r y  c o d e s .  A s y m m e t r i c  

p e r t o r b a t i o n s [ ’ ]  t o  t h e  c a v i t y  v e l o c i t y  a n d  a c c e l e r a t i o n  m a y  

b e  e m p l o y e d  t o  p r e d i c t  l a t e r a l  l o a d i n g  f o r  n e a r l y  s t r a i g h t  

p e n e t r a t i o n  e v e n t s .  

18 
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E x p a n d i n g  C a v i t y  P r o b l e m  S t a t e m e n t  

, 

W i t h  r e f e r e n c e  t o  F i g u r e  6 ,  c o n s i d e r  an e x p a n d i n g  s p h e r i c a l  

c a v i t y  i n  r o c k  o r  s o i l .  A t  t h e  i n n e r  b o u n d a r y ,  r = q ;  t h e  

v e l o c i t y  a n d  a c c e l e r a t i o n  a r e  g i v e n  b y  4 a n d  and t h e s e  a l o n g  

w i t h  q a r e  p r e s c r i b e d .  T h e s e  a r e  assumed  t o  b e  s m o o t h  i n  t i m e  

f o l l o w i n g  a s t e p  i n c r e a s e  i n  4 a t  z e r o  t i m e .  The v e l o c i t y ,  4 ,  
i s  a l w a y s  p o s i t i v e  a n d  t h e  a c c e l e r a t i o n ,  {, i s  z e r o  o r  n e g a t i v e  

f o r  t h e  p e r i o d  o f  i n t e r e s t .  A t  z e r o  t i m e ,  q i s  z e r o  and  t h e  

m e d i u m  i s  assumed  t o  b e  s t r e s s  f r e e  a n d  t o  h a v e  a d e n s i t y  p o .  

A d i f f e r e n t i a l  e l e m e n t  o f  f r a c t u r e d  o r  c r u s h e d  m a t e r i a l ,  a t  a 

l a t e r  i n s t a n t  i n  t i m e ,  p o s i t i o n e d  a t  a r a d i a l  d i s t a n c e  r ,  i s  

c o m p a c t e d  t o  a d e n s i t y  p b y  t h e  c o m p r e s s i v e  s t r e s s  c o m p o n e n t s  

The  o u t e r  b o u n d a r y ,  r = R ,  
= a b '  ( o r ,  06, u 0 ) w h e r e  U~ 

i s  a t  t h e  m o v i n g  f r o n t  w h i c h  d e f i n e s  t h e  b o u n d a r y  b e t w e e n  

e l a s t i c a l l y  s t r e s s e d  m a t e r i a l  a n d  t h e  " p l a s t i c a l l y "  c o m p a c t e d  

z o n e .  The  e l a s t i c  s t r e s s  a t  t h i s  i n t e r f a c e  i s  assumed  t o  b e  

n e g l i g i b l e  e x c e p t  i n  l o w  v e l o c i t y  p e n e t r a t i o n  a n d / o r  l a t e  t i m e  

w h e r e  t h e  s t a t i c  c r u s h  s t r e n g t h  c o n t r o l s .  The c r u s h e d  o r  

c o m p a c t e d  r e g i o n  may b e  f u r t h e r  d i v i d e d  i n t o  s p e e d  a n d  m a t e r i a l  

d e p e n d e n t  r e s p o n s e  z o n e s .  R a d i a l  s t r e s s  a t  t h e  i n n e r  b o u n d a r y ,  

u i s  t h e  u n k n o w n  t o  b e  d e t e r m i n e d .  
q '  
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Figure 6 

Expanding Spherical C a v i t y  Problem 
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Hydrostatic pressure and s t r e s s  difference ( s h e a r )  are 

defined with: 

1 P = =j ( J r  + 2 U $ )  

r - 9 T =  u 

Inversely: 

2 7  u r = p + T  

a g = p - 3  
7 

( 3 )  

( 4 )  
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Material Model 

Basic coverage of the response of homoqeneous regions of in 

situ geologic materials (to a simple first apDroximation) is 

modeled with Figures 7, 8 and 9. For symmetrical expansions 

and when the stress state is separated into dilatational and 

deviatoric components, two components of stress (pressure and 

shear) must be defined. 

Figure 7 is a piecewise linear model for pressure versus 

volumetric strain. I n  this model, K1 as shown in Figure 2 is 

assumed to be approximately equal to K. Several materials may 

be approximately characterized with this model. For examples: 

the idealized locking model would have K = 0 and K2 = 0 3 ;  

while a simple linear approximation would place pL at 

infinity. I n  general, K (the volumetric stiffness) is not zero 

and some kind of hardening is needed for higher pressure 

loads. Effects of water content can be treated as it affects 

the slopes of the linear segments, the in situ density and the 

distended volume ranqe (TI&). Unloadinq paths are important in 

the waning cavity expansion problem. Unloadings o f  compacted, 

fractured and highly distorted soil and rock materials are not 

expected t o  follow the same path as measured in loadinq up 

tests. More steeply unloading slopes are expected with some 

degree of reconsolidation and/or tllockinq.tt For convenience, 

the unloading slope is assumed to be nearly K2 and K2 is 



Figure 7 

Pressure-Vo?umetric Strain Model 
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Pre- Crash 

F i g u r e  8 

F r a c t u r e  an'd F l o w  S t r e n g t h  M o d e l  5 

i 
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F i g u r e  9 

Shear S t r e s s - S h e a r  S t r a i n  Model 



I 

assumed  t o  b e  n e a r l y  v e r t i c a l  i n  o u r  p r o b l e m .  Y a r r i n g t o n  ( 4 )  

u s e d  a g e n e r a l i z e d  l o c k i n g  o n  u n l o a d i n g  m o d e l  o f  t h i s  k i n d  i n  

h i s  c y l i n d r i c a l l y  e x p a n d i n g  c a v i t y  t e c h n i q u e s .  

S h e a r  r e s i s t a n c e  t o  f i n i t e  d e v i a t o r i c  s t r a i n  a n d  

c o n t i n u o u s l y  o u t w a r d  f l o w  c o n d i t i o n s  i s  i l l u s t r a t e d  w i t h  

F i g u r e s  8 a n d  9 a n d  m o d e l e d  w i t h  E q u a t i o n  5 .  D e p e n d i n g  on t h e  

soil o r  r o c k  t y p e  a n d  t h e  m o i s t u r e  c o n t e n t ,  s h e a r  r e s i s t a n c e  t o  

f l o w  d e p e n d s  o n  v a r i o u s  f a c t o r s .  A c o n s t a n t  o r  r e s i d u a l  

c o h e s i v e  l i k e  r e s i s t a n c e ,  
7 6  

, may b e  f o u n d  i q  some c l a y s  

w h i l e  f r i c t i o n a l  r e s i s t a n c e  i s  f o u n d  i n  w e t  and  d r y  s a n d s .  

A f r a c t u r e  o r  c o h e s i v e  s t r e n g t h  i s  a v a i l a b l e  i n  c o m p e t e n t  

r o c k  t a r g e t s .  T h i s  b r i t t l e  s t r e n g t h  m u s t  b e  e x c e e d e d  a t  t h e  

a d v a n c i n g  f r o n t  o f  t h e  i n n e r  z o n e s  o f  t h e  e x p a n s i o n  b u t  o n c e  

b r o k e n  t h i s  s t r e n g t h  i s  l o s t  o r  r e d u c e d  i n  m a g n i t u d e  a n d  t h e  

s h e a r  r e s i s t a n c e  t o  f l o w  i s  m o d e l e d  w i t h  E q u a t i o n  5 .  

P 

7 = u p  + 7 '  
0 ( 5 )  

w h e r e  7; i s  a p e r s i s t e n t  o r  r e s i d u a l  c o h e s i v e  s t r e n g t h .  

O b v i o u s l y ,  t h i s  m o d e l  i s  n o t  a c o m p l e t e  t r e a t m e n t  o f  a l l  

c o m p l e x  phenomena  w h i c h  may o c c u r  i n  t h e  f r a c t u r e  and  f l o w  o f  

s o i l s  a n d  r o c k s .  C o u p l i n g  o f  v o l u m e t r i c  s t r a i n  ( b u l k i n g )  w i t h  

s h e a r  s t r a i n  t h r o u g h  t h e  p r o c e s s e s  o f  f r a c t u r e ,  a n d  s u b s e q u e n t  

f l o w ,  f o r  e x a m p l e ,  i s  n o t  a t t e m p t e d .  S m o o t h  and  c o n t i n u o u s  

v o l u m e t r i c  s t r a i n  h a r d e n i n g  w h i c h  may b e  o b s e r v e d  i n  some 

m a t e r i a l s  t e s t  d a t a  w o u l d  h a v e  t o  b e  m o d e l e d  w i t h  t h e s e  f o r m s  
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b y  t w o  l i n e a r  s e g m e n t s .  D i s c r e t e  s e p a r a t i o n  o f  r e s p o n s e  z o n e s  

w h i c h  o c c u r s  b e c a u s e  o f  t h e  i n t e r s e c t i o n  o f  t w o  l i n e a r  l i n e s  i n  

t h i s  a p p r o x i m a t e  p - t-, m o d e l  w o u l d  n o t  n e c e s s a r i l y  be  s h a r p l y  

d i s c e r n i b l e  i n  p e n e t r a t i o n  t e s t s .  F r i c t i o n a l  r e s i s t a n c e  t o  

f l o w  w i l l  v a r y  w i t h  t h e  d e g r e e  o f  f r a c t u r e  a n d  c o m p a c t i o n  b u t  

f o r  s i m p l i c i t y ,  t h i s  f a c t o r  i s  assumed  t o  be  c o n s t a n t  i n  t h i s  

m o d e l .  F i n e l y  l a y e r e d  g e o l o g i c  d e t a i l  a n d  o r t h o t r o p i c  b e h a v i o r  

h a v e  a l s o  b e e n  c m i t t e d  f o r  t h e  a d v a n t a g e s  o f  s i m p l i c i t y .  

