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ABSTRACT

A detailed, step-by-step development of the Tricyclic Flight Dynamics Theory originally
derived by Dr. John Nicolaides is presented. Examples of application of the theory are included.
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SUMMARY

The Tricyclic Theory was first derived in 1953 by Dr. John D. Nicolaides,l'2 and has been
republished in different forms and extended by others.3 The Tricyclic Theory is a powerful
flight dynamics tool; however, it is by necessity complicated and difficult to understand in detail.
The use of complex variables in the theory makes it particularly difficult to interpret on a physi-
cal basis. In attempting to apply the theory the author has rederived it for his own use and added
some detail that is normally not presented in a formal document, This approach may help other

ballisticians and flight dynamicists reach a more complete understanding of the theory.



SYMBOLS

A - Imaginary(&) component of K, rad
B - Real {§) component of K, rad
Cnﬁ - Yaw moment coefficient due to 8, per rad
C - Pitch moment coefficient due to a, per rad
mao ac
C"B - Yaw moment coefficient due to rate of change of g3, dn per rad
"(w)
Cm& - Pitch moment coefficient due to rate of change of a, BCm per rad
)
I v
Cnr - Yaw moment coefficient due to r, 4 per rad
aZW )
8Cm
Cmq - Pitch moment coefficient due to q, ; ad per rad
AY
aCn 2
Cnpa - Magnus moment coefficient due to a, 5a per (rad)
8ai 'z—v id
aC_ T 2
C - Magnus moment coefficient due to 8, m per (rad)
mPp 28 (B2
2v) |
d - Body diameter, feet
H -~ Angular momentum
;, ;, k = Unit vectors
I - Roll moment of inertia about body x axis (also Ixx)’ slug-t’t2
Iy - Moment of inertia about body y axis (also Iyy)’ slug—f’c2
Iz - Moment of inertia about body z axis (also Izz)’ slug-ft2
1 - Lateral moment of inertia when Iy = Iz, slug-ft2
, I, 1
xy’ "xz’ Tyx 2
I - Products of inertia, slug-ft
yz' “zx' “zy
K1 - Nutation arm, rad
K2 - Precession arm, rad
K3 - Trim arm, rad

L - Roll moment, ft-1b
M - Pitch moment, ft-1b
N

- Yaw moment, ft-1b
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SYMBOLS (cont)

- Total moments about x, y, and z axes, ft-1b

- Moment due to control deflection §, ft-1b/rad

- Magnus moment due to g, (Equation 486), —fi-lb
rad”/sec
. ft-1b
- Magnus moment due to o« (Equation 47), ——5——
rad”/sec
. " fi-1b
- Pitch moment due to ¢ (Equation 48), Tad
. ft-1b
~ Yaw moment due to p (Equation 49), Tad
- Pitch moment due to q (Equation 50) ft-1b
' 99 * rad/sec
- Yaw moment due to r (Equation 51), ft-lb_
rad/sec
- Pitch moment due to ¢ (Equation 52) ftelb
* rad/sec
- Yaw moment due to g (Equation 53) ft-lb
o " g thquaty ' rad/sec

- Constants in differential equation
- Two roots of differential equation

- Roll angular velocity, rad/sec

- Pitch angular velocity, rad/sec
- Yaw angular velocity, rad/sec

- Dynamic pressure, psf

- Vector distance from origin of axis to elemental mass, ft

- Body cross sectional area, ft2

- Gyroscopic stability factor

- Time; sec

- Vector velocity of elementary particle m, ft/sec

- Total free stream velocity, ft/sec
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SYMBOLS (cont)

- Body roll axis

- Aeroballistic body roll axis
- Body pitch axis

- Aeroballistic body pitch axis
- Body yaw axis

- Aeroballistic body yaw axis

- Inertial reference axis system

GREEK SYMBOLS

- Body fixed axis angle of attack
- Aeroballistic angle of attack

- Aeroballistic angle of attack in 6 DOF axis system

Body fixed axis angle of sideslip

Aeroballistic angle of sideslip

Aeroballistic angle of sideslip in 6 DOF axis system

Control deflection angle

- Damping exponent; real part of m, .,

- Complex total angle of attack
Defined by Equation 103

- Angle of oscillatory plane in the @~ B plane

- Angle of the K arm in complex plane with respect to & axis

- Nutation and precession frequencies; imaginary parts of m

- Total angular velocity

1,2



A DETAILED DEVELOPMENT OF THE TRICYCLIC THEORY

Introduction

The Tricyelic Theory is a solution to the aeroballistic equations of motion which makes use
of complex variables. It is the only theory that describes the free-flight motion of a rolling
vehicle in a relatively complete manner, It has the unigue ability to predict the motion of a vehicle
quantitatively as planar, elliptical, epicyclical or tricyclical, depending on the physical and aero-
dynamic characteristics of the vehicle. Consequently, it is important that flight dynamicists be
able to apply the theory in predicting and analyzing the motion of free flight vehicles. It is
equally important that flight dynamicists realize the restrictions inherent in the theory, most of
which stem from the fact that the theory is based on a solution to a linear differential equation,
which inherently has the assumptions of constant coefficients and small angles. However,

properly applied, the theory is a very useful tool in analyzing flight dynamics problems.

The first step in deriving the Tricyclic Theory is to derive the aeroballistic equations of

motion.

Aeroballistic Equations of Motion

The Tricyclic Theory is based on the aeroballistic axis system and the resulting equations
of motion. Since there may be some confusion involved in the differences between some of the
various axis systems (i.e., body fixed, aeroballistic and precessing aeroballistic) the aeroballis-

tic set of moment equations is derived and discussed in detail.

The equations of motion are based on Newton's statement that the time rate of change of

linear momentum must equal the sum of applied forces

® © ’
— d —
Z f= Z & (™) "
i=1 ic1

where m is the elemental mass and f is the elemental force. The moment can be obtained by

simply multiplying by the distance T to the elemental mass and summing elemental moments

)
—_ d [
M=._; rxf--=Ev—1 {(mT xV) , (2)
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but the vector velocity V of the elementary particle m is also the angular velocity times T.

