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ABSTRACT

The transport of gaseous species in dead-end tubes having selectively
permeating walls is investigated. The limits of validity for the modeling
assumptions used are established and are given in terms of a series of
inequalities involving the key parameters. Detailed analytical results are
generated via exact limiting solutions as well as numerical integration of
the governing equations for both positive and negative global velocity cases.
Tube materials having speéie separation ratios varying from unity to very
large or very small values are included in the study. The resulting effective
separation ratio for a tube may be either greater or less than that for the
tube material in slab form. The possibility of using secondary control
species to favorably alter the flow characteristics of primary species is
demonstrated. Some experimental data is given which verifies the large
effects which the presence of a low permeating specie in the tube bore can
héve on the flow of another specie which readily permeates the tube walls.

It is shown, in the near perfect filter limit, that the analytical model
properly describes the effects obtained in both the balanced pressure and

the convection dominated limits.
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SUMMARY

The transport of gaseous species in dead-end tubes having selectively
permeating walls is investigated. The assumptions of continuum, quasi-steady,
fully developed, laminar bore flow of perfect gases which behave like an
axially diffused plug flow through an approximately straight tube with nearly
uniform bore temperature and pressure are used; the supply and receiving
" reservoirs are assumed to be well mixed so that uniform reservoir temperature
and concentrations exist. The limits of validity for these assumptions are
established and are given-in terms of a series of inequalities involving the
key parameters.

Detailed results are generated via exact physically limiting solutions
as well as numerical integration of the governing equations for cases
involving up to five species. Both positive and negative global velocity
cases are examined and are used to show that better results can sometimes be
obtained if the tube is immersed in the opposite reservoir. Tube materials
having specie separation ratios varying from unity (non-selective) to very
large or very small values (near perfect filters) are included in the study.
It is shown that the flow of a given specie can be either enhanced or dehanced,
and even reversed in direction, relative to the corresponding perfect mixing
value due to the presence of other species. This leads to the definition of
an effective separation ratio for specie flow from the tube which may be
greater or less than that of the tube material in slab form which is

approached in the perfect mixing limit. It is also shown that in certain



cases an individual specie can exhibit wall and bore stagnation points at
different locations where the flow direction changes for that specie. From
the consideration of such phenomena it is demonstrated, as a possible mode

of operation, that secondary control species having very large or very

small permeation rates can be ﬁsed to favorably alter the flow characteristics
of primary species.

Finally, some experimental data is given to verify the large effect
which the presence of a low permeating specie in the tube bore can have on
the flow of another specie which readily permeates the tube walls. It is
shown, in the near perfect filter limit, that the mathematical model given
here properly describes the effects obtained in both the balanced pressure
and the convection dominated experimental limits.

The information contained in this document eliminates the need to
operate such dead-end tubes with selectively permeating walls near the
perfect mixing limit to avoid unknown effects; this is true because these
effects are now predictable and well enough understood so that they can

even be exploited to produce favorable effects in some cases.
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INTRODUCTION

Many materials (Jost, 1960) including metals (Al, Cu, Ag, Fe, Mo, Ni,
Pd, Pt), ionic crystals (the alkali halides, quartz, rock salt, fluorite),
glasses (SiOz, Pyrex), organic polymers (rubber, various butadienes, paraffine,
cellophane, cellulose compounds, heoprene, polystyrene, polyvinyl chloride),
and zeolites or silicate compounds {analcite, chabazite, heulandite, ’
natrolite, scolecite) are selective in varying degrees to the permeation
of some of the common gases (Ar, Ne, He, 0,, Ny, HZ’ co, Co,, NHS, CH4).
Since most of these materials can be used to construct pipes, tubes and
capillaries of various kinds which are often used to transport or store
mixtures of common gases, the interaction between the selective permeation
of the tube walls and the bore transport processes can be important in some
cases. The author is not aware of any published investigations of this
type of problem.

The analogous problem for porous tube flow has been extensively
studied in some flow regimes, for example see Libby, et al. (1969), or
Huang and Yu (1973). It must be made clear that such studies are very
different from the problem briefly described above. Porous walled tubes
exhibit flow and gas phase diffusion through open pore space. Such processes
consist of global (viscous or non-viscous convective) flow, which is
generally non-selective and may include mutual diffusion (intermolecular
collisions are dominant) and/or Knudsen diffusion (wall collisions are

dominant), which are only weakly selective in that they depend on the
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square root of the molecular weight ratios of the various gas species. Also
these processes have weak dependence on temperature. The term ''selectively
permeating walls' is used here to describe diffusion in the solid material
via gas migration through the atomic lattice structure of the material. A
much higher degree of selectivity can be observed for that mechanism, and
also a strong dependence on temperature is usually present.

Another related problem area which has received considerable attention
involves the transport of gas mixtures having varying spacial compositions
in non-permeable pipes. A large body of literature on this subject is
published under headings like '""laminar dispersion in capillaries' and
similar terminology; some of the key papers on this problem are Taylor
(1953-4), Aris (1956), Bournia (1961), Evans (1965), Gill, et al. (1965-8),
Dayan and Levenspiel (1968) and Nunge, et al. (1972). This work is found
to be very helpful in formulating the analytical model given in this
document.

Some previous work on flow in selectively permeating tubes has been
done here at SLL; the work included both analysis and experimental verifis
cation of cases where the net flow was out of the tube's open end; only the
near perfect filter limit was examined, so that two species were present
and only one of those readily permeated the tube walls with the other being
essentially trapped in the vent volume and tube bore. This previous work
is included in this document as well as an analysis of cases where the net
flow is into the tube's open end along with real filter cases involving two
or more permeating species. No additional experimental data beyond the near
perfect filter limit is given. The limits of validity for the fluid
mechanical modeling assumptions are established, and the related analysis

is given in detail in the Appendix.
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NOMENCLATURE

a thermal diffusivity

Ai eq. (89)

A effective surface area, eq. (A20)
A.V Avogadro's number 0,61 x 1024

a,b,c eq. (66)

Bi eq. (90)
Coi sound speed, eq. (A23)
c, = Pi/P’ mole fraction (Pi/P = vi/v)

Cio = Pio/Po=C X =0
Ciy =G X=1
Ciw = Piw/PO’ pseudo-mole fraction
d coil diameter
D tube inside diameter
D, wall material diffusion coefficient for gas species i
Dy pre-exponential parameter for D,
Dij gas phase mutual diffusion coefficient
Dr reference Dij at P, and T,
Ed diffusion exponential parameter
ES solubility exponential parameter
f
eq. (71)
F
h tube wall thickness
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number of gas species

eq. (A63)

thermal conductivity

eq. (76), also eq. (A62)

axial dispersion coefficient
Knudsen number, A/D

SiDi’ permeability coefficient

tube length

entrance length, eq. (A9)

mass flow rate

Mach number

eq. (14)

Mi(x=0)

temperature exponent, eq. (4)

eq. (A27), Péclét mumber (diffusion)
local partial pressure for species i
receiver partial pressure species i

driver partial pressure species i

i mixture static pressure

I
2P
i=1

I
P PiO’ receiver mixture pressure
i=1
reference pressure, eq. (4)
heating rate per unit volume
eq. (1)

Ty (t > =), eq. (5)
82.06 cm3 atm/mole °K

1.987 cal/mole °K



Reynolds number

wall Reynolds number
eq. (A36)

v/Dij, Schmidt number

solubility coefficient for gas species i

pre-exponential parameter for S

time

eq. (Al8)
eq. (A19)
eq. (A24)
eq. (A31)
eq. (A37)
eq. (A38)
eq. (A61)
eq. (A22)
eq. (A23)
eq. (A21)
eq. (A20)
eq. (A91)
eq. (A92)

temperature (static)
stagnation temperature
reference temperature, eq. (4)

velocity species 1

T

2: C; u;, molar averaged velocity
i=1

receiver volume
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driver volume

eq. (A83)

eq. (A83)

molecular weight species i
integration constant, eq. (48)
axial distance along tube bore
x/L

ed. (A91)

eq. (A92)

n (1 - Cl)

eq. (74)

eq. (75)

compressibility factor, eq. (A4)

eq. (A18), o1 = decay constant

eq. (77)
aLZ/ZDij
eq. (20)

ratio of specific heats
at/0Y2, eq. (A49)
eq. (19)

eq. (A50)

eq. (18)

eq. (A2), mean free path (molecular)

viscosity coefficient

eq. (3), molar density species i



I
v = 2. vs, total molar density; also v = u/p, kinematic viscosity
i=1

0 mass density

Tp eq. (A26)

T eq. (A57)

¢ = q)ij (Gij = 1)

0 eq. (A53)

Qij eq. (17)

0o eq. (6)

Q eq. (91), separation ratio

Qeff i ©d- (97), effective separation ratio
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ANALYSIS

The analysis below consists of two main areas of investigation; the
first area is primarily concerned with the physical description of the
problem and its mathematical formulation. The governing equations are
derived with a minimum of analysis due to the fact that each of the many
fluid mechanical assumptions used is examined in great detail in the Appendix,
although an important wall diffusion assumption is discussed below. The
second area consists of results in the form of exact limiting solutions as
well as more general cases obtained from the numerical solution of the
governing equations. The solutions are increased in complexity via an
increase in the number of gaseous species involved and special emphasis is
given to the various modes of operation identified by means of unique

physical or mathematical characteristics.

I. Governing Equations

Physically the problem investigated here consists of two volumes of gas
which may be different mixtures of two or more chemical species at different
pressure levels. The gases.can pass from one volume to the other by means
of a dead-end tube immersed in one volume with the open-end connected to the
other volume. The gases pass through the tube walls by selective permeation
via diffusion, not by global flow processes through open pores. This

situation is shown schematically in Figure 1 where one volume V_ is often
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referred to as the driver and the other volume v, is often referred to as
the receiver or vent volume even though the flow direction is not specified
or restricted here other than with respect to the different mathematical
forms of solutions sometimes required. It must be emphasized that the
volume sizes V and V_ are not directly relevant to the problem in the
sense of transient mass inventory accounting; that is, the volumes do not
enter into the model explicitly due to the assumptions of quasi-steady bore
flow and uniform reservoirs. However, the volume symbols V_ and Vv, as well
as their names '"driver'" and ''receiver' or 'vent," respectively, are used
extensively in the discussion as a means of identifying the gas mixture in
contact with the exterior of the tube as opposed to the region surrounding
the root or open end of the tube bore. The volume sizes are also required
in the Appendix in order to establish that the quasi-steady bore flow and

uniform reservoir assumptions are approximately valid.

(i) Fluid Mechanical Assumptions

The fluid mechanical assumptions which have been made in order to
investigate the problem shown schematically in Figure 1 are listed in
Table I with the independent dimensionless parameters (a total of eighteen)
shown immediately after the assumption which first requires them. The
restrictions (inequalities) found to be necessary via the detailed analysis
given in the Appendix for each assumption to be valid are also given in
Table I; first the dimensionless parameter restriction is given, then the
equivalent restriction on the tube length, diameter, total mass flow rate,
or other key dimensioned parameter for the problem is given. The parameter

definitions and the units required in order to properly use the inequalities
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TABLE I. Fluid Mechanical Assumptions and Related Parameter Restrictions

Continuum Flow [Kn]

Kn = A/D < 1072/3 << 1

DP>107°T
Perfect Gases [Z]
0.94 < Z < 1.06
P < 100 atm

Fully Developed Laminar Bore Flow [Re, L/D]

(i) Laminar Flow
Re = puD/u = 4 m/mDp < 2000
m < 500 mDu
(i) Fully Developed Flow
L/D > 0.35 Re

m< 0.7 mu (L/D)

22
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(A3)

(A5)

(A6)

(A7)

(A8)

(A10)
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Uniform Bore Temperature and Pressure [M, vy]

(i) Uniform Bore Temperature
M<0.3, 1<vy<5/3

1/2 DZ

n< 37.5 Ty p(w/RT) /2

(ii) Uniform Bore Pressue

AP/P = (/W) (128 WLRT/mD*P?) < 1.28 x 1072 << 1

4

m < 107% 7*P?W/uLRT

Quasi-Steady, Axially-Diffused Plug Flow [N o’ h/D, Vb/Vw, V', D!, a',

(i) Axially Diffused Plug Flow

Np, <1

Pe

m < mDu/4Sc
(ii) Quasi-Steady Bore Flow

/ < 0.2

hore tsystem

D < 3 x 10% p71/2

1/2
D < 0.9 h (9/D;)

2 p\ ! VoYl
V' = (mD°L/4V,) < 0.4 {1+ ¢ 1+5>) /DSy = vy

(A68) -

s

(A12)

(A13)

(A15)

(A16)

1

(A66)

(A67)

(A80)

(A81)

(A82)

(A83)
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L < 2 x 108 (yr/mnl/2

1/2 5-1/2

L<1.5x 108 F1/2p

L < 1.8 x 10° h? (Y/TW)l/z Do'1 exp (E3/RT)
L< (55) Y2y (vij/Di)l/2
V<V (COD/Dij)/élO (L/D)

V' < V{4l F

Uniform Reservoirs.[L/XV, Xd/XV, tstc/trc’ ATﬁax/T]

(i) Concentration

2/3 -2
/to, = 0.12 LV /V (V) <10 ° <1
th FV °° o''b d
- 1/3 -2
tXV/tFV = 0.32 L/VO (VI'))V <10 “ <1
L < 0.083 V) v 23
d
1/3
L <0.031 (V) V
b v ©
(ii1) Temperature
t ../t = t(sys. temp. change)/t(res. c_onduction) > 5

stc! "rc
t(sys. temp. change) > 5 ries/éa

-1
ATmax/T < 10

2 .
Tres © 0.6 kT/q
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(A85)

(A86)

(A87)

(A88)

(A89)

(A93)

(A94)

(A95)

(A96)

(A100)

(A101)

(A103)

(A104)



Straight Tube [d/D]

(i) Flow Rate

(ii) Dispersion

d/D > 2.66 Re

Dead End Permeable Tube

2 p.2

d/D > 10 “ Re

178 (1 + 107 re?)

Re, /Re < 107274 << 1

|Re | < 107 1/m << 1

L >10% D

m< 107t L

(A115) replaces (All)

(A107)

(A108)

(A112)

(A113)

(A114)

(A115)
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to determine if a given problem can be investigated via the model derived
here are found in the Appendix near the corresponding equation number shown
to the right of the inequalities in Table I. In general these restrictions
are independent although (A115) does replace (All), and when Sc is near

unity as it usually is for most gaseous flows, then (A67) replaces (AS8).

(ii) Conservation of Mass

The assumptions listed in Table I and analyzed in the Appendix in detail
have eliminated the momentum and energy equations; also the time dependence

is introduced only in a quasi-steady manner via the boundary conditions;

therefore the problem has been reduced to one of conservation of mass for
each specie i via the steady, one-dimensional equations

d(uiCi)/dx =T, i=1,2, ..., 1. (D

The axial diffusion relative to a molar-average plug flow velocity

I
u=u= 3 (ui Ci) is accounted for by means of Fick's law such that
i=1

ui Ci = uci - Dij dci/dx, i = 1, 2, ceey I (2)

where the mole fraction of specie i is

C. = vi/v = P./P = Pi/Po 3)
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I I I
so that 3 C. = lusing P = P = 3 P. = ) P. . The coordinate x is

i=1 ° i3t iA
measured along the bore from the open end or root of the permeable tube.
The assumptions of continuum, fully developed, laminar bore flow of perfect
gases through an approximately straight tube with nearly uniform bore

temperature and pressure have been used.

(iii) Diffusion Coefficient (Gas Phase)

The mutual diffusion coefficient Dij depends on the total (as opposed

to partial not static) pressure P and temperature T and can be written

_ N
vij =D, (T/T)" (P,/P) 4)
in terms of reference values, subscript r. The temperature exponent N is
usually narrowly bounded 1.63 < N < 1.76 for many common gas combinations
and for most purposes can be taken to be N ¥ 1.7. The reference diffusion
coefficient Dr = Dr (Pr’ Tr) is evaluated at the reference pressure and
temperature which are conveniently chosen to be 1 atm and 300°K here. From
Weissman (1971), Weissman and Mason (1962), and Annis, Humphreys and Mason
(1969) typical values for Dr in cmz/sec units are (H2 - Xe) 0.61, (H2 - Ar)
0.82, (H2 - Ne) 1.17, (H2 - He) 1.59, (H2 - Hz) 1.47, (H2 - Dz) 1.27,
(H2 - Tz) 1.18, (H2 - 02) 0.81, (H2 - NZ) 0.76, (H2 - CO) 0.77, and
(H2 - CH4) 0.74 cmz/sec which indicates that a value of about 1 cmz/sec is
ij ¥ P51
if more than two species are involved then j is usually taken to be the

often not a bad approximation. Usually D is a good assumption, and
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combination of all species except i as an approximation. Since the bore
pressure and temperature are approximately uniform, Dij via (4) is a

constant parameter in (2) here.

