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ABSTRACT 

A description is given of the incorporation of a model for spall 

damage in ductile metals into the WONDY,one-dlmenslonaI Lagranglan wavecode. 

The constitutive equations modeling the thermomechanical behavior of the 

damaged viscoplastic material are given as a system of seven first order 

ordinary differential equations. In any zone-cycle, these equations are 

integrated by the variable order, variable step Adams-method code, STEP1. 

Sample calculations for a Plane impact case illustrate the interaction 

of the accumulating damage with the stress wave. Included are brief 

parameter studies which indicate the dependence of the damage on the visco-

plastic model. Back surface velOCity histories are compared with experi-

mental records. 

1-2 



I. INTRODUCTION 

The elastic-viscoplastic-dSJllB.ge constitutive model described by 

Davison, et. !1. [lJ, may be numerically evaluated within the existing 

structure of a wavecode. It is the purpose of this report to delineate 

the incorporation of this model into the one-dimensional Lagrangian wave

code, WONDY [2J. The order of computations in WONDY is such that the 

equation of motion (conservation of momentum) and constitutive model (with 

conservation of energy) are staggered in time. Hence, for a given mass 

element or zone of material, the equation of state routine, which contains 

the constitutive model, is entered after the density of the zone has 

already been· determined from the motion equation for a prescribed time step. 

The equation of state routfne must then compute the corresponding stresses 

and energy, and remaining state variables, corresponding to this new 

density or strain. The constitutive model is essentially integrated in 

time, from its old values to its new ones (at the end of the timestep) 

whether it be by differencing, as is conventionally the case, or by 

formally (numerically) integrating, as will be done here. 

Solution of the constitutive and energy equations is not amenable 

to a difference scheme applied across the time step for this model, 

primarily because of the complexity of coupling involved among variables. 

The choice remaining is that of numerical integration of the equations. 

One approach involves defining an integrator that subcycles within the 

prescribed code timestep using a crude difference scheme, and dividing 

the cycle into more and more uniform sub cycles until some sort of conver

gence occurs. This has been attempted with inconsistent and unsatisfactory 

results. The alternative has been the successful use of the external 
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integrator STEFL [3J (a variable order, variable step, Adams~method 

differential equation solver) to integrate tbe constitutive model within 

specified error tolerances. 

In order to maintain perspective, the constitutive model equations, 

in plane symmetry, will be reproduced in full in Section II. A discussion 

of the actual incorporation of these equations into WONDY is found in 

Section III, and the use of the integrator STEFL is outlined in Section IV. 

Section V is devoted to example calcuLations that indicate the effects of 

various features of the model on the solution of typical problems. The 

final section, VI, contains the conclusions of this report. Appendices 

are included lis~ing th~ WONDY data arrays, coding of the constitutive 

model, required minimum updates to utilize this model in WONDY, and 

specific material data for the sample calculations. 



II. EQUATIONS FOR THE VISCO-PIJI.STIC-DAMAGE MODEL 

For the purpose of clarifying the insertion of the elastic-viscoplastic-

damage model into WONDY, it is useful to reconstruct the one-dimensional 

theory of uniaxial strain given in [lJ. The direction 33 has been desig

nated the longitudinal (axial) direction, and 11 and 22 the transverse 

directions. The motion x is defined to be 

where the deformation gradient (F) is equal to the product of the elastic .... 
deformation (E), spall dilation (M), and viscoplastj;c slip (p). The 

'"'-i 1"t.J' _ 

specific components of the deformation gradient are 

(2a) 

and 

(2b) 

The spall dilatation M is related to the damage ~ by 

M = 1/(1 _ ~)1/3 ; 

the plastic deformation is isochoric, that is, 

(4) 

so the elastic deformations m~y be expressed as 

The elastic strains are defined to be 
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(6a) 

(6b) 

so that for small strains, the stress response is 

where a is the thermal coefficient of expansion, 8 is the temperature and 

8R is the reference temperature. The elastic constants are modified by 

the damage to become 

(8) 

where the Poisson's ratio is 

The average stress is defined to be 

The nucleation and growth of voids to produce damage is governed by 

the following equations: void nUcleation rate is given by 

11 = C exp h. 11. 1 

I [0 - 0 + 1
0 

- 0 IJ 1 
h ~ol 

(10) 

and the rate Of damage accumulation is determined from 



The required damage parameters are C
h 

(nucleation rate coefficient), 0h 

(nucleation threshold), 01 (nucleation stress sensitivity parameter), 1ro 

(initial volume of an individual void), CG (growth rate coefficient), and 

0G (growth threshold). h is the total number of voids, and ~ is the void 

volume fraction. 

In the plane case, the viscoplastic response requires a maximum 

resolved shear stress, given as 

(12) 

The plastic deformation gradient is 

(13) 

where the dislocation density is determined from 

(14) 

The mobile fraction of these dislocations is determined from 

and the average velocity of mobile dislocations is taken to be 

(16 ) 

Jj;[ sgn h) sm m ' ITI > T(A) 
., PR 1 + s 

where 
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(17) 

and 

(18) 

From Reference [lJ, 

. y may be integrated to find the "shear strain" 

y = 2 .en P33 

so Eq. (18) above becomes 

The constants required in the viscoplastic equations are B (the Burgers' 

length), A*, DCT) (saturation dislocation density), B*, f(m) (saturation 

mobile fraction), m, T*' T(A ) (yield stress), Yo' and n. 
o 

Finally, the energy equatton (Eq. (102) in [lJ) is written in terms 

of the temperature to be 

A = {-diV ~ + PR(l - .\9)(1 - I~)r + 0.9 tr(,! .f!(P» 

- 3x/(AR i~ - [3xAR(f(' + 1 ~ .\9) I~ - a,2I{'(1 - .\9)sR(e 

- {cr - 'l.r)/(l - .\9~.9}/(1 - .\9)(ClR - a
2

I{AR) 

where 

- e ) R 

(20) 



Ie = 2en + e
33 

3(1 - vo) 
K I -I( 

2(1 2\J ) 0 
0 

tr(t L(P)) (t33 - tn .,. ~)P3/P33 ~~ 

[P33 ~ ] [. P • ~)l . _ E . ..£... + 33 + ~ I = 2En + E33 = 2En 2P
33 

- 3(1 ~ ) 33 PT P 33 3 ( 1 e 
~ 

In addition, ~ is the heat flux, r is the radiation term, Ct is the specific 

heat at constant stress, ~ is the artificial viscosity, and PT is the 

density of the medium. 