Consequently

—\;=Ux?. (3)

Substituting
s d — -
M= E E[mrx(ﬁxr)] , (4)

which from vector analysis can be written
M=E -:Tm[(f"'?)w-r('f‘"m]

M= %{(Zmr2>ﬁ -Zm?(f" . D‘)} . (6)

At this point it is tempting to take a giant step forward by simply noting that f_:mr2 is the moment
of inertia and that Zm?(?-'a?) is equivalent to the product of inertia times the angular velocity.
However, the derivation will be done in detail. Similar developments are found in References 4,
5, 6 and many others. To accomplish this we will resort to the Cartesian coordinate system
shown in Figure 1. Since T is a vector it can be written as

Fo=oxi+ y.j.'*' Z-l; (7)
and

r2=x2+y2+22, (8)

where 1, —3. and k are unit vectors and the angular velocity vector @, which is not necessarily

coincident with ¥, is

w=wi+w]j+twk (9)
x oy Yz

If we substitute (7), (8) and (9) into {6) we have
= d 2 2 2 - - -
M—a-{z m(x” +y +z)(wxi+wy3+wzk) (10)

- E m(xi+ yj + zk) (xwx + y(.c)y + zwz)}



P <

Figure 1.

Inertial Axis System

11
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and
= d Z 2 2 2 2 -
M ='§{ m[wx(x +y +27)- (wxx + wyxy+ wzxz)] i
‘ ! 2 2 2 2 -
+ m[w x + +z) - {(w + + )] j
Z y( y ) - ( XYt ay +wyz)| ] (11)

Zm w(x +y +z)-(wxz+wyyz+wz]‘} .

The scalar moments about the three inertial axes X, Y, and Z, which are flxed in space are

obtained by taking the 1, J, k components, which are
m[u (y2+z2)- w_Xy - w X2 (12)
x y z
[ m (x +z)-wxy-uyz]] (13)

Mz = -?dt- [Zm[wz (x2 + y2) - w Xz - wyyz]] . . (14)

Now it can be seen that the terms involving Zm(y2 + z2), Zrn(x2 + 22), Z:rn(x2 + y2) are
moments of inertia I about the X, the Y, and the Z axis respectively and that the remaining terms

2
]

(]
8o

‘4
&la

involve product of inertia. For instance mey is the product of inertia about the Z axis and is

denoted as I . Therefore
Xy
M =3qa -1 -1 W)
pr w w w (15)

d
My=-—d—t(l w1 W -1 w) (16)

22z “xz¥x Iyz“’y) ¢ amn

This set of equations, which are the moments about the X, Y, and Z axes when they are fixed in

space, are often written as simply
d .
= %), (18)

where I includes all the moments of inertia and products of inertia and & includes all the angular

velocities of the body (wx, wy’ mz). Also 13 is the angular momentum H; consequently



%8

I , , (19)

where

(20)

fuel
il
—
£l

Equation 19 is important since it says that the applied moments are equal to the time rate of
change of moment of momentum, which is the angular momentum, Unfortunately, Equation 19
refers io an axis system fixed in space where an axis gystem free to move in a specified manner
with respect to an axis system fixed in space is needed to describe the motion of a body, This
extension was done by Euler. Referring to Figure 2 we have a moving axis system x, y, z
referred to an inertially fixed axis system X Y Z, and H and & denote the total moment of momen-~

tum vector and i« the total angular velocity vector of the hody. Therefore
o= wx-{+ uy‘j‘"' wzi (21}

H= Hxi"‘Hyj +H2k , (22}

where Tj-ﬁ are unit vectors, which are regarded as position vectors indicating the position of the

xyz axes. Then from Equation 19 the moment for the moving axis system

— dH dH dH —_ - -
= dH = "x =y = 2z di dj di
== = +j—=L+k — + — =+ -
M % - i g 15 kd‘t det+Hyd1: sz‘t' (23)
since 1, jand k c¢hange in the moving axis system. From vecior analysis
ik
di oo - > o
FoCoexis Wy Wy @ —wzJ-uyk (24)
¢ 0
- - -ln
- i j k
-‘-i-'}-s-d:‘x:]‘= Wooww =-w?l‘+wE {(25)
o dt X'y 2z z X
1
~ ij k
K. - k- = A
,Et__NXk- w wyw w i wa (26)
01

Substituting these derivatives in Equation 23 yields

13
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g X

Figure 2. Axis System



dt yz
dHy 3 (27)
AN R -

Since

-

dH = > - 2 (28)
—_ = = + +
at M Mxl M j; Mzk

the moments about the x, y and z axes are

M =—+Hw-Hyw (29)

X'z z°x (30)

yx o x7y e (31)

where Hx, Hy, and HZ are obtained from (15), (16), and (17)
= - - (32)
Hx Ixxwx Ix w, I .

By ™ Yooy " ey " Ty (33)

(34)
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Equations 29 through 34 are the complete equations for a body in a moving axis system. However,
they are in an inconvenient form which is difficult to use. A better form can be obtained by noting

from (23), (24), (25) and (26) that the total moment vector can be expressed as

| B

| ]\7{: +§xﬁ’ ) (35)

where {1 is the total angular velocity of the moving axes x, y, z. And recalling (19) and (20),

M= (D +8xI3 . (36)
Completing the differentiation

= I0+ID+ 8xID » (37)

2

which is the complete general equation. Expressed in matrix form this equation becomes

M, xx xy  ixz||®x .xx i I.xy ) .xz “x
Mol e Ly Yoy 1 e Byt Gl |y (38)
Mol Ik - Izy Izz Gz 7 iyx i 1.zy izz Yz
% ¥ XX Ixy T ixz| | wx
B yx Ty T hye) ey
& "oy - zy  zz| | %z

L Ixx - xy - XZ p Ixx - xy - Xz p
M| =| - 1 -1 gl + - 1 i -1 39
Iyx “yy “lyz| |9 Iox lyy " yz| | @ (39)
N o Izy T2l 17] |- - 1zy zz] | T
p L "Ly~ Lz | [P
+ X1-1 .
d yx yy yzl| |9
r - -1 r
zx zy 22




where L, M, and N are roll, pitch, and yaw moments, and p, q, and r are roll, pitch, and yaw

angular velocities (see Figure 3).