(iv) Permeation Rate (Wall Diffusion)

The term r; on the right of (1) is the local molar source rate for
specie i due to wall permeation per unit of bore cross sectional area
ﬂD2/4 per unit of tube length L all divided by the total molar density Yo
in the vent volume. In general T, is extremely complex and requires
extensive numerical calculations to properly determine accurate values under
arbitrary conditions. Even for relatively simple initial and boundary
conditions for cylindrical, thick-walled tubes the solution (Jost, 1960,
and Carslaw, 1959) involves zero order Bessel's functions of the first kind.
However many problems of interest are operating most of the time in a

quasi-steady or quasi-equilibrium mode such that r; can be expressed

approximately by*'i

rj_ ~ rie = ri (t > oo) = wie (cioo - Cl) (5)

where C;, = P. /P  does not represent a mole fraction, but only a pseudo-

mole fraction due to the normalization by the vent volume total pressure,
1

p) Cim # 1 necessarily. The parameter w3 o is related to the wall material
i=1

permeability coefficient Ki for specie i by

;e = (8 Kj RT/A,) /D2%n (1+2h/D) (6)

*This expression requires modification if the total pressure significantly
exceeds the 100 atmosphere limit imposed here, and also for metal tubes
permeated by polyatomic gas species.
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for a tube of inside diameter D and wall thickness h,which reduces to that
for a slab when h/D << 1. The parameters in (6) and their units are defined
in the Appendix near equations (A19) and (A20). Actually (5) is a good
approximation whenever the time measured from an abrupt reservoir concentra-
tion or temperature change exceeds t, given by (Al9) since t, = hZ/ZDi
crudely estimates the time necessary to establish quasi-steady conditions
following such a change. This can be demonstrated by the simple special
case where h/D << 1 when the tube bore and wall initially have zero concen-
tration of a specie and that in the bore remains nearly zero for all time,
while the exterior of the tube is exposed to a concentration of unity at
t = 0 and remains nearly unity for all time t. The solution (Jost, 1960)
for ry canrthen be expressed

/e = [1+2 L (D" e (-w2n%D; t/h%) %

n=1

which gives the values ri/rie = 0.55 at t = 0.3 t,» 0.90 at t = 0.6 t,» and
0.99 at t = t, = hZ/ZDi so that actually anytime t > tw/Z the expression (5)
is a reasonable approximation for T;. This result remains valid for general
cases where rapid reservoir concentration or temperature changes rather than
unity step changes are present as well as cases where the thin wall approxi-
mation h/d << 1 is not true. Of course gradual changes are no problem since
(5) remains valid for all time t if the rate change of the wall surface
concentration is much smaller than the wall concentration differential divided
by t aci/at << |ACi/tw|. If the concentration change is due to a temperature
change via the solubility coefficient temperature dependence, then the rate

change of temperature is restricted such that

oT/3t << | (AC;/C;) (T/t,) (1 + ES/RCT)‘ll (8)
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in order that (5) hold for all time, where (8) is expressed in terms of
quantities defined near (A19) and (A20). Representative values for tw given
following (A19) for a variety of examples demonstrate that it can easily vary
in magnitude from a few seconds to many years without being unrealistic due
to strong dependence on temperature, wall material and gas specie as well as
wall thickness. Thus the restriction that t > tw,for (5) to hold when rapid
concentration or temperature changes exist may or may not be a problem. The
same thing can be said about (8) if it is necessary that (5) be valid for

all time when cases involving temperature variation are being investigated.
In any event, if either t > t,, or (8) is true; then (5) is valid, and it
represents the final assumption for the work which follows. When (5) is
valid, it is only necessary to use the correct local value for temperature

to evaluate Ki = Ki(T) in (6) and the proper local values for Cioo and Ci' In
regions where (5) is not valid, elaborate numerical calculations are necessary
to determine r..

1

(v) Boundary Conditions and Combined Auxiliary Equations

When (1), (2) and (5) are combined using the auxiliary equations

1
Zci =1 and 9)

i=1
I I
du/dx = Ty = Erie = Z U (Cico - C) (10)
i=1 i=1
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and Dij is considered to be a nearly constant parameter

2 2 , _ |
I
results, which is a coupled set of (I - 1 using . C; = 1) non-linear,
i=1

second-order, ordinary differential equations. However due to the split

boundary conditions,
(12)
and u=20, dCi/dx =0atx=1L,

the use of (9) - (11) is not as convenient as the set of first-order

differential equations, (1) and (2) with boundary conditions (12).

(vi) Non-Dimensional Governing Equations

It is best to non-dimensionalize (1) and (2) before examining their mathe-

matical nature; to do this x is normalized by the tube length L
X =x/L (13)
and the dependent variable Mi is introduced such that

Mj = vy G/l wge (€4 - G (14)
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which means physically that uy Ci has been normalized by its corresponding

value for specie i at X = 0 when perfect mixing (Di ; + ) is approached;

thus in the perfect mixing limit, as will be shown later, C; = Ci o and

Mi X =0) = Mio = 1. The resulting govern'ing equations have a deceptively

simple appearance

/X = €5 - C)/ (Ch - C)

o

dC;/dX = 0. C; + 0, M, i=1,2, ...

j i ij i

where
I
- - _ <1
955 = ul/D;5 = - 853 :E::(aij 035 M;)
i1
_ a2 )
%j = Bij (Ciw = Cio)

835 = D35/01; A4

2 2
. = (L wle/DiJ).

Bij

The boundary conditions for (15) and (16) are

1]
[en)

at X

1]
=

M; (1)

1
)

at X

]
o

Ci 0 io
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17)

(18)

(19)

(20)
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where for numerical purposes Mi(l) << Mi(O) =M is adequate. The parameter

Qij is the diffusion P&clét number NPe_(L/D) based on tube length which carries
the same sign as the global or net flow velocity u and whose magnitude
indicates the relative (axial) diffusive(@ij << 1) or convective (@ij >> 1)
nature of the bore flow; the word convective is used to denote plug flow here
rather than in the pure sense discussed in the Appendix. That is the velocity
profile is not really flat, but can be regarded as being such only for the
purposes of analyzing specie transport in the bore with the assumptions

listed in Table I. The sign of eij indicates the individual specie flow
direction if perfect mixing (Dij + o) were present, while the sign of @ij M,
is the same as that of uy for the general problem with arbitrary Dij
magnitude. Thus if Mj is positive, the specie velocity in the bore has the
same direction as would be present in the perfect mixing case, while negative
M; indicates that they are opposite. Of course the local sign of (C; - Cim)

gives the direction of flow of specie i through the wall which is not

necessarily the same as that in the bore.

II. Results

The solutions of (15) and (16) are extremely complicated and display widely
varying physical and mathematical modes for the boundary conditions (21) and
the defining equations (6), (14) and (17)-(20) even when I = 2 but especially
when more than two species are present I > 2. The governing equations (15)
and (16) consist of 2I coupled, first-order, non-linear ordinary differential
equations which are certainly tractable via numerical methods. In addition
the auxiliary algebraic equation ;%: Ci = 1 can be used to reduce the govern-

i=1
ing differential equations to a set of (2I-1) first-order equations. However
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even if the Gij are taken to be approximately unity, which may not always be

a good approximation, then the (3I-1) independent dimensionless parameters

in the form of Bi, Cioo andACio, using 5;& Cio = 1, must be specified to

identify a given solution. In order to properly understand the wide variety

of numerical results produced in this mammer, some framework must be established
whereby classes of soiutions with similar characteristics can be identified

and analyzed separately prior to investigating general cases which may not
clearly display any particular feature which is physically or mathematically
unique. This framework is best established by means of a series of limiting
solutions to (15) and (16) using (21) where the number of species is

progressively increased and the diffusive nature of both the tube wall and

the bore flow are taken to extreme limits.

(1) Limiting Solutions
The limiting solutions to (15) and (16) using (9) and (21) will be
increased in complexity by increasing the mumber of species I present,

starting with the single specie case.

I = 1 (SINGLE SPECIE)

When I = 1 the identity (9) determines C1

10 =1 (22)
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and (15) gives Mi

M, =1-X (23)

H

so that up = U= g a - Clw)(L - X) (24)

which merely shows, as was already known, that the assumptions, analyzed

in the Appendix, eliminated all resistance to the flow of a single specie

gas down the bore.
I =2 (BINARY MIXTURE)

When two species are present and the assumption that 012 = 021 is used,
_ _ _ _ - _ 52
then 612 = 621 =1and ¢ = @12 = @21 = (612 M1 + @21 MZ) where 612 = BlZ
2 - .
(Cloo - Clo) and 0,1 = 621 (C200 - CZO)' If the auxiliary equation
Ch=1- C1 is used to eliminate one differential equation, the three

governing differential equations

dMl/dX = (Cl - Cloo)/(c]_oo - Clo) (25)
dMZ/dX = (1 - C200 - Cl)/(C200 + C10 - 1) (26)
dc,/dX = 0, My (1 - ci) - 0,0 M, C) (27)

describe the problem with boundary conditions (21).
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Perfect Filter 05, =0

In the limit where only specie 1 permeates the tube wall, 921 = 0 and
(26) is eliminated so that
dMl/dX = (C1 - Clm)/(C100 - Clo) (28)
dCy/dX = @5, My (1 - C;) (29)
which can be combined to give
2 2 _ .2
d® tn (1 - C)/dX” = 87, (Cy, - Cp)- (30)
Letting ()' =d()/dX and y = fn (1 - C;), (30) becomes
y' =87, (€ - 1+ . (31)
Equation (31) can be formally integrated to give
2 1/2
y'=¢ = uL/D12 = {2612 [ey + (Cloo -1 y] + AO} (32)
and
: 2 y -1/2
X =x/L = fizslz [e + (C100 -1 y] + AO% dy + B0 (33)
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where AO and BO are integration constants. Unfortunately, due to the nature
of the boundary conditions,.AO and B, cammot be explicitly evaluated except
in special cases. To obtain general results, one can use a numerical
procedure to determine A0 and B0 from (32) and (33) or one can return to
(28) and (29) and use a standard scheme to integrate a system of first-
order differential equations. However, a great deal of information can be

obtained from special, limiting solutions of these equations.

Diffusion Dominated Limit

First consider the special case of perfect mixing (Dlz + ) so that

612 + 0 and dCl/dX = 0 with the result that
C1 = S0 (34)
M =1-X (35)
giving M10 = Ml(O) =1 (36)
so that upg C10 = Lwle (Clo - Clm) (37)

implying, as it should, that no flow resistance effects are present.
Actually, if this limit is approached by decreasing the total pressure,
Knudsen flow will occur before it is reached, however proper behavior is
displayed in the continuum sense even if it is idealized.

For finite Dy, the problem is diffusion dominated if lu| << lu;| so

that [C; @;,] << [0}, Mll; but since ¢ = ¢,, > - ©,, M; or u = C; uy
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when 621 = 0, this limit can only be approached if C1 << 1 implying that

C10 << 1 and also C

trace of specie 1 is present in the tube compared to the concentration of

1o ¥ (C10 - Clm)/cosh 812 << 1 via (38) so that only a

specie 2 which is stagnant in the tube bore in this case, C2 =1 - Cl'
Equation (30) then becomes dzcl/dx2 = Biz (C1 - Clm) the solution (well
known due to the analogy to the familiar thin, finite-length-fin, heat-

transfer problem) of which is

so that ¢y varies exponentially between the limits of C10 and
Clo ¥ (C10 - Clw)/cosh B at X =0 and X = 1, respectively. To complete

the solution, M1 is obtained from (28) using (38)
M1 = [sinh B1o 1 - X)]/B12 cosh 612 (39)
which has the value

My = Cio Yok ¥ (C1g - Cqo) = tamh By,/By, (40)

10

at X = 0. Note that M; is always bounded 0 < M; < 1 for all X and B,,,

1
and in fact 0 <M < Blél for 8, > 1. From (40) it can be seen that only

for 812 << 1 giving M10 + 1 is the flow of specie 1 virtually unrestricted.
In fact the perfect mixing case (34) - (36) is recovered as a special case
from (38) - (40) when 812 << 1. On the other hand, when 612 >> 1 (actually

1/2

812 > 3) M10 - Bi% where Bi% = (Dlz/m1e LZ) so that the flow of specie

1 is almost stopped compared to the perfect mixing value. Such a phenomenon
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occurs in this limit for high pressure and/or long tubes where the
magnitudes necessary are controlled by the Wy Value. Thus when 812 >> 1,
increasing L does not increase the flow rate of specie 1 significantly
since the Bi% decrease of M10 is due to the increase in the perfect mixing
1limit which has been used to normalize MlO’ Of course these results are
valid for flow in either direction indicated by the sign of (Clo - Clw).
The value of M10 from (40) is plotted versus 812 in Figure 2, where it is

the lowest curve among the family of curves shown schematically there.

Notice that

¢ = uL/D12 = 812 (ClO - Clw)[sinh 612(1-X)]/cosh 612 (41)

is in this case much smaller than unity over most of the tube length even
for large 81y This result can be arrived at using the fact that

1€ - ClOl << cosh B,,/(cosh By, - 1) when C; << 1 so that

lo] << By, [sinh B;,(1-X)]/[cosh B, - 1] which yields || << 5 if Byp < 5
and j¢| << (eX)'l for 812 > 5. Thus in this special case, the condition
necessary for the diffusion dominated solution to hold u << Uy, implies
that |¢| << 5 for 0.074 < X < 1 which accounts for a majority of the tube
length. It will become clear later that |[¢| = |®12| << 1 over the majority
of the tube length L in any case where at least some of the species are in
the diffusion dominated region. The rather loose bounds established above
are adequate here but in each specific case they can be significantly

lowered.
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Convection Dominated Limit

The other extreme, where the convection current (actually plug flow
here due to the complete radial mixing) dominates the axial diffusion
current and there is no axial mixing in tube bore, is obtained via 912 > 0
so that U Tu, =u from (2). From (1) and the boundary condition at
X = 1, an algebraic equation determines the value of C1 atX =1,

Cyq = Cl(l), so that

11

(€ - ) €qq - D =0 (42)

and since in this limit (perfect filter and convection dominated) no

mechanism exists which can allow a concentration gradient, the two cases
C, =Ciqy = C1°° Mi =0 (43)

and C; =Ciy =1 M = - X) (Cpq - 1/ (C - € (44)

result from (28) - (30). The trivial solution (43) valid for C100 < 1 results
for zero C100 = C10 or initially.positive Clm < C10 velocity (flow into the

tube at its open end or root) since specie 2 will just collect until C1 is
reduced to C1°o and all flow stops, as well as some initially negative velocity
cases where Clo € G < 1. The non-trivial solution (44) valid for Cio > 1 1is
for negative velocity (flow out at the root) since the non-permeating specie 2
is completely forced out of the tube bore due to the lack of a mixing mechanism.
As opposed to the diffusion dominated case, the non-trivial convection dominated
case (44) depends only on the pressure ratios C100 and C10 so that additional

tube length always increases the flow rate via the u, linear dependence on L

- C]_oo) = (C]_oo - 1)/(C1°° - Clo) (45)
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which is shown schematically in Figure 2 as the family of horizontal lines
labeled by MiO values less than unity, eince (45) is independent of 812.
Therefore in this flow regime M, is independent of all the physical uncer-
tainties in the parameters contained in B12- Figure 3 shows this perfect
filter convection dominated case as a plot of M10 versus C10 with Clo° as

the parameter. Notice that

0=/, = - 8, € - DA X (46)

for this case, so that Biz (Clc° - 1) >> 1 is generally necessary; this
results because it will become clear later that |¢| = |¢12| >> 1 is required
over the majority of the tube length L (actually this is expected since

D 2 7 0 but u = 0 in general only at X = 1) in order that the convection

1
dominated limit occur.

Balanced Pressure Limit

The two very different types of behavior exhibited by the diffusion
limit GMlO dependent only on 612) and the convection limit GMlO dependent
only on C10 and Clw) represent identifying characteristics of two classes
of solutions Cloo S 1 contained in the general perfect filter equations (28) -
(33) which are separated (see-Figure 2 schematic diagram) by a very special
case, Cq, = 1, which implies P, = P and thus is called the 'balanced

pressure'' case here. In this limit the constants A.O and BO in (32) and

(33) can be determined via the boundary conditions (21) so that
(€, - /(€ - 1) = [sec® W(L - X)]/sec? W (47)

where W is an integration constant given in transcendental form as
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W sect = 8% @ - C10) (48)

in terms of the parameters 612 and ClO' The solution for M1 is

M, = [tan W(L - X)]/W sec? W (49)

which has the value

MiO =sin 2 W2 W (50)

at X = 0 and showing the Bi% decay as Bys becomes large so that adding

tube length does not increase the flow rate. This M10 depends on both B12
and C10 and it is plotted on Figure 4 versus B17 with C10 as the parameter.
Notice that the family of curves is closely grouped for 0 < ClO < 0.6 but
rapidly fan out as C10 approaches unity. Also for the special example, the
specific values for which are shown on the figure, the square root pressure
scale for Po in atmospheres is shown above the By, scale to give an idea of
the amount of reduction in M10 from unity (perfect mixing) which can occur.
Note that since C;, =1 and 0 < C;, < 1, then only negative velocity (flow

out at the root) cases can occur in this limit. Also notice that

) .
¢ =ul/Dyy = By (1-Cp) My (51)

for this case, which has no magnitude limitation since only C1°° =1 is

required.
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Real Filter 671 #0

When both species permeate the tube walls, (25) - (27) with boundary
-conditions (21) govern the problem. It is then of interest to re-examine

the limiting solutions with 021 # 0.

Diffusion Dominated Limit

The perfect mixing case (Dlz + «) implies that 019 =6, >0 and
dC,/dX = dC,/dX = 0 so that |

C;=1-0G,=Cy (52)
My =M, =1-X (53)
similar to (34) and (35).

