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A Simple Cons t i t u t ive  Descr ip t ion  
f o r  C e l l u l a r  Concrete 

I 
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A simple c o n s t i t u t i v e  d e s c r i p t i o n  of c e l l u l a r  conc re t e  is 

I t  i s  a non-thermodynamic f i r s t  approximation and presented.  

i s  c e r t a i n l y  not  meant t o  be a l l - i n c l u s i v e .  

desc r ip t ion  i s  used with a y i e l d  s u r f a c e  which is a s u r f a c e  of 

r evo l t ion  with a p lanar  end cap. The plane cap,  normal t o  the  

hydros ta t  i n  p r i n c i p a l  stress space,  is movable due t o  volu-  

met r ic  work hardening. 

a volumetric p a r t  and a d e v i a t o r i c  p a r t .  

s t r a i n  r a t e  vec to r  i s  taken t o  be normal t o  the  hydros t a t  i n  

A n  e l a s t i c - p l a s t i c  

: t  

P l a s t i c i t y  is handled i n  two p a r t s ;  

The d e v i a t o r i c  p l a s t i c  

p r i n c i p a l  s t r e s s  space.  



In t roduct ion  

S o i l s  and rocks ommon c i v i l  engineer ing m a t e r i a l s  and 

a r e  becoming more important a s  earthquake engineer ing  becomes 

more important i n  t h e  eyes of t h e  pub l i c .  

a r e  being appl ied t o  these  m a t e r i a l s .  

t i c i t y  theory t o  rocks i n  1952. 

with a y i e l d  su r face  s i m i l a r  t o  t h a t  presented here .  

e t  a l , [ 3 ]  d i scusses  s e v e r a l  methods of modeling concre te  and rocks.  

Among o the r  models, an e l a s t i c - p l a s t i c  model i s  presented which 

has a y i e l d  o r  loading su r face  composed of a parabolo id- l ike  s u r -  

face  of revolu t ion  capped by an e l l i p s o i d  of r evo lu t ion  which moves. 

In  the  present  work, t h e  same type of approach i s  used wi th  some 

modi f ica t ions  f o r  ease  i n  implementation i n  a computer program. 

E l a s t i c - p l a s t i c  models 

DruckerCl] app l i ed  p l a s -  

Coonr2) used a h y p e r e l a s t i c  model 

Nelson, 

This  r e p o r t  i s  i n  three p a r t s .  The f i r s t  p a r t  i s  a d e s c r i p t i o n  

of t he  p l a s t i c i t y  model used. 

s c r i p t i o n  of how the  p l a s t i c i t y  equat ions are  solved. 

p a r t  i s  a d e s c r i p t i o n  of c e l l u l a r  conc re t e  and the  a p p l i c a t i o n  of 

the  present  model t o  the  d a t a .  

The second p a r t  i s  a d e t a i l e d  de- 

The t h i r d  

The appendices con ta in  d e r i v a t i o n s  of var ious  p ieces  of i n f o r -  

mation needed i n  the  model a s  w e l l  as a FORTRAN subrout ine  f o r  imple- 

menting the  model i n  t h e  computer program GOLLY 141, a v e r s i o n  Of 

the  program by  Farhoomand, e t  a 1  [ S I .  
P l a s t i c i t y  Model 

For small. s t r a i n s ,  both t e n s i l e  and compressive, c e l l u l a r  con- 

c r e t e  is l i n e a r  e l a s t i c  bu t  a s  the  s t r a i n s  become l a r g e r ,  non l inea r  

s t r e s s - s t r a i n  behavior  i s  noted and permanent se t  occurs.  This 



--I----- - 

u r e  of t he  c e l l s  i n  compression, however, i s  accompanied by develop- 

ment of cohesive s t r e n g t h  s o  t h a t  a f i n i t e  shea r  s t r e n g t h  remains 

whi le  c e l l s  a r e  being crushed and t h i s  shea r  s t r e n g t h  grows a s  t h e  

p re s su re  i n c r e a s e s .  

This behavior  can be modeled w i t h  a y i e l d  s u r f a c e  i n  p r i n c i p a l  

s t r e s s  space which i s  a s u r f a c e  of r evo lu t ion  cen te red  on t h e  hy- 

d r o s t a t  and inc reas ing  i n  r ad ius  wi th  i n c r e a s i n g  p res su re .  

t he  meager da t a  a v a i l a b l e ,  t h e  approximation of t h e  y i e l d  s u r f a c e  

can be taken t o  be a paraboloid wi th  a planar  cap on t h e  normally 

open end. 

With 

* 

F o r  g e n e r a l i t y ,  a quadra t i c  p re s su re  v a r i a t i o n  is used. 