A parallel energy equation in terms of the specific internal energy 

is maintained, taking the form 

. 1. .( )'j 2 e = r - -- d1v ~ - t - Q- P P PT 33;r T 
{2l) 

The equations provided here are specifically derived for the case of 

uniaxial strain. A more general version could be written, but it is felt 

that for one dimension, uniaxial strain is the most commonly encountered 

case, and the simplest for verifying the model; other inter~sting cases 

involve two dimensions, to which the general equations in [lJ may be 

reduced. 
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III. WONDY - STATE 5 

In tPe WONDY wavecode, the order of operation is such that the time-

step required for numerical stability is specified in terms of the 

parameters associated with the previous cycle. For a given zone, the 

density associated with the end. of this timestep is first determined, 

and the equation of state routine is then used to calculate the stresses, 

internal energy, and other variables which may be required. 

With respect to the present constitutive model, the deformation 

gradient F33 for any zone is equal to the ratio of the reference density, 

PR, to the new density, PN• Equations (2-8) are evaluated to obtain the 

stresses, after which the derivative evaluations are performed, Eqs. (9-

21). There are seven coupled ordinary differentia~ equations to be 

integrated for the variables: 

h 

e 

number density of voids, Eq. (10), 

damage (vQid volume fraction), Eq. (11), 

dislocation density, Eq. (14), 

fraction of mob~le dislocations, Eq. (15), 

axial plastic deformation gradient, Eq. (13), 

temperature, Eq. (20), and 

internal energy, Eq. (21). 

Of these seven variables, nand e are not explicitly used in the 

derivative evaluations or stress determination. The number density, n, 

is used only in derivative form in the damage equation (11). Hence, in 

terms of material response, a redundant but physically interesting 

damage parameter is being evaluated. Maintaining the product ChUo 

constant produces fixed damage levels (Eq. (10,11»; the purpose of en 



is to adjust the number density to match post-mortem experimental evidence. 

Since the WONDY wavecode carries an internal energy check, Eq. (21) for 

the internal energy is required; it is also included in the model in case 

future modifications in stress-strain behavior would require use of the 

internal energy instead of ,the temperature. 

Under normal conditions, the initial values of the variables are set 

to reflect an unstressed, unstrained, quiescent medium. The variables 

~, ~, P33' and e are then initialized to zero, zero, one, and zero, 

respectively. A reference temperature, 8R, is needed, as is an initial 

dislocation density and an initial fraction of mobile dislocations. It 

is apparent" however, that one may just as easily begin with a predamaged 

material, say, and enter an initial damage distribution. 

In addition to the normal variables carried for each zone in the 

wavecode, (which includes the internal energy, e), the remaining six 

variables are stored for each zone. For any timestep, the previous values 

are taken as initial data, and integrated in time to the end of the time-

step, resulting in new values for each variable. Since the density has 

already been determined for the end of the time step, it must be modified 

to a linear function of time across the time step to permit proper integra-

tion for the seven variables. Denoting Po and PN as old and new 

densities corresponding to times To and TN' the density PT can then be 

expressed as 

(22) 

A similar situation exists for the code's artificial viscosity, which 

appears only in the energy equation. This linear function takes the form 
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- Q o 
- T o 

(T - T ) + Q 
o 0 

(23) 

The time increment in WONDY by which a stable computation may advance 

each cycle depends upon the zone size, artificial viscosity, and sound 

speed. The sound speed is calculated in the equation of state subroutine 

and has been approximated by a constant value in the present case. The 

maximum sound speed is taken as the elastic longitudinal wave speed, and 

has been found to provide stable computations. 

WONDY is operating with a total of seventeen variables when using 

the present model, and the storage arrangement for the additional variables 

is given in Appendix A. The material parameters for the viscoplastic and 

damage models are stored in an array, ESC, and their appropriate designa-

tions are also given in Appendix A. 

The equation of state calculation has been placed in the subroutine 

STAT5. This subroutine contains a driver for the integrator STEP1. 

STAT5 also contains an entry point, STIN5, in which internal parameters 

are calculated and the new variables initialized. The subroutine 

F(T,Y,YP) does the derivative computations required by STEPl to integrate 
~ ~ 

the variables each zone-cycle. The coding for STAT5 and F(T,Y,YP) is ...., ~ 

given in Appendix B. The standard WONDY output has been altered, and the 

variables written to tape for plotting have been changed. These updates 

are listed in Appendix C for convenience. 

The coding is quite transparent, and in such a form that major 

changes in material characterization may readily be effected. Differing 

damage models may be accommodated without any major code alterations, as 

may alternate stress-strain relations, etc. This flexibility is due in 

large part to the use of an external integrator. 



N. nITEGRATOR FOR THE EQUATIONS - STEPl 

The efficient solution of the system of first order ordinary 

differential equations encountered in this constitutive model is 

mandatory. In addition, cognizance of the integration errors is desirable, 

and stability of the integration independent of wavecode zone sizes or 

timesteps is a firm requirement. Rather than attempt to build into the 

code a rudimentary integrator, with the incumbent task of proving it out, 

an existing integrator, built specifically for such systems of equations, 

and known to be efficient and exhaustively tested, was employed. The 

integrator, STEP1, documented in [3J, is based upon a variable order, 

variable step version of the Adams PECE (Rredict ~valuate Qorrect ~valuate) 

formulas. The predictor and corrector are of order k and k+l, respectively, 

(which is equivalent to using a kth order predictor, and corrector with 

local extrapolation). For stability reasons, a maximum k of twelve is 

imposed. Each successful call to STEPl advances the solution of the 

equations one step, so the integrator is called repeatedly for each zone

cycle until the wave code time step has been exceeded, at which point the 

code INTRP [3J interpolates the variables to the proper wavecode time. 