Equatipn 39 is the complete set of moment equations for three degrees of angular freedom
(4, 8, and &) in mairix form; when the matrix algebra is completed, this equation can provide the
three moment equations for a body fized axis system, Equation 39 can be used to derive the
moment equations for any type of axis system depending on the angular rates substituted for p, q,
and r in the matrix marked with an asterisk since this matrix controls the rate at which the axis
system moves, For the aeroballistic system, p is made zero in this matrix since it is a non-
rolling axis system. Furthermore, the tricyclic theory assumes that products of inertia and

rates of change of inertia are zero. This results in the following version of (39)

L Ixx 0 0 P ¢ Ixx 0 o p
Mij=|01I_ o0 aj + x [0I 0 , (40)
vy q a q
N ¢ o 2z r r 0 0o Izz r
which is manipulated in this manner:
L Inp 0 ] 0 Inp 0 0
M|=] 0 1.gq 0|+ x| 0 I 0 41
vy q yyq (41)
N 0 o g r 0 o0 I r
ZZ zZ
L xxp 1 1 k
M|=1|I q|l+]| 0 r
yyq q
N Izzr Ixxp Iyyq Izzr
= 3 + -
L Ixxp qﬂzz quyy
(42)

M Iyyq + rplxx
N=L,.r-al, »

and substituting by virtue of symmetry

XX x






The equations for the sum of inertial moments about the x, y, and z axes result:

L=Lp (43)
M= 1q+ rpl , (44)
N=1Ir - qux , (45)

which are the aeroballistic equations. It should be emphasized that, while the body is rolling at the

rate of p, the axis system is not rolling.

Tricyclic Solution to Aeroballistic Equations

To obtain an analytic solution to the three aeroballistic equations it is necessary to decouple
the roll equation from the pitch and yaw equations, which is done by assuming the roll rate p to be
constant. The effects of this assumption, as well as others made during the course of this theo-
retical development, on the accuracy of application of the theory is discussed in the section entitled
Application. This assumption then leaves Equation 44 and 45 to be solved. The first step is to
define the applied aerodynamic moments M and N and equate them to the inertial moments on the
'right side of the equations. Since this problem is complicated enough in its simplest form we will
consider only those moments due to q, r, a, 3 a, and B, plus Magnus moment resulting from
combined roll rate and angle of attack (which is only one of the several complex moments that can

be considered).

2
Sd
= [—-A-
Mo~ Cmpp?’ 2V “®)
Magnus moments
2
_ Sd
Npa B Cnpaq' 2V (47)
M, = Cmaq'Sd (48)
Static stability moments
NB = Can'Sd (49)
Cm q'Sd2
Mq = A (50)
Damping moments
Cm_q'Sd2
Nr‘ =T av (51)

19
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2

C_.q'Sd
M, = e (52)
Aerodynamic lag moments
C -q'Sd2
Ny = i%__ . (53)

In addition to these moments, which are normally associated with a symmetrical vehicle, a
moment due to control deflection or an aerodynamic asymmetry must be added. Since a moment
associated with an aerodynamic asymmetry is fixed in the rolling body axis, we must break it up
into components around the ¥ and Z aeroballistic axes. This can be accomplished by realizing
that the roll orientation of the body is simply a function of pt since p is treated as a constant,
Consequently, we can represent the two components'of the moments due to asymmetries (or con-

trol deflection) as
M; 6 cos pt and MB é sinpt .

When all of these applied moments are substituted in Equations 44 and 45, the complete pair of

equations to be solved is

Iq+rpIX-Maa.-qu-Mda-M66cospt-Mpﬁpﬁ=0 (54)

If'-qux-NBB-Nrr-NBB-Méésinpt-Npap&=0 , (55)

where Equation 54 is the sum of the moments about the ¥ axis and Equation 55 is the sum of the
moments about the z axis. The aeroballistic axis system is shown in Figure 3, where the various
angles and their time derivatives are pictorially demonstrated. Equations 54 and 55 are scalar
equations, and the quantities in Figure 3 are scalars (although complex) even though their direc-
tion is demonstrated by arrows, The complex angle of attack £ is defined as a complex quantity

composed of the two angles a and 8
tE=ia+f8 , (56)

where § is identical to @ used in Nicolaides' original treatment. The symbol is changed in an
effort to avoid confusion. The i simply denotes that & is perpendicular to 8. It should be noted
that & and 8 are positive when measured from the body X axis to the flight path', which is opposite
in sense to the usual aeroballistic angle of attack & and § used later in the report and obtained

from a 6 DOF calculation (see Figure 8). Notice that the position of the body X axis is defined by



the two angles & and 8 and that angular rates of the § and Z axes is defined by q and r. The axis
system does not rotate about the X axis, but the body does roll about the X axis with the constant
rate p. The angular rate q is represented by an arrow perpendicular to the & plane, and r is

represented by an arrow perpendicular to 8. From Figure 3 it is possible to see that

(57)

-B .

r=—ﬁ§,i‘

All of the angular velocities in the figure are vectors in the sense that they can be represented by
arrows with a direction perpendicular to the plane of the angle. It should also be noted that

Q(E in Nicolaides' terminology) can be expressed in complex fashion as
Q=q+ir . (58)

It is now becoming clear that the complex plane has been chosen perpendicular to the X axis and
in fact is coincident with & g, &, a, E, £, q, r, 2, and the §y and Z axes. This is a tremendous
advantage in reducing the equations to a solvable form. A vertical view of this complex plane is

shown in Figure 4. Now we can easily see the rest of the relations:

0=-if (59)
tE=ia+B (60)
E=ia+p (61)
Q=-i(&+B) = &-if=-if . (62)

With these relations we are ready to manipulate Equations 54 and 55 so that they can be solved
simultaneously, By multiplying one of the moment equations by i the problem is shifted into the
complex plane, Then the two equations are added to get the total moment equation in the complex

plane which can be solved in terms of a single complex angle ¢, Multiplying (55) by i

Iq+rpIx-Ma&-qu-Mo'(a-M85cospt-Mp pR=0 (63)

B

iIr - 1qux - 1N_B B - 1Nr r - 1NB B - 1M8 8 sin pt -ina pax=0 , (64)

and adding the two equations and collecting terms yields

21
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ir
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q
- r
B
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iqlica
y
Figure 4. Complex Plane




I(q+1r)-1xp(1q—r)-Maa-1NBB -qu—lNrr

-M&&-iNBB-M 8 (cospt+isinpt)-M pB-inap&=0 . (65)

3 P8

Now if the vehicle is rotationally symmetrical, the static and dynamic stability derivatives about

the ¥ axis are equal to the stability derivatives about the z axis. Consequently

Mg = -Ng My =N, Mg = -Ng, M =N (86)

., M), Equation 65 becomes

Using the normal symbols for moments about the ¥ axis (i.e., M, Mq

(g + ir) - Ipliq - r) - My(e - if) - Mq(q +ir)

-
S

- M‘-!(aL - iE) - M8 d(cospt+1isinpt) - M__ plia +['3) =0 . (67)