The y i e l d  s u r f a c e  can be expressed as 

(1) 
2 

CP = ( P - f X J ; !  - (a()+alP+a2P 13 - 0 
where p i s  p re s su re ,  a and h are c o n s t a n t s ,  f i s  a func t ion  of 

the  mean t o t a l  s t r a i n ,  and J2 i s  t h e  second i n v a r i a n t  of t h e  

s t r e s s  d e v i a t o r .  
* 3; 

(2) 
1 

J 2  = T . Z '  5 

I f  the  s t r e s s  vec to r  

~ 3 1 ~ ~ 3 ~ 1  and a vec to r  2 i s  def ined  as ~ l , l , l , O , O s O , O , O , O ~ T  then 

the  s t r e s s  d e v i a t o r  i s  def ined  a s  

i s  w r i t t e n  as ~u11su22,u33su12sa13su~3,u21, 
T 

J Y E + P E  (3a) 

.k 
A genera l  quadr8 t jc  r u r f a c e  of r evo lu t ion  i e  a c t u a l l y  used i n  

the  developnent alLhough a paraboloid ( a  
very we l l  and w i l l  be used t o  d e s c r i b e  t e s u r f a c e  i n  t h e  t e x t .  
** I 

dimensional s t r e s s  Qpace, then d i f f i c u l t i e s  expressed by Sh ie ld  
and Z i e g l e r  [6] a r e  \ , sk i r ted .  

- 0) f i t s  t h e  d a t a  6 
If  the  s t r e s s  a n d i s t r a i n  v e c t o r s  are expressed i n  n ine-  

\ 



The y i e l d  func t ion  can be kep t  i n  t h e  form s t a t e d  i n  Eq. (l), 

however the theory i s  e a s i e r  t o  exp la in  and so lve  i f  two func t ions  

a r e  de f ined ,  one desc r ib ing  t h e  paraboloid and t h e  o t h e r  d e s c r i b i n g  

a plane which i s  normal t o  the  h y d r o s t a t .  

2 
QS - J* - (a0 + a l p  + a2P 1 

( 4 )  
c", " p - f  

The p l a s t i c i t y  t h e o r i e s  f o r  t he  volumetr ic  and d e v i a t o r i c  p a r t s  

a r e  now taken t o  be complekely independent. 

i s  very s t r a igh t fo rward  and t r e a t e d  f i rs t .  

The volumetr ic  p a r t  

The f i r s t  requirement t o  i n s u r e  that t h e  stress s t a t e  is 

i n s i d e  the  y i e l d  s u r f a c e  i s  t h a t  tensile f r a c t u r e  has  n o t  occurred.  

( 5 )  P 2 h  

Now the  next  s t e p  i s  t o  f i n d  cp P' I f  

( 6 )  I 



. 

The volumetr ic  p l a s t i c i t y  csn now be handled wi th  e i t h e r  i nc re -  

mental o r  deformation theory p l a s t i c i t y .  

response i s  e l a s t i c  i f  Eqs .  (6 )  a r e  no t  s a t i s f i e d  so t h a t  Eqn. (7) 

In e i t h e r  case ,  the  

i s  w r i t t e n  as  

I f  Eqs. (6)  a r e  s a t i s f i e d ,  then Eqn, (4) ,  i s  d i f f e r e n t i a t e d  t o  

give : 

f o r  Q a 0, i, > 0 P 

f o r  0 e 0 P 

or  cpp = 0, p 0 

- 0  f o r  p - h, < 0 

Time i n t e g r a t i o n  of .i) gives the  pressure  f o r  t h i s  incremental  

theory.  

Defonnat ion  theo ry  p l a s t i c i t y  can a l s o  be s t a t e d  and i s  

exac t ly  equivalent  t o  the  above incremental  theory.  

where tu i s  the most recent  t h e  t h a t  t h e  conditions of Eqn. 

( 9 )  were met. 

t o  Eqn. ( 7 ) .  

I n i t i a l l y ,  tu i s  zero. Condit ion (9)* i s  i d e n t i c a l  



0 

The equivalence of Eqs .  (8) and 

E q s .  ( 9 ) .  The equivalence of i n  rement 

shown by d i f f e r e n t i a t i o n  

1 and deformation t h e o r i e s  

f o r  p ropor t iona l  loading  i s  also d i scussed  by BudianskyC43. In a 

p r a c t i c a l  s ense ,  the  deformation theory  r e q u i r e s  time in tegra t ion  

of + T ,  whi le  t he  incremental  theory r e q u i r e s  t h e  i n t e g r a t i o n  of 

f yT. 

cremental  theory will a l s o  r e q u i r e  d i f f e r e n t i a t i o n  of t h i s  e x p e r i -  

I .  

Since  raw d a t a  f o r  a u s e r  is i n  t h e  form of f(y,), t h e  i n -  

I 

mental da t a  i n  o rde r  t o  f i n d  f . 
The d e v i a t o r i c  p a r t  u ses  almost convent iona l  p l a s t i c i t y  

t h e o r y ,  

assumed t o  behave e l a s t i c a l l y  i n  t h e  d e v i a t o r i c  mode, i . e . ,  

I f  v s  < 0 o r  v S  0 and is < 0, then t h e  material i s  

h, s = 2 c i  

I f  however the y i e l d  s u r f a c e  i s  reached and loading  i s  t ak ing  

p l a c e ,  i . e . ,  i f  

- 0  
U S  

and 

then a d e v i a t o r i c  p l a s t i c i t y  process  must be  descr ibed .  

The e l a s t i c  d e v i a t o r i c  s t r a i n r a t e  v e c t o r  is  def ined  as 

4/2G 

The p l a s t i c  d e v i a t o r i c  s t r a i n r a t e  vector is  def ined  as 

The p l a s t i c  s t r a i n r a t e  v e c t o r  i s  now assumed t o  l i e  i n  a d i r e c t i o n  

normal t o  the  y i e l d  s u r f a c e  cp, i n  the e i g h t  dimensional d e v i a t o r i c  



s t r e s s  space,  a subspace of t h e  nine-dimensional stress space.  

