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ABSTRACT 

A general phenomenological model is developed to describe rate-

dependent behavior in multi-dimensional strain. It is applied to the 

specific problem of two-dimensional viscoelasticity. Results are compared 

to one-dimensional calculations and to two-dimensional experiments. 

Calculations are also done for the problema of applied pressures at the 

surfaces of cylindrical and spherical cavities in viscoelastic media. 
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I. Introduction 

Recent developments have indicated the need for a calculational model 

capable of describing strain rate effects i n problems involving multi ­

dimensiona~ strain [1]. Models exist which are suitable for uniaxial strain 

calculations [2], but a theor etical basis for the general extension of these 

models into two or more dimensions with substantiating experimental evidence 

does not exist at this time . A general, coherent, multi - dimensional theory 

will ultimately be req~ired. However, a first step in this direction, which 

would also satisfy present cal culational needs, would be an easy- to- implement 

phenomenological model capable of producing the required type of rate sensitive 

behavior. Problems of immediate i nterest require a model capable of describing 

two- dimensional viscoelasticity which would allow comparison to one-dimensional 

calculations and to experiment [1]. Such a model would be a significant 

addition t o present calculational capabilities. 

This paper describes the incl usion in the two-dimensional Lagrangian finite­

difference code TOQDy [3 J of a general phenomenological model which can be used 

to describe strain rate effects in two or three dimensions . It has previously 

been successfully used to include stress relaxation due to dislocation theory 

in a two-dimensional Lagrangian finite -difference code [4] . The method is quite 

straightforward and easy to include in a finite -difference code, and is capable 

of describing various types of effects. 

II. Phenomenol ogical Model 

11.1 One-DimenSional Model 

The one- dimensional model [2] is based on the equation 

(1) 
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where a is the stress in the direction o~ motion, ~ is the strain, given 

by 

where p is the density, and F and G are arbitrary fUnctions o~ stress and 

strain. The ~orm o~ F for this viscoelastic model is 

where 

and C . is the instantaneous sound speed in the reference state. 
01 

given by 

o - 0 
G = eq 

" 
where 

o = K 11 
eq 0 

G is 

and C is the equilibrium sound speed in the reference state. ~ is a 
oe 

relaxation time given by 

where 

g = 0 

g = [1 - cos n ·R/Rwl/2 

g = 1 

R < 0 

O <R< R , w 

R > R , 
W · 

(2) 

(3) 

(4) 

(6 ) 

(7) 

(8 ) 

(9) 



R = ~/p (10) 

and Tt' T and R are adjustable parameters. • w 

11.2. Two-Dimensional Model 

The two-dimensional model is based on the equation 

(il) 

where S and e are the stress and strain deviators, ~ is the shear modulus and 

the F ij are the relaxation functions. This can be derived on the basis of 

elastic-plastic theory, but is essentially the deviataric Hooke's law equation 

with tbe deviatoric stresses reduced by an arbitrary relaxation function. The 

implementation of this equation as it stands is made difficult by the necessity 

of choosing the appropriate farms for the F
ij

, A method for doing this in the 

general. case is not clear. 

The model is implemented by extending the procedure used to perform ela.stic-

perfectly-plastic calculations baaed on Eq. (ll). The state of an elastic-

perfectly-plastic material may be represented by a point in principal stress 

deviator space, in which the axes are the principal stress deviators Sl' S2' 

and S3" The Von-Mises yield criterion, 

(12) 

where Yo is the yield strength in simple tension and J
2 

is the second invariant 

of the stress deviator tensor, defines a sphere centered on the origin in this 

space. The requirement that the trace of the stress deviator tensor vanish 

forces the state point to lie on a plane passing through the origin. The 

intersection of the Von-Mises sphere with this plane is the circl.e o:f Figure 1. 

Points wi thin the circle are elastic states, and points outside the circle 
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are plastic states . Elastic-per~ectly-plastic theory is implemented by cal-

culating the state o~ the material ~ram the per~ectly el astic equation 

(13 ) 

If the state ~ollows a given path and at some time step reaches a state out-

side the yield surface (e . g. , path OA in Fig. 1) , it is set normally back to 

the yield surface to state B, so that Eq . (12) is not violated. 