PB

Since the equation must be in terms of £, the total angle of attack, Equations 56 through 62 can

be used to substitute for &, 8, @, 8, q, r, 4, and 1 in Equation 67 as follows:

q+if=h= :—t (- if) = -if  |from (58) and (59)]

ig~-r = ié+§ ¢ {from (57) and (61)]
- 12 - - 3 2_ -
a-if-= 5 (e-ip) = —12— (ia - i"B) = -ili@ +B) = -if  [from (60))
i i
q+ir =0=-if [from (59) and (59)]

G- if= ~ié [from (62)] .
Eqguation 67 becomes

I(- ig) - pr(E) - Mgy(- i§) - Mq(- ig) -~ Mgyl- 18 - M8 &(cos pt + i sin pt) - MPB pE =0 . (69)

Multiplying by-;-

L. M M M. iM M
§-ipll§-"lg'f-‘lg§-—lﬁf-'-I*S—S(isinpt+cospt)-ip—lgéf=0. (70)

23
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Collecting terms

. I M_ + M., . M B Ma
§+(_ip_>i N J__a)é . (_ip__p_ . .__)g
I I I I
(71)
MS
-TS (- sinpt+icospt)=0
Now
. . .(eipt - e_ipt)l , (elpt + e—ipt)
-sinpt+icospt=-|-i|j—F—| +i\—5—
2 2
_ ielpt - ie-lpt + ielpt + ie-lpt _ . ipt
= ) = ie
Consequently Equation 71 becomes
) I M_+M;, . M 8 M iM8 it
'f+(-ip—x--—q—)§+(-ip—2—-——“—)f= 5 e Pt . (72)
~ I I I I I
We can replace the coefficients with
Nl’ N2 and N3, which are constants:
e Mgt M (73)
N, = ('lpT - I )
M B8 M
N, = (—1p —RE . —l)
2 1 I (74)
MS -
Ny=i(g 8 (7o)
This yields
f+ N £+ N E= N, P, (76)

which is a linear, second order differential equation with constant coctficients which can be solved.

The homogenous part of the equation is

£+ N1£+N2£=0' (77)



The auxiliary equation of (77) is

m2+N1m+N2=0

The two roots of the equation are obtained from the following algebraic manipulation:

1,2

(78)

where m, involves the positive radical, m, involves the negative radical, and they are both
complex values. The symbol m is identical to ¢ in Nicolaides' notation. It was changed to avoid
confusion with the symbol for roll angle. The general solution to the homogeneous part of the

equation is known to be

€=Ke1+Ke . (79)

To complete the solution the particular integral is evaluated:

m,t (m_ -m,)t -m. t :
f§=e 2[ [e 1 2/e 1Nexelptd'c]dt' (80)

25



26

Integrating

i m,t (ml-mz)t N, (-m1 + ip)t i
£ =e e ——— e dt
p -m, + 1p
m,t
& = ——————-—N3 : e(-mz i dt
P (-m1 + ip)
N mZt (-m2 + ipkt
£ - 3 € e
P (—m1 + ip) -m, + ip
Nselpt .

p (ip - ml)(ip - mz)

. ipt (82)
£, = Kge'
where
K, = - T (83)
3 (ip - m,Mip - m,)
1 2
The complete solution is simply the sum of (79) and (82), which is
m.t m,_t -
= K e L. K,e LI Kselpt ’ (84)

where K1 and K, are arbitrary constants that must be determined from the boundary conditions

2
(K3 is defined by (83)). The boundary conditions on this equation are simply that £= £ and that
£= io at t = 0. Substituting into Equation 79 and its first derivative yields

£, =K +K,+K

1 (85)

3

and

£= Klm1 e + K. m_e 2 + K ipe1pt (86)



£g " Klrn1 + sz2 + K3 (ip) . (87)

Equations (85) and (87) are easily solved for K1 and K2:

(¢ -m ¢ -(p-m)K
R =-2—22——2 3 (88)
17 M

¢ -m ¢ -(ip-m )K
K2=° 1I:~m 1 3 ) (89)
2 1

Unfortunately, these deceptively simple equations for K1 and K2 are highly complicated,
complex variable expressions. To use this solution we have to go back to Equation 73, 74,

and 78 and obtain the complete expressions for m, and m_ in aerodynamic terms. They are

1 2
ipl M_+ M,
m. o, = o At
1,2 21 21

i+

I I (90)

Completing the square under the radical,

. . 2 . 2
ipl M +M.] \/vlpl ipl M +M.\ M +M, M M
- X g "« o x X q q o . pB [
m [ 5T " TTor + ( o1/t 2\ 51 >< T /+ 1 +ip7T T - (91)

At this point an assumption is made that the term I(Mq + Ma-!)/(ZI)]2 is small compared to the other

terms and may be neglected. This is often true and for many applications it is a legitimate

assumption. If this term is deleted and the other terms regrouped the following equation results.

. - 2 )
ipl. M +M.] \/ pl M iPL M+ M.\ M
. X q & .2 x) ‘e *'q &), . _pB
™12 [21 tTor iV K i) "1 TN e /TP 92)
If we let
2
1 M
2 _ 2 px) a
E° =i <21 -5 (93)
5 ipl, \ (M, + M, M'g
F = i 9
2( 21 21 M (94)
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then

M +M
[ ]+ B2+ 2, (95)
2 2

where v E” + F~ can be approximated by the binomial expansion

2 .4
‘/2 2 F° _F

= — o ——— see
E°+F =E+ 3+ (96)

8E

If F2 << E2 the series converges rapidly and only the first two terms are required to approxi~

mate the radical. Or,

2
VE2+F2=E+2EE— . (97

For most cases this should be an excellent approximation. Substituting (93) and (94) in (97)

yields

ipl M + M M
2 D) PIx M, [_2 2Ix ‘ 5T + ip _EIP
E°+F VW3S T ¢ (98)

Now from (95)

1 M +M, M
_P_xtq M.-)+ 9
21 21 P21 . (99)

We can now separate real and imaginary parts of m and we let the real part equal A and

1,2 1,2
the imaginary part equal W) g



M + M, CTE +
m o, o=\ +iw2=<q21 a)-» A 2; AR5 +
2 1,2 1, -
V(3)
21 I
‘ (100)

Separating this into real and imaginary parts and labeling the real part A (which is often used

1,2

in connection with damping) and labeling the imaginary partw (a symbol normally used for

1,2
frequency) was not accidental; it required considerable insight. A little rearrangement and

algebraic manipulation of (100) provides

(101)

(102)

which is called the stability factor, It is a useful expression in determining whether or not a

spin stabilized shell will be stable. It must be greater than +1 for gyroscopic stability,

If we define 7 as

1
T = = = s (103)
Jl T s pIx M,
21 /] T 1

then Equation 101 becomes

29



+M

' M . M
M2 T A %19 < 21 ) lrf)t T

; % (li%’)] . (104)

It should be recognized at this point that 7 is really an indicator of the magnitude of the contribu-

tion of gyroscopic stability.