This i s  s t a t e d  i n  equat ion form as 

where 1 i s  a cons tan t  t o  be determined us ing  the  loading  con- 

d i t i o n  of Eqn. where Eqn. (4) is used. 

Equation ( 2 )  i s  used t o  g ive  

T h i s  r e s u l t  i s  used toge ther  w i th  Eqn. (4 )1  t o  give:  

An expression f o r  i s  now found from Eqns. (ll), (12), and 

This i s  s u b s t i t u t e d  i n t o  Eqn. (15) and t h e  r e s u l t  so lved  f o r  1. 

a ' i - (a1 + 2a*P) -& 
S @ E  x =  
N 

Equation ( 1 7 )  can be s u b s t i t u t e d  i n t o  Eqn. (16) t o  f i n d  t h e  de- 

v i a t o r i c  s t r e s s  r a t e .  - 



D i s c u s  s ion 

One r a t h e r  d i s t u r b i n g  a s p e c t  of Eqs. (17)  and (18) i s  t h a t  

t h e  d e v i a t o r i c  s t r e s s  r a t e  depends n o t  on ly  upon t h e  d e v i a t o r i c  

s t r a i n r a t e  LT  b u t  a l s o  on t h e  p re s su re  ra te ,  

can be explained geometr ica l ly  as fol lows.  

i n i t i a l l y  a t  some po in t  A on t h e  y i e l d  s u r f a c e  and remote from 

t h e  end cap.  This  i s  i l l u s t r a t e d  i n  F igu re  1. The s t r e s s  r a t e  

might be  such as t o  move t h e  s t a t e  t o  p o i n t  B. 

This, however, 

The s t r e s s  s t a t e  i s  

This  r e q u i r e s  

a change i n  p re s su re  - ( A p ) z  

and a change i n  d e v i a t o r i c  

stress AS. The y i e l d  s u r f a c e  

has  a l a r g e r  r a d i u s  a t  B 

/& '\.. (measured on a p i  p lane  t h r u  

B) than a t  A and, hence, t h e  
/ *' d c v i a t o r i c  process  i s  par -  

t i a l l y  e l a s t i c  i n  o r d e r  t o  

a l low f o r  t h e  expanding de- 

v i a t o r i c  y i e l d  s u r f a c e .  Con- 

Figure  ? .  Yield s u r f a c e  i n  v e r s e l y ,  a dec reas ing  p res su re  

w i l l  r e s u l t  i n  more d e v i a t o r i c  pr.~.*iciDal s t r e s s  space.  

p l a s t i c i t y  than o r d i n a r i l y  encountered. 

T h i s  movement along t h e  d e v i a t o r i c  y i e l d  s u r f a c e  is n o t  accom- 

panied by permanent volume change. 

Permanent volume change only  occurs  du r ing  t h e  volumetr ic  p l a s t i c i t y .  

This behavior  is accomplished by making t h e  d c v i a t o r i c  p l a s t i c  s t r a i n -  

r a t e  v e c t o r  normal t o  t h e  y i e l d  s u r f a c e  in t h e  d e v i a t o r i c  subspace. 

This is shown in  Appendix I. 



I f  i t  were taken t o  be normal t o  the  y i e l d  s u r f a c e  i n  t h e  f u l l  

s t r e s s  space,  then permanent volumetr ic  change would occur  and 

would always be such a s  t o  i nc rease  i n  volume no matter which 

d i r e c t i o n  the  loading i s  t ak ing  p lace .  This i s  a l s o  shown i n  

Appendix I .  

Thus, Eqns. ( 1 7 )  and (18) appear t o  be reasonable  and n o t  

i ncons i s t en t  w i t h  phys ica l  behavior.  

D e t a i l s  of Implenentation i n  a Code 

The mathematical model  which has  been presented must be 

implemented t o  be u s e f u l ,  There a r e  many d e t a i l s  i n  t h e  i m p l e -  

mentation which a r e  almost as important as t h e  model i t s e l f .  In 

t h i s  s e c t i o n  an at tempt  is made t o  cover  some of these  d e t a i l s .  

A l i s t i n g  of a FORTRAN subrout ine  is given in  Appendix I1 which 

con ta ins  thc  suggest ions ou t l ined  here .  It  i s  f o r  t h e  program 

GOLLYi4,5]where L 1 3  = 

c 

- 0 and engineer ing shea r  s t r a i n  i s  used.  
0 Assume t h a t  some s t ress  s t a t e  g and a s t r a i n r a t e  iT e x i s t  a t  

The new s t ress  s t a t e  '2 some time toge ther  wi th  the  value of A t .  

i s  t o  be found a t  t h e  time t l  = to + A t .  

The f i r s t  s t e p  i s  t o  decompose t h e  stress and s t r a i n r a t e  i n t o  

d e v i a t o r i c  and s p h e r i c a l  p a r t s  us ing  Eqs. (3b) and (3a) and Eqn. 



= e, - i T / 3  
'11 

i = e  - iT/3 
T 2  2 T 2 2  

z - i  - 6  
T13 T31 

iT23 ) i = 
T23 

= e  
T33 

The volumetric p a r t  i s  handled f irst .  A time i n t e g r a t i o n  

of t he  volumetr ic  s t r a i n r a t e  i s  made us ing  a si,;ple i n t e g r a t o r .  