Strain rate sensitive behavior can be modeled by setting the state point 

only part of the way back to the yield sur~ace during a given time step. Thus 

the relaxed state of the material during the given time step is represented by 

point C. The type of behavior to be modeled is determined by the position of 

the yield surface and the amount of relaxation allowed during a given time step. 

If the state A of the material calculated from Eq. (13) represents a value of 

the second invariant of the stress deviator tensor of J
2

, and that of the relaxed 

state at C is J 2R , then 

(14 ) 

where F may be termed the relaxation function and may be a function of what-

ever parameters desired . In terms of the individual stress deviators, J 2R 

is obtained by multiplying each principal stress deviator by 

(15 ) 

so that the new value of the second invariant o~ the stress deviator tensor i s 

J 2R . It is not necessary to calculate the principal stress deviators in order 

to do this. Since the principal stress deviator s are linear funct i ons of the 

stress deviators in any other reference frame, the same resul t i s obtained by 

multiplying all stress deviators in any frame by the constant in Eq. (15) . 



11.3. Connection of the One- and Two-Dimensional Models 

In order to make a connection between this model and that of Eq. (1), 

the constants for this model have to be chosen to produce the same behavior 

as the one-dimensional model. The one-dimensional model is described in terms 

of i nstantaneous and equilibrium behavior, with the two connected by a relaxation 

fUnction. The two-dimensional model is described in terms of the elastic states 

given by Eq . (13) which relax back to states on the yield surface. Thus the 

material is described elastica~ before any relaxation takes place, and this 

corresponds to the instantaneous behavior of the one-dimensional model. The 

equilibrium behavior corresponds to the fully relaxed states on the yield 

surface . To correspond to the relaxation function of Eq. (5), F of Eq. (14) 

is taken as 

F = 
J - J 

2 2eq -"---::--="-- 6t 
T 

where ~t is the time step and ~ is given by Eqs . (8), (9) and (10). The 

(16) 

equilibrium behavior i s modeled by taking a zero radius yield surface so that 

the equ11ibrium response 1s h¥drodynamic with the pressure given by 

(17) 

with Ko' K1, end ~ the oeme conotlllto used in Eq. (6). The onl,y parameter to 

vary 1n t q. (13) is ~, and this has to be related to the 1nstantaneous response 

given by Eq. (3). Since F 1s PC
i
2 where Ci is the instantaneous sound speed, 

the constants can be related by the equation 

- 4/3 C 2 
s 

where Co is the bulk sound speed corresponding to Cee and given by 

(18) 

(19) 



8 

C
l 

is the longitudinal sound speed corresponding to Ci , and Cs is the 

shear wave sound speed given by (~/p)! . Solving Eq . (18) for ~ yields 

~ = 3/4 P [ f; (1 + fl~ + f2~2) _ ojp2Ko (1 + 2~~ + 3~~2J (20) 

with Eqs. (17) and (19) used to evaluate C 2. Assuming ~ to be of the form 
o 

and equating coefficients of powers o~ n yields 

u = 
0 

3/4 (f - K ) o 0 
, 

~ofl - 2Ko~ + K 
0 

1-11 = f - K 
, 

0 0 

fof2 - 3K K + 2KoKl a 2 
, and ~= f Ko 0 

3KoK2 
~ = f - K 

o 0 

Si nco ~o and Ko are related by 

where V i s Poilson's ratio, v i , siven bf 

v -

. This defines all material properties needed to implement the model . Since 

(21 ) 

(22) 

(23) 

(24 ) 

J 2 is assumed to be zero, the only extra cal culati on necessary i s to multiply eq . 

each st~ess deviator at each time .tep by 



c = {max (0 , 1 _ 6: )} ~ . (25 ) 