S t r a i n  r a t e  e f f e c t s  may b e  i m p o r t a n t  i n  h i g h  s p e e d  p e n e t r a t i o n s  

b u t  a g a i n  f o r  s i m p l i c i t y ,  t h e s e  e f f e c t s  a r e  n o t  i n c l u d e d .  

F i r s t  o r d e r  e s t i m a t e s  f o r  u s e  o n  s i m p l y  d e f i n e d  t a r g e t s  

w i t h  a t t e n d a n t  c o v e r a g e  o f  v a r i o u s  f a c t o r s  a r e  a f f o r d e d  w i t h  

t h i s  m o d e l .  The m o d e l  i s  i n t e n d e d  f o r  u s e  i n  p r e d i c t i n g  t h e  

r e s p o n s e  o f  p r o j e c t i l e s  p e n e t r a t i n g  i n t o  g e n e r a l l y  d e f i n e d  b u t  

p o o r l y  m e a s u r e d  t a r g e t s .  

When t h e  s h e a r  r e s i s t a n c e  t o  f l o w ,  E q u a t i o n  5 i s  

s u b s t i t u t e d ,  E q u a t i o n s  2 a n d  3 may be  u p d a t e d  t o :  
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2T; 

a r = ( y ) p +  3 
3 r; 

r 3 + 2 ~  

o r  r =  (uor +rJ 

w h e r e  a = - 6 
3 + 2 p  



Assumed P a r t i c l e  V e l o c i t y  D i s t r i b u t i o n  

W i t h i n  Wake o f  t h e  C r u s h  F r o n t  

A s i m p l e  e x p r e s s i o n  f o r  t h e  p a r t i c l e  v e l o c i t y  a s  a f u n c t i o n  

o f  r a d i a l  p o s i t i o n  i s  d i s c u s s e d  i n  t h i s  s e c t i o n .  W i t h  t h e  u s e  

o f  t h i s  e x p r e s s i o n ,  t h e  e q u a t i o n  o f  m o t i o n  may b e  d i r e c t l y  

i n t e g r a t e d  t o  a c h i e v e  an  e c o n o m i c a l ,  c l o s e d - f o r m ,  s o l u t i o n  t o  

an  o t h e r w i s e  c o m p l i c a t e d  n g n l i n e a r  e q u q t i o n  t h a t  w o u l d  r e q u i r e  

some k i n d  o f  n u m e r i c a l  s o l u t i o n .  The  s i m p l i f i c a t i o n  c o n c e r n s  

t h e  r e l a t i v e  m a g n i t u d e  o f  t h e  v o l u m e t r i c  s t r a i n  r a t e  t o  t h e  

s h e a r  s t r a i n  r a t e  i n  t h e  wake  z o n e s  o f  t h e  w a n i n g  c a v i t i e s .  

V o l u m e t r i c  s t r a i n  r a t e  f o r  s p h e r i c a l  e x p a n s i o n [ 6 1 i s  g i v e n  b y  

a n d  s h e a r  s t r a i n  r g t e  16' b y  

i = -  ($2) 

w h e r e  ( v )  i s  t h e  r a d i a l l y  d i r e c t e d  v e l o c i t y  o f  a m a t e r i a l  

e l e m e n t  c u r r e n t l y  a t  t h e  r a d i u s  ( r ) .  The s i g n  c o n v e n t i o n  

a d o p t e d  i s  s u c h  t h a t  p o s i t i v e  v a l u e s  o f  p a n d  T w i l l  p r o d u c e  

p o s i t i v e  v a l u e s  o f  Q a n d  E. 

The  s h e a r  s t r a i n  a n d  s h e a r  s t r a i n  r a t e  a r e  e s s e n t i a l l y  

u n r e s t r a i n e d  b y  t h e  m a t e r i a l  m o d e l  f o l l o w i n g  f r a c t u r e .  T h a t  

i s ,  o n c e  t h e  m q t e r i a l ' s  c o h e s i v e  s t r e n g t h  i s  b r o k e n  t h e  
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m a t e r i a l  i s  i n s e n s i t i v e  t o  f u r t h e r  s h e a r  s t r a i n  ( a  p e r f e c t l y  

p l a s t i c  c o n d i t i o n ) .  

The s h e a r  s t r a i n  may b e  ( a n d  i s )  a r b i t r a r y  a n d  l a r g e  a n d  

t h e r e  i s  n o  m o t i v a t i o n  p r o v i d e d  b y  t h e  s h e a r  m o d e l  f o r  t h e  

m a t e r i a l  t o  r e c o v e r  t h e  p l a s t i c  s h e a r  d i s t o r t i o n  o n c e  t h e  

s t r e s s e s  a r e  r e l a x e d .  The s h e a r  s t r a i n  i s  t h e r e f o r e  f r e e  t o  h e  

a s  l a r g e  a s  n e c e s s a r y  t o  s a t i s f y  o t h e r  g o v e r n i n g  e q u a t i o n s .  

T h e r e  a r e  t h r e e  r e a s o n s  why t h e  v o l u m e t r i c  s t r a i n  r a t e  i s  

s m a l l  i n  t h e  wake z o n e s  o f  t h e  s m o o t h l y  w a n i n g  c a v i t y  e x p a n s i o n  

p r o b l e m :  

1 .  The v o l u m e t r i c  s t r a i n  ( u n l i k e  t h e  s h e a r  s t r a i n )  i s  

u p p e r  b o u n d e d  a n d  t h i s  u p p e r  b o u n d  i s  a p p r o x i m a t e l y  g i v e n  b y  v R .  

O n l y  u n d e r  s t r o n g  p r e s s u r e  w i l l  g r e a t l y  e x c e e d  11 

a b s e n c e  o f  s e c o n d a r y  s h o c k  l o a d i n g  o r  d i s t u r b a n c e s  a t  t h e  

b o u n d a r i e s  ( i n n e r  c a v i t y  o r  a t  t h e  a d v a n c i n g  s h o c k  f r o n t )  t h e  

I n  t h e  R '  

v o l u m e t r i c  s t r a i n  f o r  a g i v e n  m a t e r i a l  e l e m e n t  i n  t h e  wake z o n e s  

w i l l  be  s m o o t h l y  a n d  m o n o t o n i c a l l y  d e c l i n i n g  ( o r  s l o w l y  

i n c r e a s i n g )  w i t h  t i m e  f r o m  ( o r  t o w a r d )  a r e l a t i v e l y  s m a l l  p e a k .  

2 .  The m a t e r i a l  i n  t h e  c o m p a c t e d  z o n e  i s  r e l a x i n g  i n  some 

c a s e s  a n d  t h e  u n l o a d i n g  p - Q r e l a t i o n s h i p  g o v e r n s .  A s  

d i s c u s s e d  i n  t h e  m a t e r i a l  m o d e l  s e c t i o n  o f  t h i s  r e p o r t ,  t h i s  

s l o p e  i s  assumed  t o  b e  much g r e a t e r  t h a n  K .  Smoo th  r e l a x a t i o n  

a l o n g  n e a r l y  v e r t i c a l  l i n e s  w o u l d  p r o d u c e  n e g l i g i b l y  s m a l l  

v a l u e s  a f  i and i n  t h e  l i m i t i n g  c a s e  o f  v e r t i c a l  l i n e s ,  t h i s  

r e l a x a t i o n  w o u l d  p r o v i d e  t h e  g e n e r a l i z e d  l o c k i n g  m o d e l  r e s u l t s  

u s e d  b y  Y a r r i n g t o n ,  r 4 J  e . g . ,  li E 0.0.  
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3 .  The t h i r d  f a c t o r  g o v e r n i n g  t h e  m a g n i t u d e  o f  t h e  

v o l u m e t r i c  s t r a i n  r a t e  i s  t h e  s t r e n g t h  o f  q ( a c c e l e r a t i o n  o f  

t h e  i n n e r  c a v i t y  r a d i u s ) .  When q i s  z e r o ,  an e s s e n t i a l l y  

c o n s t a n t  v e l o c i t y ,  o n e  d i m e n s i o n a l ,  c o m p a c t i o n  l o a d i n g  o f  t h e  

m a t e r i a l  r e s u l t s  a t  t h e  l e a d i n g  f r o n t  a n d  t h e  p r e s s u r e  on t h e  

c r u s h e d  m a t e r i a l  v a r i e s  r e l a t i v e l y  s l o w l y  w i t h  t i m e .  T h i s  i s  

m o r e  e a s i l y  s e e n  i n  i n f i n i t e l y  l o n g ,  r e c t i l i n e a r  m o d e l s  w h e r e  

t h e  m a t e r i a l  b e h i n d  t h e  l e a d i n g  f r o n t  r e m a i n s  a t  c o n s t a n t  

v e l o c i t y  a n d  t h e  s t r e n g t h  o f  t h e  p r e s s u r e  a t  t h e  f r o n t  r e m a i n s  

c o n s t a n t .  I n  m o d e r a t e  v e l o c i t y ,  d e e p  p e n e t r a t i o n s  w i t h  s l e n d e r  

c o n v e x  o r  c o n i c a l - n o s e d  p r o j e c t i l e s ,  q f o r  t h e  s p h e r i c a l  c a v i t y  

i s  a r e l a t i v e l y  s m a l l  n e g a t i v e  v a l u e  a f t e r  t h e  s t e p  i n c r e a s e  i n  

v e l o c i t y  a t  t h e  n o s e  t i p .  