For finite DlZ the conditions and solutions (38) - (40) are the same
for specie 1 as in the perfect filter limit, except the magnitude of C1
is no longer restricted to be much less than unity; instead

Cp 1+ 0y M,/01, Mj| << 1 (54)

is required in order that |u| << |u;| be true. For specie 2, if lul << Ju,]

so that |C, @21| << |921 M,|, it is required that
Cy |1+ 075 M/0y; My << 1 (55)

with the result that the diffusion dominated limit is approached and
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a? CZ/dX2 = Bgl (€, - C5,). The mole fraction of specie 2 is

(Cy - Cp)/(Cy - Cy) = [cosh By (1 - X)1/cosh Byq (56)
similar to (38) and M, is
M, = [sinh By; (1 - X)1/B,; cosh 8,; (57)

similar to (39). Note that (54) reduces to C1 << 1 if 621 = (0 so that the
limits on Ci0° Ciw and B12 given previously are obtained. Similarly (54)
and (55) used with (38), (39), (56), and (57) determine the limits on ClO’
CZO’ Clm, Coer 812 and Bay required if both species are in the diffusion
dominated regime; it is important to recognize, however, that it is
possible for only one of the two species (say specie 1) to be in the
diffusion dominated regime so that (38) and (39) hold, but the solution
for the other specie (specie 2) must be determined from (26) using

=1 - C,. In such a case it is the M2 from (26) not (57) which is used

2 1
in (54) to determine the parameter limitations and of course (55) is dropped.

C

The special case 921 = ( is an example of such a situation but where the
solution for M2 is not even needed as it is zero. Another special case
where both (54) and (55) are satisfied via u > 0, so that there is no
restriction on C1 and C2 other than C1 + C2 = 1, results when 921 M2 =

M, so that

"0 M

812 (C1°° - ClO) cosh By1 sinh B17 1 - X)

= Byy (CZO - CZw) cosh Bl2 sinh Byp a-Xx (58)
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gives the parameter limitations. Since (58) can be satisfied for all X only
if 812 = By with the result that (Clw - Clo) = (620 - CZ«J’ the very special
nature of this case is evident.

Due to the similarity of (56) and (57) to (38) and (39) no further
discussion or plots for this case are required. On the other hand, it is
of interest to briefly examine the magnitude of ¢ = uL/D12 when 021 # 0.

When |u| << |u;|, ¢ can be written

- (- v -1
and since
dCl/dX = (C1°° - Clo) B12 [sinh B2 (1 - X)1/cosh B2 (60)
one can show that |dC,/dX| < 5 for 0.074 <X < 1 using 0 < C; <1 and the

same reasoning given below (41). These loose bounds imply that |¢| << 5/C,
which is an adequate indication that |¢| must be small over most X values

in this limit except when ¢ is very small. Since (59) can be written
¢ = (dCl/dK)(l + ul/C2 u,) (61)

then in the limit of small C1 (C1 -+ 0), ¢ approaches dCl/dX which can be
shown to be small over most X values via the same reasoning following (41).
Thus if either or both of the species are in the diffusion dominated
regime, it appears that ¢ must be small compared to unity over most of the
tube length; the fact that ¢ is small does not, however, imply that all the

species are in the diffusion dominated regime. Again notice that the
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diffusion dominated solution is valid for flow in either direction depending
on the signs of (Cloo - Clo) and (C2°° - CZO) for the individual species and
the sign of u = % Ci u. for the net flow which, of course, has been restricted

i
to be much smaller than u; or u, in this limit.

Convection Dominated Limit'

When 621 # 0 the convection limit is very complex compared with the

921 = 0 case. In the limit 012 + 0, U =u, =u and

M1 = C1 u/Lw1e (C10 - Clw) =M, (621/912) Cl/(l - Cl) (62)
via (2) or (27), giving the governing differential equations.

Mldcl/dX = C1 - Cl)(clw - Cl)/(C10 - Clw)
2
+ (621/612) C1 (C1 + sz - 1)/(C10 + sz - 1) (64)

from (25) and (26). Equations (63) and (64) have solutions of vastly
different nature depending on the flow direction, which is due in part at
least to the flow direction dependence of the C1 boundary condition at X = 0
in this limit. For this reason there is considerable value in applying the
C1 boundary condition at X = 1 where it can be determined by solving the

algebraic (quadratic if I = 2) expression obtained from (64) when it is set

equal to zero. In other words, since M11 = MICX =1) =0
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Cip = Cl(l) = [- b t#bz -4 ac]_/Za <1 (65)

where a=(1 - wze/wle) = (1 - Qz),
b= (2, 1-CQ) - +Cl, (66)
c = C1°°

which indicate that the value of Cy; is independent of Cjp in this limit.
Figure 5 gives the results from (65) via C11 versus C1°° with Qz = wZe/wle
and CZm/Clm as parameters. The diagonal line passing through the origin is
the no flow C11 = C1°° line and all values above it, selecting the sign in
(65) giving C11 < 1, are for positive velocity while those below C11 = C1°°
and C11 = 1 are for negative velocity. It is evident that the nature of the
two regions varies considerably.

This difference carries forward into the solutions of (63) and (64);
one class of solutions is obtained when dCl/dX = 0, which contains all

negative velocity cases (flow out of tube open end) as well as the no flow

limit, and results when C;, + C, > 1 so that

C,=¢C

1 =1-0 (67)

11

Ml = (1 - X) (Cloo - Cll)/(clw - ClO) (68)

where M2 is determined from (62) and C11 is obtained from (65) which reduces
to the perfect filter solution if Q, » 0. Since C11 < 1, then the perfect
filter M1 from (44) is never greater than the real filter M1 from (68)(see Fig. 6).

Note that (67) and (68) are just slightly modified from (44) to account via
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C11 # 1 for the proper mixture permeating the tube walls which then flushes
all except that mixture from the tube due to the lack of a mixing mechanism.
The solution becomes independent of the boundary condition ¢ = Cqp at X=0
in this limit, which in fact is no longer valid as is shown by (67). Also

observe that in this limit
- 2 -
¢ = - 812 (Clm - Cll) (1 - X)/Cll (69)

which is slightly modified from (46) to account for C11 # 1 when 621 # 0.
Although the appearance of (67) - (69) is very similar to (44) - (46), to
which they reduce when C11 + 1 as 921 + 0, this is somewhat deceptive since
(67) - (69) can display much different physical behavior from that shown by
(44) - (46). Equations (44) - (46) are valid for C1m> 1 so that C1°° > C10
and My is positive and narrowly bounded 0 < M <1 with Biz (C100 -1) >»>1
being required to guarantee that the convection dominated limit holds.
Equations (67) - (69) are valid for Cloo + C2°° > 1 where C11 f(ﬁg)but C11 N C10
and C,, N Cig SO that - « < M; < = with B%z (Ci/Cy7 - 1) >> 1 being required
to guarantee that the convection dominated limit holds. The physical meaning
of this greatly expanded M1 range is discussed briefly following the derivation
of the other class of solutions.

The other class of solutions contained in (63) and (64) besides (67)
and (68) is obtained when dCl/dX # 0, which holds for all positive velocity
cases (flow into open end of tube), and results when Clc° + C2°° < 1. In this

case the differential equation obtained from (63) and (64)

£(d? Cl/dXZ) + F(d Cl/dX)Z =0 (70)
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must be solved using

_ _ 2
f-f(Cl)—aC1+bC1+c
and (71)
F = F(Cl) = - (1 +2b+ 3aC1)

where a, b and ¢ are given by (66). After much manipulation the solution to

(70) can be expressed

oc+1/2]

X=x/L=1[1- (Z/ZO) (Y/Yo) (72)

which gives for M1

, -1

M =K1 -X) ¢ (Za C;p+b - Za‘/bz - dac ) (73)

where the boundary conditions (21) have been applied and the subscript o on
Z and Y indicates X = 0 values. The functions Y = Y(Cl) and Z = Z(Cl)

(not to be confused with the compressibility factor) are defined as

Y=(Zac1+b+Jb2-4ac)/(2ac1+b- b2—4ac) (74)
Z = (Za C,+b- Zanz - 4ac)/(2a Cp +b +db2 - dac ) (75)

and the constants K (not to be confused with the permeability coefficient)

and o are

-1

K= (b% - 4ac) (0.5 - 26%) (Cyq - Cp) (76)
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0= 10, (L-Cy) + (- Cl/24b7 - dac 77)

where using (66)
b2 - dac = {02 (1-C )%+ (1 -C )% +20,[C, (1+C, )+ (C, - 1]} (78)
2 200 Teo 2 1Coe 1o 1o :

Although the negative velocity cases given by (67) and (68) using (65)
and (66) are very simple (aside from the wide M1 range discussed below) due
to C1 being constant and M1 being linear, the positive velocity cases given
by (72) - (78) are more complex and need further discussion. Figures 7 and
8 give a specific example where w,, = 2w, Or Q, = 2 and where C;_, = C, = 0.15.
Figure 7 gives C1 versus X with C10 as the parameter while Figure 8 gives Mi
versus X with C10 as the parameter. For the set of parameter values selected,
Figure 5 or (65) and (66) indicate that C11 = C1 X =1) = 0.75 in all cases
no matter what value of C10 is used; also note that C11 depends on only the
ratio of Wy and Wy Ot their magnitude. Figure 7 shows that C1 may either
decrease or increase from C10 to that C11 value depending on C10 being greater
or less than Cll’ respectively. Physically the Vb mixture identified by C10
is carried into the tube at X = 0 and must adjust to the C11 value at X = 1
which is compatible with the tube wall characteristics and the V_ mixture but
independent of ClO' Figure 8 shows that M1 (similar to the negative velocity
case) has a wide range - » < My <o, although the velocity for this example
is always positive [the M1 sign change is due to the sign change of

(C Clo)]. Notice that at X = 0, dMl/dX = - 1 and that M11 = Ml(l)-= 0

Joo
for all ClO values; however, M10 = Ml(O) must be adjusted until the latter
condition is true so that M10 is different for each C10 value. In fact thié

procedure, which is automatically accomplished via (72) - (78), not only
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yields some negative values for Ml which must exhibit a minimum where
dMl/dX = 0 at some 0 < X < 1 but aiso yields values greater than unity. The
physical meaning of both of these phenomena are discussed at great length
later as well as possible means of exploiting these effects in applications.
A brief indication of their physical meaning is given here, however. Negative
M1 values indicate that the actual flow direction of specie 1 (which in this
1imit’D12 + 0 is the same for all species) is opposite to that which would
exist if perfect mixing 012 + © were present. Values of M1 greater than
unity at X =0 [Ml(O) = M10 > 1] indicate that the flow rate of specie 1 is
greater than the perfect mixing (Dlz + «) flow rate. The physical reason
that these phenomena can occur in the convection dominated limit (or near

this 1limit), while M; is always narrowly bounded 0 < M; < 1 in the diffusion

1
dominated limit, is that as 012 +~ 0, u; T Uy U thus when specie 2 is the
controlling specie, it determines both the sign and magnitude of velocity for

specie 1 independent of those for perfect mixing which have been used for

normalization because that limit is the most common assumption.

I > 3 (TERNARY MIXTURE OR GREATER NUMBER OF SPECIES)

The general governing equations (15) - (21) do not lend themselves to
extensive simplification when I > 3,7a1though the use of ﬁ& Cﬁ'= 1 does
reduce the differential equations to a set of (2I - 1) fi;;%-order equations.
Even if the aij are taken to be approximately unity, then (31 -Il) independent
dimensionless parameters in the form of B?J.,Cioo and Cio using iz=:1 Cio =1
must be specified to identify a particular solution. Some limiting solutions
can be obtained, however, and they help a great deal in understanding the

general results generated numerically later in this report.
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Diffusion Dominated Limit

As before, first consider the perfect mixing (Dij + ) special case

which implies that dCi/dX = (0 so that

I (79)

My =1-X (80)

similar to (52) and (53).
For finite Dij the problem is diffusion dominated for a specie i if

lu| << Ju;| so that ICiQijI << leij M; | giving the governing differential

equation
2 2 _ .2 i ' :
d Ci/dX = Bij (Ci Cio). (81)

Equation (81) yields the mole fraction Ci for specie i

c; - Cim)/(cio - ;) = [cosh Bij (1 - X)]/cosh Bij (82)

and the Mi expression follows from (15)

M, = [sinh Bij (x - X)]/Bij cosh Bij (83)

which are both bounded between zero and unity (0 < C, <1, 0 < Mi <1).
Equations (82) and (83) display the same mathematical characteristics

which were discussed following (38) and (40). It is possible for some species

to be in the diffusion dominated region where (82) and (83) hold |u| << Iuil,

while other species are not in that region so that for those species (15) - (20)
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must be used. The fact that ¢ = Qij = uL/Dij must be small in order for any
of the species to be in the diffusion dominated regime can be shown via

generalizations of (59) and (60)

¢ = (- u/u;) @ &n C;/dX) (84)
(d Ci/dX) = (Cioo - Cio) Bij [sinh Bij (1 - X)]/cosh Bij (85)

valid for |u] << |ui|, so that following the reasoning below (41) and (60)
one can show that |¢| << 5/C; over most of the tube length. Similarly the

generalization of (61)

I .
¢ = (—de/dX) 1+ 1-2“1 (Ci ui_/Cj uj) (86)
1#j
can be used in the 1limit of very small C; to show that |¢| must remain small
even in that limit. As stated before, small ¢ is a necessary but not
sufficient condition for a specie to be in the diffusion dominated region.
For any specie i it is sufficient that |;§% C; u;| << lu;| in order that (82)
i=

and (83) hold; this condition can be expressed analogous to (54) and (55) as

IC; @ijl << |eij Mil or

I
cj |1 + 1=21 A% Mi/ejk Mj)(csik/ajkﬂ << 1 (87)

i#j

which determines the limits on C,, C;., Bij and Gij when used with the
appropriate C; and M. values. When (87) holds M, is mathematically (via 83)
bounded, 0 <M, < 1. Equation (82) mathematically bounds C; to be between Cio

and C. + (C.
100

io ~ Ciw)/cosh Bij when (87) holds, but by definition Ci is bounded
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also 0 < C, <1 so that the mathematical bounds from (82) must not violate

this definition or the physical bound established by (87).

Convection Dominated Limit

In the limit Di. >0, u =u and (actually it is sufficient if
lu] >> ]Dij d ¢n C;/dx|)

so that the governing equations are greatly simplified. Perhaps this is

most clearly observed from (1) and (2). Equation (2) yields nothing but

u, =u and (1) can be written (note Mi = Ci g/Lwie(Cio - Ciw) here)

I
(u/Lw, ) (dC; /dX) - 9 (C, - C) - Cy i§1 9 (Ci - C) = Ay (89)
where
I
d (u/Lw; )/ = 21 9 (G - C;) = By (90)
l:
and
Qi = wie/wle' 91

Therefore, as in the binary mixture case, it can be expected that very different
results will be obtained depending on the sign of u.
2, =1in (89) - (91).

Again, as in the binary case, it is of value to consider the Ci boundary
condition at X = 1 which is determined in this limit by setting Ai from (89)

equal to zero. Thus the Cil = Ci X = 1) are obtained by solving the algebraic

equations
61
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I
Cip =9 Cyo - Cil)/ééi 4 (€4 - C4y) (92)

which reduce to a quadratic equation using j& Cﬁl =1 when I = 2 giving
the solution (65). Generally (92) must be ;;}ved numerically for the Cil
values as a function of the parameters Q; and Cies but this is a straight-
forward task which is easily accomplished. The results are very similar to
the binary case in that the regions of positive velocity and negative velocity
are separated by the no flow case j& Ciw = 1.

In the negative velocity casé_;s well as the no flow limit d Ci/dX =0

I
and 2 C; > 1 with the results that, similar to (67) and (68),
i=1

C;=Cy=C X=1) (93)

M, = (1 - X)(Cyy - Ci1)/(Cio - C;) (94)

io
where the Cil are obtained from (92). Obviously nothing fundamentally new
is introduced by (91) - (94) over that already given by (65) - (68) for I = 2,
except additional mathematical complexity which is easily handled via numerical
calculations. Thus no further analysis is required at this point for the
negative velocity case.

In the positive velocity case dCi/dX #0 mmiifi Cioo < 1 so that (89)

i=1
and (90) combine to give

2 2 2
Aiv(d Ci/dX ) - (dAi/dX)(dCi/dX) + By (dCi/dX) =0 (95)

which can be rewritten
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I
A, (dZCi/dXZ) b+ ZBi)(dCi/dX)z - €, (dC,/dX) 1=Z:1 9, (dC;/dX) =0  (96)

I
the solution of which is needed only for i =1, 2, . . ., I-1 since 2: Ci =1,
i=1
It appears, except for the exact solution (72) - (78) already given for the
I = 2 case, that (96) must be solved by numerical techniques as will be done

in the following pages.

That éij = uL/Dij from (17) must in general be large in order for the
convection dominated regime to occur can be shown via (2). From (2) it can
be seen that u; * u if |u| > lvij d fn C,/dx| which can be expressed
Iéij] >> |Ci_1 dC;/dX|. Of course the @ are about the same ¢ = 94 for all
species if the Dij are about the same magnitude. The criteria stated above
must hold for most of the X range 0 < X < 1 if a specie is to be considered
in the convection regime. Thus for |¢| >> 1 to be used as a necessary and
sufficient condition specifying the convection regime, it must be shown that
Ci-1 dCi/dX is bounded over most X values between zero and unity. The
examples given in this work adequately demonstrate that Ci—1 dCi/dX is
bounded except near X = 0 for negative u and near X = 1 for positive u values.
In fact for negative velocity, the Ci become constant (93) over most X so
that dCi/dX approaches zero in that convection limit. Such is not the case
for positive velocity, however examples like the one shown on Figure 7 are
ample proof that Ci_1 dC;/dX is well bounded except near X = 1. Hence [¢]|>>1
can serve as both the necessary and sufficient condition that the convection
limit is present.