(The integrator determines its most efficient timestep internally, 

independent of the stability criterion employed by WONDY.) The integrator 

is self-starting, requiring only the initial values of the variables to 

be integrated. The weighted local error in each variable is limited at 

each integration time step to a tolerance EPS specified in the material 

input (Appendix A). Setting the weight to the magnitude of the variable 

provides a relative error. (As noted above, the number density and the 

internal energy are not explicitly required, so their weights have been 
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set very large to avoid having either of these variables control the STEPl 

integration step. The remaining variables are held within relative error 

bounds. ) 

Upon return from a successful step, STEPl has determined what the next 

optimum step size should be, and the proper order, k, for continuing the 

integration. The derivative evaluations are performed in an external 

subroutine F(T,Y,YP), described in Appendix B, which is required to be 
..... '" 

called twice for each successful step. The total number of calls have 

been monitored for the purposes of determining the efficiency of using 

STEPl in this constitutive model, and for EPS of 10-4 (relative error), 

an average of 4 ~teps is required per zone-cycle. A check on the stiffness 

of the differential equations is performed, stiffness being defined as 

requiring 500 calls to STEPl in a (wavecode) time interval, of which 50 

consecutive calls must have order less than or equal to 4. The equations 

have not appeared to be stiff in problems tested to the present. It may 

also be noted that using this model on the CDC 6600, WONDY calculates 

about 5(105) zone-cycles/hour; an elastic-perfectly-plastic model in 

STATEl will normally calculate at about the rate of 5(106) zone-cycles/ 

hour, while a rate-dependent iterative model in STATE4 may calculate as 

slowly as 5(104) zone-cycles/hour. 



V. EXAMPLES 

It is the intent of this section to demonstrate the behavior of media 

modeled by the constitutive equations in Section II. A sampling of test 

problems is included to illustrate the coupling between viscoplastic and 

damage behavior. Specifically, the problems will demonstrate material 

response with and without damage being permitted to accrue, the alterations 

in behavior caused by the inclusion of the dislocation multiplication 

mechanism, and response in the face of gross zoning changes. 

The back surface velocity histories are augmented by two experimental 

histories for the geometries to be discussed. Although a "best fit" is not 

the purpose here, very good agreement will be seen to exist, indicating the 

potential of the model for damage studies. 

Two geometries in uniaxial strain will be considered. The first case 

(A) entails a fused quartz flyer, 3.1674 rom thick, with velocity 300.8 mis, 

impacting an 1100 aluminum target, 6.3856 rom thick, backed by a fused quartz 

window, 13.297 rom thick. The experimental velocity history is taken at the 

target/window interface. The second case (B) is the impact of a fused 

quartz flyer, 3.178 rom thick, velocity 141.95 mis, with an aluminum target, 

6.3998 rom thick. The experimental velocity history is of the rear surface 

of the target. Finally, a case (C) is considered with geometry identical 

to that of case (B), but with coarse zoning. 

In case (A), the loading wave is generated at the flyer/target impact 

interface. The compressive wave in the flyer reflects off the trailing 

free surface as a release wave, propagating back through the flyer and on 

into the aluminum. The window first transmits the loading wave from the 

aluminum, followed shortly by the release, or unloading wave. The quartz 
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and aluminum have slight dissimilarities of impedance, so the loading 

wave experiences a small reduction in magnitude as it passes through the 

window. 

In case (B), since the aluminum has a free surface on the back face, 

the initial loading wave is ref~ected as a release wave back into the 

aluminum. When the release waves originating from the flyer and the back 

surface meet, a region of tension ensues, in which damage may form, 

relaxing the tension, and causing a recompression wave to drive towards 

the rear aluminum face. It will be seen that the viscoplastic model 

strongly influences the location and character of the initial tension 

wave that is developed, hence significantly affecting the resulting damage. 

The data for the fused quartz are from [4J, and are listed in 

Appendix D, Table 1. This material utilizes STATE 1 in WONDY for its 

description. The data for the aluminum are listed in Appendix D, Table 2. 

The initial damage parameters are from [5J. In case A, the flyer has 32 

zones, the target, 64 zones, and the window, 133 zones. Case B has 30 

zones in the flyer and 60 zones in the target, and case C is zoned with 

6 zones in the flyer and 12 zones in the target. The problem time is 

4 ~s, corresponding to the experimental record history duration. In all 

cases, the quadratic and linear viscosity coefficients in WONDY are taken 

to be 0.5 and 0.25, respectively; this permits some minor oscillations 

to develop, but does not obscure the details of the wave front in the 

aluminum. 



A. Fused Quartz Flyer/Aluminum Target/Fused Quartz Window 

Case A-l. 

In this example, the dislocation multiplication mechanism has been 

turned off (A* = -1). Figure 1 is the target/window interface velocity 

history illustrating the loading and unloading behavior of the wave 

entering the window from the aluminum. 

Case A-2. 

on, 

When the above case A-l has the dislocation multiplication turned 

(A* = _1.0(10-4)), the precursor assumes better definition, and the 

arrival time, of the relief wave is improved (Figure 2). The steepness of 

the loading wave is also a function of zone size and artificial viscosity, 

and much time could be spent attempting to obtain a better fit. Strain 

hardening is ignored and the fraction of mobile dislocations has remained 

fixed and this may affect the wave shape. The wave profiles at 0.5, 1.5, 

and 2.5 ~s are shown in Figure 3. The profile at 1.5 ~s shows the 

unloading of the wave caused by the dissimilarities in target and window 

impedances. Note also the oscillations at early times caused by the use 

of very low values of the artificial viscosity. 

Case A-3. 

If one were to desire to reshock a previously damaged material, or 

were to interpret a distended metal as uniformly "predamaged", some initial 

damage, ~ , must be specified, as must be an initial density related o 

through ~ to the solid density. If the initial stresses are to be zero, o 

Ell and E33 must be unity. Since ~o is in fact the void volume fraction, 

the initial density of the expanded material is PR(l - ~o)1/3, from Eq. (2a) 

and Fll = 1/(1 - ~o)1/3, from Eq. (2b). Equation (5a) must be rewritten as 
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Figure 1. Aluminum/quartz interface velocity history. 
Dislocation multiplication suppressed. 
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Figure 2. Aluminum/quartz interface velocity history. 
Dislocation multiplication active. 
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Figure 3. stress wave profiles at 0.5, 1.5 and 2.5 us. 



(
1 _ ~ )1/3 

Ell = ~ P 33 1 - ~ 0 • 

An alternative approach is to consider uniform damage to have been 

generated with no lateral motion permitted. This results in a residual 

plastic deformation, Pll ='(1 - ~0)1/3, if no residual stresses are 

permitted. Then, from Eq. (4), 

Finally, from Eq. (2a), the original distended density is p (1 - ~ ). o 0 

Using this latter method, for an initial ~ of 0.1, the distended 
o 

density beco~es 2.439 in the aluminum. For the same geometry as considered 

in example A-2, the target/window velocity history is shown in Figure 4, 

and the wave profiles at 0.5, 1.5, and 2.5 ~s are seen in Figure 5. The 

minimum stress for collapse, 0G' is 0.3 GPa, so there is a 0.3 GPa wave 

travelling through the predamaged material unimpeded. 