?he volumetric process i s  assumed t o  be  e l a s t i c  which would g i v e ,  

using Eqn.  ( 7 ) :  

A check i s  f i r s t  made t o  f i n d  whether Eqn, (5) has  been v i o l a t e d .  

I f  '5 z h then ' p  - h (23a) 

The s t r e s s  s t a t e  i s  then a t  t h e  t i p  of t h e  s u r f a c e  of r e v o l u t i o n  

and the  d e v i a t o r i c  s t r e s s  must be zero.  
* 

I 

sij 0 9 a l l  i , j  = 1, 2 ,  3 

For t h i s  case  t h e  s t i f f n e s s  mat r ix  i s  def ined  as: 

( 2 3 4  

'This simple f r a c t u r e  model c e r t a i n l y  l eaves  much t o  be d e s i r e d .  
I n  a gross sense  it models t h e  stress r e l e a s e  and subsequent 
h e a l i n g  which a r e  thought t o  exist  i n  t h e  r e a l  material. 



and a l l  o t h e r  E - 0. 
i j  

This i s  taken from Eqn. (11 .6)  of Appendix XI. 

I f  the  inequa l i ty  of Eqn. (23a) is n o t  s a t i s f i e d ,  then a 

t e s t  i s  made t o  f i n d  whether t h e  stress s t a t e  is on t h e  p l ana r  

end cap.  
I 

I f  Y’; Y”  

where y u  i s  the  t o t a l  mea;: s t r a i n  va lue  a t  t h e  time when t h e  end 

cap was l a s t  reached, then t h e  volumetr ic  process  is e las t ic .  

The new pressure  s t a t e  and volumetr ic  p a r t  of t h e  s t i f f n e s s  mat r ix  

a r e  found u s i n g  Eqs .  ( 2 2 )  and (11.6).  

’p  I ‘7 (24b) 

V V V V V V V V V 
E 1 2  = E13 E 2 1  E22 E23 E31 E32 - E33 Ko (24c 1 

V 
= 0 ,  a l l  o the r  i j  E i j  

The d e v i a t o r i c  s t r e s s  i s  then found. 

I f  the  i n e q u a l i t y  of Eqn. (24a) is v i o l a t e d ,  then volumetr ic  

p l a s t i c i t y  i s  occurr ing  and t h e  va lue  of yu i s  updated. 

YU = ‘YT ( 2 5 4  

The pressure  s t a t e  is found us ing  Eqn. ( 9 ) ,  and t h e  volumetr ic  

s t i f f n e s s  from Eqn. (11 .6) .  

‘p f(’YT) (25b) 



V 
and E = 0 , all o t h e r  i j  

The d e v i a t o r i c  s t r e s s  is found next .  

i j  

A t r i a l  e l a s t i c  d e v i a t o r i c  stress v e c t o r  is 

u s i n g  Eqs. * 
and t h e  y i e l d  func t ion  Es evalua ted  

found us ing  Eqn. (11) 

(4) and (2) .  

whcrc 

!t2 - 2(a0 + a l t p  + a 

A t e s t  i s  made t o  determine whether t h e  t r i a l  stress s t a t e  l ies  

i n s i d e  the  y i e l d  su r face .  
G e e r i n g  shear  s t r a i n s  a r e  used hnre.  If t enso r  s t r a i n s  

were used,  then all st ress  d e v i a t o r  increment couponents 
would be 

As!, - 2Gi A t  19 



If 3,  * 0 

then the  process  was e l a s t i c .  

* 
The d e v i a t o r i c  s t i f f n e s s  ma t r ix  is taken from Appendix XI 
t o  be 

6 
[ E l  - 

% - +  
- $  

0 

0 

0 

- $  

!F 
- $  

0 

0 

0 

- 
- $  0 0 0 

- &  0 0 0 

0 0 0 

0 G 0 0 

0 0 G 0 

0 0 0 G 
- 

:29c) 

I f  t he  i n e q u a l i t y  expressed by Eqn. (29a) is v i o l a t e d  then 

the  d c v i a t o r i c  process  was a t  l e a s t  p a r t i a l l y  p l a s t i c .  

c e s s  is assumed to be p a r t i a l l y  e l a s t i c  and p a r t i a l l y  p l a s t i c .  

The po r t ion  ( k b t )  of t h e  t ime s t e p  r equ i r ed  t c  move back t o  t h e  

y i e l d  s u r f a c e  along t h e  assumed e l a s t i c  p a t h  is found t o  be: 

The pro-  

'If t enso r  shea r  s t r a i n s  a r e  used r a t h e r  than engineer ing  s h e a r  

s t r a i n s ,  t h e  lower d iagonal  terms become 2G r a t h e r  than G. 



where: 

+ 2 ' s 2 3 b s 2 3  

* 
The "contact"  s t r e s s  a t  t he  y i e l d  surface i s  given a s :  

i, j - 1, 2 ,  3 

The p l a s t i c i t y  requires  some explana t ion  he re .  The stress 

s t a t e  a t  t ime to i s  shown p l o t t e d  a t  p o i n t  0 i n  Figure 2.  