As a final point, it should be noted that the balanced pressure limiting
solution given by (47) - (50) for I = 2 and 0,7 = 0, apparently has no useful

meaning for more general cases; hence it is not examined as a limiting case

beyond that special case which was meaningful.
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B.., 5..)

(ii) NMNumerical Results (Arbitrary CiO’ C 150 93

joo?

The limiting solutions (22)-(96) are valid only for special sets of
the determining parameteré CiO’ Cim, Bij’ Gij which yield either
u; > uor Iuil >> |u|, except for the one balanced pressure case where
Clm =1when I =2 and 921 = (0. These limiting solutions provide the
framework needed to understand the results obtained by numerical integration
of (15) and (16) with boundary conditions (21) for arbitrary CiO’ Ciw’ Bij
and Gij values. The numerical results generated for each set of controlling
parameters consist of Ci’ Mi and Qij plotted versus X, although in some
cases a plot of MiO versus a parameter such as Bij for various Cio and Cioo
values is adequate. |

Prior to examining specific examples, it is worth briefly reviewing
the physical information carried by Ci’ Mi’ and Qij‘ First notice that the
sign of (CiO - Ciw) indicates the flow direction (wall and bore) for specie
i in the perfect mixing limit, Dij + o, The sign of (Ci - Ciw) indicates
the local wall flow direction for specie'i for arbitrary Dij' It is found

that Ci may either increase or decrease from CiO at X = 0 and that (Ci - Cim)

may in fact change sign for some 0 <. X < 1, so that a "wall stagnation point"

exists locally for specie i when Ci = Ciw. Since Mi is uiCi normalized by
its corresponding root (X = 0) value when perfect mixing (Dij + o) is
approached, the value of M, at the root, Moo is an important overall
performance indicator as was shown in Figures 2-6. Thus MiO <1or MiO >1
indicates dehancement or enhancement, respectively, of the total flow for
specie i compared to the perfect mixing case. Also MiO < 0 indicates that
the other species are controlling the problem to the extent that specie i

is flowing in the opposite direction at the root compared to that indicated
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by (Cio - Ciw) for perfect mixing. Even more physical information is
carried by the local value of Mi as was shown in Figure 8. Of course

dMi/dX = (0 indicates that a local '"wall stagnationApoint" exists since

dMi/dX is proportional to (Ci - Ciw). In addition, if M. = 0 at some

0 <X <1, then a local "bore stagnation point'' for specie i exists and

the bore flow direction for that specie is different on opposite sides of
that point. Of course in this application Mi = 0 at X = 1 via the boundary
conditions (21). The "wall" and 'bore" stagnation points are different
physically and must not be confused. The sign of Qij gives the net or
global flow direction, which may or may not coincide with the flow direction
of the individual species; whether it does or not depends in part at least
on the flow regime present over most of the tube length (the relative

amount of diffusion compared to convection). A necessary and sufficient
condition for u, *u (convection regime) is l@ijl >> 1, so that the magnitude
of Qij is a valuable indicator of flow regime. Small Qij is a necessary
(but not sufficient) condition for Iuil >> |u], (diffusion regime). Of
course ®ij = 0 indicates a global flow stagnation point, one of which is

always present at X = 1. Another parameter which is sometimes useful in

analysis of numerical examples is an ''effective separation ratio' defined as

Qepr 1 = % M;0/M0) (7)

where Q; is the wall material separation ratio defined by (91). Equation
(97) gives the apparent separation ratio which appears to exist for the wall
material if one is not aware of the effects which the tube geometry and
associated fluid mechanics can have on the problem when gas mixtures are
involved. In general it is found that either Qofr i > Qi or Qeff ; < Q; is
possible and in fact Qeff i< 0 can also occur.
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The same format followed for the limiting solutions is also useful
here, starting with the two specie case as the most simple non-trivial

example.

I = 2 (BINARY MIXTURE)

In addition, as before, the binary mixture case is divided into the

perfect filter cases where Q, = 0 and the real filter cases where Q, # 0.

Perfect Filters, Q, = 0

The schematic diagram on Figure 2, and Figures 3 and 4 describe the
limiting case behavior of M;o for a perfect filter, Q, = 0. Figure 9 gives
a specific example corresponding to the illustration shown on Figure 2 and
includes not only the limiting cases but also the results between such
special solutions. Figure 9 is for the case where specie 1 is absent in
the receiver, C10 = 0, and C1°° is used as the parameter; since C100 > C10 and
Q= 0, the entire family of curves shown on Figure 9 is for negative global
velocity (flow out at the root). Note that 0 < M10 < 1 here, and since
Qy = 0 the value of M20 is irrelevant. However if this case is regarded
as representative of the limit f, << 1, then M20 is of interest too and it
is found to be greater than unity, in some instances at least, since in the
convection limit M,, = (1 - Céi)—l. The result is that Qg , "> Q, since in
the convection limit §_ge , = @, (1 - Cio) ™% (1 - ;D ™Fand €, + €, > 1.
It should be observed from Figure 9 that when C100 > 1, the convection

dominated solutions (horizontal lines) apply to an increasingly broad range

of B12 values as C1°° increases. In Figure 9 all of the solutions for
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0 < C,.. <1 occupy the narrow region between the balanced pressure and the

oo
diffusion dominated solutions. This region is not so narrow for other values

of C10 because the balanced pressure curve moves up, shrinking the C, > 1

1
region to nothing as C10 approaches unity, see Figure 4. Actually Figure 9
represents the worst perfect filter case (smallest Mlo) since for 0 < Cip < 1,
the entire family of curves is shifted upward toward unity as is shown in
Figures 10 and 11. Figure 10 gives another perfect filter example, but

where C1°° is fixed at 0.1 and C10 is the parameter. Here the entire family
of curves, except the lowest one, is for positive global velocity (flow in

at the root). The family of horizontal curves seen in Figure 9 for the
convection limit is not present in Figure 10 because for positive velocity
and Q, = 0, the convection limit yields My = 0 via (43). Figure 11 gives
another perfect filter example where C10 = 0.95 and C100 is the parameter;
here the lower three curves are for positive global velocity while the rest
are for negative velocity. Notice that no solutions exist for this case
which are near the diffusion dominated solution tanh 612/812. Figure 12 is
versus X for this case. Notice that M, is linear with X for

1 1
large C100 but becomes less and less linear as Cloo becomes small. Figure 13

a plot of M

gives Cq versus X and shows both increasing and decreasing C1 distributions

with C, =1 - C being the opposite; at this point little can be gained from

1
additional perfect filter examples per se, although many others are required

in the real filter analysis.

Real Filters, Q, # 0

The real filter solutions are best discussed by means of comparisons
with perfect filter solutions. Figures 14-16 give one such example consist-

ing of plots for Mi’ Ci and -¢ versus X. Curves are given for 92 =0, 0.1
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and 1.0, all of which yield negative velocity cases since ¢ is negative,
Figure 16. The flat Ci distributions (Figure 15) and large |¢| values
(Figure 16) indicate that this example is convection dominated. The perfect
filter case here is one of the examples shown on Figure 9 where M10 = 0.5
and specie 1 is absent in the Vent volume. Notice that M, is also shown

on Figure 14 and that M20 > 1. Increasing separation ratio Q, tends to
force MiO + 1 in this case. It can be observed that the perfect filter

case Q, = 0 is certainly representative of all Q, <« 1 cases. The effective
separation ratio Qeff 2 is greater than QZ, Qeff 9 > Qz’for this case, and
it may be greater or less than unity depending on the value of @,. For
large Q, the effective separation ratio approaches Q.

To show the effects of reduced convection domination, the preceding
example is repeated in Figures 17-19 but with Biz reduced from 64 to 6.4.
From Figures 18 and 19 one can observe that for each of @, = 0, 1 and 10
negative velocity exists; for 2, =0 the problem is not convection dominated
although for 9, =1 it is near the convection regime and for Q, =10 it is
convection dominated. This result is physically caused by the additional
flow of specie Z as 9, increases. The behavior of M; in Figure 17 is similar
to that already discussed and shown in Figure 14 for the preceding example.

As a final negative velocity, two specie example consider the case
given by Figures 20-22. As can be seen from Figures 21 and 22, the Q, =0
case is not convection dominated while the fly = 2.25 case is nearly convec-
tion dominated. Figure 21 shows the interesting result that for &, = 0, Cq
increases with X and C, decreases while for Q, = 2.25 the opposite is
true. Also Figure 20 shows that for Q, = 0, M20 > 1 and M10 < 1 while for
Q, = 2.25 the opposite is true. The power of one specie to control the
characteristics of the flow of another specie is therefore beginning to

emerge as a potentially useful method of operation. That is, in Figures
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14-19 the use of another permeating specie 2, > 0 for specie 2 tended to
eliminate via M10 > 1 the initial Q=10 dehanced flow of speciejl,M10 <1,
but never enhanced it above the nommalizing limiting case., However the
example given by Figures 20-22 in fact shows that the Q, = 0 dehanced flow
of specie 1 becomes enhanced M10 > 1 when a faster permeating specie

Q, =2.251is used for specie 2. Also notice that while Qeff 5 > g for

the examples in Figures 14-19, for the example in Figures 20-22 Qeff 2 < 0y
this shows that Qogg o too can be altered in a potentially useful way.

Figures 23-25 give an example where the so called®''driver volume" is
evacuated so that the global velocity must be positive, see Figure 25; The
perfect filter result is not very near to the convection dominated case,
while the Q, = 2 case is in the near convection regime. Of course since
the global flow velocity is poéitive, the convection regime is no longer
characterized by flat Ci profiles. However, as in the preceding negative
velocity case, the Ci and Mi curves show a reversal, so that phenomenon is
not limited by the flow direction. Figures 26-28 are for a similar, but
somewhat modified, positive velocity case with evacuated driver volume.
The reduced By, value shifts both the 5 =0 and Q, = 2 results away from
convection domination. Note, on the other hand, that the Ci and Mi curves
still display the potentially useful reversal of roles, indicating that it
is not necessary to fully enter the convection regime in order to obtain
such an effect.

Figures 29-46 give a series of examples closely related to the
positive velocity, convection dominated examples given in Figures 7 and 8.
Among other things, this allows some information to be obtained about the
parameter values necessary to produce the convection dominated‘solutions

for positive velocity cases; the flat Ci profiles present for negative
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velocity convection cases do not occur here and provide such an easily
identified characteristic. Figures 29-46 are all for the case (e = Coe = 0.15,
Biz = 10 and 0, = 2 and 0. The value of C10 =1 - C20 is varied to illustrate
a number of new features not present in the other examples. Figures 29-31

are for C;5 = 0.25. The Q) = 0 case is not near the convection dominated

limit, however when QZ = 2 then ¢0 = ¢(X = 0) > 11. That this QZ = 2 case

is somewhat near the convection limit is shown by the fact that from Figures

7 and 8 M,, = 2.8 and M,

= 0.7 while C,, = 0.75 at that 1imit. Notice

10 0 11
that Qeff 2 <8y for this case. Figures 32-34 are for C10 = 0.8 and the
results for @, = 2 appear to be closer to the convection limit than the |
previous case even though ¢ is a little less than 8 at X = 0. In this case
Qeff 7 > 8. Figures 35-37 are for C10 = 0.1 and show vastly different
results from the preceding two examples. First, observe that specie 2 is
controlling the problem when Qy = 2 to the extent that specie 1 has been
reversed in flow direction from that which would exist for perfect mixing.-
In fact it is flowing at more than twice the rate of, as well as in the
opposite direction from, that expected for perfect mixing. Furthermore
specie 1 has a wall stagnation point at about X = 0.24 where dMl/dX = 0 so
that specie 1 flows from the bore for X > 0.24 and to the bore for X < 0.24.
In addition, Figure 37 shows that the perfect filter case ©, = 0 has negative
global velocity while the fa, = 2 case has positive global velocity. Of
course negative M10 causes Qeff 5 to be negative as well. Figures 38-40

are for C10 = 0.05 and show much the same behavior as seen in Figures 35-37
with the minimum in M1 when 2, = 2 being even more pronouned and moving out
to about X = 0.41. As before, the 92 = 2 case is somewhat near the convec-
tion limit but not completely in that regime as is seen by comparison with

Figures 7 and 8.

r
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Figures 41-43 are for C10 = 1.0, so that the vent volume contains
only specie 1. This is one of the most interésting examples given here.
First notice that for the perfect filter'Q2 =0, Myg = My = 1.0 and
C1 = C10 = 1.0 so that the tﬁbe geometry does not contribﬁte anything.
However when Q, = 2, M, exhibits a sign change at about X = 0.16 as well
as a minimm at about X = 0.53. Thus both bore and wail étagnation points
are present. At the root specie 2 flowé from thé bore, but for X > 0.16
specie 2 flows away from the root. Also specié 2 flows into the bore via
the wall for X < 0.53, while it flows from the bore for X > 0.53, The net
or global velocity is positive for both Q, = 0 and Ry = 2. The effective
separation ratio is greatly reduced f}qm Q,, Qogr 2 < Qzlwhen Q, = 2.

The final examplé given by Figures 44;46 is for C10A= 0.0; at first
it appears to be very similar to the preceding case even though in this
example the vent volume contains none of specie 1 éomparéd to only specie 1
there. However in this example the global velocity is negative for Q=0
and poéitive for Q, = 2. Also in this case it is specie 1, as should be
expected, which displays the bore and wall stagnation points when Q, = 2.
Here the effective separation ratio is éreatly increased over Qz, Qeff 2 > 0y,

The two specie cases have exhibited a wide variety of behavior; this
behavior can involve flow regime»Variation between the diffusion and
convection limits, either positive or negétive'flow velocity for individual
species as well as the global flow, and local specie wall and bore stagna-
tion points. This behavior is confrolled by the values of CiO’ Cim, Bij
and Gii which depend on the diffusive and permeating properties of the
gases and wall materials, respectively, the particular gas mixtures present
in each reservoir, the total pressure in the Vént volume, the system

temperature, and the tube geometry in the form of length, diameter, and wall

thickness.
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I > 3 (TERNARY MIXTURE OR GREATER NUMBER OF SPECIES)

Since most of the possible physical behavior can be and has been
illustrgted by means of two specie examples, only a few examples with more
species are needed.

The first example is given by Figures 47-49 and consists of a case
where equal molar amounts of five different species are placed in each
reservoir with the driver volume having a total pressure five times that of
the vent volume. Thus a negative velocity case results. The 6ij values
are all taken to be unity, and the separation ratios 0 for the respective
species are 1.0, 0.25, 0.0225, 0.0025 and 0.0, with Bij = 4.0. Figure 47
shows that the fast permeating species 1 and 2 have dehanced flow rates
compared to perfect mixing, M10 <1 and M20 < 1, while species 3, 4 and 5
are enhanced MiO > 1. Physically this occurs because species 1 and 2 build
up in the tube due to the difficulty that they experience in diffusing
through the nearly stagnant species 3, 4 and 5. This is shown by Figure 48
and the magnitude of ¢ from Figure 49.

Another type of example is given by Figures 50-52, where the equi-molar
mixture is maintained for the five species in the vent volume, but the
driving pressures of the species are different, Cioo = 10, 5, 2, 0.5 and
0.2001, respectively. Here all species have essentially equal permeating
properties, Qi =1 and ng = 4, This example is nearly in the convection
regime as is shown by the flat C; profiles and the magnitude of ¢ in
Figures 51 and 52, respectively. Notice that species 1 and 2 are dehanced
in flow rate from the perfect mixing case while species 3, 4 and 5 are
enhanced. For specie 5 the enhancement is very large, M50 = 1.86 x 103,
since in the perfect mixing case it would hardly flow at all due to the

small value for (Csw - CSO) = 10'4. This results because the fast
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permeating species displace specie 5 from the tube so that the local
driving force CSw - C5 is greatly increased over CSw - CSO'
An example where the mixture is different in each reservoir is given

by Figures 53-55; the CiO values are 0.0, 0.1, 0.2, 0.3 and 0.4, while the

Cioo values are 2, 100, 10-1, 10'2 and 10_4, respectively. The aij

values are all unity and ng = 4, Figures 54 and 55 show that the net

and Qi

velocity is negative and that the example is not convection dominated.
Figure 53 shows that all five specie flow rates are dehanced in magnitude
from their perfect mixing values. Species 1 and 2 dominate the problem
since they both have negative velocity and M; is positive for all X.
Specie 3 also has negative velocity for all X, but this is caused by the
~ specie 1 and 2 domination since M, is negative indicating that it would
have positive velocity in the perfect mixing limit; specie 3 has a-'wall
stagnation point near X = 0.11. Specie 4 has a wall stagnation point near
X = 0.56 and a bore stagnation point near X = 0.33, so that it has positive
bore velocity only for X < 0.33. Finally, specie 5 has positive bore
velocity for all X. Thus the specie 1 and 2 domination is not sufficient
to change the flow direction of specie 5 although such is the case for
specie 3.