At the crest of the wave at 1 ~s, the temperature has risen from 

300 0 K to 350 0 K as compared to 317°K in case A-2. The distended material 

is absorbing much energy as it crushes; these results are consistent with 

what has been shown using the P-a model for distended materials [e.g., 

Ref. 6J. It must be emphasized that this example is not intended to model 

specifically a distended aluminum medium; the parameters employed are 

strictly for the purpose of illustrating an additional possible interpreta-

tion of the present damage model. 
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Figure 4. Aluminum/quartz inter~ace ve~ocity history 
~or 10% porous aluminum. 
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Figure 5. Stress wave profiles for 10% porous aluminum. 
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B. Fused Q,uartz Flyer/Aluminum Target 

Case B-l. 

Using the parameters from Table 2, Appendix D, for the aluminum, but 

with the dislocation multiplication mechanism turned off(A* = -1), and 

the damage model suppressed (Cn'= -1), the aluminum may experience tension, 

with no resultant spallation. The back surface velocity history is seen 

in Figure 6, and the stress history at the plane where spallation could 

,have occurred is presented in Figure 7. 

Case B-2. 

If case B-1 ,is now expanded to permit damage to occur, we observe 

dramatic alterations in the rear surface velocity history, Figure 8, and 

the stress history at the plane of maximum damage, Figure 9. Figure 8 

shows some recovery with the expected ringing. The damaged region is now 

"translucent" to stress waves. The stress wave at the damage plane, 

Figure 9, shows how the stress relaxes as the damage begins to accumulate 

and change the material properties of that region. A sequence of wave 

profiles showing this effect is depicted in Figure 10. The final damage 

profile is given in Figure 11. While there is a concentrated region of 

damage that could be called a spall plane, the damage is clearly not 

limited to a single plane. 

Case B-3. 

By a process of trial and error, a new set of damage parameters were 

determined that provide a better fit of the back surface velocity history. 

These damage parameters are given in Appendix D, Table 3. One immediately 

apparent aspect is that for some lower impact velocity, the nucleation 
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Figure 6. Back surface velocity history for suppressed 
damage and suppressed dislOGation multiplica
tion. 
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Figure 7. Stress history at plane of expected spall 
with damage and dislocation multiplication 
suppressed. 
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Figure 8. Back surface velocity history with damage 
forming and dislocation multiplication 
suppressed. Damage data, Appendix D, 
Table 2. 
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Figure 9. stress history at plane of maximum damage; 
dislocation multiplication suppressed. 
Damage data, Appendix D, Table 2. 
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Figure 10. stress wave profiles in aluminum at lr6, 1.8, 
2.0 and 2.2 I-ls. Damage data, Appendix D, 
Table 2. 
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Figure 11. Final damage distribution. Damage data, 
Appendix D, Table 2. 



threshold, an' will not be exceeded and no damage will develop. If, in 

fact, an is truly a physical property, then it should be possible to isolate 

it in a series of experiments with a range of impact velocities that 

indicate when some void formation becomes evident. 

Figure 12 illustrates .the back surface velocity history resulting from 

these new damage parameters. Observe specifically that the first minimum 

has been pulled down to a more appropriate position--this was accomplished 

primarily by increasing an' to retard the initiation of void formation. 

The decreased slope of the recovery is attributable to decreasing the rate 

of growth, governed primarily by C
G

• Figure 13 is a plot of the stress 

history on the plane of maximum damage. Comparison with Figure 9 shows 

major changes in the stress relaxation caused by the damage growth as 

governed by the new damage parameters. Figure 14 shows the final damage 

distribution. It is somewhat more narrow than before (Figure 11). 

Figure 15 shows the spatial distribution of the void number density, h, 

and it is seen that a SUbstantial number of voids have been nucleated that 

did not grow to significant damage levels. 

Case B-4. 

The dislocation multiplication mechanism is now made operable for the 

purpose of demonstrating the effects of the plasticity model on the damage 

behavior experienced by the solid. The damage parameters of case B-3 are 

retained, and A* is set back to 1(10-4) to activate the dislocation 

mechanism. Figure 16 shows the back surface velocity history. The 

loading and unloading behavior is clearly more satisfactory, and the wave 

arrival times are in general more nearly coincident with the experimental 

record. The more precisely defined wave fronts generate a sharper tensile 
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Figure 12. Back surface velocity history with dislocation 
multiplication suppressed. Damage data, 
Appendix D, Table 3. 
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Figure 13. stress history at plane of maximum damage. 
Dislocation multiplication suppressed. 
Damage data, Appendix D, Table 3. 

4.0 

33 



-z 
0 

t; 
~ 
LL-

u.J 
:E 
:::> 
...J 
0 
> 
Q -0 
> -
u.J 
(!) 

« 
~ 
Q 

34 

0.10 

0.06 

0.04 

0.02 

4.0 

POSITION (mm) 

6.0 

Figure 14. Final damage distribution. Dislocation multipli
cation suppressed. Damage data, Appendix D, 
Table 3. 
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pulse which in turn significantly alters the damage growth and pulse decay. 

This is shown by a stress history at the plane of maximum damage, Figure 

17. The resulting damage (Figure 18) is also greater than before, but 

with a little more spread than seen in Figure 14. 

The damage growth history at the plane of maximum damage is seen in 

Figure 19, indicating a period of void collapse or recoverable damage. 

Information based only on post-mortem studies would not be expected to 

reveal such behavior; there is no a priori reason to exclude void collapse 

during the course of the wave-damage interactions. 
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Figure 16. Back surface velocity history. Dislocation 

multiplication active. Damage data, Appendix 
D, Table 3. 
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Figure 17. Stress history at plane of maximum damage. 
Damage data, Appendix D, Table 3. 
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Figure 18. Final damage distribution in aluminum. 
Damage data, Appendix D, Table 3. 
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Figure 19. Damage accumulation history at plane of maximum 
final damage. Damage data, Appendix D, Table 3. 
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c. Fused Quartz Flyer/Aluminum Target 

This coarsely zoned problem is computed using elastic-viscoplastic

damage parameters identical to those of case B-4. Despite the coarse 

zoning, the back surface velocity history, Figure 20, retains the major 

aspects of behavior, but the final damage levels, Figure 21, are about 

40% lower than for the more-finely resolved case. 
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VI. CONCLUSIONS 

Although this report is primarily intended to illustrate the method 

of solution of the governing equations for an elastic-viscoplastic-damage 

model within the wavecode, WONDY, several eXample calculations have been 

included to demonstrate the flexibility of the model. The integrator 

STEPl has proved efficient in the task of numerically integrating the 

differential equations within the confines Of the wavecode, and is expected 

to be a viable method of solution of other model equations requiring 

similar treatment. 