During t h n  time i n t e r v a l  A t ,  t he  prebsure s t a t e  i s  moved t o  

p o s i t i o n  A .  The e l a s t i c  d e v i a t o r i c  increment @ would tend t o  

l o c a t e  the  s t ress  s t a t e  'E shown a t  p o i n t  B, b u t  t h e  "contact" 

s t r e s s  is found i n s t e a d  a t  p o i n t  C. The stress s t a t e  then 

moves c i r c u m f e r e n t i a l l y  around t h e  paraboloid dur ing  t h e  devia-  

t o r i c  p l a s t i c i t y  process .  This l a s t  stress "change" i s  independent 

need not  be found, I t  is  simply expressed f o r  * C Actual. ly 

c l a r i t y .  
i j  



/ 
Figure  2 .  S t r e s s  s t a t e s  du r ing  the  p l a s t i c i t y  process .  I n i t i a l  

s t r e s s  s t a t e  a t  0 ,  e l a s t i c  p re s su re  process  t o  p o i n t  

A ,  c o n t a c t  s t r e s s  a t  C ,  pseudo sttess s t a t e  at P and 

f i n a l  s t r e s s  s t a t e  back a t  t h e  p lane  through 'p. 

of any p res su re  changes r equ i r ed  t o  a r r i v e  a t  p r e s s u r e  'p. 

Equation (18) for t h e  d e v i a t o r i c  s t r e s s  rate k ic ludes  a p r e s s u r e  

r a t e  term. 

Lng r a d i u s  of t h e  c r o s s  s e c t i o n  i n  the  above problem, 

r a d i u s  change has a l r eady  bezn taken i n t o  account  by t h e  sequen- 

t i a l  s p h e r i c a l - d e v i a t o r i c  process ,  i t  must be  dropped he re .  It 

m u s t  be inc luded  i n  t h e  m a t e r i a l  s t i f f n e s s  mstrix e v a l u a t i o n  i f  

i t  is r e q u i r e d .  

The purpose of t h i s  term Ss t o  account  for t h e  decrcas-  

S ince  t h i s  

.__ R .. -I 



The p l a s t i c i t y  process  i s  now c a r r i e d  ou t  Over t h e  remaining 

time ( k s t )  from the  con tac t  stress s t a t e  'sij. 

t he  p l a s t i c i t y  equat ions a r e  i n t e g r a t e d  exac t ly  us ing  a cons t an t  

d over a t h e  increment A t  s t a r t i n g  from t h e  y i e l d  s u r f a c e .  

The required parameters a r e :  

In  Appendix 111 

T 

kQ 
cos $ - 

where Eqn. ( 3 0 d )  has  been used and 

The reduct ion f a c t o r  i s  then found 

r =  R 

2c k& 

* 
The pseudo-stress  s t a t e  i s  then: 

as 

2 [1-c2 + (1-c) (31c) 

'"he pseudo-stress  s t a t e  p: need never  be c a l c u l a t e d .  





This sequence of n ine  easy s t e p s  g ives  an exac t  f i n a l  stress 

s t a t e  f o r  the e l a s t i c - p l a s t i c  d e v i a t o r i c  process  under t h e  assum?- 

t i o n  of cons tan t  iT over the  time increment A t .  

s t i f f n e s s  m a t r i x  a t  t he  end of the  t h e  s t e p  i s  needed, then 
S I 

Eqn. ( I I . 8 b )  i s  used t o  eva lua te  [E] where t h e  s t r e s s  s t a t e  2 

I f  a d e v i a t o r i c  

i s  used i n  eva lua t ion  of t he  terms. 

The f i n a l  s t r e s s  s t a t e  a t  time tl is  found from equat ions  

s i m i l a r  t o  Eqn. ( 1 9 ) .  

I I I 

*11 - sll - 
I I I 

O 2 2  = s22 - p 

I I I 

O33 = s33  - 

I I 

‘12 = “12 

I 

‘13 ‘13 

I I 

‘23 

The f i n a l  m a t e r i a l  s t i f f n e s s  ma t r ix  is given by 

F o r  codes which r e q u i r e  t h e  mat r ix  [E] ,  t h e  s t r e s s  may be 

found a t  time t l  through an equat ion  of the  form 

I OA 
g - g, + [E] kT At 

I f  t h i s  i s  the  c a s e ,  then the  f a l s e  stress s t a t e y  must be found. 

This i s  given a s :  



- 
I 

‘11 

‘22 

‘33 

’ 1 2  

I 

I 

I 

I 

‘13 

I 

‘23 - 

- 
&ll 

‘22 

e33 

e12 
. 

‘13 

‘2 3 - 

b t  ( 3 4 )  

Conclusion 

An e l a s t i c  p l a s t i c  model f o r  c e l l u l a r  concre te  has  been pre-  

sented toge ther  w i t h  d e t a i l s  of implementation i n  a computer pro- 

gram. The y i e ld  s u r f a c e  i s  a su r face  of r evo lu t ion  centered  on 

the hydros ta t  w i t h  t h e  l a r g e  end f a c i n g  i n  t h e  d i r e c t i o n  of i n -  

c r eas ing  pressure .  

normal t o  the  hydros t a t  and moves outward only.  

d e v i a t o r i c  p a r t s  a r e  handled s e p a r a t e l y ,  t he  pressure  p a r t  w i th  a 

deformation theory and the  d e v i a t o r i c  p a r t  wi th  an incremental  

theory.  I n  the  s e c t i o n  on code implementation sugges t ions ,  t h e  

s t r e s s  s t a t e  can pass from an e l a s t i c  t o  a p l a s t i c  s t a t e  dur ing  

a time increment;  t he  mixed process  is handled exac t ly  i n  both 

s p h e r i c a l  and d e v i a t o r i c  p a r t s .  The process  of d e v i a t o r i c  p l a s -  

t i c i c y  suggested f o r  code implementation i s  an exact i n t e g r a t i o n  

of t he  equat ions and has n o t  appeared elsewhere.  

e r a b l e  s i m p l i f i c a t i o n  over t h e  usua l  methods i r r  use today. 