As a final five specie example, Figures 56-58 give the case identical
to that given by Figures 47-49 except that the non-permeating specie 5,

0. = 0, is replaced by a very fast pemmeating specie, {; = 4. From Figures

5
57-58 versus 48-49 it is evident that such a change shifts the flow regime
much nearer to the convection dominated regime. Also it is apparent from
Figure 56 versus Figure 47 that the flow rates of species 1-4 are increased,
since the M., are increased, although the flow of specie 5 itself is greatly

dehanced from the perfect mixing limit. More will be said about the potential

for exploitation of some of these phenomena in the following discussion.
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(iii) Special Modes of Operation

The preceding examples have brought several interesting operational
features forward which require some additional discussion. These include
the possible beneficial effects of immersing the tube in the other reservoir
(reverse the driver and vent volumes with no other change) so that the
differences between positive and negative velocity cases can be exploited.
Also of interest are the effects of adding an additional specie (or species)
to one or both reservoirs in order to favorably influence the results for
the original species in cases where such a tactic does not have other
detrimental physical effects on the related processes; alternately, the
exchange of a specie of secondary importance already présent in one or both
reservoirs for one which exercises more favorable control over the primary

species is of interest.

Reservoir Switch

Within the assumptions applied to the current model, the results are
identical in the perfect mixing limit regardless of which reservoir the
permeable tube is immersed in. For finite Dij the fluid mechanical coupling
can be greatly different for positive and negative velocity cases so that
some consideration must be given to which is the best for a particular
application. Due to the fact that the tube bore is exposed to different
total pressure and different gas concentrations when the reservoirs are
switched, some care must be taken when comparisons are made. The controlling

parameters C.,, C, and ng are different for the two cases; the new ones

(primed) are related to the old ones via
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so that usually the MiO and MiO comparisons, or the Qéff:iversus Qeff:i

98)

comparisons via (97) allow one to decide which is the best for the applica-

tion under consideration.

All of the examples given cannot be evaluated here via (98), but it

is possible to give an example to illustrate what has been said. Conside

the perfect filter limit Q, << 1 for the example given by Figures 41-43

where C10 = 1.0, C20 = 0.0, Clo°

= Cy,, = 0.15 and B2, = 10 so the gas in

200

vent volume is nearly all specie 1. The result is that positive global

2
velocity is present and there is no effect,Ml0 = 1.0. Now since E:Cioo
i=1

then CiO = Cl, = 0.5 and Ciw = 3.333, Céw =0, B%é = 3.0. The result is

20

1
that M10

rate for specie 1 is obtained if the negative velocity flow direction is

selected for the permeable tube.

r

the

= 0.3,

0.854 so that almost 15 percent dehancement of the total flow

This result can be easily predicted for

this special case on simple physical grounds but such is not always the case,

and it is often worth comparing the positive and negative velocity modes of

operation. Of course there are many cases where negative velocity flow is

better than the positive velocity direction.
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Addition of Control Species

If additional species are introduced for the purposes of improving
the flow of some or all of the original species, the original (unprimed)

governing parameters are changed so that

I I'
Ciy=C.n 2, P > b
i0 10 & i0 & 10

Clo, = Gy > (99)
20 2 & '
Bij = Bij 12::1 Pio / 2 Pig

i=1 )

where I' = I + N and N is the number of control species added. Again
through comparisons of the MiO and MiO values or the Qéff i and Qoff i values
one can decide if an improvement has been obtained. Since all pure gas
flows, I = 1, give M10 = 1 here, then all of the I > 2 cases (actually

I' > 2 where N > 1) can be regarded as special examples of this procedure;
thus whenever M, >1 is obtained, the flow rate of specie 1 has been
increased due to the presence of the other specie (or species). Of course
many cases occur where MiO < 1 so that care must be taken to alter the

flow regime in a manner where favorable effects are in fact obtained.

Substitution for Secondary Species

If a specie having different permeation characteristics is

substituted for a secondary specie already present in the same amount
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Cio = S0

Cly = Cio (100)
82, = B2, (21/2)(5,./8].)

1j ij i’ ij’ 7ij

where Q2. is defined by (91). All of the examples displaying the effects-of
different {0, values when I = 2 (Figures 14-46) as well as the I = 5 cases
shown in Figures 47-49 and 56-58 where {3 was changed from 0 to 4, assuming
Gij = 8!., illustrate the effects of substituting another specie for one
already present but having different permeation properties. These examples

are ample evidence that large effects can be obtained by such a tactic,

often as a result of changing the flow regime indicated by the change in

magnitude of ¢.
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ITI. Experimental Data

R. J. Page (8157) conducted some experiments a number of years ago
in order to determine the possible extent of the physical effects as well
as the validity of some of the modeling assumptions used here. The
experiments involved two dead-ended SiO, tubes, each with nominal ID of

2 cm and nominal OD of 3 x 10'2 cm; one tube was approximately

1.8 x 10
2 x 103 cm in length, while the other tube was about a factor of ten shorter.
The tubes were immersed in heljum filled driver volumes large enough such
that no significant pressure changes resulted from permeation effects; the

vent or receiver volumes initially contained only nitrogen at pressures

equal to or less than those of the helium driver volume.

(i) Perfect Filter Limit

Since helium permeates SiO2 several orders of magnitude faster than
nitrogen, (see Barrer, R. M., Diffusion in and through Solids, Cambridge,
1941, pp 133-141) only negatiVe velocity cases resulted from such
experiments, and essentially the perfect filter limit was being tested.

The receiving volumes were small enough so that significant changes in total
pressure occurred due to helium permeation; the resulting pressure (differen-
tial) histories for various initial nitrogen pressures allow the relative
permeation rates to be estimated and show to what extent the presence of
nitrogen affected the flow rate of helium. Figure 59 gives a schematic
diagram of the experimental setup.

Figure 60 shows pressure versus time curves for the 2 x 103 cm tube
when the helium driver pressure is about 69 atmospheres, while the initial

receiver nitrogen pressure is 1, 18, 35 and 69 atm, respectively. After
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the initial transient, the nearly linear pressure-time slopes indicate the
relative flow rates when the four cases are compared. One can immediately
observe that large effects are obtained over this pressure range. Figure 61
shows three cases where the helium driver pressure and the initial nitrogen
receiver pressure are equal af 69.0, 55.4 and 14.6 atm, respectively.

These cases were run to test the balanced pressuré limiting solution.

2

Figure 62 shows results for the 2 x 10“ cm tube with helium driver pressure

of 69 atm and initial nitrogen pressures of 1, 18 and 35 atmospheres,
respectively.

Figure 62 shows effects similar to those shown on Figure 60; in fact,
since the ordinate scale is exactly a factor of ten smaller on Figure 62
than on Figure 60, the nearly identical results for initial N, pressures of
1, 18 and 35 atm, except for the scale factor equal to the tube length ratio,
are indicative of other physical significance. From the preceding analysis
it is known that sﬁch é phenomenon can exist only near the convection
dominated limit. When the Mg for cases with initial N, pressures of 1, 18 and
35 atm are first calculated via the general perfect filter equations (28)
and (29), and then are calculated via the convection dominated solution,
equation (45), the results agree to within 3%. This verifies that these
cases are convection dominated and therefore are nearly independent of Byp-
The results of these calculations compared to the measured M10 obtained
directly from the linear pressure-time slope ratios are given in Table II.
Considering the difficulty in obtaining accurate slopes from the data, the
agreement must be concluded to be good. Also shown in Table II are balanced

pressure calculations (here strong dependence on B12 is present while Clo°
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el

INITIAL AFTER
He N, STEADY- STATE Eqs(28)-(29)  FLOW

L(cm) le (atm) P2 0 (atm) P o (atm) C100 C10 Bi2 MlO (meas) MlO (calc) REGIME

x 10° 69.0 1.0 3.7 18.5  0.73  23.2 0.98 0.985 conv.

x 103 69.0 18.0 20.7 3.33  0.13  54.7 0.74 0.728 conv.

x 10° 69.0 35.0 38.1 1.81  0.08  74.1 0.44 0.468 conv.

x 10° 69.0 69.0 69.8 0.99  0.01  100.2 0.017 0.0140  bal. press.

x 10° 55.4 55.4 56.0 0.99 0.01  89.8 0.015 0.0156  bal. press.

x 10° 14.6 14.6 15.5 0.95  0.055  47.2 - 0.026 0.0285  bal. press.

x 10° 55.4 1.0 3.1 18.1  0.67  21.0 0.98 0.981 conv.

x 102 69.0 1.0 1.3 53.4  0.21 1.36 0.99 0.985 conv.

x 102 69.0 18.0 18.3 3.77  0.015  5.13 0.77 0.742 conv.

x 102 69.0 35.0 35.3 1.95  0.0087  7.13 0.55 0.502  conv.

x 10° 55.4 1.0 1.2 45.3  0.17 1.33 0.98 0.981 conv.

TABLE 1I

DATA/ANALYSIS COMPARISONS



is near unity) which also agree with the limiting solution given by
equations (48)-(50) within 3%. The pressure-time slopes are even more
difficult to extract from data here, but reasonable agreement is still
present.

The calculated and experimental M10 values are plotted versus C10 with
either Cloo or 612 as the parameter, respectively, in Figure 63 to show the
relatively wide range of parameters covered by the experiments as well as
the magnitude of the effects observed. It can be concluded that the
presence of N, in the receiver for these nearly perfect filter cases induced
very significant effects on the He permeation rate. Also the analytical

model formulated here seems to adequately describe these effects,
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CONCLUSIONS

The transport of gaseous species in dead-end tubes having selectively
permeating walls has been investigated. The assumptions of continuum,
quasi-steady, fully developed, laminar bore flow of perfect gases which
behave like an axially diffused plug flow through an approximately straight
tube with nearly uniform bore temperature and pressure were used; the supply
and receiving reservoirs were assumed to be well mixed so that uniform
reservoir temperature and concentrations existed. The limits of validity
for these assumptions were established and were given in terms of a series
of inequalities involving the key parameters.

Detailed results were generated via exact physically limiting solutions
as well as numerical integration of the governing equations for cases
involving up to five species. Both positive and negative global velocity
cases were examined and were used to show that better results can sometimes
be obtained if the tube is immersed in the opposite reservoir. Tube
materials having specie separation ratios varying from unity (non-selective)
to very large or very small values (near perfect filters) were included in
the study. It was shown that the flow of a given specie can be either
enhanced or dehanced, and even reversed in direction, relative to the corres-
ponding perfect mixing value due to the presence of other species. This
led to the definition of an effective separation ratio for specie flow from
the tube which may be greater or less than that of the tube material in slab

form which is approached in the perfect mixing limit. It was also shown
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that in certain cases an individual specie can exhibit wall and bore
stagnation points at different locations where the flow direction changes
for that specie. From the consideration of such phenomena it was
demonstrated, as a possible mode of operation, that secondary control
species having very large or very small permeation rates can be used to
favorably alter the flow characteristics of primary species.

Finally, some experimental data was given to verify the.large effect
which the presence of a low permeating specie.in the tube bore can have on
the flow of another specie which readily permeates the tube walls. It was
shown in the near perfect filter limit, that the mathematical model given
here properly describes the effects obtained in both the balanced pressure
and the convection dominated experimental limits.

The information contained in this document eliminates the need to
operate such dead-end tubes with selectively permeating walls near the
perfect mixing limit to avoid unknown effects; this is true because these
effects are now predictable and well enough understood so that they can

even be exploited to produce favorable effects in some cases.
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APPENDIX

A description of each major assumption and its physical relation to the
particular problem of interest here are given below. Some of the assumptions
listed do not directly enter the resulting analytical model, but instead
they enter indirectly via the physical justification of other assumptions

which do have explicit influence on the final governing equations.

Continuum Flow [Kn]

Continuum flows are usually distinguished from free molecular flows
(Dushman, 1962; Chenoweth, 1972) by considering the magnitude of the dimen-
sionless parameter called the Knudsen number. This basic parameter Kn is
defined as the ratio of the molecular mean free path A to a characteristic

flow length, in this case the bore diameter D. In continuum fluid mechanics
A/D << 1 (A1)

so that the density is high enough for intermolecular collisions to dominate
over collisions with the boundaries. For most common gases the mean free
path A in centimeters (Hirschfelder, et al., 1954; Chenoweth, 1972) is of

the order of

A(eam) * 1077 T(°K)/3P(atm) (A2)

in terms of the gas temperature T in degrees Kelvin and the pressure P in

atmospheres. Therefore in order for continuum flow to be assured for this
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application it is sufficient for the inequality
D(cm) P(atm) > 107> T(°K) (A3)

to be satisfied. For a gas or a mixture of gases at ten atmospheres and

300°K the bore diameter must exceed 3 x 10_4 cm as an example.

Perfect Gases [Z]

Each gas specie is assumed to behave as a thermally-perfect gas so that

3

P. = v; RT, where the molar gas constant R = 82.06 cm atm/mole °K; similarly

1

P =3 P. ='RT £ v. = vRT for the mixture, where C., = v./v = P./P defines the
7 i i i i

mole fraction of species i in the mixture. If the compressibility factor
P/WRT = Z = Z(P,T,C;) (A4)
is near unity
0.94 < Z < 1.06 (AS5)

then generally the perfect gas assumption is adequate; if this is not true
due to one or more species with non-negligible mole fractions exhibiting
compressibility effects, then these results may require alteration. For most
purposes (Michels, et al., 1941-1960) mixtures of common gases can be treated
as thermally-perfect gases at 300°K if the total pressure remains less than

about 100 atm.

P < 100 atm (A6)
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For example, at 300°K and 100 atm the pure gases He, Ar, NZ’ H2 and Ne have
compressibility factors Z (He) = 1.047, Z (Ar) = 0.953, Z (NZ) = 1.005,

Z (HZ) = 1.060 and Z (Ne) = 1.049. Note, however, that the method of partial
volumes, Amagat's law Z = % Ci Zi’ is not always adequate (Cramer, 1965) to
determine mixture compressibility factors.

Fully Developed Laminar Bore Flow [Re, L/D]

First consider the case where the flow is through a pipe with non-
permeable walls, rather than the more complex case where virtually all of
the flow enters via the pipe walls. The conditions required for these
assumptions to hold involve the magnitude of the familiar dimensionless
parameter (Bird, et al., 1960; Ginzburg, 1958; Schlichting, 1955) Re called
the Reynolds number, a measure of the ratio of inertia forces to viscous
forces. When the velocity profile is fully developed in a spacial sense
(the temporal development of thé velocity profile is considered later) a
Reynolds number based on pipe diameter is more meaningful than one based on
axial distance since the boundary layer has spread to the center line of the

pipe and no longer continues to increase in thickness.

(1) Laminar Flow

Since transition to turbulent flow can sometimes occur if the Reynolds

number based on diameter (Bird, 1960) exceeds about 2000, it is sufficient

to require

Re = piD/u = 4 m/wDu < 2000 (A7)
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in order to ensure laminar flow, where the mass flow rate m = tzpﬁ74 has

been introduced. Thus, the mass flow rate must remain less than 500 wDu
m < 500 mDu (A8)

to ensure laminar flow. For example, if the bore diameter D = 2 x 10_2 cm

and the viscosity coefficient u ~ 1.5 x 1074 g/cm sec, then m < (31/2) x 1073

g/sec is required.
(ii) Fully Developed Flow

‘The entrance length required to establish laminar fully developed
(paraboloidal) velocity profiles spacially is (Bird, et al., 1960)

L, ¥ 0.035 DRe (A9)

and no corrections are required to account for such a region if the pipe
length greatly exceeds this length, L >> Le» for example L > 10 Lg- Thus

the length to diameter ratio is restricted
L/D > 0.35 Re (A10)

so that the bulk of the pipe flow is fully developed. Since Re < 2000 has
already been imposed via (A7) then (A10) is always satisfied if L/D > 700.
In dimensional form a further restriction on the mass flow rate has therefore

been established.

m < 0.7 mDu (L/D) (A11)
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4, then m < 2.1 7 1072 g/sec is

For the same values used above and L/D = 10
required. The application of these results in an approximate local sense to

tubes with permeable walls is discussed later.

Uniform Bore Temperature and Pressure [M, Y]

The physical mechanisms by which non-uniform temperature and pressure

distributions can be created are considered in order to bound the uniform

distribution assumption.

(i) Uniform Bore Temperature

Both gas reservoirs, including the one in which the permeable tube is
immersed, are assumed to be at nearly the same temperature which must
therefore be restricted to change slow enough with time so that the system
is maintained at nearly uniform temperature. The criteria for the existence
of uniform reservoirs are derived later. |

Under these conditions the gas flow in the bore can only attain a non-
uniform radial and axial distribution of temperature via conversion of thermal
energy to kinetic energy (neglecting for the moment frictional effects which
are considered in the following section). The worst situation then occurs
under near adiabatic flow conditions where T/To = [1 + I%l-Mz}-l is the ratio
of static to stagnation temperature (Shapiro, 1953) expressed in terms of v,
the ratio of specific heats and M, the local Mach number (the ratio of local
velocity to local sound speed). Since y is physically bounded, if the local

Mach number (which is maximum at the axis of the pipe near the pipe exit into

the vent reservoir) is less than 0.3
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M< 0.3
(A12)
1 <y<5/3

then 0.97 < T/To < 1.0 even for y = 5/3. Since MQ,= M = 2u/

6 1/2

[1.0133 x 10~ YRT/W] then M < 0.3 implies that

: 1/2 12, 2 1/2 1/2 5 o \ 72
m(g/sec) < 37.5 wy D“(cm”) P(atm) W (gfé%T6> T(°K) R(ngoie K)

(A13)

giving another restriction on maximum flow rate allowed. For example using

the gas molecular weight W= 2 g/g-mole, vy = 7/5, P = 10 atm, D = 2 x 10'2 cm,
cms atm . . -3

T = 300°K and R = 82.06 2016k gives m < 1.60 w 10 ~ g/sec as the upper

limit on total mass flow rate. Of course this assumption essentially

eliminates the conservation of energy equation from further consideration

since viscous effects are considered in the following analysis of the

uniform pressure assumption.