Equations 88, 89, 100 and 104 can be used to obtain usable equations for the two constants

of integration, K, and KZ’ in terms of )\ and @, which are defined by the aerodynamic

1 1,2
coefficients and moments of inertia. Substituting

, 2

= + i
my o= A gtie) 5

into Equations 88 and 89 yields

« :éo-()\z*-iwz) §O-(ip-h2-iw2)K3 106)
1 (Al + iwl) - (}\2 + iwz)

K - éo_()‘1+iw1) £ ~Up -} - ie) Ky (107)
2 (A, +iwy) - (A +ie,)

Substituting

£ =ia+B  from Equation 60
§. zia+B from Equation 61

K3 = 1A3 + B3 from Equation 118

and rearranging the denominators of (106) and (107) provides

o - ia + B - (A +iw) (ig + B)) - (ip - X, - iwy) (1A, + B,) (108)
1 i(wl -w2)+()\1 —)\2)

K, = i620 * Bo B ()‘1 * iml) (iao * ’Bo) - tip - Al - iwl) (iA3 " B3) . (109)
2 i, ~w)+ Ay - A)

Multiplying and collecting imaginary and real parts



K - ifa, - 2,8, - @55, FAyhs - (b -w,)By]
1 o ~w) + (A -2

2

[Eo “AgB, twya, (P - w A, ”2B3I

- (110)
1w Twy) + (a - Ay)

+

K, = ‘[ao R N L G Tl “’1)B3]

2 -
i (w2 - wl) + ()\2 - )\1)

[ﬁo TA B o+ (p-w))A, - "133]

+ ; . (111)
i (w2 - wl) + ()\2 - Al)

These equations are of the form

_ia+b
ic+d ’

and they can be separated into real and imaginary parts by

_lia+b) (-ic +d) _ i(ad - be) + (ac + bd)
(ic + d) (~ic + d) 2 2
(c” +4d%)

Consequently,

K - ilao T Agdo T @aBy tApAs - (P -w)B (A -y
1 2 3
(w, - wy) "+ (A - A,)

) [, - 257, +oqa, * (¢ - PR3 *AyBy| @) - @)
3

2
(w ""2) +(A1 - A

A )

2

+[ao T A8, mwyB, tAyA, - (p ""2)33] (o - w,)
2

(ml -w )2+(/\1 -A,)

2 2

. [Bo T AR, tega +(p-wy)A, +"283] Ay -a,)

- (112)
2 2
(wl -wz) +()\1 -)\2)



. 3 - 2180 - @18, * 2,8 - -0)B,[ O, - 4)

K
)2

2

2
(w2 - “’1) + (AZ - '\1

[Bo " MBy twja, t (p-w )AL )‘1B3] (w, - 0,)

2 2
(w, ~@)" + (A, -2,)

[Eo T A, T@ B, A AL - (p ""1)B3] (@ - )

+

@y =0 )? + (A =2

. [Bo R G e T i I "1B3] (g -ay)

(113)
2 2
@, -w,) Ay - y)

A similar procedure is required to separate the real and imaginary parts of K From Equation 83

3

N N
K, = 3 = 3 (114)
3 (ip - ml) (ip - mz) (ip - A - 1w1) (ip “Agt 1m2)
Completing the multiplication and separating the denominator into real and imaginary parts
N
K 3 (115)

371 Ay (0, - P+ N (@, -p)]+[w2 (b -w)*+p -p)+)\1)\2] .

This equation is of the form

and can be separated into real and imaginary parts by

_ N3 (-if+g)=N3(_if+g)=iM88 -if + g
3 G Citve) (2. 2 N E
Ms .
K =__§_[lgi]
371 (2. 2
“+g

Consequently,



Mgd Wy P -w ) ¥ p @ -pltan,
AR (@, = p)+ Ay lwy - pl|? + [uyp - w) + p ey - )+ a1
["2“’1 p) A lwy - p [2p @) T ptwy - p 1’\2]

M3 Ay (@ = D)+ A, (o, - p)

T 3 51 - (116)
IA2 (wl - p} Ay (‘"2 - p)] +[m2 {p -ml) +p (wl -pht+ )\1)«2]

Since we now have equations for the three K's in terms of x and w, we are ready to break up the
exponentials part of the solution into real and imaginary parts. Then it will be possible to obtain

real expressions for & and E Recalling Equation 84

_ m._t m,t ipt
§—K1e 1 +K2e 2 +ng .

and since
E=ia+p

My g7y g Tie o

(A, + iw )t (A, + i)t
iE+,8=Ke1 1 +Ke2 2+Kez

1 2 3 (117}

Referring to (112}, (113} and (1186}, it can be seen that the K's are complex and are of the form
K=iA+B (118)

and that the absolute value of K is

K| =‘/A2 +B? .

Hence

o (A, + im 1) (A, + io,)t
la+B=(iA + B)le + liAy + Byle + Ay + Bye (119)

Now

iwt ..
e =ecoswt+ i sinwt .

Consequently Equation 119 can be separated into real and imaginary parts by
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34

ia+f =e [i (A1 cosw,t+ B,

Azt
+e [i (A2 cosw,

+[i (A3 cos pt + B3

t+ B2 sin “’2“ + (B2 cosw

sin pt) + (B3 cos pt - A3 sin pt)} .