The l a r g e  end is  capped wi th  a p lane  which is  

The s p h e r i c a l  and 

I t  i s  a cons id-  



APPENDIX I 

Volume Change Due t o  Surface  Normality 
Condition 

The p l a s t i c  d e v i a t o r i c  s t r a i n r a t e  v e c t o r  was taken t o  

be n o m a 1  t o  t1.e y i e l d  s u r f a c e  i n  t h e  e i g h t  dimensional sub- 

space of t he  d e v i a t o r i c  s t r e s s  space r a t h e r  than i n  t h e  f u l l  

n ine  dimensional space.  I n  t h e  e i g h t  space ,  no p l a s t i c  volume 

change takes  p lace .  This  i s  shown i n  t h i s  appendix and con- 

t r a s t e d  t o  t h e  n i n e  space resu l t .  

Equation (13)  f o r  p l a s t i c  s t r a i n r a t e  i s  w r i t t e n  us ing  

Eqn. ( 1 7 )  f o r  X t o  g ive  

where q - a l  + 2a2p. 

The volumetr ic  p a r t  of t h i s  s t r a i n r a t e  i s  

But  from Eqn. (3a) we f i n d  

N S * ~ ' g * ~ + p E ' ~  

= g E - (E Q/3)3 

- 0  



where Eqn. ( 4 )  is used and 2 2 - 3 .  

t h a t  

Thus w e  have t h e  r e s u l t  

i p*  2"O 

o r  the re  i s  

shear ing  process ,  

no permanent volume change due t o  t h e  p l a s t i c  

The f u l l  n i n e  space a n a l y s i s  would have the  fol lowing 

P' expression f o r  

where Eqns. ( 4 ) L ,  ( 1 4 ) ,  (3)1 and (3 )2  are used t o  f i n d  t h e  

v e c t o r  d i r e c t i o n  and Eqn. (15) i s  used as t h e  s t a r t i n g  p o i n t  

t o  f i n d  y. 
As befo re ,  t h e  volumetr ic  p a r t  of t h i s  s t r a i n r a t e  i s  



Except f o r  t he  case  where the  p l a s t i c  d e v i a t o r i c  s t r a i n r a t e  

vec to r  E i s  i d e n t i c a l l y  ze ro  (T E 0) then there would always 
"P 

be a permanent volume change. 

change s i n c e  i t  shows u p  i n  what was supposed t o  b e  a devia-  

t o r i c  component. 

p a r t  (which i s  recoverable)  s o  t h a t  the volumetr ic  p a r t  of -T 

i s  zero  a s  def ined.  

It  is also a p e c u l i a r  *-olume 

This f o r c e s  Ee t o  also have a volumetr ic  

A permanent volume inc rease  due t o  shear  i s  c e r t a i n l y  

not  inconceivable .  A densely packed g ranu la r  ma te r i a l  under 

f i n i t e  shear  might i nc rease  i n  volume s ince  p a r t i c l e  packing 

i s  d i s tu rbed .  The above normali ty  cond i t ion  f a l l s  f a r  s h o r t  

of expla in ing  volume changes due t o  packing e f f i c i e n c y ,  

however, s i n c e  packing e f f i c i e n c y  must remain wi th in  bounds. 

The normali ty  condi t ion  produces no such bounds. 

Since t h i s  type of volume change i n  c e l l u l a r  concre te  

i s  small  compared t o  c e l l  c rush ing ,  i t  i s  made ze ro  i n  t h e  

mathematical model presented here .  



APPENDIX I1 

F o m s  of Decomposed S t i i f n e s s  Matr ices  

I t  i s  sometimes necessary  t o  form a m a t e r i a l  s t i f f n e s s  

ma t r ix ,  E ,  such t h a t  
e 

Due t o  t he  method of decomposition i n t o  volumetr ic  and 

d e v i a t o r i c  p a r t s ,  i t  is convenient t o  decompose E a l s o  as 
e 

where 

(11.1) 

(11.2) 

V 
2 fT 

S 
The matr ix  E i s  found from t h e  d e v i a t o r i c  m a t e r i a l  c a l c  

and Eqn. (11.3) and the  volumetr ic  p a r t  i s  
Lt: 

V 

LT 
E - k 2 0 .  N 

(11.3) 

(11.4) 

l a t i o n  

(11.5) 

where k is a cons tan t  which is found from t h e  volumetr ic  

m a t e r i a l  c a l c u l a t i o n  and Eqn. (11.4). 

Note t h e  fol lowing decomposition us ing  Eqns. (II.l), (11.2), 

and ( 5 ) 2 .  