(ii) Uniform Bore Pressure

Again, first consider the case where the flow is through a pipe with
non-permeable walls rather than the more complex case where virtually all of
the flow enters via the pipe walls. The effect of permeable walls on flow
in a dead-end tube is examined later.

Since the strongest Qressure—temperature coupling occurs for isentropic
flow where~P/PO = (T/TO)W_FT the previous Mach number restriction (M < 0.3)
also implies that dynamic pressure effects (differences between static and
stagnation pressures) are negligibly small (0.93 < P/PO < 1.0) even for

vy = 5/3. Therefore the bore pressure will be nearly uniform and equal to
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the receiving volume pressure unless significant pressure losses occur due
to viscous (frictional) effects. The Poiseuille flow formula (Schlichting,
1955; Ginzburg, 1963) can be used to estimate (actually overestimate) this
effect if one assumes that all of the flow (which is flowing at the open end)
enters a capillary with non-permeable walls at the closed end rather than
being added through the walls along its entire length; since fully developed

laminar incompressible flow is present due to previous restrictions the

pressure loss due to friction
AP/P = 32 (L/D) (y M%/Re) << 1 (A14)
is éufficient té assure uniform pressure. Equation (Al4) can be rewritten
AP/P = (/W) (128 WLRT/mD*P?) << 1 (A15)

which yields the dimensional inequality

n < 10" 4m*p%W/uLRT (A16)
restricting mass flow rate. As an example when p = 1.5 x 10—10 atm-sec,
P =10 atm, T = 300°K, D = 2 x 10'2 cm, L/D==104, W= 2 g/g-mole and
R = 82.06 cm® atm/mole °K then m < 4.3 7 1070 g/sec is required by (A16).

The modified form of (Al4) resulting when permeable walls exist is given
later. Of course this assumption essentially eliminates the momentum

equation from further consideration in this work except where it is needed

to examine other assumptions.
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Quasi-Steady, Axially-Diffused Plug Flow

[Npg» h/D, VoIV, V', DI, o, S!]

These assumptions are the most important of the many assumptions made
to derive the approximate governing equations for this problem. At the same
time, extremely involved physical reasoning and very detailed analysis must
be applied in order to establish the many new independent dimensionless
parameters and the restrictions required on their magnitudes. First, a
description is given of the nature of the results desired; then these results
are derived with heavy reliance on the large body of related literature
available; finally, the results are summarized, with special emphasis placed
on establishing the dimensionless and dimensioned inequalities required by
these assumptions, similar to the resulting restrictions derived for the
other assumptions.

The flow in the capillary bore is assumed to be quasi-steady with
respect to the rest of the problem which is inherently transient. This
means that steady flow results are used for the bore flow at any instant of
time; only the transient boundary conditions determined from the related
parts of the problem are allowed to control the time-dependent behavior of
the flow in the capillary bore which is assumed to respond instantaneously
to the boundary condition changes. In order for this to be a valid approach
it must be shown that the characteristic times describing the other transient
aspects of the problem are much larger than those deécribing the time to
establish both radial and axial profiles for velocity and concentration in

the capillary bore.

tsystem/tbore > 1 (A17)
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First, consider the characteristic times controlling the transient
behavior of the rest of the problem. We are concerned here only with the
case where specie concentration differences are the driving forces for gas
transfer between reservoirs via diffusion or permeation through the wall
material (many materials, Jost, 1960, exhibit such characteristics). If
instead it was the total pressure differential, then the following analysis
would require some modification to allow for global flow through porous
wall material for instance. The permeation of gases through the capillary
walls is altered then by changes in reservoir concentrations or by changes
in the capillary wall diffusion coefficients controlling the transfer. It
is assumed that the reservoirs comprise a closed system in that no gas is
added or removed from the constant volume system during operation. The gas
composition can thus be changed in a reservoir only by transfer betwéen
reservoirs or by chemical and physical changes in the gas within a reservoir.
It is assumed that chemical reactions between gas species are not present;
this is primarily because an analysis of various chemically reacting
situations is beyond the scope of this work due to their possible complex
and widely varying nature. On the other hand radioactive decay is a physical
change which can be used to illustrate the nature of such effects in a

simple way.

(i) Decay

Therefore if a gas specie is a radioactive isotope undergoing decay (for
example, beta decay) such that vi/vi(O) = exp (-ot) then the decay constant
u'l (which is indicative of the time for 63% decay) can be regarded as the
characteristic time for that physical phenomenon. For example, the decay

3 222 85 36 82 . .
constants for 1H R 86Rn R 36Kr , 17C£ and 35Br with half lives of
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12.35 yr (Jordan, 1967), 3.82 da, 10.8 yr, 3.1 x 10° yr and 35.5 hr,
respectively, (CRC Handbook of Chemistry and Physics, 50th Edition, Table
of Isotopes) are

-1
"=ty = - tl/z/zn (1/2) = 17.8 yr, 5.51 da,

(A18)

5

15.6 yr, 4.5 x 10” yr and 51.2 hr, respectively.

(i1) Wall Diffusion

The characteristic times (Jost, 1960) which measure the times to
re-establish steady-state diffusion rates (like 98.6% of steady state) after

a change in temperature or concentration for a slab of thickness h are
t = h%/2D (A19)
W i

where Di is the wall material diffusion coefficient to gas specie i and
depends strongly on temperature (many materials, Jost, 1960, allow such
selective permeation to various gas species). Often (Shelby, 1973) Dy is
expressed in terms of temperature T as Di = DoT exp (-Ed/Rc T), R. = 1.987

cal/mole °K where at 300°K, SiO,-He has t _He = 13.4 min using

Si0

2
D, = 3.3 x 107 cn’/sec’K, Ey = 4945 cal/mole, Dy (300°K) = 2.5 x 1078
cm?/sec and h = 6.4 x 1073 cm. Similarly for $i0,-D,, using Dy = 1.5 x 1077

cmz/sec °K and Ed = 8540 cal/mole, DD 11 cmz/sec, one

obtains tei0.-D. = 1.23 wk with the same h value. Analogous calculations
2

2
. o — '12
for SlOZ-Ne, DNe (300°K) = 3.5 x 10

) (300°K) = 2.7 x 10~

2 . -
cmr/sec gives tSiOZ-Ne = 2.2 mo
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while for SiOZ—Ar, DAr (300°K) = 4.9 x 10_25 cmz/sec resulting in tSiOZ-Ar x

1.3 x 1012 yr. This characteristic time is strongly dependent on temperature,
wall material and gas specie as well as wall thickness. For example, if

3 -1

=10 = i = 10 ives 55 hr showin
h = 10 © cm, then tSiOZ—He 20 sec while h = 1 cm g g

the influence of the h2 wall thickness dependence. Comparative values for

the wall diffusion coefficient can be obtained from Jost; for example, with

e

o ‘7 2 ] ~
vulcanized Neoprene DN2 (27.1°C) # 1.9 x 10 * cm”/sec, DH2 (17.0°C) =

1.03 x 10°® cn?/sec and D, (36.1°C) = 3.3 x 10”7 em?/sec while for Palladium

5

(272°C) =~ 2 x 10 cmz/sec.

2

Dy

(iii) Finite Volumes

For diffusion controlled transfer between two finite volumes (Chenoweth,
1971) the characteristic time for substantial change (63% vented if VO > )

in gas composition due to gas transfer between reservoirs is

tey = (h/AS) QKV/DiSiRT) Vb V@/(VO¥Vw) (A20)

24 molecules/mole and AS is the effective surface area

where A.V = 0.6 x 10
roughly approximated by wL(h+D). The vent volume is Vb and the driver

volume is V_ and Si = SO exp (—ES/RCT) is the solubility coefficient such

that Ki = SiDi is the permeability coefficient for gas specie i at temperature
T (Shelby, 1973). Therefore if A, = 17 cn” and V,, = 10% cn® while V_ = 10° cn’,
the finite volume characteristic times for the Si0, - gas combinations given
above can be easily calculated. For SiOZ—He, SO =2X 1017 molecules/cm3 atm

and E; = -625 cal/mole so that at 300°K, tp, = 1.8 yr while for $i0,-D,,
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So =1,4x 1017 m.olecules/cm3 atm and ES = -1160 cal/mole so that
tgy = 0.96 x 10° yr. Similarly for Si0,-Ne, tgy = 8.9 x 10° yr and for
SiOZ-Ar, tpy = 1.7 x'1015 yr using data from Shelby, 1973. Again strong

dependence on temperature, wall material and gas specie is evident.
In sumary (A18)-(A20) give the characteristic times for the phenomena
which control the transient nature of the system. In order for the bore

flow to be quasi-steady the times given by (A18)-(A20) must be much larger

/

tsystem >> 1 than those describing the time to establish both radial

Yhore
and axial profiles for velocity and concentration in the capillary bore
during normal system operation or following external control changes in

system temperature or reservoir concentrations.

(iv) Radial Profiles

First consider the startup problem (a comparable adjustment must be
made after any change in boundary conditions) for laminar flow in a circular
tube (Bird, et al., 1960) with non-permeable walls. Note that since the
flow has already been taken to be fully developed in the spacial sense, then
sufficient length of tube is available so that the flow can also become
fully developed in a temporal sense. Physically the steady-state radial
dependence of the velocity is established (95% of steady-state paraboloid)
as soon as wall effects have had time to diffuse sufficiently to the tube

axis, so that roughly

tyg = D2 /8y | | (A21)
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where v = 1/p is the kinematic viscosity; eq (A21) is exactly analogous to
(A19) if h is replaced by the pipe radius D/2 and Di is replaced by v.
Similarly the radial dependence of the concentration profiles approaches

steady-state in times of the order

= 0%/8D, . (A22)

ter j

where Dij is the mutual diffusion coefficient. Note that ter = HR Sc

where Sc = \)/Dij = NPe/Re is the Schmidt number. The Schmidt number for gas
flows is usually of the order of unity, especially if the specie molecular
weights are not vastly different, and Dij has inverse pressure dependence
with the one atmosphere, room temperature value near 1 cmz/sec. Thus as an
example, at 10 atmospheres and 300°K, tr ¥ ter ¢ 5x 10_4 sec if D is taken

as before to be 2 x 10-2 cm.

(v) Axial Profiles

Due to the interactions between axial and radial diffusion and axial
convection, the characteristic times associated with the approach to steady-
state flow in the axial direction is more difficult to estimate than the

simple diffusion estimates for radial profiles.
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Velocity Profiles

However, the axial velocity profile develops in a convection dominated
flow in roughly five traversals of sound waves at the initial sound speed

(Shapiro, 1953)

typ = SL/c (A23)

where the initial sound speed is coi(cm/sec) = 103 (YRT/Wi)l/2 using the
same definitions and units used previously for v, R, LA and T. Thus for

v = 7/5, W, = 2 g/g-mole, T = 300°K, R = 82.06 cm® atm/mole°K, L/D = 10%

and D = 2 x 10°% cm one obtains typ = 0.76 x 1072 sec. Obviously the
development of the radial and axial velocity profiles take place simultan-
eously and in some cases where nearly pure convection is not present
considerable interaction takes place. However the sum (sequential develop-
ment) of the orders of magnitudes established by (A21) and (A23), and the
larger of the two (assuming the fastest one is instantaneous) should always

bound the combined velocity field development times

(greater of tVR and tVA) < tcombined < (tVR * tVA)

even when the wave effects and frictional effects are interacting.
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Concentration Profile via Convection

As before, first consider the case of flow through a straight tube with
non-permeable walls. In the absence of all molecular diffusion effects, the
paraboloidal velocity profile (laminar, fully developed both spacially and
temporally) will stretch a radially uniform front marking an axial step
change in gas composition into a paraboloid; this distributes the concentra-
tion behind the front linearly with axial distance, where the vertex of the
paraboloid moves at the velocity 2u (e.g., Xpertex = Xoq = 2ut) and u denotes
the average axial velocity over the pipe cross-section (Taylor, 1953-4).

Thus a section of pipe of length L is 95% flushed by such a convective

process in approximately

ty= = SL/u (A24)

which crudely represents a measure of the time to establish a new quasi-
steady axial concentration profile by convection alone, while effects are

first felt (break-through) at x = L when
t =L/2u (A25)

The conditions under which nearly pure convection can exist are derived
in the following discussions of axial and radial diffusion effects; they are
found to be controlled by the diffusion Péclét number Npe based on D and a
reduced time variable T measuring time from the instant that a step concen-

tration profile existed such that the inequalities

_ 2
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N 1/2

be (A27)

= uD/Uij > 50/
limit the magnitudes of the dimensionless parameters T and NPe' Hence a
region of nearly pure convection exists under laminar and fully developed
conditions only if (50/N )2 < (1) _ < 0.05 so that N, > 224 is required.
Pe’ - *D T Pe -
This is shown on Figure Al which is a plot of NPe VeTsus Tp. In order to
establish a quasi-steady concentration profile by means of convection, the
convection region must exist at least as long as g~ 5L/u so that
2 2 2 _

(ATD)ZG'? tzﬁ'(4vij/D ) or 0.05 - (SO/NPe) > (4Dij/D ) (5L/u) = ZO(L/D)/NPe
with the result that the tube length to diameter ratio must be restricted

to be

L/D < (Np /400 - 125/Np ),  Np, > 224 (A28)
which is shown on Figure A2, a plot of L/D versus NPe' Notice that (A10)

can be written

L/D > 0.35 Re = 0.35 N, /Sc

which completely excludes (A28) since Sc * 1. Therefore the previous
assumption that the velocity entrance region effects be negligible which
resulted in (Al0) prevents the quasi-steady axial concentration profile from
being established by nearly pure convection mechanisms in laminar fully

developed flow as the present model assumes.
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Concentration Profile via Axial Diffusion

Within the restrictions already imposed, the gas behind the front can
exceed the vertex of the paraboloid created by convection only by axial
molecular diffusion. This phenomenon in fact always occurs at early times
since the root-mean-square displacement due to planar molecular diffusion

is proportional to the square root of time (Jost, 1960) X e = /Zﬂijt

(/ﬁvijt and /6Dijt for radial cylindrical and spherical diffusion, respec-
tively, although such geometric differences will be ignored here for order
of magnitude estimates) compared with the linear dependence of convection,
where Di' is the mutual diffusion coefficient at the prevailing local
pressure and temperature. A length more indicative of the distance over

which most of the concentration change is occurring via diffusion is

X, = v?ﬁvggf' (A29)

Thus the first significant effects (time of break-through) are felt at a

distance X = L from an initial step change in concentration in times of

the order of

.2
t =1L /zovij (A30)

while a new quasi-steady axial concentration profile is established via

diffusion over that tube length in times of the order of

_ .2
tvij = L7/20, (A31)
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estimated by taking X s = L. By comparing pure axial diffusion concentra-

tion changes with those for pure convection, the ratio of lengths

| Xy, = Np TDl/Z//ZG (A32)

indicates that nearly pure axial diffusion can be expected to exist if

NPe TDl/Z = ¢ TLl/Z << 1 and can be expected to remain dominant if
1/2
Npe T’ < < 0.5 (A33)

a result derived by Gill (1965), see Figure Al; the parameters n and 23
are related by T = T (L/D)2 and ¢ = NPe (L/D) relates the length and
diameter based diffusion Péclét numbers. Note that ¢ is a measure of the
ratio of axial convective mass transport to that for axial diffusion (the
maximum possible); also since tvij/tza-= ¢/10 one can see that the magnitude
of ¢ gives a measure of the relative amounts of time required to obtain
either break-through or quasi-steady concentration profiles for these two
pure physical mechanisms which of course occur simultaneously for real
physical conditions with considerable modifying interaction that is later
investigated.

First the conditions under which nearly pure axial diffusion can be
expected to establish a quasi-steady axial concentration profile are
determined. Since the diffusion dominated region must exist for at least
as long as it takes to establish the quasi-steady concentration profile,
then using (A31) and (A33)

- LZ/ZDij < ()2 (D2/4Dij)

t
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which yields the inequality

L/D < 0.354/Np,

which is shown on Figure AZ2. Notice that in this case the limit on L/D
caused by the neglect of velocity entrance region effects excludes only
part of the diffusion dominated region as opposed to all of the convection
dominated region. That is the model being formulated here can actually

operate (is valid) in a diffusion dominated region provided NPe is less

than unity (NPe < 1).

Radial Diffusion Effects

After the time of axial diffusion domination has been exceeded,
Npe TDl/Z > 0.5, the effects of convection begin to disperse the gas
initially behind the front toward a paraboloidal shape (except for the
distortions caused by the early axial diffusion) resulting as was noted
earlier in a nearly linear axial distribution of concentration when convec-
tion is dominant. From (A32) it appears that, if the tube is long enough,

eventually convection always dominates axial diffusion effects when

™

and usually NPe ) > 50 (A34)

is an adequate indication of convection domination. Long before this point
is reached strong radial concentration gradients have often been created by
the convective effects. These gradients drive radial diffusion which can

only be ignored prior to diffusive break-through to the tube center-line,
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so that only for Tp << 1 or from (A30)

T < 0.05 (A35)
does nearly pure convection exist. Thus the pair of inequalities (A26) and
(A27), which were previously used in the convection discussion, have been
established and they require that NPe > 224. When Tp > 0.05 and Npe TD1/2 > 0.5
the effects of radial diffusion on axial dispersion must be included.