Any  one  o f  t h e s e  r e a s o n s  c o u l d  be  u s e d  t o  j u s t i f y  t h e  

a p p r o x i m a t i o n  t h a t  v o l u m e t r i c  s t r a i n  r a t e  i n  t h e  c r u s h e d  

m a t e r i a l  i s  n e g l i g i b l y  s m a l l  r e l a t i v e  t o  t h e  s h e a r  s t r a i n  

r a t e .  I n  t h e  s l e n d e r ,  c o n v e x - n o s e d  p e n e t r a t o r  p r o b l e m ,  a l l  

t h r e e  r e a s o n s  s u p p o r t  t h i s  a p p r o x i m a t i o n :  

F o r  an o r d e r  o f  m a g n i t u d e  e x a m i n a t i o n ,  l e t  t h e  v o l u m e t r i c  

s t r a i n  r a t e  i n  t h e  wake z o n e s  b e  r e p r e s e n t e d  b y  a s p a t i a l l y  

c o n s t a n t  ( u n i f o r m l y  e x p a n d i n g )  v a r i a b l e  i n  t i m e .  



W i t h  t h e  u s e  o f  E q u a t i o n s  1 0  a n d  1 3 ,  t h e  f o l l o w i n g  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n  may b e  f o r m e d :  

= + ( t )  av 2 v  
a r  r 
- + -  

w h i c h  may b e  i n t e g r a t e d  t o  y i e l d :  

w h e r e  F ( t )  i s  a f u n c t i o n  o f  t i m e  o n l y  a n d  t h e  n o t a t i o n s  F ( t )  

and  F a r e  i n t e r c h a n g e a b l e  o n c e  t h e  f u n c t i o n a l  d e p e n d e n c e  i s  

i n t r o d u c e d .  T h i s  e x p r e s s i o n  f o r  v may b e  s u b s t i t u t e d  i n t o  

E q u a t i o n  1 1  t o  p r o v i d e  

3F ; = -  3 r 

S u b s t i t u t i o n  o f . E q u a t i o n s  13  a n d  15 i n t o  E x p r e s s i o n  12 p r o v i d e s  

o r  when t h e  s i g n s  o f  t h e s e  f u n c t i o n s  a r e  s t u d i e d  

= -+; v o l u m e t r i c  s t r a i n  r e l a x a t i o n  
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3F ; f o r  p o s i t i v e  v e l o c i t y  f i e l d ,  151 = 7 

I 32 

t h i s  e x p r e s s i o n  b e c o m e s ;  

r a n d  when t h i s  e x p r e s s i o n  i s  m u l t i p l i e d  t h r o u g h  b y  3, 

T h i s  r e s u l t  t h e n  i l l u s t r a t e s  t h e  s i m p l i f i c a t i o n  o f  E q u a t i o n  14  

t o  

F 
-2 r 

v z  

F ( t )  i s  d e t e r m i n e d  b y  s e t t i n g  v = a t  r = q ;  

S i m p l y  s t a t e d ,  t h i s  p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n  i s  t h e  same 

a s  t h a t  w h i c h  w o u l d  r e s u l t  f r o m  t h e  i m p o s i t i o n  o f  

i n c o m p r e s s i b i l i t y  o r  i d e a l l y  l o c k i n g  m a t e r i a l  g s s u m p t i o n s .  I t  

s h o u l d  b e  c l e a r l y  u n d e r s t o o d ,  h o w e v e r ,  t h a t  n e i t h e r  o f  t h e s e  

m a t e r i a l - b a s e d  a s S u m p t i o n s  i s  s u f f i c i e n t  b y  i t s e l f  t o  g u a r a n t e e  

t h e  v a l i d i t y  o f  E q u a t i o n  16 f o r  r e a l  m a t e r i a l s .  One s h o u l d  

a l s o  r e c a l l  t h a t  t h e s e  r e s u l t s ,  E q u a t i o n s  16  a n d  1 7 ,  a r e  v a l i d  

o n l y  f o r  t h e  p a r t i c u l a r  p r o b l e m  o f  s m o o t h l y  w a n i n g  c a v i t y  

e x p a n s i o n  and  t h e  a p p r o p r i a t e n e s s  o f  t h e s e  f o r m s  f o r  m o r e  

g e n e r a l l y  d e f i n e d  p r o b l e m s  i s  n o t  i m p l i e d .  



C r u s h  F r o n t  D y n a m i c s  

As d i s c u s s e d  i n  t h e  I n t r o d u c t i o n ,  t h e  c r u s h  f r o n t  

c o n d i t i o n s  may b e  d e s c r i b e d  b y  o n e  o f  t h r e e  c o n d i t i o n s  f o r  t h e  

m a t e r i a l  m o d e l  and  t h e  p a r t i c l e  v e l o c i t y  a t  t h e  a d v a n c i n g  

f r o n t .  F o r  c o n v e n i e n c e ,  t h e s e  a r e  t e r m e d :  l o w  s p e e d ,  

i n t e r m e d i a t e  s p e e d ,  and h i g h  s p e e d  c r u s h  f r o n t  c o n d i t i o n s .  

Low Speed C o n d i t i o n s  -I--. 

he d 

F i g u r e  1 0  

A p p r o x i m a t e  C r u s h  F r Q n t  C o n d i t i o n s  f o r  Low Speed E x p a n s i o n  
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R a d i u s ,  R ( t ) ,  i s  assumed  t o  s e p a r a t e  t h e  c r u s h e d  r o c k  z o n e  

f r o m  t h e  e l a s t i c a l l y  s t r e s s e d  z o n e  i n  F i g u r e  1 0 .  A s  t h e  r a d i u s  

R a d v a n c e s  ( f o r c e d  b y  t h e  i n n e r  c a v i t y  e x p a n s i o n ,  q )  t h e  

e l a s t i c  s t r e s s  f i e l d ,  c o n s i s t i n g  o f  r a d i a l  c o m p r e s s i o n  ( u r e )  

a n d  t a n g e n t i a l  t e n s i o n  ( U  ) s t r e s s ' c o m p o n e n t s ,  w o u l d  e x i s t  

i n  a q u a s i - s t a t i c  mode. S i n c e  t h e  m a t e r i a l  i s  weak i n  t e n s i o n ,  

r a d i a l  c r a c k i n g  s h o u l d  be  e x p e c t e d  a t  t h e  i n n e r  b o u n d a r y  o f  t h e  

8 e  

" e 1 a s t i c a l l y " s t r e s s e d  z o n e .  The  r a d i a l  s t r e s s  . i e c e s s a r y  t o  

f u r t h e r  c r u s h - c o l l a p s e  t h e  m a t e r i a l  u n d e r  c o n t i n u o u s  g r o w t h  o f  

t h e  r a d i u s  R i s  t h e r e f o r e  a s s u m e d  t o  b e  u C ;  w h e r e  u C  i s  t h e  

u n i a x i a l  c o m p r e s s i o n  s t r e n g t h  f o r  t h e  m a t e r i a l  o r  n C  z T - ~  

f r o m  t h e  m a t e r i a l  m o d e l .  

The  r a d i u s  R i s  d e t e r m i n e d  f r o m  t h e  c o n s e r v a t i o n  o f  mass 

e q u a t i o n .  

q = q o ,  t h e  c r u s h e d  r e g i o n  g r o w s  b y  t h e  a d d i t i o n  o f  m a t e r i a l  

c o m p a c t e d  t o  a c o n s t a n t  v o l u m e t r i c  s t r a i n , <  v R ,  t h e n  a t  some 

l a t e r  t i m e ,  t ( w h e r e  R = R ,  q = q )  t h i s  v o l u m e t r i c  s t r a i n  i s  

g i v e n  b y  

I f  f r o m  an e x p a n s i o n  t i m e ,  to, w h e r e  R = R a n d  0 

3 R * 3  - R o  
- -.--- 

3 3 
R O  

R -  'R - 

* 
w h e r e  R l o c a t e s  t h e  c u r r e n t  p o s i t i o n  o f  m a t e r i a l  w h i c h  was 

l o c a t e d  a t  r a d i u s  R o  a t  t i m e  to. T h i s  r a d i u s ,  R , i s  

d e t e r m i n e d  f r o m  t h e  i n n e r  c a v i t y  c o n d i t i o n s  b y  

* 



G 3  = R3 * q 3 - qo 3 
0 

which results from the spherical expansion 
constant density within the inner zone. S 

Equation 19  into 18 yields 

of material 
bstitution 

From the material model, Equation 6 and where 

aR = To 

2 7 ’  - - 3 
[To - -4 ’R - 3+2p 

which is a constant function of material properties. Returning 

to Equation 20 and substituting the expression for n R  from 

Equation 2 4 ,  the radius (R) is then given by 
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I 

0 O b v i o u s l y  t h i s  r e l a t i o n s h i p  i$ i n v a l i d  f o r  a m a t e r i a l  w h e r e  T 

a n d  T; a r e  z e r o  ( i . e * ,  n o  s h e a r  s t r e n g t h  i n  t h e  a b s e n c e  o f  a 

c o n f i n i n g  p r e s s u r e )  a n d  a r e s p o n s e  z o n e  o f  t h i s  d e s c r i p t i o n  

( Z o n e  I o f  F i g u r e s  2, 3 a n d  4 )  w o u l d  n o t  t h e o r e t i c a l l y  e x i s t .  

T h i s  z o n e ,  6 > 6, i n  F i g u r e  4 a n d  d 2  > 6 > d l  i n  

F i g u r e  5,  i s  t h a t  d e s c r i b e d  i n  t h e  I n t r o d u c t i o n  w h e r e  t h e  

e x p a n s i o n  r a t e  i s  f a s t  e n o u g h  t o  f r a c t u r e  t h e  r o c k  a t  t h e  

a d v a n c i n g  wave f r o n t  b u t  w h e r e  t h e  p r e s s u r e  j u m p  b e h i n d  t h i s  

f r o n t  i s  l e s s  t h a n  p R ”  E l a s t i c  s t r e s s  a n d  p a r t i c l e  v e l o q i t y  

o u t s i d e  t h e  c r u s h  f r o n t  a r e  assumed  t o  b e  n e g l i g i b l e  i n  

c o m p a r i s o n  tQ t h e  p a r t i c l e  v e l o c i t y  a n d  s t r e s s  i n s i d e  t h i s  

f r o n t .  