= (g + $(iT + i., E) 

S S 
5 k ;  n 

T" 

= 0 have been used. Now 4 The p r o p e r t i e s  2 and 2 

i f  E 2  = Q then the r e s u l t  us ing  Eqns. (11.3), and (11.5) i s  
S 

k 

Thc v a l u e s  of t he  e n t r i e s  i n  the  ma t r i ces  a r e  found a s  

f o l l o w s .  Eqns. (11.4)  and (11.5) a r e  used t o  g ive  

or 

This expression can be appl ied  f o r  e i t h e r  t h e  e l a s t i c  o r  

p l a s t i c  case .  

The d e v i a t o r i c  s t i f f n e s s  mat r ix  is not as s t r a igh t fo rward .  

I n  t he  e l a s t i c  c a s e ,  t he  d e v i a t o r i c  stress r a t e  i s  given as 

ru 6 = 2 G i  

S 1 
SO t h a t  5 2 G ( I  - 3 2 @ z )  m 

(11.6) 

(11.7) 

For the  case  where Eqn. (18) i s  used t o  f i n d  thz d e v i a t o r i c  

s t r e s s r a t e ,  t he  s t i f f n e s s  matrix is more involved. Equation (18) 

is r e w r i t t e n  as: 



By i n s p e c t i o n ,  an accep tab le  form of the s t i f f n e s s  matrix i s  

then  : 

For the  case  of a body of revolution where two of the shear 

s t r a i n s  a r e  a lways  zero, then the s t i f f n e s s  matrix need only 

be a 4 x 4 m a t r i x  and Eqns. (11.7) and (11.8) reduce t o  the 

E -  -Plas 

f o 1 lowing . 

E 
*Elas t i c  

- 3 -  1 - 3  l o  

2 l o  7 - 3  

0 0 1  
(I 

(11.8) 

(II.9a) 

$ - b s l s l  + c s l i l  -$ b s l s 2  + cs l iz  

-kS 8 C S 3 c 4  3 4  



where 
+ s 2  2 + s3 2 + 2s4  2 j' 

The volumetric part is: 

V 
E = - L  

T r .i 

(I 

1 1 1 0  

1 1 1 0  

1 1 1 0  

0 0 0 0  
.I 

(11.10) 

Equation (11.2) is used to combine Eqns. (11.10) and either 

(11.98) or (11.9b). An observation which is useful here is 

that k p  la s can be expressed as the sum of E-,lastic and a matrix 
with entries: 

6 S 

S 
h 

(11.11) ifll 
E = - b S S  + c S '  
ij i 3  

This  observation is used in the programmed version. 

Each of the two terms of each entry in Eqn. (11.11) will 
require two multiplications. 

total of 42 multiplications involviq b,and 72 multiplications 

involving c (where symmetry has been used). 

case where an approximate stiffness matrix is acceptable, the 

ratio of the relative sizes of the two terms can be calculated 

In the six space this will be 3 

For the limited 

I 

2G(& &) as : 
size of b terms 
s i z e  of c terms I aP 



I f  t h i s  r a t i o  were l a r g e ,  then  terms involving c would be 

d r o p p e d ,  I f  i t  were small, then  a l l  terms involving b would 

be  d ropped  i n s t e a d .  



APPENDIX XI1 

.- I n t e g r a t i o n  of t he  P l a s t i c  Devia tor ic  S t r e s s  Rate 

Equation (16. gives  the d e v i a t o r i c  stress r a t e  f o r  a 

p l a s t i c  process a s  

hr 6 = 2G($. - 12,) 

where X i s  given by Eqn. ( 1 7 ) .  I n  t h e  s e c t i o n  on d e t a i l s  of 

code implementation, t h e  pressure  i s  handled f i r s t  and t h e  

d e v i a t o r i c  process i s  independent of t h e  pressure .  The p res -  

s u r e  i s  only used t o  e s t a b l i s h  t h e  r a d i u s  of t h e  hypersphere 

of the  d e v i a t o r i c  von Mises su r face .  "he va lue  of X of concern 

here  does n o t  involve the  r a t e  of p re s su re  change so t h a t  t h e  

r e l evan t  form of Eqn. ( 1 7 )  i s  

In  a code, Eqns. (111.1) and (111.2) must be i n t e g r a t e d  

over a s i n g l e  time s t e p  A t  dur ing which the  s t r a i n r a t e  is kep t  

f ixed .  The purpose he re  i s  t o  perform t h a t  i n t e g r a t i m  i n  

c l o s e d  fonn. 

An important observncion i s  t h a t  t h e  stress pa th  from & 
a t  t he  beginning of t he  time increment t o  s1 a t  the  end i s  a 

geodesic path i n  the  d i r e c t i o n  of t h e  l o c a l  p r o j e c t i o n  of  iT 
on the  hypersphere of t h e  d e v i o t o r i c  y i e l d  su r face .  

s e r v a t i o n  w i l l  a l low t h e  necessary  g e n e r a l i z a t i o n  a t  t h e  end 

of  t h i s  development. 