. + _ ;
smwlt) (B1 COSwlt A1 smult)}

2t - A2 sin wzt)]

(120)

Equating iato the imaginary part and Eto the real part of (120) yields the complete expressions

for @ and 8, which are

At

a = + i
(A1 cos ult B1 sin “’lt)e 9 9

Agt

+ (A, cos w,t+ B2 sin ‘“2t)e

+ (A3 cos pt + B3 sin pt) (121)
- At Aqt
B= (B1 cos wlt - A1 sin wlt)e + (B2 cos w2t - A2 sin wzt)e
+ (B3 cos pt - A3 sin pt) , (122)
where the A's and B's are obtained from (112), (113), (116), and (118). They are
[a B+)\2A3-(p w)B](A A,)
2
(v - “’2) - A
B; - A E+wa +(p-w)A +>\B](w - w)
- oo~ 224, 3 2 (123)
(wl - uz) + (Al - )\2)
. [, - 2,3, - w5, +)\2A - (p- w)B](w )
1
(wl - “2) )\1 - )\2)
[Bo S MyB e, 4 (p - wy) Ayt A, B3] (A, - A)
* 2 2 (124)
(wl - w2) + ()\1 - )\2)



: I&o " MEy Bt MAg - (- Ba] Ay -A)

A
2 2 2
(wz - wl) + ()\2 Al)
[B - M, 9, + (- w) Ay + Bl () - ) (125)
(0, = w)? + (- a7
2 1 2 "
) [‘E " ME TR T MA (P o) BS] (wy = )
By D 2
(g =)+ (g = A)
Bo- MB* @, + - w) Ay AB (4 - A
+ 3 5 (126)
(wz - wl) + ()\2 - )‘1)
M66 wy (p-w1)+p(w1-p)+)\1)\2
Az =TT 3 5 (127)
[Az (0 =P+ A (o, - p)] + [wz (b -w)+p o - p)+ Al)\z]
-
i M88 )\2 (w1 -p)+ )‘1 (w2 - p)
B3 =1 5 3| - (128)
[}‘2 (o = P)+ A ey - p)] * [“’2 (p-w)*ple -p)+ A1)‘2]
where o &0, /30 and ﬁo are the initial angle and angular rate conditions, and )\1’ 9 and “1 9
(which have been defined in Equations 101 and 104 ) are
pL
M + M. M M + M. -
WY (- W ) PSS SO 7 o J - Ty 2 + (129)
1,2 21 M IT 21 - =
x 1\ m
Px> M,
21 I
pl_\/M
21 2L
1 2 M
] - &
21 I
pl pl pl 2 M
@ = _—x —l— :-—)_{_ -——x. - _d. ;
1,2 <21>‘1i-r) 11<1> T (130)

35



36

where the subscript'l refers to the + signs and the subscript 2 to the - signs. The equations for
@ and 8 are obviously complicated and require the computation of ten constants before & and f can
be calculated as a function of time. Fortunately they can be simplified to some extent for many

applications, which are considered in the next section.

Application

Assuming that the problem meets the linearity and small angle restrictions, that the physi-
cal and aerodynamic characteristics are known, and that the initial angle conditions are known,
the motion of a vehicle-can be calculated directly from the complete Equations 121 through 130,
These equations are complicated and would normally require machine computation. Fortunately

it is possible to greatly simplify the equations for most applications.

Simplified Equations

The basic Equations 121 and 122 for a and 8 cannot be simplified; however, most of the
complication is in the expressions for the A's and B's, which can be simplified. In many flight
systems the static stability is much greater than the dynamic stability, so that Xl' 9 < w5 g0
This is usually, but not always, true for fin stabilized rockets and bombs, and is often true for

re-entry vehicles. This condition provides the basis for eliminating all terms involving A

1,2
in the equations for A and B:
§+w&+(p-w)A
A1=' o] io_w 2 3 (131)
1 2
&, - @B
B1=—9:'—°_'-2—0 (132)
1“2 ;
§+wa +(p-w)A
A2 - o] l 0o 1 3 (133)
“2 7"
& - wf
2 1
A =M56 1 (p# w,) (135)
371 |u,(p-w)+ple -p)|r P7T ¢ o

B, = 0, (p#w). (136)



The percentage error involved in this simplification is approximately ‘/2—()\1 z/w1 2) 100%.

For two-arm or epicyclic motion (zero trim), the equations for the A's and B's reduce further to

B . tw a
O (137)
1 2
a -,B
0o 270
B, =|————— (138)
1 wl wz
B tw
L (139)
2 1
;o -wl_o
B2 oo (140)
2 "¢
A3=B3=0 . (150)

Example Problem

To demonstrate the accuracy of the simplified approach, two sample problems were calcu-
lated using the Tricyclic Theory and a Six-Degree-of-Freedom computer program, 7 and the
results were compared. The example was deliberately chosen to be as linear as possible, yet it
is representative of a supersonic fin stabilized rocket. The rocket was launched at an angle of
1° above the horizontal and zero drag was assumed to maintain a constant dynamic pressure,

The vehicle characteristics are listed in Table 1. The static moment derivative is calculated from
Equation 48:

M, =C__q sd

M, = -30 (400.35) (0.442) (.75} = -3982
The frequencies are obtained from Equation 130:

_
1,2 21 ] — 21 1
1/2

o . (37.7 (3.37)) . |(37.3.3.3m)\® _ -3082
1,2 2 (101) /- |\ 2 (101) 101

wl 9 = 0.629 + 6.307 = + 6.936, - 5.678 rad/sec
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TABLE I

Vehicle Characteristics and Flight Conditions
(Sample Problem)

q' = 400,35 psf
Ix = 3.37 slug-ft2
2
I = 101 slug-ft
S = 0.442 ft2
d = 0.75 ft
p = 37.7 rad per sec
C = -30 per radian
mo
C__+C_. =-1400 per rad/sec
mq mao
Cm8 = +30 per radian
) = 2 degrees

The damping moment derivative is calculated from Equations 50 and 52:

q' Sd°
Mq + M, = (Cmq + Cmc'x) 5V

_ (~1400) (400.35) (0.442) (0.75)%
gt Ma 2 (5000)

Mq + M. = -13.93 ft-pounds/rad per sec

The A's are obtained from Equation 129:

._49 &
)‘1’2 T (1 +71)

_-13.93 . )
M » T Tion (1 £0.0997) = -0,0758, -0.0621

where 7 is

. 21 _ 0.629
2 6.307
Jes) -
21 I

Both example problems are identical, except that the first calculation has a trim angle (6 = +20)

= 0.0997

and is tricyclic (all three arms are present) and in the second example the motion is cpicyclic.



The initial conditions are the same for both examples, thatis,

a =10
o

a =0
o]

B =0
.30=0

The A's and B's are computed from Equations 131 through 136.