Jump c o n d i t i o n s  f o r  c o n s e r v a t i o n  o f  mass  a n d  i m p u l s e  

momentum b a l a n c e  p r o v i d e :  

w h e r e  t h e  s u b s c r i p t  R r e f e r s  t o  c o n d l t i o n s  i n s i d e  t h e  a d v a n c i n g  

f r o n t .  

S u b s t i t u t i o n  f o r  v R  f r o m  E q u a t i o n  2 6  i n t o  E q u a t i o n  2 7  

y i e l d s  

R 2  = o R / P p R ,  
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' F i g u r e  1 1  

A p p r o x i m a t e  C r u s h  F r o n t  C o n d i t i o n s  f o r  I n t e r m e d i a t e  
Speed E x p a n s i o n  

bed 
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From the material model, 

and from Equation 6, 

when -rA i s  neglected. 

When these are substituted into Equation 28, the shock front 
speed is determined to be 

R = c  

where 

c 2 K ( 3 + 2 p )  
3 ~ 0  

Since c is a constant, the radius ( R )  is then given by 

R = R 2 + C(t-t2) ( 3 3 )  

where R 

intermediate velocity of crushing begins. Back substitution 
using Equations 16, 1 7 ,  2 7  and 31 yields 

is the value of R at the time (t2) when this 2 

R L  

The conditions necessary for transition from Zone I 1  
response at the crush front to Zone I crush front conditions 
occur when the frontal stress decays to the elastic limit. I n  
equation form 
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( 7 4 1 1  = ( $ 1  
( 3 5 )  

a t  

(36) 1 R = R  

w h e r e  R1 i s  t h a t  v a l u e  o f  R o n  F i g u r e  4 a n d  5 w h i c h  o c c u r s  a t  

t h e  t i m e  t i .  

S u b s t i t u t i o n  o f  d e r i v e d  e x p r e s s i o n s  f o r  e a c h  o f  t h e s e  s t r e s s  

v a l l r e s  r e s u l t s  i n  

o r  

H i g h  Speed  Z o n e  

m e d i a t e  e x p a n s i o n  r a t e  c a s e  e x c e p t  t h a t  t h e  s h o c k  i n d u c e d  
a n d  w i t h  a c o r r e s p o n d i n g  v o l u m e t r i c  p r e s s u r e  e x c e e d s  p 

s t r a i n  w h i c h  i s  v e r y  n e a r l y  q 1  . 
s h o c k  f r o n t ,  E q u a t i o n  26 ,  p r o v i d e s  

- -. -- - - - I _- 
T h i s  z o n e ,  6 ? 6, i n  F i g u r e  5 ,  i s  s i m i l a r  t o  t h e  i n t e r -  

1 ’  
C o n s e r v a t i o n  o f  mass a t  t h e  

a n d  w i t h  t h e  u s e  o f  V R  = q 2 q / R 2  

o r  R 2 dR = - q ? d q  

39 



w h i c h  when i n t e g r a t e d  y i e l d s  

R 3 = q 3 In1 

s i n c e ,  i f  t h i s  z o n e  e x i s t s ,  R m u s t  a p p r o a c h  z e r a  as  q g o e s  t o  

z e r o ;  i . e . ,  t h e  c o n s t a n t  o f  i n t e g r a t i o n  m u s t  v a n i s h  i n  t h i s  

c a s e .  T h e  r a d i u s  ( R )  i s  t h e n  

R = a q ,  w h e r e  Q = l / q 1  1 1 3  

and  

( 4 2 )  

t i  = a 4  ( 4 3 )  

T h e  r a d i a l  s t r e s s  a t  r a d i u s  ( R )  i s  d e t e r m i n e d  f r o m  i m p u l s e  

momentum r e l a t i o n s h i p  a s  b e f o p e  ( s e e  E q u a t i o n s  16 ,  2 7 ,  4 2 ,  4 3 )  

“ R  = B o  (.$ (pj) 
o r  

T h e  c o n d i t i o n s  n e c e s s a r y  f o r  t r a n s i t i g n  f r o m  Zone 1 1 1  r e s p o n s e  

a t  t h e  c r u s h  f r o n t  t o  Zone  I 1  c r u s h  f r o n t  ( a l o n g  R )  o c c u r  when 

t h e  s h o c k  l o a d i n g  d e c a y s  t o  t h e  l e v e l  f o u n d  f o r  Zone  11; i . e . ,  

S u b s t i t u t i o n  o f  t h e s e  d e r i v e d  e x p r e s s i o n s  ( E q u a t i o n s  3 2 ,  4 4 )  

i n t o  E q u a t i o n  45 y i e l d s  
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C - -  
q c r  - a 

T h e  e x i s t e n c e  o f  Zone  I 1 1  r e s p o n s e  i s  t h e r e f o r e  g o v e r n e d  by 
i n n e r  c a v i t y  v e l o c i t i e s  w h i c h  e x c e e d  t h e  m a t e r i a l  c o n s t a n t  

( c l a ) ;  i . e . ,  f a r  t h a t  r a n g e  o f  v e l o c i t i e s  ( n o r m a l  t o  t h e  n o s e  

t i p )  w h e r e  

C 
a 4 2  - ( 4 7 )  

N o t e  t h a t  f a r  a I l p e r f e q t l y  d i s t e n d e d - l o c k i n g  m a t e r i a l  m o d e l  , ' I  

K i s  z e r o ,  c i s  z e r o  ar ld q a l w a y s  s a t i s f i e s  t h e  r e q u i r e d  

c o n d i t i o n  f o r  e x i s t e n c e  o f  Z o n e  I 1 1  r e s p o n s e .  
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E q u a t i o n  o f  M o t i o n  

F o r  s p h e r i c a l  e x p a n s i o n ,  t h e  d i f f e r e n t i a l  e q u a t i o n  o f  

m o t i o n  i s  g i v e n  b y  

When E q u a t i o n s  2 a n d  8 a r e  s u b s t i t u t e d ,  t h e  E q u a t i o n  o f  m o t i o n  
b e c o m e s  

T h e  p a r t i c l e  a c c e l e r a t i o n ,  n, d v  i s  d e t e r m i n e d  f r o m  t h e  

p a r t i c l e  v e l o c i t y  w i t h  

When t h e  a p p r o x i m a t e  e x p r e s s i o n  f o r  t h e  p a r t i c l e  v e l o c i t y ,  
v = F / r  2 , i s  s u b s t i t u t e d .  

dv i 2 F 2  
d t -  2-- 5 
- -  

r r 

w h e r e  

i s  f o u n d  b y  e q u a t i n g  p a r t i c l e  a c c e l e r a t i o n  t o  c a v i t y  

a c c e l e r a t i o n  a t  r = q .  When t h e  d e n s i t y  i n  e a c h  z o n e  ( i )  i s  

a p p r o x i m a t e d  w i t h  an a v e r a g e  d e n s i t y ,  Ti,  t h e  e q u a t i o n  o f  

m o t i o n  i s  p l a c e d  i n  an i n t e g r a b l e  f o r m  
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The s o l u t i o n  f o r  o r  i s  o f  t h e  f o r m  

- b  
U r = A ( t ) r  + B i h t )  

w h e r e  

b = u a  

( 5 4 )  

( 5 5 )  

A ( t )  i s  an i n k n o w n  t i m e  d e p e n d e n t  f u n c t i o n  a n d  B i ( r , t )  
t a k e s  on  v a r i o u s  f o r m s  w h i c h  d e p e n d  on t h e  m a t e r i a l  p r o p e r t y  p. 

_I Case - 1 .  --- v f 0, b # ( 1  o r  4 )  

C a s e  - - .-- 2. p = O ,  b = 0 ,  a = 2  

- F 2  -, B i ( r , t )  = - 2 ~ ’  0 Pnr  - p i  [< + 

C a s e  --- 3 .  b = 1 ,  p = 3 1 4 ,  a = 4 1 3  

- 4  Tb - [Fmnr  r 2F’] 
4 3 r  

..-+ 
3 ’ -pi B . ( r , t )  = - 

1 

( 5 7 )  

N o t e  t h a t  t h e  s i n g u l a r  c o n d i t i o n  w h i c h  w o u l d  o c c u r  f o r  b e q u a l  

t o  f o u r  i s  n e v e r  e n c o u n t e r e d  when p i s  l i m i t e d  t o  o n l y  z e r o  o r  

p o s i t i v e  v a l u e s .  

C o m p o s i t e  s o l u t i o n s  f o r  s p h e r i c a l l y  e x p a n d i n g  c a v i t i e s  

w h i c h  c o r r e s p o n d  t o  t h e  v a r i o u s  p e n e t r a t o r  v e l o c i t y  c o n d i t i o n s ;  

F i g u r e s  3 ,  4 a n d  5 a r e  now d e v e l o p e d  i n  i n c r e a s i n g  o r d e r  o f  

s p e e d .  
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Slow Speed  P e n e t r a t i o n  C a v i t y  S o l u t i o n ,  F i g u r e  .- - - ( 3 ) -  - ~- 
I----- --------------I_ ---_ I__I_-_ 

The  f u n c t i o n  o f  t i m e ,  A ( $ )  i s  named A 1  f o r  t h i s  c a s e  a n d  

i t  i s  d e t e r m i n e d  b y  s u b s t i t u t i n g  

- - p0 ( T ~  > 0 i s  r e q u i r e d ) ,  E q u a t i o n  2 1  i n t o  E q u a t i o n  3 R  

54 ,  i . e . ,  

- b  
7 = AIR + B 1 ( R ,  t )  
0 

w h e r e  

i s  f o u n d  f r o m  E q u a t i o n  2 5  w h e r e  R o  = q o  

f o r  A 1  i s  t h e n  g i v e n  b y  

0 .  The e x p r e s s i o n  

A 1  = R b  [To -B1(R , t (  

i s  t h e n  g i v e n  b y  
a q ’  

The r a d i a l  s t r e s s  a t  t h e  i n n e r  c a v i t y ,  

E q u a t i o n  5 4  

w h e r e  B l ( r , t )  h a s  one  o f  t h e  m a t e r i a l  d e p e n d e n t  f u n c t i o n a l  
f o r m s ,  E q u a t i o n  5 6 ,  57  o r  5 8  a n d  w h e r e  t h e  a v e r a g e  d e n s i t y  i s  

g i v e n  b y  

( 6 2 a )  

I n t e r m e d i a t e  Speed  Range ,  F i g u r e  4 

a n d  8 < Q,,  m u s t  b e  s t u d i e d .  