The effect of radial molecular diffusion is the opposite of axial
diffusion in that it allows gas from the high velocity region of the para-
boloid to diffuse into the low velocity region nearer the walls; hence radial
diffusion tends to create a concentration front which is more uniform or
flat than the paraboloid and moving at the velocity u if radial diffusion
is effective even though the velocity remains paraboloidally distributed
with a maximum velocity of 2u at the tube axis of symmetry. From (A22) it
"is obvious that radial diffusion can be expected to be effective in
establishing a quasi-steady radial concentration profile if T > 0.5. [Gill
(1965) numerically arrives at Tp 2 0.6.] Thus radial diffusion inhibits axial
dispersion due to convection and axial diffusion so that eventually Ty 2 0.5
a quasi-steady state is approached where most of the radial concentration
gradients are eliminated and axial mass transport behaves as if there is a
plug flow at the average velocity u but dispersing relative td u [called
"axially dispersed plug flow'] with some akial dispersion coefficient K
(effective axial diffusivity) which is greater than the molecular value
Dij’ K> Dij’ even though the velocity profile remains essentially para-
boloidal. Gill (1965) has numerically determined that the (u, K) model holds

approximately for all tp if N, < 25, while for N;_, > 25 it holds only if
PP D Pe Pe
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Tp > 0.6. The amount by which K exceeds Dij indicates the effects which the
paraboloidal velocity profile has had on axial dispersion via interaction
with radial diffusion. A large body of literature exists (Taylor, 1953-4;
Gill, 1965-8; Aris, 1956; Bournia, 1961; Evans, 1965) which is concerned
with the determination, both analytically and experimentally, of K under a

wide variety of initial and boundary conditions. Typically the form which

E'usually takes can be expressed

K=0;, L+ NPeZ) . (A36)
For example, if an initial step profile in concentration at the inlet to a
straight tube from a well mixed reservoir is set into motion with a uniform
axial velocity at t = 0, then for NPe < 25 it is found that (Gill, 1965)
S is bounded such that 0 < S(t) < 1/192; in fact S * 1/192 for all Npe Vvalues
after about T > 0.6 where radial concentration profiles are fully developed.
Obviously for large NPe values, NPe > 25, considerable enhancement of the
effective axial diffusion coefficient K is obtained due to the interaction
of convection and radial diffusion. On the other hand if Npe < 1 no
significant enhancement is obtained for this case. The upper limit on S
depends considerably on the boundary conditions but appears to remain small
compared to unity. For example it increases to 11/192 in capillary systems
with high adsorption on the walls or in the limit of infinite ratio of
stagnant pore volume to capillary flow volume for porous wall cases with a
straight tube (Dayan and Levenspiel, 1968). Also for straight channels with
non-permeable and non-adsorbing walls the upper limit on S appears to be
8/945. 1In any event these cases seem to show that any time N?e < 1 the

enhancement of K above Dij can be neglected.
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In the "axially dispersed plug flow region' where u and K can be used
to describe the concentration profile, expressions analogous to (A24») - (A32)

can be written

Xa- = ut 5 ta = L/ﬁ (A37)
X ={zﬁt , tg = L¥/2K (A38)
- 'f T = 127907

XAC = 4/20Kt, t = L°/20K (A39)

so that
- 1/2 —1/2

Xﬁ/XAc = Npo Tp (Dij/K) /2v20 (A40)
gnd

te/tg = (¢/2) (Dij/K)- (Ad1)

Thus the criterion for the neglect of dispersion relative to the plug motion
at u is somewhat different than that for neglect of molecular diffusion
relative to pure convection on the tube axis of symmetry at 2u; this is
primarily due to the presence of (Dij /K). Care must be exercised in the

use of (A37) - (A4l1) since they are valid only in the "axially dispersed
plug flow'" region and under no circumstances should théy be used for T < 0.5
even at high Npe values (NPe >> 1). Only if NPe <1is K= Dij so that the

1/2

criterion NPe T > 50 stated before (A34) as the criterion for convection

domination becomes approximately valid here. More generally the near plug

flow region can be specified by

N 1/2

1/2
Pe D

> 50 (K/D; ;) (A42)
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so that if (A36) with S = 1/192 is used as an example then

2
T > 13 + (50/Np) (A43)

specifies that region in which (A37) or

t; = L/u ' (A44)

approximately estimates the time to establish a new axial concentration
profile since in that time the tube is essentially flushed or swept clean

by the plug motion. Since (A43) can be written

e

t>=[3.25N et 625/NPe]/(L/D) (A45)

P

and the flush or quasi-steady profile can occur only if

t> = L/3 (A46)
then

L/D > [3.25 Np, + 625/Np,] (A47)

for ty = L/u to be a valid estimate of flushing time. This region is shown
on both Figure Al and Figure A2 where it is obvious that there is a large
region between the regions where ta-and ty . are valid as well as between
ta-and the limit L/D > 0.35 NPe set by neg;gct of the velocity entrance
region effects.

This gap can be partially bridged by deriving the analogous expression to

tﬁ-which is valid for much smaller T and L/D values. Mathematically this
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can be done by recognizing that after § = ﬁ'(t/Tﬁl/z exceeds about 10
(actually 6 is probably adequate) then a similar solution (a function of n

only) well known to hold for the infinite capillary case for the concentration
C=0.5erfcn=0.51 - erfn) (A48)

becomes approximately valid for the semi-infinite capillary (Gill, 1965)

more precisely described by

C= %-{erfcr14-exp [6(2n + 8)] erfc (n + 8)}; (A49)

this is because the boundary condition C(x=0,t) = 1 at the tube inlet no
longer has a significant effect on the concentration profile since it is so
far downstream of the inlet following the initial conditions C(x<0,t=0) =1
and C(x>0,t=0)A= 0. This region, which is within the axially dispersed

plug flow region where a E]Dij model holds, is often called the Taylor-Aris
region. Gill (1965) numerically determined that 1 > 0.8 + 30 NPe'l'4 (which
is a crude fit of table values given by Giil) approximately bounds the Taylor-
Aris region for the special case alluded to earlier where R]Dij =1+ Nge/192.
The upstream boundary condition must be accounted for via (A49) or some other
appropriate expression if another boundary condition is present, for smaller
§ values and S in the Kyvij model must then be recognized to be possibly

less than 1/192, 0 < S < 1/192. Of course for finite length capillaries the
downstream boundary condition may also be important and require a finite
capillary solution which is discussed later. At this point only the Taylor-
Aris region (infinite capillary solution) is investigated via C = %—erfc n.
Thus the value of n = + v¥5 can be used to identify the head and tail of the

concentration front respectively, via the + and - sign. Also since

166



n=(x- at)/z‘/ii_t (A50)

then
(A51)

el
"+
=

immediately indicates the physical interpretation regarding the head and
tail of the profile relative to the plug motion. Hence for x = L the + signs
indicate break-through and flushing, respectively. The solution of (A50)

for t with x = L therefore gives an estimate of the times at which these

events occur. This solution is

ter= WD {1-201 [- 1+ /70 (A52)

where the + signs still are related to the n = + V5 relation rather than

the two roots of the quadratic, one of which has been eliminated on physical

grounds. The parameter ¢ can be written
- 2N = e
0 = 4 (Dy5/n"K) = Np, (L/D) (0;3/K)/5 ~ (A3)

which becomes

® = N, (L/D)/(5 + 0.026 Nf)e) (A54)

if (A36) and S = 1/192 are used as an example. Since K - Dij if Npe < 1 then

¢+ ¢/5 and

= {1-1007t (-1 TS (A55)

u-DiJ
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where the - sign gives the time to a new steady-state concentration profile
while the + sign is related to the break-through time. The solution o
(A52), extends to lower L/D than (A47) for to. This approximate limit is
controlled by the choice of the lower limit on & = ﬁ(t/ﬁ)l/z given before to
be 6 to 10 depending on how close the similar solution is approached before

it is said to be valid. Since

/02 - Np, w2 (vij/ijl/z/z (A56)

=1/2

then a lower limit 60 on u(t/K) simply places a lower limit on ) of

T, = 6 (K'/vij)(Z/NPe)2 (A57)

which is a little different than the expression fit to Gill's tabled data,
although not greatly different when §, = 6, since 60 = 10 is entirely within
Gill's Taylor-Aris region. In any event using tﬁlf'(' sign) with the
requirement that it should be greater than the time t, obtained from (AS57),
Ty = 4'to Dij/Dz, thx 2 tos gives the result

L/D > (Kyvij)(so/NPe)(ao - 4.48) (A58)

in order for tyx to be a valid estimate of time for quasi-steady concentra-

tion profile. If &5 = 10
L/D 3_(55.2/N?e)(iyvij) (A59)

while 60 = 6 gives
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L/D > (9.12/Np,) (E/Dij) (A60)

which are both shown on Figure A2 using R]Dij =1+ Nﬁe/192 as an example.
Several important results can be observed from Figure A2. One is that for
large NPe values (greater than 5 to 25), the assumption of negligible
velocity entrance region effects excludes all L/D values below the limits
given above for 6o = 6 and 10 so that tyx via (A52) using - sign is the

only expression required here to estimate characteristic times to establish
concentration profiles. For Npe below these values K rapidly approaches

Dij so that an additional expression is needed to bridge the gap between

tDij - Lz/zpi 5» valid for ¢ < 0.354, and tﬁ_vij given by (A55) which is
approximately valid for ¢ > 55 but good for crude estimates if ¢ > 10. The
region 0.354 < ¢ < 55.2 must therefore be examined. To properly cover this
region neither the infinite nor the semi-infinite capillary solutions known
for certain special cases are adequate; that is a solution for finite length
capillary is required. The case where a capillary of length L joins two
reservoirs (well mixed) located at x = 0 and x = L with the initial conditions
Cx<0,0)=1and Cx >0, 0) = 0 has a well known (Carslaw and Jaeger, 1959)
solution for C(x,t) with boundary conditions €C(0,t) = 1 and C(L,t) = 0 when

i and Dij are constants. The best measure of the establishment of the quasi-
steady concentration profile is when the transport rate past X = L of the

specie behind the initial front approaches the well known steady-state value.

This occurs when t/tvi' = tCA/tDij satisfies

eq’/i-e;b/z]zwl: - [1"(%)2]_1 exp -(mzr)z [F(Zﬁnﬂ(tm/tvij)
: =

=g<<1] - (A61)
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and it is found that the series converges rapidly for ¢ < 102 since t/tD
- ij
is not too small, t/tD.. > 2x 10 2. For small t/tp-. the series has poor
ij : i
convergence characteristics but since the equation for tr ¥ holds in that

region it is of no concern here. If the small quantity e is chosen to be

e = 0.01438, which implies that the transport rate at X = L is 98.562% of
steady-state, then the results for t/tD.. with ¢ values as large as 150 are
shown on Figure A3 along with those caléulated from (AS5) tﬁlvij normalized

by tp - The results from the two different expressions are nearly asympototic
arounéj¢ = 150. The quantity-t/tp'. simply represents the fraction of the

time ty | = LZ/ZDij for pure diffu;ion to reach 98.562% of the éteady-state
rate whigh is required to establish the concentration profile when convection

u # 0 is present. Notice that the transition from ty. .
‘ 1)
tﬁ-= L/u starts to be significant when ¢ reaches about 2 and is essentially

_ 12
complete when ¢ reaches about 2 x 103 as t/tD.. approaches the limit 2¢_1
i

indicating L/u is being approached. The results below ¢ = 150 obtained from

(A61) can be represented by the fit

K= (f/tv..> = e
- B/ e<as0

and since for large ¢ from (AS5)

~.03¢2

3
+5.269 ¢ 110 (1 - o-002¢ ) (A62)

3= (t/t, 2o M)1+v100t s /Ifriﬁﬁi]} (A63)
1] o>>1

then it is possible to represent the entire ¢ region by

0—5

Fet,/tn =J+ ((K-J) el o2 764
- oty T K- e (A64)
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Figure A3. Time to Establish Axial Concentration Profiles, teas in a Tube of
Length L and Diameter D with Average Velocity ui,versus ¢.

171



so that the desired results for small Np Values have been obtained. If J is
replaced by a generalized expression obtained from (A52), valid for large

NPe’

g=2¢" {1 +10 971 (®/0;5) [1 BB ]} (A65)

then (A64) is approximately valid over the entire region not already
excluded by previous restrictions such as negligible velocity entrance
region effects; note for large NPe values that both ¢ and NPe orNPe and L/D
are required to calculate the fraction of tvi' = LZ/ZDij which is required
to reach a new quasi-steady concentration profile while for small NPe
values only ¢ is required. Of course for other initial conditions and other
boundary conditions the results would be somewhat different than those on
Figure A3, however since only an estimate of the characteristic time is

needed here the result just derived should be more than adequate.
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SUMMARY - Quasi-Steady, Axially-Diffused Plug Flow

The results of this section on the regions of validity of the quasi-
steady and axially diffused plug flow (u, Dij) assumptions need to be
summarized due to their complicated nature. The previous six assumptions
resulted in restrictions on the magnitudes of six independent non-dimensional
parameters (Kn, Z, Re, L/D, M, vy) which were translated into six dimensional
inequalities involving pressure, temperature, tube length and diameter,
viscosity, and total mass flow rate. In this section it has been shown that
seven more independent non-dimensional parameters (N o’ h/D, Vo/Vm, V', Di,
a', Si) are required, each of which is also restricted in magnitude via a
complex set of twelve ratios of characteristic times, only seven of which
are independent. Since all thirteen dimensioned parameters are involved
in these ratios, the resulting dimensional inequalities number thirteen

including an additional restriction resulting from the axially diffused plug

flow assumption.

Axially Diffused Plug Flow

To be specific, Gill (1965) has shown that for Npe < 25 the axially

dispersed plug flow (u, f) model is approximately valid for all Ty values.
However for NPe > 25 (really 25 < Npg < 2000 when Sc = 1 due to the previous
Re < 2000 restriction) Gill concluded that the u, K model was valid

approximately only if Tp > 0.6 which is about the same as the ™ > 0.5
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restriction arrived at here. This implies that t > 0.5 D2/4Dij is necessary

but since the profile does not remain in the tube unless t < L/u then
0.5 D%/4 Dy; <t < LA
so that in order that such a region exist at all

L/D > 0.125 Npe

and in order that it exist over most of the tube length

L/D > 1.25 NPe = 1.25 Re Sc

or thereabouts. Notice that this result is comparable to the previous

result
L/D > 0.35 Re

required for the neglect of velocity entrance region effects, considering
Sc * 1, so that no new restriction has teally been derived. In any event,

the NPe > 25 results are not of interest here since

N

pe < 1 (A66)

in order for (@, K) » (T, Dij) so that the axially diffused plug flow model

is valid; then one finds that

m < mDu/4Sc (A67)
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which of course is much more restrictive than the previous inequality
m < 500 7Dy derived from the Re < 2000 restriction and therefore should be
used in its place. For the previous example with Sc = 0.75 one obtains

m<mx10° g/sec.
Quasi-Steady Bore Flow

The characteristic time ratios required to be small

/ (A68)

<<
thore tsystem

will be evaluated in detail using tbore/ < 0.2 as the requirement

tsystem

for approximate validity of the quasi-steady assumption. The new dimension-
2 2

less parameters N o h/D, Vo/Vw, V' = 1D L/4VO, a' = oL /Zvij’Di = Di/Dij

and Si = SiRT/Av are introduced. The constant Av is Avogadro's number

24

0.6023 x 10“" and since Vb is the vent or receiving volume V' is the ratio

of tube volume to the connected vent volume. Also from (A64)
= _ 2

is used to simplify terminology. The resulting twelve time ratios (seven

of which are independent) are
typ/ty = (tep/ta) (/) (tep/t,) (469)
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tep/ta = (D/80;5) = [o'/4/D)7] (A71)
tea/tq = (ocLZ/ZDij) F (L/D, Np) = o'F (A72)
tyr/ty = ©;07/4h%) = [DI/40/D)?] (Re/Np,) (73)
tyn/ty = (10 DyL/ch?) = [10 DI/ (/D)%) (/D) O4/N,) (A74)
t ./t = (0.D%/4D..h%) = [D!/4(h/D)4] | (A75)
CR" "w i ij 1
tep/t, = ;L7 jhz) F = DIF(L/D)%/ (0/D)* (A76)
to/try = Ctup/t) (ol tmp)/ (bt (A77)
tyaltey = Cbua/t) Cop/te)/ (Eep/t,) (A78)
t oo/t = (55_)(\/0 i Voo) (DiSiRT)( p? )
c*'w T\RJ\ VT, R, )\ev;
D VO Qe ‘

={i+g)\1+ v v Disi/z (A79)

tealtry = Cten/ta) (ot (e tg) (A80)

where (A69), (A70), (A77), (A78) and (A80) are written in terms of (A71) -

(A76) and (A79) to emphasize the independence of only seven of these ratios.
In order that the quasi-steady assumption be approximately valid without

any additional qualifying restrictions, each of (A69) - (A80) must ét least

be less than 1/5, an arbitrary small number stated earlier which may be
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decreased if even stricter validity is required. Using the fact that
Sc = NPe/Re * 1 certain pairs of (A69) - (A80) become nearly identical;

thus if (A69) and (A71) are less than 1/5 the inequality

D(cm) < 3 x 10% [P(atm)] /% (A81)

L 17.8 yr, the decay constant for 1H3 and

results, as an example, when o
Dij(cmz/sec) ¥ [P(atm)]_l, which is not very restrictive generally

considering P < 102 atm here. Similarly (A73) and (A75) are less than 1/5 if
D(cm) < 0.9 h(cm) (Dij/Di)l/ 2 (A82)

where Dij/Di = [Do(cmz/sec°K) P(atm) T(°K)]_1 exp (Ed/RCT) which as an

example for SiO2 - He at 300°K and 10 atm has the value

Dij/Di ¥ 4 x 106 giving D(cm) < 1.8 x 103 h(cm)
which also is not very restrictive for most applications. In the same manner

(A77) and (A79) yield
2 D -1 VO -1
V' (mDL/4V,) < 0.4 (1 + g 1+ T /Dist = Vi (A83)

which, as an example, when VO/VOo * 10, D/h ~* 3.2, T = 300°K and P = 10 atm,
then V' < 1.5 x 106, for SiO2 - He which is certainly not restrictive since
V' << 1 for most applications. The inequalities (A81) - (A83) are for

quasi-steady radial profiles in the bore of the tube.
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The inequalities resulting for quasi-steady axial profiles in the bore
of the tube are now examined. If (A70) is less than 1/5 then

11 1/2
L{cm) < 2 x 10 (yT(°K)/W(g/g-mole)) (A84)

using(x-1=17.8 yr which is certainly not very restrictive for y = 5/3 and

W = 4 at 300°K or any other reasonable values for y, W and T. Similarly
(A72) yields

L(em) < 1.5 x 10* T2 [p(atm)] /2 (A85)
which under the worst conditions, F =1 and P = 102 atm, results in
L<1.5x 103 cm; generally of course L can be much larger than this since
F<1andP < 102 atm, however this is probably the most restrictive

inequality derived up to this point. From (A74) one finds

1/2 exp(Ed/RT)
2

L(cm) < 1.8 x 10% h%(cm®) (Y/T(°K) W(g/g—mole)) (A86)

Do(cm /sec®K)

11,2

which becomes L(cm) < 0.76 x 10 (cmz) for the conditions used in earlier

examples and indicates little problem. The analogous result from (A76) is
Liem) < (5B) M2 hem) @;5/0)"* (A87)

which becomes L(cm) < 2 x 103 (SF).l/2 h(cm) for the conditions used earlier.