Tricyclic Case

A =MA8 1
3 I wz(p-w1)+p(wl-p)

A - 3982(2) 1
3 101 (-5.678) (37.7 - 6.936) + (37.7) (6.936 - 37.7)

-0.0591°

>
i

. [o +(-5.678) (10) +[37.7 - (5.678)] (-0.0591)]

Ay 6.396 - (-5.678)

A, =+4.705°

g -] % 9P [o-(sem @ |
17| o o, 6.936 - (-5.678)

A = _[Bo+“’la'o+(p°‘°1) As]

@9 T@



_]0+6.936 (10) + (37.7 - 6.936) (-0,0591)
-5.678 - 6.936

]= +5.354

5 -|Z ol | 0-ss36@ |,
wy ~wy Z5.678 - 6.936

Since

| | = 4.705°
‘Kz\ = 5.354°
|K3| = 0.0591°

Epicyclic Case

A -- P %% [orcsemmio ], oo
1 w - w, 6.936 - (-5.678) ’
%y “”2130 _
B, = | 20
1%
By * &, 0 + (6.936) 10 o
Ag = - [ o, -w ]= - [-5.678 - 6.936 | "4
2”9
Ay=B,=0
_ o]
|K1| = 4,501
_ [e)
lle = 5.499
|K3| =0

Note that rather small K3 arm (0.0590) has a large effect on the size of the K1 and K2 arms,
which causes a much larger effect on the motion than might be expected, and usually should

not be ignored. Also notice that initially both the K1 and K2 arms are pointed upward along the

40



+@ axis and the K3 arm is pointed downward along the o axis.* The calculations for both the
tricyclic and epicyclic examples are shown in Appendix A and are plotted on Figures 5 and 6 in
comparison with the 6 DOF computer calculation, The agreement is excellent, as can be seen
on the plots and by comparing columns 21 and 22 with columns 23 and 24 in Appendix A for the
tricyclic example and comparing columns 31 and 32 with columns 33 and 34 for the epicyclic

case.

The error is approximately 1,5%, which is sufficiently accurate for most flight dynamics

purposes.

Discussion

The Tricyclic Theory is the only existing theory that is capable of predicting the motion of
a flight vehicle in considerable detail by means of a closed form solution. Other flight dynamics
techniques involve the numerical integration of the equations of motion., The most complete form
of numerical integration, the 6 DOF computer codes, provide complete nonlinear and time variant
solutions; however, it is often difficult to obtain a thorough understanding of the motion required
to diagnose flight dynamics problems. Conversely, the Tricyclic Theory provides the basic
underlying principles of the motion but is restricted in application to linear or quasi-linear and
time invariant or quasi-time invariant problems, For these reasons it is important that the

Tricyclic Theory be applied to flight dynamics problems and that its restrictions be understood.

Constant Coefficient Restriction

Constant coefficients (Nl' N2 and N3) are assumed in solving Equation 76. Unfortunately,
this occurs in few flight dynamics problems, because M, and(Mq + M&) almost always vary with
time and often change with angle of attack (nonlinear). Aeroelasticity is an often overlooked but
serious contributor to nonlinearity. To further complicate the situation, there are no simple
established specifications on the error involved in applying the theory to problems where the
coefficients vary with time or are nonlinear. However, two comments can be made in this
regard. First, a nonconstant coefficient problem can often be reduced to a quasi-constant
coefficient problem by dividing the problem into small time increments, so that the coefficients

do not change significantly during the time increments, Second, w appears to have the

1,2

largest effect on the magnitude of K. and K2; consequently, variations in Ma probably cause the

1
largest nonlinear effects., While indiscriminate application of this theory is inadvisable, appli-
cation with caution can often solve a flight dynamics problem that otherwise would not be possible

to solve,

%
In the 6 DOF Aeroballistic System. See section entitled Physical Interpretation.
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O TRICYCLIC THEORY

6 DEGREE-OF-FREEDOM
COMPUTER SOLUTION

13

Figure 5.

— —10

Comparison of Tricyclic Theory with 6 DOF Calculation



O EPICYCLIC THEORY

6 DEGREE-OF - FREEDOM
COMPUTER SOLUTION

— -10

Figure 6. Comparison of Epicyclic Theory with 6 DOF Calculation
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Small Angle Re striction

Inherent in the definition of the applied aerodynamic moments in the aeroballistic equations
is a small angle of attack restriction that is not immediately apparent. This results because the
total veiocity vector (V) cannot remain perpendicular to both the y and Z axes when both @ and B
are present. The distortion in the angles is demonstrated in Figure 7, where both ¥ and z have

been rotated so that |£} = 90° and @ =B. It can be shown from trigonometry that

—
[\
—
(M)

From this geometry it is possible to see that the true angle of attack and the sideslip (?;t, —pt)

that would normally be associated with the aerodynamic coefficients are

The error caused by this assumption can be approximated as follows for circular coning motion,

The frequency W is approximately

M

so that the error in W, is approximately

which for a 10° total angle of attack is

A © 1 . W
“ = “1\/cos 10° .99237

Or, the maximum error in frequency would be 0.76% and the average error would be roughly

0.48%. Therefore this restriction is not too significant as long as the angles are small.

Physical Interpretation

A physical interpretation of the Tricyclic solution is somewhat complicated by the complex
algebra that is involved. An attempt is made in Figure 8 to provide a graphical description of

the solution. The first thing to be recognized is that the equations of motion that are solved



x|

P >

~y

Figure 7. Effect of Large Angle on @ and B

IN y -Z PLANE AND PERPENDICULAR TO V
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constitute the sums of the moments about the body ¥ and z axes. Consequently, wy and @, must

be about the body axes. The solution, repeated below from Equation 84, indicates that W wy

and p must all be about the same axis.
(A, +iw N (\, *+iw )t
1 1 2 2 ipt

= +
§Kle K2e +K3e s

and since p is about the body X axis, @, and wy must also be about the X axis. Consequently, the
three K's rotate about the X axis at their respective frequencies and describe the motion of the
flight path with respect to the body x axis. This is opposite to the normal convention used in the
aeroballistic option of 6 DOF programs. However, the whole thing can be inverted without any
sign reversals resulting (iz and B are interchanéeable with @ and ). This is shown in an & -P
plot in Figure 9, where & and B are the aeroballistic angles measured from the flight path to the
body X axis. It should be noted from the solution that the order of addition of the K's is unimpor-
tant and consequently the order of the K arms in Figure 9 is unimportant. Equation 119 shows

the complete solution where the K's are shown in complex form:

(N, +iw M O, +iw)t .
A S 1 . 2 2 . ipt
io+ B (lA1 + Bl) e + (1A2 + BZ) e + (1A3 + BS) e

If we let t = o in this equation,
ia -+ ﬁo = (1A1 + Bl) + (1A2 + B2) + (1A3 + B3)

and

o =A1+A2+A3

)
"

B, + By * By

Therefore, the A's and B's are simply the & and B components under initial conditions. It also

follows that the ¥ angles shown in Figure 9 can be calculated from

and similarly for ¢ 5 and L’HS.
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The three K's or arms and the three associated frequencies have been previously defined

as follows:

K1 - nutation arm w - nutation frequency (high frequency)
K2 - precession arm wgy ~ precession frequency (low frequency)
KS - trim arm p - roll frequency

While these particular definitions may be in conflict with gyroscopic terminology it is important
that they be maintained; otherwise confusion may result. The fact that the nutation arm (KI)
always rotates in the same direction as the roll rate (p) and that the precession arm (K2) always
rotates opposite to p, for an aerodynamically statically stable body is important. This is easily

seen from Equation 130, which is repeated below.