This ob- 



For  s i m p l i c i t y ,  p i c t u r e  a b i a x i a l  d e v i a t o r i c  stress and 

s t r a i n r a t e  where no shea r s  a r e  developed. Then the  i n n e r  

product of  the coplanar  v e c t o r s  and iT i s  

where $ i s  t he  angle  between them and where t h e  magnitude of 

the  s t r e s s  vec to r  i s  cons t an t  if t he  s t r e s s  s t a t e  always l i e s  

on the von Mises su r face .  

of the  c i r c l e  i s  taken a s  

From Eqns. (4)1 and ( 2 ) ,  t h e  r ad ius  

Since i s  considered t o  be a cons t an t  v e c t o r  over  t h e  

time span of i n t e r e s t  h e r e ,  t h e  time d e r i v a t i v e  of 2 may be  

; found  using Eqn. (111.3) and equated t o  the  inne r  product of 

Eqn. (111.1) w i t h  kT. 

Equation (111.3) and a t r igonometr ic  i d e n t i t y  are used, both 

s i d e s  a r e  dividkd by -I&IRsin$ and t h e  r e s u l t  i s  given a s :  

2Gl,&l 
= - ,r s i n +  

This equat ion is r e s t a t e d  i n  i n t e g r a l  form as: 

(111.3) 

(111.4) 

(111.5) 



. 

. 
v 

. 

$ 0  

The i n t e g r a l s  a r e  evaluated and t h e  r e s u l t  reduced t o  

I f  an e l a s t i c  s t r e s s  increqent  i s  def ined a s  

@ = 2G i T b t  

then the  r e s u l t  can be r e s t a t e d  as 

$ 0  
t an  $1 = e..(- #)tan T 

(111.6) 

(111.7) 

The angle  between kT and i s  exponent ia l ly  approaching zero  

w i t h  t h e .  This i s  observed i n  t h e  p l o t s  by Barr[8] of t he  

, p l a s t i c i t y  process ,  

Equation ( 1 1 1 . 7 )  can now be used t o  f i n d  the  f i n a l  stress 

s t a t e .  

method whereby a pseudo s t r e s s  s t a t e  is found a s  

A simple method of f ind ing  a f i n a l  stress s t a t e  is t h e  

and the f i n a l  s t a t e  i s  s i m p l y  a r a d i a l  movement back t o  the  

y i e l d  su r face ,  i . e . ,  

Since the  r a d i a l  motion is  such a simple opera t ion ,  a s o l u t i o n  

is sought of the  form 

W a ( & + B Q )  (111.8) 



The f i r s t  equat ion i s  solved f o r  a0 and s u b s t i t u t e d  i n t o  t h e  
2 2 second equat ion.  The t r igonometr ic  i d e n t i t y  s i n  Q - 1-cos + 

i s  appl ied  f o r  both t l  and t o  and t h e  equat ion  solved f o r  a .  

s i n $  

This i s  now s u b s t i t u t e d  back i n t o  Eqn, (111.9) t o  give t h e  

r e s u l t :  

- -  O cos$o 

*1 

) ,C:, ( s i n $  
t a n Q 1  

The t r igonometr ic  i d e n t i t y  for tan$l  i n  terms of t a n T  i s  

appl ied  and then Eqn. (111 .7)  used t o  express  B i n  terms of 

s inSO,  c o s t O  and t an t0 /2 .  The double angle formula for t a r1?~/2  

i n  terms of cos.S0 i s  then app l i ed  and t h e  r e s u l t  s i m p l i f i e d  to :  

I 
0 - *b - c2 + (l-c)*costO] (111 

(I11 

The e n t i r e  process  i s  p i c tu red  on the von Mises surface i n  

p r i n c i p a l  s t ress  space i n  F igure  111.1. An i n i t i a l  stress s ta te  





s and an e l ? . s t i c  s t r e s s  increment &s a r e  shown wi th  some angle  -0 
Q, between them. 

and t h e  pseudo s t r e s s  s t a t e  go + P A 2  found. 

r a d i a l l y  back t o  the  y i e l d  s u r f a c e  a t  zl. 

The s c a l a r  @ is  determined from Eqn. (111.10) 

This  s t a t e  i s  brought 

Now t o  r e t u r n  back t o  t h e  o r i g i n a l  problem where Q i s  some 

Since  t h i s  cannot genera l  s t a t e  and &s some gene ra l  increment.  

be v i s u a l i z e d  i n  a s imple two-dimensional p i c t u r e  , t h e  ang le  

$ becomes somewhat hazy. 

imagination but  no t  wi th  t h e  mathematics. 

s t i l l  be used i n  the  e i g h t  dimensional Ca r t e s i an  subspace.  

remaining development fol lows d i r e c t l y  and can be cons idered  ab- 

s t r a c t l y  w i t h  no recourse  t o  geometr ica l  v i s u a l i z a t i o n ,  

1 

This i s  only a d i g f i c u l t y  w i t h  ou r  

Equation (111.3) can 

The 

In  p a r t i c u l a r ,  t he  pseudo s t r e s s  s t a t e  and t h e  sub- 

sequent r a d i a l  path back t o  t h e  y i e l d  s u r f a c e  a re  only c r u t c h e s  

t o  s impl i fy  c a l c u l a t i o n s .  

a long the  y i e l d  s u r f a c e .  

the  assumption of a c o n s t a n t  iT over  t h e  time increment A t .  

The true stress pa th  was a c t u a l l y  

The answers determined are e x a c t  under 

stress s t a t e  i n  a p r i n c i p a l  * movinf 1. A p i c t u r e  of 
s t r e s s  space is d i f f  c u l t  t o  i l l u s t r a t e ,  s i n c e  the  
changing o r i e n t a t i o n  of t h e  axes must somehow be 
inc luded ,  
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