To show that (A87) can be very restrictive, assume that L/D = 104 and

N -2 2

Pe = 10

so that F = 2.4 x 10 “ and let h = 6.4 x 10"3 cm with the result

that L < 37 cm. This inequality will be discussed further later. In terms

of Vé, given by (A83), (A78) yields
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V<V (e D/D;5)/40 (L/D) (A88)

or

V' < (6.9 x 103) <yT(°K)/W(g/g—mole)>1/2

which becomes V' < 7.5 x 104 for the conditions used earlier.

Finally from (A80) one obtains
Vo< V]'3/4(L/D)2 F (A89)
which as an example becomes

V' < 0.16

using the conditions stated previously. This final inequality could be
restrictive in some applications.

As stated earlier, if all of the inequalities (A81) - (A89) are
satisfied, then the solutions derived in this report can be used under the
prevailing local conditions in a quasi-steady fashion. If one (or more)
of the inequalities is not satisfied then the converse is true unless the
driving force for the particular physical phenomenon referred to in the
inequality is not present in a significant amount. For instance, if the
decaying specie is not present in significant amounts in the system, then
the inequalities derived from (A69) - (A72) can be ignored. Also if the
most rapidly permeating specie (largest DiSi) is not present in significantly
different concentrations in one reservoir compared to the other volume, then
its inequalities derived from (A77) - (A80) can be ignored in favor of those

for a specie which is permeating in significant amounts. Similarly the
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initial startup transients which occur following the filling of the reservoirs
with the gas mixtures may occupy such an insignificant fraction of the total
period of operation that they can be ignored; also the fact that some of
the related inequalities are not satisfied becomes irrelevant unless there
are other perturbing factors such as system temperature changes during the
period of operation which are of interest. Thus if an inequality such as
(A87) is not satisfied, and there are large and rapid system temperature
changes, then the model being derived here cannot apply. If, however, the
magnitude of the temperature changes or the rate of change of system temper-
ature is controlled or restricted properly, then the model can still be
applied with confidence. Specifically, this is true if the temperature

change takes place over a period of time which is 5 or more times
t(Temp. Change) > StCA (A90)

larger than tCA

exceed 0.05 for example.

or AT is less than the amount which would cause ADi/Di to

Uniform Reservoirs [L/Xv, Xd/XV, tstc/trc’ ATﬁax/T]

Since a physical mechanism is not present which can maintain a signifi-
cant gradient in total pressure in either reservoir, the uniformity of
concentration and temperature are of primary concern.

Concentration

Each reservoir is assumed to be spherical in shape, so that in the vent

volume (see Figure 1) the gas must mix well for a distance of the order of
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the volume diameter XV = (6V0/ﬂ)1/3, while in the driver volume mixing for

a distance of the order of the volume radius Xy = (3V;/4ﬂ)1/3 is necessary.

Due to the line source and point source nature of the problem, the time

required to mix gases over these distances via molecular diffusion alone can

be expressed [note that (Dij) # (Dij) necessarily due primarily to different
d

v
total pressure].
t, ¥ X2/4(0..) (A91)
X4 d 1374
t, = X2/6(D..) (A92)
X v ij
v v

Equations (A91) and (A92) must be much smaller than the time required to

transfer significant quantities of gas from one volume to the other volume

toy estimated from (A20) for the dominant specie

2/3
txd/th 0.12 LV /Vo(Vl'a)d << 1 (A93)

1/3
tXV/tFV 0.32 L/V, (Vl'))v << 1 (A94)

where V% is dimensionless and is given by (A83) and the fact that (Dij) #
' d

(D..) must be properly accounted for when it is evaluated. If these ratios

1JV

are taken to be less than 10—2 the resulting length restrictions are

L < 0.083 (v) v /v 23 (A95)
d

L < 0.031 (V) V01/3 (A96)
v

which gives as an example, respectively,
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L < 0.29 x 10° cm " (A97)

L < 0.24 x 10° cm (A98)

if the maximum driver pressure is 103 atm and the maximum vent pressure is

2 atm and v, ® 103 cm3, vV, = 102 cm3 using the other values given previously

10
as examples for SiOz-He. Of course the smaller the time ratio the more

uniform the reservoirs are, so that if 10'4 is used in place of 10'2 above
the length restrictions are reduced by a factor of 102 and the reservoirs

are even more uniform.

Temperature

Two phenomena may cause reservoir thermal gradients; one is due to
internal heat sources in the reservoir gas and the other is related to
thermal lag in the reservoir gas if it cammot keep up with rapid temperature
changes external to the system. The thermal lag can be anglyzed using an
expression analogous to (A92) for a spherical volume of radius
1/3

V. /4m)

res = ( res if the diffusion coefficient is replaced by the gas

r

thermal diffusivity a = k/pCp so that

2

t(spherical res. conduction) * Tres

/6a (A99)
where it is assumed that the reservoir wall material has much greater thermal
response rate than that of the gas and all convection mechanisms are neglected
here. The reservoir gas will stay relatively uniform temperature wise if

the temperature of the system is changed over a period greater than about five

times that given by (A99)
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tstc/trc = t (sys. temp. change)/t(res. conduction) > 5 (A100)

so that

2

t(sys. temp. change) > 5 T /6a (A101)

S

results. The thermal diffusivity (Kreith, 1958) is generally between
4 x 10_3 cmz/sec for gases like N2 and O2 and 6 )('10-2 cmz/sec or less for
gases like He and H, at 300°K and 1 atm and exhibits inverse pressure
dependence. As an example, for a 1 liter reservoir volume and 10 atm of
N, at 300°K, the time of temperature change should exceed 21 hr for conduction
only; convection of course wbuld lower this time by about an order of magni-
tude to around an hour at least.

The heat buildup due to internal heat sources uniformly distributed in
a gas reservoir can also be analyzed using heat conduction only (no
convection) and a constant heating rate per unit volume q so that (Kreith,
1958)

AT /T = q t2 /6KT (A102)

is the maximum difference in temperature resulting at steady state between

the center and surface of a spherical volume of gas. Since ATmax/T must be

small
AT /T < 1071 (A103)
max
for example
2 .
Tres < 0.6 kT/q - (A104)
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As an example, the heating rate per unit volume for molecular 1H3 is

(Jordan, private communication, 0.324 watts/gm)

q 3(g-cal/sec/cms) ¥ 0.467 P (atm)/RT(°K) (A105)
1 1H

so that at 300°K

d (300°K) = 1.9 x 10_5 P 3(atm) g-cal/sec/cm3
N H
1
in terms of the partial pressure of molecular 1HS. The conductivity times
the temperature at 300°K is around 1.2 x 10'2 g-cal/sec/cm for gases like
0, and N, while for gasés like He and H, it is about 1.3 x 10-1 g-cal/cm/sec

or less at 300°K. The worst case (most restrictive) is for 1H3 to exist as

a component in a mixture of low conductivity gases like 0, and N, so that

2 (cm?) < 379/P . (atm) (A106)
res H3
1

which as an example yields Tres © 10 cm for 3.79 atm 1H3 and Ties © 1 am for
379 atm 1HS. Reliable values comparable to (A105) - (A106) are not available
for all of the isotopes listed in the decay section, however, a heating rate
of 0.53 watts/gm for 36Kr85 (Chart of Nuclides as Modified by Battelle
Northwest, May 1969, 1970, Gov. printing off. #1970-0-389-841) can be used.

The results are

qu (g-cal/sec/cms) = 10.8 PKr(atm)/RT(°K)

. _ -4
Ay (300°K) = 4.4 x 10 PKr(atm)

184



2 2
rres(cm ) < 16.3/PKr(atm)

85

the last of which yields Tres © 10 cm for 0.163 atm 36Kr and Tres < 1cm

for 16.3 atm 36Kr85. These results are significantly different than those
for 1HS. Of course convection would increase greatly the limits on the

reservoir radius, possibly as much as a factor of 3 to 5,

Straight Tube [d/D]

Many of the previous results are for straight tubes which may be
impractical due to the lengths involved. It is therefore of interest to
examine the effects of coiling the tube (small coiling pitch) with some coil
diameter d. It is desired to determine what the minimum value of d is in

order that no significant effects result from the coiling procedure.

Flow Rate

One possible effect results due to the altered velocity profile in the
tube which increases the resistance to the flow such that a reduced flux or
flow rate is obtained. This has been studied by Truesdell and Adler (1970)
where fully developed laminar flow in helically coiled tubes (small coiling
pitch) is investigated. The result is that for circular tubes, there is
less than 1% effect on the volumetric flux if the ratio of the helical coil
2 pe?

diameter to the tube inside diameter is greater than 10 ° R
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a/D > 1072 Re?

(A107)
where Re is the Reynolds number. It is obvious that this usually can be an

important restriction only for large Re, Re >> 1 which is not the case here.

Dispersion

Another possible effect is the alteration of dispersion mechanisms along
the tube bore. Two competing processes interact to determine this effect.
Curvature increases the variation in residence time across the flow which
in turn tends to increase the dispersion coefficient while the secondary flow
which occurs in curved tubes creates a transverse mixing that tends to
decrease the axial dispersion coefficient. Results are given for such an
investigation by Nunge, et al. (1972) which indicate that the dispersion
coefficient first increases and then decreases as the Reynolds number
increases. For Schmidt numbers of the order of unity (actually Sc ~ 0.75)
those results indicate that there will be less than 5% effect on the axial

dispersion coefficient if

1/8 3

d/D > 2.66 Ret’8 (1 + 107 Re?) (A108)
which is usually not a significant restriction unless Re >> 1. Since

Re < 1 is the region of general interest here, neither (A107) or (A108)
usually need be considered a serious limit although in that region (A108)

is always the most restrictive while for large Re, Re >> 1, (A107) is most

restrictive.
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Dead End Permeable Tube

Several of the previous assumptions were evaluated via results for flow
through open ended tubes with impermeable walls. .These include the
assumptions of fully developed laminar flow, uniform bore pressure, quasi-
steady radial and axial profiles, and straight tubes. Obviously when the
tube is dead ended with all the flow entering through permeable walls, the
results can be vastly different. However there are conditions where the
axial flow at a given location along the tube interacts very little with the
mass addition at that location, but is primarily determined by the combined
or integrated effects of everything both upstream and downstream of that
1ocation‘so that those boundary conditions are.properly satisfied. This is
not likely to be true, of course, near the closed end of‘the tube; but if
it is true locally over most of the tube, then the assumption evaluations
previously based on open ended tubes with impermeable walls can be expected

to hold in local spaciel application when properly interpreted.

One measure of the difference between the two cases (impermeable
and permeable walls) is the pressure drop along the tube; the conditions
under which the pressﬁre drop can be ignored were determined previously using
the viscous flow (Poiseuille flow formula) equationvfor impermeable walls
because it was expected to be more severe than the permeable wall case.
The nature of the relationship between the two cases is clearly determined
by Huang and Yu (1973). That study is for steady, incompressible, laminar

flow in a porous duct with uniform fluid addition or extraction along the
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walls. The results adequately illustrate the physical fundamentals which
are also involved for a nonuniform wall velocity Vi, expected in this work.
Using the nomenclature of Huang and Yu, the average velocity along the tube

at any x coordinate location for uniform Vi, is then

ux) = 66(1 - x/L) (A109)

with x measured from the open end where u = ﬁ6 and u = 0 at the closed end,
x = L (or at least symmetry causes zero velocity there). For a circular

tube the resulting approximate axial pressure change is then

Re
PO - PX) |- (g: ’5) (1 - 2 —Reﬂ%) (1 . Rew/S) (A110)
2 o

in terms of the wall Reynolds number Rew =V, D/v; Huang and Yu showed that

(A110) is an adequate approximation provided Rew/Re << 1 and | Re | <1
where Re = ﬁg D/v is the open end Reynolds number. Negative Rew refers to
blowing or fluid addition while positive Rew refers to suction or fluid
extraction. Since Re =0 and x/L << 1 gives the case of an impermeable wall,
the first factor on the right of (A110) is the familiar Poiseuille formula
used earlier (Al4) so thap it introduces a linear axial dependence. The

next factor on the right of (A110) accounts for the distributed mass addition

or extraction and thus alters the axial dependence to quadratic as a first

approximation. Since for a dead end permeable tube Re/R.ew = uo/vw = 4 L/D,
the second factor becomes 1/2 at x = L due to the average axial velocity
being 1/2 of that at the open end; this substantiates the earlier statement

about impermeable tube results being more severe than permeable results
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since the pressure change along a dead end porous tube is 1/2 that which
would occur if the open end flow passed through the entire length L of the

impermeable tube (perhaps this is easier to observe if (A110) is rewritten)

Eiz%gi—giél = (64 L/ReD) (1/2) (1 - x/L)* A - Re, /3) (A111)
puO/Z

provided the effects of the last factor are negligible. The last factor
weighs or measures viscous forces versus inertial forces normal to the wall
as they interact via blowing or suction such that if they balance when

Re = RewC = 3 (actually more exact results show R.ewC = 2.6) via suction,
then no net pressure gradient results when the suction velocity is uniform.
This factor becomes unity for all practical purposes when Re is small, say
for example lReWI < 0.03. Although Huang and Yu only examined the single
specie case, Libby, Liu and Williams (1969) confirm the wall Reynolds number
criterion in the 2 specie case where the greatest effect on pressure gradient
occurs for light gas injected into a heavy one. It would therefore appear

that a local application of the Poiseuille flow formula is justified if

Re /Re << 1 (A112)
}Rewl << 1 (A113)
which can be satisfied if
2
L>10°D (A114)
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m< 1071 L (A115)

the last of which is of a similar form as (All) but more restrictive. For
the same example given previously (A114) and (Al11l5) require that L > 2 cm
and m < 3 x 10-3 g/sec. The conditions stated above essentially allow the
velocity profile to be approximated over most of the tube length,not too
near the closed end,by a paraboloid whose peak value at the center line is
determined by the local flow rate such that it is equal to 8 ﬁ(x)/wpDZ.

When interpreted in this manner, the previous evaluations of the assumptions
of fully developed laminar flow, uniform bore pressure and straight tubes
should certainly be adequate. The results of Libby, et al. (1969) confirm
this via an investigation of the flow development region in the case of two
species of considerably different molecular weights when either the heavy
or the light one is injected uniformly. Also Gill, et al. (1968) note that
the extent of dispersion is less in developing velocity fields than in those
which are fully developed (the bulk of the tube here) because dispersion

is enhanced by velocity differences (these are maximum when fully developed)
normal to the main flow direction. Even in the fully developed region the
velocity profile is closely coupled to concentration prbfiles so that one
expects no great alteration of the concentration profiles via the small
departures from the paraboloidal velocity profiles allowed under the restric-
tions imposed here. However the physical difference in boundary conditionsb
in that a rich or lean mixture of gases is being added or removed radially
at the tube walls rather than axially at the tube ends can be a significant
effect on axial dispersion. Diffusion and convection tend to create radial
uniformity very fast relative to the axial distribution because large L/D

tubes are in general necessary in order to satisfy other assumptions. The
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axial concentration profile, however, can be altered significantly by wall
effects. This is, as was previously discussed, best treated via an axial
dispersion coefficient (which includes radial effects). For example
(Dayan and Levenspiel, 1968) an enhancement of the dispersion coefficient
of over an order of magnitude has been reported for capillary systems with
high adsorption on the walls or in the 1limit of infinite ratio of stagnant
pore volume to capillary flow volume for porous wall cases. The existence
of this effect, however, was previously taken into account when the bounds
were established on several parameters in the radial diffusion effects

treatment. Thus no further adjustments of the limiting inequalities are

necessary here.
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