The examples included in this report form an isolated sample of 

material behavior. predicted by the model. The predamage in material is 

expected to be an integral aspect of rock failure models, where instead 

of voids, randomly oriented cracks exist that may close prior to growing 

in other directions. Of particular interest is the high degree of coupling 

between the elastic-plastic and damage aspects of the mOdel, having 

observed in the examples that details of ~he damage behavior are 

significantly influenced by the elastic-plastic modeling. This implies 

that the parameters for a constitutive damage model are not independent 

of the remainder of the model, and are even coupled to the artificial 

viscosity employed in a wavecode. In the present case, the artificial 

viscosity was tuned to the resolution of the loading and unloading 

behavior of the aluminum independent of the damage occurrence, and then 

the damage parameters adjusted. Although it is much less expensive to 

run coarsely zoned problems, the lack of damage resolution limits the 

usefUl information to come from these runs. A lower limit of resolution 

needs to be determined above which damage levels are not affected by the 

resolution. 



Finally, it is clear that damage parameters may be at least in part 

assessed from back surface velocity histories, these histories being a 

very stringent test of the capabilities and correctness of the damage 

modeling. 
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Appendix A 

The WONDY storage arrangements are listed below; WONDY requires 17 

variables designated to run with this model. 

DATB (2) STORE (J+12), h Number of vOids/unit volume 

DATB (3) STORE (J + 13) f) Damage, void volume fraction 

DATB (4) STORE (J+14) D(T) Dislocation density 

DATB (5) STORE (J + 15) f(m) Mobile fraction of dislocations 

DATB (6) STORE (J+16) P33 
Longitudinal plastic deformation 

DATB (7) STORE (J+17) 8 Absolute (Kelvin) temperature 

STORE (J+2) e Internal energy 

The parameters for the model are stored in CES(N, PLATE) in WONDY, and are 

on data cards 15.19 in input sequence. 

N 

1 

2 

3 

4 

5 

6 

7 

N 

8 

9 

10 

Card 15 

PR, reference density 

Cd' longitudinal sound speed 

~o' shear modulus 

vo' Poisson's ratio 

Ko' bulk modulus (calculated internally) 

15(1 - vo )/(7 - 5vo ) ~ coefficient (calculated internally) 

3(1 - v )/2(1 - 2v ) K coefficient (calculated internally) 
o 0 

Card 16 

B, Burgers' vector 

m, exponent in Eq. (16) 

T*' shear Goefficient 
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II 

12 

13 

14 

N 

15 

16 

17 

18 

19 

20 

21 

N 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

Cs = "~o/pR' shear velocity (calculated internally) 

T(A )' initial backstress 
o 

y , yield constant 
o 

lin, yield exponent 

Card 17 

DSTZ, initial dislocation density 

A*, D(T) coefficient (if < 0, sets D(T) ~ 0) 

* D(T)' saturation dislocation density 

FSMZ, initial fraction of mobile dislocations 

B*, f(m) coefficient (if < O,sets f(m) '= 0) 

f
em

), saturation fraction of mobile dislocations 

(Not used) 

Ca:rd 18 

Cn, nucleation parameter (if < 0, ~ '" ~ - 0) 

a
l

, nucleation parameter 

a
h

, nUcleation threshold 

D , initial void volume o 

C
G

, growth parameter 

a G, growth threshold 

(Not used) 

Card 19 

EPS, STEPl error tolerance 
. 

8R, reference temperature (if < 1, 8 - 0) 

Q, coefficient of thermal eXPansion 

C
t

, specific heat at constant stress 

'" 



33 (Not used) 

34 (Not used) 

35 (Not usee:!.) 
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APPF'1DIX fl 

EQUATIO'1 OF STATE ROUTINE. STAT~ AND F(T.y,YP). IN ~U~DY IV 

SLJ"RCUTI'1E STAT~ 
C \~()N':)Y IV 

c 

CO~I,~'ON S TOR E. ( 198 7C I • ~JF XT ( 181"15 ) • DLJ'~ (902:') 
CO"I'·1UN ICONSTI .I\DDATA(lO~I" 81. 032. CES(42.2(j). EXIT. IALPHt ..• 

1 IDUMP. J. JA, KM(3), tTl. L. LMAX. LuL. LuR. LPHA. 
2 NO~ESHI2C'. NONE. NOP. NTWO. ~VAR. PLATE, P~I~TE, PKINTL. 
:3 PRINTN, STATE(2,,)O SJ~·~QE. TDfP,,,,L. '::k. ,,482J, XLEI~O 

COii,\10N INM';ESI C. CN. E. EN .• "". P, PA .• P;'h ~. (;A, QI'<O !<, I~A. I~"" 

1 S. S.~. "oN. Ij, IJA.' Ug. UAN. LIN. x. XA. XB, XBN. XN. Z. Z.Ic.,. ZN 
COVPON IRo-Tft.IN/ N. T. DELTIS). FTOT. riTOT. IT,:IflLU~O). PYLH2.':>O) 

1 • PFRACTI18"15), QFR/ICTIlSO,)). LACT 
cO~~ON IJ~~UI DATB(I·~"1). DELRHU, DELXJ, JUNE, NFWPLAT. RHODOT 
CO'WON 1'<'iJ"oDI DEP, FC0'1ST(20). FCONSTI(20), FCRIT(20)' FCI~ITII20" 