For a statically stable body Ta is always negative; consequently the radical is always greater

than {p IX)/(ZI), and w, will be positive and w, negative for a positive p. Also if M_/I is small

2
1,2

1
(corresponding to exoatmospheric flight), w

I
w:i

which is the gyroscopic frequency. Conversely, if Me/1 is large compared to (pIx)/(ZI), which

become one frequency

corresponds to normal aerodynamically stable flight at high dynamic pressures, then

which is a well known approximation of the nutation frequency. The gyroscopic frequency is
usually 5 to 10% of the aerodynamic frequency on a fin stabilized rocket vehicle flying at high

dynamic pressure,

Characteristic Motion

While an infinite variety of motion patterns can be generated by the Tricyclic Theory, a
few types tend to predominate. Some of these have been generated by a mechanical device to

illustrate epicyclical motion.

The motion shown in Figure 10 is for the case of zero roll rate (p = 0) when the nutation
and precession frequencies are equal (m1 = w2). Figure 10 shows the characteristic types of
motion with different initial conditions. In Figure 10 (a) planar motion is generated when I\'l and

K2 are equal, which is the case when ﬁo is zero. As a progressively larger negative value of
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|
KI K'
B - E(
(@) By=0 (b) 0>By< w, ,a,
p =0 p=0
K, =K, K, >K,
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Kz
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K,>K, K, =0
K, 70

Figure 10. Characteristic Motion with Zero Roll Rate



["33 is introduced, the K, arm will reduce (see Equations 137 through 140) and K1 is maintained

2
the same length, resulting in an elliptical motion (Figures 10 (b) and 10 (c)). Finally as EO

becomes equal to “ 9 @ the K2

K1 arm remaining. If the negative value for Bo is increased further so that it is greater than

arm becomes zero and circular motion results with only the

w9l elliptical motion results with the major axis being along the P axis, In this set of
sketches Kl is kept constant, and ao varies and is simply equal to the sum of Kl and K2. This

condition is inherent in the mechanical device used to generate the sketches.

Figure 11 is a similar set of motion patierns for a rolling vehicle. In this case the nutation
frequency is greater than the precessional frequency (wl = -1.083«»2), which is typical of fin

stabilized vehicles. The unequal frequencies cause the oscillatory plane to rotate in the direc-

tion of @ and p, since wy is larger than Wg The angular rate of this precessing motion (d,o) is
= +
A*JJO wlAt szt
iU
o ot 17201

Conseguently the magnitude of LJ'JO depends only on the roll rate and moment of inertia ratio of the

vehicle. Also, it can be shown that tbo depends only on wl/wzl

Figure 11 (a) demonstrates a pointed cusp pattern that results from Eo being zero. As ;ﬁo
increases in a negative direction, the loops are formed which change into ellipses in Figures 11
(c) and (d). As before, Kl is constant and K2 gradually decrfeases as Bo is increased in a nega-
tive direction. This reduction of K_ with respect to K1 as - (30 is increased can be seen in

2
Equations 137 and 139,

Aerodynamic damping was ignored in generating the motion patterns. Normally, damping

would gradually decrease the magnitude of K1 and K2 if the vehicle is dynamically stable.

Magnus Moment

The magnus moment, which results from combined angle of attack and roll rate, was
included in the theory, since it can be important when the body is rolling at a high frequency.
Magnus moment is usually important on a spin stabilized shell and is normally considered
unimportant on a fin stabilized vehicle. This can be qualitatively demonsirated by examining the
)\l, 9 cquation for a 6-inch-diameter spin stabilized shell and a high fineness ratio fin stabilized
rocket.



o

o
Y
v %y
o
| i
(a) By 0 (b) By#0
p?0 p*O0
w, =- 1182w, 0, =-1.182w,
K|>K2 K|>K2'
o -
‘ o
(c) B,70 (d) By 0
p7 0 p?0
w,~1.1820w, = -1.182w,
Figure 11. Characteristic Motion of Rolling Body
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For a typical 6~inch spin stabilized shell, r is approximately 2; therefore from

Equation 129:

Now IX is about 0.1 and I about 1.5 for the shell,

_— (Mq+Md)( 3 ) iMpB(O_l) (M, +Md)(

o |

+

w i

)+M (20)
Mg

From this it can be seen that, on a spin stabilized shell, Mpl3 can overwhelm (Mq + Md) even if
it is numerically much smaller; in fact, MpB can provide a major part of the damping on a spin
stabilized shell. Now if we substitute the numbers for a high fineness ratio fin stabilized rocket

with an IX of 2 and an 1 of 300 we have

M + M. M
{9 ____«a p8
M2\ (300)) (1+.01) x—= (.01)
/
}‘1,2 = (Mq + Mét) (.0017) + MpB {(.005)

Converting the moments to coefficient form,

A T C._ +C_.) (0017 + C
mq mo -

1.2 (.005)} gsd

mpp

Wind tunnel tests have shown a value of 2500/rad for (C + C_.) and 50/rad for C on the
8 mq mo mpg

Nike Tomahawk, a high-fineness-ratio fin-stabilized rocket. While these data indicate that

MPB has a relatively small effect on the motion of this type of vehicle, one should not make a

conclusive judgment on the relative significance of MPB in all cases on the basis of a single wind

tunnel test.

Conclusions

A highly detailed development of the Tricyclic Theory has been presented and its restric-
tions discussed. A simplified version of the theory was obtained and two example calculations

compared with 6 DOF calculations. This work leads to the following conclusions,
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Properly applied, the linear Tricyclic Theory provides an excellent means

of predicting the motion of rigid bodies.

The simplified method of evaluating the K arms will be adequate for many

if not most flight dynamics situations.

The contribution of the K3 arm to the magnitude of the K1 and K2 arms, which

has often been neglected, is significant.

The Tricyclic Theory provides a means for understanding flight dynamics prob-

lems that are often otherwise incomprehensible,
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Basic Calculations

APPENDIX A

Sample Calculations

Tricyclic Example

Epicyclic Example
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