--- - - -- - .- 1- - - - - - - - - - -I_-- --.- 
W i t h  r e f e r e n c e  t o  F i g u r e  4 t w o  s e p a r a t e  r e g i o n s ,  6 6, 
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I n  t h i s  c r u s h e d  z o n e ,  Zone 11 o n l y ,  r a d i a l  s t r e s s  i s  g i v e n  

b y  E q u a t i o n  5 4  

u r = A 2 ( t ) r V b  + B p ( r , t )  

The f u n c t i o n  o f  t i m e ,  A 2 ( t ) ,  i s  d e t e r m i n e d  by t h e  s t r e s s  

c o n d i t i o n  g i v e n  b y  E q u a t i o n  3 4  

a t  R = c t  l 

a n d  w h e r e  c i s  d e t e r m i n e d  by E q u a t i o n  32  a n d  w h e r e  t i s  t h e  

t i m e  o f  e x p a n s i o n .  The f u n c t i o n ,  A 2 ( t )  i s  t h e n  d e t e r m i n e d  f r o m  

E q u a t i o n s  34  a n d  63 t o  b e  

The  r a d i a l  s t r e s s  a t  t h e  i n n e r  c a v i t y ,  u i s  t h e n  g i v e n  by 

E q u a t i o n  5 4  
q ’  

o r  when E q u a t i o n  6 4  i s  s u b  
a- 

t i t u t e d  f o r  A * .  
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w h e r e  B 2  ( r , t )  h a s  o n e  o f  t h e  m a t e r i a l  d e p e n d e n t  f u n c t i o n a l  

f o r m s ,  E q u a t i o n s  5 6 ,  5 7 ,  o r  58 a n d  w h e r e  t h e  a v e r a g e  d e n s i t y  i s  

g i v e n  b y  

R a d i a l  s t r e s s  i n  Zone I i s  p r o v i d e d  b y  E q u a t i o n  54 

- b  
u r = A l r  + B , ( r , t )  

w h e r e  A l ( t )  i s  d e t e r m i n e d  w i t h  E q u a t i o n s  2 1  a n d  5 4  

A 1  = R b  bo - B 1 ( R , t ) ]  

and  

i s  f o u n d  w i t h  E q u a t i o n  2 5 .  
d e p e n d e n t  f u n c t i o n a l  f o r m s ,  E q u a t i o n s  5 6 ,  5 7 ,  o r  58 a n d  w h e r e  

t h e  a v e r a g e  d e n s i t y  i s  g i v e n  b y  

B l ( r , t )  h a s  o n e  o f  t h e  m a t e r i a l  

- _  
3 3  R - S  p 1  - 

T h e  r a d i a l  s t r e s s  a t  t h e  s u r f a c e  ( S )  i s  t h e n  e x p r e s s e d  w i t h  

E q u a t i o n  5 4  as 
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u S = A I S - b  + B 1 ( S , t )  ( 7 0 )  

R a d i a l  s t r e s s  w i t h i n  Z o n e  I 1  i s  e x p r e s s e d  b y  E q u a t i o n  5 4  a s  

-b  
u r = A 2 r  + B 2 ( r , t )  

a n d  a t  t h e  s u r f a c e  ( S )  w i t h  

- b  
u = A p S  + B 2  ( S , t )  

S 

S o l v i n g  f o r  a s  f r o m  E q u a t i o n s  70  a n d  7 1  y i e l d s  

T h e  r a d i a l  s t r e s s  a t  s u r f a c e  ( 4 )  i s  t h e n  d e t e r m i n e d  w i t h  

E q u a t i o n s  5 4  a n d  7 2  t o  b e  

S u b s t j t u t i o n  f o r  A ,  f r o m  E q u a t i o n  67 y i e l d s  

I n  t h e  a b o v e ,  B 2 ( r , t )  i s  t h e  same m a t e r i a l  d e p e n d e n t  f u n c t i o n a l  

f o r m  as B l ( r , t )  e x c e p t  i t  h a s  an a v e r a g e  d e n s i t y  g i v e n  b y  
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T h e  r a d i u s ( S )  i s  d e f i n e d  by c x p a n d i f l g  a c o n s t a n t  d e n s i t y ,  

c o n s t a n t  amoun t  o f  m a t e r i a l ,  i . e . ,  the  a m o u n t  o f  m a t e r i a l  i n  

Zone  I 1  o f  F i g u r e  4 i s  u n c h a n g i n g  for 4 4 4 , .  

I n t e r s e c t i o n  o f  s u r f a c e s  9 a n d  R i s  d e t e r m i n e d  by 

S = R =  R ?  (76) 

w h e r e  R 1  i s  f o u n d  by s i m u l t a n e o u s l y  s o l v i n g  t h e  t w o  f u n c t i a n s :  

f ' ~ ' 9  - 
q v  

R =I"".- , f r o m  E q u a t i o n  37 (where q and 4 a r e  
0 
t 

p r e s c r i b e d  f u n c t i o n s  o f  t i m e )  and 

R = c t .  

G r a p h i c a l l y ,  t h i s  i s  t h e  i n t e r s e c t i o n  o f  t w o  t i m e  d e p e n d e n t  

c u r v e s  as  i l l u s t r a t e d  as  f o l l o w s :  

R 

a n d  

1 R1 = c t  
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H i s p e e d  --- P e n e t r a t i o n  , .------7*c-- FiguFe e--- 5 - 
Y i t h  r e f e r e n c e  t o  F i g u r e  5 t h r e e  s e p l l r a t e  r e g i o n s  ( 8  > B 2 ,  - 

!62 > 6 2 6,, a n d  B < Q 1 )  m u s t  be s t u d i e d .  

n e c e s s a r y  t o  d e v e l o p  c c m p o s i t e  s o l u t i o n s  f o r  t h e s e  t h r e e  r e g i o n s  

f o r  C h i s  h i g h  s p e e d  e a s e  i s  t h e  Same as  t h a t  u s e d  i n  t h e  

i n t e r m e d i a t e  s p e e d  c a s e ,  

l i s t e d  b e l o w :  

The m e t h o d o l o g y  

R e s u l t s  a f  t h i s  d e v e l o p m e n t  a r e  

w h e r e  

aud  B 3 ( r , t )  i s  One o f  t h e  m a t e r i a l  d e p e n d e n t  f u n c t i o n a l  f o r m s ,  

1 
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When t h e  t r a n s i t i o n a l  r a d i u s  ( R 2 )  i s  d e t e r m i - n e d  f r o m  
I 

I 

R2 = a q 2  ( 8 1  1 
~ 

I 

I w h e r e  q 2  i s  t h a t  v a l u e  a f  q ( t )  w h i c h  c o i n c i d e s  w i t h  t h e  

I I v e l o c i t y  c o n d i t i o n  

( 8 2 )  
4 = ;  C 

t h e  t e r m s  i n  E q u a t i o n  80 a r e  g i v e n  b y  

R = R + C ( t - t 2 )  2 ( 8 3 )  

When t h e  t r a n s i t i o n a l  r a d i u s  ( R 2 )  i s  d e t e r m i - n e d  f r o m  
I 

I 

R2 = a q 2  ( 8 1  1 
~ 

I 

I w h e r e  q 2  i s  t h a t  v a l u e  a f  q ( t )  w h i c h  c o i n c i d e s  w i t h  t h e  

I I v e l o c i t y  c o n d i t i o n  

( 8 2 )  
4 = ;  C 

I 

I t h e  t e r m s  i n  E q u a t i o n  80 a r e  g i v e n  b y  

R = R + C ( t - t 2 )  
~ 2 
~ 

~ 

1 / 3  
Q = [R;  + ( q 3 -  q;)] 

I 

3 3  
o o ( R  - R 2 )  

- ---- - - 
O2 - R 3 - Q 3  

T - O O  
p 3  - 7 

B 2 ( r , t )  a n d  B 3 ( r , t )  a r e  t h e  same m a t e r i ' a l  d e p e n d e n t  

f u n c t i o n a l  f o r m s  f r o m  E q u a t i a n s  56,  57 o r  5 8  e x c e p t  d i f f e r e n t  

a v e r a g e  d e n s i t i e s  a r e  a s k e d  f o r  b y  t h e  s u b s c r i p t  n o t a t i o n .  

T h e  r a d i u s  ( R )  i s  d e t e r m i n e d  b y  s o l v i n g  t h e  f o l l o w i n g  

e q u a t i o n s .  T i m e  a t  t r a n s i t i o n  ( t l )  i s  f i r s t  d e t e r m i n e d  b y  

s o l v i n g  

5 0  

( 8 5 )  

B 2 ( r , t )  a n d  B 3 ( r , t )  a r e  t h e  same m a t e r i ' a l  d e p e n d e n t  

f u n c t i o n a l  f o r m s  f r o m  E q u a t i a n s  56,  57 o r  5 8  e x c e p t  d i f f e r e n t  

a v e r a g e  d e n s i t i e s  a r e  a s k e d  f o r  b y  t h e  s u b s c r i p t  n o t a t i o n .  