1 JTAPE, LDU~IP, .NSTART. SIG.lICT, SIGI'1;'l.F(2CI. SIC:V:AIF(2C,). 
2 <;jr;'A;'l(l( 2"), SIG'"AOII?"), qr;.<;<=p 

"'1 I.' F N S I ON Y ( 7 1 ,' .. : T ( 7) , PH I ( 7 , 1 6 1 ,P P ( 7) ,V P I 7) ,P ~ 1 ( 1;> ) .' L P t-' ~ ( 1 ;.> ) , 

1 OC'TII I 121 ,S IG( 1'~) ,V(];» ,,';117) ,r;(] 31 ,ViJIITI 7) ,VPUIT (71 
CO~~O'1 ITI~ESFI D.LTJM,TZERO.TE~D 

TYPF INTr;GER P~ATC', W4821 
TYPE LOGICAL START, (RASH. PHASEl. ~ORN~, STIFF 
FXTFRNAl, F 

r WON~Y ST,:ITF ~ 

C RC'F~Rr;"lCcS 

C DAVISON, STEVFNS, ~IPP - SPALL DA~Ar;E IN DUCTILE ~ETALS (1~76) 

C KIPP, STEVENS - SANDlA REPORT SANDp7~-016l 
C ~ETHOD OF SOLUTION OF COUPLED FIRST O-DEp u-D+~A-O O+FFERE~T+AL 
(' FQUATIONS STEP, Ii'!TRP 
C ~TtP IS A VARIABLt UR0~R, VARIAnL~ STeP AUAMS li~TtlUU I~T~GRATuk 

C INTRP INTERPOLATES TO FINAL TI~E 

C REFERENCE l, F SHA~PINE AND " K GOkDU~, Cu~PUTER SULUTIC~ UF 
C ORDINARY DIFFERENTIAL EQUATIONS-THE INITIAL VALU~ PRUdLcM 
C FR~EMAN (1974) 
C NUMoFR OF VARIA~LFS REQUIRED IS 17 
C NOTAT ION 
C DAT8(2)=VNUM NUMRFR OF VOII'lS/UNIT VCLlWE 
C DAT9(3)=D~r; DAMAGF VOID VOL\JME FRA.CTIO~: 

C DATRI41=DST DISLCCATIO~ Do-NSITY 
C DAT9(5)=FS~ FRACTIO~ OF MQ9)LE DISLOCATIONS 
C DATB(6)=P33 LONGITUDINAL PLASTIC DEFUR~AT1~N 

C DATB(71=THETA TE~PERATURE IN KELVIN DEGkE~S 

DELTlr-<=DELT(ll 
TZERO"T-f')FL TI"~ 
END=T 

C INITIALIZATION OF PARA~ETER5 FOR 5T~P 

H=DEL T rr~ 
['\() 5 KKK=I,6 



c 

~ Y(KKK)=~AT9(KVK+l) 

Y(7)=F. 
TPR<:S=TZFRO 
N':QN=7 
5TA"T=.TRLJE. 
STIFF=.FALSE. 
KLE4=:) 
1(.5TF=" 

( FPROR J~FOQMATION 

FOS=(CS(2Q.PLATF) 
1(\ WT(1)=Y(1)/EPS/FPS 

IF(Y(l).LF.EPS)WT(I)=l.O/EPS/EPS 
',iT ( 2 ) = Y ( 2 ) 
IF(Y(2).LE.EPS)WT(2)=E P5 
i~T ( '0\ ) = Y ( 1 ) 
',:T(4)=Y(4) 
IF(Y(4).LE.EPS)NT(4)=EPS 
,<:T(5)=YI5) 
~IT(6)"'Y(6) 
IF(Y(6).L~.EPS)~T(6)=EP~ 

WT(7)=Y(7)/EPS/FPS 
IFIY(7).LF.EPS)WT(7)=1.0/<:PS/FPS 

15 CALL STEPl(F.N<:QN.V,TPRES.H,EPS.WT,START,HOLD.K,KOLD,CRASH.PHI,PP. 
1 YP,PSI,ALPHA,BETA.SIG,V,W.G,PHASEl,N5,NORND) 

IF(CRA5H)GO TO 15 
( 

C sTIFFNESS CHECK 
KLE4=KL::4+1 
KSTF=KSTF+l 
IF(KOLD.GT.4)KLE4=Q 
IFIKLE4.GE.50)STIFF=.TRUE, 
IF(KSTF.LT.50 0 )GO TO ~n 

IFISTIFC)PRINT 25.TP"ES.N,L 
KLE4=O 
STIFF"'.FALS<:. 

25 FORMATI/,. EWUATIONS ARE STIFF, AT TI~E*,E12.4,* 

1* ZONE=*.15) 
2 r, CONTINUF 

IF(TPRFS.GF.T)GO TO 31 
H=AMINl(H.I.nOOOI*IT-TPRES)) 
GO TO 10 

30 CALL INTRPITPRES,V,T,VOJT,YPOUT,NEUN,KOLD,PHI,PS!) 
00 "'" KKK=l.6 

35 DATPIKKK+l)=YOUTIKKK) 
FN=YOLJT(7) 
SP3~"'SQRTlrAT~(6)) 

F"ZRH=CF511,PLATF)/"N 
AMU=CESI3,PLATE)*ll.-CESI 6,PLATE)*DATBI3)) 
I F I A/)LJ. LT. ('. ) A."'U= '). 
AKAP=CES(5,PLATF)*ll.-CESI 7,PLATE)*DATRI3)) 
IFIAKAP.LT.O.)AKAP=O. 
fr.'=l./1 1.-DATS(3) )**8.333333 
EIl"SP33/Ef'I 

CYCLE=*.]:;, 
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E33=FRZRH/F~/OATR(6) 
FOS11=Fll-l. 
EDS"'=E'1'1-1. 
STHFR~=3.*CES(31,PLATE)*AKAP*(DATB(7l-CES(3n.PLATEl ) 
T33=2.*(AKAP-2.*AMU/3.)*EPSll+(AKAP+4.*AMU/3.l*EPS33 - STHE~~ 
SN=-T'3j 
T ~.U =.A"'1lJ*FfvH1-EM* ( F P 5 3 3-E PS 11 ) 
Zt\l=-2.CHTAU 