III. Uniaxial Strain Calculations 

In order to evaluate the two-dimensional viscoelastic model, comparisons 

were made to WONDY [5J runs using the one-dimensional viscoelastic model . The 

calculations were made for the problem of the impact of a A120
3

- epoxy flyer 

upon a similar target backed by fused quartz [1J . The calculated variable of 

primary interest was the velocity history in the target at the interface be-

tween the A~03-epoxy and the fused quartz . This was compared to laser inter­

ferometer records of the experiment obtained by Munson et. al. [1J . The re-

laxation time T given in Eqs. (8) , (9) and (10) was chosen to match previous 

[1J experimental observations for the A1
2

0
3

- epaxy mixtures which showed rel ease 

wave velocities to be larger than unloading wave vel ocities . Thus a two-rate 

relaxation time with long r elaxation times on unloading and short r elaxation 

t i mes on loading was used in the ooe - dimensional model. The identical form 

with the same constants was used in the two-dimensional model , even though it 

is not clear that identical constants ~ should produce identical relaxation 

rates in the two di fferent mode l s. 

Fig. 2 shows the results for a 6.28 mm flyer with a velocity of .27 mm/~ 

impacting a 6.34 mm th i ck target. The constants used in the equations for 

T were . 25 IJS for ~~, .02 IJS for T and . il IJS for R . The dotted line is 
• s w 

the experimental result and the solid line is the calculated result obtained 

by Munson et. al . [1]. 

Figures 3 , 4, 5 and 6 shOW' TOODY cal culations for the same probl em using 

the two- dimensional viscoelastic model compared to the one- dimensional results . 

These calculations were done using material properties derived from those of the 

one- dimensional model as descr ibed in Section 11. 2 . Figure 3 shows the wave 

profile when the material is always hydrexlynamic , which means the material 

9 
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response is along the equilibr ium curve . This corresponds to the case T "" O. 

Fig. 4 shows the wave pr ofile when tbe material is a l ways elastic , so that the 

instantaneous response is alW8\YS seen. Thi s corresponds to the case T :: '-II.: • 
: . , 

Fig . 5 shows the viscoelastic response \T1tq all parameters the same as in the, 
'" ..., ... 

one-dimensional model, and Fig . 6 shows the result of changing the value of 

T t to . 1 IJB . The curve calculated using T t "" . 1 IJS in the two-dimensional 

vis coelastic model shows excellent agreement with the WONDY results, but t he 

Ti :: .25 ~s calculation seems to give better agreement with the re l ease portion 

of the experimental wave profile. Thus the two- dimensional model can very 

accurately reproduce the results of WONDY calculations using the viscoelastic 

constitutive relation , al though the relaxation time constants are slightly 

different. This is attributed to differences in the relaxation methods in 

t he onl- &nd t wo- dimensional mode l • • 

IV. Cylindrical and Spherical Calculat ialB 

A further t est of the twO-dimensional model was accomplished by predicting 

the results of configurat i ons in whi ch a pressure i s applied t o t he botmdary 

of cylindrical or spherical caviti es in a materi al medium . Analyt i c sol ut i ons 

are available for the case of canpl etely elastic material respons~ [6] , and 

the results of the viscoelastic calculations can be canpared to these solutions . 

An anal¥tic sol uti on i s not availabl e for the viscoelastic case , so a rigorous 

evaluation of t he results of t hese calculati ons requires comparison to experi-

ment . Although these pr oblems involve one-dimensional motion in the radial 

direction, they cannot presently be performed on WQNDY because the WONDY 

viscoelastic model is limited to uniaxial strain . 

Figs . 7, 8, 9 and 10 show the analytically calculated response of a medium 

subjected to a constant pressure of 0.6 GPa at the boundary of a 5.0 mm radius 

spherical cavity . Figs. 7 and 8 show the circumferential stress and radial 



velocity as a function of radius at several times for a hydrodynamic material. 

Figs. 9 and 10 show the same quantities for an el astic material. Results for 

cylindrical cavities are qualitatively similar. The most interesting feature 

of these calculations is the major difference between the response of the hydro­

dynamic and elastic materials . In the elastic material the circumferential 

stresses are compressional at the head of the wave, but tension quickly follows . 