T h e  r a d i u s  ( R )  i s  d e t e r m i n e d  b y  s o l v i n g  t h e  f o l l o w i n g  

e q u a t i o n s .  T i m e  a t  t r a n s i t i o n  ( t l )  i s  f i r s t  d e t e r m i n e d  b y  

s o l v i n g  

5 0  



cp0q:il1 
R 2 +  c ( t l - t 2 )  = 

? 

w h e r e  R2 i s  t h a t  v a l u e  d e t e r m i n e d  by E q u a t i o n  8 1  a n d  q 1  a n d  

q 1  a r e  t h e  v a l u e s  o f  t h e  p r e s c r i b e d  f u n c t i o n  o f  t i m e  ( q ( t )  

a n d  q ( t ) )  w h i c h  s a t i s f y  t h i s  e q u a t i o n .  T h e  o u t e r  r a d i u s  ( R 1 )  

a t  t r a n s i t i o n  t i m e  ( t i )  i s  t h e n  
' I  8 

a n d  a t  a l a t e r  i n s t a n t  i n  t i m e  t h e  o u t s i d e  r a d i u s  i s  g i v e n  b y  
a p p r o p r i a t e  s u b s t i t u t i o n  o f  v a r i a b l e s  i n t o  E q u a t i o n  25  

The r a d i u s  ( S )  i s  c a l c u l a t e d  f r o m  E q u a t i o n  7 5  ' 

T h e  r a d i u s  ( Q )  i s  c a l c u l a t e d  f r o m  

a n d  a t  t r a n s i t i o n  t i m e  

5 1  

A v e r a g e  d e n s i t i e s  f o r  t h e  m a t e r i a l  i n  t h e  s e p a r a t e  z o n e s  



for b < f i l  a re 

With these functions, radiql stress at the inner surface (9) is 
given by 

0 9 = (;)b bo-B1(R,t)l 

(93) 

where the material dependent, functisnal forms f o r  Bl(r,t), 
BZ(r,t) and B3(r,t) are the s e ease selected from 
Equations 56, 57, o r  58 except for t h e  different expressions 

for average densities which are ; I ,  0 2  and F 3 ,  
respectively. 

c 

E q u a t i o n s  77, 80 a n d  93 are general solutions for all 

penetration velocities since t h e  i n t e r m e d iate and slow speed 

ranges a r e  s i m p l y  special eases. 

This can be checked by deriving the intermediate speed 

salutions from Equation 93 by setting 

5 2  



a n d  

a n d  t h e  s l o w  s p e e d  s o l u t i o n  f r q m  t h e  i n t e r m e d i a t e  s o l u t i o n  by 

f u r t h e r  s e t t i n g  

and  

s = 9. 

E q u a t i o n  9 3  i s  t h e r e f o r e  t h e  m o s t  u s e f u l  f Q r m  f o r  c o m p u t e r  

p r o g r a m m i n g .  
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P r e l i m i n a r y  A p p l i c a t i o n s  

5 4  

S i n c e  s e v e r a l  a s s u m p t i o n s  w e r e  made i n  t h e  d e v e l o p m e n t  o f  

t h e  s o l u t i o n  f o r m s  o f  t h i s  r e p o r t ,  r e s u l t s  f r o m  some e a r l y  

a p p l i c a t i o n s  a r e  p r e s e n t e d  t o  show t h e  d e g r e e  o f  c o r r e l a t i o n  o f  

t h e s e  m e t h o d s  w i t h  o t h e r  s o l u t i o n  f o r m s  a n d  i n  some c a s e s  w i t h  

e x p e r i m e n t .  

The m o s t  c r i t i c a l  a s s u m p t i o n  c o n c e r n s  t h a t  o f  p a r t i c l e  

v e l o c i t y  d i s t r i b u t i o n  w i t h i n  t h e  w a k e  z o n e  o f  s l o w l y  w a n i n g  

e x p a n s i o n s .  The a p p r o p r i a t e n e s s  o f  t h i s  a s s u m p t i o n  f o r  Zone I 1  

b e h a v i o r  ( s e e  F i g u r e  4 )  i s  o f  p a r t i c u l a r  i n t e r e s t .  F o r t u n a t e l y ,  

t h i s  a s s u m p t i o n  c a n  b e  t e s t e d  o n  w a t e r  e n t r y  p r o b l e m s .  W a t e r  

i s  an i n t e r e s t i n g  c h o i c e  f o r  s e v e r a l  r e a s o n s :  w a t e r  p r o p e r t i e s  

a r e  w e l l  k n o w n  a n d  w a t e r  i s  a s p e c i a l  c a s e  o f  t h e  m a t e r i a l  

m o d e l  (T = ’ = 11 5 0 . 0 )  p h y s i c a l l y ,  w a t e r  i s  f a r  r e m o v e d  

f r o m  t h a t  o f  a l o c k i n g  s o l i d  ( v a l i d i t y  o f  v = F / r  

r e s t s  t o t a l l y  on k i n e m a t i c a l  f o r c i n g  a r g u m e n t s )  a n d  f i n a l l y ,  

p e n e t r a t i o n  i n t o  w a t e r  t a r g e t s  h a s  b e e n  a n d  c o n t i n u e s  t o  b e  o f  

s t r o n g  i n t e r e s t .  B l u n t ,  d o u b l y  c u r v e d  b o d i e s  a r e  o f  i n t e r e s t  

i n  w a t e r  i m p a c t  as  w e l l  a n d  t h i s  s h a p e  o f f e r s  a s e v e r e  t e s t  o f  

t h e  u n l o a d i n g  r a t e  a p p r o x i m a t i o n  ( t h e  n o r m a l  c o m p o n e n t  o f  

v e l o c i t y  V n  i n  t h e  s p h e r i c a l  c a v i t y  a p p l i c a t i o n  c a n  be  

0 T o  - 
2 

g r e a t l y  v a r i e d  w i t h  a s p h e r i c a l  n o s e  a n d  w i t h  l i g h t w e i g h t  

b o d i e s ,  t h e  a c c e l e r a t i o n  t e r m  3 c a n  be  m a g n i f i e d ) .  Case I ,  

w h i c h  f o l l o w s ,  i s  f o r  w a t e r  e n t r y / i m p a c t .  



O t h e r  a s s u m p t i o n s  w h i c h  r e m a i n  t o  b e  t e s t e d  a r e  n o t  s o  e a s y  

. 

t o  v e r i f y .  T h e s e  p r i m a r i l y  c o n c e r n  t h e  q u a n t i f i c a t i o n  o f  t h e  

s o i l  a n d  r o c k  m a t e r i a l  m o d e l .  Cases  I 1  a n d  1 1 1 ,  b e l o w ,  a r e  

p r e l i m i n a r y  r e s u l t s  o b t a i n e d  f r o m  t h e  e a r l y  v e r s i o n  o f  t h e  

G N O M E  c o d e .  ['I I n t e r a c t i o n s  o f  i u c h  f a c t o r s  as n o s e  s h a p e  

( o g i v e  o r  c o n e  t o g e t h e r  w i t h  o r  w i t h o u t a s e p a r a t e d  f l o w )  

u n c o n f i n e d  s h e a r  s t r e n g t h  ( T ~ )  a n d  m a t e r i a l  f r i c t i o n a l  

r e s i s t a n c e  t o  f l b w  ( p )  a r e  d i f f i c u l t  t o  s e p a r a t e  a n d  t o  

d e c i s i v e l y  q u a n t i f y  i n  t h e s e  e x e r c i s e s .  H e r e ,  some p r e l i m i n a r y  

c o m p a r i s o n s  a r e  i l l u s t r a t e d  t o  show t h e  i m p o r t a n c e  o f  t h e s e  

v a r i o u s  f a c t o r s .  

Case I . *  W a t e r  E n t r y  
-----------------I_. 

C o n s i d e r  t h e  c a s e  o f  a r i g i d  s p h e r e  o f  r a d i u s  q and  mass M 

i m p a c t i n g  w a t e r .  When T~ = T '  = = 0.0 a r e  s u b s t i t u t e d  0 

i n t o  e q u a t i o n s  6 5  a n d  $ 7 ,  t h e  f o l l o w i n g  e q u a t i o n  r e s u l t s :  

When 4 = V c o s  b 

I ,  a r e  s u b s t i t u t e d  n 

2 2 = ( A  + TJ i) c o s  d + E c o s  6 - C s i n  b 
4 

5 5  

- -.-_- 
* N o t e  t h a t  a n g l e  6 a n d  8 1  a r e  s p e c i a l l y  d e f i n e d  f o r  t h i s  

e x a m p l e  p r o b l e m .  



i 
I V  

- 1  

56 



w h e r e  

c F T ( V , t )  = p,(l-e)V 2 

- 
= D(q,tj = p o ( l - 8 ) q  

When t h i s  e x p r e s s i o n  f o r  o i s  i n t e g r a t e d  o v e r  t h e  a x i a l l y  

p r o j e c t e d  a r e a  d e f i n e d  by 0 c 6 < 6 ,  t h e  d r a g  f o r c e  i s  f o u n d  

t o  b e  

q 

- 9 

The a r l g l e  6, i s  d e f i n e d  i n  " l a t e "  t i m e  as t h e  s e p a r a t e d  f l o w  

a n g l e ,  6 ( w h e r e  a = 0.0 a t  6 = 6,) w h i c h  i s  f o u n d  f r o m  
S 4 

P r i o r  t o  s e p a r a t e d  f l o w ,  8 ,  i s  assumed  t o  b e  6, 

X 
q 

w h e r e  c o s  $ E  7 1 7 - 

5 7  



4 ,  = Q s  f o r  b s  6, 

The  e q u a t i o n  o f  m o t i o n  f o r  t h e  s p h e r e  t h e n  p r o v i d e s  

v =  
M + 2 -:% % ( l - c o s  3 d l )  

T h i s  e q u a t i o n  was n u m e r i c a l l y  i n t e g r a t e d  [ lo] o v e r  t i m e  f r o m  t h e  

i n i t i a l  c o n d i t i o n s :  V = V o  a n d  X = 0 . 0  t o  a c h i e v e  

t h e  f a m i l y  o f  c u r v e s  shown i n  F i g u r e  1 2 .  T h e s e  a r e  c o m p a r e d  

w i t h  t h e  i n s e t  f a m i l y  o f  c u r v e s  w h i c h  a r e  r e p r o d u c e d  f r o m  

R e f e r e n c e  1 1 .  N o t e  t h e  c u r v e s  f r o m  R e f e r e n c e  1 1  a r e  v a l i d  o n l y  

f o r  t h e  i m p a c t  ( e n t r y )  t i m e s  ( X / Q  < 0 . 2 5 )  s i n c e  s u s t a i n e d  

c a v i t y  f l o w  d r a g  i s  n o t  i n c l u d e d  i n  t h 4 s  p r e d i c t i o n  t e c h n i q u e .  