C ELA~TIC SOUND SPEED 
CN=CES(2,PLATE) 
RETURN 

r 
C 
c 

c 

C 

c 

c 

C 

CALCULATION OF CO"lSTANTS FOR FOUATION OF STATE" ~ 

ENTRY STIN5 
P.ULK "'IOnULIIS RFCALCUL,AT'OI) 
CFS(~.PLATF)=2.J*CFS(3,PLATEl*(1.+C~S(4,PLATEJ )/3.01 

1 (1.-2.0*CFS(4,PLATF)) 
LONGITunINAL WAVE VELOCITY RFCALCI)LATFI) 
CES(2,PLATE)=SQRT«CE5(5,PLATE)+4.*CF513,PLATE)/3.)/CESll,PLATE)) 
COEFFICIENT IN DAMAGE EQUATION FOR SHEAR MODULUS 
CESI 6,PLATE:)=1~.'..*(1.-CESI4.PLATEl)/(7.-5.*CtS(4.PLAE) 

C0~FFICIFNT IN DAMAGE EQUATION FO~ BULK ~0DULUS 
(ES( 7.PLATE)=3.0*(1.-CES(4,PLATE»/2./(1.-2.*CESI4,PLATE) 
SHEaR ~AVF VELOCITY 
crS(11,PLATE)=SORT(CFS(3,PLATF)ICES(l.PLAT~» 

I~ITIALIZE STORE ARRAY FOR NEW VARIAPLES 
DO 4[> LA=L()L.LO~ 

JA= (LA-l I *f'\VIlR 
C VOIn NU~RFP [)FNSTTY 

C;TORE(Jh+12)=f'I. 
C DA~AGF -(VOID VOLUME FRACTIO"ll 

STORE(JA+13)=8. 
C DISLOCATION DENSITY 

STORE(JA+14)=CES(15.PLATE) 
C ~OBILE DISLOCATIO~ FRACTION 

STORE(JA+15)=CES(18.PLATEl 
C -LO~GITUDINAL nEFOR~ATION GkADI~NT - PLASTIC 

STORE(JA+16);=1.0 
r T~~P~RATURF 

STORE(JA+17)=CFS(3G,PLAT~l 

41"1 (ONTl,\lUC: 
RETURN 
E,\lD 



SlJ"lROUTIN"" F(T.V.yP) 
COrlMON I(ONSTI ADD/lTA(l('!). Rl. 82. CES(42.201. EXIT. IALPHA. 

1 ID\W,P. J. JA. KI"(31. "'Tl. L. Llv,AX. LUL, LUR. LPHA, 
2 NOMESH(20), NONE. NOP. NTWU, NVAR. PLATE. PRINTE. PkINTL. 
3 PRINTN. STATE(201. SUMQE. TDEP. ~L. WR',W40Z0. XZERO 

(O,"I"ION INAMFSI (.(N. E. EN, M. P. PAt PN, tJ. UA. (,IN. k,RA. I~N, 
1 5. SA. SN. u; U~,' UB, USN. UN. ;(. XA. Xf3. XeN. Xiii' Z. ZA. ZN 
CO~~OI\l ITIMESFI DELTI~.TZERd.TEND 
OI"""'lSION Y(71.YP(71 
TYP~ INTEGER PLAT~. W402~ 

C Cl.'WILATIVro: :JERIVATIVI:; EVAI..UATIONS CALLED flY SH.P 
r r 5 ( 42 ,2" 1 = C E 5 ( 42 ,201 + 1. 'J 
VNU'~=Y ( 1 1 
O"'G=Y(ZI 
DST=Y(3) 
FCY=Y(4) 
P33=Y(5) 
THET/I=Y(61 
c;P,,=5QRT(P3,) 

C 
C LINEAR n~NSITY VARIATION FOR TI~E INTERVAL 

DENS= ( ( Rr,~R ) *T+R*TEND..-RN'*T H RO) IDEL T I '-'i 
FRZRH=CES(l.PLATE)/DENS 

C LINEAR ARTIFICIAL VISCOSITY VARIATION FOR TI~E INTERVAL 
QT= ( (m:-Q) *T+Q*TE\ID~QN*TZERO) IDEl TIM 

C ELASTIC CONSTANTS - DAMAGE EFFECTS 
ANU=CES(3,PlATE1*(1.-Ci~( 6.PLATE)*DMG) 
IF(AMIJ.lT.C.)A~U=O. 

A~AP=CES(5,Pl.TF)*(1.-CES( 7,PLATE)*DMG) 
IE(AKAP.lT.n.IAKAP=O. 

C 
t D8~AG~ ~FFOR~{TIO~ CONTRI9UTION 

E~'=l./( 1.-D~G)**C.333'3·n 

C 
c FLASTle n~FOR~ATIONS 

Fl1=SP"/FV 
E33=~RZRH/EM/P33 

C 
C ELASTIC STRAINS 

EPS11=>:11-1. 
EPS33:E33-1. 

r: 
C THER~Al STRESS CO'HRISUTION 

STHERM=3.*CES(31,PLATF'*AKAP*(THfTA -CfS(38.PlATE) 1 
C 
C (~LAST!Cl STRFSS~S 

Tl1=2.*(A~AP+A~U/3.)*EPSll+IAKAP-2.*.MU/3.1*FPS33 - STHERV 
T13=2.*(AKAP-2.*AMU/3.)*EPSl1+(AKAP+4.*AMU/3.)*EPS33 - STriERM 

( 

( AVERAGE STRESS 
SIG=(2.*Tll+T33)/3. 

( 

C DA~AGE EQUATIONS 
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C 
C 

C 
C 
r 
'-

C 
C 

C 

C 
C 

C 

IFICFSI22,P~ATEI.GT.O.OIGO TO 10 
YPlll=n.~ 

YPI21=".~ 

GO TO 2~ 

1(~ COf\JT If\JUE 

201 

SNUC=ISIG-CES(24,PLATEI+ABSISIG-CE6IZ4,PLATEI I I/Z./CESI23,PLATEI 
SGRO',..i= ( 2. * 5 I G+ A R S ( 5 I (i_(fr S ( 27, PLf\. T F) I -A "S ( S I G+U.s ( 27, PLA TF I ) I /2. 

RATF OF f\JIJCLEATIO~ OF VOIOS 
YPlll=CESI22,PLATEI*IEXPISNUCI-1.1 

RATE OF DAM~GE GROWTH 
NON NOR~ALISED FGR~ FOR GROWTH EGUATIO~ COiiSTA~T CG 
YPI21=yD(1)*CFS(?5,PLATEI*ll.-D~GI*(I.-JMGI + 3.*CfS(26,PLATEI* 

1 SGRow*n~G*(I.~DMGI 
CONTT~IUE 

SHeAR STRE:SS 
TAU=AMU*EM*E~*(EPS33-EDSlll 

RACI( STRESS 
GAM=2.*ARS(ALOG(P~31) 

TA UA=CE S ( 12 • PL AT E I * ( 1. + ( GAMI CE S ( 13 • PL~ TE I I **Ct.S ( 14, PI-A. Tt: I I 

DISLOCATION VELOCITY 
.AqTAU=ASS I TAUI 
FS=(A8TAU-TAUA)/C~SllO.PLATFI 
VFT~U=,). 