The radial velocity is a maximum at the wave front and quickly drops off to 

negative values. The hydrodynamic material shows a response that is almost 

opposite in character. The circumferential stresses are always compressional 

and the radial velocity is a minimum at the wave front and increases toward the 

cavity boundary. Finite di~erence code calculations for spherical cavities in 

elastic and hydrodynamic materials are in agreement with these results. Similar 

calculations ~or cylindrical cavities show most of the same major features. 

Figs. 11 and 12 show the results of finite difference code calculations 

for the same configuration as in the analytic calculations except that the visco­

elastic material model i s used . The material properties and relaxation rate 

are the same as those given in Section III, with '[1. '" • 25 IJS. The figures show 

that with this relaxation rate the wave profiles show the same general features 

Been in the hydr~ic analytic calculations. The circumferential stress is 

compressional and the radial velocity increases rather than decre&seS with 

decreasing radius. However J the magnitude and wave shape for the circumferential 

stress do show significant differences from either the :nydrod.yn&m1c or elastic 

cases. Figs. 13 and 14 shaw the circumferential stress and radial velocity for 

the problem of a constant 0.6 GPa stresS on a 25.0 mm diameter cylindrical 

cavity in a viscoelastic medium with the same material properties as those used 

in the elastic ca-lculation. Again, the relaxation rate is 'such that the material 

response shows the same general features seen in the 'hydrodynamic analytic 

calculations. 

11 
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These results indicate that the geometries considered here would pr ovide 

usefUl con£igurations for experiments designed to measure material properties . 

The major differences between the hydrodynamic and elastic responses indicate 

that these geometries would be worthwhile £or experiments designed to detect 

material. strength . The rate of' transformati on between elastic and hydrodynamic 

responses should also provide information on viscous and rate effects . Although 

a means for obtaining quantitative measurements o£ these quantities is not 

presently clear, f'urther studies of' different cavity radii and relaxation rates 

should produce further inSight into the problem. 

v. Comparison with Two-Dimens ional Experimental Data 

The final evaluation o£ the two- dimensional model was to compare its 

predictions to the results of measurements made of wave pro£iles in expl os i vely 

driven ferroelectric power suppl ies using Al 20
3

- epoxy mixtures as an encapsulant . 

Fig . 15 shows the power supply confi guration as zoned by Buller [7]. Laser inter­

feraneter velocity measurements were made by Schuler [8 ) at the quar~z-potting 

canpound interface for two diff erent thicknesses of A120
3 

potting materia~ . 

Figs . 16 and 17 show the calcul ated wave profiles for the thin and thick 

experiments respectively, obtained by assuming that the potting compound is 

hydrodynamic, compared to the experimental records. There is a significant 

discrepancy between the calculated and measured results . The calculated 

results show a two-peak structure which is absent in the experimental results, . 

and the calculated velocity maximum is too high by a f'actor of 3 for the thick 

configuration . 

Figs. 18 and 19 show the calculated results using ' the two- dimensional 

viscoelastic model for the potting compound with 1"£ '" .25 )JS . These results 

are in much better agreement with experiment. The two-peak structure is 



missing f rom the calculati on for the thicker configuration so that the release 

wave profile is in agreement with experiment, and the peak velocity is .166 mm/IJS 

a s compared to .135 mm/~ for the experimental recor d and . 37 mm/IJS for the 

calculation without the viscoelastic model. Thus the two-dimensional viscoelastic 

model is successful iri pr edicting the results of both these two-dimensional 

experiments . 

VI . Conclus i ons 

The two-dimensional phenomenological viscoelastic model des cribed here has 

been implemented in a two-dimensional Lagrangian finite-difference code and 

has been compared to the r esults of one-dimens i onal viscoelastic calculations 

and two-dimensional experiments . It has been shown to be able to reproduce the 

results of both . Its ease of implementat i on and versatil e capabilities for 

describing different rate effects by changing the functional dependence of the 

relaxation funct ion make it a usefUl tool for studying these effects in various 

different geometries . 
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