The p r e s e n t  m e t h o d  p r e d i c t s  b o t h  i m p a c t  and  a l e v e l  o f  

s u s t a i n e d  c a v i t y  f l o w  d r a g .  The m a g n i t u d e  o f  t h i s  s u s t a i n e d  

p a r t  i s  u n c o n f i r m e d  a t  t h i s  t i m e  b u t  t h e  m a g n i t u d e s  a r e  

r e a s o n a b l e .  The e f f e c t  o f  b o d y  a c c e l e r a t 4 o n  on t h e  e n t r y  f o r c e  

i s  i l l u s t r a t e d  b y  t h e  v a r i o u s  w e i g h t s  ( p a r a m e t e r  C J )  a n d  t h i s  

a c c e l e r a t i o n  i s  m o r e  i m p o r t a n t  i n  t h e  s u s t a i n e d  d r a g  p h a s e .  

F i g u r e  13 i s  a c o m p a r i s o n  o f  p e a k  e n t r y  a c c e l e r a t i o n  f o r  a 

p a r t i c u l a r  b o d y  w e i g h t  a n d  t w o  s p h e r i c a l  r a d i i  o v e r  a r a n g e  o f  

i m p a c t  v e l o c i t i e s  f o r  t h e  s p h e r i c a l  c a v i t y  m o d e l  and  t h e  t h e o r y  

o f  R e f e r e n c e  1 1 .  The e x p a n d i n g  c a v i t y  m e t h o d  c o m p a r e s  w e l l  

w i t h  t h e s e  r e f e r e n c e s .  
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F i g u r e  1 2  

W a t e r  E n t r y  I m p a c t  F o r c e  on S p h e r i c a l  Nose 

P r o j e c A i l e ,  T h e o r e t i c a l  C o m p a r i s o n  [ l o ]  
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F i g u r e  13 
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C a s e  11. A n t e l o p e  T u f f / D G U  12  T e s t  
.----_I__C.----.I----- +--__I_ 

The f o l l a w i n g  m a t e r i a l  p r o p e r t i e s  w e r e  r e d u c e d  f r o m  

m e a s u r e m e n t s  p r o v i d e d  b y  [ l a ] :  

2 4  = 1 . 6 3 4  x l b  x 5 e c  / i n  , p = 1 . 0  

- 2,000,O p s i ,  K = 2 9 0 , 0 0 0 . 0  p s i .  
TO - 

= 0 . 2 5  w e r e  a s s u m e d .  F i g u r e  14  ql V a l u e s  o f  T; = 0.0 a n d  

i s  a p l o t  o f  c o m p u t e d  n o s e  f o r c e  on a 6 C R H ,  6 i n c h  d i a m e t e r  

b a s e ,  o g i v e  p e n e t r a t i n g  a n t e l o p e  t u f f  a s  t h e  v e l o c i t y  i s  

v a r i e d .  V e r t i c a l  l i n e s  on t h i s  g r a p h  d e f i n e  t h e  v e l o c i t i e s  

w h i c h  s e p a r a t e  t h e  c a v i t y  i n i t i a t i o n  z o n e s  d e p i c t e d  i n  F i g u r e s  

3 ,  4 ,  a n d  5.  T h a t  i s ,  Zone i o f  F i g u r e  14 c o r r e s p o n d s  t o  t h e  

c o n d i t i o n  d e p i c t e d  i n  F i g u r e  3 ;  Zone  ii c o r r e s p o n d s  t o  t h e  

c o n d i t i o n  d e p i c t e d  i n  F i g u r e  4 and Zone iii c o r r e s p o n d s  t o  t h e  

c o n d i t i o n  shown i n  F i g u r e  5 .  

The n o s e  f a r c e  p r e d i c t e d  by  t h e  m e t h o d s  d e r i v e d  i n  t h i s  

r e p o r t ,  f o r  t h i s  t a r g e t  m a t e r i a l ,  i s  a n o n l i n e a r  f u n c t i o n  o f  

p e n e t r a t o r  s p e e d .  T h i s  i s  p a r t i c u l a r l y  t r u e  i n  t h e  

n e i g h b o r h o o d  o f  t h e  DGU-12 t e s t  v e l o c i t y .  The  a x i a l  

a c c e l e r a t i o n  o f  t h e  p e n e t r a t o r  m e a s u r e d  i n  t h e  DGU-12 t e s t  i s  

p l o t t e d  i n  F i g u r e  15 .  

P r e l i m i n a r y  r e s u l t s  p r e d i c t e d  b y  G N O M E  a r e  shown f o r  

c o m p a r i s o n ,  A c o e f f i c i e n t  o f  s l i d i n g  f r i c t i o n  o f  0 .1 on t h e  

6 1  



I 

I 

I I I 

2'0 k0 60 80 /OO 

O g i v a l  Nose  P e n e t r a t i o n  F o r c e  i n t o  A n t e l o p e  T u f f  A s  
A F u n c t i o n  o f  V e l o c i t y  o f  P e n e t r a t i o n  [gl 
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F i g u r e  1 5  

A c c e l e r a t i o n - t i m e  M e a s u r e m e n t s  a n d  P r e d i c t i  n s  
F o r  a . F i e l d  T e s t ,  A n t e l o p e  T u f f ,  DGU-12 A 3 
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I 

c y l i n d r i c a l  p a r t s  o f  t h e  p e n e t r a t o v  b o d y  was as$umed  f o r  t h e  

c o m p l e t e  s e t  Q f  c a l c u l a t i o n s .  I n  t h i s  a n a l y s i s ,  a p o s i t i v e  

p r e s s u r e  was f o u n d  a t  t h e  t a n g e n t  p q i n t ;  n o s e  t o  c y l i n d e r  

j u n c t i o n .  S e p a r a t e d  f l o w  d i d  n o t  o c c u r  a n d  t h e  p r e s s u r e  

c a l c u l a t e d  a t  t h e  n o s e  t r a n s i t i o n  s t a t i o n  was assumed  t o  a c t  

u n i f o r m l y  Qn t h e  c y l i n d r i c a l  body,  The f o r c e  a t  t h e  n o s e  

b u r i a l  d e p t h  i s  t h e  v a l u e  shown i n  F i g u r e  14.  

Case 111. M o u n t  H e l e n  W e l d e d  T u f f  - - - - - ---, - *r"** -  - * -  * - - -I -.3- *,- 

D a t a  f o r  M o u n t  H e l e n  W e l d e d  P u f f  a n d  p e n e t r a t o r  

a c c e l e r a t i o n  d a t a  [ 7 1  w e r e  s t u d i e d  w i t h  t h e  p r e l i m i n a r y  c o d i n g  

f o r  G N O M E  and  t h e  s p h e r i c a l  c a v i t y  m o d e l  d e s c r i b e d  i n  t h i s  

r e p o r t .  The p e n e t r a t o r  i n  t h i s  t e s t  i s  d e f i n e d  b y :  C7l. 

T o t 3 1  L e n g t h  = 60.0 i n c h e s ,  O u t e r  D i a m e t e r  = 6 . 5  i n c h e s ,  

O g i v e  N o s e  = 9 , 2 $  CRH,  T o t a l  W e i g h t  = 400.0 l b .  

I m p a c t  V e l o c i t y  = 1 , 3 5 0 . 0  f t l s e c ,  P u s h e r  P l a t e *  W e i g h t  = 

1 1 7 . 0  l b .  

The  a c c e l e r o m e t e r  d a t a  shown w i t h  t h e  s o l i d  l i n e s  i n  F i g u r e  16 

a r e  t h o s e  p r o v i d e d  b y  [ I1 .  

p r o v i d e d  w i t h  t h e  t h e o r y  o f  R e f e r e n c e  7 w h e r e  i t  was a p p l i e d  t o  

The " p r e d i c t i o n "  c u r v e  was 

an  " e q u i v a l e n t N  c o n i c a l  n o s e  h a v i n g  a h a l f  a n g l e  6 = 

t a n - l ( l l 4 )  a n d  w h e r e  t h e  m a t e r i a l  p r o p e r t i e s  w e r e :  

- c c  

* A  p u e r  p l a t e  w h i c h  m a t e s  w i t h  t h e  i n t e r n a l  d i a m e t e r  o f  t h e  
D a v i s  g u n  b a r r e l  i s  g t t a c h e d  t o  and  f o l l o w s  t h e  p e n e t r a t o r  
u n t i l  t h i s  p l a t e  s t r i k e s  t h e  t a r g e t ,  

6 4  
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0 

A c c e l e r a t i o n  
( 1 0 0 0  g ' s )  

Q u a r t z  A c c e l e r o m e t e r  [ 7 1  

P i e z o e l e c t r i c  
A c c e l e r o m e t e r  

C u r v e  3 ,  T h i s  R e p o r t  
w i t h  O g i v e ,  ~1~ = 1 2 0 0  p s i ,  

P r e d i c t i o n  
w i t h  Cone ,  -r0 = 0 . 0 ,  

C u r v e  1 ,  T h i s  R e p o r t  
w i t h  Cone,  -ro = 0 . 0 ,  

I I I I 
1 0  1 5  T i m e  ( R S )  

5 

F i g u r e  1 6  

?!If f o r  a 
A c c e l  e r a  t i  o n -  t i  me M e a s u r e m e n t s  a n d  P r e d i  c t i  

F i e l d  T e s t ,  M o u n t  H e l e n  W e l d e d  T u f f  
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= 1 .8  x 1 0  - 4  l b  x s e c  2 / i n 4 ,  K = 1 . 3 8  x 1 0  6 p s i ,  
P O  

- - T '  - 0.0.  4 
0 -  P - -  - 3  ' T o  

f o r  c o m p a r i s o n  p u r p o s e s ,  t h e s e  same d a t a  ( i n c l u d i n g  t h e  c o n i c a l  

n o s e  a p p r o x i m a t i o n )  w e r e  u s e d  i n  G N O M E  and  t h e  r e s u l t s  a r e  

shown a s  c u r v e  n u m b e r e d  1 on F i g u r e  1 6 .  