Zl=CES(9.PLATFI 
IF(~S.GT.O.IVFTAU~CES(11.PLATF)*TAU/ARTal!*(ES**ZII/11.+E5**ZI1 

C DISLOCATION DEN5ITY 
YP(~I=O.0 

C 

IFICFSI16.PLATE!.GT.C.OI YPI31=CESI16.PLATEI*ICESI17.PLATEI-)STI* 
1 DST*FSM*ABSIVETAUI 

C FRACTIO"I OF MO~lV: DISLOCATIONS 
YP(4)=O.0 

. IFICFS(19. DLATE).Gl.J.0) YPI41=-C~511g,DLATE)*DST*IF5~ -
1 CES(20.PLIlTEII*FS~*VnAIJ . 

C 
C PLAcTIC OEFORMATION RATf 

YP (0; 1=". ;*I"ES 18. PLATE) *DST*FS~A*VFTAU*D33 
C 
C Ef\JERGY E0UATION - ITE~DERATURF) 
C CONSISTENT UNITS USED IN ENERGY EQUATION 
C SPECIFIC HEAT MUST ~E IN UNITS OF DYNf-C~/GM/D~G C 

yP(61=J.:> 
DIVQ=:). 
RIlDI .... TE=O. 
IFICESI30,PLATE).LT. I.JIGU TO 30 
AKAPRM=-CES(5.PLIlTE)*CESI7,PLATE) 
IFIAKAP.LF.o.nIAKAPRM=O.O 
D~NOM=(1.-DMGI*(CFSI32,PLATEI*CESIl.PLATEI-CFSI31.PLATEI* 

I CES(31.PLATE)*AKAP*CES(30.PLATEII 



TEMO=CES(l,PLATEI*(1.-D~GI*(1.+2.*EPS11+EPS331*RADIATE 
TEMl=O.9*(T33-QT-Tlll*YP(51/P33 
TEM2=3.*CES(31,PLATEI*AKAP*CES(30,PLATEI*(2.*Ell*(YP(5 1/2./P33 -

1 YP(2)/3./(1.-DMG» - E33*«RN-R)/DELTIM/DENS+YP(5)/P33+YP(21/3.1 
2 (1. -D"1 G) ) I 

TEM3=3.*CES(31,PLATEI*CES(30,PLATE)*(AKAPRM+AKAP/(1.-DMG)I*( 
1 2.*EPSll+EPS33) -CES(31.PLATF).C~S(31.PLATEJ.AKAPRM· 
2 (1.-DMG).CES(3n,PLATE).(TH~TA -CES(30,PLATEJJ-(SIG-QT)/(1.-)MGJ 
YP(6)=(nIVQ+TEMU+TEMI-TEM2-TE~3.YP(2) J/DENOM 

3') CONTINUE 
YP(7)=RADIATE-DIVQ/DENS-(T33-QTI*(RN-RJ/D~LTIM/DENS/DENS 

RETURN 
END 
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APPENIJIX C 

A~I'ITIO."lAL I.IP')ATES FOR ',IO"lDY IV 

*1"1 '!'''~!.?77 ,2?;> 
JVN=J+12 
Jf)\!G=J+ 13 
JIlST=J+lh 
JP,,=J+16 
JTE'·t,PR=J+17 
wRITE (21.1089) L.STORE(JX),STORE(JU).STOREIJR).5TdREIJS), 

1 STOREI.JDST I,ST0RE(JVN) .STURE(JQj',GI,STuREIJP33) ,ST0r~EIJTE,'iPK) 

4{ ~,\.I()!'-l.'1""~ 

WRITE (21,2n~1) CFS(42,2n) 
2L:l FOR,'1AT( / .1GX,*CUr-'lJLATIVE DERIVATIVE CALLSFRO,V, STFPl' =* .F18.1) 

*') 1,;0,,<.447,449 
1/.* L POSITION VELOCITY 
2 DISLOC DENS VOID NO DENS DA~AGE 
3 , / ) 

1089 FOR'I,QII6,6E!4.5,3F12.6) 

*D ONFDY.1907.1909 
: ~T~f:~S 

PLTS(L)=STORFIJ+7) 
C VOID NU~~ER DE"<SITY 

PLTRIL)=STORE(J+12) 
C DA~ftGE VOID VOLU~F FRACTION 

PLTE(L)=STQREIJ+13} 

DENSITY STRL~S 
LN0 elF GkAO TEV,P~kATuRt* 



Table 1 - Data for fused quartz: 

P = 2.2 grn/cm3 
o 

€ is the strain 

r = 0.035 a 

Table 2 - Initial data for 1100 aluminum: 

PR = 2.71 grn/cm3 

Cd = 6.365 (105) cm/s 

~ = 2.77 (loll) dyne s/em2 
o 

\! = 0.3313 o 

m = 2 

T* = 2.0 (109) 
8 

T(A ) = 3.0 (10 ) 
o 
y = 1.0 (105) 

o 

l/n = 1 

DSTZ = 6.0 (10
8) 

A* = 1.0 (10-4) 

dynes/em2 

2 dynes/em 

c = 6 (109)/s/cm3 
h 

8 2 
01 = 4 (10 ) dynes/em 

0h = 3 (109) dynes/cm
2 

Uo =2.32 (10-11) cm3 

CQ = 0.00225 cm2/dyne/s 

0G = 3 (109) dynes/em2 

EPS c 1.0 (lQ-4) 

8 = 300°1.{ R 

a = 2.3 (10- 5)/oc 
6 C

t 
= 9.17 (10 ) dyne em/grnOC 
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Table 2 (Contin~ed) 

* ( 10) D(T) = 1.0 10 

FSMZ = 1.0 

B* = -1.0 

* f(m) = 1,0 

Table 3 -S~eond damage parameter set: 

2 dynes/em 

2 dynes/em 

lr = 2.32 (10-11) em3 
o 

C
G 

:; 4 (10-4) em2/dyne/s 

aU = ~ (109) dynes/cm
2 
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