An a d d i t i o n a l  c a l c u l a t i o n  was made w h e r e  t h e  same m a t e r i a l  

p r o p e r t i e s  a n d  d a t a  w e r e  a p p l i e d  t o  t h e  t e s t  ( o g i v a l )  n o s e  

s h a p e .  C u r v e  n u m b e r e d  2 on  F i g u r e  16  shows t h e  r e s u l t s .  

A n o t h e r  c a l c u l a t i o n  was made w h e r e  t h e  p r o p e r t i e s  w e r e  c h a n g e d  

t o  i n c l u d e  a s m a l l  v a l u e  o f  u n c o n f i n e d  s h e a r  s t r e n g t h  w h i l e  

m a i n t a i n i n g  t h e  same v a l u e  o f  i n t e r n a l  f r i c t i o n ,  

5 = 1 , 2 0 0  p s i  

G N O M E  t h e n  p r o d u c e d  c u r v e  n u m b e r e d  3 f o r  t h e  o g i v a l  s h a p e .  The 

s i g n i f i c a n c e  o f  t h e  i n t e r a c t i v e  e f f e c t s  o f  u n c o n f i n e d  s h e a r  

s t r e n g t h  a n d  t h e  n o s e  s h a p e  on  t h e  p e n e t r a t o r  l o a d i n g  v i a  t h e s e  

m e t h o d s  i s  e v i d e n t .  
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C o n c l u s i o n s  

1. C o m p u t e d  r e s u l t s  u s i n g  t h e  m e t h o d s  d e r i v e d  i n  t h i s  r e p o r t  

i n d i c a t e  t h a t  n o s e  s h a p e ,  u n c o n f i n e d  s h e a r  s t r e n g t h ,  

i n t e r n a l  m a t e r i a l  f r i c t i o n  a n d  s l o w  s p e e d  s o l u t i o n  

t e c h n i q u e s  ( Z o n e  I r e s p o n s e )  a r e  i m p o r t a n t  i n  t h e  

p r e d i c t i o n  o f  p e n e t r a t o r  f o r c e s  i n t o  r o c k  t a r g e t s .  D a t a  

t a k e n  f r o m  t h e  t w o  e a r t h  p e n e t r a t i o n  t e s t s  g e n e r a l l y  

s u p p o r t  t h e s e  r e s u l t s .  S a t i s f a c t o r y  t r e a t m e n t  o f  t h e s e  

d e t a i l s  i s  e x p e c t e d  t o  b e  o f  e q u a l  i m p o r t a n c e  i n  t h e  

p r e d i c t i o n  o f  l a t e r a l  l o a d i n g .  

2 .  T h e  s i m p l i f y i n g  a s s u m p t i o n s  w h i c h  w e r e  made f o r  p a r t i c l e  

v e l o c i t y  a n d  d e n s i t y  d i s t r i b u t i o n s  i n t r o d u c e d  o n l y  s m a l l  

d e v i a t i o n s  f r o m  p r e v i o u s l y  e s t a b l i s h e d  r e s u l t s  f o r  w a t e r  

i m p a c t  l o a d s .  T h e  d e v i a t i o n s  a p p e a r  t o  b e  i m p r o v e m e n t s  a n d  

t h e  e c o n o m i c a l  a d v a n t a g e s  o b t a i n e d  w i t h  t h e  a s s u m p t i o n s  a r e  

n o t e w o r t h y .  

3 .  T h e s e  s o l u t i o n  f o r m s  a p p e a r  u s e f u l  f o r  c o n t i n u e d  a p p l i c a -  

t i o n s  and  t e s t i n g  i n  t h e  new e a r t h  p e n e t r a t o r  t r a j e c t o r y  

c o d e  G N O M E  a n d  i n  w a t e r  e n t r y  d y n a m i c s .  
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Nomenclature 

Penetrator Variables 

D -  Diameter of cylindrical body 

L -  Nose length 

v -  Ponetrator velocity 

Velocity component normal to nose surface "n - 

v -  Penetr ator acceleration 

I_ Coordinates and Geometry Variables 

r ,  $, e - Polar spherical coordinates 

q -  Spherical cavity radius 

4 -  Spherical cavity wall velocity 

ficr - 
{ - .  Spherical cavity acceleration 

Value of q defined by Equation 46 

Q -  Spherical radius which divides response Zone I 1  

and Zone I 1 1  

R -  Outermost spherical rqdius of crushed or 

compacted material 

Values o f  radius R at t e m p o r ary steps in the 

derivation 

Ro, R *  - 

R 1 ,  R 2  - 
i -  Time rate of change of R 

s -  Spherical radius which divides Zone I and ZOne I 1  

Transitional values of R, see Figure 5 

respOnse 

Transitional angles, see Figure 5 d,, fi, - 
t -  Expansion time 
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t l ,  t2 - Transitional times which correspond with b, 

and b 2  and R 1  and R e  

a -  Ratio R / q  for Zone 111 response, Equation 42 

Stress, Strain and Other Response Variables .- - - -__1.._1_ - 
ar, a d ,  a e  - Stress components in polar spherical 

coordinates 

- Radial stress at cavity radius a q  
Radial stress just inside radius R 

O R  - 
a -  Radial stress at radius S S 

Absolute value of tangential stress in elastic 

response zone 

Absolute value of radial stress in elastic 

response zone 

l a b e l  - 

lareI - 

7 -  Stress difference 

P -  Pressure (average stress) 

pR - 
? -  Volumetric strain, compression is positive 

'R - 
E -  Principal shear strain 

4 -  Volumetric strain rate 

E -  Principal shear strain rate 

P -  Density of crushed material 

P i  - Average density of crushed material in zone i 

A W  - Function o f  time, complementary solution factor 

Pressure (average stress) just inside radius R 

Volumetric strain at radius R 

- 

for differential equation of motion 
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Ai  - 

B i ( r , t )  - F u n c t i o n  o f  t i m e  a n d  r a d i u s  r f o r  a v e r a g e  

V a l u e s  o f  A ( t )  u s e d  t e m p o r a r i l y  i n  d e r i v a t i o n  

d e n s i t y  pi, see  E q u a t i o n s  5 6 ,  5 7  a n d  58. 

F -  F u n c t i o n  o f  t i m e ,  s e e  E q u a t i o n  17  

i -  T i m e  r a t e  o f  c h a n g e  o f  F,  s e e  E q u a t i o n  5 2 .  

v -  V e l o c i t y  o f  c r u s h e d  m a t e r i a l  e l e m e n t  

V e l o c i t y  o f  c r u s h e d  m a t e r i a l  e l e m e n t  j u s t  i n s i d e  

t h e  r a d i u s  R 

'R - 

M a t e r i a l  P r o p e r t i e s  a n d  F u n c t i o n s  ~ . - -  ---I -I--- - - - -_-_ - ---- 
I n  s i t u  d e n s i t y  

C o m p r e s s e d  d e n s i t y  o f  m a t e r i a l  u n d e r  u n i a x i a l  

c o m p r e s s i o n  s t r e n g t h  l o a d i n g  

- 

p c  - 

D e n s i t y  o f  m a t e r i a l  a t  n e a r  s o l i d  c o m p a c t i o n  

- V o l u m e t r i c  s t r a i n  u n d e r  u n i a x i a l  c o m p r e s s i o n  

9 - 

r l C  

s t r e n g t h  l o a d i n g  

V o l u m e t r i c  s t r a i n  a t  n e a r  s o l i d  c o m p a c t i o n  TP - 
a -  U n i a x i a l  c o m p r e s s i o n  s t r e n g t h  

TO - 
C 

U n c o n f i n e d  s t r e n g t h  ( s t r e s s  d i f f e r e n c e )  f o r  

u n b r o k e n  r o c k  

T '  - U n c o n f i n e d  s t r e n g t h  ( s t r e s s  d i f f e r e n c e )  f o r  0 

b r o k e n  r o c k  

P r e s s u r e  r e q u i r e d  t o  c o m p a c t  c r u s h e d  m a t e r i a l  t o  

n e a r  s o l i d  d e n s i t y  

K -  S l o p e  o f  p - r l  c u r v e  

P! - 

K 1  - S l o p e  o f  e l a s t i c  p o r t i o n  o f  p-77 c u r v e  

K 2  - S l o p e  o f  p-r l  c u r v e  f o r  l o a d i n g  p a s t  pa 
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J 

u -  S l o p e  o f  s h e a r  r e s i s t a n c e  ( s t r e s s  d i f f e r e n c e )  

v e r s u s  c o n f i n i n g  p r e s s u r e  f o r  b r o k e n  rock 

a -  F u n c t i o n  o f  p, s e e  E q u a t i o n  9 

b -  F u n c t i o n  o f  p ,  s e e  E q u a t i o n  5 5  

c -  Wave s p e e d ,  s e e  E q u a t i o n  3 2  
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